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Abstract
The stochastic minimax optimization problem
has widespread applications in machine learn-
ing. Recently, numerous distributed minimax
optimization algorithms have been developed to
handle distributed training data. However, most
of these algorithms suffer from high commu-
nication costs. To address this issue, we de-
velop a novel communication-efficient decentral-
ized stochastic gradient descent ascent with mo-
mentum algorithm based on the error feedback
mechanism. Importantly, our algorithm demon-
strates how to balance the full-precision update
and the compression residual with novel designs
for coefficients regarding variables and gradients
to guarantee convergence. However, compress-
ing the primal and dual variables (and their gra-
dients) of stochastic minimax optimization prob-
lems with the error feedback mechanism presents
significant challenges for convergence analysis.
In particular, it incurs the circle dependence
among consensus errors and compression errors.
To overcome this challenge, we propose novel
strategies that enable the establishment of the
convergence rate for our algorithm. Our theoreti-
cal results demonstrate how the compression op-
erator influences the convergence rate. Finally,
extensive experimental results confirm the effi-
cacy of our proposed algorithm.

1. Introduction
Stochastic minimax optimization problems have been gain-
ing significant attention recently, as many machine learning
models can be expressed in the form of a minimax opti-
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mization problem. Representative examples include gener-
ative adversarial networks (Goodfellow et al., 2014a), ad-
versarially robust machine learning models (Goodfellow
et al., 2014b; Madry et al., 2018), AUC maximization (area
under the curve) (Ying et al., 2016), distributionally robust
learning (Gao & Kleywegt, 2023; Duchi et al., 2021), etc.
To train those machine learning models on distributed data,
in this paper, we aim to develop efficient optimization al-
gorithms to solve the decentralized stochastic minimax op-
timization problem, which is defined as follows:

min
x∈Rdx

max
y∈Rdy

f(x, y) =
1

K

K∑
k=1

f (k)(x, y) , (1)

where x ∈ Rdx denotes the primal variable, y ∈ Rdy rep-
resents the dual variable, K > 1 denotes the total number
of workers, f (k)(x, y) = E[f(x, y; ξ(k))] denotes the loss
function on the k-th worker and ξ(k) denotes the training
samples on the k-th worker. In addition, all workers con-
duct peer-to-peer communication.

To solve the decentralized stochastic minimax problem, a
series of decentralized stochastic gradient descent ascent
algorithms (Xian et al., 2021; Zhang et al., 2021; Gao,
2022; Chen et al., 2024; Zhang et al., 2024a; Xu, 2024;
Beznosikov et al., 2022; Huang et al., 2024; Tsaknakis
et al., 2020; Huang & Chen, 2023; Metelev et al., 2024)
and some federated learning variants (Zhang et al., 2023a;
2024b; Zhang & Gao, 2025b; Zhang et al., 2025) have re-
cently been developed. For example, (Xian et al., 2021)
developed a decentralized stochastic variance-reduced gra-
dient descent ascent algorithm based on the STORM
(Cutkosky & Orabona, 2019) gradient estimator and estab-
lished its convergence rate for nonconvex-strongly-concave
problems. (Zhang et al., 2021) combined the SPIDER
(Fang et al., 2018; Nguyen et al., 2017) gradient estimator
with decentralized SGDA and provided theoretical conver-
gence rates for nonconvex-strongly-concave problems. Un-
fortunately, these decentralized minimax optimization al-
gorithms communicate full-precision variables, which can
incur high communication costs when the size of the ma-
chine learning model is large, leading to a performance bot-
tleneck.

To address the communication bottleneck issue, a feasi-
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ble approach is to compress the communicated variables or
gradients with some compression operators, such as spar-
sification and quantization operators. For example, nu-
merous communication-efficient optimization algorithms
(Seide et al., 2014; Stich et al., 2018; Alistarh et al., 2017;
Wen et al., 2017; Karimireddy et al., 2019; Richtárik et al.,
2021; Stich & Karimireddy, 2020; Gorbunov et al., 2020;
Gao et al., 2024; Fatkhullin et al., 2024; Koloskova et al.,
2020; Tang et al., 2019; Zhao et al., 2022; Yau & Wai,
2023; Yan et al., 2023) have been developed for traditional
minimization problems. Among them, the error feedback
strategy (Seide et al., 2014; Stich et al., 2018; Karimireddy
et al., 2019), which aims to reduce compression error, has
shown great performance in various distributed minimiza-
tion problems. For example, (Koloskova et al., 2020) ap-
plied the error feedback strategy to the gossip-based de-
centralized stochastic gradient descent (DSGD) algorithm,
while (Zhao et al., 2022; Yau & Wai, 2023; Yan et al.,
2023) combined it with the gradient-tracking-based DSGD
algorithm. All these algorithms have shown improved per-
formance after incorporating the error feedback strategy.
However, these algorithms restrict their focus solely to the
traditional minimization problem. We are only aware of
a recent work (Zhang et al., 2023b) that applied the error
feedback strategy to the centralized minimax optimization
algorithm to handle the compression error. Therefore, all
these existing works cannot be applied directly to Eq. (1)
because they cannot address the interaction between the
primal and dual variables in the decentralized setting.

In fact, due to the interaction between the primal and dual
variables, incorporating error feedback into decentralized
minimax optimization algorithms is much more challeng-
ing, both from the perspective of algorithmic design and
convergence analysis, which is shown as below.

1) Challenges in Algorithmic Design. In minimax prob-
lems, due to the interaction between the primal and dual
variables, the learning rate of these two variables should
be carefully set to guarantee convergence (Lin et al., 2020).
When incorporating error feedback, the update of these two
variables is affected by both the full-precision gradient and
the compensated errors. Then, how to set the learning rate
to balance the updates from the full-precision gradient on
local workers and the compensated error from other work-
ers to guarantee convergence is still unclear. Furthermore,
when using the gradient tracking communication strategy,
the tracked gradient estimator is also communicated and
then compensated by the error feedback strategy. Then,
it is unclear how to set the hyperparameter regarding the
tracked gradient estimator to guarantee convergence.

2) Challenges in Convergence Analysis. When investigat-
ing the theoretical convergence rate, the interdependence
between the primal and dual variables makes the consensus

error and compensation error of these two variables (and
their gradients) depend on each other. In particular, when
the potential function is utilized to establish the conver-
gence rate, the coefficient of different terms in this function
could have a circle dependence. Then, it is challenging
to determine these coefficients to establish the theoretical
convergence rate.

To address aforementioned challenges, we developed
a novel communication-efficient decentralized stochastic
gradient descent ascent with momentum algorithm and es-
tablished its convergence rate. To the best of our knowl-
edge, this is the first time that the error feedback strat-
egy has been applied to decentralized stochastic minimax
optimization with theoretical guarantees. Specifically, on
the algorithmic design side, our algorithm uses error feed-
back to handle the compression error with respect to both
variables and gradient trackers. Importantly, our algorithm
demonstrates how to balance the full-precision update and
the compression residual with novel designs to guarantee
convergence. Meanwhile, our algorithm shows the differ-
ence in coordinating these factors when handling variables
and gradient trackers. On the convergence analysis side,
we developed a novel potential function to handle various
estimation errors to investigate the theoretical convergence
rate of our algorithm. In particular, our proof demonstrates
how to determine the coefficient of different estimation er-
rors to handle their circle dependence when establishing
the theoretical convergence rate. Furthermore, our conver-
gence analysis discloses the explicit dependence between
the number of iterations and the contraction constant in
compression operators and the spectral gap of the commu-
nication topology. With these novelties in algorithmic de-
sign and convergence analysis, our algorithm can achieve
superior empirical performance. Specifically, we applied
our algorithm to the AUC maximization and fair classifica-
tion tasks. The experimental results demonstrate that our
algorithm can significantly reduce the communication cost
while preserving the convergence performance as much as
possible. In summary, our paper makes significant contri-
butions to decentralized minimax optimization, which are
summarized as follows:

• We developed a novel decentralized stochastic gradient
descent ascent with momentum algorithm based on error
feedback. Our algorithm demonstrates how to set the hy-
perparameter to balance the full-precision local updates
and the compression residuals regarding the communi-
cated variables and gradients to guarantee convergence.
To our knowledge, this is the first time that the error feed-
back strategy has been applied to decentralized stochas-
tic minimax optimization.

• We established the convergence rate of our algorithm by
developing a novel potential function. Our proof demon-
strates how to determine the coefficient of different es-
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timation errors in the potential function to handle their
circle dependence. Moreover, our convergence rates dis-
close the explicit dependence between the number of it-
erations and the contraction constant in compression op-
erators and the spectral gap of the communication topol-
ogy. To the best of our knowledge, this is the first work
to provide theoretical guarantees for communication-
efficient decentralized minimax optimization algorithms.

• We conducted extensive experiments for the AUC max-
imization problem and fair classification problem. The
results confirm the effectiveness of our algorithm.

2. Related Works
2.1. Stochasitc Minimax Optimization Algorithms

Numerous machine learning models (Goodfellow et al.,
2014a;b; Madry et al., 2018; Gao & Kleywegt, 2023; Duchi
et al., 2021; Ying et al., 2016) can be represented in the
form of a stochastic minimax optimization problem. For
example, (Ying et al., 2016) formulated the AUC maxi-
mization problem as the minimax optimization problem,
which is widely used in learning classifiers for imbalanced
dataset. Given the widespread application of stochastic
minimax optimization problems in machine learning, nu-
merous stochastic optimization algorithms have been pro-
posed in recent years. Specifically, a series of stochas-
tic gradient descent ascent (SGDA) algorithms (Lin et al.,
2020; Zhang et al., 2020; Qiu et al., 2020; Yang et al., 2020;
Huang et al., 2022; Luo et al., 2020; Kovalev et al., 2022;
Guo et al., 2023; Yang et al., 2022; Chen et al., 2022; Gao
et al., 2021a; Zhang & Gao, 2025a) have been developed
and their theoretical convergence rates have been investi-
gated in different settings. For example, (Lin et al., 2020)
proposed the mini-batch SGDA algorithm and investigated
its convergence rate for nonconvex-strongly-concave and
nonconvex-concave problems. However, this method is not
suitable for real-world machine learning applications as it
theoretically requires a very large batch size. (Yang et al.,
2022) established the convergence rate of the alternating
SGDA algorithm without requiring strong concavity and a
large batch size. (Qiu et al., 2020; Huang et al., 2022; Luo
et al., 2020) employed the momentum technique to acceler-
ate the convergence rate of SGDA for nonconvex-strongly-
concave problems. However, the aforementioned methods
are primarily focused on the single-machine setting. In
fact, real-world data are usually very large and distributed
on many different devices. Therefore, it has become an
urgent necessity to develop distributed optimization algo-
rithms for minimax optimization problems. Among vari-
ous distributed optimization algorithms, the decentralized
method has attracted increasing attention, as each worker
only conducts peer-to-peer communication with its neigh-
boring workers, which helps avoid the communication bot-

tleneck in the central server. Thus, our focus is to develop
efficient decentralized minimax optimization algorithms.

2.2. Decentralized Minimax Optimization Algorithms

To enable decentralized optimization for stochastic min-
imax optimization problems, numerous decentralized al-
gorithms have been proposed in the past few years. For
example, (Xian et al., 2021) proposed a decentralized al-
gorithm for the nonconvex-strongly-concave minimax op-
timization problem using the variance reduced technique
(Cutkosky & Orabona, 2019), which achieves the linear
speedup with respect to the number of workers. Similarly,
(Zhang et al., 2021) proposed two decentralized stochas-
tic optimization algorithms, which are enhanced by the
SPIDER (Fang et al., 2018; Nguyen et al., 2017) gra-
dient estimator, and established the convergence rate for
the nonconvex-strongly-concave finite-sum minimax prob-
lems. To further improve the convergence rate for finite-
sum problems, (Gao, 2022) used a ZeroSARAH variance-
reduced gradient estimator (Li & Richtárik, 2021) for the
decentralized finite-sum minimax optimization algorithm
and achieved a better convergence rate than that in (Zhang
et al., 2021), while (Zhang et al., 2024a) established the
convergence rate of the stochastic variant of (Zhang et al.,
2021). More recently, (Chen et al., 2024) developed a
decentralized recursive gradient descent ascent algorithm
based on the PAGE (Li et al., 2021) gradient estimator,
which can handle the constraint regarding the dual vari-
able and achieve a better dependence on the condition num-
ber than existing methods for nonconvex-strongly-concave
minimax problems. Unfortunately, all these algorithms fo-
cus on scenarios where the communication is full preci-
sion. If the model is large, it will lead to significant com-
munication overhead. Therefore, it is still unclear how to
design communication-efficient algorithms for the decen-
tralized minimax optimization problem.

2.3. Communication-Efficient Decentralized
Optimization Algorithms

In distributed optimization problems, each worker usually
needs to communicate with a central server or with neigh-
boring workers frequently, which can result in high com-
munication costs. To address this issue, numerous efforts
have been made, with gradient compression being one of
the most common approaches (Seide et al., 2014; Stich
et al., 2018; Jiang & Agrawal, 2018; Alistarh et al., 2017;
Wen et al., 2017; Karimireddy et al., 2019; Richtárik et al.,
2021; Stich & Karimireddy, 2020; Gorbunov et al., 2020;
Gao & Huang, 2020; Gao et al., 2024; Fatkhullin et al.,
2024; Koloskova et al., 2020; Gao et al., 2021b; 2023;
Tang et al., 2019; Zhao et al., 2022; Yau & Wai, 2023;
Yan et al., 2023). However, the standard compression ap-
proach can lead to the divergence issue because the com-
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pression operation could cause large compression errors.
An effective approach to address this issue is the error feed-
back strategy (Seide et al., 2014). Specifically, it compen-
sates for the update of local variables or gradient estimators
with the historical compression residual. As a result, the
compressed optimization algorithm can achieve almost the
same convergence performance as the full-precision coun-
terpart. For example, (Koloskova et al., 2020) developed
CHOCO-SGD, which applied the error feedback mecha-
nism to the gossip-based DSGD algorithm. In CHOCO-
SGD, only the variable is communicated and then com-
pensated by error feedback because the gossip communi-
cation strategy only communicates variables. As a result,
it cannot be applied to the other commonly used commu-
nication strategy, gradient tracking, in decentralized opti-
mization because it communicates both variables and gra-
dients. To address this issue, (Zhao et al., 2022; Yau &
Wai, 2023; Yan et al., 2023) investigated error feedback
for gradient-tracking-based DSGD. However, these exist-
ing methods are designed for minimization problems, and it
is unknown whether they can be applied to minimax prob-
lems and achieve good performance. Additionally, estab-
lishing the theoretical convergence rate for minimax prob-
lems is also a significant challenge due to the interdepen-
dence between the minimization and maximization sub-
problems.

3. Decentralized Minimax Algorithm with
Compressed Communication

3.1. Problem Setup

In this paper, the compression operator is assumed to sat-
isfy the following condition, which is widely used in exist-
ing decentralized minimization methods (Zhao et al., 2022;
Yau & Wai, 2023; Yan et al., 2023).
Assumption 3.1. The compression operator C : Rd → Rd

satisfies the δ-contraction condition as follows:

∥x− C(x)∥2 ≤ (1− δ)∥x∥2 , (2)

where δ ∈ (0, 1].

A representative example that satisfies this condition is
Top-K operator (Stich et al., 2018), which communicates
the largest K elements in a communicated vector based
on their absolute value. More examples can be found in
(Karimireddy et al., 2019; Beznosikov et al., 2023; Stich
et al., 2018; Alistarh et al., 2017; Koloskova et al., 2020).

In a decentralized optimization system, all workers com-
pose a communication graph. Its adjacency matrix is de-
noted by W = [wij ] ∈ RK×K

+ . Specifically, wij > 0 in-
dicates the i-th worker connects with the j-th worker. Oth-
erwise, they are disconnected. This adjacency matrix satis-
fies the following assumption, which is commonly used in

existing decentralized minimax optimization works (Xian
et al., 2021; Zhang et al., 2021; Gao, 2022; Zhang et al.,
2024a; Chen et al., 2024).

Assumption 3.2. The adjacency matrix W = [wij ] ∈
RK×K

+ of the communication graph is doubly stochastic
and symmetric. Furthermore, the eigenvalues {λi}Ki=1 of
W satisfy |λK | ≤ |λK−1| ≤ · · · ≤ |λ2| < |λ1| = 1.

Based on Assumption 3.2, the spectral gap of W is defined
as 1−λ where λ = |λ2|. Additionally, Nk = {j|wkj > 0}
denotes the neighbors of the k-th worker.

3.2. Algorithm

In Algorithm 1, we developed a communication-efficient
decentralized stochastic gradient descent ascent with mo-
mentum algorithm: CE-DSGDAR. Specifically, our algo-
rithm uses momentum-based gradient estimators to up-
date local variables on each worker and utilize the gradi-
ent tracking strategy to conduct communication between
workers. The detailed gradient estimators can be found
in Step 10 and Step 14 in Algorithm 1. Since our algo-
rithm employs the gradient tracking communication strat-
egy, both variables and gradient estimators are communi-
cated between different workers. Therefore, we apply the
error feedback mechanism to both variables and gradient
estimators. In the following, we will show how to balance
the full-precision local update and the compensation from
the error feedback mechanism.

Error Feedback for Variables. In the t-th iteration, the
update regarding the local primal variable x

(k)
t and dual

variable y
(k)
t on the k-th worker consists of two steps, re-

spectively. Specifically, the first step is to update local vari-
ables with the full-precision gradient estimators, which is
defined as follows:

x̃
(k)
t+1 = x

(k)
t − γxηu

(k)
t , (3)

where η > 0 is the learning rate, γx > 0 is the coefficient
attached to η for the primal variable, and u

(k)
t is the gradi-

ent estimator. It is worth noting that this step does not re-
quire communication. The second step is to communicate
the primal variable as required by the gradient tracking
communication strategy. To mitigate the large compres-
sion error, we use the error feedback mechanism in this
step. Specifically, we first use a compression operator C(·),
such as Top-K operator, to do compression: C(x̃(k)

t+1−x̂
(k)
t ),

where x̂(k)
t is the accumulated compression residual, which

is defined as follows:

x̂
(j)
t+1 = x̂

(j)
t + C(x̃(j)

t+1 − x̂
(j)
t ) , j ∈ Nk ∪ {k}. (4)

Note that the k-th worker maintains a compression resid-
ual x̂(j)

t+1 on itself for all its neighbors. It should be noted
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Algorithm 1 CE-DSGDAR

Input: η > 0, γx > 0, γy > 0, ρx > 0, ρy > 0, αx > 0, αy > 0, αu > 0, αv > 0.
x̂
(k)
0 = x

(k)
0 = x0, ŷ(k)0 = y

(k)
0 = y0,

û
(k)
0 = 0, v̂(k)0 = 0, u(k)

0 = g
(k)
0 = ∇xf

(k)(x0, y0; ξ
(k)
0 ), v(k)0 = h

(k)
0 = ∇yf

(k)(x0, y0; ξ
(k)
0 ) .

1: for t = 0, · · · , T − 1, each worker k do
2: Update the intermediate variable x̃

(k)
t+1: x̃(k)

t+1 = x
(k)
t − γxηu

(k)
t ,

3: Communicate the compressed variable: C(x̃(k)
t+1 − x̂

(k)
t ),

4: Maintain a copy x̂
(j)
t+1 of its neighbors and itself: x̂(j)

t+1 = x̂
(j)
t + C(x̃(j)

t+1 − x̂
(j)
t ) , j ∈ Nk ∪ {k},

5: Update the variable x
(k)
t+1: x(k)

t+1 = x̃
(k)
t+1 + αxη

∑
j∈Nk

wkj(x̂
(j)
t+1 − x̂

(k)
t+1),

6: Update the intermediate variable ỹ
(k)
t+1: ỹ(k)t+1 = y

(k)
t + γyηv

(k)
t ,

7: Communicate the compressed variable: C(ỹ(k)t+1 − ŷ
(k)
t ),

8: Maintain a copy ŷ
(j)
t+1 of its neighbors and itself: ŷ(j)t+1 = ŷ

(j)
t + C(ỹ(j)t+1 − ŷ

(j)
t ), j ∈ Nk ∪ {k},

9: Update the variable y
(k)
t+1: y(k)t+1 = ỹ

(k)
t+1 + αyη

∑
j∈Nk

wkj(ŷ
(j)
t+1 − ŷ

(k)
t+1),

10: Update the gradient estimator for x:
g
(k)
t+1 = (1− ρxη

2)(g
(k)
t −∇xf

(k)(x
(k)
t , y

(k)
t ; ξ

(k)
t+1)) +∇xf

(k)(x
(k)
t+1, y

(k)
t+1; ξ

(k)
t+1),

ũ
(k)
t+1 = u

(k)
t + g

(k)
t+1 − g

(k)
t ,

11: Communicate compressed estimator: C(ũ(k)
t+1 − û

(k)
t ),

12: Maintain a copy û
(j)
t+1 of its neighbors and itself: û(j)

t+1 = û
(j)
t + C(ũ(j)

t+1 − û
(j)
t ), j ∈ Nk ∪ {k},

13: Update gradient estimator: u(k)
t+1 = ũ

(k)
t+1 + αu

∑
j∈Nk

wkj(û
(j)
t+1 − û

(k)
t+1),

14: Update the gradient estimator for y:
h
(k)
t+1 = (1− ρyη

2)(h
(k)
t −∇yf

(k)(x
(k)
t , y

(k)
t ; ξ

(k)
t+1)) +∇yf

(k)(x
(k)
t+1, y

(k)
t+1; ξ

(k)
t+1),

ṽ
(k)
t+1 = v

(k)
t + h

(k)
t+1 − h

(k)
t ,

15: Communicate gradient estimator: C(ṽ(k)t+1 − v̂
(k)
t )

16: Maintain a copy v̂
(j)
t+1 of its neighbors and itself: v̂(j)t+1 = v̂

(j)
t + C(ṽ(j)t+1 − v̂

(j)
t ), j ∈ Nk ∪ {k},

17: Update gradient estimator: v(k)t+1 = ṽ
(k)
t+1 + αv

∑
j∈Nk

wkj(v̂
(j)
t+1 − v̂

(k)
t+1),

18: end for

that C(x̃(k)
t+1 − x̂

(k)
t ) is communicated between workers so

that it can significantly save communication costs. With the
compression residual set {x̂(j)

t+1|j ∈ Nk ∪ {k}} on the k-th
worker, we compensate for the intermediate full-precision
variable x̃

(k)
t+1 as follows:

x
(k)
t+1 = x̃

(k)
t+1︸︷︷︸

full-precision update

+ αx η︸ ︷︷ ︸
balance coefficient

∑
j∈Nk

wkj(x̂
(j)
t+1 − x̂

(k)
t+1)︸ ︷︷ ︸

compression residual

, (5)

where αx > 0 is a hyperparameter and αxη < 1. It should
be noted that we use the product αxη to balance the
full-precision update x̃(k)

t+1 and the compression residual
x̂
(j)
t+1 − x̂

(k)
t+1. The dependence on the learning rate η in

the coefficient is a key design of our algorithm. It should
be noted that this is the first time the balance coefficient of
the variables has been shown to depend on the learning rate
η. The existing work (Zhao et al., 2022; Yau & Wai, 2023;
Yan et al., 2023) on minimization problems does not have

such a design. The update for the dual variable y(k)t follows
the same routine, which can be found in Algorithm 1.

Error Feedback for Gradients. In the gradient track-
ing communication strategy, a gradient tracker is computed
and communicated to approximate the global gradient esti-
mator. Therefore, we also use the error feedback mech-
anism to mitigate the large compression error regarding
the gradient tracker, which also includes two steps as the
update of variables. Specifically, in the t-th iteration, the
first step computes the momentum-based gradient estima-
tor, STORM (Cutkosky & Orabona, 2019), for the primal
variable on the k-th worker as follows:

g
(k)
t = (1− ρxη

2)(g
(k)
t−1 −∇xf

(k)(x
(k)
t−1, y

(k)
t−1; ξ

(k)
t ))

+∇xf
(k)(x

(k)
t , y

(k)
t ; ξ

(k)
t ) , (6)

where ρx > 0 is a hyperparameter, and ρxη
2 < 1. Then,

the gradient tracking communication mechanism computes
a local full-precision gradient tracker as follows:

ũ
(k)
t = u

(k)
t−1 + g

(k)
t − g

(k)
t−1 . (7)
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The second step then uses the error feedback mechanism
to communicate the gradient tracker. Specifically, the k-
th worker uses the compression operator C(·) to do com-
pression: C(ũ(k)

t+1 − û
(k)
t ), which is to compress the dif-

ference between the full-precision intermediate gradient
tracker ũ(k)

t+1 and the compression residual û(k)
t . In particu-

lar, the residual set {û(j)
t |j ∈ Nk∪{k}} on the k-th worker

is updated as:

û
(j)
t+1 = û

(j)
t + C(ũ(j)

t+1 − û
(j)
t ) , j ∈ Nk ∪ {k}. (8)

It should be noted that C(ũ(j)
t+1 − û

(j)
t ) is communicated

across workers so that it can save communication costs.
Then, our algorithm compensates the full-precision in-
termediate gradient tracker ũ

(k)
t+1 with the residual set

{û(j)
t |j ∈ Nk ∪ {k}} as follows:

u
(k)
t+1 = ũ

(k)
t+1︸︷︷︸

full-precision update

+ αu︸︷︷︸
balance coefficient

∑
j∈Nk

wkj(û
(j)
t+1 − û

(k)
t+1)︸ ︷︷ ︸

compression residual

, (9)

where 0 < αu < 1 is a hyperparameter to balance the local
full-precision gradient tracker ũ(k)

t+1 and the compensation
residual û(j)

t+1 − û
(k)
t+1. It is worth noting that the balance

coefficient for the gradient tracker does NOT depend on
the learning rate, which is different from the update of
the variable. The update for the gradient tracker v(k)t with
respect to the dual variable follows the same routine, which
can be found in Algorithm 1.

Discussion. To better illustrate the motivation behind our
balance coefficients, we provide more intuitive explana-
tions. Specifically, we can use the full-precision method
to illustrate the underlying reason. In full-precision meth-
ods such as DM-HSGD, the update of variables is adjusted
by the learning rate (e.g., Steps 14 and 15 in Algorithm 1
of DM-HSGD), whereas the update of the gradient tracker
does not involve the learning rate (e.g., Steps 11 and 12
in Algorithm 1 of DM-HSGD). Following this mechanism,
the update in Eq. (5) operates on the variable x; therefore,
we should incorporate the learning rate into the balance co-
efficient, because the compression residual is a key com-
ponent in updating x. Meanwhile, the update in Eq. (9)
operates on the gradient tracker; therefore, we do not incor-
porate the learning rate into the balance coefficient, in line
with the full-precision algorithm. In summary, in our pro-
posed algorithm, we developed a novel strategy to balance
the full precision update and the compression residual. Our
algorithm shows that the balance coefficient for the variable
depends on the learning rate η, while that for the gradient
tracker is independent of η. This is the first time discover
this strategy for minimax optimization, which is different

from existing decentralized minimization algorithms (Zhao
et al., 2022; Yau & Wai, 2023; Yan et al., 2023).

4. Convergence Analysis
4.1. Assumption

To establish the convergence rate of Algorithm 1, through-
out this paper, we make the following assumptions about
the nature of the loss function. These assumptions are very
common in existing works on the minimax optimization
problem (Lin et al., 2020; Luo et al., 2020; Huang et al.,
2022; Qiu et al., 2020).

Assumption 4.1. For k ∈ {1, · · · ,K}, the loss function
f (k)(·, ·) satisfies the mean-square L-Lipschitz smooth-
ness: E[∥∇xf

(k)(x1, y1; ξ) − ∇xf
(k)(x2, y2; ξ)∥2] ≤

L2∥x1−x2∥2+L2∥y1−y2∥2 and E[∥∇yf
(k)(x1, y1; ξ)−

∇yf
(k)(x2, y2; ξ)∥2] ≤ L2∥x1 − x2∥2 + L2∥y1 − y2∥2,

where L > 0 is a constant, (x1, y1) ∈ Rdx × Rdy and
(x2, y2) ∈ Rdx × Rdy .

Assumption 4.2. For k ∈ {1, · · · ,K}, the variances of
∇xf

(k)(·, ·; ξ) and ∇yf
(k)(·, ·; ξ) are upper bounded by

σ2, where σ > 0 is a constant.

Assumption 4.3. For k ∈ {1, · · · ,K}, f (k)(x, y) is µ
strongly concave with respect to y for any fixed x.

Based on these assumptions, we denote the condition num-
ber by κ = L/µ. Additionally, we introduce the following
function:

F (x) = f(x, y∗(x)) , (10)

where y∗(x) = argmaxy f(x, y). According to (Lin et al.,
2020), F (x) is LF -smooth, where LF = 2κL.

4.2. Convergence Rate

We establish the convergence rate of our algorithm CE-
SGDAR in Theorem 4.4, whose proof is in Appendix D.

Theorem 4.4. Given Assumptions 3.1-4.3, by setting ρx =
O
(

1
K

)
, ρy = O

(
1
K

)
, αx = O(δ2(1 − λ)), αy =

O(δ2(1 − λ)), αu = O(δ(1 − λ)), αv = O(δ(1 − λ)),

γx = O
(

δ3(1−λ)4

κ3

)
, γy = O

(
δ3(1−λ)4

κ

)
, η = O

(
Kϵ
κ

)
,

B = O
(
1
ϵ

)
(the batch size in the zeroth iteration),

and T = O
(

κ4

Kδ3(1−λ)4ϵ3

)
under the worst case, CE-

SGDAR in Algorithm 1 can achieve the ϵ-accuracy solu-
tion: 1

T

∑T−1
t=0 E[∥∇F (x̄t)∥2] ≤ O(ϵ2), where ϵ > 0.

Remark 4.5. Theorem 4.4 indicates that the iteration com-
plexity of CE-SGDAR is T = O

(
κ4

Kδ3(1−λ)4ϵ3

)
. When

using only one worker and the full-precision update, i.e.,
K = 1, 1 − λ = 1, and δ = 1, the iteration complex-
ity becomes T = O

(
κ4

ϵ3

)
, which is even better than the

single-machine counterpart T = O
(

κ4.5

ϵ3

)
in (Qiu et al.,
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Figure 1. The test AUC score versus the number of epochs (1st row) and the communicated megabytes (2nd row).

2020) (See its Theorem 5.3) and (Huang et al., 2022).
Remark 4.6. Compared to the full-precision counterpart in
the decentralized setting in (Xian et al., 2021), whose itera-
tion complexity depends on the spectral gap in the order of
O
(

1
(1−λ)2

)
, our algorithms have a high-order dependence

on the spectral gap due to the compression operation. The
reason is that the balance coefficient, αx, αy , αu, and αv ,
depends on 1 − λ as shown in Eq. (109), which affects γx
and γy as shown in Eq. (110) and therefore the final conver-
gence rate. On the contrary, the full-precision counterpart
does not have the balance coefficient, achieving a better de-
pendence. All in all, the high-order dependence is due to
the compression operation.

4.3. Proof Sketch

The proof sketch is deferred to Appendix C, where the key
idea, the unique challenge, and the novel solution are dis-
cussed in detail. Generally speaking, the key challenge lies
in the circular dependence between the consensus error and
the compression error. As a result, when determining their
coefficients in the potential function, there exists a circular
dependence among these coefficients. This makes it more
challenging to choose the coefficients of the potential func-
tion compared to full-precision decentralized minimax op-
timization, where no compression error is present.

5. Experiments
In our experiments, we verify the performance of our al-
gorithm on two applications: AUC maximization and fair
classification.

Regarding the AUC maximization problem, (Ying et al.,
2016) shows that it can be formulated as a minimax opti-
mization problem, which is defined in Eq. (11) as follows:

min
x=[θ,w1,w2]

max
y

f(x, y; a, b)

≜ (1− p)(g(θ; a)− w1)
2I[b=1]

+ 2(1 + w3)(pg(θ; a)I[b=−1] − (1− p)g(w; a)I[b=1])

+ p(g(θ; a)− w2)
2I[b=−1] − p(1− p)w2

3 , (11)

where θ is the classifier’s weight, w1, w2, and y are the
parameters for computing the AUC loss, (a, b) denotes the
sample’s feature and label respectively, g(θ; a) represents
the prediction of the classifier g(·) for the sample a, and
p is the ratio of positive samples. When the classifier is
a deep neural network, this loss function is a nonconvex-
strongly-concave minimax problem.

5.1. Experimental Setup

Datasets. In the experiment, we use four image datasets:
CATvsDOG 1, CIFAR10, CIFAR100 (Krizhevsky et al.,
2009), and STL10 (Coates et al., 2011). Since AUC maxi-
mization is designed for the imbalanced data classification
task, we constructed imbalanced datasets from these bench-
mark datasets. Specifically, we treat the first half of the
classes in each dataset as the positive class and the sec-
ond half as the negative class, thus transforming them into
binary classification datasets. Subsequently, a controlled
imbalance ratio was introduced by randomly selecting a
subset from the positive class and combining it with the

1https://www.kaggle.com/c/dogs-vs-cats
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Figure 2. The test AUC score versus the number of epochs and
communication cost for CIFAR10 dataset using different commu-
nication topologies.

samples from the negative class, resulting in an imbalanced
dataset where the positive class samples constitute 10% of
the total samples. Following this, the training set of this
dataset is randomly distributed among all workers, serving
as their local training sets. The complete and identical test-
ing set is distributed to each worker.

Experimental settings. To demonstrate the performance
of our algorithms, we compare them with three full-
precision baseline algorithms: decentralized stochastic gra-
dient descent ascent algorithm (DSGDA) (Tsaknakis et al.,
2020), decentralized minimax hybrid stochastic gradient
descent (DM-HSGD) (Xian et al., 2021), and decentral-
ized stochastic gradient descent ascent with momentum al-
gorithm (DSGDAM). Note that we replace the STORM
gradient estimator in DM-HSGD with the moving-average
gradient estimator to get DSGDAM. In addition, we do
not compare our algorithm with methods that require com-
puting the full gradient (Chen et al., 2024; Zhang et al.,
2024a), as they are impractical for large-scale datasets.
The learning rate for all baseline methods is set to 0.1.
The momentum coefficient of DM-HSGD is set to 0.9,
while that of DSGDAM is set to 0.1, since these values
have the best performance. For our algorithm, we set the
learning rate η to 0.1, γx and γy to 0.9. Furthermore,
we set ρx = ρy so that ρxη2 = 0.9 for CE-DSGDAR,
which is the same as DM-HSGD. For αx and αy , we set
αx = αy and select its value from {0.1, 0.3, 0.5, 0.7, 0.9}.
For αu and αv , we set αu = αv and select its value
from {0.01, 0.03, 0.05, 0.07, 0.1}. In addition, we use eight
workers to compose a LINE graph, and the batch size on
each worker is set to 32. For the compression operator, we
use Top-K in our experiments, where K = 10%.

5.2. Experimental Results

In Figure 1, we plot the AUC score of the test set versus
the number of epochs and versus the communication cost
(megabytes, MB) for all data sets. We have two observa-
tions: First, our algorithm, CE-DSGDAR, can achieve al-
most the same AUC score as the full-precision baselines,

which indicates that the compression operation in our algo-
rithm does not hurt the convergence performance; Second,
our algorithm enjoy much smaller communication costs
than full-precision baselines. These two observations con-
firm the effectiveness of our algorithms in saving commu-
nication costs and preserving convergence performance.

Ablation studies on communication topology. In Fig-
ure 2, we plot the AUC score versus the number of epochs
and communication cost for the CIFAR10 dataset using dif-
ferent communication topologies, including the ring, torus,
and random graph. It can be seen that our algorithm is ro-
bust to various topologies.

Ablation studies on compression ratios. In Figure 3, we
compare the performance of our algorithms when using
Top-10% and Top-5% compression operators. It can be
seen that our algorithm is robust to various compression
ratios, as it can achieve almost the same AUC score when
using different compression ratios.
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Figure 3. The test AUC score versus the number of epochs and
communication cost for CIFAR10 dataset using different com-
pression ratios.
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Figure 4. The test AUC score versus the number of epochs for
CIFAR10 dataset. (a) Using different values for αx = αy while
fixing αu = αv . (b) Using different values for αu = αv while
fixing αx = αy .

Ablation studies on hyperparameters. In this experi-
ment, we show the convergence performance of our al-
gorithm when using different values for αx, αy , αu, and
αv . Specifically, we fix all the other hyperparameters and
tune the value of these four hyperparameters. More specif-
ically, in Figure 4(a), we fix αu = αv = 0.1 and then tune
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Figure 5. The test accuracy versus the number of epochs (1st row) and the communicated megabytes (2nd row).

αx = αy from {0.1, 0.3, 0.5, 0.7, 0.9} for our algorithm on
CIFAR10 dataset. In Figure 4(b), we fix αx = αy = 0.9
and then tune αu = αv from {0.01, 0.03, 0.05, 0.07, 0.1}.
Note that we found that the algorithm does not converge
when using the same scale for both αx, αy and αu, αv . A
possible reason is that a larger αu or αv leads to a larger
gradient, which can result in the divergence issue. From
these two figures, we can find that the convergence perfor-
mance of our algorithm is not significantly affected by the
value of αx, αy , αu, and αv , confirming the robustness of
our algorithm to these hyperparameters.

5.3. More Experiments

In this experiment, we apply our algorithm to the fair clas-
sification problem (Sharma et al., 2022), which is defined
as follows:

min
x∈Rd

max
y∈Y

C∑
c=1

ycℓc(x)−
λ

2
∥y∥2 , (12)

where Y = {yc|yc ≥ 0,
∑C

c=1 yc = 1}. Here, x denotes
the classifier’s weight, ℓc(x) represents the loss function for
the c-th classes and C denotes the total number of classes,
yc is the weight for the c-th loss function, and λ > 0 is
a hyperparameter. This loss function is also a nonconvex-
strongly-concave problem (Sharma et al., 2022).

In this experiment, we use three benchmark multi-class
classification datasets: CIFAR10, CIFAR100 (Krizhevsky
et al., 2009), and STL10 (Coates et al., 2011). Similar
to the first experiment, the training set is randomly dis-
tributed among all workers, serving as their local training
sets. The complete and identical testing set is distributed
to each worker. In addition, the other experimental settings
are the same as the first experiment. In Figure 5, we plot
the accuracy of the test set versus the number of epochs
and versus the communication cost (megabytes, MB) for
all data sets. Similarly, we observe that our algorithm,
CE-DSGDAR, achieves nearly the same accuracy as the
full-precision baseline methods while significantly reduc-
ing communication costs, further confirming the effective-
ness of the proposed algorithm.

6. Conclusions
Our paper developed a novel communication-efficient de-
centralized stochastic gradient descent ascent with momen-
tum algorithm. Specifically, we demonstrate how to bal-
ance the full-precision local update and the compression
residual via novel designs for coefficients. Meanwhile, we
developed novel convergence analysis approaches to estab-
lish the convergence rate. Extensive experimental results
confirm the effectiveness of our algorithm.
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A. Additional Experiments
In this experiment, we apply our algorithm to the robust logistic regression problem by following (Xian et al., 2021).
Specifically, its loss function is defined as follows:

min
x∈Rd

max
y∈Y

n∑
i=1

yiℓi(x)−
1

2
λ1∥y −

1

n
1∥2 + λ2

d∑
j=1

ωx2
i

1 + ωx2
i

, (13)

where Y = {yi|yi ≥ 0,
∑n

i=1 yi = 1}, ℓi(x) = log(1 + exp(−bia
T
i x)) is the logistic loss function for the i-th sample’s

feature ai ∈ Rd and label bi ∈ {−1, 1}, n is the number of samples, d is the number of features, λ1 > 0 and λ2 > 0 are
positive hyperparameters.

In this experiment, we use a9a dataset 2 and add an additional baseline, DGDA-VR (Zhang et al., 2024a), as this dataset
is small and then we can compute the full gradient for DGDA-VR. For other experimental settings, such as learning rates,
batch size, and communication topology, they are same as the first experiment. In Figure 6, we plot the loss function value
with respect to both epochs and communication costs. Both plots confirm the effectiveness of our algorithm in reducing
communication costs while preserving convergence performance.
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Figure 6. The loss function value versus the number of epochs and the communicated megabytes.

B. Terminology
To establish the convergence rate, we introduce the following terminologies:

Xt = [x
(1)
t , x

(2)
t , · · · , x(K)

t ] , Yt = [y
(1)
t , y

(2)
t , · · · , y(K)

t ] , X̃t = [x̃
(1)
t , x̃

(2)
t , · · · , x̃(K)

t ] , Ỹt = [ỹ
(1)
t , ỹ

(2)
t , · · · , ỹ(K)

t ] ,

X̂t = [x̂
(1)
t , x̂

(2)
t , · · · , x̂(K)

t ] , Ŷt = [ŷ
(1)
t , ŷ

(2)
t , · · · , ŷ(K)

t ] , Ut = [u
(1)
t , u

(2)
t , · · · , u(K)

t ] , Vt = [v
(1)
t , v

(2)
t , · · · , v(K)

t ] ,

Ũt = [ũ
(1)
t , ũ

(2)
t , · · · , ũ(K)

t ] , Ṽt = [ṽ
(1)
t , ṽ

(2)
t , · · · , ṽ(K)

t ] , Ût = [û
(1)
t , û

(2)
t , · · · , û(K)

t ] , V̂t = [v̂
(1)
t , v̂

(2)
t , · · · , v̂(K)

t ] ,

Gt = [g
(1)
t , g

(2)
t , · · · , g(K)

t ] , Ht = [h
(1)
t , h

(2)
t , · · · , h(K)

t ] ,

X̄t = [x̄t, x̄t, · · · , x̄t] , Ȳt = [ȳt, ȳt, · · · , ȳt] , ¯̃Xt = [¯̃xt, ¯̃xt, · · · , ¯̃xt] ,
¯̃Yt = [¯̃xt, ¯̃xt, · · · , ¯̃xt] ,

Ūt = [ūt, ūt, · · · , ūt] , V̄t = [v̄t, v̄t, · · · , v̄t] , ¯̃Ut = [¯̃ut, ¯̃ut, · · · , ¯̃ut] ,
¯̃Vt = [¯̃vt, ¯̃vt, · · · , ¯̃vt] . (14)

Based on these terminologies, it is easy to obtain

X̃t+1 = Xt − γxηUt , X̂t+1 = X̂t + C(X̃t+1 − X̂t) , Xt+1 = X̃t+1 + αxηX̂t+1(W − I) ,

Ũt+1 = Ut −Gt +Gt+1 , Ût+1 = Ût + C(Ũt+1 − Ût) , Ut+1 = Ũt+1 + αuÛt+1(W − I) ,

Ỹt+1 = Yt + γyηVt , Ŷt+1 = Ŷt + C(Ỹt+1 − Ŷt) , Yt+1 = Ỹt+1 + αyηŶt+1(W − I) ,

2https://www.csie.ntu.edu.tw/˜cjlin/libsvmtools/datasets/
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Ṽt+1 = Vt −Ht +Ht+1 , V̂t+1 = V̂t + C(Ṽt+1 − V̂t) , Vt+1 = Ṽt+1 + αvV̂t+1(W − I) . (15)

Additionally, since W is a double stochastic matrix, it is easy to know (W − I) 1
K11T = 0 where I is an identity matrix.

Then, based on X̄t = Xt
1
K11T , we can obtain

X̄t+1 = ¯̃Xt+1 = X̄t − γxηŪt , Ūt+1 = ¯̃Ut+1 = Ūt + Ḡt+1 − Ḡt ,

Ȳt+1 = ¯̃Yt+1 = Ȳt + γyηV̄t , V̄t+1 = ¯̃Vt+1 = V̄t + H̄t+1 − H̄t . (16)

Furthermore, it is easy to know Ūt = Ḡt and V̄t = H̄t.

C. Proof Sketch
C.1. Key Idea

The convergence of our two algorithms is affected by the gradient estimation error, consensus error, and compression
error regarding both primal and dual variables. Therefore, we need to investigate all of them to establish the convergence
rate of our algorithms. Then, the key idea of our proof is to use a potential function to unify all these error bounds to
investigate how they affect the convergence.

To address these challenges when proving Theorem 4.4, we develop a potential function to unify the
gradient estimation error , consensus error , and compression error as follows:

Pt = E[F (x̄t)] + c0E[∥ȳt − y∗(x̄t)∥2]

+c1E
[∥∥∥ 1

K

∑K
k=1 g

(k)
t − 1

K

∑K
k=1 ∇xf

(k)(x
(k)
t , y

(k)
t )
∥∥∥2]

+c2E
[∥∥∥ 1

K

∑K
k=1 h

(k)
t − 1

K

∑K
k=1 ∇yf

(k)(x
(k)
t , y

(k)
t )
∥∥∥2]

+c11
1
K

∑K
k=1 E

[∥∥∥g(k)t −∇xf
(k)(x

(k)
t , y

(k)
t )
∥∥∥2]

+c12
1
K

∑K
k=1 E

[∥∥∥h(k)
t −∇yf

(k)(x
(k)
t , y

(k)
t )
∥∥∥2]

+c3
1
KE[∥Xt − X̄t∥2F ] + c4

1
KE[∥Yt − Ȳt∥2F ]

+c5
1
KE[∥Ut − Ūt∥2F ] + c6

1
KE[∥Vt − V̄t∥2F ]

+c7
1
KE[∥Ût − Ut∥2F ] + c8

1
KE[∥V̂t − Vt∥2F ]

+c9
1
KE[∥X̃t+1 − X̂t∥2F ] + c10

1
KE[∥Ỹt+1 − Ŷt∥2F ] . (17)

Then, we establish their error bounds in Lemmas D.10, D.2, D.3, D.4, D.5. Based on the potential function and the error
bound of each term, we study how the potential function decreases across iterations for establishing the convergence rate,
i.e., establishing the following upper bound

Pt+1 − Pt ≤ −γxη

2
E
[
∥∇F (x̄t)∥2

]
+ c1

2ρ2xη
4σ2

K
+ c2

2ρ2yη
4σ2

K
+ c112ρ

2
xη

4σ2 + c122ρ
2
yη

4σ2 + C33ρ
2
xη

4σ2 + C43ρ
2
yη

4σ2 ,

where {ci}12i=0 will be carefully determined to guarantee convergence.

C.2. Unique Challenge

A key challenge is to determine the coefficient {ci}12i=0. Specifically, the difficulty lies in the circle dependence among
these coefficients due to the interaction between the primal and dual variables in the presence of the error feedback
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mechanism. More specifically, based on the aforementioned error bounds, we can obtain the following inequality (i.e.,
Eq. (45)):

Pt+1 − Pt

≤ −γxη

2
E
[
∥∇F (x̄t)∥2

]
+ c1

2ρ2xη
4σ2

K
+ c2

2ρ2yη
4σ2

K
+ c112ρ

2
xη

4σ2 + c122ρ
2
yη

4σ2 + C33ρ
2
xη

4σ2 + C43ρ
2
yη

4σ2

+ (−γxη

4
+ c0

25ηγ2
xL

2

6γyµ3
+ C5

9γ2
x

2α2
x

)︸ ︷︷ ︸
≤ 0

E
[
∥ḡt∥2

]

+ (−c0
3ηγ2

y

4
+ C6

9γ2
y

2α2
y

)︸ ︷︷ ︸
≤ 0

E
[
∥h̄t∥2

]

+ (2γxηL
2 − c0

γyηµ

4
)︸ ︷︷ ︸

≤ 0

E
[
∥y∗(x̄t)− ȳt∥2

]

+ (2γxηL
2 + c0

25γyηL
2

3µ
− c3

αxη(1− λ)

2
+ C5)︸ ︷︷ ︸

≤ 0

1

K
E
[
∥X̄t −Xt∥2F

]

+ (2γxηL
2 + c0

25γyηL
2

3µ
− c4

αyη(1− λ)

2
+ C6)︸ ︷︷ ︸

≤ 0

1

K
E
[
∥Ȳt − Yt∥2F

]

+ (2γxη − c1ρxη
2)︸ ︷︷ ︸

≤ 0

E
[
∥ 1

K

K∑
k=1

∇xf
(k)(x

(k)
t , y

(k)
t )− 1

K

K∑
k=1

g
(k)
t ∥2

]

+ (c0
25γyη

3µ
− c2ρyη

2)︸ ︷︷ ︸
≤ 0

E
[
∥ 1

K

K∑
k=1

∇yf
(k)(x

(k)
t , y

(k)
t )− 1

K

K∑
k=1

h
(k)
t ∥2

]

+ (c3
3γ2

xη

αx(1− λ)
− c5

αu(1− λ)

2
+ c7

36α2
u

δ
+ c9

72γ2
xα

2
uη

2

δ
+ C5

9γ2
x

2α2
x

)︸ ︷︷ ︸
≤ 0

1

K
E
[
∥Ut − Ūt∥2F

]

+ (c4
3γ2

yη

αy(1− λ)
− c6

αv(1− λ)

2
+ c8

36α2
v

δ
+ c10

72γ2
yα

2
vη

2

δ
+ C6

9γ2
y

2α2
y

)︸ ︷︷ ︸
≤ 0

1

K
E
[
∥Vt − V̄t∥2F

]

+ (c3
4αxη(1− δ)

1− λ
− c9

δ

2
+ C5)︸ ︷︷ ︸

≤ 0

1

K
E
[
∥X̃t+1 − X̂t∥2F

]

+ (c4
4αyη(1− δ)

1− λ
− c10

δ

2
+ C6)︸ ︷︷ ︸

≤ 0

1

K
E
[
∥Ỹt+1 − Ŷt∥2F

]

+ (c5
8αu(1− δ)

1− λ
− c7

δ

8
+ c9

144γ2
xα

2
uη

2

δ
)︸ ︷︷ ︸

≤ 0

1

K
E
[
∥Ut − Ût∥2F

]

+ (c6
8αv(1− δ)

1− λ
− c8

δ

8
+ c10

144γ2
yα

2
vη

2

δ
)︸ ︷︷ ︸

≤ 0

1

K
E
[
∥Vt − V̂t∥2F

]
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+ (−c11ρxη
2 + C33ρ

2
xη

4)︸ ︷︷ ︸
≤ 0

1

K

K∑
k=1

E
[∥∥∥g(k)t −∇xf

(k)(x
(k)
t , y

(k)
t )
∥∥∥2]

+ (−c12ρyη
2 + C43ρ

2
yη

4)︸ ︷︷ ︸
≤ 0

1

K

K∑
k=1

E
[∥∥∥h(k)

t −∇yf
(k)(x

(k)
t , y

(k)
t )
∥∥∥2] . (18)

where C3, C4, C5, and C6 are defined in Eq. (46). Then, to establish the convergence rate, we need to eliminate all terms
except the first line in this upper bound. Specifically, we need to select appropriate {ci}12i=0 such that the coefficients of
those terms are non-positive as shown in this inequality. However, due to the interaction between the primal and dual
variables, there exists interdependence among these coefficients. As a result, it is challenging to determine the value of
{ci}12i=0.

For example, when eliminating E
[
∥Ut − Ūt∥2F

]
, we should enforce

c3
3γ2

xη

αx(1− λ)
+ c7

36α2
u

δ
+ c9

72γ2
xα

2
uη

2

δ
+

9γ2
x

2α2
x

C5 ≤ c5
αu(1− λ)

2
, (19)

which indicates c5 depends on {c1, c2, c3, c6, c7, c8, c9, c10, c11, c12}.

When eliminating E
[
∥X̃t+1 − X̂t∥2F

]
, we should enforce

c3
4αxη(1− δ)

1− λ
+ C5 ≤ c9

δ

2
, (20)

which indicates c9 depends on {c3, c1, c2, c5, c6, c7, c8, c9, c10, c11, c12}.

When eliminating E
[
∥Ut − Ût∥2F

]
, we should enforce

c5
8αu(1− δ)

1− λ
+ c9

144γ2
xα

2
uη

2

δ
≤ c7

δ

8
, (21)

which indicates c7 depends on {c5, c9}.

In summary, {c5, c7, c9} depends on each other, which is shown in Figure 7. Other coefficients have similar interde-
pendence. This kind of circle dependence makes it difficult to determine the values of these coefficients.

Figure 7. An illustration of the circle dependence among {c5, c7, c9}: c5 depends on {c7, c9}; c7 depends on {c5, c9}; and c9 depends
on {c5, c7}.

Comparison with the full-precision counterpart. The full-precision decentralized minimax optimization algorithm
does not have the terms: E

[
∥X̃t+1 − X̂t∥2F

]
, E
[
∥Ỹt+1 − Ŷt∥2F

]
, E
[
∥Ut − Ût∥2F

]
, and E

[
∥Vt − V̂t∥2F

]
, which means

c7 = 0, c8 = 0, c9 = 0, and c10 = 0. Then, there does not exist interdependence among {c5, c7, c9}. In other words, the
error feedback mechanism makes the convergence analysis more challenging.

C.3. Novel Solution

To break down the interdependence among different coefficients, we propose to use some coefficients to represent the
others, and then determine the latter first. Just as shown in Eq. (50), we use {c5, c6, c9, c10} to represent {c7, c8, c11, c12}.
In this way, we can break down the dependence on {c5, c9} for c7. Then, we solve the inequalities to determine the value
of {c5, c6, c9, c10} first. After that, we can obtain the value of {c7, c8, c11, c12}.
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However, there is still interdependence between c5 and c9. Just as shown in Eq. (64), when eliminating E
[
∥X̃t+1−X̂t∥2F

]
,

c9 is affected by c5, where c5 is an unknown value at that time. By examining Eq. (64), we found that there exist some
terms that are independent of {ci}12i=1. Then, we propose making c9 equal to those terms as shown in Eq. (75), which
means that the value of c9 is determined. Then, since the value of {c5, c6, c10} is not available at that time, we will solve
Eqs. (69-74) after all values of {c5, c6, c9, c10} are determined. With this strategy, we are able to determine the value of all
coefficients, completing the proof.

D. Convergence Analysis of CD-SGDAR
D.1. Useful Lemma

Lemma D.1. (Zhao et al., 2022) Assume W satisfies Assumption 3.2, then the spectral gap of I + α(W − I) is α(1− λ)
when α ∈ (0, 1).
Lemma D.2. Given Assumptions 3.1-4.3, αxη ∈ (0, 1), and αyη ∈ (0, 1), we have

∥Xt+1 − X̄t+1∥2F ≤ (1− αxη(1− λ)

2
)∥Xt − X̄t∥2F +

3γ2
xη

αx(1− λ)
∥Ut − Ūt∥2F +

4αxη(1− δ)

1− λ
∥X̃t+1 − X̂t∥2F ,

∥Yt+1 − Ȳt+1∥2F ≤ (1− αyη(1− λ)

2
)∥Yt − Ȳt∥2F +

3γ2
yη

αy(1− λ)
∥Vt − V̄t∥2F +

4αyη(1− δ)

1− λ
∥Ỹt+1 − Ŷt∥2F . (22)

Proof. Given αxη ∈ (0, 1), we have

∥Xt+1 − X̄t+1∥2F
= ∥X̃t+1 + αxηX̂t+1(W − I)− ¯̃Xt+1∥2F
= ∥X̃t+1 + αxη(X̂t + C(X̃t+1 − X̂t))(W − I)− ¯̃Xt+1∥2F
= ∥X̃t+1 + αxηX̃t+1(W − I) + αxη(X̂t − X̃t+1 + C(X̃t+1 − X̂t))(W − I)− ¯̃Xt+1∥2F
= ∥X̃t+1(I + αxη(W − I))− ¯̃Xt+1 + αxη(X̂t − X̃t+1 + C(X̃t+1 − X̂t))(W − I)∥2F
≤ (1 + c1)∥X̃t+1(I + αxη(W − I))− ¯̃Xt+1∥2F + (1 + c−1

1 )α2
xη

2∥(X̂t − X̃t+1 + C(X̃t+1 − X̂t))(W − I)∥2F
≤ (1 + c1)(1− αxη(1− λ))2∥X̃t+1 − ¯̃Xt+1∥2F + 4(1 + c−1

1 )α2
xη

2(1− δ)∥X̃t+1 − X̂t∥2F

≤ (1− αxη(1− λ))∥X̃t+1 − ¯̃Xt+1∥2F +
4αxη(1− δ)

1− λ
∥X̃t+1 − X̂t∥2F

≤ (1− αxη(1− λ))(1 + c2)∥Xt − X̄t∥2F + (1− αxη(1− λ))(1 + c−1
2 )γ2

xη
2∥Ut − Ūt∥2F

+
4αxη(1− δ)

1− λ
∥X̃t+1 − X̂t∥2F

≤ (1− αxη(1− λ)

2
)∥Xt − X̄t∥2F +

3γ2
xη

αx(1− λ)
∥Ut − Ūt∥2F +

4αxη(1− δ)

1− λ
∥X̃t+1 − X̂t∥2F , (23)

where c1 = αxη(1−λ)
1−αxη(1−λ) and c2 = αxη(1−λ)

2 , the sixth step holds due to ∥W − I∥2 ≤ 2, Lemma D.1, and Assumption 3.1.
Similarly, we can prove the second inequality.

Lemma D.3. Given Assumptions 3.1-4.3, αu ∈ (0, 1), and αv ∈ (0, 1), we have

∥Ut+1 − Ūt+1∥2F ≤ (1− αu(1− λ)

2
)∥Ut − Ūt∥2F +

11

αu(1− λ)
∥Gt+1 −Gt∥2F +

8αu(1− δ)

1− λ
∥Ut − Ût∥2F ,

∥Vt+1 − V̄t+1∥2F ≤ (1− αv(1− λ)

2
)∥Vt − V̄t∥2F +

11

αv(1− λ)
∥Ht+1 −Ht∥2F +

8αv(1− δ)

1− λ
∥Vt − V̂t∥2F . (24)

Proof. Given αu ∈ (0, 1), we have

∥Ut+1 − Ūt+1∥2F

17
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= ∥Ũt+1 + αuÛt+1(W − I)− ¯̃Ut+1∥2F
= ∥Ũt+1 + αu(Ût + C(Ũt+1 − Ût))(W − I)− ¯̃Ut+1∥2F
= ∥Ũt+1 + αuŨt+1(W − I) + αu(Ût − Ũt+1 + C(Ũt+1 − Ût))(W − I)− ¯̃Ut+1∥2F
= ∥Ũt+1(I + αu(W − I))− ¯̃Ut+1 + αu(Ût − Ũt+1 + C(Ũt+1 − Ût))(W − I)∥2F
≤ (1 + c1)∥Ũt+1(I + αu(W − I))− ¯̃Ut+1∥2F + (1 + c−1

1 )α2
u∥(Ût − Ũt+1 + C(Ũt+1 − Ût))(W − I)∥2F

≤ (1 + c1)(1− αu(1− λ))2∥Ũt+1 − ¯̃Ut+1∥2F + 4(1 + c−1
1 )α2

u(1− δ)∥Ũt+1 − Ût∥2F

≤ (1− αu(1− λ))∥Ũt+1 − ¯̃Ut+1∥2F +
4αu(1− δ)

1− λ
∥Ũt+1 − Ût∥2F

≤ (1− αu(1− λ))(1 + c2)∥Ut − Ūt∥2F

+ (1− αu(1− λ))(1 + c−1
2 )∥Gt+1 −Gt − Ḡt+1 + Ḡt∥2F +

4αu(1− δ)

1− λ
∥Ũt+1 − Ût∥2F

≤ (1− αu(1− λ)

2
)∥Ut − Ūt∥2F +

3

αu(1− λ)
∥Gt+1 −Gt − Ḡt+1 + Ḡt∥2F +

4αu(1− δ)

1− λ
∥Ut −Gt +Gt+1 − Ût∥2F

≤ (1− αu(1− λ)

2
)∥Ut − Ūt∥2F +

11

αu(1− λ)
∥Gt+1 −Gt∥2F +

8αu(1− δ)

1− λ
∥Ut − Ût∥2F , (25)

where c1 = αu(1−λ)
1−αu(1−λ) and c2 = αu(1−λ)

2 , the sixth step holds due to ∥W − I∥2 ≤ 2, Lemma D.1, and Assumption 3.1,
the last step follows from αu < 1, 1− δ < 1, and ∥Gt+1−Gt− Ḡt+1+ Ḡt∥2F ≤ ∥Gt+1−Gt∥2F . Similarly, we can prove
the second inequality.

Lemma D.4. Given Assumptions 3.1-4.3, we have

∥X̃t+2 − X̂t+1∥2F ≤ (1− δ

2
)∥X̃t+1 − X̂t∥2F +

6

δ
∥Xt+1 −Xt∥2F +

6γ2
xη

2

δ
∥Ut+1 − Ut∥2F ,

∥Ỹt+2 − Ŷt+1∥2F ≤ (1− δ

2
)∥Ỹt+1 − Ŷt∥2F +

6

δ
∥Yt+1 − Yt∥2F +

6γ2
yη

2

δ
∥Vt+1 − Vt∥2F . (26)

Proof.

∥X̃t+2 − X̂t+1∥2F
= ∥X̃t+2 − X̂t − C(X̃t+1 − X̂t)∥2F
= ∥X̃t+2 − X̃t+1 + X̃t+1 − X̂t − C(X̃t+1 − X̂t)∥2F
≤ (1 + c)∥X̃t+1 − X̂t − C(X̃t+1 − X̂t)∥2F + (1 + c−1)∥X̃t+2 − X̃t+1∥2F
≤ (1 + c)(1− δ)∥X̃t+1 − X̂t∥2F + (1 + c−1)∥Xt+1 − γxηUt+1 −Xt + γxηUt∥2F

≤ (1− δ

2
)∥X̃t+1 − X̂t∥2F +

6

δ
∥Xt+1 −Xt∥2F +

6γ2
xη

2

δ
∥Ut+1 − Ut∥2F , (27)

where c = δ
2 , the fourth step hold due to Assumption 3.1. Similarly, we can prove the second inequality.

Lemma D.5. Given Assumptions 3.1-4.3, αu ≤ δ
16 , and αv ≤ δ

16 , we have

∥Ût+1 − Ut+1∥2F ≤ (1− δ

8
)∥Ut − Ût∥2F +

46

δ
∥Gt+1 −Gt∥2F +

36α2
u

δ
∥Ut − Ūt∥2F ,

∥V̂t+1 − Vt+1∥2F ≤ (1− δ

8
)∥Vt − V̂t∥2F +

46

δ
∥Ht+1 −Ht∥2F +

36α2
v

δ
∥Vt − V̄t∥2F . (28)

Proof.

∥Ût+1 − Ut+1∥2F

18
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= ∥Ût + C(Ũt+1 − Ût)− Ũt+1 − αuÛt+1(W − I)∥2F
= ∥Ût − Ũt+1 + C(Ũt+1 − Ût)− αu(Ût + C(Ũt+1 − Ût))(W − I)∥2F
= ∥Ût − Ũt+1 + C(Ũt+1 − Ût)− αu(Ût − Ũt+1 + C(Ũt+1 − Ût))(W − I)− αuŨt+1(W − I)∥2F
= ∥(Ût − Ũt+1 + C(Ũt+1 − Ût))(I − αu(W − I))− αuŨt+1(W − I)∥2F
= ∥(Ût − Ũt+1 + C(Ũt+1 − Ût))(I − αu(W − I))− αu(Ũt+1 − ¯̃Ut)(W − I)∥2F
≤ (1 + c1)∥(Ût − Ũt+1 + C(Ũt+1 − Ût))(I − αu(W − I))∥2F + (1 + c−1

1 )α2
u∥(Ũt+1 − ¯̃Ut)(W − I)∥2F

≤ (1 + c1)(1 + 2αu)
2∥Ût − Ũt+1 + C(Ũt+1 − Ût)∥2F + (1 + c−1

1 )4α2
u∥Ũt+1 − ¯̃Ut∥2F

≤ (1 + c1)(1 + 2αu)
2(1− δ)∥Ũt+1 − Ût∥2F + (1 + c−1

1 )4α2
u∥Ũt+1 − ¯̃Ut∥2F

≤ (1− δ

4
)∥Ũt+1 − Ût∥2F +

12α2
u

δ
∥Ũt+1 − ¯̃Ut∥2F

= (1− δ

4
)∥Ut −Gt +Gt+1 − Ût∥2F +

12α2
u

δ
∥Ut −Gt +Gt+1 − Ūt∥2F

≤ (1− δ

4
)(1 + c2)∥Ut − Ût∥2F + (1− δ

4
)(1 + c−1

2 )∥Gt+1 −Gt∥2F +
36α2

u

δ
∥Gt+1 −Gt∥2F +

36α2
u

δ
∥Ut − Ūt∥2F

≤ (1− δ

8
)∥Ut − Ût∥2F +

9

δ
∥Gt+1 −Gt∥2F +

36α2
u

δ
∥Gt+1 −Gt∥2F +

36α2
u

δ
∥Ut − Ūt∥2F

≤ (1− δ

8
)∥Ut − Ût∥2F +

46

δ
∥Gt+1 −Gt∥2F +

36α2
u

δ
∥Ut − Ūt∥2F , (29)

where c1 = δ
2 and c2 = δ

8 , the last equality holds due to ¯̃UtW = ¯̃Ut, the second inequality holds due to ∥(αu(W − I) −
I)∥2 ≤ ∥αu(W − I)∥2 + ∥I∥2 ≤ 2αu + 1, the third inequality holds due to Assumption 3.1, and the fourth inequality
holds due to αu ≤ δ

16 and the following inequality:

(1 + c1)(1 + 2αu)
2(1− δ)

≤ (1 +
δ

2
)(1 +

δ

8
)2(1− δ)

≤ (1− δ

2
)(1 +

δ2

64
+

δ

4
)

= 1 +
δ2

64
+

δ

4
− δ

2
− δ

2

δ2

64
− δ

2

δ

4

≤ 1− δ

4
− δ3

128
− 3δ2

64

≤ 1− δ

4
. (30)

Similarly, we can prove the second inequality.

Lemma D.6. Given Assumptions 3.1-4.3, αu ∈ (0, 1), and αv ∈ (0, 1), we have

∥Ut+1 − Ut∥2F ≤ 51∥Gt+1 −Gt∥2F + 12α2
u∥Ut − Ūt∥2F + 24α2

u∥Ut − Ût∥2F ,

∥Vt+1 − Vt∥2F ≤ 51∥Ht+1 −Ht∥2F + 12α2
v∥Vt − V̄t∥2F + 24α2

v∥Vt − V̂t∥2F . (31)

Proof.

∥Ut+1 − Ut∥2F
= ∥Ũt+1 + αuÛt+1(W − I)− Ut∥2F
= ∥Ũt+1 + αu(Ût + C(Ũt+1 − Ût))(W − I)− Ut∥2F
= ∥Ũt+1 + αuŨt+1(W − I) + αu(Ût − Ũt+1 + C(Ũt+1 − Ût))(W − I)− Ut∥2F

19
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= ∥Ũt+1(I + αu(W − I)) + αu(Ût − Ũt+1 + C(Ũt+1 − Ût))(W − I)− Ut∥2F
= ∥(Gt+1 −Gt)(I + αu(W − I)) + αuUt(W − I) + αu(Ût − Ũt+1 + C(Ũt+1 − Ût))(W − I)∥2F
= ∥(Gt+1 −Gt)(I + αu(W − I)) + αu(Ut − Ūt)(W − I) + αu(Ût − Ũt+1 + C(Ũt+1 − Ût))(W − I)∥2F
≤ 3∥(Gt+1 −Gt)(I + αu(W − I))∥2F + 3α2

u∥(Ut − Ūt)(W − I)∥2F + 3α2
u∥(Ût − Ũt+1 + C(Ũt+1 − Ût))(W − I)∥2F

≤ 27∥Gt+1 −Gt∥2F + 12α2
u∥Ut − Ūt∥2F + 12α2

u(1− δ)∥Ũt+1 − Ût∥2F
≤ 27∥Gt+1 −Gt∥2F + 12α2

u∥Ut − Ūt∥2F + 24α2
u∥Ut − Ût∥2F + 24α2

u∥Gt+1 −Gt∥2F
≤ 51∥Gt+1 −Gt∥2F + 12α2

u∥Ut − Ūt∥2F + 24α2
u∥Ut − Ût∥2F , (32)

where the last equality holds due to ŪtW = Ūt, the second inequality holds due to ∥W − I∥2 ≤ 2, ∥(αu(W − I)+ I)∥2 ≤
∥αu(W − I)∥2+∥I∥2 ≤ 2αu+1 ≤ 3, and Assumption 3.1, the third inequality holds due to δ < 1, and the last inequality
holds due to αu < 1. Similarly, we can prove the second inequality.

Lemma D.7. Given Assumptions 3.1-4.3, αxη ∈ (0, 1), and αyη ∈ (0, 1), we have

∥Xt+1 −Xt∥2F ≤ 54γ2
xη

2∥Ut − Ūt∥2F + 54γ2
xη

2∥Ūt∥2F + 12α2
xη

2∥Xt − X̄t∥2F + 12α2
xη

2∥X̃t+1 − X̂t∥2F ,

∥Yt+1 − Yt∥2F ≤ 54γ2
yη

2∥Vt − V̄t∥2F + 54γ2
yη

2∥V̄t∥2F + 12α2
yη

2∥Yt − Ȳt∥2F + 12α2
yη

2∥Ỹt+1 − Ŷt∥2F . (33)

Proof.

∥Xt+1 −Xt∥2F
= ∥X̃t+1 + αxηX̂t+1(W − I)−Xt∥2F
= ∥X̃t+1 + αxη(X̂t + C(X̃t+1 − X̂t))(W − I)−Xt∥2F
= ∥X̃t+1 + αxηX̃t+1(W − I) + αxη(X̂t − X̃t+1 + C(X̃t+1 − X̂t))(W − I)−Xt∥2F
= ∥X̃t+1(I + αxη(W − I)) + αxη(X̂t − X̃t+1 + C(X̃t+1 − X̂t))(W − I)−Xt∥2F
= ∥ − γxηUt(I + αxη(W − I)) + αxηXt(W − I) + αxη(X̂t − X̃t+1 + C(X̃t+1 − X̂t))(W − I)∥2F
= ∥ − γxηUt(I + αxη(W − I)) + αxη(Xt − X̄t)(W − I) + αxη(X̂t − X̃t+1 + C(X̃t+1 − X̂t))(W − I)∥2F
≤ 3γ2

xη
2∥Ut(I + αxη(W − I))∥2F + 3α2

xη
2∥(Xt − X̄t)(W − I)∥2F

+ 3α2
xη

2∥(X̂t − X̃t+1 + C(X̃t+1 − X̂t))(W − I)∥2F
≤ 27γ2

xη
2∥Ut∥2F + 12α2

xη
2∥Xt − X̄t∥2F + 12α2

xη
2∥X̃t+1 − X̂t∥2F

≤ 54γ2
xη

2∥Ut − Ūt∥2F + 54γ2
xη

2∥Ūt∥2F + 12α2
xη

2∥Xt − X̄t∥2F + 12α2
xη

2∥X̃t+1 − X̂t∥2F , (34)

where the last equality holds due to X̄tW = X̄t, the second inequality holds due to ∥W −I∥2 ≤ 2, ∥αxη(W −I)+I∥2 ≤
∥αxη(W − I)∥2 + ∥I∥2 ≤ 2αxη + 1 ≤ 3, and Assumption 3.1. Similarly, we can prove the second inequality.

Lemma D.8. Given Assumptions 3.1-4.3, by setting γy < 1
6L and η < 1, we have

∥ȳt+1 − y∗(x̄t+1)∥2 ≤ (1− γyηµ

4
)∥ȳt − y∗(x̄t)∥2 −

3ηγ2
y

4
∥h̄t∥2 +

25ηγ2
xL

2

6γyµ3
∥ḡt∥2

+
25γyη

3µ
∥ 1

K

K∑
k=1

∇yf
(k)(x

(k)
t , y

(k)
t )− 1

K

K∑
k=1

h
(k)
t ∥2

+
25γyηL

2

3µ

1

K
∥X̄t −Xt∥2F +

25γyηL
2

3µ

1

K
∥Ȳt − Yt∥2F . (35)

Proof. By setting γy < 1
6L and η < 1, we can get

∥ȳt+1 − y∗(x̄t+1)∥2
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≤ (1− γyηµ

4
)∥ȳt − y∗(x̄t)∥2 −

3ηγ2
y

4
∥h̄t∥2 +

25γyη

6µ
∥∇yf(x̄t, ȳt)− h̄t∥2 +

25ηγ2
xL

2

6γyµ3
∥ḡt∥2

≤ (1− γyηµ

4
)∥ȳt − y∗(x̄t)∥2 −

3ηγ2
y

4
∥h̄t∥2 +

25ηγ2
xL

2

6γyµ3
∥ḡt∥2

+
25γyη

3µ
∥ 1

K

K∑
k=1

∇yf
(k)(x̄t, ȳt)−

1

K

K∑
k=1

∇yf
(k)(x

(k)
t , y

(k)
t )∥2 + 25γyη

3µ
∥ 1

K

K∑
k=1

∇yf
(k)(x

(k)
t , y

(k)
t )− 1

K

K∑
k=1

h
(k)
t ∥2

≤ (1− γyηµ

4
)∥ȳt − y∗(x̄t)∥2 −

3ηγ2
y

4
∥h̄t∥2 +

25ηγ2
xL

2

6γyµ3
∥ḡt∥2 +

25γyη

3µ
∥ 1

K

K∑
k=1

∇yf
(k)(x

(k)
t , y

(k)
t )− 1

K

K∑
k=1

h
(k)
t ∥2

+
25γyηL

2

3µ

1

K
∥X̄t −Xt∥2F +

25γyηL
2

3µ

1

K
∥Ȳt − Yt∥2F , (36)

where the first step holds due to Lemma 28 in (Huang et al., 2022), and the last step holds due to Assumption 4.1.

Lemma D.9. Given Assumptions 3.1-4.3, we have

E[∥Gt+1 −Gt∥2F ] ≤ 3ρ2xη
4

K∑
k=1

E[∥∇xf
(k)(x

(k)
t , y

(k)
t )− g

(k)
t ∥2] + 3L2E[∥Xt+1 −Xt∥2F ]

+ 3L2E[∥Yt+1 − Yt∥2F ] + 3ρ2xη
4σ2K ,

E[∥Ht+1 −Ht∥2F ] ≤ 3ρ2yη
4

K∑
k=1

E[∥∇yf
(k)(x

(k)
t , y

(k)
t )− h

(k)
t ∥2] + 3L2E[∥Xt+1 −Xt∥2F ]

+ 3L2E[∥Yt+1 − Yt∥2F ] + 3ρ2yη
4σ2K . (37)

Proof.

E[∥Gt+1 −Gt∥2F ] =
K∑

k=1

E[∥g(k)t+1 − g
(k)
t ∥2]

=

K∑
k=1

E[∥(1− ρxη
2)(g

(k)
t −∇xf

(k)(x
(k)
t , y

(k)
t ; ξ

(k)
t+1)) +∇xf

(k)(x
(k)
t+1, y

(k)
t+1; ξ

(k)
t+1)− g

(k)
t ∥2]

≤ 3

K∑
k=1

E[∥ − ρxη
2g

(k)
t + ρxη

2∇xf
(k)(x

(k)
t , y

(k)
t )∥2]

+ 3

K∑
k=1

E[∥ − ρxη
2∇xf

(k)(x
(k)
t , y

(k)
t ) + ρxη

2∇xf
(k)(x

(k)
t , y

(k)
t ; ξ

(k)
t+1)∥2]

+ 3

K∑
k=1

E[∥ − ∇xf
(k)(x

(k)
t , y

(k)
t ; ξ

(k)
t+1) +∇xf

(k)(x
(k)
t+1, y

(k)
t+1; ξ

(k)
t+1)∥2]

≤ 3ρ2xη
4

K∑
k=1

E[∥∇xf
(k)(x

(k)
t , y

(k)
t )− g

(k)
t ∥2] + 3ρ2xη

4σ2K + 3L2E[∥Xt+1 −Xt∥2F ] + 3L2E[∥Yt+1 − Yt∥2F ] , (38)

where the last step holds due to Assumptions 4.1, 4.2.

Lemma D.10. Given Assumptions 3.1-4.3, we have

E
[∥∥∥ 1

K

K∑
k=1

g
(k)
t+1 −

1

K

K∑
k=1

∇xf
(k)(x

(k)
t+1, y

(k)
t+1)

∥∥∥2] ≤ (1− ρxη
2)E
[∥∥∥ 1

K

K∑
k=1

g
(k)
t − 1

K

K∑
k=1

∇xf
(k)(x

(k)
t , y

(k)
t )
∥∥∥2]
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+
2L2

K2
E
[∥∥∥Xt+1 −Xt

∥∥∥2
F

]
+

2L2

K2
E
[∥∥∥Yt+1 − Yt

∥∥∥2
F

]
+

2ρ2xη
4σ2

K
,

E
[∥∥∥ 1

K

K∑
k=1

h
(k)
t+1 −

1

K

K∑
k=1

∇yf
(k)(x

(k)
t+1, y

(k)
t+1)

∥∥∥2] ≤ (1− ρyη
2)E
[∥∥∥ 1

K

K∑
k=1

h
(k)
t − 1

K

K∑
k=1

∇yf
(k)(x

(k)
t , y

(k)
t )
∥∥∥2]

+
2L2

K2
E
[∥∥∥Xt+1 −Xt

∥∥∥2
F

]
+

2L2

K2
E
[∥∥∥Yt+1 − Yt
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Proof. For the first inequality, we can prove it as follows:
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where the second step holds due to E[(1 − ρxη
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and the second to last step holds due to Assumptions 4.1, 4.2.

The second inequality can be proved in the exactly same approach so that we do not include its detailed proof.

For the third inequality, we can prove it as follows:
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(42)

where the second step holds due to E[(1 − ρxη
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and the second to last step holds due to Assumptions 4.1, 4.2.
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D.2. Proof of Theorem 4.4

Proof. At first, we have
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where the last step holds due to η ≤ 1
2γxLF

and Assumption 4.1.

Given the potential function in Eq. (17), based on Lemmas D.8, D.10, D.4, D.5, D.2, D.3, we can obtain
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By expanding E[∥Ut+1 − Ut∥2F ] and E[∥Vt+1 − Vt∥2F ] based on Lemma D.6, E[∥Gt+1 − Gt∥2F ] and E[∥Ht+1 − Ht∥2F ]
based on Lemma D.9, and E[∥Xt+1 −Xt∥2F ] and E[∥Yt+1 − Yt∥2F ] based on Lemma D.7, we can obtain
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where

C1 = c1
2L2

K
+ c2

2L2

K
+ c9

6

δ
+ c112L

2 + c122L
2 ,

C2 = c1
2L2

K
+ c2

2L2

K
+ c10

6

δ
+ c112L

2 + c122L
2 ,

C3 = (c5
11

αu(1− λ)
+ c7

46

δ
+ c9

306γ2
xη

2

δ
) ,

C4 = (c6
11

αv(1− λ)
+ c8

46

δ
+ c10

306γ2
yη

2

δ
) ,

C5 = C112α
2
xη

2 + C336α
2
xη

2L2 + C436α
2
xη

2L2 ,

C6 = C212α
2
yη

2 + C336α
2
yη

2L2 + C436α
2
yη

2L2 . (46)

To eliminate E[∥y∗(x̄t) − ȳt∥2] , E
[
∥ 1
K

∑K
k=1 ∇xf

(k)(x
(k)
t , y

(k)
t ) − 1

K

∑K
k=1 g

(k)
t ∥2

]
, and

E
[
∥ 1
K

∑K
k=1 ∇yf

(k)(x
(k)
t , y

(k)
t )− 1

K

∑K
k=1 h

(k)
t ∥2

]
, we enforce

2γxηL
2 − c0

γyηµ

4
≤ 0 ,

2γxη − c1ρxη
2 ≤ 0 ,

c0
25γyη

3µ
− c2ρyη

2 ≤ 0 . (47)

Then, we can set

c0 =
8γxL

2

γyµ
, c1 =

2γx
ρxη

, c2 =
200γxL

2

3ρyηµ2
. (48)

To eliminate 1
KE
[
∥Ut − Ût∥2F

]
and 1

KE
[
∥Vt − V̂t∥2F

]
, we enforce

c5
8αu(1− δ)

1− λ
− c7

δ

8
+ c9

144γ2
xα

2
uη

2

δ
≤ 0 ,

c6
8αv(1− δ)

1− λ
− c8

δ

8
+ c10

144γ2
yα

2
vη

2

δ
≤ 0 . (49)

Then, we can set

c7 = c5
64αu

δ(1− λ)
+ c9

1152γ2
xα

2
uη

2

δ2
,

c8 = c6
64αv

δ(1− λ)
+ c10

1152γ2
yα

2
vη

2

δ2
. (50)

To eliminate 1
K

∑K
k=1 E

[∥∥∥g(k)t −∇xf
(k)(x

(k)
t , y

(k)
t )
∥∥∥2], we enforce

− c11ρxη
2 + C33ρ

2
xη

4

= −c11 + (c5
11

αu(1− λ)
+ c7

46

δ
+ c9

306γ2
xη

2

δ
)3ρxη

2

= −c11 + (c5
11

αu(1− λ)
+ c5

2944αu

δ2(1− λ)
+ c9

52992γ2
xα

2
uη

2

δ3
+ c9

306γ2
xη

2

δ
)3ρxη

2

≤ 0 . (51)
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Then, we can set

c11 = c5
33η2ρx

αu(1− λ)
+ c5

8832αuη
2ρx

δ2(1− λ)
+ c9

158976γ2
xα

2
uη

4ρx
δ3

+ c9
918γ2

xη
4ρx

δ
. (52)

To eliminate 1
K

∑K
k=1 E

[∥∥∥h(k)
t −∇yf

(k)(x
(k)
t , y

(k)
t )
∥∥∥2], we enforce

− c12ρyη
2 + C43ρ

2
yη

4

= −c12 + (c6
11

αv(1− λ)
+ c8

46

δ
+ c10

306γ2
yη

2

δ
)3ρyη

2

= −c12 + (c6
11

αv(1− λ)
+ c6

2944αv

δ2(1− λ)
+ c10

52992γ2
yα

2
vη

2

δ3
+ c10

306γ2
yη

2

δ
)3ρyη

2

≤ 0 . (53)

Then, we set

c12 = c6
33η2ρy

αv(1− λ)
+ c6

8832αvη
2ρy

δ2(1− λ)
+ c10

158976γ2
yα

2
vη

4ρy

δ3
+ c10

918γ2
yη

4ρy

δ
. (54)

In summary, we use c5, c6, c9, and c10 to represent c7, c8, c11, and c12 as follows, which is a critical step for our proof.

c0 =
8γxL

2

γyµ
, c1 =

2γx
ρxη

, c2 =
200γxL

2

3ρyηµ2
,

c7 = c5
64αu

δ(1− λ)
+ c9

1152γ2
xα

2
uη

2

δ2
,

c8 = c6
64αv

δ(1− λ)
+ c10

1152γ2
yα

2
vη

2

δ2
,

c11 = c5
33η2ρx

αu(1− λ)
+ c5

8832αuη
2ρx

δ2(1− λ)
+ c9

158976γ2
xα

2
uη

4ρx
δ3

+ c9
918γ2

xη
4ρx

δ
,

c12 = c6
33η2ρy

αv(1− λ)
+ c6

8832αvη
2ρy

δ2(1− λ)
+ c10

158976γ2
yα

2
vη

4ρy

δ3
+ c10

918γ2
yη

4ρy

δ
. (55)

Based on these values, we can obtain

Pt+1 − Pt

≤ −γxη

2
E
[
∥∇F (x̄t)∥2

]
+ (−γxη

4
+ c0

25ηγ2
xL

2

6γyµ3
+ C5

9γ2
x

2α2
x

)E
[
∥ḡt∥2

]
+ (−c0

3ηγ2
y

4
+ C6

9γ2
y

2α2
y

)E
[
∥h̄t∥2

]
+ (2γxηL

2 + c0
25γyηL

2

3µ
− c3

αxη(1− λ)

2
+ C5)

1

K
E
[
∥X̄t −Xt∥2F

]
+ (2γxηL

2 + c0
25γyηL

2

3µ
− c4

αyη(1− λ)

2
+ C6)

1

K
E
[
∥Ȳt − Yt∥2F

]
+ (c3

3γ2
xη

αx(1− λ)
− c5

αu(1− λ)

2
+ c7

36α2
u

δ
+ c9

72γ2
xα

2
uη

2

δ
+ C5

9γ2
x

2α2
x

)
1

K
E
[
∥Ut − Ūt∥2F

]
+ (c4

3γ2
yη

αy(1− λ)
− c6

αv(1− λ)

2
+ c8

36α2
v

δ
+ c10

72γ2
yα

2
vη

2

δ
+ C6

9γ2
y

2α2
y

)
1

K
E
[
∥Vt − V̄t∥2F

]
+ (c3

4αxη(1− δ)

1− λ
− c9

δ

2
+ C5)

1

K
E
[
∥X̃t+1 − X̂t∥2F

]
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+ (c4
4αyη(1− δ)

1− λ
− c10

δ

2
+ C6)

1

K
E
[
∥Ỹt+1 − Ŷt∥2F

]
+ c1

2ρ2xη
4σ2

K
+ c2

2ρ2yη
4σ2

K
+ c112ρ

2
xη

4σ2 + c122ρ
2
yη

4σ2 + C33ρ
2
xη

4σ2 + C43ρ
2
yη

4σ2 . (56)

In what follows, we use the values in Eq. (55) to simplify C1, C2, C3, and C4. It is easy to obtain

C3 = c5
11

αu(1− λ)
+ c5

2944αu

δ2(1− λ)
+ c9

52992γ2
xα

2
uη

2

δ3
+ c9

306γ2
xη

2

δ
,

C4 = c6
11

αv(1− λ)
+ c6

2944αv

δ2(1− λ)
+ c10

52992γ2
yα

2
vη

2

δ3
+ c10

306γ2
yη

2

δ
,

C1 = c1
2L2

K
+ c2

2L2

K
+ c9

6

δ
+ c112L

2 + c122L
2

=
2γx
ρxη

2L2

K
+

200γxL
2

3ρyηµ2

2L2

K
+ c9

6

δ

+ (c5
33η2ρx

αu(1− λ)
+ c5

8832αuη
2ρx

δ2(1− λ)
+ c9

158976γ2
xα

2
uη

4ρx
δ3

+ c9
918γ2

xη
4ρx

δ
)2L2

+ (c6
33η2ρy

αv(1− λ)
+ c6

8832αvη
2ρy

δ2(1− λ)
+ c10

158976γ2
yα

2
vη

4ρy

δ3
+ c10

918γ2
yη

4ρy

δ
)2L2 ,

C2 = c1
2L2

K
+ c2

2L2

K
+ c10

6

δ
+ c112L

2 + c122L
2

=
2γx
ρxη

2L2

K
+

200γxL
2

3ρyηµ2

2L2

K
+ c10

6

δ

+ (c5
33η2ρx

αu(1− λ)
+ c5

8832αuη
2ρx

δ2(1− λ)
+ c9

158976γ2
xα

2
uη

4ρx
δ3

+ c9
918γ2

xη
4ρx

δ
)2L2

+ (c6
33η2ρy

αv(1− λ)
+ c6

8832αvη
2ρy

δ2(1− λ)
+ c10

158976γ2
yα

2
vη

4ρy

δ3
+ c10

918γ2
yη

4ρy

δ
)2L2 . (57)

After simplifying C1, C2, C3, and C4, we further simplify C5 and C6 as follows:

C5

= C112α
2
xη

2 + C336α
2
xη

2L2 + C436α
2
xη

2L2

= (c1
2L2

K
+ c2

2L2

K
+ c9

6

δ
+ (C33ρxη

2)2L2 + (C43ρyη
2)2L2)12α2

xη
2

+ C336α
2
xη

2L2 + C436α
2
xη

2L2

≤ c1
2L2

K
12α2

xη
2 + c2

2L2

K
12α2

xη
2 + c9

6

δ
12α2

xη
2 + C3108α

2
xη

2L2 + C4108α
2
xη

2L2

=
48γxα

2
xηL

2

ρxK
+

4800γxα
2
xηL

4

3ρyµ2K
+ c9

72α2
xη

2

δ

+ c5
1188α2

xη
2L2

αu(1− λ)
+ c5

317952α2
xαuη

2L2

δ2(1− λ)

+ c9
5723136α2

xγ
2
xα

2
uη

4L2

δ3
+ c9

33048α2
xγ

2
xη

4L2

δ

+ c6
1188α2

xη
2L2

αv(1− λ)
+ c6

317952α2
xαvη

2L2

δ2(1− λ)

+ c10
5723136α2

xγ
2
yα

2
vη

4L2

δ3
+ c10

33048α2
xγ

2
yη

4L2

δ
, (58)

where the second to last step holds due to ρxη
2 < 1 and ρyη

2 < 1.

C6
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= C212α
2
yη

2 + C336α
2
yη

2L2 + C436α
2
yη

2L2

= c1
2L2

K
12α2

yη
2 + c2

2L2

K
12α2

yη
2 + c10

6

δ
12α2

yη
2 + (C33ρxη

2)2L212α2
yη

2

+ (C43ρyη
2)2L212α2

yη
2 + C336α

2
yη

2L2 + C436α
2
yη

2L2

≤ c1
2L2

K
12α2

yη
2 + c2

2L2

K
12α2

yη
2 + c10

6

δ
12α2

yη
2 + C3108α

2
yη

2L2 + C4108α
2
yη

2L2

=
48γxα

2
yηL

2

ρxK
+

4800γxα
2
yηL

4

3ρyµ2K
+ c10

72α2
yη

2

δ

+ c5
1188α2

yη
2L2

αu(1− λ)
+ c5

317952α2
yαuη

2L2

δ2(1− λ)

+ c9
5723136α2

yγ
2
xα

2
uη

4L2

δ3
+ c9

33048α2
yγ

2
xη

4L2

δ

+ c6
1188α2

yη
2L2

αv(1− λ)
+ c6

317952α2
yαvη

2L2

δ2(1− λ)

+ c10
5723136α2

yγ
2
yα

2
vη

4L2

δ3
+ c10

33048α2
yγ

2
yη

4L2

δ
, (59)

where the second to last step holds due to ρxη
2 < 1 and ρyη

2 < 1.

It can be observed that {Ci}6i=1 and {c7, c8, c11, c12} are represented by c5, c6, c9, and c10. In what follows, we further
represent {c3, c4} by c5, c6, c9, and c10. Then, after determining the value of {c5, c6, c9, c10}, we can infer the value of
{c3, c4, c7, c8, c11, c12} and {Ci}6i=1.

Specifically, to eliminate 1
KE
[
∥X̄t −Xt∥2F

]
, we enforce

2γxηL
2 + c0

25γyηL
2

3µ
− c3

αxη(1− λ)

2
+ C5 ≤ 0 . (60)

Then, we can set

c3 =
4γxL

2

αx(1− λ)
+

400γxL
4

3αxµ2(1− λ)
+ C5

2

αxη(1− λ)
. (61)

Similarly, to eliminate 1
KE
[
∥Ȳt − Yt∥2F

]
, we enforce

2γxηL
2 + c0

25γyηL
2

3µ
− c4

αyη(1− λ)

2
+ C6 ≤ 0 . (62)

Then, we can set

c4 =
4γxL

2

αy(1− λ)
+

400γxL
4

3αyµ2(1− λ)
+ C6

2

αyη(1− λ)
. (63)

By now, c3 and c4 are also represented by {c5, c6, c9, c10}. In what follows, we determine the value of {c5, c6, c9, c10}.

Specifically, to eliminate 1
KE
[
∥X̃t+1 − X̂t∥2F

]
, we enforce

c3
4αxη(1− δ)

1− λ
− c9

δ

2
+ C5

= (
4γxL

2

αx(1− λ)
+

400γxL
4

3αxµ2(1− λ)
+ C5

2

αxη(1− λ)
)
4αxη(1− δ)

1− λ
− c9

δ

2
+ C5

≤ 16γxη(1− δ)L2

(1− λ)2
+

1600γxη(1− δ)L4

3µ2(1− λ)2
− c9

δ

2
+ C5

9

(1− λ)2
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≤ 16γxηL
2

(1− λ)2
+

534γxηL
4

µ2(1− λ)2
− c9

δ

2

+
48γxα

2
xηL

2

ρxK

9

(1− λ)2
+

4800γxα
2
xηL

4

3ρyµ2K

9

(1− λ)2
+ c9

72α2
xη

2

δ

9

(1− λ)2

+ c5
1188α2

xη
2L2

αu(1− λ)

9

(1− λ)2
+ c5

317952α2
xαuη

2L2

δ2(1− λ)

9

(1− λ)2

+ c9
5723136α2

xγ
2
xα

2
uη

4L2

δ3
9

(1− λ)2
+ c9

33048α2
xγ

2
xη

4L2

δ

9

(1− λ)2

+ c6
1188α2

xη
2L2

αv(1− λ)

9

(1− λ)2
+ c6

317952α2
xαvη

2L2

δ2(1− λ)

9

(1− λ)2

+ c10
5723136α2

xγ
2
yα

2
vη

4L2

δ3
9

(1− λ)2
+ c10

33048α2
xγ

2
yη

4L2

δ

9

(1− λ)2

=
16γxηL

2

(1− λ)2
+

534γxηL
4

µ2(1− λ)2
− c9

δ

2

+
432γxα

2
xηL

2

ρx(1− λ)2K
+

14400γxα
2
xηL

4

ρyµ2(1− λ)2K
+ c9

648α2
xη

2

δ(1− λ)2

+ c5
10692α2

xη
2L2

αu(1− λ)3
+ c5

2861568α2
xαuη

2L2

δ2(1− λ)3

+ c9
51508224α2

xγ
2
xα

2
uη

4L2

δ3(1− λ)2
+ c9

297432α2
xγ

2
xη

4L2

δ(1− λ)2

+ c6
10692α2

xη
2L2

αv(1− λ)3
+ c6

2861568α2
xαvη

2L2

δ2(1− λ)3

+ c10
51508224α2

xγ
2
yα

2
vη

4L2

δ3(1− λ)2
+ c10

297432α2
xγ

2
yη

4L2

δ(1− λ)2

≤ 0 . (64)

To solve this inequality, we can set

16γxηL
2

(1− λ)2
+

534γxηL
4

µ2(1− λ)2
+

432γxα
2
xηL

2

ρx(1− λ)2K
+

14400γxα
2
xηL

4

ρyµ2(1− λ)2K
≤ c9

δ

20
, (65)

c9
648α2

xη
2

δ(1− λ)2
≤ c9

δ

20
, (66)

c9
51508224α2

xγ
2
xα

2
uη

4L2

δ3(1− λ)2
≤ c9

δ

20
, (67)

c9
297432α2

xγ
2
xη

4L2

δ(1− λ)2
≤ c9

δ

20
, (68)

c5
10692α2

xη
2L2

αu(1− λ)3
≤ c9

δ

20
, (69)

c5
2861568α2

xαuη
2L2

δ2(1− λ)3
≤ c9

δ

20
, (70)

c6
10692α2

xη
2L2

αv(1− λ)3
≤ c9

δ

20
, (71)

c6
2861568α2

xαvη
2L2

δ2(1− λ)3
≤ c9

δ

20
, (72)

c10
51508224α2

xγ
2
yα

2
vη

4L2

δ3(1− λ)2
≤ c9

δ

20
, (73)
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c10
297432α2

xγ
2
yη

4L2

δ(1− λ)2
≤ c9

δ

20
. (74)

To solve these inequalities, we will first solve Eq. (65) to obtain the value of c9 and then solve Eqs. (66-68). However, since
the value of {c5, c6, c10} is not available at this moment, we will solve Eqs. (69-74) after all values of {c5, c6, c9, c10} are
determined.

Specifically, to solve Eq. (65), we can set

c9 =
11000γxηL

4

µ2δ(1− λ)2
+

8640γxα
2
xηL

2

ρxδ(1− λ)2K
+

288000γxα
2
xηL

4

ρyµ2δ(1− λ)2K
. (75)

To solve Eq. (66) with η < 1, we can set

αx ≤ δ(1− λ)

114
. (76)

To solve Eq. (67) with αu < 1, αxη < 1 and η < 1, we can set

γx ≤ δ2(1− λ)

32097L
. (77)

To solve Eq. (68) with αxη < 1 and η < 1, we can set

γx ≤ δ(1− λ)

2439L
. (78)

Similarly, to eliminate 1
KE
[
∥Ỹt+1 − Ŷt∥2F

]
, we enforce

c4
4αyη(1− δ)

1− λ
− c10

δ

2
+ C6

≤ 16ηγx(1− δ)L2

(1− λ)2
+

534ηγx(1− δ)L4

µ2(1− λ)2
+ C6

8(1− δ)

(1− λ)2
+ C6 − c10

δ

2

≤ 16ηγxL
2

(1− λ)2
+

534ηγxL
4

µ2(1− λ)2
+ C6

9

(1− λ)2
− c10

δ

2

≤ 16ηγxL
2

(1− λ)2
+

534ηγxL
4

µ2(1− λ)2
− c10

δ

2

+
48γxα

2
yηL

2

ρxK

9

(1− λ)2
+

4800γxα
2
yηL

4

3ρyµ2K

9

(1− λ)2
+ c10

72α2
yη

2

δ

9

(1− λ)2

+ c5
1188α2

yη
2L2

αu(1− λ)

9

(1− λ)2
+ c5

317952α2
yαuη

2L2

δ2(1− λ)

9

(1− λ)2

+ c9
5723136α2

yγ
2
xα

2
uη

4L2

δ3
9

(1− λ)2
+ c9

33048α2
yγ

2
xη

4L2

δ

9

(1− λ)2

+ c6
1188α2

yη
2L2

αv(1− λ)

9

(1− λ)2
+ c6

317952α2
yαvη

2L2

δ2(1− λ)

9

(1− λ)2

+ c10
5723136α2

yγ
2
yα

2
vη

4L2

δ3
9

(1− λ)2
+ c10

33048α2
yγ

2
yη

4L2

δ

9

(1− λ)2

=
16ηγxL

2

(1− λ)2
+

534ηγxL
4

µ2(1− λ)2
− c10

δ

2

+
432γxα

2
yηL

2

ρx(1− λ)2K
+

14400γxα
2
yηL

4

ρyµ2(1− λ)2K
+ c10

648α2
yη

2

δ(1− λ)2

+ c5
10692α2

yη
2L2

αu(1− λ)3
+ c5

2861568α2
yαuη

2L2

δ2(1− λ)3
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+ c9
51508224α2

yγ
2
xα

2
uη

4L2

δ3(1− λ)2
+ c9

297432α2
yγ

2
xη

4L2

δ(1− λ)2

+ c6
10692α2

yη
2L2

αv(1− λ)3
+ c6

2861568α2
yαvη

2L2

δ2(1− λ)3

+ c10
51508224α2

yγ
2
yα

2
vη

4L2

δ3(1− λ)2
+ c10

297432α2
yγ

2
yη

4L2

δ(1− λ)2
≤ 0 . (79)

To solve this inequality, we can set

16ηγxL
2

(1− λ)2
+

534ηγxL
4

µ2(1− λ)2
+

432γxα
2
yηL

2

ρx(1− λ)2K
+

14400γxα
2
yηL

4

ρyµ2(1− λ)2K
≤ c10

δ

20
, (80)

c10
648α2

yη
2

δ(1− λ)2
≤ c10

δ

20
, (81)

c10
51508224α2

yγ
2
yα

2
vη

4L2

δ3(1− λ)2
≤ c10

δ

20
, (82)

c10
297432α2

yγ
2
yη

4L2

δ(1− λ)2
≤ c10

δ

20
, (83)

c5
10692α2

yη
2L2

αu(1− λ)3
≤ c10

δ

20
, (84)

c5
2861568α2

yαuη
2L2

δ2(1− λ)3
≤ c10

δ

20
, (85)

c9
51508224α2

yγ
2
xα

2
uη

4L2

δ3(1− λ)2
≤ c10

δ

20
, (86)

c9
297432α2

yγ
2
xη

4L2

δ(1− λ)2
≤ c10

δ

20
, (87)

c6
10692α2

yη
2L2

αv(1− λ)3
≤ c10

δ

20
, (88)

c6
2861568α2

yαvη
2L2

δ2(1− λ)3
≤ c10

δ

20
. (89)

Similarly, we first solve Eqs. (80-83). After all values of {c5, c6, c9, c10} are determined, we solve Eqs. (84-89).

Specifically, to solve Eq. (80), we can set

c10 =
11000γxηL

4

µ2δ(1− λ)2
+

8640γxα
2
yηL

2

ρxδ(1− λ)2K
+

288000γxα
2
yηL

4

ρyµ2δ(1− λ)2K
. (90)

To solve Eq. (81) with η < 1, we can set

αy ≤ δ(1− λ)

114
. (91)

To solve Eq. (82) with αv < 1, αyη < 1 and η < 1, we can set

γy ≤ δ2(1− λ)

32097L
. (92)

To solve Eq. (83) with αyη < 1 and η < 1, we can set

γy ≤ δ(1− λ)

2439L
. (93)
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Moreover, to eliminate 1
KE
[
∥Ut − Ūt∥2F

]
, we enforce

c3
3γ2

xη

αx(1− λ)
− c5

αu(1− λ)

2
+ c7

36α2
u

δ
+ c9

72γ2
xα

2
uη

2

δ
+ C5

9γ2
x

2α2
x

=
4γxL

2

αx(1− λ)

3γ2
xη

αx(1− λ)
+

400γxL
4

3αxµ2(1− λ)

3γ2
xη

αx(1− λ)
+ C5

2

αxη(1− λ)

3γ2
xη

αx(1− λ)

+ c5
64αu

δ(1− λ)

36α2
u

δ
+ c9

1152γ2
xα

2
uη

2

δ2
36α2

u

δ

− c5
αu(1− λ)

2
+ c9

72γ2
xα

2
uη

2

δ
+

9γ2
x

2α2
x

C5

≤ 12ηγ3
xL

2

α2
x(1− λ)2

+
400ηγ3

xL
4

α2
xµ

2(1− λ)2
+ C5

11γ2
x

α2
x(1− λ)2

+ c5
2304α3

u

δ2(1− λ)
+ c9

41472γ2
xα

4
uη

2

δ3

− c5
αu(1− λ)

2
+ c9

72γ2
xα

2
uη

2

δ

≤ 12ηγ3
xL

2

α2
x(1− λ)2

+
400ηγ3

xL
4

α2
xµ

2(1− λ)2

+ c5
2304α3

u

δ2(1− λ)
− c5

αu(1− λ)

2

+ c9
41472γ2

xα
4
uη

2

δ3
+ c9

72γ2
xα

2
uη

2

δ

+
48γxα

2
xηL

2

ρxK

11γ2
x

α2
x(1− λ)2

+
4800γxα

2
xηL

4

3ρyµ2K

11γ2
x

α2
x(1− λ)2

+ c9
72α2

xη
2

δ

11γ2
x

α2
x(1− λ)2

+ c5
1188α2

xη
2L2

αu(1− λ)

11γ2
x

α2
x(1− λ)2

+ c5
317952α2

xαuη
2L2

δ2(1− λ)

11γ2
x

α2
x(1− λ)2

+ c9
5723136α2

xγ
2
xα

2
uη

4L2

δ3
11γ2

x

α2
x(1− λ)2

+ c9
33048α2

xγ
2
xη

4L2

δ

11γ2
x

α2
x(1− λ)2

+ c6
1188α2

xη
2L2

αv(1− λ)

11γ2
x

α2
x(1− λ)2

+ c6
317952α2

xαvη
2L2

δ2(1− λ)

11γ2
x

α2
x(1− λ)2

+ c10
5723136α2

xγ
2
yα

2
vη

4L2

δ3
11γ2

x

α2
x(1− λ)2

+ c10
33048α2

xγ
2
yη

4L2

δ

11γ2
x

α2
x(1− λ)2

=
12ηγ3

xL
2

α2
x(1− λ)2

+
400ηγ3

xL
4

α2
xµ

2(1− λ)2

+ c5
2304α3

u

δ2(1− λ)
− c5

αu(1− λ)

2

+ c9
41472γ2

xα
4
uη

2

δ3
+ c9

72γ2
xα

2
uη

2

δ

+
528γ3

xηL
2

ρx(1− λ)2K
+

17600γ3
xηL

4

ρyµ2(1− λ)2K
+ c9

792η2γ2
x

δ(1− λ)2

+ c5
13068η2γ2

xL
2

αu(1− λ)3
+ c5

3497472αuη
2γ2

xL
2

δ2(1− λ)3

+ c9
62954496α2

uη
4γ4

xL
2

δ3(1− λ)2
+ c9

363528η4γ4
xL

2

δ(1− λ)2

+ c6
13068η2γ2

xL
2

αv(1− λ)3
+ c6

3497472αvη
2γ2

xL
2

δ2(1− λ)3

+ c10
62954496α2

vη
4γ2

xγ
2
yL

2

δ3(1− λ)2
+ c10

363528η4γ2
xγ

2
yL

2

δ(1− λ)2
. (94)
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To solve this inequality, we set

12ηγ3
xL

2

α2
x(1− λ)2

+
400ηγ3

xL
4

α2
xµ

2(1− λ)2
+

528γ3
xηL

2

ρx(1− λ)2K
+

17600γ3
xηL

4

ρyµ2(1− λ)2K
≤ c5

αu(1− λ)

30
, (95)

c5
2304α3

u

δ2(1− λ)
≤ c5

αu(1− λ)

30
, (96)

c5
13068η2γ2

xL
2

αu(1− λ)3
≤ c5

αu(1− λ)

30
, (97)

c5
3497472αuη

2γ2
xL

2

δ2(1− λ)3
≤ c5

αu(1− λ)

30
, (98)

c9
41472γ2

xα
4
uη

2

δ3
≤ c5

αu(1− λ)

30
, (99)

c9
72γ2

xα
2
uη

2

δ
≤ c5

αu(1− λ)

30
, (100)

c9
792η2γ2

x

δ(1− λ)2
≤ c5

αu(1− λ)

30
, (101)

c9
62954496α2

uη
4γ4

xL
2

δ3(1− λ)2
≤ c5

αu(1− λ)

30
, (102)

c9
363528η4γ4

xL
2

δ(1− λ)2
≤ c5

αu(1− λ)

30
, (103)

c6
13068η2γ2

xL
2

αv(1− λ)3
≤ c5

αu(1− λ)

30
, (104)

c6
3497472αvη

2γ2
xL

2

δ2(1− λ)3
≤ c5

αu(1− λ)

30
, (105)

c10
62954496α2

vη
4γ2

xγ
2
yL

2

δ3(1− λ)2
≤ c5

αu(1− λ)

30
, (106)

c10
363528η4γ2

xγ
2
yL

2

δ(1− λ)2
≤ c5

αu(1− λ)

30
. (107)

Then, we solve Eqs. (95-98) first and then solve Eqs. (99-107) after all values of {c5, c6, c9, c10} are determined.

To solve Eq. (95), we set

c5 =
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
+

15840γ3
xηL

2

αuρx(1− λ)3K
+

528000γ3
xηL

4

αuρyµ2(1− λ)3K
. (108)

To solve Eq. (96), we set

αu ≤ δ(1− λ)

263
. (109)

To solve Eq. (97) with η < 1, we set

γx ≤ αu(1− λ)2

627L
. (110)

To solve Eq. (98) with η < 1, we set

γx ≤ δ(1− λ)2

10244L
. (111)

Furthermore, to eliminate 1
KE
[
∥Vt − V̄t∥2F

]
, we enforce

c4
3γ2

yη

αy(1− λ)
− c6

αv(1− λ)

2
+ c8

36α2
v

δ
+ c10

72γ2
yα

2
vη

2

δ
+ C6

9γ2
y

2α2
y
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=
4γxL

2

αy(1− λ)

3γ2
yη

αy(1− λ)
+

400γxL
4

3αyµ2(1− λ)

3γ2
yη

αy(1− λ)
+ C6

2

αyη(1− λ)

3γ2
yη

αy(1− λ)
+

9γ2
y

2α2
y

C6

− c6
αv(1− λ)

2
+ c8

36α2
v

δ
+ c10

72γ2
yα

2
vη

2

δ

=
12ηγxγ

2
yL

2

α2
y(1− λ)2

+
400ηγxγ

2
yL

4

α2
yµ

2(1− λ)2
+ C6

6γ2
y

α2
y(1− λ)2

+
9γ2

y

2α2
y

C6

− c6
αv(1− λ)

2
+ c8

36α2
v

δ
+ c10

72γ2
yα

2
vη

2

δ

≤
12ηγxγ

2
yL

2

α2
y(1− λ)2

+
400ηγxγ

2
yL

4

α2
yµ

2(1− λ)2
+ C6

11γ2
y

α2
y(1− λ)2

− c6
αv(1− λ)

2
+ c6

64αv

δ(1− λ)

36α2
v

δ
+ c10

1152γ2
yα

2
vη

2

δ2
36α2

v

δ
+ c10

72γ2
yα

2
vη

2

δ

≤
12ηγxγ

2
yL

2

α2
y(1− λ)2

+
400ηγxγ

2
yL

4

α2
yµ

2(1− λ)2
− c6

αv(1− λ)

2
+ c6

2304α3
v(1− δ)

δ2(1− λ)

+ c10
41472γ2

yα
4
vη

2

δ3
+ c10

72γ2
yα

2
vη

2

δ

+
528γxγ

2
yηL

2

ρx(1− λ)2K
+

17600γxγ
2
yηL

4

ρyµ2(1− λ)2K
+ c10

792η2γ2
y

δ(1− λ)2

+ c5
13068η2γ2

yL
2

αu(1− λ)3
+ c5

3497472αuη
2γ2

yL
2

δ2(1− λ)3

+ c9
62954496α2

uη
4γ2

xγ
2
yL

2

δ3(1− λ)2
+ c9

363528η4γ2
xγ

2
yL

2

δ(1− λ)2

+ c6
13068η2γ2

yL
2

αv(1− λ)3
+ c6

3497472αvη
2γ2

yL
2

δ2(1− λ)3

+ c10
62954496α2

vη
4γ4

yL
2

δ3(1− λ)2
+ c10

363528η4γ4
yL

2

δ(1− λ)2

≤ 0 . (112)

To solve this inequality, we can set

12ηγxγ
2
yL

2

α2
y(1− λ)2

+
400ηγxγ

2
yL

4

α2
yµ

2(1− λ)2
+

528γxγ
2
yηL

2

ρx(1− λ)2K
+

17600γxγ
2
yηL

4

ρyµ2(1− λ)2K
≤ c6

αv(1− λ)

30
, (113)

c6
2304α3

v

δ2(1− λ)
≤ c6

αv(1− λ)

30
, (114)

c6
13068η2γ2

yL
2

αv(1− λ)3
≤ c6

αv(1− λ)

30
, (115)

c6
3497472αvη

2γ2
yL

2

δ2(1− λ)3
≤ c6

αv(1− λ)

30
, (116)

c10
41472γ2

yα
4
vη

2

δ3
≤ c6

αv(1− λ)

30
, (117)

c10
72γ2

yα
2
vη

2

δ
≤ c6

αv(1− λ)

30
, (118)

c10
792η2γ2

y

δ(1− λ)2
≤ c6

αv(1− λ)

30
, (119)

c10
62954496α2

vη
4γ4

yL
2

δ3(1− λ)2
≤ c6

αv(1− λ)

30
, (120)
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c10
363528η4γ4

yL
2

δ(1− λ)2
≤ c6

αv(1− λ)

30
, (121)

c5
13068η2γ2

yL
2

αu(1− λ)3
≤ c6

αv(1− λ)

30
, (122)

c5
3497472αuη

2γ2
yL

2

δ2(1− λ)3
≤ c6

αv(1− λ)

30
, (123)

c9
62954496α2

uη
4γ2

xγ
2
yL

2

δ3(1− λ)2
≤ c6

αv(1− λ)

30
, (124)

c9
363528η4γ2

xγ
2
yL

2

δ(1− λ)2
≤ c6

αv(1− λ)

30
. (125)

Similarly, we solve Eqs. (113-116) first and then solve Eqs. (117-125) after all values of {c5, c6, c9, c10} are determined.

Specifically, to solve Eq. (113), we can set

c6 =
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
+

15840γxγ
2
yηL

2

αvρx(1− λ)3K
+

528000γxγ
2
yηL

4

αvρyµ2(1− λ)3K
. (126)

To solve Eq. (114), we can set

αv ≤ δ(1− λ)

263
. (127)

To solve Eq. (115) with η < 1, we can set

γy ≤ αv(1− λ)2

627L
. (128)

To solve Eq. (116) with η < 1, we can set

γy ≤ δ(1− λ)2

10244L
. (129)

By now, we have determined all values of {c5, c6, c9, c10}, which are shown as follows:

c5 =
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
+

15840ηγ3
x

αu(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) ,

c6 =
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
+

15840ηγxγ
2
y

αv(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) ,

c9 =
11000ηγxL

4

µ2δ(1− λ)2
+

8640α2
xηγx

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) ,

c10 =
11000ηγxL

4

µ2δ(1− λ)2
+

8640α2
yηγx

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (130)

In what follows, we solve the left Eqs. (69-74), Eqs. (84-89), Eqs. (99-107), and Eqs. (117-125) in terms of the values of
{c5, c6, c9, c10}.

For Eq. (69), we have

c5
10692α2

xη
2L2

αu(1− λ)3
20

δ

=
2643062400η3γ3

xL
6

α2
uµ

2δ(1− λ)6
+

3387225600α2
xη

3γ3
xL

2

α2
uδ(1− λ)6

(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c9
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=
11000γxηL

4

µ2δ(1− λ)2
+

8640γxα
2
xη

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (131)

To solve this inequality, we set

2643062400η3γ3
xL

6

α2
uµ

2δ(1− λ)6
≤ 11000γxηL

4

µ2δ(1− λ)2
,

3387225600α2
xη

3γ3
xL

2

α2
uδ(1− λ)6

≤ 8640γxα
2
xη

δ(1− λ)2
. (132)

Then, due to η < 1, we can obtain

γx ≤ min

{
αu(1− λ)2

491L
,
αu(1− λ)2

627L

}
. (133)

For Eq. (70), we have

c5
2861568α2

xαuη
2L2

δ2(1− λ)3
20

δ

=
707379609600η3γ3

xL
6

µ2δ3(1− λ)6
+

906544742400α2
xη

3γ3
xL

2

δ3(1− λ)6
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c9

=
11000γxηL

4

µ2δ(1− λ)2
+

8640γxα
2
xη

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (134)

To solve this inequality, we set

707379609600η3γ3
xL

6

µ2δ3(1− λ)6
≤ 11000γxηL

4

µ2δ(1− λ)2
,

906544742400α2
xη

3γ3
xL

2

δ3(1− λ)6
≤ 8640γxα

2
xη

δ(1− λ)2
. (135)

Then, due to η < 1, we can obtain

γx ≤ δ(1− λ)2

10244L
. (136)

For Eq. (71), we have

c6
10692α2

xη
2L2

αv(1− λ)3
20

δ

=
2643062400α2

xη
3γxγ

2
yL

6

α2
vα

2
yµ

2δ(1− λ)6
+

3387225600α2
xη

3γxγ
2
yL

2

α2
vδ(1− λ)6

(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c9

=
11000γxηL

4

µ2δ(1− λ)2
+

8640γxα
2
xη

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (137)

To solve this inequality, we set

2643062400α2
xη

3γxγ
2
yL

6

α2
vα

2
yµ

2δ(1− λ)6
≤ 11000γxηL

4

µ2δ(1− λ)2
,

3387225600α2
xη

3γxγ
2
yL

2

α2
vδ(1− λ)6

≤ 8640γxα
2
xη

δ(1− λ)2
. (138)

37



On the Convergence of Decentralized Stochastic Minimax Optimization Algorithm with Compressed Communication

Then, due to η < 1 and αxη < 1, we can obtain

γy ≤ min

{
αvαy(1− λ)2

491L
,
αv(1− λ)2

627L

}
. (139)

For Eq. (72), we have

c6
2861568α2

xαvη
2L2

δ2(1− λ)3
20

δ

=
707379609600α2

xη
3γxγ

2
yL

6

α2
yµ

2δ3(1− λ)6
+

906544742400α2
xη

3γxγ
2
yL

2

δ3(1− λ)6
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c9

=
11000γxηL

4

µ2δ(1− λ)2
+

8640γxα
2
xη

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (140)

To solve this inequality, we set

707379609600α2
xη

3γxγ
2
yL

6

α2
yµ

2δ3(1− λ)6
≤ 11000γxηL

4

µ2δ(1− λ)2
,

906544742400α2
xη

3γxγ
2
yL

2

δ3(1− λ)6
≤ 8640γxα

2
xη

δ(1− λ)2
. (141)

Then, due to η < 1 and αxη < 1, we can obtain

γy ≤ min

{
αyδ(1− λ)2

8020L
,
δ(1− λ)2

10244L

}
. (142)

For Eq. (73), we have

c10
51508224α2

xγ
2
yα

2
vη

4L2

δ3(1− λ)2
20

δ

=
11331809280000α2

vα
2
xη

5γxγ
2
yL

6

µ2δ5(1− λ)4

+
8900621107200α2

vα
2
xα

2
yη

5γxγ
2
yL

2

δ5(1− λ)4
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c9

=
11000γxηL

4

µ2δ(1− λ)2
+

8640γxα
2
xη

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (143)

To solve this inequality, we set

11331809280000α2
vα

2
xη

5γxγ
2
yL

6

µ2δ5(1− λ)4
≤ 11000γxηL

4

µ2δ(1− λ)2
,

8900621107200α2
vα

2
xα

2
yη

5γxγ
2
yL

2

δ5(1− λ)4
≤ 8640γxα

2
xη

δ(1− λ)2
. (144)

Then, due to η < 1, αv < 1, αxη < 1, αyη < 1, we can obtain

γy ≤ δ2(1− λ)

32097L
. (145)

For Eq. (74), we have

c10
297432α2

xγ
2
yη

4L2

δ(1− λ)2
20

δ
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=
65435040000α2

xη
5γxγ

2
yL

6

µ2δ3(1− λ)4
+

51396249600α2
xα

2
yη

5γxγ
2
yL

2

δ3(1− λ)4
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c9

=
11000ηγxL

4

µ2δ(1− λ)2
+

8640α2
xηγx

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (146)

To solve this inequality, we set

65435040000α2
xη

5γxγ
2
yL

6

µ2δ3(1− λ)4
≤ 11000ηγxL

4

µ2δ(1− λ)2
,

51396249600α2
xα

2
yη

5γxγ
2
yL

2

δ3(1− λ)4
≤ 8640α2

xηγx
δ(1− λ)2

. (147)

Then, due to η < 1, αxη < 1 and αyη < 1, we can obtain

γy ≤ δ(1− λ)

2439L
. (148)

For Eq. (84), we have

c5
10692α2

yη
2L2

αu(1− λ)3
20

δ

=
2643062400α2

yη
3γ3

xL
6

α2
uα

2
xµ

2δ(1− λ)6
+

3387225600α2
yη

3γ3
xL

2

α2
uδ(1− λ)6

(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c10

=
11000ηγxL

4

µ2δ(1− λ)2
+

8640α2
yηγx

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (149)

To solve this inequality, we set

2643062400α2
yη

3γ3
xL

6

α2
uα

2
xµ

2δ(1− λ)6
≤ 11000ηγxL

4

µ2δ(1− λ)2
,

3387225600α2
yη

3γ3
xL

2

α2
uδ(1− λ)6

≤
8640α2

yηγx

δ(1− λ)2
. (150)

Then, due to η < 1 and αyη < 1, we can obtain

γx ≤ min

{
αuαx(1− λ)2

491L
,
αu(1− λ)2

627L

}
. (151)

For Eq. (85), we have

c5
2861568α2

yαuη
2L2

δ2(1− λ)3
20

δ

=
707379609600α2

yη
3γ3

xL
6

α2
xµ

2δ3(1− λ)6
+

906544742400α2
yη

3γ3
xL

2

δ3(1− λ)6
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c10

=
11000ηγxL

4

µ2δ(1− λ)2
+

8640α2
yηγx

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (152)

To solve this inequality, we set

707379609600α2
yη

3γ3
xL

6

α2
xµ

2δ3(1− λ)6
≤ 11000ηγxL

4

µ2δ(1− λ)2
,

39



On the Convergence of Decentralized Stochastic Minimax Optimization Algorithm with Compressed Communication

906544742400α2
yη

3γ3
xL

2

δ3(1− λ)6
≤

8640α2
yηγx

δ(1− λ)2
. (153)

Then, due to η < 1 and αyη < 1, we can obtain

γx ≤ min

{
αxδ(1− λ)2

8020L
,
δ(1− λ)2

10244L

}
. (154)

For Eq. (86), we have

c9
51508224α2

yγ
2
xα

2
uη

4L2

δ3(1− λ)2
20

δ

=
11331809280000α2

uα
2
yη

5γ3
xL

6

µ2δ5(1− λ)4
+

8900621107200α2
uα

2
xα

2
yη

5γ3
xL

2

δ5(1− λ)4
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c10

=
11000ηγxL

4

µ2δ(1− λ)2
+

8640α2
yηγx

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (155)

To solve this inequality, we set

11331809280000α2
uα

2
yη

5γ3
xL

6

µ2δ5(1− λ)4
≤ 11000ηγxL

4

µ2δ(1− λ)2
,

8900621107200α2
uα

2
xα

2
yη

5γ3
xL

2

δ5(1− λ)4
≤

8640α2
yηγx

δ(1− λ)2
. (156)

Then, due to η < 1, αu < 1, αxη < 1 and αyη < 1, we can obtain

γx ≤ δ2(1− λ)

32097L
. (157)

For Eq. (87), we have

c9
297432α2

yγ
2
xη

4L2

δ(1− λ)2
20

δ

=
65435040000α2

yη
5γ3

xL
6

µ2δ3(1− λ)4
+

51396249600α2
xα

2
yη

5γ3
xL

2

δ3(1− λ)4
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c10

=
11000ηγxL

4

µ2δ(1− λ)2
+

8640α2
yηγx

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (158)

To solve this inequality, we set

65435040000α2
yη

5γ3
xL

6

µ2δ3(1− λ)4
≤ 11000ηγxL

4

µ2δ(1− λ)2
,

51396249600α2
xα

2
yη

5γ3
xL

2

δ3(1− λ)4
≤

8640α2
yηγx

δ(1− λ)2
. (159)

Then, due to η < 1, αxη < 1 and αyη < 1, we can obtain

γx ≤ δ(1− λ)

2439L
. (160)

For Eq. (88), we have

c6
10692α2

yη
2L2

αv(1− λ)3
20

δ
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=
2643062400η3γxγ

2
yL

6

α2
vµ

2δ(1− λ)6
+

3387225600α2
yη

3γxγ
2
yL

2

α2
vδ(1− λ)6

(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c10

=
11000ηγxL

4

µ2δ(1− λ)2
+

8640α2
yηγx

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (161)

To solve this inequality, we set

2643062400η3γxγ
2
yL

6

α2
vµ

2δ(1− λ)6
≤ 11000ηγxL

4

µ2δ(1− λ)2
,

3387225600α2
yη

3γxγ
2
yL

2

α2
vδ(1− λ)6

≤
8640α2

yηγx

δ(1− λ)2
. (162)

Then, due to η < 1, we can obtain

γy ≤ min

{
αv(1− λ)2

491L
,
αv(1− λ)2

627L

}
. (163)

For Eq. (89), we have

c6
2861568α2

yαvη
2L2

δ2(1− λ)3
20

δ

=
707379609600η3γxγ

2
yL

6

µ2δ3(1− λ)6
+

906544742400α2
yη

3γxγ
2
yL

2

δ3(1− λ)6
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c10

=
11000ηγxL

4

µ2δ(1− λ)2
+

8640α2
yηγx

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) . (164)

To solve this inequality, we set

707379609600η3γxγ
2
yL

6

µ2δ3(1− λ)6
≤ 11000ηγxL

4

µ2δ(1− λ)2
,

906544742400α2
yη

3γxγ
2
yL

2

δ3(1− λ)6
≤

8640α2
yηγx

δ(1− λ)2
. (165)

Then, due to η < 1, we can obtain

γy ≤ δ(1− λ)2

10244L
. (166)

For Eq. (99), we have

c9
41472γ2

xα
4
uη

2

δ3
30

αu(1− λ)

=
13685760000α3

uη
3γ3

xL
4

µ2δ4(1− λ)3
+

10749542400α3
uα

2
xη

3γ3
x

δ4(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c5

=
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
+

15840ηγ3
x

αu(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (167)

To solve this inequality, we set

13685760000α3
uη

3γ3
xL

4

µ2δ4(1− λ)3
≤ 12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
,
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10749542400α3
uα

2
xη

3γ3
x

δ4(1− λ)3
≤ 15840ηγ3

x

αu(1− λ)3
. (168)

Then, due to η < 1 and αu < 1, we can obtain

αx ≤ δ2

1053
. (169)

For Eq. (100), we have

c9
72γ2

xα
2
uη

2

δ

30

αu(1− λ)

=
23760000αuη

3γ3
xL

4

µ2δ2(1− λ)3
+

18662400αuα
2
xη

3γ3
x

δ2(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c5

=
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
+

15840ηγ3
x

αu(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (170)

To solve this inequality, we set

23760000αuη
3γ3

xL
4

µ2δ2(1− λ)3
≤ 12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
,

18662400αuα
2
xη

3γ3
x

δ2(1− λ)3
≤ 15840ηγ3

x

αu(1− λ)3
. (171)

Then, due to αu < 1 and η < 1, we can obtain

αx ≤ δ

44
. (172)

For Eq. (101), we have

c9
792η2γ2

x

δ(1− λ)2
30

αu(1− λ)

=
261360000η3γ3

xL
4

αuµ2δ2(1− λ)5
+

205286400α2
xη

3γ3
x

αuδ2(1− λ)5
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c5

=
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
+

15840ηγ3
x

αu(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (173)

To solve this inequality, we set

261360000η3γ3
xL

4

αuµ2δ2(1− λ)5
≤ 12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
,

205286400α2
xη

3γ3
x

αuδ2(1− λ)5
≤ 15840ηγ3

x

αu(1− λ)3
. (174)

Then, due to η < 1, we can obtain

αx ≤ δ(1− λ)

146
. (175)

For Eq. (102), we have

c9
62954496α2

uη
4γ4

xL
2

δ3(1− λ)2
30

αu(1− λ)
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=
20774983680000αuη

5γ5
xL

6

µ2δ4(1− λ)5
+

16317805363200αuα
2
xη

5γ5
xL

2

δ4(1− λ)5
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c5

=
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
+

15840ηγ3
x

αu(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (176)

To solve this inequality, we set

20774983680000αuη
5γ5

xL
6

µ2δ4(1− λ)5
≤ 12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
,

16317805363200αuα
2
xη

5γ5
xL

2

δ4(1− λ)5
≤ 15840ηγ3

x

αu(1− λ)3
. (177)

Then, due to η < 1, αu < 1 and αxη < 1, we can obtain

γx ≤ δ2(1− λ)

40998L
. (178)

For Eq. (103), we have

c9
363528η4γ4

xL
2

δ(1− λ)2
30

αu(1− λ)

=
119964240000η5γ5

xL
6

αuµ2δ2(1− λ)5
+

94226457600α2
xη

5γ5
xL

2

αuδ2(1− λ)5
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c5

=
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
+

15840ηγ3
x

αu(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (179)

To solve this inequality, we set

119964240000η5γ5
xL

6

αuµ2δ2(1− λ)5
≤ 12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3

94226457600α2
xη

5γ5
xL

2

αuδ2(1− λ)5
≤ 15840ηγ3

x

αu(1− λ)3
. (180)

Then, due to η < 1 and αxη < 1, we can obtain

γx ≤ δ(1− λ)

3116L
. (181)

For Eq. (104), we have

c6
13068η2γ2

xL
2

αv(1− λ)3
30

αu(1− λ)

=
4845614400η3γ3

xγ
2
yL

6

αuα2
vα

2
yµ

2(1− λ)7
+

6209913600η3γ3
xγ

2
yL

2

αuα2
v(1− λ)7

(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c5

=
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
+

15840ηγ3
x

αu(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (182)

To solve this inequality, we set

4845614400η3γ3
xγ

2
yL

6

αuα2
vα

2
yµ

2(1− λ)7
≤ 12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
,
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6209913600η3γ3
xγ

2
yL

2

αuα2
v(1− λ)7

≤ 15840ηγ3
x

αu(1− λ)3
. (183)

Then, due to η < 1 and αxη < 1, we can obtain

γy ≤ min

{
αvαy(1− λ)2

627L
,
αv(1− λ)2

627L

}
. (184)

For Eq. (105), we have

c6
3497472αvη

2γ2
xL

2

δ2(1− λ)3
30

αu(1− λ)

=
1296862617600η3γ3

xγ
2
yL

6

αuα2
yµ

2δ2(1− λ)7
+

1661998694400η3γ3
xγ

2
yL

2

αuδ2(1− λ)7
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c5

=
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
+

15840ηγ3
x

αu(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (185)

To solve this inequality, we set

1296862617600η3γ3
xγ

2
yL

6

αuα2
yµ

2δ2(1− λ)7
≤ 12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
,

1661998694400η3γ3
xγ

2
yL

2

αuδ2(1− λ)7
≤ 15840ηγ3

x

αu(1− λ)3
. (186)

Then, due to η < 1 and αxη < 1, we can obtain

γy ≤ min

{
αyδ(1− λ)2

10244L
,
δ(1− λ)2

10244L

}
. (187)

For Eq. (106), we have

c10
62954496α2

vη
4γ2

xγ
2
yL

2

δ3(1− λ)2
30

αu(1− λ)

=
20774983680000α2

vη
5γ3

xγ
2
yL

6

αuµ2δ4(1− λ)5
+

16317805363200α2
vα

2
yη

5γ3
xγ

2
yL

2

αuδ4(1− λ)5
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c5

=
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
+

15840ηγ3
x

αu(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (188)

To solve this inequality, we set

20774983680000α2
vη

5γ3
xγ

2
yL

6

αuµ2δ4(1− λ)5
≤ 12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
,

16317805363200α2
vα

2
yη

5γ3
xγ

2
yL

2

αuδ4(1− λ)5
≤ 15840ηγ3

x

αu(1− λ)3
. (189)

Then, due to η < 1, αv < 1, αxη < 1 and αyη < 1, we can obtain

γy ≤ δ2(1− λ)

40998L
. (190)

For Eq. (107), we have

c10
363528η4γ2

xγ
2
yL

2

δ(1− λ)2
30

αu(1− λ)
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=
119964240000η5γ3

xγ
2
yL

6

αuµ2δ2(1− λ)5
+

94226457600α2
yη

5γ3
xγ

2
yL

2

αuδ2(1− λ)5
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c5

=
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
+

15840ηγ3
x

αu(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (191)

To solve this inequality, we set

119964240000η5γ3
xγ

2
yL

6

αuµ2δ2(1− λ)5
≤ 12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
,

94226457600α2
yη

5γ3
xγ

2
yL

2

αuδ2(1− λ)5
≤ 15840ηγ3

x

αu(1− λ)3
. (192)

Then, due to η < 1, αxη < 1 and αyη < 1, we can obtain

γy ≤ δ(1− λ)

3116L
. (193)

For Eq. (117), we have

c10
41472γ2

yα
4
vη

2

δ3
30

αv(1− λ)

=
13685760000α3

vη
3γxγ

2
yL

4

µ2δ4(1− λ)3
+

10749542400α3
vα

2
yη

3γxγ
2
y

δ4(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c6

=
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
+

15840ηγxγ
2
y

αv(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (194)

To solve this inequality, we set

13685760000α3
vη

3γxγ
2
yL

4

µ2δ4(1− λ)3
≤

12360ηγxγ
2
yL

4

αvα2
yµ

2(1− λ)3
,

10749542400α3
vα

2
yη

3γxγ
2
y

δ4(1− λ)3
≤

15840ηγxγ
2
y

αv(1− λ)3
. (195)

Then, due to η < 1 and αv < 1, we can obtain

αy ≤ δ2

1053
. (196)

For Eq. (118), we have

c10
72γ2

yα
2
vη

2

δ

30

αv(1− λ)

=
23760000αvη

3γxγ
2
yL

4

µ2δ2(1− λ)3
+

18662400αvα
2
yη

3γxγ
2
y

δ2(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c6

=
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
+

15840ηγxγ
2
y

αv(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (197)

To solve this inequality, we set

23760000αvη
3γxγ

2
yL

4

µ2δ2(1− λ)3
≤

12360ηγxγ
2
yL

4

αvα2
yµ

2(1− λ)3
,
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18662400αvα
2
yη

3γxγ
2
y

δ2(1− λ)3
≤

15840ηγxγ
2
y

αv(1− λ)3
. (198)

Then, due to η < 1 and αv < 1, we can obtain

αy ≤ δ

44
. (199)

For Eq. (119), we have

c10
792η2γ2

y

δ(1− λ)2
30

αv(1− λ)

=
261360000η3γxγ

2
yL

4

αvµ2δ2(1− λ)5
+

205286400α2
yη

3γxγ
2
y

αvδ2(1− λ)5
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c6

=
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
+

15840ηγxγ
2
y

αv(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (200)

To solve this inequality, we set

261360000η3γxγ
2
yL

4

αvµ2δ2(1− λ)5
≤

12360ηγxγ
2
yL

4

αvα2
yµ

2(1− λ)3
,

205286400α2
yη

3γxγ
2
y

αvδ2(1− λ)5
≤

15840ηγxγ
2
y

αv(1− λ)3
. (201)

Then, due to η < 1, we can obtain

αy ≤ δ(1− λ)

146
. (202)

For Eq. (120), we have

c10
62954496α2

vη
4γ4

yL
2

δ3(1− λ)2
30

αv(1− λ)

=
20774983680000αvη

5γxγ
4
yL

6

µ2δ4(1− λ)5
+

16317805363200αvα
2
yη

5γxγ
4
yL

2

δ4(1− λ)5
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c6

=
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
+

15840ηγxγ
2
y

αv(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (203)

To solve this inequality, we set

20774983680000αvη
5γxγ

4
yL

6

µ2δ4(1− λ)5
≤

12360ηγxγ
2
yL

4

αvα2
yµ

2(1− λ)3
,

16317805363200αvα
2
yη

5γxγ
4
yL

2

δ4(1− λ)5
≤

15840ηγxγ
2
y

αv(1− λ)3
. (204)

Then, due to η < 1, αv < 1, and αyη < 1, we can obtain

γy ≤ δ2(1− λ)

40998L
. (205)

For Eq. (121), we have

c10
363528η4γ4

yL
2

δ(1− λ)2
30

αv(1− λ)
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=
119964240000η5γxγ

4
yL

6

αvµ2δ2(1− λ)5
+

94226457600α2
yη

5γxγ
4
yL

2

αvδ2(1− λ)5
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c6

=
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
+

15840ηγxγ
2
y

αv(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (206)

To solve this inequality, we set

119964240000η5γxγ
4
yL

6

αvµ2δ2(1− λ)5
≤

12360ηγxγ
2
yL

4

αvα2
yµ

2(1− λ)3
,

94226457600α2
yη

5γxγ
4
yL

2

αvδ2(1− λ)5
≤

15840ηγxγ
2
y

αv(1− λ)3
. (207)

Then, due to η < 1 and αyη < 1, we can obtain

γy ≤ δ(1− λ)

3116L
. (208)

For Eq. (122), we have

c5
13068η2γ2

yL
2

αu(1− λ)3
30

αv(1− λ)

=
4845614400η3γ3

xγ
2
yL

6

α2
uαvα2

xµ
2(1− λ)7

+
6209913600η3γ3

xγ
2
yL

2

α2
uαv(1− λ)7

(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c6

=
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
+

15840ηγxγ
2
y

αv(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (209)

To solve this inequality, we set

4845614400η3γ3
xγ

2
yL

6

α2
uαvα2

xµ
2(1− λ)7

≤
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
,

6209913600η3γ3
xγ

2
yL

2

α2
uαv(1− λ)7

≤
15840ηγxγ

2
y

αv(1− λ)3
. (210)

Then, due to η < 1 and αyη < 1, we can obtain

γx ≤ min

{
αuαx(1− λ)2

627L
,
αu(1− λ)2

627L

}
. (211)

For Eq. (123), we have

c5
3497472αuη

2γ2
y(1− δ)L2

δ2(1− λ)3
30

αv(1− λ)

=
1296862617600η3γ3

xγ
2
yL

6

αvα2
xµ

2δ2(1− λ)7
+

1661998694400η3γ3
xγ

2
yL

2

αvδ2(1− λ)7
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c6

=
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
+

15840ηγxγ
2
y

αv(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (212)

To solve this inequality, we set

1296862617600η3γ3
xγ

2
yL

6

αvα2
xµ

2δ2(1− λ)7
≤

12360ηγxγ
2
yL

4

αvα2
yµ

2(1− λ)3
,
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1661998694400η3γ3
xγ

2
yL

2

αvδ2(1− λ)7
≤

15840ηγxγ
2
y

αv(1− λ)3
. (213)

Then, due to η < 1 and αyη < 1, we can obtain

γx ≤ min

{
αxδ(1− λ)2

10244L
,
δ(1− λ)2

10244L

}
. (214)

For Eq. (124), we have

c9
62954496α2

uη
4γ2

xγ
2
yL

2

δ3(1− λ)2
30

αv(1− λ)

=
20774983680000α2

uη
5γ3

xγ
2
yL

6

αvµ2δ4(1− λ)5
+

16317805363200α2
uα

2
xη

5γ3
xγ

2
yL

2

αvδ4(1− λ)5
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c6

=
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
+

15840ηγxγ
2
y

αv(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (215)

To solve this inequality, we set

20774983680000α2
uη

5γ3
xγ

2
yL

6

αvµ2δ4(1− λ)5
≤

12360ηγxγ
2
yL

4

αvα2
yµ

2(1− λ)3
,

16317805363200α2
uα

2
xη

5γ3
xγ

2
yL

2

αvδ4(1− λ)5
≤

15840ηγxγ
2
y

αv(1− λ)3
. (216)

Then, due to η < 1, αu < 1, αxη < 1, and αyη < 1, we can obtain

γx ≤ δ2(1− λ)

40998L
. (217)

For Eq. (125), we have

c9
363528η4γ2

xγ
2
yL

2

δ(1− λ)2
30

αv(1− λ)

=
119964240000η5γ3

xγ
2
yL

6

αvµ2δ2(1− λ)5
+

94226457600α2
xη

5γ3
xγ

2
yL

2

αvδ2(1− λ)5
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ c6

=
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
+

15840ηγxγ
2
y

αv(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) . (218)

To solve this inequality, we set

119964240000η5γ3
xγ

2
yL

6

αvµ2δ2(1− λ)5
≤

12360ηγxγ
2
yL

4

αvα2
yµ

2(1− λ)3
,

94226457600α2
xη

5γ3
xγ

2
yL

2

αvδ2(1− λ)5
≤

15840ηγxγ
2
y

αv(1− λ)3
. (219)

Then, due to η < 1, αxη < 1, and αyη < 1, we can obtain

γx ≤ δ(1− λ)

3116L
. (220)

By now, all Eqs. (69-74), Eqs. (84-89), Eqs. (99-107), and Eqs. (117-125) have been solved in terms of the values of
{c5, c6, c9, c10}. In what follows, we eliminate E

[
∥ḡt∥2

]
and E

[
∥h̄t∥2

]
.
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To eliminate E
[
∥ḡt∥2

]
, we enforce

− γxη

4
+ c0

25ηγ2
xL

2

6γyµ3
+ C5

9γ2
x

2α2
x

≤ −γxη

4
+

200ηγ3
xL

4

6γ2
yµ

4

+
216γ3

xηL
2

ρxK
+

21600γ3
xηL

4

3ρyµ2K
+ c9

324γ2
xη

2

δ
+ c9

25754112γ4
xα

2
uη

4L2

δ3
+ c9

148716γ4
xη

4L2

δ

+ c5
5346γ2

xη
2L2

αu(1− λ)
+ c5

1430784γ2
xαuη

2L2

δ2(1− λ)

+ c6
5346γ2

xη
2L2

αv(1− λ)
+ c6

1430784γ2
xαvη

2L2

δ2(1− λ)

+ c10
25754112γ2

xγ
2
yα

2
vη

4L2

δ3
+ c10

148716γ2
xγ

2
yη

4L2

δ
≤ 0 . (221)

To solve this inequality, we set

200ηγ3
xL

4

6γ2
yµ

4
≤ γxη

60
, (222)

216γ3
xηL

2

ρxK
≤ γxη

60
, (223)

21600γ3
xηL

4

3ρyµ2K
≤ γxη

60
, (224)

c9
324γ2

xη
2

δ
≤ γxη

60
, (225)

c9
25754112γ4

xα
2
uη

4L2

δ3
≤ γxη

60
, (226)

c9
148716γ4

xη
4L2

δ
≤ γxη

60
, (227)

c5
5346γ2

xη
2L2

αu(1− λ)
≤ γxη

60
, (228)

c5
1430784γ2

xαuη
2L2

δ2(1− λ)
≤ γxη

60
, (229)

c6
5346γ2

xη
2L2

αv(1− λ)
≤ γxη

60
, (230)

c6
1430784γ2

xαvη
2L2

δ2(1− λ)
≤ γxη

60
, (231)

c10
25754112γ2

xγ
2
yα

2
vη

4L2

δ3
≤ γxη

60
, (232)

c10
148716γ2

xγ
2
yη

4L2

δ
≤ γxη

60
. (233)

For Eq. (222), we can obtain

γx ≤ γyµ
2

45L2
. (234)

For Eq. (223), we can obtain

γx ≤
√
ρxK

114L
. (235)
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For Eq. (224), we can obtain

γx ≤
√

ρyKµ

658L2
. (236)

For Eq. (225), we have

c9
324γ2

xη
2

δ

=
11000ηγxL

4

µ2δ(1− λ)2
324γ2

xη
2

δ
+

8640α2
xηγx

δ(1− λ)2
324γ2

xη
2

δ
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ γxη

60
. (237)

To solve this inequality, we set

11000ηγxL
4

µ2δ(1− λ)2
324γ2

xη
2

δ
≤ γxη

180
,

8640α2
xηγx

δ(1− λ)2
324γ2

xη
2

δ

L2

ρxK
≤ γxη

180
,

8640α2
xηγx

δ(1− λ)2
324γ2

xη
2

δ

100L4

3ρyµ2K
≤ γxη

180
. (238)

Then, due to η < 1 and αxη < 1, we can obtain

γx ≤

{
µδ(1− λ)

25329L2
,

√
ρxKδ(1− λ)

22448L
,

√
ρyKµδ(1− λ)

129600L2

}
. (239)

For Eq. (226), we have

c9
25754112γ4

xα
2
uη

4L2

δ3

=
11000 ∗ 25754112α2

uη
5γ5

xL
6

µ2δ4(1− λ)2
+

8640 ∗ 25754112α2
uα

2
xη

5γ5
xL

4

ρxδ4(1− λ)2K

+
8640 ∗ 25754112 ∗ 100α2

uα
2
xη

5γ5
xL

6

3ρyµ2δ4(1− λ)2K

≤ γxη

60
. (240)

To solve this inequality, we set

11000 ∗ 25754112α2
uη

5γ5
xL

6

µ2δ4(1− λ)2
≤ γxη

180
,

8640 ∗ 25754112α2
uα

2
xη

5γ5
xL

4

ρxδ4(1− λ)2K
≤ γxη

180
,

8640 ∗ 25754112 ∗ 100α2
uα

2
xη

5γ5
xL

6

3ρyµ2δ4(1− λ)2K
≤ γxη

180
. (241)

Then, due to η < 1, αu < 1, and αxη < 1, we can obtain

γx ≤

{
ρ

1
4
y µ

1
2 δ(1− λ)

1
2K

1
4

6045L
3
2

,
ρ

1
4
x δ(1− λ)

1
2K

1
4

2516L
,
µ

1
2 δ(1− λ)

1
2

2673L
3
2

}
. (242)
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For Eq. (227), we have

c9
148716γ4

xη
4L2

δ

=
11000 ∗ 148716η5γ5

xL
6

µ2δ2(1− λ)2
+

8640 ∗ 148716α2
xη

5γ5
xL

4

ρxδ2(1− λ)2K

+
8640 ∗ 148716 ∗ 100α2

xη
5γ5

xL
6

3ρyµ2δ2(1− λ)2K

≤ γxη

60
. (243)

To solve this inequality, we set

11000 ∗ 148716η5γ5
xL

6

µ2δ2(1− λ)2
≤ γxη

180
,

8640 ∗ 148716α2
xη

5γ5
xL

4

ρxδ2(1− λ)2K
≤ γxη

180
,

8640 ∗ 148716 ∗ 100α2
xη

5γ5
xL

6

3ρyµ2δ2(1− λ)2K
≤ γxη

180
. (244)

Then, due to η < 1 and αxη < 1, we can obtain

γx ≤

{
µ

1
2 δ

1
2 (1− λ)

1
2

737L
3
2

,
ρ

1
4
x δ

1
2 (1− λ)

1
2K

1
4

694L
,
ρ

1
4
y µ

1
2 δ

1
2 (1− λ)

1
2K

1
4

1667L
3
2

}
. (245)

For Eq. (228), we have

c5
5346γ2

xη
2L2

αu(1− λ)

=
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
5346γ2

xη
2L2

αu(1− λ)
+

15840ηγ3
x

αu(1− λ)3
5346γ2

xη
2L2

αu(1− λ)
(
L2

ρxK
+

100L4

3ρyµ2K
)

≤ γxη

60
. (246)

To solve this inequality, we set

12360ηγ3
xL

4

αuα2
xµ

2(1− λ)3
5346γ2

xη
2L2

αu(1− λ)
≤ γxη

180
,

15840ηγ3
x

αu(1− λ)3
5346γ2

xη
2L2

αu(1− λ)

L2

ρxK
≤ γxη

180
,

15840ηγ3
x

αu(1− λ)3
5346γ2

xη
2L2

αu(1− λ)

100L4

3ρyµ2K
≤ γxη

180
. (247)

Then, due to η < 1, we can obtain

γx ≤

{
α

1
2
uα

1
2
xµ

1
2 (1− λ)

331L
3
2

,
α

1
2
u (1− λ)ρ

1
4
xK

1
4

352L
,
α

1
2
u ρ

1
4
y µ

1
2 (1− λ)K

1
4

845L
3
2

}
. (248)

For Eq. (229), we have

c5
5346γ2

xη
2L2

αu(1− λ)

=
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
5346γ2

xη
2L2

αu(1− λ)
+

15840ηγ3
x

αu(1− λ)3
5346γ2

xη
2L2

αu(1− λ)
(
L2

ρxK
+

100L4

3ρyµ2K
)
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≤ γxη

60
. (249)

To solve this inequality, we set

12360ηγ3
xL

4

αuα2
xµ

2(1− λ)3
5346γ2

xη
2L2

αu(1− λ)
≤ γxη

180
,

15840ηγ3
x

αu(1− λ)3
5346γ2

xη
2L2

αu(1− λ)

L2

ρxK
≤ γxη

180
,

15840ηγ3
x

αu(1− λ)3
5346γ2

xη
2L2

αu(1− λ)

100L4

3ρyµ2K
≤ γxη

180
. (250)

Then, due to η < 1, we can obtain

γx ≤

{
α

1
2
uα

1
2
xµ

1
2 (1− λ)

331L
3
2

,
α

1
2
u (1− λ)ρ

1
4
xK

1
4

352L
,
α

1
2
u ρ

1
4
y µ

1
2 (1− λ)K

1
4

845L
3
2

}
. (251)

For Eq. (230), we have

c6
5346γ2

xη
2L2

αv(1− λ)

=
12360 ∗ 5346η3γ3

xγ
2
yL

6

α2
vα

2
yµ

2(1− λ)4
+

15840 ∗ 5346η3γ3
xγ

2
yL

4

α2
vρx(1− λ)4K

+
15840 ∗ 5346 ∗ 100η3γ3

xγ
2
yL

6

3α2
vρyµ

2(1− λ)4K

≤ γxη

60
. (252)

To solve this inequality, we set

12360 ∗ 5346η3γ3
xγ

2
yL

6

α2
vα

2
yµ

2(1− λ)4
≤ γxη

180
,

15840 ∗ 5346η3γ3
xγ

2
yL

4

α2
vρx(1− λ)4K

≤ γxη

180
,

15840 ∗ 5346 ∗ 100η3γ3
xγ

2
yL

6

3α2
vρyµ

2(1− λ)4K
≤ γxη

180
. (253)

Then, due to γx < (1−λ)
L and η < 1, we can obtain

γy ≤

{
αvαyµ(1− λ)

109059L2
,
αvρ

1
2
x (1− λ)K

1
2

123461L
,
αvρ

1
2
y µ(1− λ)K

1
2

712800L2

}
. (254)

For Eq. (231), we have

c6
1430784γ2

xαvη
2L2

δ2(1− λ)

=
12360 ∗ 1430784η3γ3

xγ
2
yL

6

α2
yµ

2δ2(1− λ)4
+

15840 ∗ 1430784η3γ3
xγ

2
yL

4

ρxδ2(1− λ)4K

+
15840 ∗ 1430784 ∗ 100η3γ3

xγ
2
yL

6

3ρyµ2δ2(1− λ)4K

≤ γxη

60
. (255)

To solve this inequality, we set

12360 ∗ 1430784η3γ3
xγ

2
yL

6

α2
yµ

2δ2(1− λ)4
≤ γxη

180
,
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15840 ∗ 1430784η3γ3
xγ

2
yL

4

ρxδ2(1− λ)4K
≤ γxη

180
,

15840 ∗ 1430784 ∗ 100η3γ3
xγ

2
yL

6

3ρyµ2δ2(1− λ)4K
≤ γxη

180
. (256)

Then, due to η < 1 and γx < (1−λ)
L , we can obtain

γy ≤

{
αyµδ(1− λ)

1784155L2
,
ρ

1
2
x δ(1− λ)K

1
2

2019766L
,
ρ

1
2
y µδ(1− λ)K

1
2

11661120L2

}
. (257)

For Eq. (232), we have

c10
25754112γ2

xγ
2
yα

2
vη

4L2

δ3

=
11000 ∗ 25754112α2

vη
5γ3

xγ
2
yL

6

µ2δ4(1− λ)2
+

8640 ∗ 25754112α2
vα

2
yη

5γ3
xγ

2
yL

4

ρxδ4(1− λ)2K

+
8640 ∗ 25754112 ∗ 100α2

vα
2
yη

5γ3
xγ

2
yL

6

3ρyµ2δ4(1− λ)2K

≤ γxη

60
. (258)

To solve this inequality, we set

11000 ∗ 25754112α2
vη

5γ3
xγ

2
yL

6

µ2δ4(1− λ)2
≤ γxη

180
,

8640 ∗ 25754112α2
vα

2
yη

5γ3
xγ

2
yL

4

ρxδ4(1− λ)2K
≤ γxη

180
,

8640 ∗ 25754112 ∗ 100α2
vα

2
yη

5γ3
xγ

2
yL

6

3ρyµ2δ4(1− λ)2K
≤ γxη

180
. (259)

Then, due to η < 1, αv < 1, γx < (1−λ)
L and αyη < 1, we can obtain

γy ≤

{
µδ2

7140949L2
,
ρ

1
2
x δ2K

1
2

6328728L
,

ρ
1
2
y µδ2K

1
2

36538927L2

}
. (260)

For Eq. (233), we have

c10
148716γ2

xγ
2
yη

4L2

δ

=
11000 ∗ 148716η5γ3

xγ
2
yL

6

µ2δ2(1− λ)2
+

8640 ∗ 148716α2
yη

5γ3
xγ

2
yL

4

ρxδ2(1− λ)2K

+
8640 ∗ 148716 ∗ 100α2

yη
5γ3

xγ
2
yL

6

3ρyµ2δ2(1− λ)2K

≤ γxη

60
. (261)

To solve this inequality, we set

11000 ∗ 148716η5γ3
xγ

2
yL

6

µ2δ2(1− λ)2
≤ γxη

180
,

8640 ∗ 148716α2
yη

5γ3
xγ

2
yL

4

ρxδ2(1− λ)2K
≤ γxη

180
,
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8640 ∗ 148716 ∗ 100α2
yη

5γ3
xγ

2
yL

6

3ρyµ2δ2(1− λ)2K
≤ γxη

180
. (262)

Then, due to η < 1, γx < (1−λ)
L and αyη < 1, we can obtain

γy ≤

{
µδ

542640L2
,
ρ

1
2
x δK

1
2

480920L
,
ρ

1
2
y µδK

1
2

2776588L2

}
. (263)

To eliminate E
[
∥h̄t∥2

]
, we enforce

− c0
3ηγ2

y

4
+ C6

9γ2
y

2α2
y

≤ −6ηγxγyL
2

µ
+

216γxγ
2
yηL

2

ρxK
+

21600γxγ
2
yηL

4

3ρyµ2K

+ c10
324γ2

yη
2

δ
+ c10

25754112γ4
yα

2
vη

4L2

δ3
+ c10

148716γ4
yη

4L2

δ

+ c5
5346γ2

yη
2L2

αu(1− λ)
+ c5

1430784γ2
yαuη

2L2

δ2(1− λ)

+ c9
25754112γ2

yγ
2
xα

2
uη

4L2

δ3
+ c9

148716γ2
yγ

2
xη

4L2

δ

+ c6
5346γ2

yη
2L2

αv(1− λ)
+ c6

1430784γ2
yαvη

2L2

δ2(1− λ)

≤ 0 . (264)

To solve this inequality, we set

216γxγ
2
yηL

2

ρxK
≤ ηγxγyL

2

2µ
, (265)

21600γxγ
2
yηL

4

3ρyµ2K
≤ ηγxγyL

2

2µ
, (266)

c10
324γ2

yη
2

δ
≤ ηγxγyL

2

2µ
, (267)

c10
25754112γ4

yα
2
vη

4L2

δ3
≤ ηγxγyL

2

2µ
, (268)

c10
148716γ4

yη
4L2

δ
≤ ηγxγyL

2

2µ
, (269)

c5
5346γ2

yη
2L2

αu(1− λ)
≤ ηγxγyL

2

2µ
, (270)

c5
1430784γ2

yαuη
2L2

δ2(1− λ)
≤ ηγxγyL

2

2µ
, (271)

c9
25754112γ2

yγ
2
xα

2
uη

4L2

δ3
≤ ηγxγyL

2

2µ
, (272)

c9
148716γ2

yγ
2
xη

4L2

δ
≤ ηγxγyL

2

2µ
, (273)

c6
5346γ2

yη
2L2

αv(1− λ)
≤ ηγxγyL

2

2µ
, (274)

c6
1430784γ2

yαvη
2L2

δ2(1− λ)
≤ ηγxγyL

2

2µ
. (275)
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For Eq. (265), we can obtain

γy ≤ ρxK

432µ
. (276)

For Eq. (266), we can obtain

γy ≤ 3ρyµK

43200L2
. (277)

For Eq. (267), we have

c10
324γ2

yη
2

δ

=
11000 ∗ 324η3γxγ2

yL
4

µ2δ2(1− λ)2
+

8640 ∗ 324α2
yη

3γxγ
2
yL

2

ρxδ2(1− λ)2K
+

8640 ∗ 324 ∗ 100α2
yη

3γxγ
2
yL

4

3ρyµ2δ2(1− λ)2K

≤ ηγxγyL
2

2µ
. (278)

To solve this inequality, we set

11000 ∗ 324η3γxγ2
yL

4

µ2δ2(1− λ)2
≤ ηγxγyL

2

6µ
,

8640 ∗ 324α2
yη

3γxγ
2
yL

2

ρxδ2(1− λ)2K
≤ ηγxγyL

2

6µ
,

8640 ∗ 324 ∗ 100α2
yη

3γxγ
2
yL

4

3ρyµ2δ2(1− λ)2K
≤ ηγxγyL

2

6µ
. (279)

Then, due to η < 1 and αyη < 1, we can obtain

γy ≤ min

{
µδ2(1− λ)2

21384000L2
,
ρxδ

2(1− λ)2K

16796160µ
,
ρyµδ

2(1− λ)2K

559872000L2

}
. (280)

For Eq. (268), we have

c10
25754112γ4

yα
2
vη

4L2

δ3

=
11000 ∗ 25754112α2

vη
5γxγ

4
yL

6

µ2δ4(1− λ)2
+

8640 ∗ 25754112α2
vα

2
yη

5γxγ
4
yL

4

ρxδ4(1− λ)2K

+
8640 ∗ 25754112 ∗ 100α2

vα
2
yη

5γxγ
4
yL

6

3ρyµ2δ4(1− λ)2K

≤ ηγxγyL
2

2µ
. (281)

To solve this inequality, we set

11000 ∗ 25754112α2
vη

5γxγ
4
yL

6

µ2δ4(1− λ)2
≤ ηγxγyL

2

6µ
,

8640 ∗ 25754112α2
vα

2
yη

5γxγ
4
yL

4

ρxδ4(1− λ)2K
≤ ηγxγyL

2

6µ
,

8640 ∗ 25754112 ∗ 100α2
vα

2
yη

5γxγ
4
yL

6

3ρyµ2δ4(1− λ)2K
≤ ηγxγyL

2

6µ
. (282)
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Then, due to η < 1, αv < 1, and αyη < 1, we can obtain

γy ≤ min

{
µ

1
3 δ

4
3 (1− λ)

2
3

11935L
4
3

,
ρ

1
3
x δ

4
3 (1− λ)

2
3K

1
3

11012µ
1
3L

2
3

,
ρ

1
3
y µ

1
3 δ

4
3 (1− λ)

2
3K

1
3

35438L
4
3

}
. (283)

For Eq. (269), we have

c10
148716γ4

yη
4L2

δ

=
11000 ∗ 148716η5γxγ4

yL
6

µ2δ2(1− λ)2
+

8640 ∗ 148716α2
yη

5γxγ
4
yL

4

ρxδ2(1− λ)2K

+
8640 ∗ 148716 ∗ 100α2

yη
5γxγ

4
yL

6

3ρyµ2δ2(1− λ)2K

≤ ηγxγyL
2

2µ
. (284)

To solve this inequality, we set

11000 ∗ 148716η5γxγ4
yL

6

µ2δ2(1− λ)2
≤ ηγxγyL

2

6µ
,

8640 ∗ 148716α2
yη

5γxγ
4
yL

4

ρxδ2(1− λ)2K
≤ ηγxγyL

2

6µ
,

8640 ∗ 148716 ∗ 100α2
yη

5γxγ
4
yL

6

3ρyµ2δ2(1− λ)2K
≤ ηγxγyL

2

6µ
. (285)

Then, due to η < 1, and αyη < 1, we can obtain

γy ≤ min

{
µ

1
3 δ

2
3 (1− λ)

2
3

2142L
4
3

,
ρ

1
3
x δ

2
3 (1− λ)

2
3K

1
3

1976µ
1
3L

2
3

,
ρ

1
3
y µ

1
3 δ

2
3 (1− λ)

2
3K

1
3

6358L
4
3

}
. (286)

For Eq. (270), we have

c5
5346γ2

yη
2L2

αu(1− λ)

=
12360 ∗ 5346η3γ3

xγ
2
yL

6

α2
uα

2
xµ

2(1− λ)4
+

15840 ∗ 5346η3γ3
xγ

2
yL

4

α2
uρx(1− λ)4K

+
15840 ∗ 5346 ∗ 100η3γ3

xγ
2
yL

6

3α2
uρyµ

2(1− λ)4K

≤ ηγxγyL
2

2µ
. (287)

To solve this inequality, we set

12360 ∗ 5346η3γ3
xγ

2
yL

6

α2
uα

2
xµ

2(1− λ)4
≤ ηγxγyL

2

6µ
,

15840 ∗ 5346η3γ3
xγ

2
yL

4

α2
uρx(1− λ)4K

≤ ηγxγyL
2

6µ
,

15840 ∗ 5346 ∗ 100η3γ3
xγ

2
yL

6

3α2
uρyµ

2(1− λ)4K
≤ ηγxγyL

2

6µ
. (288)

Then, due to γx < αx(1−λ)2

L and η < 1, we can obtain

γy ≤ min

{
α2
uµ

396459360L2
,

α2
uρxK

508083840µα2
x

,
α2
uρyµK

16936128000α2
xL

2

}
. (289)
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For Eq. (271), we have

c5
1430784γ2

yαuη
2L2

δ2(1− λ)

=
12360 ∗ 1430784η3γ3

xγ
2
yL

6

α2
xµ

2δ2(1− λ)4
+

15840 ∗ 1430784η3γ3
xγ

2
yL

4

ρxδ2(1− λ)4K

+
15840 ∗ 1430784 ∗ 100η3γ3

xγ
2
yL

6

3ρyµ2δ2(1− λ)4K

≤ ηγxγyL
2

2µ
. (290)

To solve this inequality, we set

12360 ∗ 1430784η3γ3
xγ

2
yL

6

α2
xµ

2δ2(1− λ)4
≤ ηγxγyL

2

6µ
,

15840 ∗ 1430784η3γ3
xγ

2
yL

4

ρxδ2(1− λ)4K
≤ ηγxγyL

2

6µ
,

15840 ∗ 1430784 ∗ 100η3γ3
xγ

2
yL

6

3ρyµ2δ2(1− λ)4K
≤ ηγxγyL

2

6µ
. (291)

Then, due to γx < αxδ(1−λ)2

L , and η < 1, we can obtain

γy ≤ min

{
µ

106106941440L2
,

ρxK

135981711360µα2
x

,
ρyµK

4532723712000α2
xL

2

}
. (292)

For Eq. (272), we have

c9
25754112γ2

yγ
2
xα

2
uη

4L2

δ3

=
11000 ∗ 25754112α2

uη
5γ3

xγ
2
yL

6

µ2δ4(1− λ)2
+

8640 ∗ 25754112α2
uα

2
xη

5γ3
xγ

2
yL

4

ρxδ4(1− λ)2K

+
8640 ∗ 25754112 ∗ 100α2

uα
2
xη

5γ3
xγ

2
yL

6

3ρyµ2δ4(1− λ)2K

≤ ηγxγyL
2

2µ
. (293)

To solve this inequality, we set

11000 ∗ 25754112α2
uη

5γ3
xγ

2
yL

6

µ2δ4(1− λ)2
≤ ηγxγyL

2

6µ
,

8640 ∗ 25754112α2
uα

2
xη

5γ3
xγ

2
yL

4

ρxδ4(1− λ)2K
≤ ηγxγyL

2

6µ
,

8640 ∗ 25754112 ∗ 100α2
uα

2
xη

5γ3
xγ

2
yL

6

3ρyµ2δ4(1− λ)2K
≤ ηγxγyL

2

6µ
. (294)

Then, due to γx < αxδ(1−λ)
L , αu < 1, η < 1, and αxη < 1, we can obtain

γy ≤ min

{
µδ2

1699771392000L2
,

ρxδ
2K

1335093166080µ
,

ρyµδ
2K

44503105536000L2

}
. (295)

For Eq. (273), we have

c9
148716γ2

yγ
2
xη

4L2

δ

57



On the Convergence of Decentralized Stochastic Minimax Optimization Algorithm with Compressed Communication

=
11000 ∗ 148716η5γ3

xγ
2
yL

6

µ2δ2(1− λ)2
+

8640 ∗ 148716α2
xη

5γ3
xγ

2
yL

4

ρxδ2(1− λ)2K

+
8640 ∗ 148716 ∗ 100α2

xη
5γ3

xγ
2
yL

6

3ρyµ2δ2(1− λ)2K

≤ ηγxγyL
2

2µ
. (296)

To solve this inequality, we set

11000 ∗ 148716η5γ3
xγ

2
yL

6

µ2δ2(1− λ)2
≤ ηγxγyL

2

6µ
,

8640 ∗ 148716α2
xη

5γ3
xγ

2
yL

4

ρxδ2(1− λ)2K
≤ ηγxγyL

2

6µ
,

8640 ∗ 148716 ∗ 100α2
xη

5γ3
xγ

2
yL

6

3ρyµ2δ2(1− λ)2K
≤ ηγxγyL

2

6µ
. (297)

Then, due to γx < (1−λ)
L , η < 1, and αxη < 1, we can obtain

γy ≤ min

{
µδ2

9815256000L2
,

ρxδ
2K

7709437440µ
,

ρyµδ
2K

256981248000L2

}
. (298)

For Eq. (274), we have

c6
5346γ2

yη
2L2

αv(1− λ)

=
12360 ∗ 5346η3γxγ4

yL
6

α2
vα

2
yµ

2(1− λ)4
+

15840 ∗ 5346η3γxγ4
yL

4

α2
vρx(1− λ)4K

+
15840 ∗ 5346 ∗ 100η3γxγ4

yL
6

3α2
vρyµ

2(1− λ)4K

≤ ηγxγyL
2

2µ
. (299)

To solve this inequality, we set

12360 ∗ 5346η3γxγ4
yL

6

α2
vα

2
yµ

2(1− λ)4
≤ ηγxγyL

2

6µ
,

15840 ∗ 5346η3γxγ4
yL

4

α2
vρx(1− λ)4K

≤ ηγxγyL
2

6µ
,

15840 ∗ 5346 ∗ 100η3γxγ4
yL

6

3α2
vρyµ

2(1− λ)4K
≤ ηγxγyL

2

6µ
. (300)

Then, due to η < 1, we can obtain

γy ≤ min

{
α

2
3
v α

2
3
y µ

1
3 (1− λ)

4
3

735L
4
3

,
α

2
3
v ρ

1
3
x (1− λ)

4
3K

1
3

798µ
1
3L

2
3

,
α

2
3
v ρ

1
3
y µ

1
3 (1− λ)

4
3K

1
3

2569L
4
3

}
. (301)

For Eq. (275), we have

c6
1430784γ2

yαvη
2L2

δ2(1− λ)

=
12360 ∗ 1430784η3γxγ4

yL
6

α2
yµ

2δ2(1− λ)4
+

15840 ∗ 1430784η3γxγ4
yL

4

ρxδ2(1− λ)4K
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+
15840 ∗ 1430784 ∗ 100η3γxγ4

yL
6

3ρyµ2δ2(1− λ)4K

≤ ηγxγyL
2

2µ
. (302)

To solve this inequality, we set

12360 ∗ 1430784η3γxγ4
yL

6

α2
yµ

2δ2(1− λ)4
≤ ηγxγyL

2

6µ
,

15840 ∗ 1430784η3γxγ4
yL

4

ρxδ2(1− λ)4K
≤ ηγxγyL

2

6µ
,

15840 ∗ 1430784 ∗ 100η3γxγ4
yL

6

3ρyµ2δ2(1− λ)4K
≤ ηγxγyL

2

6µ
. (303)

Then, due to η < 1, we can obtain

γy ≤ min

{
α

2
3
y µ

1
3 δ

2
3 (1− λ)

4
3

4735L
4
3

,
ρ

1
3
x δ

2
3 (1− λ)

4
3K

1
3

5143µ
1
3L

2
3

,
ρ

1
3
y µ

1
3 δ

2
3 (1− λ)

4
3K

1
3

16550L
4
3

}
. (304)

In summary, by setting

c0 =
8γxL

2

γyµ
, c1 =

2γx
ρxη

, c2 =
200γxL

2

3ρyηµ2
,

c3 =
4γxL

2

αx(1− λ)
+

400γxL
4

3αxµ2(1− λ)
+ C5

2

αxη(1− λ)
,

c4 =
4γxL

2

αy(1− λ)
+

400γxL
4

3αyµ2(1− λ)
+ C6

2

αyη(1− λ)
,

c7 = c5
64αu

δ(1− λ)
+ c9

1152γ2
xα

2
uη

2

δ2
,

c8 = c6
64αv

δ(1− λ)
+ c10

1152γ2
yα

2
vη

2

δ2
,

c11 = c5
33η2ρx

αu(1− λ)
+ c5

8832αuη
2ρx

δ2(1− λ)
+ c9

158976γ2
xα

2
uη

4ρx
δ3

+ c9
918γ2

xη
4ρx

δ
,

c12 = c6
33η2ρy

αv(1− λ)
+ c6

8832αvη
2ρy

δ2(1− λ)
+ c10

158976γ2
yα

2
vη

4ρy

δ3
+ c10

918γ2
yη

4ρy

δ
,

c5 =
12360ηγ3

xL
4

αuα2
xµ

2(1− λ)3
+

15840ηγ3
x

αu(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) ,

c6 =
12360ηγxγ

2
yL

4

αvα2
yµ

2(1− λ)3
+

15840ηγxγ
2
y

αv(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
) ,

c9 =
11000ηγxL

4

µ2δ(1− λ)2
+

8640α2
xηγx

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) ,

c10 =
11000ηγxL

4

µ2δ(1− λ)2
+

8640α2
yηγx

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
) ,

C5 =
48γxα

2
xηL

2

ρxK
+

4800γxα
2
xηL

4

3ρyµ2K
+ c9

72α2
xη

2

δ

+ c5
1188α2

xη
2L2

αu(1− λ)
+ c5

317952α2
xαuη

2L2

δ2(1− λ)

+ c9
5723136α2

xγ
2
xα

2
uη

4L2

δ3
+ c9

33048α2
xγ

2
xη

4L2

δ
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+ c6
1188α2

xη
2L2

αv(1− λ)
+ c6

317952α2
xαvη

2L2

δ2(1− λ)

+ c10
5723136α2

xγ
2
yα

2
vη

4L2

δ3
+ c10

33048α2
xγ

2
yη

4L2

δ
,

C6 =
48γxα

2
yηL

2

ρxK
+

4800γxα
2
yηL

4

3ρyµ2K
+ c10

72α2
yη

2

δ

+ c5
1188α2

yη
2L2

αu(1− λ)
+ c5

317952α2
yαuη

2L2

δ2(1− λ)

+ c9
5723136α2

yγ
2
xα

2
uη

4L2

δ3
+ c9

33048α2
yγ

2
xη

4L2

δ

+ c6
1188α2

yη
2L2

αv(1− λ)
+ c6

317952α2
yαvη

2L2

δ2(1− λ)

+ c10
5723136α2

yγ
2
yα

2
vη

4L2

δ3
+ c10

33048α2
yγ

2
yη

4L2

δ
, (305)

and

γx ≤ min

{
δ2(1− λ)

40998L
,
αu(1− λ)2

627L
,
δ(1− λ)2

10244L
,
αuαx(1− λ)2

491L
,
αxδ(1− λ)2

10244L
,
αuαx(1− λ)2

627L
,

γyµ
2

45L2
,
µδ(1− λ)

25329L2
,

√
ρxKδ(1− λ)

22448L
,

√
ρyKµδ(1− λ)

129600L2
,

µ
1
2 δ(1− λ)

1
2 ρ

1
4
y K

1
4

6045L
3
2

,
δ(1− λ)

1
2 ρ

1
4
xK

1
4

2516L
,
µ

1
2 δ(1− λ)

1
2

2673L
3
2

,
µ

1
2 δ

1
2 (1− λ)

1
2

737L
3
2

,

δ
1
2 (1− λ)

1
2 ρ

1
4
xK

1
4

694L
,
µ

1
2 δ

1
2 (1− λ)

1
2 ρ

1
4
y K

1
4

1667L
3
2

,
α

1
2
uα

1
2
xµ

1
2 (1− λ)

331L
3
2

,

α
1
2
u (1− λ)ρ

1
4
xK

1
4

352L
,
α

1
2
uµ

1
2 (1− λ)ρ

1
4
y K

1
4

845L
3
2

,
α

1
2
uα

1
2
xµ

1
2 (1− λ)

331L
3
2

,
α

1
2
u (1− λ)ρ

1
4
xK

1
4

352L
,
α

1
2
uµ

1
2 (1− λ)ρ

1
4
y K

1
4

845L
3
2

}
, (306)

and

γy ≤ min

{
1

6L
,
δ2(1− λ)

40998L
,
δ(1− λ)2

10244L
,
αvαy(1− λ)2

627L
,
αv(1− λ)2

627L
,
αyδ(1− λ)2

10244L
,
αvαyµ(1− λ)

109059L2
,

αv(1− λ)ρ
1
2
xK

1
2

123461L
,
αvµ(1− λ)ρ

1
2
y K

1
2

712800L2
,
αyµδ(1− λ)

1784155L2
,
δ(1− λ)ρ

1
2
xK

1
2

2019766L
,
µδ(1− λ)ρ

1
2
y K

1
2

11661120L2
,

µδ2

7140949L2
,
δ2ρ

1
2
xK

1
2

6328728L
,

µδ2ρ
1
2
y K

1
2

36538927L2
,
δρ

1
2
xK

1
2

480920L
,
µδρ

1
2
y K

1
2

2776588L2
,
ρxK

432µ
,
3µρyK

43200L2
,

µδ2(1− λ)2

21384000L2
,
δ2(1− λ)2ρxK

16796160µ
,
µδ2(1− λ)2ρyK

559872000L2
,

µ
1
3 δ

4
3 (1− λ)

2
3

11935L
4
3

,
δ

4
3 (1− λ)

2
3 ρ

1
3
xK

1
3

11012µ
1
3L

2
3

,
µ

1
3 δ

4
3 (1− λ)

2
3 ρ

1
3
y K

1
3

35438L
4
3

,

α2
uµ

396459360L2
,

α2
uρxK

508083840µα2
x

,
α2
uµρyK

16936128000α2
xL

2
,

µ

106106941440L2
,

ρxK

135981711360µα2
x

,
µρyK

4532723712000α2
xL

2
,

µδ2

1699771392000L2
,

δ2ρxK

1335093166080µ
,

µδ2ρyK

44503105536000L2
,

α
2
3
v α

2
3
y µ

1
3 (1− λ)

4
3

735L
4
3

,
α

2
3
v (1− λ)

4
3 ρ

1
3
xK

1
3

798µ
1
3L

2
3

,
α

2
3
v µ

1
3 (1− λ)

4
3 ρ

1
3
y K

1
3

2569L
4
3

,
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α
2
3
y µ

1
3 δ

2
3 (1− λ)

4
3

4735L
4
3

,
δ

2
3 (1− λ)

4
3 ρ

1
3
xK

1
3

5143µ
1
3L

2
3

,
µ

1
3 δ

2
3 (1− λ)

4
3 ρ

1
3
y K

1
3

16550L
4
3

}
, (307)

and

αx ≤ min
{ δ2

1053
,
δ(1− λ)

146

}
,

αy ≤ min
{ δ2

1053
,
δ(1− λ)

146

}
,

αu ≤ δ(1− λ)

263
,

αv ≤ δ(1− λ)

263
, (308)

and

η ≤ min

{
1,

1
√
ρx

,
1

√
ρy

,
1

αx
,
1

αy
,

1

2γxLF

}
, ρx > 0, ρy > 0 , (309)

we can obtain

Pt+1 − Pt

≤ −γxη

2
E
[
∥∇F (x̄t)∥2

]
+ c1

2ρ2xη
4σ2

K
+ c2

2ρ2yη
4σ2

K
+ c112ρ

2
xη

4σ2 + c122ρ
2
yη

4σ2 + C33ρ
2
xη

4σ2 + C43ρ
2
yη

4σ2

≤ −γxη

2
E
[
∥∇F (x̄t)∥2

]
+

2γx
ρxη

2ρ2xη
4σ2

K
+

200γxL
2

3ρyηµ2

2ρ2yη
4σ2

K
+ c112ρ

2
xη

4σ2 + c122ρ
2
yη

4σ2 + c11ρxη
2σ2 + c12ρyη

2σ2 , (310)

where the last step holds due to C3 ≤ c11
1

3ρxη2 and C4 ≤ c12
1

3ρxη2 in Eq. (51) and Eq. (53).

By summing over t from 0 to T − 1, we can obtain

1

T

T−1∑
t=0

E
[
∥∇F (x̄t)∥2

]
≤ 2(P0 − F (x∗))

γxηT
+

8ρxη
2σ2

K
+

800ρyη
2L2σ2

3µ2K

+ c11(2ρxη
2 + 1)

2ρxησ
2

γx
+ c12(2ρyη

2 + 1)
2ρyησ

2

γx
. (311)

Because ρxη
2 < 1, ρyη2 < 1, δ < 1, αu < 1, and αv < 1, we can obtain

c11 = c5
33η2ρx

αu(1− λ)
+ c5

8832αuη
2ρx

δ2(1− λ)
+ c9

158976γ2
xα

2
uη

4ρx
δ3

+ c9
918γ2

xη
4ρx

δ

≤ c5η
2ρx

33

αuδ2(1− λ)
+ c5η

2ρx
8832αu

αuδ2(1− λ)
+ c9γ

2
xη

4ρx
158976α2

u

δ3
+ c9γ

2
xη

4ρx
918

δ3

≤ c5η
2ρx

8865

αuδ2(1− λ)
+ c9γ

2
xη

4ρx
159894

δ3
,

c12 = c6
33η2ρy

αv(1− λ)
+ c6

8832αvη
2ρy

δ2(1− λ)
+ c10

158976γ2
yα

2
vη

4ρy

δ3
+ c10

918γ2
yη

4ρy

δ

≤ c6η
2ρy

33

αvδ2(1− λ)
+ c6η

2ρy
8832αv

αvδ2(1− λ)
+ c10γ

2
yη

4ρy
158976α2

v

δ3
+ c10γ

2
yη

4ρy
918

δ3
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≤ c6η
2ρy

8865

αvδ2(1− λ)
+ c10γ

2
yη

4ρy
159894

δ3
, (312)

and then we can obtain

1

T

T−1∑
t=0

E
[
∥∇F (x̄t)∥2

]
≤ 2(P0 − F (x∗))

γxηT
+

8ρxη
2σ2

K
+

800ρyη
2L2σ2

3µ2K
+ c11

6ρxησ
2

γx
+ c12

6ρyησ
2

γx

≤ 2(P0 − F (x∗))

γxηT
+

8ρxη
2σ2

K
+

800ρyη
2L2σ2

3µ2K

+

(
c5η

2ρx
8865

αuδ2(1− λ)
+ c9γ

2
xη

4ρx
159894

δ3

)
6ρxησ

2

γx

+

(
c6η

2ρy
8865

αvδ2(1− λ)
+ c10γ

2
yη

4ρy
159894

δ3

)
6ρyησ

2

γx

≤ 2(P0 − F (x∗))

γxηT
+

8ρxη
2σ2

K
+

800ρyη
2L2σ2

3µ2K

+

(
12360L4

αuα2
xµ

2(1− λ)3
+

15840

αu(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
)

)
8865× 6γ2

xρ
2
xη

4σ2

αuδ2(1− λ)

+

(
11000L4

µ2δ(1− λ)2
+

8640α2
x

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
)

)
159894× 6γ2

xη
6ρ2xσ

2

δ3

+

(
12360L4

αvα2
yµ

2(1− λ)3
+

15840

αv(1− λ)3
(
L2

ρxK
+

100L4

3ρyµ2K
)

)
8865× 6γ2

yρ
2
yη

4σ2

αvδ2(1− λ)

+

(
11000L4

µ2δ(1− λ)2
+

8640α2
y

δ(1− λ)2
(
L2

ρxK
+

100L4

3ρyµ2K
)

)
159894× 6γ2

yη
6ρ2yσ

2

δ3
. (313)

When t = 0, we have x
(k)
0 = x0 and y

(k)
0 = y0, then

P0 = E[F (x̄0)] + c0E[∥ȳ0 − y∗(x̄0)∥2]

+ c1E
[∥∥∥ 1

K

K∑
k=1

g
(k)
0 − 1

K

K∑
k=1

∇xf
(k)(x

(k)
0 , y

(k)
0 )
∥∥∥2]+ c2E

[∥∥∥ 1

K

K∑
k=1

h
(k)
0 − 1

K

K∑
k=1

∇yf
(k)(x

(k)
0 , y

(k)
0 )
∥∥∥2]

+ c5
1

K
E[∥U0 − Ū0∥2F ] + c6

1

K
E[∥V0 − V̄0∥2F ] + c7

1

K
E[∥Û0 − U0∥2F ] + c8

1

K
E[∥V̂0 − V0∥2F ]

+ c9
1

K
E[∥X̃1 − X̂0∥2F ] + c10

1

K
E[∥Ỹ1 − Ŷ0∥2F ]

+ c11
1

K

K∑
k=1

E
[∥∥∥g(k)0 −∇xf

(k)(x
(k)
0 , y

(k)
0 )
∥∥∥2]+ c12

1

K

K∑
k=1

E
[∥∥∥h(k)

0 −∇yf
(k)(x

(k)
0 , y

(k)
0 )
∥∥∥2]

= E[F (x̄0)] + c0E[∥ȳ0 − y∗(x̄0)∥2]

+ c1E
[∥∥∥ 1

K

K∑
k=1

g
(k)
0 − 1

K

K∑
k=1

∇xf
(k)(x

(k)
0 , y

(k)
0 )
∥∥∥2]+ c2E

[∥∥∥ 1

K

K∑
k=1

h
(k)
0 − 1

K

K∑
k=1

∇yf
(k)(x

(k)
0 , y

(k)
0 )
∥∥∥2]

+ c5
1

K
E[∥U0 − Ū0∥2F ] + c6

1

K
E[∥V0 − V̄0∥2F ]

+ (c5
64αu

δ(1− λ)
+ c9

1152γ2
xα

2
uη

2

δ2
)
1

K
E[∥Û0 − U0∥2F ]

+ (c6
64αv

δ(1− λ)
+ c10

1152γ2
yα

2
vη

2

δ2
)
1

K
E[∥V̂0 − V0∥2F ]
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+ c9
1

K
E[∥X̃1 − X̂0∥2F ] + c10

1

K
E[∥Ỹ1 − Ŷ0∥2F ]

+ (c5
33η2ρx

αu(1− λ)
+ c5

8832αuη
2ρx

δ2(1− λ)
+ c9

158976γ2
xα

2
uη

4ρx
δ3

+ c9
918γ2

xη
4ρx

δ
)
1

K

K∑
k=1

E
[∥∥∥g(k)0 −∇xf

(k)(x
(k)
0 , y

(k)
0 )
∥∥∥2]

+ (c6
33η2ρy

αv(1− λ)
+ c6

8832αvη
2ρy

δ2(1− λ)
+ c10

158976γ2
yα

2
vη

4ρy

δ3
+ c10

918γ2
yη

4ρy

δ
)
1

K

K∑
k=1

E
[∥∥∥h(k)

0 −∇yf
(k)(x

(k)
0 , y

(k)
0 )
∥∥∥2] .

(314)

Because the initial batch size is B, we have

P0 ≤ E[F (x̄0)] + c0E[∥ȳ0 − y∗(x̄0)∥2] + c1
σ2

B
+ c2

σ2

B

+ c5(6
σ2

B
+ 6

1

K

K∑
k=1

E[∥∇xf
(k)(x0, y0)∥2]) + c6(6

σ2

B
+ 6

1

K

K∑
k=1

E[∥∇yf
(k)(x0, y0)∥2])

+ (c5
64αu

δ(1− λ)
+ c9

1152γ2
xα

2
uη

2

δ2
)(
σ2

B
+

1

K

K∑
k=1

E[∥∇xf
(k)(x0, y0)∥2])

+ (c6
64αv

δ(1− λ)
+ c10

1152γ2
yα

2
vη

2

δ2
)(
σ2

B
+

1

K

K∑
k=1

E[∥∇yf
(k)(x0, y0)∥2])

+ c9(γ
2
xη

2σ
2

B
+ γ2

xη
2 1

K

K∑
k=1

E[∥∇xf
(k)(x0, y0)∥2]) + c10(γ

2
yη

2σ
2

B
+ γ2

yη
2 1

K

K∑
k=1

E[∥∇yf
(k)(x0, y0)∥2])

+ (c5
33η2ρx

αu(1− λ)
+ c5

8832αuη
2ρx

δ2(1− λ)
+ c9

158976γ2
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2
uη

4ρx
δ3

+ c9
918γ2

xη
4ρx

δ
)
σ2

B

+ (c6
33η2ρy

αv(1− λ)
+ c6

8832αvη
2ρy
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+ c10

158976γ2
yα

2
vη

4ρy

δ3
+ c10

918γ2
yη

4ρy

δ
)
σ2

B

= E[F (x̄0)] + c0E[∥ȳ0 − y∗(x̄0)∥2] + c1
σ2

B
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σ2

B

+ c5(6 +
64αu

δ(1− λ)
+
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σ2

B
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B

+ c9(
1152γ2
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2
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2
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159894γ2
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δ3

)
σ2

B
+ c10(
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2
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2
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2 +

159894γ2
yη

4ρy

δ3
)
σ2

B

+ c5(6 +
64αu

δ(1− λ)
)
1

K

K∑
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E[∥∇xf
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xα

2
uη

2
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2)

1

K

K∑
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E[∥∇xf
(k)(x0, y0)∥2])

+ c6(6 +
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δ(1− λ)
)
1

K

K∑
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E[∥∇yf
(k)(x0, y0)∥2]) + c10(

1152γ2
yα

2
vη

2
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yη
2)

1

K

K∑
k=1

E[∥∇yf
(k)(x0, y0)∥2]

≤ E[F (x̄0)] + c0E[∥ȳ0 − y∗(x̄0)∥2] + c1
σ2

B
+ c2

σ2

B

+ c5
8935

αuδ2(1− λ)

σ2

B
+ c6

8935

αvδ2(1− λ)

σ2

B
+ c9

161047γ2
xη

2

δ3
σ2

B
+ c10

161047γ2
yη

2

δ3
σ2

B

+

(
c5

70

δ(1− λ)
+ c9

1153γ2
xη

2

δ2

)
1

K

K∑
k=1

E[∥∇xf
(k)(x0, y0)∥2])

+

(
c6
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δ(1− λ)
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yη

2
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)
1

K

K∑
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E[∥∇yf
(k)(x0, y0)∥2]) , (315)

where the last step holds due to δ < 1, 1− λ < 1, αu < 1, and αv < 1.
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Finally, we can obtain
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Then, it is easy to obtain
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Based on Eq. (308), we can know

αx = O
(
δ2(1− λ)

)
, αy = O

(
δ2(1− λ)

)
,

αu = O (δ(1− λ)) , αv = O (δ(1− λ)) . (318)

In addition, according to Eq. (309), we can set

ρx = O
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)
, ρy = O

(
1
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)
. (319)

Then, based on Eqs. (306-307), we can know that

γx = O
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)
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)
. (320)

Based on these upper bounds, by setting η = O
(
Kϵ
κ

)
, B = 1

ϵ , and T = O
(
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K(1−λ)4δ3ϵ3

)
, we can obtain
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