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Abstract

Inference-time alignment, the approach of adapt-
ing pre-trained models to reward feedback dur-
ing inference, has proven empirically effective
at improving language-model performance. De-
spite its success, theoretical foundations remain
underdeveloped, especially in practical settings
where neural networks are employed as reward
models. In this paper, we explore the advan-
tages of neural networks and how to effectively
train them for inference-time alignment. Assum-
ing that the true reward function lies in Besov
spaces to capture the non-uniform smoothness,
we compare neural networks to linear estima-
tors and show that feature learning capability of
neural networks is crucial for improving perfor-
mance. We further analyze algorithms for train-
ing neural-network reward estimators. Specifi-
cally, we consider a multi-step algorithm that al-
ternates between sampling from the current pol-
icy and refitting the reward estimator, and prove
that it improves the regret, especially when the
true reward exhibits local structure.

1. Introduction

Inference-time compute (Brown et al.| 2024} [Snell et al.,
2024 [Wu et al. 2024} OpenAl [2024; |Guo et al.l [2025)
has been attracting attention as a new paradigm for fur-
ther enhancing the performance of pre-trained language
models (LMs). By effectively leveraging the computa-
tional budget available at inference time, one can enhance
the quality of model outputs without being restricted to
pre-constructed datasets. A variety of techniques are in-
cluded in this paradigm, e.g., long chains of thought (Wei
et al.| 2022; [L1 et al.l [2024])), self-evaluation and revision
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of their own outputs (Zheng et al [2023; Wu et al.| [2025),
and exploration of improved responses (Yao et al., 2023}
Zhang et al., [2024). Among these approaches, inference-
time alignment, a framework that samples LM responses to
maximize the reward, has been shown to offer a simple yet
highly effective means of improving performance.

The methods for inference-time alignment have been
widely studied from theoretical perspectives. For example,
Yang et al.[(2024])); Beirami et al.[(2025)); Mroueh & Nitsure
(2025) analyzed the performance of Best-of-/V alignment,
which is the most basic method for inference-time align-
ment. Moreover, [Huang et al.|(2025b) pointed out the limi-
tations of Best-of- NV alignment and proposed a new method
based on x?2-divergence regularization. While these stud-
ies give insights into how each method is effective, their
analyses are mainly under the fixed reward model and do
not incorporate the process of training the reward model.
Foster et al.| (2025)) analyzed the training of reward mod-
els and showed the advantage of a multi-turn exploration
method. However, their analyses focus on the setting where
the true reward and its estimator are linear with fixed fea-
tures, which is far from practical settings where neural net-
works (NNs) are used. This raises the following question:

What advantages do NNs offer for inference-time
alignment, and how can we unlock their full potential?

One of our concrete questions is how the feature learning
capability of NNs can improve inference-time alignment.
While feature learning is known to be crucial in supervised
learning, it remains unclear how it helps in inference-time
alignment, where the goal is to produce responses with high
true reward. To investigate this, we model the true reward
function using an extension of Besov spaces (DeVore &
Popovl, |1988}; IDeVore et al., [1993) and study the perfor-
mance of NN-based reward estimators under this function
class. In particular, we theoretically compare NNs with lin-
ear estimators, a family of methods that lack feature learn-
ing, and characterize how NNs yield provable advantages.

Another question we address is how to train and leverage
NN-based reward estimators to improve the quality of re-
sponses. Most existing theoretical studies treat the reward
estimator as fixed and focus on designing inference-time al-
gorithms. We first show a regret bound when simply lever-
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aging a reward estimator trained via standard regression
in a prior inference-time alignment algorithm. Moreover,
to go beyond this plug-in approach, we further consider
a multi-round inference-time alignment scheme, where we
iteratively update both the reward estimator and the policy
by querying a reward oracle at each round. This iterative
procedure allows the policy to progressively concentrate
around the optimal response, leading to better aligned out-
puts. We provide a theoretical analysis that quantifies how
the regret can be further reduced by this multiple-update
approach.

Our contributions are summarized as follows:

1. Superiority of NNs against linear estimators. We
demonstrate the advantage of NNs in inference-time
alignment. Specifically, we consider the setting where
the true reward function lies in Besov spaces. The Besov
space is a general class of functions that has non-uniform
smoothness over the input domain, which requires our
estimator to perform feature learning for the optimal es-
timation error rate (Suzuki, |2019). We derive the up-
per bound on regularized objective for inference-time
alignment when we employ NN-based reward estimator.
Moreover, we show sub-optimality of alignment meth-
ods based on a reward model based on linear estima-
tors by leveraging the fact that linear estimators cannot
achieve optimal rate to estimate the true reward. This
highlights the advantage of feature learning ability by
NNs in inference-time alignment.

2. Regret bound for NN-based reward estimator. We
derive an upper bound of the regret for inference-time
alignment when the true reward lies in Besov spaces.
We utilize the result of Huang et al.| (2025b) that char-
acterizes the regret bound by the squared loss error and
the coverage, which measures how large the pretrained
generative model has mass around the maximum reward
point (Jin et al., [2021; Xie et al., [2021; Zhu et al.| [2023}
Zhan et al.| 2024} |Li et al., 2023} [Xiong et al.| [2024).

3. Improved analysis of regret by multiple-step update.
We also analyze an algorithm that iteratively and actively
learns NN-based reward models from the responses of
the trained model, and show that it achieves a smaller
regret. Since our theoretical analysis requires bounded-
ness of the coverage throughout the algorithm, we utilize
a novel Gaussian perturbation technique. With the help
of this method, we show that the regret is improved by
multi-step updates.

1.1. Other Related Works

Capabilities of NNs in Regression. Theoretical analyses
of NNs and their advantages over other models have been
extensively studied in the context of regression problems.
For example, Schmidt-Hieber| (2020) and [Suzuki| (2019)

showed that NNs can achieve minimax optimal rates for
estimating functions in Holder spaces and Besov spaces,
respectively. [Suzuki & Nitandal (2021) extended the anal-
ysis to the case of anisotropic Besov spaces (Nikol’skii,
1975; |Vybiral, 2006; Triebel, 2011). They also showed
the lower bounds on the estimation error for linear esti-
mators, demonstrating the superiority of NNs over linear
estimators. [Hayakawa & Suzuki| (2020) also analyzed the
upper bounds for NNs and lower bounds for linear estima-
tors, and showed that NNs are superior to linear estimators
for function classes with sparsity. Furthermore, Petersen
& Voigtlaender| (2018)) and Imaizumi & Fukumizu (2019)
analyzed the estimation error of NNs for complicated func-
tions with piecewise smoothness. Unlike these studies, our
analysis focuses on the setting of inference-time alignment,
which aims to find the response that maximizes the reward
function, rather than minimizing the estimation error.

Theory on maximizing black-box functions. Our study
is highly related to the literature on black-box optimiza-
tion. In particular, previous studies such as Minsker|(2012),
Minsker| (2013)), |Grill et al.| (2015)), Wang et al.| (2018)) and
Singh! (2021) consider the setting where the objective func-
tion lies in RKHS, Holder or Besov spaces, sometimes with
additional assumptions on the structure of the function.
While some of the techniques from these studies can be
applied to our analysis, this paper differs in two aspects: (i)
our analysis considers the setting of inference-time align-
ment, where the function to maximize is conditioned on a
prompt; (ii) we assume some additional structure on the re-
ward function, and demonstrate how the advantage of NNs
and multi-step training emerge.

1.2. Notations

Let dx,dy € Zs( be the dimensions of prompts and re-
sponses, respectively, and let d = dx + dy. Let Qx =
[0,1]9x, Qy = [0,1]%,Q = [0, 1]%. Moreover, for € > 0,
we define QI := [¢,1 — ¢]x and QI :=[¢,1 — ¢]9* . Let
) be the Lebesgue measure on ).

For a probability density p on 2 and a measurable set
A C Qwith [, p(z)dz > 0, we write p | A for the con-
ditional density of © ~ p given the event {x € A}, ie.,

_ p(@)1a()
(p| A)z) = Tap@)dz "

For afunctii)/n [ = R let [fll, == Ifllpeq =
(Jo |flPda)™™ for p € (0,00, and ||fl,
[fll ) = suPzeq|f(z)|. We also define L®a)

{f Q% xQy = R | ||fllpg < oo} forl < g
p < oo, where the norm || - ||, 4) is defined as || f||(p,q) :

(Joy 15 ) l2cy) ™"

For ¢ > 0, a set S, a metric p, let B(z,¢; p) be the p-ball

A
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with center x and radius ¢, and M (¢; S, p) be the ¢-covering
number of S C R? with respect to p. In particular, for the
Euclidean norm || - ||2, we denote By(z, t) := B(x, ;|| -]|2)
and Mz (¢, S) := M(4; S, || - ||2)-

2. Problem Setting

In this section, we formulate the problem setting of
inference-time alignment with rewards in Besov spaces.
We first introduce the formal setting of inference-time
alignment and describe algorithms for it. Then, we define
Besov spaces.

2.1. Inference-time Alignment

Inference-time alignment is a problem of generating a re-
sponse y € €)y with high reward for a given prompt
x € Qx. More formally, let Px be a distribution over 2 x
and 7.f(y | ) be a base policy, which is typically a pre-
trained language model. Let° : Q@ — [—R, R] (R > 0) be
a reward function that evaluates the quality of the response
y for the prompt . We can only access the reward function
through an oracle that returns

rf=ro(z,y) + & €~ N(0,0%), (1)

i.e., a noisy observation of the reward for a given prompt-
response pair. Since observing rewards is expensive (e.g.,
it requires human evaluation), we can only access a limited
number of samples from the oracle.

We note that, for simplicity, prompts and responses are rep-
resented as vectors rather than token sequences in our set-
ting. This can be interpreted as embedding the texts into
vectors using a pre-trained encoder.

As a technical assumption, we assume that Px has a
bounded density p satisfying p(z) € [p, p| for all z € Qx,
where p,p > 0 are universal constants. Moreover, we as-
sume that T < Tref(y | ) < Tmay for all 2 € Qx and
y € Qy, where myin, Tmax > 0 are universal constants.

Algorithms for inference-time alignment. The simplest
method for inference-time alignment is Best-of-N sam-
pling (BoN), where we generate N candidate outputs
Y1, -, yn from the reference policy 7o (- | ) for a given
prompt x, and return the one with the highest estimated
reward, i.e., y; with 7* := arg max;e[n) 7(x, y;). The re-
ward estimator 7 (called reward model) is trained before-
hand using oracles in (I). While BoN performs well em-
pirically and theoretically (Lightman et al.l 2024; Brown
et al.| [2024; Huang et al.|[2025a), it is known to sometimes
suffer from over-optimization or reward hacking: BoN may
over-trust the reward model and select responses that score
highly under 7 but have low true reward 7°.

A common way to mitigate over-optimization in LM align-
ment is to regularize the policy so that it stays close to the
reference policy (e.g., Ziegler et al.| (2019)), |Stiennon et al.
(2020) and Nakano et al.|(2021])). More specifically, we use

the policy 7 (- | ) that optimizes the following regularized
objective:

L(m)(x):=Eyr(ja) [, y)] = - D(7(- | @)[|res (- | 2)),

where D(-||-) is a divergence between two distributions,
e.g. KL divergence. In particular, Huang et al.| (2025b)
propose to use the x2-regularized objective and show that
it effectively avoids over-optimization and achieves better
regret than BoN. They also propose an algorithm called
Inference-time Pessimism to approximately sample from
the optimal policy under the x2-regularized objective.

2.2. Besov Spaces with Anisotropic Integrability

In this paper, we assume that the reward function r° lies
in a Besov space with anisotropic integrability. This space
is a function class that extends the ordinary Besov space.
Roughly speaking, Besov space with anisotropic integra-
bility allows the regularity (or uniformity of smoothness)
to differ across directions (prompts x or responses ¥, in this
paper). We provide its formal definition here.

For a function f : Q — R, we define the r-th difference of
f in the direction h € R? as

AL () (@) = A ()@ +h) = AT (@),
AR (H)() = f(a),
for x € Q with  + rh € Q, otherwise, let A} (f)(z) = 0.

Definition 1 (Modulus of Smoothness). For a function
f € LPxPv)(Q) where px,py € [1,00], the r-th mod-
ulus of smoothness of f is defined by w, (. ny)(f,1) =

SUPpeRd:||h||<t HAZ(f)H(;DXJ?Y) for¢ > 0.

In short, the modulus of smoothness is the LP-norm of the
r-th order finite derivative. With this modulus of smooth-

ness, we define the Besov space B, . (£2) as follows.

Definition 2 (Besov Space with Anisotropic Integrability).
Forl <py <px <o00,0<g<00,8>0,r:=][s]+1,
let the semi-norm | - | zs

(px Py ),a
1

1 ::{ (5 (0 s g ()74 (3 < 00),

exopy) | SUPys ot Wy (o py) (S 1) (g = 0).
The Besov space with anisotropic integrability
B, ,py),q(Q) is defined as
Bipx,py),q(Q) = {fEL(pX,pY)(Q) ‘ ”fHBfPX,py),q<oo}.
where ”f”B'(gpxwpy)wq = ”fH(pX’pY) + |f‘B(prvpy)‘q'

Intuitively, the parameter s represents the smoothness of
each coordinate of the function. If s is large, then the func-
tion is smooth. The parameter px and py represent unifor-
mity of the smoothness over the input space €. We see that,
when they are small, the smoothness of functions in the
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class is guaranteed only in an average sense over the input
domain, hence the function can have local bumps around
some input point x. The feature learning ability plays a
crucial role in detecting such a bumpy point to achieve the
optimal rate (Suzuki, 2019).

When px = py = p, the space Bf q(Q) reduces
to the ordinary Besov space (DeVore & Popov 1988 De-
Vore et all [1993). Moreover, if px = py = q¢ =
» then By, ,(§2) coincides with the Holder space

( ) (Triebel, 2011).

Throughout this paper, we assume that the true reward r°
belongs to the space B{ , () for some p € [1,00].
This setting corresponds to the situation where the true
reward has uniform smoothness for the direction of the
prompts, while having non-uniform smoothness for the di-
rection of the responses. For simplicity, we denote this
space by B;yq(Q). This assumption captures the scenario
in which the reward is uniformly smooth with respect to
prompts but only non-uniformly smooth with respect to re-
sponses. Additionally, in some part of the paper, we as-
sume that 7*(z) := max,cq, r°(z,y) belongs to the space

B(, p).q(§2x). We denote this space by B} ,(€2x). More-
over, for any function space F equipped Wlth anorm || - || 7,
we define U(F) :={f € F | |Ifll= < 1}.

3. Superiority of Neural Networks over
Linear Estimators

In this section, we discuss the gap in capability between
NNs and linear estimators in inference-time alignment.
Specifically, we compare the two estimators in the sense
of maximizing x2-regularized objective defined as

Loz (m;7)(x)
=Byl [r(@ )] = 0 X3 (- | 2) | Tret (- [ @), ()

where x*(q1l90) := 5 Jo, {(a1(¥)/90(%))* = 1}q0(y) dy.
As we mentioned in Section [2.1] the policy maximizing

x?-regularized objective achieves the optimal regret bound.
Therefore, the value of the objective should be a good met-
ric to compare the reward estimators.

For the true reward ° and its estimator 7, we consider the
following value to measure how effective the estimator is
for inference-time alignment

L(7) = Egnpy [L(T;7°) (@),
(-|z) L(m;7)(z).

In other words, we consider the value of the regularized
objective corresponding to the true reward for the policy
optimized for the objective corresponding to the estimator.
We show that the NN-based reward estimator 7'y is supe-
rior to linear reward estimator 73, with respect to L.

where 7(- | z) := argmax,

3.1. Upper Bound for Neural Networks

To formally state the upper bound of £(7xx), we first in-
troduce the class ®(L, W, S, B) of neural networks.

Class of Neural Networks. To obtain the regret bound
for neural network estimators of the reward, we formally
define the class of neural networks used in this paper. Let
1 := max{0, -} be the ReLU activation function. Then, a
neural network with depth L and width W is defined as

f(@) = (Arn(-) +br)o---o(Aan(-) +b2) o (A +by),

where A; € R%i+1xdi p, ¢ R+t for § € [L] with dy =
d,dr+1 = 1, and max; d; < W. Then, we define the class
®'(L, W, S, B) of neural networks with depth L, width W,
sparsity .S and norm bound B as

max; {|| Ail| oo, [|bill oo} < B,}
SE (Ao + [Ibillo) < S

where || - || is the maximum absolute value of the entries
(¢>°-norm as a vector) and || - ||o is the number of non-zero
elements (¢°-norm as a vector). The ¢°-norm constraint
imposes sparsity of the model that controls the complex-
ity of the model appropriately. Due to the technical conve-
nience to analyze the estimation error, we consider the class
of clipped neural networks defined as ®(L, W, S, B) :=
{min{max{f,—R},R} | f € ®'(L,W, S, B)}. Since the
clipping function can be realized by ReLU units, this set-
ting is not far from practical scenarios.

(L, W, S, B) := {f

Upper Bound of £(7xn). We consider the NN-based re-
ward estimator 7y defined as a least-squares estimator in
the class ®(L, W, S, B), i.e

NN = argmin Z(TI—?(-Tmyi))ga 3)

Fe®(L,W,S,B) {3
where z1,...,2, ~ Px are i.i.d. samples, y; ~ mer(- |
z;) (i € [n]), and r1, ..., ] are the returns of oracles (T)
for the pairs (z1,41),. .., (Zn,yn). Then, we get the fol-
lowing upper bound.

Theorem 3. Suppose that L,W,S, B are set to L
Lo, W ~ N, § ~ NLgy, logB ~ 1, where N
nFE, Ly ~ log(N) loglog(N).
U(B, ,(9)), it holds

L(r°)

m 1R

Then, for any r°

— L("wN) S n~ 74 log® n.

The proof can be found in Appendix This theorem
states that the difference of the objective value between the
NN-based estimator 7y and the true reward r° vanishes as
n — oo with a convergence rate that matches the minimax
optimal estimation error in nonparametric regression.
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3.2. Lower Bound for Linear Estimators

Next, we introduce linear estimators and establish a lower
bound on L(7},). A linear estimator is a class of estima-
tors that can be written as

n
?lin(xvy) = erwi(xvy;Xann)v (4)

i=1
where X" = (x1,...,2,),Y"™ = (Y1,...,Yn), and
wi(+; X™, Y™) are measurable functions that depend on
(z,y) and X™, Y™, but not on ..., 7. This class in-
cludes a wide range of estimators such as k-NN regression,
kernel ridge regression with a fixed kernel function, and
sieve estimators. Linear estimators cannot capture nonlin-
ear effects of the output and thus cannot perform nonlin-
ear output-dependent feature learning (although they may
learn features that depend only on the input, as in PCA).

This difference induces the following sub-optimal rate.

Theorem 4. Suppose that, for any true reward r° €
U(B; ,()), the linear estimator defined in @) satisfies

N o P
(@) |Tiin — r°]|oc = 0 (n — 0),
(b) Ppn [||7 =103 2 €] > 6,

() Epn | By Fin(59) =129l | = 0n(e),

for some constant 6 € (0,1], where D™ =
{(zi,ys, v}, and €2 := Epn [1Piin — 7°[13].  Then,
there exists r° € U(B,, ,(§2)) such that

L(r®) = L(Fun) 2 ™ 577,
Sor sufficiently large n € Zso, where v := 2(dy /p —
d/2) .

The proof can be found in Appendix [B.3] This theorem
shows that the gap of L between 7;, and 7° does not van-
ish as quickly as that between 7y and 7° shown in Theo-
rem [3] in particular when dx < dy and p € [1,2dy /d).
This demonstrates the sub-optimality of linear estimators
for inference-time alignment.

Remark. Condition (a) requires uniform consistency of
the estimator; (b) assumes a form of stability with respect to
D™; and (c) assumes that the error is small when the reward
is averaged over prompts. These assumptions are natural in
standard settings for linear estimators. In particular, (a) is
known to hold for many types of linear estimators includ-
ing k-NN, Nadaraya—Watson, and kernel ridge estimators.
Moreover, we can check that (b) holds in a common situa-
tion for k-NN, for example. See Appendix for details.

4. Single-step Algorithm and its Analysis

The ultimate goal of inference-time alignment is to find a
policy 7 that achieves small regret R defined as

R = Epupy [ (2) = EByron( )7 (,9)];

where r*(z) := maxyeq, [r°(z,y)]. This quantifies the
expected gap between the optimal reward and the reward
obtained by sampling from 7.

In this section, as a first step of regret analysis, we present
a simple method for learning an NN-based reward model
and derive a regret bound for the resulting policy.

4.1. Algorithm

Here, we present how to generate the responses with higher
reward through the reward estimation. First, we generate
n input prompts 1, ..., %, i.i.d. from Px, and for each
i € [n], we generate the responses y; ~ myef(- | x;) from
our pretrained reference model. We then observe noisy
reward oracle outputs as r := r°(z;,y;) + & as in (I)),
where &; ~ N(0,02) is the observation noise. We fit the
neural network 7yN via empirical risk minimization in (3)),
where L, W, S, B will be set appropriately depending on
the smoothness of the true reward and the data size. Using
the estimated reward 7, we update the generative model in
accordance to the reward. For yi > 0, we define 7} by

mX(-|w) = argmax = Ly2(m7) (),

7(+|z):density on Qy
where L, 2 is the x2-regularized objective defined in (2|’
Inference-time Pessimism (Huang et al., 2025b) is a practi-
cal algorithm for obtaining samples from ﬂﬁf?v, which ap-
proximates 7rl>§, where N € Z-~. determines the number of

samples drawn from 7. (- | ).

We then generate a response ynn(z) for a prompt = by
sampling yxn () ~ 1% (- | ).

4.2. Theoretical Analysis

For the analysis, we put the following assumption.

Assumption 5. For a true reward function r° €
By () (p,q € [1,00],5 > dy/p), we define r*(x) :=
maxyeny (2, y) and 8.(z) = {y | () — 1°(z,) <
€}. Let v € [0, ﬁ), ¢ > 0and €9 > 0 be constants.
We assume that A\(S¢(x)) > ce for all ¢ € (0, €] and
x € Qx. Moreover, we assume that ||r°||c < R for some
constant R > Q.

Remark. The condition s > d/p ensures that ° is con-
tinuous, which is necessary to obtain a meaningful regret
bound. The condition A(S.(x)) 2 € is a regularity as-
sumption on the near-optimal set around an optimal point
y*(x). It guarantees that sampling from the reference pol-
icy mef has a non-negligible chance to produce responses
close to optimal ones.

"Huang et al.| (2025c) showed that x>2-divergence provides a
more robust policy against over-optimization and yields lower re-
gret than the usual KL-divergence regularization. Hence, we also
employ x>-divergence in this paper.
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We obtain the following regret bound.

Theorem 6. Suppose that we set the parameters of the
network as L = O(log No),W = O(Nylog Ny),S =
O(Nylog® Ny),log B = O(log Ny) for Ny = n7E suffi-
ciently large. UnderAssumptwnl the policy WPeS satisfies
wres [ (x) = 7° (2, Yxn (2))]]]

s .2 4
,S n 2s+d 2+~ 10g2+'y n.

Epn [Egmpy [E

NN ()~

It is known that n~ %+ is the minimax optimal rate
(Donoho & Johnstonel 1998}, |Giné & Nickl, 2015)) in terms
of L2-norm to estimate a function in the Besov space. The
regret bound is slower than this rate up to the factor 5+ +
This difference is a cost to convey the L2-norm error into
an L°°-type bound locally around a maximizer using the

volume condition on the upper-level set (Assumption [3)).

Proof sketch The key of the proof of this theorem is the
regret bound given by Huang et al.| (2025b) that character-
izes the balance between the reward estimation error and
the coverage of the reference policy. Let

52(3,:) = Ey"’ﬂ'ref("m)[(?(‘r7 y) - TO(‘T7 y))z]a

be the L2-estimation error of our reward estimator 7. For
two policies 71, w2, we define the coverage as

7T1(y|ﬂﬂ)}

ma2(ylz) |

Clz;m1,m2) = Eyor, (|2) [

Proposition 7 (Huang et al.| (2025b)). For u > 0 and
N € Zxo, let 2% (- | @) be the output of Inference-Time
Pessimism. Then for any comparator policy T*, there ex-
ists a constant ¢ > 0 such that

E?JNW*(-|I) [TO($>y)] - E Pes N (- \z)[ ( )]

N
< - Clas ™, moe)+p L - 52(95) L E (2)e” T

From this relationship, we see a trade-off between the es-
timation error £2 and the coverage. To achieve a smaller
regret, the reference policy m.¢ should “cover” a region
around the maximum reward point and the reward function
should be estimated accurately.

We obtain an upper bound on the estimation error ?2
Eqyrpy [€(2)2], namely, Ep«[E°] < n~ 77 log® n. This
convergence rate matches that in Suzuki| (2019) for non-
parametric regression of functions in Besov spaces. More-
over, we can prove the following lemma, which demon-
strates that we can construct a comparator policy 7* that
attains both small regret and coverage C(x; 7, myet).

Lemma 8. Suppose that r° € B, () satisfies Assump-
tlon. 5| Then, for any € € (0, €], there exists a comparator

policy w* satisfying (i) r*(x) — Eywr:(m[ °(z,y)] <
and (ii) C(x; 75, Tref) < €7 forall x € Qx.

Algorithm 1 Multi-step Training for the Reward Model

Input: Base policy 7., size of oracle queries n.
1: Set 70 := mep, T := [logn], ng := [n/T].

2: forr=1,...,Tdo
3:  Draw ng samples {xt}Z?T_l)nOH ~ Px.
4:  Draw the responses {yt}z‘(’Tfl)nU 41 With

yo ~ T @)
5:  Get the set of indices with valid responses:
Tr={t|(r—1no+1<t<7ng,y € Ay}
6:  Observe the true rewards {r] };e7 :
rl=r(an,y) + & (e Th).
7:  Train the reward model 7(7) € (L, W, S, B):
77) .= argmin, ZteT, (r(ze,yt) — TI)Q.
8:  Get the smoothed reward model 7(7) := K  7(7).
9:  Set Wt(rTn_Cl) = (=1 | ng/Z].
(7)

Pes

10:  Define the policy 7p,. by Inference-time Pessimism

with base policy ﬂt(:nzl) and reward model 7,
1 Setw) (- | @) i=mind(- | &) * N(0, (0())214,).
12:  Define the new policy 7(7) as
7 | 2) =k Unif (Qy) + (1—£ )T | 2).
13: end for

14: return: policy L)

Pes -

Using the comparator policy 7},
bounded as follows:

the regret can be upper-

IED" [EINPX [EyNN(x N'n'Pes [ (I) (J}, /y\NN (l’))]]]
S Eonpy [1(2) = Byre (12 [r° (2, 9)]]
+Epn, [EM [P, 9)] = By (1) [ y)]} .

The first and second terms can be bounded using Lemma §]
and Proposition [7] respectively. Choosing /i, e > 0 to bal-
ance these two terms completes the proof sketch. The full
proof can be found in Appendix[C|

5. Multi-step Algorithm for Improved Regret

In this section, we propose a multi-step algorithm for train-
ing a neural-network-based reward estimator and show that
it attains a better regret bound than a single-step approach.

We begin by introducing the following assumptions, which
underpin our algorithm.

Assumption 9. For a true reward function r° €
By () (p,q € [1,00],5 > dy/p), we assume that
lr°llcc < R for some constant R > 0. Moreover, we
define y*(z) = argmax,cq, 7°(7,y), Se(x) as in As-
sumption and S, = {(z,y) | r*(x) —r°(z,y) < €}. We
assume the following conditions:

> 0 and B,y €
with 8 < v such that

(A1) There exist constants ¢, ¢, €q

|:1 + smm{2 p}?os— d/p
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Bly* (), e/?)
. W4

- <~

reward = r°(z,y)

\reward = 7°(z, y)

‘\ . .

+ estimation
=7z,
; (z,9)

Y New density 77
B(y*(x),ce’’") € Sc(x) € B(y'(w),ee”)

Update the policy (™) using 7).

Yy density 7" Y
Smaller error around the maximizer.

Figure 1. Conceptual illustrations of our assumptions and algorithm. (Left) In Assumption @ we impose assumptions on the local
landscape of the reward around the maximum point. Specifically, we assume that for all € € (0, o], the super-level set Sc(z) satisfies
B(y*(z),ce”’/?) C Sc(z) C B(y*(z),ce?/?). We remark that, when p is small, our assumptions allow locally bumpy shapes of
the reward function (as in the figure), since the Besov space B, , includes such functions. (Middle, Right) Our multi-step algorithm

(Algorithm mainly consists of two procedures: first, we estimate the true reward r° by 717 trained using samples from 7"V Then,
we obtain the updated policy ("), which prioritizes responses y with high estimated rewards. Hence, in the next step 7 + 1, reward
estimation becomes more accurate near the maximizer, which results in a higher expected reward for responses generated from AN

Ba(y*(x),ce’/?) C Sc(x) C Ba(y*(x),ce’/?).

(A2) There exist constants C(),Coi > 0 such that
M3(6,8c) < Co(1+679N(Se)) for all €,6 €

(0, Co].

(A3) It holds r* € B, ,(Qx).

(A4) It holds y* () € Qgﬁ] for some constant n > 0.

Remark. (A1) requires the super-level set to be concen-
trated around the maximizer, with both lower and upper
bounds on the distance from the maximizer. The lower
bound on this distance is necessary for the algorithm to
capture the rough location of the super-level set, whereas
the upper bound is needed to narrow down the location
of y*(z) within it. A simple example is the case where
r°(z,-) is locally strongly convex around y*(z); in this
case, the assumption holds with 8 = v = d/2. See also
the middle and left part of Figure|l} (A2) is adopted from
Wang et al.|(2018), which studies the oracle complexity of
optimizing Holder-smooth functions. This imposes a regu-
larity condition on the set S.. This assumption is satisfied,
for example, when S. is a finite union of || -||o-balls. (A3) is
a technical assumption to guarantee that the NNs can learn
to roughly determine whether a response y achieves a high
reward or not. (A4) is also a technical one that eliminates
the situation where the optimal response is too close to the
boundary, which would make it difficult to collect informa-
tion around it.

Assumption [9] imposes a stronger assumption than As-
sumption [5} which was used in the analysis of the single-
step algorithm. However, we do not believe that imposing
Assumption 9] on the single-step algorithm would improve
its regret. See Appendix [F]for more details.

5.1. Algorithm

Our multi-step algorithm is presented in Algorithm [I]
We also provide an illustrative explanation in the right
part of Figure Basically, it repeats the alignment
method in the previous section multiple times; in other
words, we alternately update the NN-based reward estima-
tor 7(7) (line [7) and the policy 7(7) using Inference-time
Pessimism (line [I0). As we have seen in Theorem [6] the
responses y generated from (™) are expected to achieve
smaller regret, i.e., “concentrate” around the maximum re-
ward point y*(x) compared to those from the base policy
7(7=1) (the policy in the previous step). Then, the new re-
ward estimator 7(7) is trained to minimize the error for the
samples (x, y) generated by the new policy 7(7). Since the
neural network 7(7) can “neglect” estimating the true re-
wards at the points far from y*(x), it is expected to achieve
a smaller estimation error near the maximizer. Moreover,
since (™) concentrates around the optimal response y* (x),
the policy is expected to have smaller coverage.

Based on the observation above, a natural first idea is to
define the updated policy (") as follows:

7D ( | @)= mii) (- | 2)~ arg max L,z (x 7D 7)) (),
m(-|x)

where wégi is the policy defined by Inference-time Pes-

simism with appropriate 1 > 0,Z~o. However, updating
the policy in this way causes the multi-step algorithm to
fail. This is because we only have L?-norm guarantee for
our reward estimate 7(™) , which is insufficient to bound the
coverage C(z; 77, w(7)).

To avoid this, we employ two types of “mollification”.
First, in line (8] we mollify the reward estimator 7(™) using
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the kernel defined as
T T 1—5 1 2 d/2
K () = S5y () (1) 5 (53

where K, (z) := exp(—y?||z|3), and obtained the
smoothed reward model 7(7) := K  7(7) where

xf = [ f(2)K(z—2)dz, f(z):= flz) (z€),
Kf = [ FK@-2)az, Taw): {0 o)

Kﬁ(x)’

V2

This enables us to obtain a prompt-uniform estimation er-
ror from L2-norm guarantee on the reward model. More-
over, in line we mollify the density of the policy wégi
obtained via Inference-time Pessimism by adding Gaus-
sian noise AV(0, (0(7))21,,.) to each generated point. This
guarantees that the distribution of generated points covers
the maximum reward point with non-vanishing probability.
The noise scale o(7) is set to trade off exploitation of the
current reward model against sufficient coverage: if o(™)
is too small, sampling becomes overly concentrated around
potentially biased maximizers and misses regions of high
true reward; if it is too large, samples become nearly inde-
pendent of the learned model and fail to leverage the infor-
mation gathered so far. For details on the hyperparameter
configuration, including (™), please refer to Appendix

5.2. Theoretical Guarantee

We prove the following theorem, which provides a regret
bound for Algorithm T}

Theorem 10. Suppose that v° € U(B, ) satisfies As-
For any v € (0,1), the output D of Al-

sumption Pes

gorithm[l|satisfies

B, pyjaly [r*(z) —E Oy [r°(z, y)]]

Y s

1 2s 14w’

< n” 7 R T=w poly log(n),

2 s’
Bs B _2s 2 ) =

with probability 1 — v, where u = Satd y T Td 315

2z < € (05— d/p) and s/ = smin{1,p/2}.

The proof is given in Appendix [E] The regret bound for
the multi-step algorithm in this theorem is better than that
of the single-step algorithm in Theorem [6] by a factor of
11+_1f; (> 1). This highlights the efficacy of the multi-step
algorithm compared with the single-step algorithm. More-
over, the factor 11'2: depends on S, which quantifies how
small the super-level set of the reward r°(x, ) is: larger
[ yields a better regret rate. This suggests that multi-step
training enables the NN-based reward estimator to capture

local structure of true reward around the maximizer.

Proof sketch As mentioned earlier, the advantage of the
multi-step algorithm is that iteratively updating the pol-
icy and the reward estimator makes the policy concentrate
around the optimal response. This leads to (I) smaller

reward-estimation error and (II) smaller coverage. The
first point is supported by the following lemma.

Lemma 11 (Estimation Error under Small Regret). As-
sume that v° € U(B; ) satisfies Assumptionq More-
over, suppose that T is a policy satisfying B, p, [r*(z) —
Eyr(l)[r°(z,y)]] < R. Let D™ = {(xi,yi,rj) ", be
a dataset where x; ~ Px, y; ~ w(- | z;), and 7"; =
(x4, yi) + & with & ~ N(0,02). Then, the estimator
7 defined as T := argmin, cq 1, w,s,5) Yo (r(wi i) —
Tg)Qfor appropriate L, W, S, B satisfies

Epn |||F — TOH%%PX@M)} < R T log(n),
where (Px @ 7)(dx ,dy) := Px(dz)r(dy | ).

When 3 = 0, the convergence rate matches the existing re-
sults on regression by NNs for Besov space (Suzuki, [2019)
(up to log-factors). As 3 increases and the super-level set
of r° becomes smaller, the estimation-error rate improves.

Moreover, the following lemma addresses the second point,
i.e., improved coverage.

Lemma 12. Suppose that v° € U(B, ) satisfies As-
sumption [9)  Moreover, let T be a policy satisfying
SUP, ey Eynsi(lo) [ (2) — r°(2,9)] < R for some R €
(0,1/2), and define the policy g as ng(- | ©) = 7(- |
x) * N(0,0?) for an appropriate o. Then, for any ¢ €
(0, R), there exists a comparator policy w¥ satisfying (i)
7(2) = Eyrr (12 [r° (2, y)] < € and (ii) C(x; 7}, ma) <
e IRB forall x € Qx.

Both lemmas show that each step in the algorithm benefits
from the small regret 'R of the previous step, through small
estimation error and coverage. Using these two lemmas, we
prove that, during multi-step training, each step improves
both the regret R and the reward-estimation rate. Conse-
quently, after O(logn) steps, we achieve the rate stated in
Theorem [0l

6. Conclusion

This paper analyzes the training of reward estimators for
inference-time alignment. We consider a setting in which
the true reward lies in a Besov space, whose functions can
exhibit non-uniform smoothness over the input space. Due
to the feature learning ability of NNs, we show that, when
the uniformity of the smoothness p is small, NNs can out-
perform approaches based on linear estimators in terms of
the regularized objective value. In addition, we propose
a multi-step update method for inference-time alignment
and analyze its regret bound. Under the assumption that
the super-level set of the reward is concentrated around the
maximizer, we show that the multi-step method improves
regret compared to a single-step algorithm by progressively
refining the estimated location of the reward maximizer.
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Limitation and future work. In this paper, we analyzed
a simplified setting of inference-time alignment where
prompts and responses are represented as vectors, which
enables us to isolate the role of NNs’ feature learning.
A key limitation is the gap to realistic settings; extend-
ing the analysis to token-sequence function classes and de-
veloping Transformer-based inference-time alignment al-
gorithms are natural future directions.

We also assumed that the true reward belongs to a Besov
space, a broad function class allowing spatially non-
uniform smoothness. While this generality is one of the
main contributions of the paper, it requires additional tech-
nical tools such as smoothing and Gaussian mollification,
and introduces practical limitations including algorithmic
complexity and additional hyperparameters. Addressing
these issues is an important direction for future work.

Furthermore, we analyzed oracle complexity for training
the reward model without optimizing computational costs.
Reducing both training and inference costs while preserv-
ing the regret gains of our multi-step algorithms is an addi-
tional direction for future work.
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A. Estimating Functions in Besov Spaces with Anisotropic Integrability

In this section, we analyze the estimation error for Besov Spaces with Anisotropic Integrability. Specifically, we show
that (i) we can recover the approximation and estimation error bound established in |Suzuki (2019)) for the Besov spaces
with anisotropic integrability; and (ii) we have an improved estimation error rate when we can access the policy with small
regret.

We introduce some additional notations. By the definition of r-th difference of f, we have

Sieo () V) f(x+jh) (xeQa+rhe)
0 (otherwise). )

AR () = {

The modulus of smoothness corresponding to B, , = B{ is defined as

(c0,p),q

P 1/p
wop(fi) = sup { / (sup |Az<f><x,y>|) dy} .
[|h]]2<t Qy \z€Qx

Let K : R — R and KC,, : R — R be functions defined as
1 if 1
K(z) = 1336[.0, 1,
0 otherwise,
K (z) = (K- xK)(2),

m -+ 1 times

where f x g(z) := [ f(x — t)g(t)dt is the convolution of functions f and g. The function K, is called the cardinal
B-spline oforder m. Then, for k € Nygand j = (j1,...,jq) € Z4, let M,gl’j : R? — R be the function defined as

d
M () = [ [ KCm(@¥2: — ji),

i=1

Intuitively, the integer k controls the spatial resolution, and j controls the location of the function. We remark that the
support of M ,‘f ; 18 the hyper-rectangle written by

d
supp(My ;) =[] [27%4:,27% (i + m + 1)) )
=1

A.1. Approximating the Function by Splines

In this section, we approximate a function f € B; _ using a sum of M g G = (1,-..,7a) € Z%) for some k.

pfl

We fix the order m € N of the cardinal B-spline bases and r € Z with r > s. We define the set 7}, C Z¢ of tuples and the
set Dy, C R? of cubes as

T i={—m,—m +1,...,2F —1}¢,

. . J1 g1+1
Dy :={Dj | (j1,---,ja) € Tx}, where Dj:= {2117 12k )

Ja Ja+1
<[555)
Importantly, for any j € Jy, it holds supp(My ;) C €, there exists € supp(My ;) N 2 such that My, ;(z) # 0.

Conversely, for any j ¢ 7, we have Mj, j(z) = 0 for all z € supp(My ;) N Q.

For a cube D € Dy, we choose a polynomial Pp that is a near-best L(°°?) (D)-approximation to f among polynomials of
coordinate degree less than r, i.e., let P, is a set of polynomials defined as

I
L !
P, = E agzy "ty
i—1

Ie Zzo,ai S Rd,livj S ZZ()?manli,j < r} s
%,

13
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and Pp(f) € P, is a polynomial satisfying
|1 Pp(f) = flleempy < A- Aot |12 = fll Lo (D)5
for some constant A > 1. Below, we define the local error in D of approximation by polynomials in P by
E,(f.D) = jnf P = ]l pe

Then, we present the following lemma on Pp, which shows that Pp, is also a near-best approximation on larger cubes.
Lemma 13. Let D € Dy, and D' be a cube satisfying D' D D and A\(D') < a\(D) with a > 1. Then, it holds

If = Ppllrcem pry < Crdaabr(f, D),
where ¢y q 4. 4 is a constant depending at most on r,d, a and A.

Proof. See the proof of Lemma 3.3 inDeVore & Popov] (1988)). O

Additionally, we present the following lemma, which states that F.,.(f, D) can be bounded by the modulus of smoothness
of f. The proof can be done in the same way as|Dung & Ullrich| (2011)).

Lemma 14. Let f € L") (Q) and D C 2 be a cube with edge length . Then, it holds
Er(f7 D) < CT,dwr,p(f7 l)a
where c, 4 is a constant that depends only on r and p.

Next, we define the space I ,. (=: II} simply, if r is clear from the context) of piecewise polynomials as

My, := { Z 1.ep(z)@p(x) | @p € Pr} .
DeDy,
Moreover, let X, denote the linear span of the splines My, ; (§ € Jx):
Y = Z Cij,j cj € R

JETk
Then, we have

OTﬁQ(Q) N Hkﬂ- (’/‘ > 1),
Y=
Hk,r (7" = 1)

Let Sy : L(®P)(Q) — IT; .- be an operator to give a near-best approximation to a piecewise polynomial function defined
as

Sk(f)(@) = > Teen()Pp(f)(2).

DeDy,
Moreover, let Q. : I » — X}, be an operator that maps piecewise polynomial to the set of splines defined as
Qk(P) = Z Ozk’j(P)Mk,j,
JE€ETk

where the functional «y, ; (or simply ¢ if k is clear from the context) can be defined by extending the one defined on X,
by the de Boor-Fix formula. We present the following lemma, which bounds the difference between S € I, and Q. (S).

14



Inference-time Alignment with Rewards in Besov Spaces

Lemma 15. Let S € Il and D € Dy. Additionally, let D denote the smallest cube satisfying D 2 Dj forall j € J), with
supp Ml?,j N D # ). Then, it holds

1Qk(S)I Lo (D) S 1SNl Lo 5y

and
15 = Qr(S)l ey S Er(S, D),
Proof. This can be proved in the same way as Lemma 4.3 of |[DeVore & Popov| (1988). O

Finally, we define the operator T} : L(°P)(Q) — X, as the composition of Sy and Qy, i.e.,

Tio(f) = Qr(Sk(f))-

We prove the following theorem, corresponding to Theorem 4.5 in|DeVore & Popov|(1988)), which presents the error bound
between f and Ty (f).

Theorem 16. For any f € L(°P)(Q), it holds

I1f = Te(F)l nom (@) < Crdip,awrp(f,27F),

where C,. 4, A is a constant that depends only on r,d,p and A.

Proof. Foreach D € Dy, we have

1f = Ti(H)llecem oy SN = Sk(F)ll e (py + 1Sk (f) = Qi (Sk ()|l o) (- (6)

As for the first term, we have

If = Skl Lom )y = [I1f = Po(H)ll Lo 0y S Er(f, D). @)

The second term can be bounded using Lemma [T3]and the definition of E, as

185 (f) = Qu(Sk ()l Lo () S Er(Sk(f), D)
< Y E(S(f).D)

D’eDy,D'CD

S > IPOSHE) = SklPlimm (o

D'eDy,,D'CD

By the definition of Sy, we have Pp(Sk(f)) = Pp(f). Moreover, for any € D’, we have Si(f)(z) = Pp/(f)(x).
Therefore, it holds

15k(f) = Qu(Sk(NllLnpy S D IPo(f) = Por(H)l L (0r)-

D/eDy,D'CD

Each term in the right-hand side can be bounded as

1Pp(f) = Pp () e oy S If = Po(F)lleew oy + I1f = Por ()l e (0
S E(f,D') < E(f,D),

where we used Lemma|13|in the second inequality. Since the number of cubes D’ € D, satisfying D’ C D depends only
on d and r. Thus, we have

1Sk(f) = Qu(Sk(F)ll Lo (p) S En(f, D). (8)
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Combining (6), (7) and (8), we have
1f = Tl () S Br(f; D) + Ep(f, D) S Br(f, D), ©)

Now, each point x € {2 appears in only a constant depending only on r and d number of cubes D. Therefore, using
Lemma|I4]and the similar argument of Lemma 3.1 in[DeVore & Popov] (1988), we have

1 = Te( ooy S D Erlf. D)

DeD
N t_d/ HAZ(JC, x)”im,p)(g(,-s)) dh
lIh]loo <t
with ¢ := max !5 < 27F. The assertion is proved by using w,., (f, t)? < wyp(f,275). O

A.2. Equivalent Norm for Besov spaces with Anisotropic Integrability

Theorem |16 implies that we can approximate f € B, , with Ti(f) = 3" 7 @;(Sk(f))My,; € k. In particular, we
have T},(f) — f as k — oo in the sense of L(>*?), We define t(f) as

ti(f) = Te(f) — Te-1(f)
with 7" ; := 0. Using the spline decomposition ¢ (f) = >_ ¢ 7 kv (tk(f)) Mk, ., we have Then, we have

F=Y"tl) =D anu(tr(f) My, (10)
k=0

k=0veJx

in the sense of L(>?)_ In this subsection, we aim to derive an equivalent form of the norm |||

B; , using (o (tx (f))) k.-

We first aim to equivalently express ||.S|| ; (. for S € Xy using (a;(.5));. To do this, we first prove the following lemma.
Lemma 17. For any p € [1,00] and P € 11, we have

jaj (P)] < C2* /2| Pl oy,

for some constant C > 0.

Proof. Using the same argument as Lemma 4.1 in|DeVore & Popov|(1988), we have
|03 (P)| < C"| Pl e )
for some constant C’ > 0.

We upper bound the right-hand side using || P||f,(.»)( p,)- Let DJX and D}/ be the projections of D; onto the X- and
Y -coordinates, respectively, so that D; = DJX X D;/. For each fixed z € DJX , the inverse inequality for polynomials on
DY gives

sup |P(x,y)] < CA(DY )PP, )| ooy -
yeDY ’

Taking the supremum over x € Df , we obtain

IPll e p,y = sup_ sup |P(x,y)l
zeD¥ yeDY

< CADYY sup [P, ) ooy

X
zGDj

< CAN(DY )P

Lr(DY)
= CdeY/p”P”L(oo,p)(Dj)a

where we used A(D)") = 2~ This completes the proof. O
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Using the lemma above, we equivalently express ||.S|| ; (s, Using (¢ (.5));.

Lemma 18. Let S € ¥xand S =3 7 0 (S) Mg, ;. Then, for any p € [1,00], we have
1/p

Cl”‘gHL(och) < Z |O‘ |p2 Ry < CZHSHL(m,p)v
JETk

for some constant c1,cy > 0.

Proof. The proof is almost the same as Lemma 4.2 in DeVore & Popov| (1988).
We first prove the right-most inequality. Since it holds S € X, C IIj, Lemma|[I7)implies that
a;j(9) < CdeY/p||S||L(oo,p)(Dj)-
Therefore, we have
Z | (S) P2~ My < C Z ||SHp<oc P (D;)"
JETk JE€ETk

Since each point in §2 belongs to at most constant number of cubes D, we have >, /. I1S11% (oo (Dy) S S 1S 00, - This
concludes the first part of the proof.

Next, we prove the left-most side. For each point (z,y) € 2, the number of B-splines My, ; satisfying M, ;(z,y) # 0 is
at most constant. Therefore, we have

Sl = | 3 ay($)Mejay)| S S lag ()1 Mg ()l

JETk JETk

Taking the supremum over = and integrating over y, we have

IS1Y ey S Z la; (S / <sup | My j(z,y) > dy <C Z o (S) P2 Ry

JETk TEQx JETk

which completes the proof. O

We also provide inverse estimates to Theorem [16] We define

ou(f) = infges, |[f - S”L(oo,p)(n)’ (k= 0)
11l oo - (
and obtain the following bound.
Lemma 19. For each k > 0 and f € L(>P)(Q), we have

k

we(f,27%) < ¢ 3 20RO g ()

I=—1

for some constant ¢ > 0.

This lemma can be proved in the same way as Theorem 4.8 in [DeVore & Popov] (1988) using our Lemma [18] instead of
their eq. (4.12).

Finally, we provide the norm expressed by «;(Sk(f)) equivalent to | f|

pg= - To provide the statement, for a sequence
pP,q

(ax)x whose component functions belong to L(P)(Q), we define the norm ||-||,.. as follows:

o 1/q
q
lar)illys = (Z (2]l e ) :

k=0

Then, we obtain the following theorem.
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Theorem 20. Let p,q € [1,00] and s € (0,7 — 1 + 1/p). Then, the following norms are equivalent to
constants:

Bs upto
q

(f) = ||(Uk( ))k 5., + Hf”L(OOvP)(Q)v
Na(f) 1= 10 = TelPell, + 11l ooy
NS(f) = | ) l;7q7
1/p79Y M4
Nu(f) = Z QK= /p) [N oy, (1)
=0 €Tk

Proof. We first prove that N1(f) <
Since we can discretize the definition of Besov norm as

. Theorem [16|implies that || f — Th(f)|| fcopy S wrp(f,275).

~

oo

1/q
1£llsg., ~ 1]l i + (Z(kawr,p(fﬂ‘k))q) ,

k=0
we have No(f) <
Na(f).

Bs .- Moreover, by definition of ¢y, we have o1 (f) < || f — Tk (f) (c0.r)» Which yields Ny (f) <

< N
By, S Ny(f). Lemma1mphes that

k
wy(f,27F) < 2k " 2l TP gy (),

I=—1

Using discrete Hardy inequality (see (5.2) and (5.3) in DeVore & Popov|(1988)), we have
er(fv 2_k) 5, S Hok(f)Hlpq

Using the discretized form of Besov norm again, we have || f|| 5. < Ni(f). Therefore, we have
p,q

1fllgs , ~ Ni(f) ~ Na(f).

We prove the equivalence of Ny and N3. By the definition of ¢, we have

tr(f) = Ti(f) = Tir (f) = (Tu(f) = ) + (f = Tia ([))-

Therefore, we have

Itk (Pl pemr S NTe(f) = fll e + 1 = T (Pl Lo

which implies N3(f) < No(f). Additionally, since Ty, = to + - + t5 and Ty, — f in L(»>°), we have f — T (f) =
Y12 kg1 ti(f). Therefore, we have

1 = Te(Hll gy S Z 18 ()| oo -

I=k+1

Using discrete Hardy inequality, we have

17 = Tetelly < Il = Ns().

Moreover, we have

[l Lo = I1f = T2 (Nl pem S Z £ oo -
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Holder’s inequality implies

oo

£l e = D 27 - 2 t() o)

=0

|
g

No(f) = I(f = Te())x

g—1 1

2‘;151) (Z(2l5||tl(f)|uom)q>

=0

aq

(2’S|tz(f)||L<oo,p>)q> = N3(f).

e T[]

I
=

Therefore, we have

i, T Il oemy S N3(f)-

Hence, we have Ny (f) ~ N5(f).
Finally, we prove the equivalence of N3 and N,. Applying Lemma with S =, =3 T oy (te) My, we have

1/p
[l g ~ | D lomw () P27HY
JETk
Therefore, it holds
oo . 1/q
Ns(f) = <Z [2ksHtkHL<oo,p>((z)} >
k=0
r 1/p7 9\ M4
~ Z ka Z |ak,l,(tk)\p2_kdy
k=0 JETk
r 1/p79\ Y4
o0
-~ Z ok(s—dy /p) Z |ak;7y(tk;)|p _ N4(f),
k=0 J€Tk
which completes the proof. O

As a byproduct, we obtain the following corollary.

Corollary 21. Let p € [1,00],q € [1,00], and assume s > dy [p. Then every f € Bj ([0,1]?) has a continuous

representative. In particular, B ([0,1]%) < C(Q) in the sense of continuous representatives.

Proof. Choose an integer r > 2 such that s < r — 1 + 1/p. Theorem implies that, for f € B;(L,(Q)) we have a
decomposition f = >3 ¢ (f) in L(>P), and it holds

(k)

o l/q
£ (Ly) = (Z (2k5||tk(f)||1:<°°«f’>)q> < oo

k=0
Since it holds S' € Xj, C Iy, the proof of Lemmalmimplies that

151 S 2521 e
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Applying this to S = tj, we obtain
Il e 0,170y S 25 Plitkl| ey = 277D P (252t | oo ) -

Therefore, we have

oo

oo
D el 27RO (25t | o).
k=0

k=0

If ¢ > 1, Holder’s inequality implies that

N - LT 1/q
_q q
22—k(s—dy/p) (2ksHtkHLP(Q)) < (Z [2—k(s—dy/p)} q1> <Z (2ks|tk|L(oo,p))q> .

k=0 k=0

The first factor is finite because s — dy /p > 0. Hence, we have

Z ||tk||L°°([o,1}d) < 0.
k=0

The same argument follows for the case ¢ = 1 from 27%(s=4v/P) < 1. Thus, "7  ¢; converges absolutely in L°°([0, 1]¢),
hence uniformly on [0, 1]%.

Since r > 2, the B-splines M, ,, are continuous. Each ¢, € X, is a finite linear combination of such B-splines, so each ¢} is
continuous on [0, 1]%. Therefore the uniform limit F" := Y7 ¢4 is continuous on [0, 1]%. On the other hand, by Theorem
5.1 the same series converges to f in L(°*?)([0, 1]%). Hence it holds F' = f almost everywhere on [0, 1]%. Therefore f has
the continuous representative F'. O

A.3. Approximation Error via Neural Networks

We first prove the following theorem, which gives the approximation error bound for a fixed small set 2’ C .

Theorem 22 (Approximation Error for Besov Spaces). Let Q' C 2 be a measurable set satisfying M(¢; Y, || - ||2) <
Co(1+ N)e=?) forall v € (0, co] with some constants Co, co > 0. Assume that f € B ,(Q) withp,q € (0,00], s > &,
where 0y := (1/p — 1/7)4+. Moreover, suppose that m € N satisfies 0 < s < min{m, m — 1+ 1/p}. Let v € (0, ng" ),
and N € Nsq be a sufficiently large integer. We define N' := ()T N and ¢ := N—8/d=(1+v7)(d/p=5)+ ]og 1 N,
Then, there exists an FNN f € U(L, W, S, B) with

L=lLo, WSNWo, SSEL-DWEN'+N, B=ONI+ @),
such that || f — f°]

@) SN~ s/d ywhere

dvm

3
Lo:=3+2 {log2 (ec

> + 5-‘ [logo(dV m)], Wpy:=6dm(m+2)+ 2d.

d,m

and cq,m, is a constant depending only on d and m.

We use the following lemma for the proof of Theorem[22] The proof can be done in the same way as Theorem 3.1 of Diing
(2011) (or Lemma 2 of Suzuki & Nitandal (2021)) using (T0) and Theorem |16}

Lemma 23. Suppose the function f € B, q(Q) and the constants m € N, &y, v satisfy the same conditions as in Theo-
rem Fix an integer K € N, and let N = 29%. We define € in the same way as in Theorem Then, there exists fn
such that ||f — fnllpr ) S N=3/4||f|l 5. ,and fn can be written as

p,q

fN($> = Z Qk,j Mk] : Z Z Qk, j Mk] Z Z ak:jL ,]L )
(k.j)EEN k=0 jeJ(k) k=K+1 i=1

where K* = [K(l + %)_‘, ng = [2UWE—VE=ED] (k= K +1,...,K*), {ji}}*, C Ji, and the coefficients (cu ;)i ;

satisfies max, jyepy |r,j] S oK™ (d/p=s)+,
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Now, we prove Theorem [22]

Proof of Theorem2] Let fy = Z(k,j)eEN alangJ be the approximation of f given in Lemma Then, we have
Ilf = fnller) S N’s/dHfHB;Yq. We define

Ey :={(k,j) € En | (supp M} ;) N Q' # 0},

and
Eng={j€N|(kj)€EN}={jeN|(kj) € En, (supp M{ ;) nQ #0},

for k € [K*]. Then, we define f}; as

-
! d _ d
frv= 0 e M, =" > g My

(k) EEY k=0j€E)

By the definition of E', we have fn(z) = fj(x) for any z € .

Next, we evaluate the number of terms in the decomposition of f]’\,, ie., E§V| The set supp M, ,i j is the cube with edge
length (m+1)2~% as shown in (3)). Therefore, it holds |E'y | is smaller than the packing number P ((m+ D279 |- |l2).
Therefore, we have

|En il SP((m+1)27%, - [l2)
SM((m+1)275 59 |- |2)
<1+ A(Q)27%,
Moreover, for k > K, we have
|E;\[k‘ S nk 5 2d(K7V(k7K))'

Hence, for any K° > K, we have

K° K
[EN| S Z (14 AQ)2%) + Z 9d(K—v(k—K))
k=0 Ko

Let us determine K ° to make the right-hand side the minimum. Since 1+ (€2')2% is increasing and 2/Ille =V (lIEller =I1K1ls1)

is decreasing with respect to k, for the best choice of K°, we have

A(Q)20K° o gd(K—v(K°=K),

Therefore, we have
2—(1+V)d(KO—K) ~ )\(Ql)7

which implies 245" —K) ~ \(Q )_ﬁ For K° satisfying this condition, we have

dK°
|E5V‘ < )\(Q/) 2 +2d(K7U(K°7K)) 1
~ 1—2d 1o
1

SAQ) - 28N T 2N T

~

SANQ) T 24K = \(Q) T+ - N.

~

The remaining part of the proof is adapted from the proof of Proposition 2 of Suzuki & Nitanda) (2021). Specifically, from
Lemma 1 of [Suzuki| (2019)), for all k£ and j, there exists an FNN M\kyj such that HM\,f] — M,f,j <€, and 1\7;‘3,‘74 =0

L (R%)
inz ¢ [0, m + 1]¢. Using these networks, we can construct f € W(L, W, S, B) with L, W, S, B as in the statement of the

theorem such that R .
fa)y=">_ ar;M{ (@)
(k.j)EEYN
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Then, we have

@) = f@)| < Y lawgl - [ME @) = M (@)

(k.J)EE)

<e Z |ak7j| ' ]lsupp M,‘jj (33)
(k.4)EE)

For each z € €, the number of (k,j) such that z € supp Mghj is at most (m + 1)%(1 + K*). Combining with the
upper-bound maxy, j)e 1, | ;| given in Lemma Therefore, we have

fi(@) = f@)| e max o] (m+ 1)1+ K
(k.j)€Ey
< egK*'(d/P*S)Jf(l + K*).
Since it holds
2K* ~ 2K~(1+V71) ~ N1+D71

)

we have ) B
Fil) = f(z)| < eNOH DE/P=9)s 160 N < N5/,

Here, in the right-most inequality, we utilize the definition of €. Moreover, the absolute values of parameters used in M ,? j

is at most 2K~ < N(+v")(d/p=9)+  which completes the proof. O

A 4. Distribution-adaptive Approximation Error Bound

For r° € sti,q and t > 0, we define

* e o
(@) = max r®(z,y),

Y (z) == argyf};g); r°(z,y),
Sy = A{(,y) [r*(2) = r°(2,y) = t},
Si(@) ==y [ r*(x) —r°(z,y) > t}.
In the subsequent two subsections, we consider the following assumption.

Assumption 24. Let Cy, cg,c1,T,R > 0and B € {0, Q(Tdd/p))' Forr°® € B?

.0 we assume the following four conditions.

(B1) Forall v € (0,co) andt € [0,T), it holds M(1; Sy, || - [|2) < Co(1 4+ A(S¢)e™?).
(B2) Forallt € [0,T], it holds \(S;) < 5.

(B3) It holds B py [r*(z) — r°(z,y)] < R.

(B4) It holds r* € B, (Qx).

Then, we prove the following theorem, which shows that, under Assumption 24] we obtain an improved error bound when
‘R is small.

Theorem 25 (Distribution-adaptive Error Bound for Besov Spaces). Let f° € By ,, and assume that it satisfies Assump-

ti()n Additionally, let  be a constant such that s € (0,s — d/p) for p < oo, and ¢ = s for p = co. Moreover, suppose
that m € N satisfies 0 < s < min{m, m — 1 + 1/p}. Then, for sufficiently large real number N € Rs, there exists an
FNN f € U(L,W, S, B) with

L<logN +logR™!, W <NlogR™*+R s,
SSNlogNlogR ™'+ R logR™", logB SlogR™,

such that || f — f°||L2(Q) < N—s/dRBs/d.
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Proof. Applying Theorem 22] with r = oo, we have that, for all ¢ € [0, T, there exists an FNN f; € W(L', W/, S], B')
with

L' Slog(e™!) log(NS/dlogN) <logN' +logt™!,
W! < N'Wo < N,

S; < N'log N + N’ < N'(log N' +1logt™1),

B 51,

such that

sup |f1(x) — f2(x)] S N7%/4 < (N) /4B T < (N7)=/ 4P/,

xEQ,

vs
1+v

Here, we define ¢ := . Since v is the number taking an arbitrary value in (0, S;% L ), we have ¢ € (0,s — d/p).

Leta_; = 0and a; = 2°R fori = 0,...,I with I := [logy(2F/R)]. Then, fori = 0,...,I and any N € R, we can
construct an FNN f; € U(L;, W;, S;, B;) with

Li <logN +1logR™Y, W; <N, S;<N(ogN+1logR™Y), B;<1,

such that 4
sup |fi(x) — f°(x)| S N™¥9(2'R)P/4.

xeﬂai

Next, let g : @ — R, (x,y) — r*(z) — r°(z,y). Applying Theoremfor r° with N < R~%* and R « T, and
Proposition 1 of Suzuki (2019) for r* with N <— R~%*, we have an FNN g € U(L, Wy, Sg, Bg) with

L, <logR7™Y, W, <R™Ys, S, <R Y*logR™Y, log By, <logR7Y,

such that ||g — gL~ ) S R/8.
Fori =0,...,I, we can construct an FNN ¢; € ®(L, W, S, B) with L, W, S < 1 and log B < log R ™! such that

(x <a,-1—R/4),
(x—ai—1+n)/2n) (ai-1 —R/A<z<ai—1—R/8),
(aic1+n<xz<a;—R/4),

(a,' —R/4 <x <ay —R/g),
(

a; — R/S S LL’)
Then, we have Zf:o ¢i(x) = 1forall z € [0,2F]. Moreover, since ¢;(x) > O only if x € [a;—1 — R/4,a;, — R/8], the
necessary condition to ¢;(g(z)) > 0is g(x) € [a;—1 — 3R /8, a;].
Now, we define f as
1
f@) = ¢i(g(@)) filx).
i=0
Let us consider z € € such that g(z) € [a;—1,a;] for some ¢ € [0, I]. Then, we have g(z) € [a;—1 — 3R /8, a;], which
implies that ¢, (g(x)) = 0 for j # i,7 — 1. Therefore, we have
[f(@) = f2(@)] < di(G(@)| fi(x) = f°(@)] + bim1(G(2))| far o () = ()]
< max{|fi(z) = f*(@)], | fa_s () = £ (@)}
S NT3(2IR)A/,

Moreover, for & ~ Px, the probability of 2 € [a;_1, a;] can be bounded as

EINPX [g(x)]

i < 9=,
2i-1R -

Poory [9(2) € [ai—1, ai]] < Poapy [g(z) > 277'R] <
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Therefore, we have

2

17 = £ 152y = Bampx [l (@) = ()]

I
< ZN—23(21R>2ﬂ</dI@$~Px [9(z) € [ai—1,a]]
i=0

I

< N72§R25</d Z(QQBc/d—l)i
i=0

< N_2§'R,25§/d.

Finally, since ¢;(g(x)) and f;(x) are bounded by constants for all z € Q and ¢ = 0,..., I, there exists an FNN f €
U(L, W, S, B) with
L<logN +logR™, W < NlogR™!+R™s,
S < NlogNlogR™ '+ R *logR™", logB <logR™*,
such that || f — f||oc < N~°RPs/%. Then, we have
1f = Follezee) < I = Fleeces) + 1 = Follraceyy S N7VIRP/,

which completes the proof. O

A.5. Distribution-adaptive Estimation Error Bound

We consider a general regression problem for Besov spaces. Specifically, we consider f € B, , and let fbe an estimator

of f° defined as

q°

n

o~

f:= argmin Z (yi — f(x2))?, (11)
fe®(L,W,S,B) ;1

where z1,..., 7, are ii.d. samples from a distribution Py, and y; = f°(z;) + & with & ~ N(0,02). We denote

D,, := {(z;,v:)}.—, as the dataset. This theorem corresponds to Lemmain the main text.

Theorem 26 (Distribution-adaptive Estimation Error for Besov Spaces). Let f° € B, ,, and assume that it satisfies

Assumption Additionally, let ¢ be a constant such that ¢ € (0,s — d/p) for p < oo, and ¢ = s for p = 0o. Moreover,
let f € ®(L, W, S, B) be an estimator defined as (1)) with

L<logN, W<N, S<NlogN, logB <logN,

d 28¢ __s .
where N = n?+dR2+d. [f R 2 n~ T+4, it holds
2 28¢ ___2s 4
SR+ -n~ z+d log™(n),
L2(Px)

where Ep , is the expectation with respect to the dataset D,,.

Ep, [HJ?— I°

We utilize the following proposition for the proof.

Proposition 27 (Schmidt-Hieber| (2020); Hayakawa & Suzuki| (2020)). Let F be a set of functions. Let fbe the least-
squares estimator in F:

Assume that || f°||cc < F and || flleo < F forall f € F. If 6 > 0 satisfies M(3; F, | - |lo) > 3, then it holds that
log M(6; F, || - ||so
08 M P )

n

2

Ep, {H? f°

. o2 2 2
| se|meir =i, + 72+ 0 5(F+0)].

L?(Px)

where C' > 0 is a universal constant.
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To upper bound the covering number of the function class of FNNs, we use the following result.

Lemma 28 (Lemma 6 of [Suzuki & Nitanda (2021)). The covering number of ®(L, W, S, B) can be bounded as

log M(0; ®(L, W, S, B), ||Hoo) <2S8Llog((B+1)(W +1)) + Slog (5*1L),
Now, we prove Theorem@

Proof of Theorem26] The proof is basically the same as that of Theorem 2 of [Suzuki & Nitandal (2021). The difference is
that our proof explicitly provides the dependency on R.

. . — S
First, using R 2 n~ %+4, we have

d 4 28(s—d/p)
S A

Therefore, we have

2B(s—d/p)
25

RS SnfﬁRf 4~ N.
Then, the configuration of L, W, S, B in Theorem 23] can be simplified as

L<logN, W <NlogN, S<Nlog’N, logB <logN.
Let F := ®(L, W, S, B). Then, the covering number of the function class F can be bounded as

log N'(6, F, |I']l..) < Nlog® N(log N + loglog N) + N log® N(log(67") +loglog N)
< Nlog? N(log* N + log(671)),

Using Proposition [27|and setting 6 := 1/n, estimation error can be bounded as

~ o2 ~ 12 Nlog® N(log®> N +1log(671)) 1
EDn{Hff 2 ]stf ), 1
L2(Px) Le°(supp(Px)) n n
< N—ZS/dRQﬁg/d + N10g2 N(10g2 N + IOg Tl) + l
~ n n
Letusset N = nmR% Then, if N > R~%/5, we have
B ’f f°2 < n- 2R %57 logt(n)
D, Lz(Px) ~ n } Og n),
which completes the proof. O

B. Proofs for Section

In this section, we give the proofs for the theorems in Section

B.1. Optimal Policy of x2-regularized Objective

Before discussing the separation between NN-based estimators, we derive the optimal solution of min(.;y £y2(r)(x). Its
expression is already given in[Huang et al.|(2025b), we provide its deviation to make the proceeding discussion clear.
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Recall that the definition of x2-divergence x?(-||-) is given by

xX*(allao) := /;((;)((Z)))Q - 1) - qo(z)da

S ([ )

max Lya(mir)(z), where Lya(m;r)(2) = Eyurlr(z,y)] — p (7 (- | 2)l|mes (- | ),

T

Then, the y2-regularized objective

is equivalent to

wly |2
Trer(y | 2)

) ) o H
max L(m;r)(z), where L(m;7r)(x) :=Eyoria)r(z,y)] — 5 /

Let ¢ be a density defined as ¢, (y) := wﬂ(:ﬂﬁi) . Then, the optimization problem is reduced to

n
5 Byl [92(9)7]: (12)

max La(ge), where  Lo(¢a) := By g2 (y)r (2, y)] -

The objective L, can be rewritten as follows:

L:ﬁ(q) = *g 'Eywm-ef('|95) [(q(y) N T(xﬂ’y)>

Ey’\‘ﬂ'ref(‘laf) [T’(CC, y)Q]
2p

+

7z H%z(wmf)

_ K -1, 12
= —glle = s el o + 5,

where r := r(z, ). We define ¢* as the optimal solution of max, L(g). Let us get ¢* explicitly. KKT condition implies

@ ¢ (y) —p " ra(y) +EY) - (1) +A-1=0,
®) ¢ (y) >0,

© Eyore(lyla" ()] = 1,

@ &y)=>0

(e &(y) - (=q*(y)) =0,

where ¢ : [0, 1]7 — Rand ¢ € R are slack variables corresponding to the constraints ¢(y) > 0 and E, ., (.1»)[a(y)] = 1,
respectively. The item (a) implies that

() =p " ra(y) = A+ E().
If y € Qy satisfies ¢*(y) > 0, it holds £(y) = 0 by (e), and we have
() =p"re(y) — A
Otherwise, by (b), we have ¢*(y) = 0, and we have

Ey)=A—pn"ra(y),

L. r,(y) < A\. Summarizing above, we have

Then, (d) implies p~

) >0 = ¢y =p " raly) = A
*y) <0 = plor(y) <A

which implies
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e If p=1 - r.(y) > A\, we have ¢*(y) > 0, which implies ¢* (y) = p=* - 7.(y) — \.

* Otherwise (i.e., u=1 - 7, (y) < \), we have 0 < ¢*(y) < £(y), and (e) implies ¢*(y) = 0.

This indicates that

where the constant )\, is determined to satisfy (c), i.e,

E?JNWrefHM_l : r(amy) - )\ZIJ}“F] =1

B.2. Proof of Theorem

Next, we prove Theorem @ The proof technique is similar to that of Theorem 3.2 in Zhao et al.[ (2026): we reduce the
regularized loss with a strongly convex divergence to the reward estimation error.

Proof. Let Hy := L?(me(- | )), and for f, g € H.,., we define

0o, = / FW)9)me(y | ©) dy,
1l = /U P

Then, the objective L, defined in (I2)) can be rewritten as
0
La(@) = (@ 72)3, — 5 lldll. -
We define L] and L, as

o o 1 = ~ 1
La(a) = (arady, = Slalln.,  La(a) = (@:Ta)s, = Slalln.-

Let Q:={qg€ Mo |q>0,Eyor..(|o)a(y)] = 1} be the set of densities in H. We define the map V' : H, — R by

Ho 2
=1 LI =10 ( s — = .
V(r) = max L(q) = max { (g, 1)y, 2||q||HI>

Then, we have
Ly (q) ==V (r°).

Let g : H, — R be a map defined as

m
9(a) = Sllalls, +1o(a),

where 1 is a indicator function, and g* be its Fenchel’s duality. Then, we have

g*(r) = sup {{a,7)5, —9(@)}

o’
= sup {(g,7)y, = Sllalf, ~To(@) |
q€EH

o
=sup { (4,1}, — L0l }
qeQ

=V (r).
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Since g is p-strong convex, its Fenchel’s dual g* = V is differentiable, and its gradient is ;4 ~!-Lipschitz. Therefore, for
r € H, and g, := argmin 4, g(q) = argmin o g(q), we have VV (r) = g,, and it is p~'-Lipschitz. In particular, for
q := g7, we have VV (7) = ¢, and
~ -~ o 1. o
V(r®) SV(E) +(VV(F),r® = T)y, + ler =%,
N L~ o I -
SVE) +(q,r° =Ty, + ﬂllr =1,
Since it holds LZ(g°) = V(r°) and
N o2
V) = @), ~ Sl
__/~ .0 I 2 A~ o
=(q,r >HI - 5”21\”7-[1 +(gr—r >H
= L@ + (@7 = 7%)5,

x

we have

Ly(q%) = Ly(q) = V(r®) = V() = (g7 = %)

1.
< EHM =gl
Tmse N
< (e, ) = (x5

2u

Therefore, we have
200) =20 = [ (12063) - 12@) da

Tmax ~ o 2
< /2 ) — . d
<2 /QX [7(z, ) —r®(z, )|z dz

7Tm ax

2

7= r°l3.
Theorem 2 in [Suzuki| (2019) implies
L(r°)—L(7) < pinT 7 log? .
This completes the proof. O

B.3. Proof of Theorem [

To prove Theorem [d] we first show the lower bound of estimation error for linear estimators. Specifically, we adapt the
results for the standard Besov space (Theorem 1 in Zhang et al.[ (2002)) to our setting, which consider the Besov space
with anisotropic integrability.

Lemma 29. Let X™ := (z1,...,2,), Y™ := (Y1,.--,Yn), and §" = (&1,...,&n). For the class of linear estimators
defined in (@), we have

. ~ 2 __2s—w
Cinf sup Bxeynen [ —r°)P] 2 077,
rlm:lmearrer(Bzvq)

Sor sufficiently large n € Z~q, where v := 2(dy /p — d/2)+.

Proof. The proof strategy follows that of Theorem 1 in |Zhang et al.| (2002), which in turn is based on the argument of
Donoho & Johnstone| (1998)). We define

R*(Tiin) :== sup Exnyngn [ [Pl — 7'0H2i| )

TOEU(B;’q)
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Upper bound of )", ¢? using R*(7;,) Let k be a non-negative integer which will be specified later. We define an event
£ as

. n .
= {#{z s (zi,y:) € Dj} < Clﬁ forall j € Jk},

for some constant C; > 0. That s, £ is the event that no dyadic cube contains more than the average number of observation
points up to a constant factor. Then, for sufficiently large n, we have P(£) > 1/2.

By the definition of linear estimators, we have

2

+ 0—2 Z 901(1'7?/’ Xnv Yn)Q

Eﬁ" [(?lin - ro)2 | XnaYn] = [Z ro(xivyi)soi(xvy;Xn»Yn) - To(x,y)
i=1

i=1

We take the integral over (z,y) € €2, which yields

R (7in; X", Y™) 1= Ben [ = r°132 | X7, Y]
n 2 n
o . n n o 2 . n n\2
Z’I" (xlayl)wl(xvan 7Y )_T (l'vy)‘| dydx+a / / Z@l(xaan 7Y ) dydl’
Qx JQ

/QX /QY i=1 Y =1

ZUQ/Q /Q > iz, y XY™ dyda
X

Y 4=1

Therefore, we have

R*(?Iin) > P(E)E[R* Thann Yn) | E]

>—/ / Z% oy, XY™ £ dyda.
ox Joy |
Hence, there exists 3° € J}, such that
—/ / (z,y; X", Y™)? | €] dyda < 27 R*(Fyy),
DE JDj. i:l

where DX and D}’ are the projections of D onto the X- and Y -coordinates, respectively, so that D; = D x DY

Constructing r° and defining subsets 24, on its support Suppose that r° = Cy27F(==dv/p) . M - for some
constant Cy > 0. Then, using Theorem 20} we have

||7"OHB;; ~ QF(s—dy /p) . 0 9—k(s=dv/p) — (7,
Therefore, we have r° € U(B, ,) for sufficiently small Cy > 0.
Since Mg’ o 18 a nonzero function, there exists /' > 0 satisfying
M{zeQ:My(2) >F}) > F

Then, we define a set 24 C Dj~ as

Qa:={

M) > A{z€Q: M y(z) > F})
>27M\{2 € Q: My(2) > F})
>27ME,

r°(z) > Co2 Fls—dy/p) F}

Therefore, we have

29



Inference-time Alignment with Rewards in Besov Spaces

Let Qp C Dj;+ be a set defined as

Z SD’L(:E7 Y; Xn> Yn>2
i=1

Op = {ZEDj* E

5] < F;R*(?lin)}'

Then, Markov’s inequality implies that, if C is sufficiently large, we have

fD;(* fD]‘.’* E [, gilz,y; X", Y™)? | gl dyda
Foz B* (Fiin)

> g—hkd _ 52—kd _(1— 13 g—kd
2 2

)\(QB) > 9—kd _

Therefore, we have

MQaNQp) = gz—kd.

Lower bound of the difference between 7;, and 7° We have supp M ,fy j+ = Upep/ D for some D' C D with |D| = m4.
Moreover, it holds

]l = CQTk(S?dY/p)HMIinOO _ C2ka(sfdy/p)||;gm||go'
Cauchy—Schwarz implies that, under the event £, we have

(&N%meXTWW=(2}%%%%@%XTWO

=1

= > r° (s, yi )i, y; X, Y™)
@:(zi,y:) Esupp M .
< (#{i: (wi, ) € supp MY ;. }) - Z (@i, yi) i, y; XY™

i:(x4,y:) Esupp MY .

mdn -
o2
< CIQW “lr ||oo Z‘Pi(l’ayZXnayn)Q
i=1
d mdn2—2k(s—dy/p) n

< 0102||1Cm||io ! okd Z(Pi(xay;XnaYn)2'
=1

Taking expectation over the event £, we have

> pilwy; XY

i=1

E[(Ben [Fin(z, ) | X7, Y")* | €] < Gl

2d mdn272k:(sfdy/p)
oo okd E

).

In particular, for (x,y) € Qp, we have

N mdn2—2k(s—dy/p) R
E[(Be [Fin(@,y) | XY | €] < 10K ]2 - T —— R (Fin).
Therefore, we have
=~ n yn o 2 1/2 o ~ n yni2 1/2
{E [Ber Fin(w,m) | X777 = r2(@,0)) | €]} 2 1 @,0)l - {B [(Ben Fin(e,0) | X7, Y70 | €]}
. Vn2 ks=dv/p)
> |r(@,y)| = G s R () V2,
where we define C3 := C1Cy HICmHzfmd. In particular, for (z,y) € Q4 N g, we have
N 1/2 2~ k(s—dy /p) .
{E[Eer Fine,y) | X7 = 12(w,9)) [ €]} 2 Coaremtein p - /2. Vi S B ) /2.
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Obtain the lower bound Suppose that R*(7};,) < 40252 2%4_ Then, we have (C3nR* (ﬁin))l/ 2 < G2E9kd/2 Then, we
have

1/2

F
{E [(Egn [ﬁin(x;y) | Xn,Yn] o ro(x,y))z ‘ S:|} 2 C227k(sfdy/17) R - %2fk(sfdy/17)

= 7C2F2—k(s—dY/P)_
2

Therefore, it holds
R*(7in) > / Exn ynen [(ﬁin(may) - To(may))ﬂ dz
QaNQp
> / E|(Eer Fin(z,y) | X", Y] = r°(2,))*] dz
QaNQp
> / P(E)E [(Egn Fin(z,y) | X7, Y] — r°(z, y))° ] 5} dz
QaNQp

F 2 2F3
> AQaNQp) - <C;2k(de/p)) = 021762721@(5%/27@/17).

9k or R* () > L 9-2k(s+d/2-dv /p) which implies

~ C2F?
Hence, we have R*(7;,) > 2 22

— 4C3n

. C3F?_,, C3F3 __ . _
*(Fim) > min { 2 okd Z28 9-2k(st+d/2-dy /p) |
R*(7in) > min { ToR T

Choosing k € Z>g to satisfy

2kd 1
— = 9 2k(s+d/2=dv /p) e OF ~ pIEFT AT
we have
R _2(s+d/2-dy /p) e
R (mn) 2 n  2GHd-dy/p) = p~ Zstd-v
where v := 2dy /p — d = 2(dy/p — d/2). Combining the minimax optimal rate of estimation error, we obtain the
assertion. O

Proof of Theorem}, We fix ¢1,...,¢n. Letr* € U(B; ,(2)) that attains the supremum of sup,.oc;(p: (o)) Ep»[[|7 —
7°||3]]. Lemma 29]implies that

T ~ _ 25w
F—r*Bl = sup  Epu[[[F—r°3] 20w
ree’(B; ,(Q))

Epn|

From the assumption, there exists 0 € (0, 1] and ¢ € (0, 1] such that

7= *lloe 50, (3

Ppr[[I7 = r*[13 2 Epe [I7 = 73] >4, (14)
~ 2 .

Pon [[By et (59) = 7932y < EpelIF =7 13]] > 1 - 6/4, (15)

Here, to derive (T3)), we used Markov’s inequality.

(13) implies that, for sufficiently large n € Z~, we have

]P)[Al] Z 1 - g, Where Al = {”’/r’\ T*Hoo S R}
1%
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Moreover, using (14), we have
P[As] > 6, where Ay := {||F—7*|2 2 Ep-[||F — r*|I3]}.

Furthermore, using (T3)), we have
1) N 2 ~
P[AS] >1- 1 where A3 := {HEyNWref('|:r) [T*('7 y) — T('?y)]HL2(Qx) < ED"[HT -r ||§]}

We get explicit forms of ¢ for 7/, 7 defined as follows:

P P M
ri= 4R(T R), 7: 4R(T R).

Then, for any x, y, we have r'(z, y), #(x,y) € [0,1/2]. Then it holds p~* yeay I (@, y) dy < 1/2 <1, which yields
N (z) = /fl/ r(z,y)dy —1, and ¢°(z,y) = p ' (2, y) — N (z).
yEQy
Additionally, under the event A7, we have
1
1 ||oe < A 17— Pl < -
17 =7lloo < 3=l = Tlloo < 7

Therefore, we have

W o

u‘l/ 7(z,y)dy < / p (@ y) dy + |7 — s <
YyEQyY yEQy
which yields

/\’(I):u’l/ . F(z,y)dy —1, and q(z,y) = p " (z,y) — N ().
yely

We next evaluate the value of objective value and their difference. We have

r(x,)||?
L2(g5) = 1 (a2 4 12D (2; )l
_ K * ||Tl(m7')||2
-4 @+ L
r(x, )|
L@ =~ ) = Xo) — (a2 4+ LD
B2 o WE, fr () — ()] () — s ) 2) < @
2 y b b b 9 2,[/1/

Therefore, we have
L3(az) — L3(qz)
= *g (W (@))? = N (2) + 20~ N (2) - By [F(z,y) — ' (2,9)] — p 2|1 (2, ) — ' (2, )]1?)
= g(w(x) — (\(@))?) = XN (@) - Ey[F(z,y) — 7' (z,9)] + ill?‘(x, )= ()%

Now, it holds

RS

V(@) = (\(2))?) = %(A*(x) + XN (@) By [ () — ' (2, y))

XN (@) X(@)

T2 B[ y) — 7 @)
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which implies

L)~ 15@) = 25 Bylr(og) o (o] + o ) = (e )P
= 5 {17 ) =@ = B ey~ )
Taking expectation over x ~ Px, we have
207) = 20) = 5o {17 =P = Be (B, (o) — (0. 9)) ]}

1 2

= 2M ]_6R2 {”A_ T*HQ o ||Ey~‘ﬂ'rcf('\w) [T*('ay) - 7/"\(7?/)”&2(9)()}

Under the event A5 N A3, we have
L") = Z°) 2 Epn[IF = 7 8] — Byt (-9) = P03
Using (T3], we have
L(r') = L(7) Z Epa[[[7 = r*3].
Since it holds that
P(A; N A N Az) > P(Ay) — P(A) — P(A3) > 6 —
we have
Epn [L(r*) = L(7)] Z P(A1 N A2 N Az) - Epn[||[F — r*|[3]
2 Epa[[[7 = r*13].

Since 7* is a linear estimator of r*, this gives the assertion.

B.4. Assumptions for Linear Estimators in Theorem 4]

In this subsection, we discuss the validity of the assumptions in Theorem 4]

We first note that the condition (a) ||71in — 7°||co 5o (n — o0) is satisfied for many linear estimators, including
Nadaraya—Watson estimator, k-nearest neighbor estimator, Sieve estimator with spline basis and kernel ridge estimator
with Matérn kernel satisfies this condition. See, for example, [Hansen| (2008)); Jiang| (2019); |Chen & Christensen| (2015));

Tuo et al.| (2020)) for the details.

Next, we discuss the condition (b) under a specific setting. To do that, we introduce the bias-variance decomposition
of linear estimators. We consider a linear estimator defined as 7(z,y) = > ., r] ri¢i(z,y; X", Y"™). For the simplicity
of notation, we define ®;(z,y) := ¢;(z,y; X", Y™). First, we decompose the risk R(X",Y™) := Een [[|[7— 7°|13] as

follows:

Ee- [[I7 - r°II3]

n 2
H (Zr xmyz (I) =T ) +Z£ZCI)1
i=1

L2(©)

2

= ZTO((Ei;yi)(Di—TO +E£n <Z7“ ml,yz i Zgz z> +E§n
i=1 2(Q)

L L2(Q)

n 2 n n
= Zro(xiayi)@i —r° + <Z7“O(([Z-7yi)(]:)i TO;ZE&[&}@1> +E5n
i=1 L2(Q) i=1 L2(9)

=1 1=1
n 2 n
= Zro(ziayi)éi 77’0 +022||¢1||§,2(Q)7
i=1 L2(2) i=1
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where the expectation is conditioned on X™ and Y, which we omitted here. By taking expectation over X™ and Y, we
have
2

R* = ]E5"L7X7L7Y’IL [

n
7= 7°l13] = Exnyn ||| D r° (@i, y:) @i — °

=1

+ 0% Egn xn yn [Z ||q>i||iz(m1 . (16)
L2(Q) i=1

Bias Variance

It is common to set the hyperparameters to balance the bias and variance, i.e.,

n 2 n
R* =Exnyn[R(X",Y™)] =~ Exn yn Z (23, i) ®; — ° ~ Exn yn lz |¢¢||2L2(Q)] .
i=1 L2(Q) =1
Based on this, we suppose that there exists a constant C' > 0 such that
* 2
R* < C-Exnyn lz ||c1>i||L2(Q)]. (17)
i=1

Now, we assume that the following condition holds:

n 2
E&n,Xn,Yn (Z ||(I)Z||i2(9)> < C<E£n7Xﬂ,,Yﬂ,
=1

for some constant ¢ > 0. This can be validated, for k-NN estimators, for example. Indeed, for k-NN estimators, the map
¢; can be written as

n 2
> ||<I>iiz<Q>D : (18)

1
(rbz(x»van,Yn) = E]qu (may)a

where R; := {(z,y) € Q| i € Ni(x; X™)} and Ny (z; X™) is k-nearest neighbors of z. Then, we have

! AR
[0 = [ gt du = 200

Therefore, we have

= 2 AR;)

D I1illia@ =D =

i=1 7

1

ﬁ/ > (1ifi € Ny(a; X™) else 0) dz
Q-

:/dexzk, (as.).

Under (T8), using Paley—Zygmund inequality, for any c¢o € (0, 1), we have

(Bxe e [Si 1900 0)])
myn i=1 i11L2(Q)
Z [P HLZ(Q) (1 —co)Exnyn lz [P ||L2(Q) g 3

i=1 Exn,yn [(27_1 H‘I)i”iz(ﬂ)) }

This implies that (T8)) holds with ¢ = 1.

> ccg.

Combining with (T6) and (T7), we have

(1 —éo)R*] > P

n

2 (1 — CO)R*
D

2 2
S 1@l 0y = (1 - co)Exn yn [Z <I>i||m(mH
=1

i=1

IE”[R(X”,Y”) >

3 |

v

P

> ccp.
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Next, we can bound the variance of |7 — 7°||3 conditioned on X™, Y™ can be calculated as
n n n n 2
VIF =5 X™Y™) =2 % (@, ;)" +4y <‘1>¢,f - Zf(:vj)@j> :
i=1 j=1 i=1 j=1
Each term can be upper-bounded as follows:

n n

>

=1 j=1

(Z‘i’ ||2> < R(X™Y")?,
Z <(I)i7f - Zf(wj)‘b > < (Z 1P ||2> f= Zf(mj)@a

2

A

2
2

IA
N

i

SN+ | f =D fz)®;
j=1

2

= iR(X",Y")Q.
This yields
V(7 =73 | X" Y™) <3R(X™, Y™
Therefore, using Cantelli’s inequality, for any ¢; € (0, 1), we have

PIIF = ol < (1 = e)) R(X™,Y™)] = P[|[F = r°|I3 = E[|[F = r°[3 | X", Y"] < =1 R(X", Y™)]
V(|7 —rol3 | X", Y™)
T V(R3] X7 Y + (lR(X,YT)
3R(X",Y")?
T 3R(XM,Y™)2 + 2R(X", Y ™)?
3
B 3+C%.

Combining above, we have

~ (1 — Cl)(l — C())R*
P|F—r°l3 > c chg—ma

if the right-hand side is positive. If ¢o — 1,c; — 1, the right-hand side converges to ¢ — Z To summarize, if the bias and
the variance are balanced, and Equation holds with ¢ € (3/4, 1], we see that |7 —r°||3 > R* with constant probability.
We leave it to future work to check whether the assumption in Theorem {4 holds in other configurations.

C. Proofs for Section 4

In this section, we prove Theorem [6]

First, we prove Lemma 8] which constructs a comparator policy that attains the e-optimal reward for ¢ > 0 with bounded
coverage from the reference policy 7yef.

Proof of Lemmal8] If we set the policy 7 as

w0 = Y

—~| W
B
N

—~
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then the two conditions are satisfied. Indeed, the condition (i) is satisfied since
Eonpy [17(2) = Eymrs (1) [7° (2, 9)]] = Eanpy [Eymr: (o) 77 (%) — 7° (2, )]
1
<E,. s A\(S,
<Eeer e sy NS0

=€,

and the condition (ii) is satisfied since

C(m?, mref) = Eanpy []Eng(.m [W” = Eonpx [/ M dy]

7"'ref(y | € Wref(y | 1‘)

SN RECC00 PN T 1

This completes the proof. O
Now, we prove Theorem [f]

Proof. As in the proof sketch in Section[d] we have

Epn [Ean Py [Eguy (@)~rres, [17 () — 7° (2, Unn (2))]]]

S B [1(®) = By (1) [P (@, )] + B o By (1)1 ()] = Byt (1 (2, 9)].
As for the first term, Lemma@implies that

Eonpy [1*(2) = Byrr (o) [ (,9)]] < €

Moreover, using Proposition 7] Theorem 26| and the coverage bound in Lemma 8] we can upper-upper bound the second
term as

Epn |:Ew~Px |:Ey~7r;*(|a:) [ro (l‘, y)] - E mreen (- \w) J?, y :|:|
S i Banpy [C(a; T Mret)] + 7t - ED”[ enpx [ (2
(

uN
Px I+ 1 Epn [Eanpy [E(2)]] - €7 070
L N
< o Bonpy [C(2; 7 Tret)] + 171 - Epn [Bgpy [E7(2)] l

)
W+ 17 (Epn [Banry [E2@)]) /- 0
SpeeV+pton malogtn 4 ! (n*zfﬁ log* n) 1/2 T
Therefore, if we set N 2> /fl log n, we have
Epn [Ean b B (e)rtes, [ (2) = 7°(@, Gan(@)]]] S €+ p- €77+ p~t - n” 757 log* n,

To minimize the right-hand side, we set

ex~p-e 7
25
e~ ptonT = loghn.

This is equivalent to

__2s 4 24~ s 2 4
e~ (n Z+dlog™n =n" %+d2+7 log?H n,

s 2(0+4v) 40+v)
W€ et ~ pTmra T log™z% n.

Hence, we have

Epr [Exnpy [Bg (oyerteg 1" (@) = r°(, B (2))]]] € n” 7775 log 75

which completes the proof. O
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D. Smoothing over Prompts for . °°-approximation Guarantee
Remind that the definition of the smoothing kernel K is given as follows:
r dx /2
N (MY L (2 v
K@) '_; <j>( D i <727r) Ky (@),

where K, (z) := exp(—v~2|z[|3). In this section, we prove the following theorem, which demonstrates that we can
bound prompt-uniform estimation error sup,_ (z,-)—r°(z, )| L2l using the upper bound of L? estimation error
X Y

7 =7l L2 ()

Theorem 30. Lete >0, f € U(B, () N L>(€2), fe L>°(Q), and, let Q[;] = [e,1 — €] and Qgi/] = [e/,1—¢']%.
Moreover, we define f : R — R as

oy Jf@) (e
Jw) = {0 (otherwise).

Additionally, for each x € Qx, let p, be a probability density on Qy, and let p(x,y) := pz(y). Suppose that p < p,(y) <
pforallx € Qx,y € Qy for some p,p > 0. Then, it holds

Sup H(K*?)(‘Tﬂy) - f(‘rvy)HLQ(p |Q[E,])
NG =12y

_ s 2¢2
S0 (AT = Tl + 7% )*exp<_r%2>’

2e+d
L2(0) e have

where s’ := smin{1, p/2}. In particular, by setting € > v =p ~ara ||f /1

25 +d

SllI[) H K* ( 79) - f($7y)HL2(pmm[;/]) 58_1/2p25 +d ||f f L5 ()"
EASI 2

A result without prompt-truncation. We first introduce a linear operator ¢ that maps f : @ — Rto ¢f : R? — R
satisfying the following three properties:

* (€f)o = [, thatis, € is an extension operator.

* Forany p € [1, 00|, there exists a constant a,, > 0 satisfying || € f||Lrra)y < ap | fllLr ()

» Forany s > 0,p € [1,0],q € (0, 00], there exists a constant b, > 0 satisfying ||Q‘Ef||B£ SR < bp.q.s f||B; ()
For the existence of such an operator, see|Stein| (1970), Adams & Fournier| (2003) and [Triebel| (2006). Then, we prove the
following theorem, where we removed the truncation of the space of the prompt in Theoremwhile replacing f by &f.

Theorem 31. Let f € U(B, ,(2))NL>(Q) and fe L>(Q). Moreover, for each x € Qx, let py be a probability density
on Qy. Suppose that p < p.(y) < pforallx € Qx,y € Qy for some p,p > 0. Then, it holds

<p—1/2( —d/2|f fHL2(p)+Pl/2 s'mm{l,p/Q})

swp [[(K 5 €f)e,) = £@0)| o) S

TEQx

To prove the theorem, we first show the following lemma, which upper-bounds the penalty of smoothing by K.

Lemma 32. Let f € L®°(RY) and r € Z~q. Moreover, for each x € Qx, let p, be a probability density on Qy. Suppose
that p,(y) < pforall x € Qx,y € Qy for some p > 0. Then, there exists a constant C. > 0 that depends only on r and
I flloo such that

sup [[(K # £)(x,") = f(2.) | a(py < CrB2 - W (fy 7/2)m 00/,

FIS95
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Proof. We adapt the proof of Theorem 2.2 in [Eberts & Steinwart| (2013). Similar to the first part of their proof, we have

(K« ) = [

Rd

()" ka0 ()t .

Jj=1

where hy = [h1,..., hay]T € R hy :=[hgyt1,--.,ha]" € R, With this and

9\ 4/2
j/’ <2> }{:Q;(}l)(i;l - 1,
RE \VT vz

we have

(K f)(@,y) = f(z,y)
FACORETI
L) (B () s s o
GO

Then, recalling the definition of A}, we have

T> (-7 f(z+ jhx,y Jrth)) dh — f(x)

T> (1) f(@ + jhx,y +th)) dh

/2
(1 s ) = fa) = [ () K AL ) an,

Rd
which yields

/2

(K )@, ) = f(@, )l 2,y = H/}R (%) K o (h)|A}(f) (@, )| dh

LQ(pm)
- 2 r
Vi [ () Ka®IAOE I, dh.
For p > 2, we have

1AL @ ) 2y y < IARE) @) oy -

Additionally, for p € [1,2), we have

VAL (), Wiy = /Q (AF(F) ()2 dy

Y

- /Q (AL (), ) (AL (F) (a))> " dy

< NARN @ o ) 185 () (@ T -

Since it holds that

r

AL @ My < I1Floe 3 (j) <l -2 = O,

Jj=0
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we have

/2
B2

1AL () 2y ) < CHIAL() a,

Combining above, we have

IAG () @ )2y y < max{CHL AR (D)@, [Fo gy ),

where p’ := min{1, p/2}. Therefore, we have

sup [|(K* f)(@,-) = f(2, )]l 12y

€N X
d/2
VPR / ( ) 7 WIAL( 22y B
\[erx o ﬂ( AL @, 20y
9 d/2
Vi [ () Ka® (s 100 iy )
1 2 d/2 p/
< max{C,,1}- \/ﬁ/ (2) ( sup [|AL(f)(z, -)|LP(QY)) dh.
i €Qx

By the definition of w, ,, we have

sup [|AL(f) (= 7')||LP(Qy) <

reQx

Lr (Qy)

sup AL (f)(z,y)]
TzEQx
< wpp(f, 17l L2 may) = wrp(f, 17l 2 (Ray)-

By the property of modulus of smoothness, for all ¢ > 0, we have
12l 2 ray |
g hlznen) < (140550 ) w0, (1,0)

Therefore, we have

sup [|(K « f)(2,) = £ )| 2oy,

TEQx

' - 2\ 1Al \ "™ :

< max{C,,1} - \/;/Rd (’yzw) K]g(h)<1+ 7/2) W00 (f,v/2)F dh
- : 2\ [2ll2 "™

— () Var w2 [ (Z2) w14 02) an,

The proof of Theorem 2.2 in [Eberts & Steinwart| (2013)) implies
d/2 d/2
2 IAll2\" / 2 IAll2\"
—_ K~ (h)(1 dh < —_ K~ (h)(1 dh
/IRd (7%) 7 )( T2 v/2 - oht W+ v/2

7] i 1\ 3 ,
S fio-y)) e

Jj=1

Sk

Sk

where we used the fact that p’ < 1and 1 + ”h/H;’ > 1 in the first inequality. Thus, we obtain

sup (K # f) () = (2, ) 2y < max{C1YCE - /B - wroo(f,7/2) 022,
z X

which completes the proof.
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Using the lemma above, we prove Theorem [31}

Proof of Theorem[31} We define f =C¢fand f := fo. Then, the value to be bound can be decomposed as follows:

sup ||(f - K:f/\)(l‘, .)”LZ(PHQ[;])

zENX
39 (I(F = KD 2, 010)
< o W= Ko @M gaialpy + 50 1= D)oy ol

We first upper-bound the second term. Let ., be the RKHS of the Gaussian RBF kernel k., on R?. Then, using Theorem
2.3 in|Eberts & Steinwart| (2013), we have

1K # (= Pllae, < Gv/m) =22 = DIf = fllz2e)-
Using the reproducing property of -, we have

5 (F= @yl = (K (F= )by (@) ))<= (F = Dl I (@),

~

Since it holds that

||k'y(‘» ($7y))|‘%’y = \/<k’y('a (:C,y)), k’Y(" (xvy)»y = kv((x’y)v (xay)) =1,

~

we have

(K % (f = D)@ y)| < 1K+ (F = D, < vm) Y227 = DIIf = fll2@a-

Using the property of the operator &, we have

If = fllzeay = 1€(f = Hllrzway S I = Fllzz),
which yields

sup “(K*(f_ fv))(x))HL%pl‘Q[;]) < sup ‘(K*(f_f))(xvy)l

2€Qx 2€Qx,yEQy
Sy f - fHL?(Rd)
ST f = Flleego
<o 2N = Flleg)-

Next, we bound the first term. Since w,,(f, ) is non-decreasing with respect to ¢, for any ¢ > 0 and u € [t/2, ], it holds

U_swr,p(ﬁ t) > (t/2)_swr,p(ﬁ t/2).
Therefore, we have
' —s 7 yyede —sq £ q t du
I UL e
(t/2) " Mw,p(f,/2) log ul; ),
(log2) - (£/2)*%wrp(f, 1/2)°.
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The definition of semi-norm | -

, , we have
Bz s

~ 00 . du 1/q
B3 - (A (uiswﬁp(fa u))qu)

" 1/q
( P u))qff>

> (log 2)7 - (t/2) " *w,,(f,t/2).

Y

Hence, it holds - R i
wrp(f ) < wrp(F8/2) < (log2)™V/9|

Moreover, for any z € Qx,y € {2y, we have

by, (/2"

le] pz(y) P — 1
pz | 3 )(y) < < Spp .
(be | 8)0) Ply e Q] ~ (1 —2¢)4p ~ 7%

Using Lemma[32] we have

sup (|5 « )@, ) = fla)|| | S pM2p /2y minties2),

TxEQ X

L? (pm)

Combining above, we have

sup [[(f = K+ F)@, M a0y S 272 (772U = Fllpacay + 52y minttel2h),

TEQx

which gives this assertion.

Proof of Theorem[30} Finally, we prove Theorem [30]
Proof. Using (19), we have

(K « €)(a,y) — (K + F)(a,y)|

9\ x/? " /r ~ . -
%) K 5 (h) 1@\@ (z -+ jh,y) = T+ jhyy)| | dh

N DN
3
N———
=9
>
~
()
&P
.

()1t -+ |

Jj=1

Since itholds = € [e,1 — €]%*, x + jh ¢ Qx when 7||hl| > [|jhllc > €.

’(K*Qﬁf)(x,y)*(K*f)(x,y)‘ §||f|m/|h|m>e/,, (;ﬂ)dm _Tl(r>

Jj=

dx /2
< / (2) X/ eXp<_2||h||2>dh
~ bz e \ VP 2

The component in the integral is the density of A/ (O, 1—2] dx ) Therefore, we have

5\4

(1« €)(oy) — (K (o) < 2 e (555 )

272

which completes the proof.
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E. Proofs for Section 5]

In this section, we provide the proof of Theorem [I0]

Before proving the theorem, we clarify the configuration of the hyper-parameters used in Algorithm [I] Specifically, the
parameter ;(7) of Inference-time Pessimism, o(™) of Gaussian mollification, (") of the scale of mixture with uniform
distribution have to be set for each step. They are updated as follows:

u 28! 2 2s’ 2

4 ~ (Mv—l))“(g*)”;ft”—ﬁzii’dﬁ, o ~ (le)) (TR 0 (H(T*1)>u(5*)mm7

and they are initialized as

uD = (£)55, oW = (g)FRTEE kO = (g, T,

where &, is a typical estimation error of nonparametric regression for Besov spaces defined as

_2s
Eoi=mny " log2(n0).

We first prove the following lemma, which constructs a comparator policy that attains the e-optimal reward for € > 0 with
bounded coverage from the policy that appears in the algorithm. This lemma corresponds to Lemma|[I2]in the main text.

Lemma 33 (Existence of e-comparator policy). Suppose that r° € By (S2) satisfies Assumption E’] Moreover, let T be a
policy satisfying

sup Eyw%(h:) [T* (x) - To(x7 y)] < R’

1195
for some R € (0,1/2). Additionally, we define the policy wq, T, Tinc as follows:

me(-| @)= (n(- | ) *N(O,J2Id)) | Qy,
(- | x) :=RUnif(Qy) + (1 = R)wa(: | x),
2
71'trnc(' ‘ x) = 77(' | x) | Q[}?/ ]

Then, for any € € (0,R), if 0% ~ R?8/4, there exists a comparator policy ¥ satisfying the following two conditions for

all x € Qx:
(i) 7°(x) = Eyrs (|2 [r°(z,9)] <6, (ii) C(z; 7", Tiene) < € TR,

Proof. As same as Lemma 8] we set the policy 7} as

. s ()
me(y | @) = m

The condition (i) can be confirmed by the totally same calculation as Lemma@ To discuss the condition (ii), we first lower
bound the density of 7. For y € Sc(x), we have

1 - ly - =|”
Ta(y | z) =2 (ZMW/W(Z | ) eXp<M dz

1 / R ly — =|*
> — m(z | x)exp| ———— | d=.
(27T0'2)d/2 Sor (x) 20‘2

Fory € Sc(z),z € Sar(x) C Qy, it holds that

ly =zl = lI(y = 4" () + (v (z) = 2)||
<yl + Izl
< Bl 4 (273),6/117
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by (A1). Moreover, it holds

Py szt (@) —r°(z,y) <2R] =1 =Py z(jo)[r"(z) —r°(z,y) > 2R]

Eywﬁ(-\z) [T* (x) —r° (x, y)]
2R

>1-

s1 o KL
2R~ 2

Therefore, we have

(eB/d 4 QR)B/d) N
oy | x) > exp( ) / 7(z | x)dz
27r02 (2m02)d/2 Sore (2)
(eB/d QR)ﬂ/d) . .
27ra2 (2102)d/2 eXp( > Boainlr (@) —7°(2, 2) < 2R]
1/2 9R2ﬁ/d
(2mo?) (2ro2yi2 &P 202 )’

By setting 02 = 9R?4/4/2, for any y € Sy (z) C Qgﬁ/ﬂ, we have

1 _
Ta(y | z) 2 WQXP(_U ZR 7

(2mo?
This implies that
Teme(y | 2) 2 7(y [ 2) 2 7y | ) 2 R™7.

Therefore, we have
T (y | z) }
Wtrnc(y ‘ iE)
_ [ mi(y]2)?
N / Wtrnc(y | (E) dy

Ls, () (1)/A(S. ()
s [P

C(l‘, 7T€ ) 7Ttrnc) - Eywﬂz“z) |:

dy

S s oy SRAT
A(S:(@))

)

which completes the proof. O

Proof of Theorem We first provide some definitions of the symbols. Let ?(7) , ?fx:) be the error of the reward estimators
77 7(7)  respectively, defined as

70 (EINPxEyw“*U(-Ir) [(ﬂT—l)(m,y) - rO(m,y))2D1/27

?g}) — sup (]E g [(F‘T)(ﬂ?,y) _rO(x’y))Q})l/Z

.’ICGQ;') Y™~ Trnc

Additionally, let Wpei be the policy which is the pure output of Inference-Time Pessimism with reference policy wt(rncl)

before adding Gaussian noises:

7 (@) = (i @) N (0, 1ay)) | v,
7 (| z) = O Unif (Qy) + (1 — s)x(- | 2),
w1 2) =7 (| ) | Qb
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(1) (1) 75(7)

Moreover, let Rpeg (), Rpegs Rpes oo D the regret of 7$7) defined as

Pes

Roas(@) =B, _ o [r () = r°(a,y)];
(7)

ﬁPes = EINPXEyNWé;) [’I"*((E) - ro(xa y)]a
Reopoo = 5up B o[r(z) = °(,1))
TEQx s

and R(") (x),ﬁ((;) be the regret of (") defined as

R(T) (fE) = Ey,\,ﬂ—(f) [T'* (LC) —r° (ZL’, y)]v

() * o
Roo ‘= Sup ]EyNTr("' [ (:L') -r (I, y)]
€N X

We also define Rg) (r) and ﬁg)oo for Wg)l

R (@) :=E,_ ol (@) = r*(z,y)],

R = sup E,__o[r*(2) = °(2,y)].
r€Qx y~Ta

Bounding ?;) We first obtain the prompt-uniform error bound for the reward estimator of 7-th step using Theorem
Since it holds that

2
(1) . < 2 e =2l o,
w7 ( |x)||L°°(QY)NyS€U§]py/(27T(0’(7'))2)d/2 exp( 2oz ) e (-] 2)dz
2 (r—1)
(27’[’(0’(‘"))2)(1/2/7-(Pes ( |Z) dz

(e < @(H))—ﬁ,

IN

A

Pes, o0

7T D @)ooy S &Y + 178V ] @) e n) S (ﬁ‘(’:;i‘)’)iﬁ’
and
7T(T_l)(y | z) > ,{(r—l)7

forallx € Qx,y € Qy, we have

By setting x(7"1) ~ R e have

Pes,00?

Ef;) < (ﬁh_l))—%(l%-ﬁ) (E(T)) fﬁ

Pes,oc0

Since > 1 + &

57> We have 1 + B - 5 ,+d < B, which yields

3(;) < (ﬁfq))—ﬁ/? (8“))2”‘1.

Pes, o0
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7(7)

Pes,00

policy 7f , satisfying

r—1)\A/d
Bounding R Applying Lemmawith 7 mr Y ,if we set (771 ~ (R( 1)) , there exists a comparator

Pes Pes,00

* o * T — (-1 B
r (fﬂ) - ]EyNTK':YT("x)[T (:Evy)] <k¢ C(SC;’/Te Taﬂ—l:(’ez) <e ’Y(RPes,oi) .

Therefore, using Proposition[7] we have

Rimd ()

=r (x)_EyNWF (|x)[ °(z,y)]

< (@) = By, 7@ 9)]) + (Eymoms, (2, 9)] —E, 0 [ ()]

ngw(nggs;g) + () (6 >2+ () D) e ()
et (®RED) 1 (w) 7 (®ED)  (50)

1, ()
) @) (et )

The right-hand side is minimized when

, —=(7)\ 257 +4d .
. (gm)zs%% ) o (87) N (gw))”;fw’ @(7—1))”

Pes, 00

Thus, we have
—(7) (M 37 T
Rpes o0 S (5 ) . (21)

Bounding ﬁ((;) We upper-bound R(7)(z) by Rl(f)( ); in other words, we evaluate how much the regret increases by
(7)

mollification and mixture with a uniform distribution. To this end, we first upper bound Rg ) () by Rpes

tion

(z). The assump-
By (2), 2/ € 5.(2) € By (@), Cre”/),
with S,(z) i= {y | f*(2) — f*(z.y) <  implie tha
Co- 1 <y =y (@)] < €,
which yields
Gily =y @I < £1@) = 1) < ol (@) ],

Taking expectation with respect to y ~ 7rpes( | ), we have

1 . .
e Byent Iy =¥ @] < R (22)
Moreover, the expectation with respect to iy ~ 7(7)(- | 2) implies

T 1 *
RO < B, o (pnlly =y @7 (23)

The right-hand side of (23)) can be bounded as

e s = 5 @IV =, o [y = 5 @)|¥#)17]

< (B, ool =y @17)”" (o8 <)
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Moreover, we have

gl = 9 @)
/ ly — v (@)|25) (y | 2) dy
yeQy

1 ly — z||”
< v ex z|x)dzdy.
Néqwlmdy v @l (2m(o(7))2)d/2 p( 2(c(M)?2 e (z | ¥)dz dy

Since it holds
ly =y @17 < cars(ly = 172 + 12 =y (@)4%)

with

1 (d/p <1),
W8T\ 251 ()8 > 1),

we have

1

Cd/p

! ly — I
< _ 1d/B . Ld
”/yeay /ZeRd'y W ey eXp( 2T |l ) dzdy

(a)

1 ly — =I”
— d/ﬂ - - _ (7) dzd
L= eXp( 2otz |Teerl )2y

(b)

e (g = 97 @]

As for the first term (a), by setting w := y — z, it can be evaluated as

1 ]| .
= am, - _ (7)
(a) = /weRd /zele [|w]] CECRIDLE exp< Q) Tpoa(z | ) dz dw

2
_ (r) q /B 1 N U
| mcimas [ (%(O(T))2)d/2e><p< )
<C(o (T))d/ﬁ

for some constant C' > 0. Additionally, the second term (b) can be evaluated as

1 Cly—=1? d
O e W[ ey @I )
yeay (2m(olT))2)d/2 2(0(™)2 2€Re ’
:EwWQH@UW—y%@W“]
Hence, we have
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Combining this and (22), (23), we have
1

RE @) € GE,pio o lly = v @I
B/
C8/vCa/p . . B/~
e COUTE N VR EITY

B/

BB ( oY 8/7( R (2))8/

< S (Ol 4 O R (@)
2

S (@) + (Rell(@) 7).
We can bound R (™) (z) as follows:
RO(2) S kO 1+ (1= kD) RE @) S 57+ (00) + (Ryra ()77,
which implies

RO < k™ 4 ()47 4 (RW L)E.

By setting £(7) ~ Rl(,ei . and o) ~ (ﬁl(,:;oo)ﬁ/ 4 and taking supremum over x € Qx, we have

2@

RO s (Rinee) (24)

oo

Bounding gy, Using Theorem and (24), we have

=(T+1) T
& = EINPXEyNW("+1)(| )[(7"( (a,y) —r°(x,y))?]
266 8

< (R(T )25“5 < (Rf,:ioo) e (25)

Note that this is also satisfied for 7 = 0 by setting R;(,e)s oo = R =~ 1. (Recall that the estimation error for the first step can

be bounded by &, since its procedure is a standard least—square regression.)
Obtaining the convergence rate. Combining (Z1)) and 3)), we have

E(r+1) < (E(T))u&,
where u ;= 2858 252 Therefore, we have

R G (65:15;) EX

Pes,oc0

< (B0 e
T 2

< (E(l)) gi-',-u-&- FuT

< €1+u+_“+uT—3+uT—2
~ *

1/u

()T — e ()

-1
alblogn an_ log b logn

T . .
The factor £* is bounded by a constant independent to n. Indeed, for any a,b € (0,1), n =e
is convergent to 1 as n — oo, which implies that there exist some constant c¢q,ce > 0 such that ¢; < ( ) ablE" Co.
Therefore, we have

1

g < gy,
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Using (21)) and 23)) again, we have

ﬁ(T71)<(5*)ﬁ%%’ ?(T) 1

Pes,00 ~
Similarly to (20)), we have
R < e+ e (RED) 4 (u0) (0@)
Taking expectation over x ~ Px for the both side, we have
R et uPe (RGD) 4 (u0) (D))

The right-hand side is minimized when

= (@DE )T ()T E)
=(T) 20.12) I
0y € )

Then, we have

B , 2
=(T) _ (=(T=1)\ 7 (&(T)\ T+7 e\ T T ot
RPes S (RPes,oo) (g ) ! S ( *1 *1 > = *1 2+’Ya

r . 2§ B
where u' := S rd Therefore, we have
-4 kit
—(T n Tu 24y 2s 14w’ _4 n
Rées) S —_ log 1—u 247 R
logn logn
which completes the proof. O

F. Differences between Assumption [5and Assumption [9)

In this section, we explain the differences between Assumption[5|and Assumption[9] The former is the assumption imposed
for the analysis of the single-step algorithm, whereas the latter is the assumption imposed for the analysis of the multi-step
algorithm, and the latter is stronger. Under this stronger assumption, we have shown that the multi-step algorithm achieves
better regret than the single-step algorithm. We believe that this improvement is not merely a consequence of using
stronger assumptions for the multi-step algorithm, but rather reflects an essential advantage of the multi-step algorithm
itself. Indeed, as explained below, we believe that even if Assumption [9] were imposed on the single-step algorithm, its
regret would not improve.

First, both assumptions share the conditions that the true reward 7° belongs to B, , and that |[r°|| is bounded.

Assumption EkAl) imposes two conditions on the e-optimal set of the true reward r°: (i) it contains a ball of radius Q(e'V/ )
centered at y* (), and (i) it is contained in a ball of radius O(e?/?) centered at y* ().

Among these, (i) is a strengthening of Assumption[9} Assumption [5] only requires the weaker condition that the volume
of the e-optimal set is Q2(€7). In the multi-step analysis, however, we need the stronger geometric condition in Assump-
tion (A 1)(i) to ensure that, after Gaussian mollification, the maximizer remains inside the support of the updated policy.
Since the reward estimator at the next step is learned from samples drawn from the updated policy, the support of that
policy must continue to cover the maximizer. The condition (i) assumes that the e-optimal set contains an isotropic ball,
which ensures that Gaussian mollification works to guarantee this. By contrast, the single-step algorithm only learns a re-
ward estimator from samples drawn from Te¢. Since the sampling distribution does not change across steps, this geometric
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Figure 2. Experimental results. Left: Regret comparison between NN-based reward estimators and linear estimators under the single-
step algorithm. Right: Regret comparison between the single-step and multi-step algorithms using NN-based reward estimators.

information cannot be exploited there. Therefore, replacing Assumption [3] by Assumption [O(A1)(i) does not improve the
single-step regret analysis.

Assumption[9f A1)(ii) is used, roughly speaking, to show that the multi-step algorithm can progressively shrink the support
of the policy around the maximizer. Because the policy in each step identifies a region with higher reward, this assumption
allows us to conclude that the next policy has smaller support around the optimal response. The single-step algorithm has
no such iterative support-shrinking mechanism: it only learns once from 7,¢ and outputs a policy. Hence this assumption
is useful specifically for the multi-step refinement, and does not provide an advantage for the single-step method.

(A2) and (A3) in Assumption [J] are used to obtain sharper function-approximation guarantees on the smaller support
produced by previous updates. Condition (A2) ensures low complexity of the function class on the restricted domain.
In addition, condition (A3) assumes that functions defined on the small support have regularity in the z-direction: since
the narrowed response support is different for each prompt x, one must properly define the function class on this small
support. Thus, these two conditions are introduced to make full use of the benefit of the fact that the support of the policy
has been narrowed and thereby obtain sharper approximation accuracy, which in turn allows the support to be narrowed
down further at the next step. Hence, they are not relevant to the single-step setting and therefore do not lead to improved
regret there.

Finally, Assumption EKA4) requires that y*(x) not lie too close to the boundary. This is imposed so that the multi-step
algorithm can collect enough information around the maximizer. Even if this assumption was imposed on the single-step
algorithm, it would only reduce the search range of the response space by a constant factor, so it seems unlikely to improve
the regret rate.

Overall, while Assumption [9]is indeed stronger than Assumption [5] the additional strength is closely tied to the specific
mechanism of the multi-step algorithm that iteratively narrows the policy support and improves the reward estimation on
the small support. The single-step algorithm only uses samples from 7,¢ for estimator learning, and therefore cannot
effectively benefit from these stronger assumptions. For this reason, we expect that imposing Assumption 9 on the single-
step algorithm would still not improve its regret rate.

G. Numerical Experiments

In this section, we present the results of numerical experiments. We validate two main claims of our paper: (i) the
importance of feature learning ability of NN-based reward estimators; and (ii) the advantage of the multi-step algorithm
over the single-step algorithm.

‘We consider the true reward r° defined as follows:
1 &
ro(z,y) = dy{—lly —y* (@) + ) cos(2mqi(yi — y;-*(w)))}
i=1
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where y; (z) = 1 + 1 sin(27w, x). Here, ¢; and w; are drawn independently from the uniform distribution on {1, ..., 8}
and the sphere of radius 1/+/dx centered at the origin, respectively. In our experiments, we set dx = dy = 2. We also set

Trret to be the uniform distribution on [0, 1]%x x [0, 1]¥.

Comparison of NNs and linear estimators We first compare NN-based reward estimators with linear estimators. We
conduct this comparison in the single-step setting. That is, we first train each reward estimator using N i.i.d. samples
of prompt-response pairs, and then construct the policy by minimizing the y2-regularized objective in ([2). We set the
coefficient of the regularization term to ;. = 1072, For the linear estimators, we use Nadaraya—Watson estimators with
bandwidths in {0.25,0.5,1}. For the neural networks, we use fully connected networks of depth 3 and width 128. We
optimize the networks for 200 epochs using the Adam optimizer and a cosine learning-rate scheduler with maximum
learning rate 2 x 102 and warmup during the first 10% of training.

The results are shown on the left side of Figure We observe that, for all values of /N, the neural network achieves
smaller regret than the linear estimators. Moreover, the regret of the neural network decreases substantially as NV increases.
These results indicate that, in inference-time alignment, neural networks with feature-learning ability outperform linear
estimators without feature-learning ability.

Comparison of single-step and multi-step algorithms We next compare the single-step and multi-step algorithms using
NN-based reward estimators. Specifically, instead of training the reward estimator only on prompt-response pairs sampled
from 7,f, we repeatedly retrain the reward estimator using samples from the constructed policy and then use the updated
estimator to construct a new policy. We investigate whether the regret improves over this multiple-round procedure.

We conduct experiments with N = 60000 and N = 120000 available reward-oracle queries. We set the number of rounds
to 1, 2 or 3, and examine whether increasing the number of rounds improves the regret under the same reward-oracle
budget. Note that the total number of reward-oracle queries is kept fixed as the number of rounds varies: for example,
when N = 60000, if the number of rounds is 1, 2, or 3, then the number of oracle queries available per round is 60000,
30000, or 20000, respectively.

We decay the regularization coefficient y in the x2-regularized objective across rounds: the initial value is set to 4 x 1073
for N = 60000 and 1 x 10~ for N = 120000, and it is halved from the previous round at each subsequent round. In this
experiment, we skip the smoothing and mollification steps in Algorithm|l| The neural-network architecture and training
settings are the same as those in the first experiment.

We present the results in the right half of Figure 2] For the same reward-oracle budget N, we observe that using more
rounds leads to smaller regret. This empirical result supports our theory in Theorem[I0} as the number of rounds increases,
the reward estimator becomes more accurate around the optimal response, and the policy increasingly concentrates near
the optimal response, which together lead to improved regret.
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