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Abstract

The stochastic minimax optimization problem
has widespread applications in machine learn-
ing. Recently, numerous distributed minimax
optimization algorithms have been developed to
handle distributed training data. However, most
of these algorithms suffer from high commu-
nication costs. To address this issue, we de-
velop a novel communication-efficient decentral-
ized stochastic gradient descent ascent with mo-
mentum algorithm based on the error feedback
mechanism. Importantly, our algorithm demon-
strates how to balance the full-precision update
and the compression residual with novel designs
for coefficients regarding variables and gradients
to guarantee convergence. However, compress-
ing the primal and dual variables (and their gra-
dients) of stochastic minimax optimization prob-
lems with the error feedback mechanism presents
significant challenges for convergence analysis.
In particular, it incurs the circle dependence
among consensus errors and compression errors.
To overcome this challenge, we propose novel
strategies that enable the establishment of the
convergence rate for our algorithm. Our theoreti-
cal results demonstrate how the compression op-
erator influences the convergence rate. Finally,
extensive experimental results confirm the effi-
cacy of our proposed algorithm.

1. Introduction

Stochastic minimax optimization problems have been gain-
ing significant attention recently, as many machine learning
models can be expressed in the form of a minimax opti-
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mization problem. Representative examples include gener-
ative adversarial networks (Goodfellow et al., 2014a), ad-
versarially robust machine learning models (Goodfellow
etal., 2014b; Madry et al., 2018), AUC maximization (area
under the curve) (Ying et al., 2016), distributionally robust
learning (Gao & Kleywegt, 2023; Duchi et al., 2021), etc.
To train those machine learning models on distributed data,
in this paper, we aim to develop efficient optimization al-
gorithms to solve the decentralized stochastic minimax op-
timization problem, which is defined as follows:

K
1
i - (k)
min ma x, = &€, » 1
min max f(z,y) = & ’;f (z,y) (1)

where € R% denotes the primal variable, y € R% rep-
resents the dual variable, K > 1 denotes the total number
of workers, f*)(z,y) = E[f(z,y; £*)] denotes the loss
function on the k-th worker and £(*) denotes the training
samples on the k-th worker. In addition, all workers con-
duct peer-to-peer communication.

To solve the decentralized stochastic minimax problem, a
series of decentralized stochastic gradient descent ascent
algorithms (Xian et al., 2021; Zhang et al., 2021; Gao,
2022; Chen et al., 2024; Zhang et al., 2024a; Xu, 2024;
Beznosikov et al., 2022; Huang et al., 2024; Tsaknakis
et al., 2020; Huang & Chen, 2023; Metelev et al., 2024)
and some federated learning variants (Zhang et al., 2023a;
2024b; Zhang & Gao, 2025b; Zhang et al., 2025) have re-
cently been developed. For example, (Xian et al., 2021)
developed a decentralized stochastic variance-reduced gra-
dient descent ascent algorithm based on the STORM
(Cutkosky & Orabona, 2019) gradient estimator and estab-
lished its convergence rate for nonconvex-strongly-concave
problems. (Zhang et al., 2021) combined the SPIDER
(Fang et al., 2018; Nguyen et al., 2017) gradient estimator
with decentralized SGDA and provided theoretical conver-
gence rates for nonconvex-strongly-concave problems. Un-
fortunately, these decentralized minimax optimization al-
gorithms communicate full-precision variables, which can
incur high communication costs when the size of the ma-
chine learning model is large, leading to a performance bot-
tleneck.

To address the communication bottleneck issue, a feasi-
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ble approach is to compress the communicated variables or
gradients with some compression operators, such as spar-
sification and quantization operators. For example, nu-
merous communication-efficient optimization algorithms
(Seide et al., 2014, Stich et al., 2018; Alistarh et al., 2017,
Wen et al., 2017; Karimireddy et al., 2019; Richtarik et al.,
2021; Stich & Karimireddy, 2020; Gorbunov et al., 2020;
Gao et al., 2024; Fatkhullin et al., 2024; Koloskova et al.,
2020; Tang et al., 2019; Zhao et al., 2022; Yau & Wali,
2023; Yan et al., 2023) have been developed for traditional
minimization problems. Among them, the error feedback
strategy (Seide et al., 2014; Stich et al., 2018; Karimireddy
et al., 2019), which aims to reduce compression error, has
shown great performance in various distributed minimiza-
tion problems. For example, (Koloskova et al., 2020) ap-
plied the error feedback strategy to the gossip-based de-
centralized stochastic gradient descent (DSGD) algorithm,
while (Zhao et al., 2022; Yau & Wai, 2023; Yan et al.,
2023) combined it with the gradient-tracking-based DSGD
algorithm. All these algorithms have shown improved per-
formance after incorporating the error feedback strategy.
However, these algorithms restrict their focus solely to the
traditional minimization problem. We are only aware of
a recent work (Zhang et al., 2023b) that applied the error
feedback strategy to the centralized minimax optimization
algorithm to handle the compression error. Therefore, all
these existing works cannot be applied directly to Eq. (1)
because they cannot address the interaction between the
primal and dual variables in the decentralized setting.

In fact, due to the interaction between the primal and dual
variables, incorporating error feedback into decentralized
minimax optimization algorithms is much more challeng-
ing, both from the perspective of algorithmic design and
convergence analysis, which is shown as below.

1) Challenges in Algorithmic Design. In minimax prob-
lems, due to the interaction between the primal and dual
variables, the learning rate of these two variables should
be carefully set to guarantee convergence (Lin et al., 2020).
When incorporating error feedback, the update of these two
variables is affected by both the full-precision gradient and
the compensated errors. Then, how to set the learning rate
to balance the updates from the full-precision gradient on
local workers and the compensated error from other work-
ers to guarantee convergence is still unclear. Furthermore,
when using the gradient tracking communication strategy,
the tracked gradient estimator is also communicated and
then compensated by the error feedback strategy. Then,
it is unclear how to set the hyperparameter regarding the
tracked gradient estimator to guarantee convergence.

2) Challenges in Convergence Analysis. When investigat-
ing the theoretical convergence rate, the interdependence
between the primal and dual variables makes the consensus

error and compensation error of these two variables (and
their gradients) depend on each other. In particular, when
the potential function is utilized to establish the conver-
gence rate, the coefficient of different terms in this function
could have a circle dependence. Then, it is challenging
to determine these coefficients to establish the theoretical
convergence rate.

To address aforementioned challenges, we developed
a novel communication-efficient decentralized stochastic
gradient descent ascent with momentum algorithm and es-
tablished its convergence rate. To the best of our knowl-
edge, this is the first time that the error feedback strat-
egy has been applied to decentralized stochastic minimax
optimization with theoretical guarantees. Specifically, on
the algorithmic design side, our algorithm uses error feed-
back to handle the compression error with respect to both
variables and gradient trackers. Importantly, our algorithm
demonstrates how to balance the full-precision update and
the compression residual with novel designs to guarantee
convergence. Meanwhile, our algorithm shows the differ-
ence in coordinating these factors when handling variables
and gradient trackers. On the convergence analysis side,
we developed a novel potential function to handle various
estimation errors to investigate the theoretical convergence
rate of our algorithm. In particular, our proof demonstrates
how to determine the coefficient of different estimation er-
rors to handle their circle dependence when establishing
the theoretical convergence rate. Furthermore, our conver-
gence analysis discloses the explicit dependence between
the number of iterations and the contraction constant in
compression operators and the spectral gap of the commu-
nication topology. With these novelties in algorithmic de-
sign and convergence analysis, our algorithm can achieve
superior empirical performance. Specifically, we applied
our algorithm to the AUC maximization and fair classifica-
tion tasks. The experimental results demonstrate that our
algorithm can significantly reduce the communication cost
while preserving the convergence performance as much as
possible. In summary, our paper makes significant contri-
butions to decentralized minimax optimization, which are
summarized as follows:

* We developed a novel decentralized stochastic gradient
descent ascent with momentum algorithm based on error
feedback. Our algorithm demonstrates how to set the hy-
perparameter to balance the full-precision local updates
and the compression residuals regarding the communi-
cated variables and gradients to guarantee convergence.
To our knowledge, this is the first time that the error feed-
back strategy has been applied to decentralized stochas-
tic minimax optimization.

* We established the convergence rate of our algorithm by
developing a novel potential function. Our proof demon-
strates how to determine the coefficient of different es-
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timation errors in the potential function to handle their
circle dependence. Moreover, our convergence rates dis-
close the explicit dependence between the number of it-
erations and the contraction constant in compression op-
erators and the spectral gap of the communication topol-
ogy. To the best of our knowledge, this is the first work
to provide theoretical guarantees for communication-
efficient decentralized minimax optimization algorithms.

* We conducted extensive experiments for the AUC max-
imization problem and fair classification problem. The
results confirm the effectiveness of our algorithm.

2. Related Works

2.1. Stochasitc Minimax Optimization Algorithms

Numerous machine learning models (Goodfellow et al.,
2014a;b; Madry et al., 2018; Gao & Kleywegt, 2023; Duchi
et al., 2021; Ying et al., 2016) can be represented in the
form of a stochastic minimax optimization problem. For
example, (Ying et al., 2016) formulated the AUC maxi-
mization problem as the minimax optimization problem,
which is widely used in learning classifiers for imbalanced
dataset. Given the widespread application of stochastic
minimax optimization problems in machine learning, nu-
merous stochastic optimization algorithms have been pro-
posed in recent years. Specifically, a series of stochas-
tic gradient descent ascent (SGDA) algorithms (Lin et al.,
2020; Zhang et al., 2020; Qiu et al., 2020; Yang et al., 2020;
Huang et al., 2022; Luo et al., 2020; Kovalev et al., 2022;
Guo et al., 2023; Yang et al., 2022; Chen et al., 2022; Gao
et al., 2021a; Zhang & Gao, 2025a) have been developed
and their theoretical convergence rates have been investi-
gated in different settings. For example, (Lin et al., 2020)
proposed the mini-batch SGDA algorithm and investigated
its convergence rate for nonconvex-strongly-concave and
nonconvex-concave problems. However, this method is not
suitable for real-world machine learning applications as it
theoretically requires a very large batch size. (Yang et al.,
2022) established the convergence rate of the alternating
SGDA algorithm without requiring strong concavity and a
large batch size. (Qiu et al., 2020; Huang et al., 2022; Luo
et al., 2020) employed the momentum technique to acceler-
ate the convergence rate of SGDA for nonconvex-strongly-
concave problems. However, the aforementioned methods
are primarily focused on the single-machine setting. In
fact, real-world data are usually very large and distributed
on many different devices. Therefore, it has become an
urgent necessity to develop distributed optimization algo-
rithms for minimax optimization problems. Among vari-
ous distributed optimization algorithms, the decentralized
method has attracted increasing attention, as each worker
only conducts peer-to-peer communication with its neigh-
boring workers, which helps avoid the communication bot-

tleneck in the central server. Thus, our focus is to develop
efficient decentralized minimax optimization algorithms.

2.2. Decentralized Minimax Optimization Algorithms

To enable decentralized optimization for stochastic min-
imax optimization problems, numerous decentralized al-
gorithms have been proposed in the past few years. For
example, (Xian et al., 2021) proposed a decentralized al-
gorithm for the nonconvex-strongly-concave minimax op-
timization problem using the variance reduced technique
(Cutkosky & Orabona, 2019), which achieves the linear
speedup with respect to the number of workers. Similarly,
(Zhang et al., 2021) proposed two decentralized stochas-
tic optimization algorithms, which are enhanced by the
SPIDER (Fang et al., 2018; Nguyen et al., 2017) gra-
dient estimator, and established the convergence rate for
the nonconvex-strongly-concave finite-sum minimax prob-
lems. To further improve the convergence rate for finite-
sum problems, (Gao, 2022) used a ZeroSARAH variance-
reduced gradient estimator (Li & Richtarik, 2021) for the
decentralized finite-sum minimax optimization algorithm
and achieved a better convergence rate than that in (Zhang
et al., 2021), while (Zhang et al., 2024a) established the
convergence rate of the stochastic variant of (Zhang et al.,
2021). More recently, (Chen et al., 2024) developed a
decentralized recursive gradient descent ascent algorithm
based on the PAGE (Li et al., 2021) gradient estimator,
which can handle the constraint regarding the dual vari-
able and achieve a better dependence on the condition num-
ber than existing methods for nonconvex-strongly-concave
minimax problems. Unfortunately, all these algorithms fo-
cus on scenarios where the communication is full preci-
sion. If the model is large, it will lead to significant com-
munication overhead. Therefore, it is still unclear how to
design communication-efficient algorithms for the decen-
tralized minimax optimization problem.

2.3. Communication-Efficient Decentralized
Optimization Algorithms

In distributed optimization problems, each worker usually
needs to communicate with a central server or with neigh-
boring workers frequently, which can result in high com-
munication costs. To address this issue, numerous efforts
have been made, with gradient compression being one of
the most common approaches (Seide et al., 2014; Stich
et al., 2018; Jiang & Agrawal, 2018; Alistarh et al., 2017;
Wen et al., 2017; Karimireddy et al., 2019; Richtérik et al.,
2021; Stich & Karimireddy, 2020; Gorbunov et al., 2020;
Gao & Huang, 2020; Gao et al., 2024; Fatkhullin et al.,
2024; Koloskova et al., 2020; Gao et al., 2021b; 2023;
Tang et al., 2019; Zhao et al., 2022; Yau & Wai, 2023;
Yan et al., 2023). However, the standard compression ap-
proach can lead to the divergence issue because the com-
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pression operation could cause large compression errors.
An effective approach to address this issue is the error feed-
back strategy (Seide et al., 2014). Specifically, it compen-
sates for the update of local variables or gradient estimators
with the historical compression residual. As a result, the
compressed optimization algorithm can achieve almost the
same convergence performance as the full-precision coun-
terpart. For example, (Koloskova et al., 2020) developed
CHOCO-SGD, which applied the error feedback mecha-
nism to the gossip-based DSGD algorithm. In CHOCO-
SGD, only the variable is communicated and then com-
pensated by error feedback because the gossip communi-
cation strategy only communicates variables. As a result,
it cannot be applied to the other commonly used commu-
nication strategy, gradient tracking, in decentralized opti-
mization because it communicates both variables and gra-
dients. To address this issue, (Zhao et al., 2022; Yau &
Wai, 2023; Yan et al., 2023) investigated error feedback
for gradient-tracking-based DSGD. However, these exist-
ing methods are designed for minimization problems, and it
is unknown whether they can be applied to minimax prob-
lems and achieve good performance. Additionally, estab-
lishing the theoretical convergence rate for minimax prob-
lems is also a significant challenge due to the interdepen-
dence between the minimization and maximization sub-
problems.

3. Decentralized Minimax Algorithm with
Compressed Communication

3.1. Problem Setup

In this paper, the compression operator is assumed to sat-
isfy the following condition, which is widely used in exist-
ing decentralized minimization methods (Zhao et al., 2022;
Yau & Wai, 2023; Yan et al., 2023).

Assumption 3.1. The compression operator C : R? — R?
satisfies the §-contraction condition as follows:

lz = C@)II* < (1 = )], 2)
where ¢ € (0, 1].

A representative example that satisfies this condition is
Top-K operator (Stich et al., 2018), which communicates
the largest /K elements in a communicated vector based
on their absolute value. More examples can be found in
(Karimireddy et al., 2019; Beznosikov et al., 2023; Stich
et al., 2018; Alistarh et al., 2017; Koloskova et al., 2020).

In a decentralized optimization system, all workers com-
pose a communication graph. Its adjacency matrix is de-
noted by W = [w;;] € RE*X. Specifically, w;; > 0 in-
dicates the i-th worker connects with the j-th worker. Oth-
erwise, they are disconnected. This adjacency matrix satis-
fies the following assumption, which is commonly used in

existing decentralized minimax optimization works (Xian
et al., 2021; Zhang et al., 2021; Gao, 2022; Zhang et al.,
2024a; Chen et al., 2024).

Assumption 3.2. The adjacency matrix W = [w;;] €
Rf *K of the communication graph is doubly stochastic
and symmetric. Furthermore, the eigenvalues {\;}X ;| of
W satisfy [Ag| < [Ag—1] < - < | X < | M| = 1.

Based on Assumption 3.2, the spectral gap of W is defined
as 1 — A where A = |\2|. Additionally, N}, = {j|wg; > 0}
denotes the neighbors of the k-th worker.

3.2. Algorithm

In Algorithm 1, we developed a communication-efficient
decentralized stochastic gradient descent ascent with mo-
mentum algorithm: CE-DSGDAR. Specifically, our algo-
rithm uses momentum-based gradient estimators to up-
date local variables on each worker and utilize the gradi-
ent tracking strategy to conduct communication between
workers. The detailed gradient estimators can be found
in Step 10 and Step 14 in Algorithm 1. Since our algo-
rithm employs the gradient tracking communication strat-
egy, both variables and gradient estimators are communi-
cated between different workers. Therefore, we apply the
error feedback mechanism to both variables and gradient
estimators. In the following, we will show how to balance
the full-precision local update and the compensation from
the error feedback mechanism.

Error Feedback for Variables. In the ¢-th iteration, the
update regarding the local primal variable xgk) and dual
variable yt(k) on the k-th worker consists of two steps, re-
spectively. Specifically, the first step is to update local vari-
ables with the full-precision gradient estimators, which is
defined as follows:

~(k k k
# =2 — 3)

where 1 > 0 is the learning rate, v, > 0 is the coefficient
attached to n for the primal variable, and ugk) is the gradi-
ent estimator. It is worth noting that this step does not re-
quire communication. The second step is to communicate
the primal variable as required by the gradient tracking
communication strategy. To mitigate the large compres-
sion error, we use the error feedback mechanism in this
step. Specifically, we first use a compression operator C(-),
such as Top-K operator, to do compression: C (igi)l —i‘gk) ),
where igk) is the accumulated compression residual, which
is defined as follows:

2 =29 1 el -2y, jeM Uikl @)

Note that the k-th worker maintains a compression resid-
ual :?:Ei)l on itself for all its neighbors. It should be noted
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Algorithm 1 CE-DSGDAR

Imput: 7 > 0,v; > 0,7, >0, pz >0, py >0, 0, >0,y >0, ay, >0, oty > 0.

i?ék (k) — 20, y(()k) (k) _
ﬁék) A(k)
1, each worker k£ do

for ¢t = 0 T —
Update the intermediate variable :Z?E +)1 xgi)l = a:(k)

- ()
(k) . (k) ~ (k)

Update the intermediate variable yt( ik gjt(i)l = yt( )

Communicate the compressed variable: C(7,,; — ¥,
~(3)

(k)

9 2 3D N A

—

Update the gradient estimator for x:

k

gt+1 (1= pun®) (9 e
_(k k k k
B =+ o) — o,
11:  Communicate compressed estimator: C (ug +)1 — aﬁ’“)

12:  Maintain a copy uij )

(k) _ ~(k)

13:  Update gradient estimator: u;\'y = @y} + Qu )i, wk](

14:  Update the gradient estimator for y:

k k
hEy = (1= pyn?) (0 =V, f® @y
~(k k k k
Ut(+)1 g )+ h§+)1 - hg ),

15:  Communicate gradient estimator: C (vt( +)1 - f)t(k))
()

(k) _ ~(k)

— 0,0 = g = V.09, 05 8, o = P =

Communicate the compressed variable: C (zglj_)l i:gk)

Maintain a copy 7, of its neighbors and itself: :cg_)l

Maintain a copy ¥, +1 of its nelghbors and itself: g, Jr)l =

of its neighbors and itself: uiﬂr)l

16:  Maintain a copy 817, of its neighbors and itself: 817, =

Vyf(k) (Cfo7y0;f(()k)) .

(k)

YNy >

a +e@d), -2, j e N Uk},

- (k) )

Update the variable ;"\ : z,,", = xt+1 + N e, Whi (x§+)1 — &

(k)

+ Yynvg 7,
(k) A(k)

gﬁ” +CG%, — 99, G € Ny U (K},

~ (k)

Update the variable ytJr1 Yish = f/tjrl + ayn dej\fk Wi (yt(Jr)1 Uii1)s

k k k)
fo(k)( ( )7% 7€t+1))+vxf( (x£+)1’yt(+1’§t+1)

=) c<u§i>1 —a), j € Ny U{k},

(k
- ut+)1)

7ft+1)) + vyf (k) ($t+1>yt+1vft+1)

o +e@?) — o), j € My ULk},

(4) (k))

17 Update gradient estimator: v,y = 7,7y + & D e v, Whj (071 — 0451),s

18: end for

that C(wt - xg )) is communicated between workers so
that it can significantly save communication costs. With the
compression residual set {xg_)ﬂ] € N U{k}} on the k-th
worker, we compensate for the intermediate full-precision

variable xg +)1 as follows:

(k) _ ~ (k)
O T4
full-precision update

Y wg@d -,
N———

compression residual

+  ap 7
——

balance coefficient

where a; > 0 is a hyperparameter and a7 < 1. It should
be noted that we use the product a.n to balance the
full-precision update jg’i)l and the compression residual
Aii)l — i,@l The dependence on the learning rate 7 in
the coefficient is a key design of our algorithm. It should
be noted that this is the first time the balance coefficient of
the variables has been shown to depend on the learning rate
7. The existing work (Zhao et al., 2022; Yau & Wai, 2023;

Yan et al., 2023) on minimization problems does not have

such a design. The update for the dual variable yt(k) follows

the same routine, which can be found in Algorithm 1.

Error Feedback for Gradients. In the gradient track-
ing communication strategy, a gradient tracker is computed
and communicated to approximate the global gradient esti-
mator. Therefore, we also use the error feedback mech-
anism to mitigate the large compression error regarding
the gradient tracker, which also includes two steps as the
update of variables. Specifically, in the ¢-th iteration, the
first step computes the momentum-based gradient estima-
tor, STORM (Cutkosky & Orabona, 2019), for the primal
variable on the k-th worker as follows:

k k k k
1—P:c772)(9t( )1 \Y f (xf )1795 )17 é )))
+ YV fO (@) ey | ©6)

k
g = (

where p, > 0 is a hyperparameter, and p,n? < 1. Then,
the gradient tracking communication mechanism computes
a local full-precision gradient tracker as follows:

ﬂgk) UE )1 +9t( ) gt(k)l (7
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The second step then uses the error feedback mechanism
to communicate the gradient tracker. Specifically, the k-
th worker uses the compression operator C(-) to do com-
pression: C (ugi)l — a§k)), which is to compress the dif-
ference between the full-precision intermediate gradient

tracker ﬁ,(f +)1 and the compression residual 1, *) 1n particu-

lar, the residual set {ut]) |7 € NU{k}} on the k-th worker
is updated as:

L = 9+ (i~ )

, jeNyU{k}. (8)

It should be noted that C(a,” @ — a9y is communicated
across workers so that it can save communication costs.
Then, our algorithm compensates the full-precision in-

termediate gradient tracker aﬁ’_?l with the residual set

{@{7|j € Ny U {k}} as follows:
(k) 7k

Up 'y = Uy 1
full-precision update
~(7) ~ (k)
+ Qy E : Wi (g — Uyyy) 9)
N’ ; N——
. JENK R .
balance coefficient compression residual

where 0 < o, < 11is a hyperparameter to balance the local
full-precision gradient tracker aﬁf‘”ﬁl and the compensation

residual ugi)l - a§ +)1 It is worth noting that the balance

coefficient for the gradient tracker does NOT depend on
the learning rate, which is different from the update of

the variable. The update for the gradient tracker vt(k) with
respect to the dual variable follows the same routine, which
can be found in Algorithm 1.

Discussion. To better illustrate the motivation behind our
balance coefficients, we provide more intuitive explana-
tions. Specifically, we can use the full-precision method
to illustrate the underlying reason. In full-precision meth-
ods such as DM-HSGD, the update of variables is adjusted
by the learning rate (e.g., Steps 14 and 15 in Algorithm 1
of DM-HSGD), whereas the update of the gradient tracker
does not involve the learning rate (e.g., Steps 11 and 12
in Algorithm 1 of DM-HSGD). Following this mechanism,
the update in Eq. (5) operates on the variable z; therefore,
we should incorporate the learning rate into the balance co-
efficient, because the compression residual is a key com-
ponent in updating z. Meanwhile, the update in Eq. (9)
operates on the gradient tracker; therefore, we do not incor-
porate the learning rate into the balance coefficient, in line
with the full-precision algorithm. In summary, in our pro-
posed algorithm, we developed a novel strategy to balance
the full precision update and the compression residual. Our
algorithm shows that the balance coefficient for the variable
depends on the learning rate 7, while that for the gradient
tracker is independent of 7. This is the first time discover
this strategy for minimax optimization, which is different

from existing decentralized minimization algorithms (Zhao
et al., 2022; Yau & Wai, 2023; Yan et al., 2023).

4. Convergence Analysis
4.1. Assumption

To establish the convergence rate of Algorithm 1, through-
out this paper, we make the following assumptions about
the nature of the loss function. These assumptions are very
common in existing works on the minimax optimization
problem (Lin et al., 2020; Luo et al., 2020; Huang et al.,
2022; Qiu et al., 2020).

Assumption 4.1. For k € {1,--- , K}, the loss function
f®)(.,.) satisfies the mean-square L-Lipschitz smooth-
ness: B[V, f®) (21,41;€) — Vaf® (g, 42:9)[I7] <
L?||zy — 221>+ L?|[y2 — y2|* and E[||V, f*) (a1, 915 €) —
Vyf W (@2, 42917 < L2||lzy — z2l* + L2lyr — w2,
where L > 0 is a constant, (v1,y1) € R% x R% and
(Ig,yg) S R% x R,
Assumption 4.2. For k € {1,---, K}, the variances of
Vo f® (€ and V, f*®)(-,;¢) are upper bounded by
o2, where o > 0 is a constant.

Assumption 4.3. For k € {1,---, K}, f®)(x,y) is p
strongly concave with respect to y for any fixed z.

Based on these assumptions, we denote the condition num-
ber by k = L/u. Additionally, we introduce the following
function:

Fz) = f(z,y"(2)) , (10)

where y*(z) = arg max,, f(z,y). According to (Lin et al.,
2020), F(x) is Lp-smooth, where Lp = 2xL.

4.2. Convergence Rate

We establish the convergence rate of our algorithm CE-
SGDAR in Theorem 4.4, whose proof is in Appendix D.

Theorem 4.4. Given Assumptions 3.1-4.3, by setting p, =
O(g) py = Olx) ax = 0@(1 = V), oy =
O(5%(1 = N), a, = O(6(1 = X)), ay = O(6(1 — X)),
3 3 4

Vo = O(‘S az ’\) ) Yy = 0(7‘5 (1;’\) ) n = O(%)
B = O(f) (the batch size in the zeroth iteration),
and T = O 4K53(14>\)4 3)
SGDAR in Algorithm 1 can achieve the e-accuracy solu-
tion: %SV E[|VE(&,)|?] < O(e?), where € > 0.
Remark 4.5. Theorem 4.4 indicates that the iteration com-
plexity of CE-SGDAR is T' = O (W) When
using only one worker and the full-precision update, i.e.,
K =1,1—X =1, and § = 1, the iteration complex-
ity becomes T' = O (“—4) which is even better than the

under the worst case, CE-

single-machine counterpart 7' = O ( 635) in (Qiu et al.,
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Figure 1. The test AUC score versus the number of epochs (1st row) and the communicated megabytes (2nd row).

2020) (See its Theorem 5.3) and (Huang et al., 2022).

Remark 4.6. Compared to the full-precision counterpart in
the decentralized setting in (Xian et al., 2021), whose itera-
tion complexity depends on the spectral gap in the order of

O (ﬁ) , our algorithms have a high-order dependence

on the spectral gap due to the compression operation. The
reason is that the balance coefficient, o, oy, o, and oy,
depends on 1 — X as shown in Eq. (109), which affects -,
and -y, as shown in Eq. (110) and therefore the final conver-
gence rate. On the contrary, the full-precision counterpart
does not have the balance coefficient, achieving a better de-
pendence. All in all, the high-order dependence is due to
the compression operation.

4.3. Proof Sketch

The proof sketch is deferred to Appendix C, where the key
idea, the unique challenge, and the novel solution are dis-
cussed in detail. Generally speaking, the key challenge lies
in the circular dependence between the consensus error and
the compression error. As a result, when determining their
coefficients in the potential function, there exists a circular
dependence among these coefficients. This makes it more
challenging to choose the coefficients of the potential func-
tion compared to full-precision decentralized minimax op-
timization, where no compression error is present.

5. Experiments

In our experiments, we verify the performance of our al-
gorithm on two applications: AUC maximization and fair
classification.

Regarding the AUC maximization problem, (Ying et al.,
2016) shows that it can be formulated as a minimax opti-
mization problem, which is defined in Eq. (11) as follows:

min
z=[0, w1, w2]

max f(z,y; a, b)
Y

£ (1= p)(g(6;a) — wy)?Ljpe)
+2(1 +w3)(pg(0; a)ljp——1) — (1 — p)g(w; a)ljp—y))
+p(g(0;a) — wa)*Tjp——y) — p(1 — p)us (11)

where 6 is the classifier’s weight, w;, ws, and y are the
parameters for computing the AUC loss, (a, b) denotes the
sample’s feature and label respectively, g(6; a) represents
the prediction of the classifier g(-) for the sample a, and
p is the ratio of positive samples. When the classifier is
a deep neural network, this loss function is a nonconvex-
strongly-concave minimax problem.

5.1. Experimental Setup

Datasets. In the experiment, we use four image datasets:
CATvsDOG ', CIFAR10, CIFAR100 (Krizhevsky et al.,
2009), and STL10 (Coates et al., 2011). Since AUC maxi-
mization is designed for the imbalanced data classification
task, we constructed imbalanced datasets from these bench-
mark datasets. Specifically, we treat the first half of the
classes in each dataset as the positive class and the sec-
ond half as the negative class, thus transforming them into
binary classification datasets. Subsequently, a controlled
imbalance ratio was introduced by randomly selecting a
subset from the positive class and combining it with the

"https://www.kaggle.com/c/dogs—vs—cats
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Figure 2. The test AUC score versus the number of epochs and
communication cost for CIFAR10 dataset using different commu-
nication topologies.

samples from the negative class, resulting in an imbalanced
dataset where the positive class samples constitute 10% of
the total samples. Following this, the training set of this
dataset is randomly distributed among all workers, serving
as their local training sets. The complete and identical test-
ing set is distributed to each worker.

Experimental settings. To demonstrate the performance
of our algorithms, we compare them with three full-
precision baseline algorithms: decentralized stochastic gra-
dient descent ascent algorithm (DSGDA) (Tsaknakis et al.,
2020), decentralized minimax hybrid stochastic gradient
descent (DM-HSGD) (Xian et al., 2021), and decentral-
ized stochastic gradient descent ascent with momentum al-
gorithm (DSGDAM). Note that we replace the STORM
gradient estimator in DM-HSGD with the moving-average
gradient estimator to get DSGDAM. In addition, we do
not compare our algorithm with methods that require com-
puting the full gradient (Chen et al., 2024; Zhang et al.,
2024a), as they are impractical for large-scale datasets.
The learning rate for all baseline methods is set to 0.1.
The momentum coefficient of DM-HSGD is set to 0.9,
while that of DSGDAM is set to 0.1, since these values
have the best performance. For our algorithm, we set the
learning rate 7 to 0.1, v, and -y, to 0.9. Furthermore,
we set p, = p, so that p,n* = 0.9 for CE-DSGDAR,
which is the same as DM-HSGD. For o, and a,, we set
ag = oy, and select its value from {0.1,0.3,0.5,0.7,0.9}.
For o, and «,, we set o, = «, and select its value
from {0.01, 0.03, 0.05,0.07,0.1}. In addition, we use eight
workers to compose a LINE graph, and the batch size on
each worker is set to 32. For the compression operator, we
use Top-K in our experiments, where K = 10%.

5.2. Experimental Results

In Figure 1, we plot the AUC score of the test set versus
the number of epochs and versus the communication cost
(megabytes, MB) for all data sets. We have two observa-
tions: First, our algorithm, CE-DSGDAR, can achieve al-
most the same AUC score as the full-precision baselines,

which indicates that the compression operation in our algo-
rithm does not hurt the convergence performance; Second,
our algorithm enjoy much smaller communication costs
than full-precision baselines. These two observations con-
firm the effectiveness of our algorithms in saving commu-
nication costs and preserving convergence performance.

Ablation studies on communication topology. In Fig-
ure 2, we plot the AUC score versus the number of epochs
and communication cost for the CIFAR10 dataset using dif-
ferent communication topologies, including the ring, torus,
and random graph. It can be seen that our algorithm is ro-
bust to various topologies.

Ablation studies on compression ratios. In Figure 3, we
compare the performance of our algorithms when using
Top-10% and Top-5% compression operators. It can be
seen that our algorithm is robust to various compression
ratios, as it can achieve almost the same AUC score when
using different compression ratios.

S E
207 ) 207 |y
J |
0.6{ | —— Top-10% 0.6{ | —— Top-10%
[ Top-5% | Top-5%
0 25 50 75 100 0 10000 20000 30000
Epoch MB
(a) Epoch (b) MB

Figure 3. The test AUC score versus the number of epochs and
communication cost for CIFAR10 dataset using different com-
pression ratios.
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Figure 4. The test AUC score versus the number of epochs for
CIFARI10 dataset. (a) Using different values for a, = o, while
fixing o, = aw. (b) Using different values for o, = a,, while
fixing oz = ay.

Ablation studies on hyperparameters. In this experi-
ment, we show the convergence performance of our al-
gorithm when using different values for o, o, o, and
a,,. Specifically, we fix all the other hyperparameters and
tune the value of these four hyperparameters. More specif-
ically, in Figure 4(a), we fix o, = a,, = 0.1 and then tune
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Figure 5. The test accuracy versus the number of epochs (1st row) and the communicated megabytes (2nd row).

o = oy, from {0.1,0.3,0.5,0.7,0.9} for our algorithm on
CIFAR10 dataset. In Figure 4(b), we fix o, = oy = 0.9
and then tune «,, = «, from {0.01,0.03,0.05,0.07,0.1}.
Note that we found that the algorithm does not converge
when using the same scale for both o, oy and o, . A
possible reason is that a larger «,, or «,, leads to a larger
gradient, which can result in the divergence issue. From
these two figures, we can find that the convergence perfor-
mance of our algorithm is not significantly affected by the
value of o, oy, o, and ¢, confirming the robustness of
our algorithm to these hyperparameters.

5.3. More Experiments

In this experiment, we apply our algorithm to the fair clas-
sification problem (Sharma et al., 2022), which is defined
as follows:

C
. A
min max Y gele(@) = Sl (12)

z€RY yeY
c=1

where Y = {y.|y. > O,Zil y. = 1}. Here, x denotes
the classifier’s weight, £.(x) represents the loss function for
the c-th classes and C' denotes the total number of classes,
Y. is the weight for the c-th loss function, and A > 0 is
a hyperparameter. This loss function is also a nonconvex-
strongly-concave problem (Sharma et al., 2022).

In this experiment, we use three benchmark multi-class
classification datasets: CIFAR10, CIFAR100 (Krizhevsky
et al., 2009), and STL10 (Coates et al., 2011). Similar
to the first experiment, the training set is randomly dis-
tributed among all workers, serving as their local training
sets. The complete and identical testing set is distributed
to each worker. In addition, the other experimental settings
are the same as the first experiment. In Figure 5, we plot
the accuracy of the test set versus the number of epochs
and versus the communication cost (megabytes, MB) for
all data sets. Similarly, we observe that our algorithm,
CE-DSGDAR, achieves nearly the same accuracy as the
full-precision baseline methods while significantly reduc-
ing communication costs, further confirming the effective-
ness of the proposed algorithm.

6. Conclusions

Our paper developed a novel communication-efficient de-
centralized stochastic gradient descent ascent with momen-
tum algorithm. Specifically, we demonstrate how to bal-
ance the full-precision local update and the compression
residual via novel designs for coefficients. Meanwhile, we
developed novel convergence analysis approaches to estab-
lish the convergence rate. Extensive experimental results
confirm the effectiveness of our algorithm.
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A. Additional Experiments

In this experiment, we apply our algorithm to the robust logistic regression problem by following (Xian et al., 2021)
Specifically, its loss function is defined as follows:

n d
1 1 wx?
i i&' —=A —*12“!‘/\ E 72; 13
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where Y = {y;ly; > 0,30, y; = 1}, £;(z) = log(1 + exp(—b;al z)) is the logistic loss function for the i-th sample’s
feature a; € R? and label b; € {—1,1}, n is the number of samples, d is the number of features, \; > 0 and A, > 0 are
positive hyperparameters.

In this experiment, we use a9a dataset 2 and add an additional baseline, DGDA-VR (Zhang et al., 2024a), as this dataset
is small and then we can compute the full gradient for DGDA-VR. For other experimental settings, such as learning rates,
batch size, and communication topology, they are same as the first experiment. In Figure 6, we plot the loss function value

with respect to both epochs and communication costs. Both plots confirm the effectiveness of our algorithm in reducing
communication costs while preserving convergence performance.

) M . LHM
141Ny 147 iy
\-\'«\' RN
12 '\.0'\\)&\ —o— DSGDA 1213 ’\\A\ —o— DSGDA
" 10 \:.\.\A —#- DM-HSGD " 10 ‘8 B'\’\ —#- DM-HSGD
2 LA -o- DSGDAM P 3 . -o- DSGDAM
— '\\.\ A H w\
8 RN —- DGDAVR 8| AN —- DGDAVR
RS -+ CE-DSGDAR 5 AN -+ CE-DSGDAR
° N 6| i N
& EN
) Nz R N
o A .y Q TRk —a=—-
) E b=t o % R
0 20 40 60 80 100 0 2000 4000 6000 8000 10000 12000
Epoch MB
(a) Epoch (b) MB
Figure 6. The loss function value versus the number of epochs and the communicated megabytes.
B. Terminology

To establish the convergence rate, we introduce the following terminologies:

Xt = [xl(fl)7x§2)7 o 7x1§K)] ’ Y;f = [y(l) @ (K)

Do Xe= 0.8 w0 V=10 )
Xo= 3", 27, @) V= 1 o™ a0) U= ™) V= o oo™,
O =lag a4, Vo= 00,0 o), U= (0P, ) V= 0,6 o)),
Ge=loi" 0”0 Ho= Y n? o T
Xp=[Endn - m), Vo= G0 0] Xe= Fede o B, Y= [F0 G 3
Up = [y, Uy, -+ 0], Ve = [04, 0, , 4] (:]t = [ag, g, - 0] ‘:/t = [04, 0g, -+, 04 - (14)

Based on these terminologies, it is easy to obtain

Xt+1 = Xy — Y2nUs , Xt+1 =X, +C(Xt+1 - Xt) )

ﬁt+1 =U; — G+ Gyqa Ut+1 = Ut + C(ﬁtﬂ - Ut) )
Y/t-',-l =Y +C(Y/t+1 - Yt) )

Xiy1 = Xt+1 + aanHl(W —1),
Uiy1 = Ut+1 + auUtJrl(W -1I),

Yir1 = Yipr +aynYe (W - 1),
https://www.csie.ntu.edu.tw/-cjlin/libsvmtools/datasets/

Yig1 =Y +v,nVi
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Vin=Vi—Hi+Hi1, Via=Vi+CViei —Vi), Vier=Vin +a,Viga(W —1). (15)

Additionally, since W' is a double stochastic matrix, it is easy to know (W —1) %11T = 0 where [ is an identity matrix.
Then, based on X; = X; %llT, we can obtain

Xt—i—l = Xt-i—l =X, — ’YwUUt ) Ut+1 = Ut+1 =U, + ét+1 — Gy,
Vg1 =Y = Yo +9ynVi, Vigr = Vigr = Vi + Hipr — Hy (16)

Furthermore, it is easy to know U; = G, and V;, = H,.

C. Proof Sketch
C.1. Key Idea

The convergence of our two algorithms is affected by the gradient estimation error, consensus error, and compression
error regarding both primal and dual variables. Therefore, we need to investigate all of them to establish the convergence
rate of our algorithms. Then, the key idea of our proof is to use a potential function to unify all these error bounds to
investigate how they affect the convergence.

To address these challenges when proving Theorem 4.4, we develop a potential function to unify the
gradient estimation error , consensus error , and compression error as follows:

Py = E[F(20)] + coE[l|g: — y* (z:)[|*]
2
k k k
+er | & Tl 0 — & T Ve @ e, o) ]
2
K k K k k
+62]E[H% Y kel hi ) % > k=1 Vyf(k)(afg )7yt( ))H }

2
+011% Zf:l E H gt(k) - fo(k)(wgk)v yt(k))H }

o2 A E[[|BP - 9, 58 o, yt(k))HQ}

+es 2Bl X — Xel|F] + capE[||Y; — V2|3]

+es % E[|U: — Uill3] + cs % El| Vi — Vil ]

+er i El0: — Uillz] + cs 2 EllIV: — Vi3]

+eo Bl Xer1 — XiellF] + crog Bl Vi1 = Val3] - (17)
Then, we establish their error bounds in Lemmas D.10, D.2, D.3, D.4, D.5. Based on the potential function and the error

bound of each term, we study how the potential function decreases across iterations for establishing the convergence rate,
i.e., establishing the following upper bound

P = Py < = 21E[IVF (@)
2 2.4 2 2 27402
T PEIZJ ) Pylé ¥ en2pinto? +0122P@2,77402+033Pi77402 Jr043&2/774027

where {c; } 12, will be carefully determined to guarantee convergence.

C.2. Unique Challenge

A key challenge is to determine the coefficient {c; }12,,. Specifically, the difficulty lies in the circle dependence among
these coefficients due to the interaction between the primal and dual variables in the presence of the error feedback

14



On the Convergence of Decentralized Stochastic Minimax Optimization Algorithm with Compressed Communication

mechanism. More specifically, based on the aforementioned error bounds, we can obtain the following inequality (i.e.,
Eq. (45)):

Pt+1 - Pt
Yall 2000 2pyn'0”
< —%E[HVF(@)H?} + e o+ en20in’*o” + cn2opn’o” + Ca3pin'o? + Cudpin*o”
Yen | 25m7sL° 9% { }
+ (= e
(-2 T ) la
<0
307y 9y 7 p2
+ (et + Cog ) B[l
<o
W g 1w (o) o
+ (29nL? = o L) Ely* (@) — 31l
<o

25 L2 azn(l— M\ 1 _
+ (272nL* + o ’?/7 —c3 M(2 ) +Cs) gE[”Xt - Xt||i“]

<0

25, nL? a,;n(l—A 1 -
+ @2 4 02 0N o) Le)g - v

31 2
<0
| K
k) (k k
+ (2321 = c1pan?) E[ = 3 Vs P ) - zy“w
25 1 & Ne (
y'i - (k) k k?
+m&lcmn[K;%f , KZhH
<o
372n a,(1—N) 3602 727202 n? 972 1 -
+(c3ax(1—/\) Cs 5 toa—ta 5 55 )K U — Uil
<0
3y ay(1—N) 3602 T2y 0’ 92 1 _
! — cg— v il Co2) =E||V: — Vi|l3
+(C4ay(17/\) Co 5 +cs 5 =+ ¢cio 5 + 62%2/)K [H t tHF}
<o
4oz (1 —0) 5 1 7o .
(CBﬁ —Cog T Cs) EE{HXtH - Xt||%}
<0
4o,m(1 =6 6 1 ~ ~
(e % 4 O) B[~ Vil ]
<o
8o, (1 —9) ) 14492020 1 -
(es——— —¢ 73 Cgf)EE[”Ut_UtH%}
<0
8o, (1 — 6) 5 144y2azn® 1 -
(62 — e + ero— ) — [ IV; = Vill3]
<o
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K
1
+ (—enpan® + Cs3pzn’) = ZE{Hgg — VR (2 g H }
<0 k=1
K
1 k SERONIE
+ Cennyn? + Cudppn’) 22 3 B[00 = 9,V )| ]. (18)
k=1
<0

where C3, Cy, C5, and Cy are defined in Eq. (46). Then, to establish the convergence rate We need to eliminate all terms
except the first line in this upper bound. Specifically, we need to select appropriate {c;}12, such that the coefficients of
those terms are non-positive as shown in this inequality. However, due to the interaction between the primal and dual
variables, there exists interdependence among these coefficients. As a result, it is challenging to determine the value of

{Ci go

For example, when eliminating E [HUt - U, ||%} , we should enforce

3v2n 3602 7272 37)2 9v2 ozu(l —-A)
C’ _— 19
G- T T topGseT o (19)
which indicates ¢5 depends on {c1, ¢o, c3, g, ¢7, Cs, C9, C10, C11, C12 }-
When eliminating E {HXt—s—l — X¢||%|, we should enforce
dagn(1 —6) )
< Co— 20
G— 5 T =0y, (20)
which indicates cg depends on {c3, 1, ca, ¢5, g, C7, Cs, C9, C10, C11, C12 }-
When eliminating E {HUt - U, ||%} , we should enforce
8o, (1 =196 1447202 n? )
P Gl Tl 21

1-x T =Ty
which indicates ¢; depends on {c5, co }.

In summary, {cs, ¢z, co} depends on each other, which is shown in Figure 7. Other coefficients have similar interde-
pendence. This kind of circle dependence makes it difficult to determine the values of these coefficients.

/5\

(&4 Co

Figure 7. An illustration of the circle dependence among {cs, c7, co }: ¢5 depends on {c7, co}; ¢7 depends on {cs, co }; and ¢y depends
on {05, C7}.

Comparison with the full-precision counterpart. The full-precision decentralized minimax optimization algorithm
does not have the terms: ]E{H)N(Hl - Xt||%], IE[H}NQH - Yt||%}, ]E[||Ut - UtH%}, and E[HVt - VtH%}, which means
¢7 =0,c8 =0, cg =0, and ¢19 = 0. Then, there does not exist interdependence among {cs, ¢z, co}. In other words, the
error feedback mechanism makes the convergence analysis more challenging.

C.3. Novel Solution

To break down the interdependence among different coefficients, we propose to use some coefficients to represent the
others, and then determine the latter first. Just as shown in Eq. (50), we use {cs, ¢, co, c10} to represent {c7, cs, €11, C12}-
In this way, we can break down the dependence on {c5, cg} for ¢7. Then, we solve the inequalities to determine the value
of {es, cg, ¢, c10} first. After that, we can obtain the value of {c7, s, c11, 12}
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However, there is still interdependence between c5 and cg. Just as shown in Eq. (64), when eliminating [ [||)~(t+1 - X, %1,

cg is affected by c5, where c5 is an unknown value at that time. By examining Eq. (64), we found that there exist some
terms that are independent of {c;}12,. Then, we propose making cy equal to those terms as shown in Eq. (75), which
means that the value of cg is determined. Then, since the value of {cs, cg, c10} is not available at that time, we will solve
Egs. (69-74) after all values of {c5, cg, cg, c10} are determined. With this strategy, we are able to determine the value of all
coefficients, completing the proof.

D. Convergence Analysis of CD-SGDAR
D.1. Useful Lemma

Lemma D.1. (Zhao et al., 2022) Assume W satisfies Assumption 3.2, then the spectral gap of I + a(W — 1) is a(1 — \)
when o € (0,1).
Lemma D.2. Given Assumptions 3.1-4.3, azn € (0, 1), and ayn € (0, 1), we have

> azn(l —A) - 3v2n - dan(1 - 9) 5
[ Xe41 — XeallF < (1— — 5 Xy — Xell7 + =N )||Ut Ul% + o 1 X1 — Xell7,
_ a,mn(l— A\ _ 372n 4a,m(1
Weer ~ Vinlp < (0= D0y, g o 200y v =g e )
2 ay(1— N\ 1—
Yy

Proof. Given a1 € (0, 1), we have
[ Xet1 — Xeall7
= | X1 + aen X1 (W = 1) = Xy |13
= | Xig1 + 0an(Xe + €K1 — X)W 1) — Xy |3
= X1 + 0an X (W = 1) + agn(Xy — Xipr +C(Xipr — X)W = 1) = X |13
= || Xer1 (I + apn(W — 1)) — ):(Hl + (X — Xpp1 + C(Xepn — X)W = D%
< (1+ )| Xepr (I + awn(W = 1)) — )?t+1\|% + (1 + e a2’ [(Xy = Xigpa + C( Xy — X)) (W = 1|3
<(I+e)(d—agn(l— )\))QHXtH - ):(t+1||% +4(1+ C_l) i’lQ(l - 5)||Xt+1 - XtH%

< (1 an(1 = )| Zesr — Keaallp + 222 g
< (1= awn(l = N))(1+e2) [ Xe = Xillf + (1= aan(l = )1+ )in’llU — Uil
2O %, - il
< (- 20Dy g+ - o+ D - @
where ¢; = % and ¢y = W, the sixth step holds due to ||W — I|s < 2, Lemma D.1, and Assumption 3.1.

Similarly, we can prove the second inequality.
O

Lemma D.3. Given Assumptions 3.1-4.3, o, € (0,1), and cv, € (0,1), we have

_ (1= N _ 11 Bov, (1 — ) :
[Uts1 = Upa|[f < (17#)HUthtH%JrﬁHGtHfGt||i~+ T U= Uil%
_ ap(1— A _ 11 8ary (1 —
Vi = Visally < (1= U=V i+ — T — Bl + l(—)nvt AFEHY
v

Proof. Given a,, € (0, 1), we have

U1 — U |7
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= U1 + auless (W = I) = Ui [[3

= [Uss1 + Uy + COeg1 — U)W = 1) = Uppa |3

= U1 + aules (W = 1) + ay (0 = Upgr + C(Use1 = U)W = I) = Upia |3

= [T (I + au(W = 1)) = U1 + @ (Us = Upyr + C(Tipr — U)W = D)%

< (14 )| Uerr (I + (W = 1)) = Ul + (1 + ¢ a2 [0 — Urgr + Cerr — U)W = D)%
1+e1)(1 = au(1 = N)?|Upp1 — ﬁt+1||% F4(1+ ;a1 = 8)|Uper — Uil|3

<
~ = 4o, (1 —
< (1 (U= )01~ O+ 220D 0
< (1~ (1 = M)+ e2) U~ Tilf:
-1 A A2, Ao (1—0) - 2
+ (1= o1 =)+ )|Gr1 = G = Grar + Gellp + ﬁ“UHI —Uillw

(1l — A _ 3 _ _ 4o, (1 — .
<= 20y PG - G- G Gl D G G - D
2 au(l—N\) 1
ay(1—MA — 11 8, (1 — A
< (1= 0|0, - Gl + s Guea = Gullp + "2 0 - Gl 25)

where ¢; = 72— and ¢y = “=-—/ the sixth step holds due to — I||2 £ 2, Lemma D.1, and Assumption 3.1,
h el and (=2 the sixth step holds d W —1Ills < 2,L D.1, and A 3.1

the last step follows from o, < 1,1 =3 < 1,and ||Gy11 — Gy — Gey1 + Gi||% < ||Giv1 — Gi||%. Similarly, we can prove
the second inequality. O

Lemma D.4. Given Assumptions 3.1-4.3, we have

67

A 6
[ Xiv2 — Xeg1ll3 < (1 — *)||Xt+1 Xl + 5||Xt+1 - X% - Uill%,

6%,?7

. 6
[Viro = Vi |7 < (1 *)HYtH YillE + 5||Y;s+1 — Y%+ 1Vier — Vall7 - (26)

Proof.
[ Xer2 — X ll7
= ||Xt+2 — Xt — C(Xt-i-l - Xt)HZF
= | Xep2 — Xep1 + Xep1 — Xy = C(Xeg1 — Xo)|3
< (1+0)| X1 = Xy = C(Xin = X)IF + (1 + )| Koo — Ko |7
< (U401 = )Xot = Xl + (1 ¢ ) Xepr = renUris — X+ venUel
6%

5 ) 6
<(1- §)||Xt+1 - X%+ g||Xt+1 — X5 + 1Ut11 — Utl|7 @7

where ¢ = %, the fourth step hold due to Assumption 3.1. Similarly, we can prove the second inequality.

O
Lemma D.5. Given Assumptions 3.1-4.3, o, < % and o, < 1%, we have
. A 46 36a _
[Uti1 = Ul < (1 — *)HUt UdllF + ?HGHI — G|l + —2U = Uil 7,
. - 46 36% —
Vig1 = Vigallz < (1~>||Vt Vil + 5 1Hepr = Hillp + ==V = Vil 7 (28)

Proof.
1Ut41 = Ui 1%
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= U+ C(Ur41 = Uy) = Upr — anUpn (W = )17

= ||U; — Ups1 + C(Uprr — Uy) — o (U 4 C(Upr — U)YW = D)||%

= |0, = U1 + C(Us41 — U) — aw(Uy = Upyr + C(Urgr = U))(W = I) — auUpin (W = )|

= (U = U1 + C(U41 — U))I = as(W = 1)) = U a (W = T)||3

= (0 = U1 + C(Ur1 = U))(I = (W = 1)) = a0 (U1 — U)W = D)|[%

< (14 e)l(0r = Uer + C0r1 = U — a(W = D)3 + (1 + 7 D2 |(Trr — D)W — D3
< (14 e))(1+200)2 00 = Upir + C (U1 — U)lI% + (1 + e 402 | Upgr — Ui

< (14 e)(1+200)2(1 = O Tesr — Oell3 + (1 + 7 402 (| Urgr — Ui}

1202

<(1- Z)HT]}H ~U% + THﬁt—H ~ Ui

= (=210~ 6+ G~ O+ B0 - G+ G - Tl

< (1= D+ DU~ Tl + (1= D0+ GG = Gl + E02 61y — GlE + 2, — 0

< (0= 0= 0 + 21600 — Gl + PG - Gl + e, - 01

<= D00 0+ 26— Gl + Ee g 0 @)

where ¢; = £ and ¢ = £, the last equality holds due to U,W = U, the second inequality holds due to || (c, (W — I) —
Dz < law(W = D2 + [|]l2 < 20, + 1, the third inequality holds due to Assumption 3.1, and the fourth inequality
holds due to a,, < % and the following inequality:

(14 c1)(1 +20,)%(1 = 9)
) )

<(14+2)1+2)*1-46
<1+ 90+ 920 -9)
0 52 4
<(1—-Z2 42
<A-Da+ T+
1.8, 8 6 68 68
o644 2 264 24
3 2
<1 0 0 ¥
- 4 128 64
0
<1- 1 (30)
Similarly, we can prove the second inequality.
O
Lemma D.6. Given Assumptions 3.1-4.3, o, € (0,1), and cv, € (0,1), we have
U1 = Uslf < 51Ger1 = Gellh + 1202 (1U; = Usl|F + 240 ||U; = Ut
Vier = Villz < 51 Hiy — Hy|[3 + 120 Vi = Vi + 240 |V = Vi1 - 31
Proof.
U1 — Ul %

= [|Ut41 + auUpr (W = I) = U1
= U1 + o (Us + C(Us41 — U)W — 1) = Us||%
= [|Us41 + auUppr (W = 1) + (U — Upg1 + C(Upgr — Up))(W — 1) — Us||%
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= [U1(I + (W = I)) + o (Uy = Upgr + C(Usgr — U)W = I) = Us |1

= (Giy1 = G + au(W = 1)) + uUy(W = I) + a(Uy = Upyr + C(Upa — U)W = )|

= [(Giy1 = G + au(W = 1)) + (U = U)(W = 1) + o (Uy — Up s +C(Ut+1 U)W )||F

<3[(Ger1 — GO + aw(W = D)3 + 302 |(Ur — T)(W = DI3 + 302]|(Ur = Upgr + C(Urr — U)W = D)7
< 27||Gri1 = Gil[3 + 1205 |Uy — Uy |[3 + 1205 (1 = 6)[| U1 — Ui 7

< 27||Gri1 = Gill3 + 1205 | Uy — U3 + 2403 | Uy — Us|[3: + 2403 |Gy — Gol 7

< 51)|Gry1 — Gil| B + 1202 | Uy — Us||3 + 2402 | U, — U3 (32)

where the last equality holds due to U;W = Uy, the second inequality holds due to |[W — || < 2, [|(a, (W = 1) +1)]|2 <

| (W =12+ |I]|2 < 2a,, + 1 < 3, and Assumption 3.1, the third inequality holds due to § < 1, and the last inequality
holds due to a,, < 1. Similarly, we can prove the second inequality. O

Lemma D.7. Given Assumptions 3.1-4.3, a;n € (0, 1), and ayn € (0,1), we have

1 Xe1 — Xell3 < 549202 Us — U3 + 549202 | U3 + 120202 Xy — Xell3 + 120207 | Xei1 — Xe| 3,
[Yisr = Yall3 < 54ypn? (Vi — Vill% + 549 Vi3 + 12007 (Vs = Vil B + 1205 0% [ Ve — Vi3 - (33)

Proof.

[ Xer1 — Xell7
= X1 + aenXep1(W = 1) = X[
= [ K41 + aen(X + C(Xpp1 — X)) (W = 1) — X[
= | Xes1 + @anXep1 (W — 1) + aun(Xy — X1 + C(Xepr — X)W — 1) — Xo||3
= | Xes1 (] + aen(W = 1)) + aon(Xy — Xeg1 + C(Xe1 — X)W = 1) — X |1
= | = YnU(I + axn(W = 1) + axnXo (W = 1) + aun(Xy — Xog1 + C(Xip1 — X)W = D)3
= || = nUs(I + aen(W = 1)) + azn(X; = X)(W = 1) + apn(Xs — Xip1 +C(Xop1 — X)) (W = D)7
< 39 |U(I + aun(W — D)% + 3aZn°[[(Xe — Xo)(W = 1|7
+ 3020 ([(Xy — X1 + C(Xepr — X)W = D%
<272 Ul + 1202071 X; — X |3 + 120207 [ X o1 — X3
<54 ||U — Uil F + 549207 | Uil + 12020° | Xy — Xl + 12020° | X1 — Xl (34)

where the last equality holds due to X;W = X,, the second inequality holds due to ||W — I||s < (W-I)+1I|2 <
[laxn(W — D2 + || I]|2 < 2a,m + 1 < 3, and Assumption 3.1. Similarly, we can prove the second inequality.

O
Lemma D.8. Given Assumptions 3.1-4.3, by setting vy, < (%L andn < 1, we have
2
_ ‘s VI 3’77 ; 25y, L*
[Fe1 = y" @er )P < (1= )5 — y" @) = — 2 Mhe® + (s
4 6y, 11
4 2 B) (2 (k) 12
3 & ZVf ' KZh I
25'yy77L 1 9 25fyynL 1 9
X —X Y; - Yi|% . 35
310 H ¢ — Xelp + 3 || t— Yillp (35)

Proof. By setting v, < 6% and < 1, we can get
1Ger1 — y* (Ze) 1P
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2577731/2 _

S0L/ TN 3, 25777 _
<=2 =y @17 = =Ml + =5 2V f (@0 90) — bl + Gy 18 (s
)
< (1= 25— g @l - e+ 257”2L2H &
= 4 t t t 6'7y/J/ gt
K K
257ym, 1 ) (= -~ _i (h) () 2 257;;77 ®) (o0 0y _ 2§ p k)2
k=1 = k=1
2 2712 K
Vol 3y 7 251y, L% 25vyn, 1 k
< (1= 20l =" @I = =PRI + S gl + = Z N SRl
k=1 k=1
25'Yy77L 1 2 2572/77[/ 1 2
X -X Y - 36
30 || t— Xellp + 30 H t = Yill% (36)

where the first step holds due to Lemma 28 in (Huang et al., 2022), and the last step holds due to Assumption 4.1.

O
Lemma D.9. Given Assumptions 3.1-4.3, we have
K
k k k
E[|Ges1 — Gel3] < 3020* D E[|[Vaf® (@, 5) — ot 2] + 3L2E[|| Xe1 — Xel[3]
k=1
+ 3L2E[|Yig1 — Ya|2] + 3p20% 0K
K
k k k
Ell|Hesr — Hell 2] < 3020 Y B[V, f P (@Y, 5") = b)) + BL2E[| X141 — Xe|3]
k=1
+3L7E[||Yi1 — Vi) + 300" 0’ K . 37)

Proof.

K
k k
E[|Ge1 — Gel3) = Y Elllgy — o™ |1
k=1

WMN EM“

k k k k k k k k
E[[(1 = pen®) (9" = Vo f® @™y e8)) + Vo f @ @) g% ey — 612

Bl — pen?a™ + pan®Vaf® (2 4|12

I /\

K
+3 Z Il = PV F® (@ 4t + par? Vi 8 () 5™ €)1
k=1
K
k k k k k k
+3 ) [ = Vo f® (@™ 5 €8)) + Vo ® @,y e
k=1

K
k k k
< 302" SB[V P @, yM) — o |2 + 3020102 K + BL2E[| Xeq1 — Xel3] + BL2E[||Yers — Y2l3] . (38)

where the last step holds due to Assumptions 4.1, 4.2. O

Lemma D.10. Given Assumptions 3.1-4.3, we have

I ) () k) 2 W 1 v OIROINGN
E[HEZQH1 _?vaf (T4 Y H } < (1= pan®) [HKZQ *Z Vo [ (e yy )H }
k=1 k=1 =1
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203 0

K )

K
1 k 1 & K i . k )
E[H? = 33T O] < 0 - [HK > hi - KEIVyf .5 )| ]
k=1 k=1

< 3al [ )+ 3 -

2L2 2 2L2 2 2p12/7740.2
+ o B[ xen = X[ ] + Ty v ]+ (39)
1 ¢ (k) k) (&) ()| n 1o (k) GIROINONE
EZE{HQH'I =V f ($t+1vyt+1)‘ } < (1= pan )EZE[H% = VY @y, )H }
k=1 k=1
2L2 2 2L% 1 2
+ 7E|:HXt+l Xy } + ?]E ‘Y;H-l -Y; } +2pn'0?
k NI B
KZ]EH‘htH Vyf(k)(x§+)1,y§+)1)‘ } <( Py77 ZEH -V f(k)( " ( ) H }
2L2 2 212 2042
+ B[ X - x| |+ SB[ Ve - v }+2pyn o (40)
K F
Proof. For the first inequality, we can prove it as follows:
Lo ) Ly (k) (k) []?
E[H? th+1 K vaf(k)(xtﬂaytﬂ)u ]
k=1 k=1
1 X
k) ~(k k k k
=E|||= 1 — Pz )( -V f(k)( ’?Jt( )1£§+)1))+vwf(k)(x§+)1vy§+)1a£§+)l V f(k xt+1ayt+1
K
k:l
k k
- 1 ] S0 st ]
k=1
1 X
k) (k k
E[H(l - prQ)E Z (Vg;f(k)(xg )7yt( )) - wa(k)( a 7§t+1) +V f(k)(mt+17yt+17§§+)1)
k=1

N

k k k k k k k
vmf(k ($§+)1, y£+)1 ) + Pz Z f(k E+)1a y£+)17 ft(+)1) - Vrf(k) x§+)17 y§+)1 H }

< (1—p.n*)°E Vo f® (@, y H }

=2
k::l
1 K
k k k k
+2(1 *pxnz)zE[Hg STV O @y = o O My )
k=1
k k k k k
+ vmf(k)($§+)1’ y£+)17 5t(+)1) — v, f® x§+)1, y§+)1 H ]

K
1 k k) o(k k
+ 2/)?0774EH? Z(V$f(k) ($§+)1, yt(+)17 €t+)1> f(k) E-i-)lv yt+1 H }
k=1

K

1 2

<(1- MQ)E[HX > (9" - me(k)(wﬁk),yt(k)))H ]
k=1

K
1 k k) o(k k
+2ﬁZE[HV“’fo€) (i utns 65 = Ve O @y 6h) H }

pan RGN
+2 x2 ZEHV f xf+17yt+17§t+1) fo(k)(a?£+)1,y£+)1)H }
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K

1 21 20in'0”

<(1 —pznz)lE[HE Vo f® (@M, i) ’ } +
k=1

k (k
]+

+2—L2Z1EH

2
k k
t(+)1*y1£ )’ }

1 K 2
_ (1—01772)1@“’?2(95@ _v$f<k>($§k)7yt(k>))’ }
k=1

22 2 2L2 2 P27]4U2
L ETRE MES <L LR MRS o @

where the second step holds due to E[(1 — pﬂ)?)l ZkK 1 (Vg f(k)( (k),y,gk)) — Vo fW(x (k),yﬁk)yit(i)l)

k k k k k k k k k k
Vo f* (x§+)1, y£+)17 ft(+)1) — V. f* (xl(f+)17 yt(+)1)) +pat)? K k= 1(V O (a §+)17 yt(+)1a ft(+)1) ~ V. f* (x§+)17 yt(+)1))] 0,
and the second to last step holds due to Assumptions 4.1, 4.2.

The second inequality can be proved in the exactly same approach so that we do not include its detailed proof.

For the third inequality, we can prove it as follows:

K
1 k k k
EZ]E{ ‘9§+)1 _Va:f(k) x§+)1’yt(+)1 H }
k=1
1 K
k k k k k k
= ?Z]E H(I*PTU )9 ) _ mf(k)( ( )7yt( )a§£+)1))Jrfo(k)(x§+)1vy§+)1a§t+1) \Y f It+17yt(+1 H }
k=1
1 K
- g Ella st s

=
Il

1
k k k k
ZE[H (1- Pa:77 (V f(k)(xtﬂa y,f+)1, ft(+)1) - me(k)($§+)1vyf+)1)
—fo(k)( (k)vyt §€t+1)+vxf(k)( )ayt(k))> +p:c772(vxf(k)( My §t+1) xf( o (k) H }

Tyi15 Y415 xt+17yt+1
ZE[HQ(“ Vs )]

K
2 k k) o(k
+EZ {Hvxf (xt+)17yt+17§t(+)1) \% f(k)( ayt( ), t(+)1 H }
=1
2020t k) (k) o(k k) (K
* K ZE[Hvzf(k) x§+)17y§+)1’§15+)1) _vxf(k) x§+)1,y§+)1 H }
k=1
1 & 212 &
k k k
<(1 —Pa:WQ)E E{Hgt( -V f(k) ( ) H } ZE[H §+)1 _xt H + H t(+)1 _yt H } +202774U2
k=1 k=1
o 1 v (k) CIRCINCN 21, 2.2 2 2152
= (1= pun )}; H‘g — Vo f ) (z; H } + 7E{HX15+1 X } + 7EH Yii1 - Y F} +2pzn" 0
(42)
where the second step holds due to E[(1 — pun®)(Vauf®)(a; H,yﬁ{,éﬂ) - f<k>(x§ff1,y§i>1) —
E) ok 2 k k J2 k
Vo f W (@ g + Vo r® @M u)) + pan (fo Nathuithse) = Vart <x§+’17y§+’1>>] = 0,
and the second to last step holds due to Assumptions 4.1,4.2. O
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D.2. Proof of Theorem 4.4

Proof. At first, we have

L
F(Ze1) < F(@) + (VF(#), Teer — Te) + |7 — 2l

= Pl = 5V F (@), ) + 2L g,

N w7 BPLr Yl - %17
= F(a) = EHVF@E)P + (55 = 2 gl + EHIVE @) — g0l

2,2
_ = 2L =
< F(@) - MIIVF( OIP + (L ”)Hgtuuzmnmxt ——}jv O @)

K K K
1 o 1 1
+ 20l D Ve V@ g) = 22 D0 Vel P @y + mnn— Zv SO0 = 23 a1
k=1 k=1

k=1

_ Y1 _ Yz~ _ _
< F(zy) — THVF(%)HQ - T”gtH2 + 27,0 L2 ||ly*(Z2) — 5el?

K
1 - 1, - 1 k k k
+ 2% L 2 1Xe = Xl + 2yl 2 [V = Vil + 2vemll ;1 Vot P ) - - Zg,E L @3
where the last step holds due ton < 5 L and Assumption 4.1.
Given the potential function in Eq. (17), based on Lemmas D.§, D.10, D.4, D.5, D.2, D.3, we can obtain

Py — P
YT ’YT]M “(
< - 2R (|VF@)I1] + (27nL? - oo B y* (70) - l1?]

Vel 2577%0 [ } 77% [ }
- E||
(-t —a 671 1g¢lI*| — co
25y nL2 o 77
e ZE (1% - X]

+ (27w77L2 + co

= \

25~,nL> «
+ (2v.1L* + co 7;’: —cy y77 [ |V — Yt“%]

3120 au(1 = X) 36a3
ey TS 3 T R
3yn ay(l—=X) | 3602, 1 o
-2 + o5 B IVi - il

2 )
4ozn(l -9 6.1 N 4oyn(l —46 1)
) [||Xt+1 Xt||%] + (041{’%/\) ~ 105

(5= 3 3
8a, (1 —0)
1—x

8, (1 =16 0.1 A
(e 20D 0 LRI~ 03] + (e
K

K
1 k k 1 k
+ (2%777cmmnz)E[\I}Zfo(’“)(xﬁ Lyt - gkzgt( )IIQ]

K

+ (o= — capy?) [H—Zv FO, ) - 2 S HOP]

k::l

- = \

E[HUt - (MI%]

+ (04
1 ~ N
)E[I¥i11 - Vi3]

5.1 -
— e ) E[IVe = Vil?]

K K
1 2 1
+ (—enper) 2 DOE[[lo) = s @@l o) ] + (cerp) [Hhm v,
k=1 e
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+ (61% + 62% + ng +c112L% + 0122L2) E[|| X1 — Xe||3]
+ (61% + Cz% + Clog +c112L? + 6122[/2) E[||Ye41 — Yil|7]
ey + o5 B G — GullE] + <ﬁ b s ) || Hipr — Hill2]
B L1~ Vi) + 010 22 L[ |Vi — Vi3]
te 2pi[n(4o'2 o 2,02[,7(4 o2 N 0112/%77402 I 0122&2/]402 (44)

By expanding E[||U;+1 — U;||%] and E[||V;4+1 — V4||%] based on Lemma D.6, E[||G¢11 — G:||%] and E[||Hy1 — Hy||%]
based on Lemma D.9, and E[|| X;1 — X;||%] and E[||Y;+1 — Y;||%] based on Lemma D.7, we can obtain

P — B
V] Yy - _
< - BUE[IVF@) ] + @unl? - oo 2By @) - 5]
_ al 2502 L2 9%6 377’Yy 'Yy
T g + o s E[1P] + (~eo = + Coy Bl

25 L2 an(l— A 1 —
+ (2v.nL* + co 7;/7 —c3— 77(2 ) + 05)KE{||Xt - Xt||%’}

25y,nL? e a,n(l — )
3u D)

1 _
+ (29nL? + + Co)E|I%: - i/}

3v2n a,(1=X) 3602 72720k n? 92 1 _ o
- 05 e —E[ U, -0, ]
+(C3%(1_)\) R to— to—; + 52a§)K U = Ull&
3 a,(1 =) 3602 T2y 02’ 992 1 _
— cg— v v Co—L)=E|||V; — V3|13
+(C4ay(17)\) Cp 5 +cg 5 + c1o 5 + 62a§)K [H t tHF}
4ozn(l =96 ) 1 ~ N
(e 0= — g2 4 C5) B[ K — ul3]
daym(l =46 5 1 - -
(e 2= — 102+ ) B[ IFess — Vil
8oy (1 — 6 5 144420292 1 .
(o220 0y o T L, — 0]
8a, (1 -6 5 l44y2aln® 1
<Cﬁ%‘csg+“0f> {1 - Vil
k 1 k
+ (2721 — c1pan”) [H*ZV FO M,y - ?th( )||2]
k=1
257v,m X K
k
+ e — cap Pl 5 32 0P o) Z n?]
k=1 k=1
1\ (k) (k) o)y
_ 2 2,4\ & k (k) (,.(k k
+ (—cuipan” + C33p5n )K;E[Hg = Vo [P @y H ]
1« k PENONIE
+ (—012Py772+C43P12,774)?ZE[H11E )—Vyf(k)($§ )7y7§ ))H }
k=1
9 2. 4 2 2 2 40_2
+c szZU + ca Py; +0112p§n402+6122p§n402+C’33p no +C’43p2 12, (45)
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where

To eliminate

Then, we can set

Blly'(z) - @l
E|l1% S5 Vil P, 5) - £ 505 b

Cy = 61% + ng + ng +c112L% 4 ¢192L7
Cy = C1g + 02% + 0102 +c112L% + ¢192L7
Cy = (CGﬁ 08% +010306:5y§772) ;

Cs = C112020? + C33602n°L? + C436020°L?
Co = C21202n° 4 C3360m>L? 4 C4360n°L? .

k k
B[l 2, Ve r® @, o) -

|| } we enforce

273:77L2 - CO% <0,
27.m — c1pan® <0,
25vym 9
— <0.
3# C2Py77 >~
87, L7 27 200, L?
CO - 9 Cl - 9 c2 - 72 .
Yyl P 3pymp

To eliminate %E{HUt - UM%} and %E[HV} - Vﬂﬁ;] , we enforce

Then, we can set

To eliminate 7 Zszl E [Hg75

—c11 + (¢

—cC11 + (65

8ay, (1 —9) 6 144~202n?
SHulr 79 T P
S S
8, (1 — ) B) 14472 a2n?
, —_ <
6T ) 688-1-610 5 <0
_ 64ay, 11527202 n?
TGN T s
P LTI 1152, a5n”
8 = 675(1 Y e

2
(k) _ wa(k)(mgk), y,gk))H }, we enforce

— c11p2m” + C33p2n"

11 e 46 e 30672n?
an(I=X) T TS
11 29440,

)3pam’

(1 =N +0552(1 ) + cg 5 G5

26

52992v2a2n? n 30672n?

K (k
%Zk:l t

)3p2m°

)||2

(40)

and

(47)

(48)

(49)

(50)
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Then, we can set

331%p, 883200, pa 158976202 n%p, 918v2n*p,
Yy £ . 52
(i) "5 TN T 5 T (52)

C11 = Cs

To eliminate + Zszl E H

L2
- Vyf(k)(mgk)7 yt(k)>H } we enforce

— 012py7]2 + C’43p§7]4

11 46 306212
= —cia + (cem + cs5 + cloTy)Spyn2
11 2944 a, 52992%3 2772 30675172 )
= - 3
c12 + (o (=N + ¢ 21—\ + C1o 5 + c10 5 )3pyn
<0. (53)
Then, we set
33172,0y n 8832avn2py N 15897675 3174py N 9187yn Py (54)
Ccla = ¢ c clg—— " 4 cp—2F— -,
12 6%](1 —N 6 21—\ 10 53 10 5
In summary, we use cs, cg, g, and cjg to represent c7, cg, ¢11, and c12 as follows, which is a critical step for our proof.
8y, L? 27, QOO%EL2
Co=—"—, = y C2= o5,
Yyht P 3pynp
64a, 115272 2 2
cr=c c
7 56(1 — )\) 9 52 )
64, n 115275 a?n?
cg=c c
8 65(1 - 10 52 )
o — o 33102 ps . 883200, 1% P . 158976+v2a2np, ny 918721 p,
U =N 2=y 5 A
33n°py 8832a,m%py 158976v2a2n"p, 918y2n*py
= _ _ 55
C12 CGozU(l —N Ce 21—\ €10 53 + ¢o 5 (535

Based on these values, we can obtain
P — B
< -2IE[|IVF ()]

_ Yal 25my2L? 92 [ ]
(= T 6%M3 + g3 E|l9el
3, 9y -
+ (—e =~ + Co %[Mw}
Pyl agn(l = A 1 s
+ (27.nL* + co 731/: —c3 77(2 ) + 05)§E{||Xt - Xt||%}
257, L> 1- A 1 e
+@unt? + 20— o 203 o) La[17 - vl
3v2n a,(1—=X) 3602 727202 n? 9v2 _
e — e e o P 4 0y [ - Dl
3721 an(l—X) 3602 T2y a0n’ 9y . 1
— v C J |: V V 2:|
+<C4ay(1—>\) C6 5 +cs 5 +co ; + )K Vi = Vil
do,n(1 -6 6 - A
(e =0 o2 4 o) 2B I - Rill:
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4o,m(1 — 6 0 1 ~ N
+ (64% - 0105 + Ce)EE 1Yir1 — YtH%
202 nto2 2,0277402
+ c1 px;{ + ¢ yK + 0112p§n402 + 6122p§n402 + 033p§77402 + C’43p§774a2 . (56)

In what follows, we use the values in Eq. (55) to simplify C7, Cs, Cs, and Cy. It is easy to obtain

11 29440, 52992722 n? 3067y2n?
P Ry I CTr Ry R R - B
11 2944¢ 52992+2a2n? 306v2n>
Cy = v YV Yy
4 Cﬁav(liA)""‘CGaQ(liA)"‘rClO 53 + cio 5 )
212 212 6
Cl = 017 + 027 + ng + 0112L2 -+ 6122L2

_ 29, 207 2007, L* 217 6

= -|—097
pan K 3pynu? K 4

33102 ps 88320012 pa 158976+2a2np, 918721 p, 9
oo aoy T a1 O 5 oo )2
331%p, 883201,77°p, 158976y 05n" py 918vin py
+ (C6a =Y Ce 21—\ €10 53 + cio 5 )2L7
2L2 2L2 6
Cy = 617 + 627 + 6105 + 0112L2 + 6122[/2
29, 2L% | 2004,L2 217 6
T K 3oy K5
3302 p, 883201, 1 ps 158976202 n*p, 91872n*p,
+ (C5a (?fA) Cs (52(1 _n)\’; Co ;};3 e + Co 7577 p )2L2
33n? 8832ar,n? 158976~2a2n"p 918+v2n%p
+eo Gy T gy R L 7
After simplifying C, Cs, C3, and Cy, we further simplify C5 and Cg as follows:
Cs
= 1120202 + C336020?L? + C43602n°L?
212 212 6
= (15 + a5 + cos + (Ca3pan™)2L7 + (Capyn*)2L7) 12050

+ C33602n?L? 4 C436a2n*L?

2L . 5 o 2L 5 o 6., 2 2 2,272 2,272
§017120¢In +C27120%77 +09512a177 + C53108a5n“ L” + C4108czn” L
_ 48vga2nLl?  4800v,aZnL* te 72a2n?
K 3pyuK Y
1188a2n2L? 31795202 c, n? L?
Cs
PEESY 51— )
572313602~2a2n*L? 33048a2~2n*L?
+Cg
93 0
1188a2n?L? 31795202, n? L?
Ce + cg
a,(1—X) 2(1—-N)
572313602~2a2n*L? 33048a2~2n*L?
+ 1 LS e vl (58)

Cs5

C9

where the second to last step holds due to p,n* < 1 and p,n* < 1.
Ce
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= Cy1200n° + C3360n° L + Cy360n° L?
2L2 212 6
- 01712043772 + @712045172 + cloglzafﬂf + (C33p.n”) 2L 120
+ (Ca3pyn?)2L2 120207 + C336020L? + Cy36027> L
212 6
n* + 027120473772 + 010512043772 + 03108a3n2L2 + C4108a2772L2
_ 48%0[577[/2 4800%047317L4 +ew 72045772
P K 3pyprK é
1188a2n* L? 31795202 vy L?
+cs ]
au(l - >\) 62(1 - )‘)
5723136024202 L2 3304802~2n L2
y lz“u y'z
+ Cg 53 + Cg 6
1188a2m*L? e 317952a vy n® L
am(l=X) 0 R -N)
5723136022021  L? e 33048a2y7n* L?
63 ) ’

212
S C1 ? ].2063

+05

+06

+ c10 (59)

where the second to last step holds due to p,n* < 1 and p,n* < 1.

It can be observed that {C;}$_; and {c7,cs, c11,c12} are represented by cs, cg, cg, and c1g. In what follows, we further
represent {cs, ¢4} by ¢s, cg, g, and c1g. Then, after determining the value of {cs, cg, co, c10}, We can infer the value of
{essea, 07, ¢, 011, c12} and {Ci}E_ .

Specifically, to eliminate +E {HXt - X H%} , we enforce

259,nL*  apn(l =)

27y,nL?
V2N L” + Co 30 3 5

+C5<0. (60)

Then, we can set

4, L? 400, L* 2
0 = ) 61
= =N sag2i—n TP —n ©1)
Similarly, to eliminate +E [||Yt -Y; H%} , we enforce
257, L? D)
27.1L* + co W 4 oyl ) +C6<0. (62)
3u 2
Then, we can set
4, L? 400+, L* 2
e =—2 - (63)

C .
ay(1=N)  BagE( - " Cand-n
By now, c3 and ¢4 are also represented by {cs, cg, ¢, ¢10}. In what follows, we determine the value of {cs, cg, cg, ¢10}-
Specifically, to eliminate +~E [ X1 — Xy ||%] , we enforce

dagn(1 = 6) )

G 5 %3 +Cs
Ay, LR 400y, L* 2 da,n(1 = 9) 0
P e VIR v T VAL b e v e w e D R
169.n(1 —6)L*  1600v,n(1 — §)L* ) 9
~ —Cog + C'57
FEESNE 312(1 — )2 2 T A
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16y,nL?  534~y,nL* 5
SN TR M2
48v,a2nl? 9 4800y, a2nL* 9 7202n? 9
pel (1-N2 " 3puK (1-N2 0 0T 5 (12
1188a2n*L? 9 31795202 a,n*L? 9
anl—N) (T2 797 21N (12
" 572313602~2a2n*L? 9 e 33048a242n*L? 9
53 FESNE 5 FESNE
1188a272L% 9 31795202, %L 9
anl—N) (102 "2 (1-N?
5723136042750412,774L2 9 be 330480@2675774[/2 9
5 (T—xz 5 (1= M)
16v,nL%  534y,nL* 0
TN oA P2
432y,a2nl?  144007v,a2nL? . 648a2n>
pr(1= 22K " pyu2(1=X)2K "~ 75(1 - N)?
10692a2n*L? 286156802 v, n? L

Cs

Cs

C6

+ c10

Cs

au(l— )3 52(1— \)3
5150822403200 *L” | 29743203920 L
O - A2 TSI )2

10692a2n*L? 286156802 av,n* L?
€6 + G 2 3
ay(1—A)3 02(1 = N)
51508224043750457]4L2 2974320‘%’737741;2
+ co 3 + c10 5
03 (1 =N 6(1 =)
<0.

To solve this inequality, we can set

167y,nL? 534~,nL* 4327y, a2nL? 144007, o2 nL* <e i
(1=N2 " 21=A2 " pa(1=N2K " pyp*(1—A)2K ~ 720"

648a2n> 1)

g5 < cg—

Y5(1—N2 ~ P20
51508224a2~2a2n* L2 §

o z TSy < co—

03(1 — X)? - 7207

29743202 ~2n* L )

C9 3 > 055

5(1-=2XN) 20

10692a2n*L? 1

c5——— e < cg—

Tan(T=N3 T 20

. 28615682 v, 1> L? - 0

T2 -AE P20

. 10692a2n*L? . 90

STa,(1=Ap ~ 720
286156804%047,772L2 1)

Ce 21— 03 < €50

. 51508224@%73@%774112 “e 3

10 53 (1 — \)2 =90
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29743204275774L2 )
z ! <cog— . 4
R TG R  ERE ) 7%

To solve these inequalities, we will first solve Eq. (65) to obtain the value of cg and then solve Egs. (66-68). However, since
the value of {cs, cg, c10} is not available at this moment, we will solve Egs. (69-74) after all values of {cs, cg, ¢9, c10} are
determined.

Specifically, to solve Eq. (65), we can set

o — 11000y,nL*  8640v,a2nL?  288000v,a2nL*
T 261 = A2 pud(1—A2K T pyu28(1— A2K

(75)

To solve Eq. (66) with 7 < 1, we can set
5(1-=2XN)
114
To solve Eq. (67) with o, < 1, a7 < 1 and n < 1, we can set
(1 —N)
Yo < —morer -
32097L
To solve Eq. (68) with a7 < 1 and < 1, we can set

Qg < (76)

(77

5(1— )

78
2439L (78)

Yo <

Similarly, to eliminate - [||Yt+1 — )A/,EH%} , we enforce

4o,n(l —46 )
HAE g 4
1607, (1 —0)L?  534ny,(1 — 6)L* 8(1—9) 1
< — -
=Ty W21 a—n "m0
160y, L% 5341y, L* LC 9 . J
ECERY R (b R (P Ve
16y, L*>  534ny,L* . s
DY R R R
48vy,02nL* 9 48007, 02nLt 9 . 2020 9
palC (1= A)? By K (1=X)2 7 5 (1-))
1188045772L2 9 n 317952a3aun2L2 9
el —2) N2 TP AN 1o
57231360412/7304%774112 9 ‘e 33048&5727}4[/2 9
5 (1—x2 7 s (1= )2
118804;772L2 9 e 317952a§avn2L2 9
a(T—A) 1=A)2 T2 =)) (1-A?2
57231367y ain'L? 9 ¢ 33048a2von'L* 9
53 (1—N)2 B (1—X)2
_ 16n7,L? | 534ny,L* . )
B CED Y R (P Y E R
4327, inl? 144007, fnL* e 648a2n?
pr(1= 02K " py2(1= 22K " 76(1 = \)?
10692a§n2L2 e 2861568a3au172L2
(1 —A)3 52(1— )3

Cq

+ Cs

+C5

+(39

+ cg

+ c10

+cs
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51508224029 20214 L2 . 29743202y 20" L?
9

+ cg

53 (1 —N)2 5(1—N)2
106920473172L2 28615680[72!041,172[/2
+ Cg =+ Cg
a, (1 —N)3 02(1—N)3
51508224a2y2a2n* L? 297432a2~2n* L2
y Iy yly <0. 79
T ma e T A S (79)
To solve this inequality, we can set
160y, L% 534ny,L*  432y,02nl®  14400y,05nL* 5
+ g Cl105+ » (80)
-2 2O -A2 A=K | o1 —APK = 20
64802n?
— v < _ 81
LI 32 =0y @1)
51508224022 a2n*L? )
y Iy~ < ey 82
10 = )2 S G055 (82)
29743202~ L2 1)
yly < oo 83
GO E S0y (83)
10692&12/7]21/2 - ) 84
CSW > 010% ) (84)
2861568a§au7)2L2 - ) 85
T EIT RS VERE R DT (85)
5150822402202 n*L? )
: you < cig— 86
Co 51— ) < g (86)
29743202~2n* L? )
L < clo=— 87
O Sa ) = 0gp 87)
10692a2n>L? )
Y < 1 — 88
Co (1= N =055 (88)
2861568(1,304,,772L2
Ce (89)

< — .
2(1— 3 — g

Similarly, we first solve Egs. (80-83). After all values of {cs, ¢s, cg, 19} are determined, we solve Egs. (84-89).

Specifically, to solve Eq. (80), we can set

110007, LY | 8640v,02nL%  2880007,02nL"

= . 90
G0 = BN T pd(L-NPK | py®6(1 — NZK ©0)
To solve Eq. (81) with n < 1, we can set
6(1 =)
< T ©b
To solve Eq. (82) with o, < 1, aynp < 1 and < 1, we can set
52(1—N)
<=7 92
T = 320071 ©2)
To solve Eq. (83) with ayn < 1 and 7 < 1, we can set
5(1—=N)
< ——F—=.
M= To439L )
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Moreover, to eliminate - E [HUt - Ut||%} , we enforce

32 au(l=X) 3607  T2yapn° 9
Solon S g Ty teT— 5+ 050,
2 2 4 2 2
_ Al 37zn 400, L 37z s 2 37z

Cap(T =N ax(1—=2)  Baup2(1—\) ax(1—N) Paan(1—A) ap(1—A)
64a, 3602 11529202 n? 3602

tesaoNn s T & 5
ay(1— X 727202n% 992
s (2 )+c9 75 U 22305
127773L2 4007773L4 llfyg 2304a 41472’y§ inQ
B R VT (R VT T Ve T VA
2.2,.2
_Csau(12 A) Lo 72%5 ull
12ny3 L2 400ny3 L4
ToZ(1=A)2 0 agpP(l - A)?
230403 a,(1—=X)
Ca_n CT 2
4147272 atn? 72720 n?
C9 53 C9 5
48v,a2nL? 1142 48007, a2nL* 1142 72020 1142
pel a2(1-N2 " BpyK aZ(1-N2 0 T 5 a2(1- )2
. 1188a2n? L% 112 . 31795202, m*L? 1142
> (1= N a2(1—)\)2 PTUR(I-N) a2(1— A2
e 5723136a2~2a2n*L? 1142 +Cg33048%% n*L? 1142
53 a2(1—X)2 ] a2(1—X)2
1188a2n?L? 112 31795202 a,n? L% 112
- ) a2 N2 T RI N a(l- A2
+Clo5723136a§v§a%n4L2 1142 +Clo33048ai’y§n4L2 1142
03 aZ(1—=M)2 1) aZ(1—=M)?
I S 400ny3L*
S aZ(1-N)2 0 aZpt(l- )2
230403 ay(1—=XA)
SR2a-n °T 2
2 4 2 2.2,.2
o 41472;3 + e 72%5 on
528+2nL? 17600720 L4 7921242
el = NZK " p (1= APK © “8(1 - A2
13068n2~2L? 349747201, m*~2 L?
Cs +c5
oy (1= A)? §2(L—=A)?
e 6295449602 n*~2 L2 o 363528n*~2 L2
51— N2 5(1—\)2
13068722 L? 34974720,m*~2 L2
Co ao(l— A7 + ¢c6 32(1— \)?
629544960212 VQLQ 3635287747272L2 04)

S TSR Y R A R T FEp Y
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To solve this inequality, we set

12ny3L? 400ny3L* 528~3nL? 17600~3nL4

aZ(1-A2 " aZ2(1- N2 po(1- V2K pyu(1—-APK ~

o 230403 o a,(1—=X)
21—\ = 30
130681242 L2 <. ay (1= XN)
a(1—=X)3 =7 30
34974720, m*~2 L* <. ay(1=X)
21-x3  ~7 30
24,2
0941472;?7@"7) < CSQU%O A) 7
22,2
o 72vz§un < e au(éo A) ’

792122 a,(1—=X)
SN2 =% 35
6295449602 n*~2 L2 “ a,(1—=N)

BNz =% 30
363528nt~yAiL? o ay (1= X)

s1—N2 =P 30

130681P92L° (1= )
o, (I=N3 — 7 30
3497472, n?~v2L? py a,(1—=N)
s2(1—XN3  —7 30
610629544960427747275L2 (1 —=N)
31— \)2 30

363528n Y22 L? (1 —N)

TSI =% 55 -

C5

Cs

Co

C9

Co

<ec

ot

Then, we solve Egs. (95-98) first and then solve Egs. (99-107) after all values of {cs, ¢g, cg, c10} are determined.

To solve Eq. (95), we set
12360m72 L4 15840720 L?

Cy; —

528000~3n L4

g @2p2(1=A)3  aupr (1 —A)BK
To solve Eq. (96), we set

o < (1 —N)
Y263
To solve Eq. (97) with n < 1, we set
au(l—N)?
by < QeI = A7
627L
To solve Eq. (98) with n < 1, we set
)2
Vo < Gt
10244L
Furthermore, to eliminate +E {HVt -V H%} , we enforce
3921 a,(1-A) 3602 T2y 00m?
C4ay(1_)\) — Cg 9 +cs ; + c10 5

Cupyt (1= APK

95)

(96)

o7)

(98)

99)
(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)

(109)

(110)

(111)
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4, L2 32 4007, L4 32 2
= W 7 Wl ¢

3v5m 9y

ay(1=A) oy (1= A) * Bayp?(1=A) ay(l = A) ayn(l —A) ay (1= A)

2.2, 2
e ozU(IQ— A) e 3650572, + e 72’Yy5 7]
121,72 L2 400,y L* L 6v, N 97y Co
aZz(1=X)?2  a2p?(1— )2 aZ(1-X\)?2 202
e 041)(12* N 36(;1?] e 72755 agi’
12,7 L? 400,y L*
S @2A=A2 T aZ2(1- )

11fyy
F(L=A)?

062

(1 —N) 64a, 3602 1152y, 02n” 3602 72y

222
yvn

— C6 + c6 + c1o 52 5 + c1o

2 S1—-X) ¢
120y, L* 4007y, L* ap(1—=2)  2304a3(1—0)
SR Taioag T o TeTma_a
ap(L=A)2  aju?(l—A) (L=2A)
L 41472’}/2 4n? . 7272 2n?
10 53 10 5
528%7577[/2 17600%73}77[/4 o 79217275
pr(1=A2K  py2(1—=A2K * 05(1—A)2
13068n%v; L 34974720, n* Yo L?
P G VR IR
6295449602 nty2y 2L2 y 363528n47§’y§[/2
53 (1 — \)2 O S(1— A2
13068172'7§L2 3497472avn27§L2
(1= N7 T a3
62954496021y L2 N 6103635287747;%2
51— )2 5(1—N)2

+c5

+ c9

+ c¢

+ c10

<0.

To solve this inequality, we can set

120,72 L2 400myeyaL* 528v.yinL?  17600v.vanL*

0

av(l - A

+ <c

az(1=A)? " afu(1—=A)2  pa(1 = APK  pyp?(1—A)PK

230403 < a,(1—=X)
“Ra-n " 30
130681, L* ay(1—=X)
a(l—AF =% 30
34974720, L? - ay(1—X)

2(1_nF %30
4147272 ain? ap(l =X
C10 539 < cs (30 ) )

72712 12)772 Qy 1 - )\
€10 J(S < cs (30 ) )

792072 (1 —N)

<

WSa—N2 = 30

62954496a2n ;) L? a,(1—=X)
Cc10 - ] 3

53(1 — \)2 30

C6

Ce

35

30

)

(112)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)
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3635281 y1L? _ (1=

10 51 )2 <5 , (121)
. 62954;139(6104377;)7575 L2 e av(éo— A) ’ (124)
N 3632??7_4%;@ L2 e av(go— A) ‘ (125)

Similarly, we solve Egs. (113-116) first and then solve Egs. (117-125) after all values of {cs, cs, cg, c10} are determined.

Specifically, to solve Eq. (113), we can set

12360n7,72L*  158407,72nL?  5280007,v2nL*

= - - . 126
o a2 p?(1—N)3 + aype(1 —A)BK + ayppyt?(1 = A)3K (126)
To solve Eq. (114), we can set
61— X
To solve Eq. (115) with n < 1, we can set
a,(1—N)?
B 128
=T 6orL (128)
To solve Eq. (116) with < 1, we can set
(1 —N)2
< 129
= T10244L (129)
By now, we have determined all values of {cs, cg, cg, c10}, which are shown as follows:
- 12360m72 L* N 15840n72 ( L? 100L* )
> au2p?(1 = A3 (1= X)3 p, K 3pyp2K’’
. 123600y, 7, LY 1584007,7; ( L? 100L* )
T aaZp2(1- )3 T a,(1-A)3 K 3py K’
110000y, L* n 8640043,77%( L? 100L* )
Ccg = ,
T (=02 T 61— N2 pK | 3p,2K
110007y, L* 8640027, L2 100L*
= ¥ (130)

WOTUESA N2 TSI N K 3pyu2K) '

In what follows, we solve the left Eqs. (69-74), Egs. (84-89), Egs. (99-107), and Egs. (117-125) in terms of the values of
{057067 Co, 010}-

For Eq. (69), we have

10692a2n*L? 20

P GRS NER:

2643062400373 L8 3387225600a2n3y3L% L2 100L4
T 221 — ) a28(1— )b K 3pyu2K)
< ¢
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110007, L 8640%%%77( L 100L" ) (131)
(1 -02 0 (1N Tpe K 3pyuPK

To solve this inequality, we set

264306240073v3LS  11000~,nL*
aZi25(1— N6~ p25(1— N2
33872256000213v3L2  8640v,02n 132)
a2s(1— \)6 =512

Then, due to 7 < 1, we can obtain

(133)

— { au(l—N)? ag(l— )\)2}

491L ~  627L

For Eq. (70), we have

2861568&%(%772[/2 20

21-=N3 5§
707379609600m33 LS 90654474240002n343L2  L? 100L*
P51 — AP B A" oK | 3p,07K

Cs5

< c9

110007,n7L*  8640y,a2n, L>  100L*
— 11000771 02l N L. 134)
p26(1—A) S(1=N)2 "p. K 3pyp*K

To solve this inequality, we set

70737960960073y3LS  11000v,nL4
< )
P31 =N 7 p2o(l - N)?
906544742400023v3 L2 86407,02n 135)
S(1— N =512

Then, due to < 1, we can obtain

(1 — \)?
_ 1
10244L (136)

xr =

For Eq. (71), we have

106920272 L2 20

ap(1—X)3 &
2643062400027y, 72 L® 3387225600027 Y. v5 L ( L2 N 100L4 )
aZazpo(l —A)° a26(1 — \)S pe K 3p, K

Ce

<Cg

11000v,nL*  8640v,a2n, L? 100L4
== V1] - 'Yxaa;n( + > ) . (137)
pro(l—=A)2 01 =A)? "po K = 3pyp*K

To solve this inequality, we set

26430624000(%173%75[/6 11000~,nL*
aZaZp?é(l— A)° T op2s(1 =27
3387225600027 7,72 L?  86407,a2n (138)
a26(1 — )6 = 5(1—-N2
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Then, due to 7 < 1 and ;7 < 1, we can obtain

Yy < min{

ayay (1 —N)? a,(1—N)32
491L T 627L '

For Eq. (72), we have

286156802 cvyn> L* 20
S2(1—N3 4
707379609600027> 1,72 L 9065447424000213y,v2 L? | L2

C6

100L*

<Cg
11000y,L* | 8640y,03n L7 1OOL4)
pPo(L—=X)?2  0(1=A)?2 "p K 3pyuK’

To solve this inequality, we set

7073796096000y, L®  110007,nL*

a2u253(1 — )6 = p26(1 = N2
9065447424002, 72 L?  86407,a27
53(1—\)6 = 51— )\)2

Then, due to n < 1 and o, < 1, we can obtain

»mgrmn{%ﬁ“‘AV MI—AV}.

8020L  10244L
For Eq. (73), we have

51508224a2~202n*L? 20

€10

03(1—N)2 é
B 11331809280000043aﬁns’yzfygﬂj
(265 (1 — M)A
890062110720004%&%0(5775%75[/2( L? n 100L4 )
(1= A K 3pPK

< co

- 11000, nL* 8640%0677( L? 100L4 )
CopB(1 =02 (1N Tpe K 3pyutK

To solve this inequality, we set

11331809280000a2 020y, 72 L®  11000,nL*

p265(1 = A)* T opr(l =)
89006211072000; az 2 vav, L?  86407,02n
(1= N4 — §(1—=N)2
Then, due ton < 1, oy, < 1, azn < 1, aym < 1, we can obtain
52(1 -\
T = 732097

For Eq. (74), we have

29743205%757]4[/2 20
5(1 — X)2 1)

C10

38

a2255(1— )P I ok T

3pyp K

)

(139)

(140)

(141)

(142)

(143)

(144)

(145)
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2.5, 276 2.2 5. 272
6543504000031 'yI’ny 513962496000%041/77 %’ny L? 100L*

BETF VL P 0Kt 3K

< ¢
110000y, L  8640a2ny, , L2  100L*

= et Ll 2 ), (146)
p26(1—A) S(1=N)?2 "po K 3pyp*K

To solve this inequality, we set

6543504000027 7,72 L® 110007y, L*

4263 (1 = M) = 2= A2
5139624960002 020 vav2L? 8640027, 147
(1= M4 =51 —- N2 (147)
Then, due ton < 1, a1 < 1 and ayn < 1, we can obtain
51—\
W= ;439L) ' (149
For Eq. (84), we have
10692a27%L? 20
PN R NE R
26430624000 n°v3 LS 3387225600057*y3L? L2 N 100L* )
C o aZaZps(1-A)° azo(1 —A)° peK  3pyu*K
< c1o
11000ny,L* 8640020y, , L2 100L4
=== il + ). (149)
pro(L=A)? = 6(1=A)? "p K 3pyp*K

To solve this inequality, we set

2643062400027>v2 L5 110007y, L*
aZaZp25(1— X6 — p2e(1—N)27
3387225600a§n3'y§L2 864004377% 150
aZd(1— )8 61 -XN)2 (150)
Then, due to 7 < 1 and o) < 1, we can obtain

[ agan(1—XN)? (1 —N)?
< 151
Yo = mm{ 491L 627L (151)
For Eq. (85), we have
286156804504“772L2 20
CTURI-NE 5
_ 70737960960002n>y3 L0 90654474240002n°73L? | L2 100L*
T FA-N R apk)
< cio
110007y, L* | 864001y, ( L? 100L4 ) (152)
S opB( =02 61 =N)? K 3py K

To solve this inequality, we set

70737960960004377372[/6 110007y, L*
REYER GRS VN (RS VER
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2, .3.372 2
9065447424000, n°v; L 86400, 1Yz
83 (1 —N)8 61 -N)2
Then, due to 7 < 1 and o) < 1, we can obtain

Y, < min { a0 = N)* 3(1 — ) }

8020L ' 10244L

For Eq. (86), we have
51508224a2y2a2n* L? 20
53(1— )2 5
11331809280000&%&51}5731)6 8900621107200a§a§a§n57§L2 L?

Cy

(153)

(154)

100L4

1255(1 — M)t + 55(1 = N oK

IN

€10
110007y, L* ~ 864002ny, L2 100L*
w2o(1— )2 §(1=N)2 “p, K 3pypPK”

To solve this inequality, we set

11331809280000a% o213 L - 110007y, L*
p265 (1 — M)t TPl - N2
8900621107200a3a3a§n57§L2 8640@57)%

5% (1= A4 (1= N)2
Then, dueton < 1, ar, < 1, iz < 1 and ayn < 1, we can obtain

52(1— \)
32097L

xr =

For Eq. (87), we have

2974320[12/’}/%174[/2 20
0(1—=M)? )

Cg

3pyn? K )

(155)

(156)

(157)

65435040000a27°73 LS 51396249600a2a20°43L? [ 100L*

IN

C10
~ 11000ny,L* | 8640051y, ( L? N 100L4 )
Cop2(1=N)2 0 5(1—=N)2 “p. K 3pyurK’

To solve this inequality, we set

65435040000@577573L6 110001}73;L4
EHL-NT (-2
513962496000530437757;‘[/2 86400457)%
53 (1 — N4 61 -N)2
Then, due ton < 1, a1 < 1 and ayn < 1, we can obtain

5(1— )
Yo < o 2
2439L

For Eq. (88), we have

10692027°L? 20

(123 6

40

P23 (1 — A)4 " 63 (1= N1 K 3pyu2K)

(158)

(159)

(160)
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264306240073, v2 L5 3387225600021y, v4 L ( L? N 100L4)
a2u25(1 — \)S 026(1—\)° pe K 3p 2K
C10
_ 110007y, L* | 864007y, L N 100L* )
(1 =A% (1= “p. K 3pyptKT

IN

(161)

To solve this inequality, we set

26430624007y, ~2 L° . 110007y, L*
agp?d(1=N)S 7 (1= A2
3387225600021, 72 L? 86400217,
a25(1— )6 = s1-a2

(162)

Then, due to 7 < 1, we can obtain

32 Y2
au(1=N)? a1 A)} 163)

o
%’mm{ 1912 ' 627L

For Eq. (89), we have

2861568a§av772L2 20

S21—-N3 8
7073796096001 ,72L8  906544742400021%y,y2L? ( L? . 100L4)
p?63 (1 — A)° 5 (1= A)S po K 3pyp? K

Ce

IN

C10
110007y, L* | 8640agmy, L2 N 100L4)
Cop2s(1— )2 §(1=N)2 “p. K 3pypPK”"

(164)

To solve this inequality, we set

7073796096007, L° 110007y, L*
p263(1 — A)° TP -2
906544742400a72!7]3%7§L2 < 86400412!7;%
63(1—\)6 = 5(1-N)2

(165)

Then, due to 7 < 1, we can obtain

o=

A=A 166
T = 02441 (166)

For Eq. (99), we have

4147272adn? 30
53 a,(1—=X)

136857600003 343 L4 1074954240003 a2n~3 L2 100L*
1264(1 — )3 04 (1= N)3 (piK 3py,u2K>

Co

IN

Cs
_12360my3L* 15840m2 ( L? 100L4 )
s auadpP(1-2)° a1 =2 K 3py K

(167)

To solve this inequality, we set

1368576000000’ y2L! _ 123603 L*
WA agaZi(1- AP
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1074954240003 a2nP~3 158401073
07495 OOaugwn Yo o 58 Omxr _ (168)
541 — A)3 ay (1= A)3

Then, due to n < 1 and o, < 1, we can obtain

52
ay < 1053 " (169)

For Eq. (100), we have
7272020 30
Cy
] ay(1=X)
237600000x, 73y L4 n 186624000@04277372( L? 100L*4 )
1252(1— N)? FA-N K | 3plK

<.cs

12360n72 L4 15840n72 ( L? 100L* )
au@2p? (1= A3~ ay(1 = A pu K 3pypu? K’

(170)
To solve this inequality, we set
237600000, 733 L* < 12360n72 L*
p202(1— A2 T auaZp2(l— )37

1 24 2,3.3 1584 3
866 OOaua%n Yo o 58 077%{ _ (171)
52(1 — )\)3 au(l - >‘)3

Then, due to a,, < 1 and n < 1, we can obtain

ay < % . (172)

For Eq. (101), we have

7920242 30
F(1—=N)2 (1 —X)
261360000373 L* 2052864000243 L2 100L*
- o, p262(1 = N)d 0, 02(1 — A)° (pr + pryQK)
cs

12360173L* 15840m72 L 100L*
T aua2i2(1- 203 eI - A3 0K 3p,PK

C9

IN

). (173)
To solve this inequality, we set
261360000m3~2 L4 < 12360m72 L4
aup262(1 =A% — auaip?(1—N)3 7

205286400a2n>y2  15840m3
05286400a;m°v;, < 58 Onfyw[ . (174)
,0%2(1 = \)® a,(1—=XN)3

Then, due to 7 < 1, we can obtain

5(1—N)

<
=06

(175)

For Eq. (102), we have

6295449602072 L% 30
BI=N2 au(l—N)

Cg
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207749836800000,,7n°72LE  163178053632000r,a27°y3 L2 , L2 100L4

ST ooy ST =) oK 3pytK)
<c¢s
1236013 L* 15840my3  L*  100L*
= - - o) (176)
ooz p? (1= A3 au(1=A)3 p K 3pyp?K

To solve this inequality, we set

207749836800000¢,77~3 LS 12360n3 L4

p264(1 — N\)° T o aZpZ(1 -3
163178053632000r, a2n°~3 L2 15840m72 (177)
541 —N)5 T a1 =A)3
Then, dueton < 1, a,, < 1 and a;;n < 1, we can obtain
82(1—N)
S . 178
— 40998L (178)

For Eq. (103), we have

363528047402 30
51— N2 au(l—N)
119964240000n°72 LS 94226457600021°y3L%  L>  100L*

Cg

T aup22(1 = NP a02(1 — \)P (sz + Spy/ﬂK)

<cs

123603 L 15810 L 1002t 179
au@2p2(1 = A3 (1= A3 p, K 3pyp?K”

To solve this inequality, we set

1199642400007°~5 LS < 123602 L4

au:u262(1 — A) - auaml'"’ (1 - A)
42264 SL% _ 15840ny2
9422645760002 75> < 5840n;, . (180)
g 02(1 = \)? (1= A)3

Then, due ton < 1 and o, < 1, we can obtain

. < % (181)
For Eq. (104), we have
o 13068n%y2L> 30
ay(1=X)3 a,(1—2X)
4845614400m°4372L5 6209913600343 72L* L2 100L* )
ayaap?(1— )7 a2 (1l —N)7 pae K 3py il K
<c¢s5
12360n~y2 L4 15840ny2  L? 100L4
= wwa22( - a1 -7 K T 3ppeR) (182)

To solve this inequality, we set

48456144001°~3~72 LS _ 12360n~y3L*
a202p2(1 = N7 7 aua?p?(1—X)3
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62099136007°73v2L*  15840n3
a2 (1 —\)7 T au(l1=A)3
Then, due to n < 1 and o, < 1, we can obtain

[y, (1—=X)? a,(1—N)2
< Y .
Ty = n { 627L ' 627L

For Eq. (105), we have

34974720,m*~v2L? 30
2(1=A)3 a1 =X
1296862617600n>y3v2 L6 166199869440073v3y, L? 2

C6

(183)

(184)

100L*

@2 p?0%(1 — \)7 a,02(1 — \)7 (pr + 3pyu2K)

<cs
123602 L4 15840m3 ( L? 100L* )
au@2p2(1 =23 (1= A3 p, K 3pyp2K’"

To solve this inequality, we set

12968626176007°3~2 LS 12360my2 L4
ayogp?0?(1 =7 7 ayafp?(l—A)3 7
1661998694400m°3v2L*  15840m~3
ay02(1 — )7 T a(l—=A)3

Then, due to n < 1 and o, < 1, we can obtain

Y < min{%5<1 — )2 61— A)z}

10244L 7 10244L

For Eq. (106), we have
62954496a%n4’y§fy§L2 30
83(1—\)2 au(1—N)
20774983680000a2n 32 L°  16317805363200a2a2n y3vaL? = L2

C10

(185)

(186)

(187)

100L*

IN

Cs
12360m72 L* 15840n72 ( L? 100L* )
a2t (1= N)3 " a (1= N3 p K 3pyp K

To solve this inequality, we set

207749836800000r27° 372 LS 12360n~y2 L4
a p126%(1 — M) T aZp2(1 =237
16317805363200a; oy n®y3~; L? - 15840n73

Y
Qa0 (1 — )P I NER

Then, due ton < 1, o, < 1, azn < 1 and ayn < 1, we can obtain

_ -
= T40998L

For Eq. (107), we have

363528n*y2y2L* 30
S(1=X)2 au(1-2N)

C10

44

a, p204(1 — N\)P 0% (1 — A)° pa K +

)

3py 2K
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(189)
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1199642400007°y3~42 L5 9422645760002 n°~3y, L? | L2 100L*

= 252 5 2 o + 270
a, p1?26%(1 = N) ay,02(1 = A) P K 3py K
<c¢s
123602 L* 15840n3 ( L2 100L* ) (101
(1 —=A)  au(1 =N p, K 3pyp? K '

To solve this inequality, we set

119964240000n5342L° 1236053 L*

au p1262(1 — \)® T auap2(l—N)37
9422645760002n°~3~2 L2 3
u T 15840y, (192)
ay62(1 — A\)° (1= A)3
Then, due ton < 1, a,n < 1 and oy < 1, we can obtain
o(l1—X
T < é116L) ' (159
For Eq. (117), we have
414727§a37)2 30
€10 3
) ay(1—A)
_ 1368576000003,y L* 107495424000 a2ny.v; L2 100L* )
2641 —A)3 04 (1= N)3 pK  3py K
< cs
12360my,v, Lt 1584007,7, , L2 100L* (194)
B apa2p2(1 =X (1 =N "p. K 3pypK”"
To solve this inequality, we set
13685760000043773%75L4 12360177Ify§L4
u2d4(1 —N)3 T apaZp(1—=A)37
107495424000&(112/773%75 1584077%75 (195)
54 (1—N)3 T oap(1=X)3
Then, due ton < 1 and o, < 1, we can obtain
52
oy < 1053 ° (196)
For Eq. (118), we have
72750[12,772 30
C10
) a,(1—=A)
237600000, 7y, v, L 186624000, n Y.y, , L2 100L*
=T RR ) AN 0K 3Rk
< ¢
12360ny,v2L*  15840nv,~2 L2 100L*
AT Y =2 ke 3y R (157
Qy Qe [ (1-2) ap(1=A)? " py Pyl

To solve this inequality, we set

237600000, 1>y, v5 L* - 123607y,v; L*
p202(1 — )3 T opaZp?(1 = N3
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1866240000,02ny,72  1584007,72 198
32(1 — \)3 T o (1—A)3 o

Then, due ton < 1 and «,, < 1, we can obtain

)
<. 199
YW= (199)
For Eq. (119), we have
79207y, 30
€10 2
5(1—A)2 ay,(1—N)
2613600007 y,72L*  2052864000217%v,7;  L? 100L*
a,1202(1 — A)® a,02(1 = \)5 (pr Spy;ﬂK)
Cé

12360n,v, Lt 1584017,v, L2 100L4
N auaZp?(1 =23 (1= A “p. K 3p,p2K

IN

). (200)
To solve this inequality, we set

26136000073 v,v2 LY 1236077,v2L4
OZU/L2(S2(1 — )\)5 o OéuO@MQ(l - /\)3 ’
2052864000203 y,2 1584007,

< = 201
a,02(1 — A)® T oa(l=XN)3 (201)
Then, due to n < 1, we can obtain
0(1—=M)
< — "
oy < 116 (202)

For Eq. (120), we have

62954496020 v, L* 30

53(1 — \)2 ay(1—N)
207749836800000r, 7 v,y LE  163178053632000, 021 Yy L ( L? N 100L* )
(264 (1 = A)° S5 (1 — )P peK " 3pyuK

C10

<CG

1236077%75[14 1584077%75 L2 100L* ) (203)
pa2p?(1 =X ay(1=X)2 "p. K 3pyu?K”" "

To solve this inequality, we set

2077498368000000, 7%,y L0 _ 12360775 L*

2o (1 — N)° T apaZp(1 =37
16317805363200a, a27P v, 7AL?  15840n7,72 o)
41— N\)° T oap(1=N)3
Then, due ton < 1, a, < 1, and ayn < 1, we can obtain
(1 —N)
—_ 205
T = T40998L (205

For Eq. (121), we have

363528n*2 L2 30
S(1—=N)2 ap(1—N)

C10
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1199642400001 7,7, L® 9422645760000 .y, L? = L2 100L*

B app?d2(1—N)° a,02(1 = A)5 (me + 3pyu2K)

< cs

_ 12360my,0 Lt 158407,y L2 100L4 ) 206)
apa2p2(1 =23 (1= N3 "p, K 3pyp? K’

To solve this inequality, we set

1199642400007°7,72 LS 123601y,72L*

app262(1 — \)5 T apaZp(1 = A)37
94226457600a o7l ’yw74L2 1584077%75 207
a,0%2(1 = \)5 T oy (1=X)3 (207)
Then, due to n < 1 and ayn < 1, we can obtain
5(1—N)
] 208
M= T3116L (208)

For Eq. (122), we have

130687242L2 30
an(1=2X)3 a,(1—2X)
48456144007° 134218 62099136000*7342L2  [2  100L*
aZayaZp?(l— )7 aZa,(1—N)7 (pch SprQK)
cs

C5

IN

274 2 2 4
_ 12360ny,7, L 158407)%’@( L n 100L ). (200)
a2 (T =N)3 (1 =X "p. K 3pyp2K

To solve this inequality, we set

484561440077372’)/§L6 - 1236077%72L4
2o, a2p?(1=N)7 ~ apaZp?(1=N)>3
6209913600n3~y3~2 L2 158401v,72
M"Y Vy < NV Vy . 210)
aZa, (1 —N)7 ay(1—A)3
Then, due to 7 < 1 and o) < 1, we can obtain

. [ auan (1 —A)? ay(1— )2
<
e = mm{ 627L ' 627L

@211)

For Eq. (123), we have

34974720, 11292(1 — 6)L2 30

C5

52(1—N)3 (1 —\)
1296862617600 3y, L 16619986944001* 3~ L7 L2 N 100L* )
a2 p?d?(1 — \)7 a,02(1 = N)7 pa K 3py P K
<cs

214 2 2 4
_ 123607, L 15840nvz7, , L 100L ). 212)
apag (1= A ay(1 =22 "p, K 3pyp2K

To solve this inequality, we set

12968626176007°1292L° _ 1236057,72L*
@pa2p262(1 = N7 7 aa2p?(1—N)3
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16619986944007 372 L2 _ 1584017,
ay02(1 = N)7 T oap(1=N)3

(213)

Then, due to 7 < 1 and o) < 1, we can obtain

(214)

Yo < min{%5<1 ~N? 50 _A)Q} |

10244L ° 10244L

For Eq. (124), we have

6295449604377473%3[/2 30
53(1 = N)2 (1= N)
20774983680000027° 32 L®  1631780536320002 02n°vay2L? L2 N 100L4 )
(1 —N)° a,y0%(1 —A)5 pa K 3pyptK

Co

< cg

12360m7.7, Lt 15840n7.y, , L2 100L*
CoapaZpP(1= AP oy (1—= A Cp K 3pyuK

215)

To solve this inequality, we set

2077498368000003n*v32L0 _ 1236077,73L*
a2t (1—N)5 T a,a2p(1 -3
1631780536320002 027372 L _ 15840797
ayd%(1 — \)5 T (1=

(216)

Then, dueton < 1, o, < 1, azn < 1, and oyn < 1, we can obtain

52(1— \)

21
7o = 7400981 (217)

For Eq. (125), we have

363528n*272L* 30
S(1—2)2  au(l—A)

1199642400007 y3~2 LS . 9422645760002 v3~2 L ( L? N 100L% )
ap?2(1 — )P a,02(1 — A)5 peK  3py K

C9

< cg

12360n7,7y2L*  15840n7,72 L2 100L4
a,@Zp?(1 =X (1 =X "p. K 3p,p?K

). (218)

To solve this inequality, we set

1199642400007°1373L° _ 123601,7;L*
app262(1 — \)5 T apaZp(1=A)37
9422645760002 7% 315 L _ 158401177,
ay82(1 — N)5 T oay(1=A)3

(219)

Then, due ton < 1, azn < 1, and ayn < 1, we can obtain

5(1— )

31160 (220)

VYo <

By now, all Egs. (69-74), Eqgs. (84-89), Egs. (99-107), and Egs. (117-125) have been solved in terms of the values of
{cs, c6, Cg, 10 }. In what follows, we eliminate E {Hgtnﬂ and E [||Bt||2} :
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To eliminate E [|| Gt ||2} , we enforce

Val) 25072 L? 92
_ ekl N MR
£ TG T2
< _am  200mLt
- 4 65t

21673nL*  21600v2nL* 324~2n? N 25754112y«

148716+1in* L2
Cy

pe K 3ok 0TS “
534622 L? . 1430784~ v, 2 L2
au(1=X) 7 82(1—N)
5346~2n2L2 1430784~ a2 L2
Cg + cg
(1 —N) 52(1— )
2575411273750[3774L2 N 148716757577‘%2
5 c1o 5

Cs5

+ c10
<0.

To solve this inequality, we set

20007 LY _ e

672ut 60 7
2167,nL% _ e
0K~ 60

21600vznL* _ an
3pyp?K  — 60’
09324%772 < 2=
) - 60’
25754112v4a2n* L? < Y2l
53 - 60’
e 14871672n* L2 < Val ,
0 60
5346+2n? L* < el
au(l—=X) — 60’
o 14307842, n*L? < Yl
0%2(1—=A) - 60’
5346v20° L% _ vz
a,(1—=X) — 60’
143078472, n?L?  ~.m

Cg

Cs5

Ce

ORI T 60
2575411292 agn* L?
c1o 53 =760
14871672v20 L?  ~,m
010—6 - < E .
For Eq. (222), we can obtain
2
Yyl
< .
Y= 5L
For Eq. (223), we can obtain
v pelt
v 114L

VT

(221)

(222)

(223)

(224)

(225)

(226)

(227)

(228)

(229)

(230)

(231)

(232)

(233)

(234)

(235)
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For Eq. (224), we can obtain

ey K
< Xr T
T = 765812
For Eq. (225), we have
3247%772

0976

~11000ny, L* 32442n% | 8640021y, 32472n° ( L? 100L*
w2e(l—=X)2 ¢ 5(1—N)2 0 p=K  3pyputK

< el
~— 60

To solve this inequality, we set

1100097, L* 324930* _ Yan
p26(1—X2 6 180
86400307, 324930 L2 _ 7an
S(1—=N2 & p.K 180"
864021y, 324v2n? 100L4 Ve
5(1—N)2 §  3pyptK T 180

Then, due to n < 1 and o, < 1, we can obtain

2 Y01 =) Ve Ko(1=X) /pypd(l — X
T =) 25329L2° 22448L 12960012
For Eq. (226), we have

257541121 a2n*L?
Co 53

} |

11000 * 2575411202n°v3 L% 8640 * 2575411202 a2n’v3 L*

12541 — )2 P20 (1 — \)?2K

n 8640 * 25754112 * 10002 a2n®~3 LS
3py P (1~ \2K

To solve this inequality, we set

11000 * 257541120205y LS ~,.n

1264(1 — )2 ~ 180"
8640 * 257541122 a2n®~5 L* Vall
204 (1 — N)2K ~ 180"

8640 25754112 * 100a2020°2 L8 _ a1

3pyp2dt(1 — A)2K ~ 180 °

Then, due ton < 1, o, < 1, and o, < 1, we can obtain

pinds(L—NIKY pis(1—NEKT phs(1— N3

%”—{ 6045L% ' 2516L 7 2673L% }
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(236)

(237)

(238)

(239)

(240)

(241)

(242)
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For Eq. (227), we have
148716+4n* L*

C9
4]
11000 * 148716n°v3L® 8640 * 148716a2n>y2L*
262 (1 — X)? pz02(1 = N)2K
n 8640 * 148716 * 100a2n>~5 L°
30,1702(1 — \PK
V1]
< . 243
< 60 (243)

To solve this inequality, we set
11000 * 1487167°~5 LS < Yl

p262(1 — X\)2 =180
8640 * 14871602052 L4 < Jal
pz0%(1 = N)2K ~ 180’
5,576
8640 * 148716 * 100a2n5~v5 L < YaT] (244)
3pyp?02(1 — X)2 K 180
Then, due to n < 1 and ;) < 1, we can obtain
< [mata -t st iKY piudsta ikt 045,
737L% 694L 1667L2
For Eq. (228), we have
5346+2n? L*
cg———————
ay(1—A)

| 123603LY  5346422L% | 15840m3 53464292L% | L2 100L4)
Caua2p2(1—2)3 (1 —)) ay(1 =22 au(1—=X) "p. K 3pyuK

V]
60

(246)

<

To solve this inequality, we set

1236072 LY 5346+2n>L? < el

0 2p2(1 = A)3 au(l—X) — 180"

15840m7y2 5346+2n?L% L? < =l

(1 =23 a,(1—-X) pK ~ 180"

158402 5346~2n*L? 100L*
5840ny, 5346vin 00 < Yall 247)

ay(1 =X au(1—X) 3pypu?K ~ 180

Then, due to < 1, we can obtain

11y 1 P11 L1 1
%<{a3a§uz(1—)\) az(1—N)piK1 adﬂﬁﬁ“(l—/\)K“}' (248)

331L% ’ 352L ’ 84515

For Eq. (229), we have

5346+2n? L*
O (I — N
| 1236003LY  5346420%L%  15840m03 5346y2n2L% L2 100L1
Cua2p2(1—2)3 (1= )) ay(1=X)3 au(l—=X) "p. K 3pyu2K)

51
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<2
- 60
To solve this inequality, we set
12360ny2 LY 5346+2n*L? < Yall
aya2p?(1 =) au(1—X) — 180"
15840m72 5346+2n?L% L? < Dall
ay(1 =23 a,(1—X) pK — 180"
15840m72 5346+2n?L% 100L* Y
ay(1 =A% au(l1—=X) 3p,u?K — 180 °

Then, due to n < 1, we can obtain

(249)

(250)

331L%

11, 1 1 101
. <{a{‘ja{;’,u2(1—)\) aZ(1-NpiKi aipip(l—NK

For Eq. (230), we have
5346202 L*
C6———7 v
av(l - )‘)

12360 % 53467°7392L° 15840 * 53467°7342 L

3521 ’ 84513

4} : 251)

15840 * 5346 100n3'y§”y§L6

aZaZp?(1— )4 a2p, (1 = N*K

V)
60 -

To solve this inequality, we set

<

12360 * 534613372 LS _ el
aZaZp?(l—-XN*  — 180"

15840 * 5346773’)/3’}/5[/4 < YN
aZp (1 = MNAK ~ 180

15840 * 5346 * 1007]375’75116 < Dl

3a2pyp?(1 — N)*K ~ 180 °

Then, due to v, < (12)\) and 7 < 1, we can obtain

Bagpyp? (1= A)1K

(252)

(253)

109059L2 ’ 123461L

For Eq. (231), we have
. 143078472, n? L*
0TS — N
12360 * 143078477375’.7,3[/6

’ 712800L2

1 1 1 1
oy (1 = X)) app2(1=NK2 aupip(l —NK?2
< { L= X) avpi (1= VK avpip(l—N) } o5

15840 = 1430784n3’y§’y§L4

azp20?(1— )
15840 * 1430784 % 1007°342 L
3pyp?d?(1 — MK

< 2
~ 60
To solve this inequality, we set
12360 * 14307841737373L6 < el
aZp?6%(1 — \)* ~ 180"

52
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15840 * 1430784732 L* < Dl

P21 MK 180"
15840 + 1430784 5 1009°$92L°_ 7,
3pyp262(1 — N)AK ~ 180 °

Then, due ton < 1 and v, < (12)‘) , We can obtain

1784155L2 °  2019766L ° 11661120L2

{ayu5(1 ) pZo(1— MK} piud(l— MK}
Yy

For Eq. (232), we have

2575411272  con* L?
€10 53

11000 % 25754112077 3y, L° 8640 * 2575411205 a2 7y, L*

12641 — )2 201 — \2K

8640 % 25754112 % 100a2a2n’y372 L8
3pyp?6t(1 — N)2K

< 2
— 60
To solve this inequality, we set

11000 * 25754112a2m°2 2 L° < D

w2641 — X)2 ~ 180"
8640 257541120412)0457757275L4 < D
0% (1 — N)2K ~ 180

8640 * 25754112 100aga§n57§7§L6 < Dall

3pyp2dt(l — N\)2K =180

Then,dueton < 1, o, < 1, 7, < (1?‘) and oym < 1, we can obtain

714094912 6328728 L 36538927 L2

y <{ us  pis?K} péuézKé}
, < .

For Eq. (233), we have

148716721 L?
11000 * 14871617 v, L° 8640 * 14871607 3y, L*
$262(1 — \)2 p202(1 — M\)2K
8640 * 148716 100a§n57§7§L6
T SR (1-APK
< Yz ]
~ 60

To solve this inequality, we set

11000 * 1487160°v3~2LE  ~,n

(2621 — \)2 ~ 180’
8640 148716057 25 Lt _ 5,
p202(1 — A\)2K =180

53

(256)

(257)

(258)

(259)

(260)

261)
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8640 * 148716 % 100a2n®~3~2 L6
T il e (262)
3pyp?0%(1 — A)2K 180

Then, dueton < 1, v, < (1?) and aoyyn < 1, we can obtain

1 1 1 1
I5KY  piusK?
vys{ uo__ paOK: | pjuoks } (263)

542640L2" 480920L° 2776588 L2

To eliminate E [||7Lt ||2} , we enforce

k%

Ty 62a§
_ Gy L? N 2167,7;nL*  216007,v5nL*
- I P K 3pyp*K
324~2n? 25754112v2a2n*L? 1487164n* L2
+ c1o 5y + c1o 53y + c10 51/
534675772L2 1430784fy§au772L2
Ol —N) T A N
2575411272202 n* L2 14871672~2n*L?
+ Co 6‘; + Cg (‘;
N 534672n°L? 1430784~2 an? L?
=N T 21—
<0. (264)
To solve this inequality, we set
21 2nL? o
6v27yM < MYl 7 (265)
pa K - 2p
21600y, ~2nL* v L2
eyl MYVa Yy L ’ (266)
3pypK 2p
324~2n? 2
ero— i < T 267)
§ 20
2575411242t L2 12
o el 2 Ml (268)
53 24
1487167 4n* L2 L2
T ”””2”;’ , (269)
5346v,n° L e, L2
< Y 270
= au(l=X) —  2u ~ (279)
1430784'75au772L2 < n'ym'nyQ @71)
CTTRA-N S o
2575411272202 n* L2 12
" %3% L7 e L 272)
6 24
14871672~ 27 L2 L2
com— T 2 M 273)
1) 20
5346212 L2 2
o o T Ml @74)
av(l - >‘) 2M
143078477 ayn® L? - NY2Yyy L? 275
CTTURI-N S 2u (275)
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For Eq. (265), we can obtain

pa K
Yy < .
432
For Eq. (266), we can obtain
~ 3py i
Y= 4320012 °

For Eq. (267), we have

. 324757]2
0y
_ 11000 * 3247y, v, L 8640 x 324a2ny,v, L* 8640 x 324 x 100a;
w262 (1 — A)2 p202(1 — N)2K 3pyp?0%(1 — A)2K
< MeWl?
S o

To solve this inequality, we set

11000 * 324n° 7,72 L4 1y, L2
p262(1-22 = 6u
8640 + 3240525 L _ iy, L2
pe02(1—A2K = 6p
8640 + 324  100050° 1oy L ypyay L2
3py P (1= N2K = op

Then, due top < 1 and ayn < 1, we can obtain

PO (L= N)? 021 NPK p,ud*(1— A)?K

Yy < min{

For Eq. (268), we have

257541127, aon* L?
€10 53

_ 11000 * 25754112021°v, 7, L® 8640 * 2575411202 an’v,7, L*

21384000L2° 167961604 ~  559872000L2

2511 — 2)2 * 20 (1 - 2K

8640 * 25754112 + 100022 y,vA L
3py2dt(1 — 2K
< Ml
< g

To solve this inequality, we set

11000 * 25754112a2n° 4y, L° < MarL?

prot (1= A)? - bu
8640 * 2575411203037° 757y L _ 17y, L
P26 (1 — \2K ="

8640 * 25754112 * 100@3a§n5vm7;11)6 NY2Yy L?

3pyp?0t(1 — A)2K - 6u
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(279)

(280)
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Then, due ton < 1, a, < 1, and ayn < 1, we can obtain

i [0 pRata - NI piatsta - niKd
min , .
= 11935L3 1101245 L3 35438L3

For Eq. (269), we have

148716, 7" L?
1

C10

11000 * 1487167y, L 8640 * 14871601 v,, L*

1262(1 — )2 p202(1 — \)2ZK

8640 * 148716 * 100a§n5%73L6
39,207 (1 — A2 K
< MY L?

21

To solve this inequality, we set

11000 % 148716775%7;1L6

Ve vy L?

p?62(1 = A)? - bu
8640 * 148716027 v, v, L*

b

- MawL®

pz0%(1 = A)2K - 6p

8640 % 148716 * 100a2n vy, LS

< ML’ .

Bpy1202(1 — N?K
Then, due to n < 1, and aiyn < 1, we can obtain

2

6

i [N pRot - NI pladsta - NIk
min .
= 6358L3

214205  1976u3L3
For Eq. (270), we have

534675772[,2
a,(1—=X)
12360 * 534677272 LS 15840 * 53461°7372L*

C5

15840 * 5346 + 100> y3~7 LS

aZaZp?(1— A4 a2p.(1 = AN*K
< ML’ _
S

To solve this inequality, we set

12360 + 534617342 L8

< ML’

agozpP(l-=X)* = 6p
15840 = 5346n3’y£'y§L4

- ML’

agpe(L=N*K = 6p
15840 * 5346 * 100m>y3~2 LS

3agpyp*(1 — MK

)

)

y < n'Ym’YyL2

2(1=2)?
Then, due to v, < %

3a2pyu?(1 — NAK 6
and 7 < 1, we can obtain
2 2 2
5, < min Gl @y pa K 7 o Py IS
396459360L2° 508083840u2’ 169361280002 L2
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(286)

(287)

(288)

(289)



On the Convergence of Decentralized Stochastic Minimax Optimization Algorithm with Compressed Communication

For Eq. (271), we have

143078475(1“772L2
CTTR(- )
_ 12360 * 143078474372 L° 15840 % 14307841 y3~2 L*
a2p262(1 — M4 p:02(1 — N)*K
15840 * 1430784  1007>y2~2 L6
8py28 (L — AJIK
oYy L
< my 27: _ (290)
To solve this inequality, we set
12360 + 1430784 y3v2 L nry,y, L2
ZPFI-NT S o
15840 + 1430784732 L* - NV Yy L
pz0%(1 — MK - bp
15840 * 1430784 % 100n>~3~; L° - Y2y L (291)
3pyp?02(1 = MK - 6p
Then, due to v, < M and 1 < 1, we can obtain
. 1% pa kK pypK
< : 292
Ty = { 106106941440L2 " 135981711360p02 4532723712000a§L2} (292)
For Eq. (272), we have
257541127573043774L2
Cg 53
_ 11000 * 2575411204%77572.75[/6 8640 * 2575411202 a2n>~32 §L4
1264(1 — )2 p04(1 = N)2K
8640 * 25754112 % 1000202 n® 32 LS
39,230 (1 — AP K
Yy L*
< % . (293)
To solve this inequality, we set
11000 * 25754112a2n° 3~ L° - ML
12 (T A)? = Ton
8640 * 2575411202 aZny3y2 L* - Y2y L?
pz0t(1— A)2K - bp
8640 * 25754112 * lOOa%aﬁnS’ygf@LG < Y2y L (294)
3py25 (1 — \PK = e
Then, due to v, < W, a, < 1,17 < 1,and a,n < 1, we can obtain
. p6* P K pyd* K
< 295
Ty = T { 1699771392000L2 " 13350931660804 " 44503105536000L2 (295

For Eq. (273), we have

148716757%7)4L2
é

C9
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11000 * 14871673~y LS 8640 + 148716050 y3~, L*
1262(1 — \)2 p202(1 — N\)2K
8640 x 148716 x 100a§7757§”y§L6
3pyp*d*(1 — A)2K
< MWl (296)
2u

To solve this inequality, we set

5~3~2T6
11000 * 1487167] ’)/m"ny < 'r]’ymfny2

7

$202(1 — )2 - 64
8640 + 14871602 275 L _ 1.y, L2
pz02(1 — A2 K T 6
8640 % 148716 * 100a2n>+372L6 ?
* * 100057, L7 Myl (297)
3pyu262(1 — N2 K 6
Then, due to 7, < (lz/\), n < 1, and a,;n < 1, we can obtain
§ . 298
Ty S mun { 9815256000L2 " 77094374404 2569812480002 .

For Eq. (274), we have
534675772[/2
a, (1= X)

12360 * 5346773%7;%6 15840 % 5346773%7;%4 15840 * 5346 x* 100173%7;1L6
agogu?(l—A)* T a0 V'K Bagpy (1 — A)*K
oYy L?

May b (299)
2p

C6

<

To solve this inequality, we set

12360 * 53467}3’)/17’)/;L6 < nyz'nyQ

)

aZaZp2(l1—-N* = 6p
15840 x* 53467)3%7;1L4 - Y2y L2
ajpe(1=A*K = 6u
15840 * 5346 * 100n>y,7A LS R
Bagpyp? (1= A)1K 6t
Then, due to < 1, we can obtain
afadud(1—N3 alpi1—NIKY alpipd(1 - NiKS
~y < min { ZEWETZ (P T AR SR . (301)
735L53 79813 L3 2569L3
For Eq. (275), we have
1430784~; a,n* L?
ORI
12360 * 1430784773%7;1L6 15840 = 1430784173%7;1[/4
N aZp?d?(1— )4 pz02(1 = N)AK
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15840 % 1430784 % 1007~,y, L°
3pyu202(1 — N*K

< mewl® (302)
2
To solve this inequality, we set
12360 * 143078412y, L®  nry,y, L2
aZu?6?(1 — A - bp
15840 + 14307847y, v, L* _ Ml
pz0%(1 — MK 6
15840 * 1430784 5 100m°3, 74 LS ny,y, L2 (303)
3pyp?0?(1 = MK 61
Then, due to < 1, we can obtain
. {aéuéééa - NF plat - NEKE piutsta - NiK }
Yy < min 7 T3 , T (304)
473513 5143u3 L3 16550L3
In summary, by setting
8y, L? 27, 200y, L?
co = = , CQ=—F5,
Yyl 2] 3pymp?
4y, L? 400y, L* 2
= =N a2 —n T Cama N
4y, L2 400y, L* 2
“= ay(1—=X)  Bayu?(l—N) ﬁayT](l -2’
o — e 64, e 11527202 n?
5(1—N) 52 ’
64av, 115275 a7n?
€8 = C6 51—\ €10 52 )
o= e 330°px . 8832aun’p, " 15897677 a5 pa 09918%77 Pa
Pan(I=N) eI =) 5 5
iy — ¢ 33n°py " 8832ar,1)° py, o 158976y,2n py 010918%77 Py
(1= N) 52(1—\) 53 5
1236012 L4 15840m73 | L? 100L4
- a,2p2(1 =23 a,(1—XN)3 (sz pr/ﬂK) ’
12360ny,v2L*  15840ny,77 L2 100L*
= pa2p?(1—=A)3 a1 —N)3 (pr 3pyu2K) ’
¢ — 11000y, L* 8640021y, ( L? 100L4 )
pPo(1 =A% (L= A2 “p. K Bpy K7
o = 110007y, L* ~ 8640amy, . L2 100L* )
pPO(L=N)2  0(1=N)?2 "p K 3pyutK’’
Cs = 48v,a2nL?  4800y,a2nL* 7202n?
P K 3pyp*K J
1188a2n*L? 31795202 v, n* L?
=) T 21N
572313602~2a2n*L? 33048a 2ntL?
@ 53 5
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1188a2n*L? 31795202 v, n? L?
C6 + cg
ay(1—A) 52(1—X)

57231360272a2n* L2 3304802~ 2n* L2
+ C1o Tyl + cio Tyl )
53 B
48%04517L2 480071;0[577[/4 72a§772
Cs = 5 + c10
pz K 3pyp K 4
1188a2n2 L2 31795202 v, n? L2
+c5 yl + ¢5 y ]
an(l—N) 52(1—N)
572313602~2a2n*L? 33048a2~2n*L?
e Vel L7 ety
53 5
11880202 L2 31795202, L2
+ cg v + cg y &l
an(l—N\) 52(1— \)
572313602~2a2nL? 33048a2~2nt L2
+ e10 y Iy @l vy = (305)
53 5
and
< (1= au(1=X)?2 6(1 =22 auaz(l =22 a,6(1 —N)? auag(l—N)?
Ve =W TU0008L 1T 6270 0 10244L ° 491L  ° 10244L ° 627L
Yuit? p6(1—=X) Vo K6(1 =) /pyKps(l—N)
4502° 2532912 °  22448L ' 129600L2 ’
1 1
pEd(1—N)2pi K1 6(1—N)2pi K1 p3d(1— M3 pzd2(1—\)2
6045L% ’ 2516L " 2673L: ' 737L:
62(1=Nz2piKi p262(1—N)2piKi afaZpz(l—N)
694L ’ 1667L3 ’ 331L3 ’
af(1—=NpiKi a2p2(1-NpiKi aZaZpz(1—)) af(1-NpiKi aZpz(l1—NpiKi (306)
352L ’ 8453 ’ 331L3 ’ 352L ’ 84513 ’
and
< min 1 2(1=X) (1 —N)? apay(1—=XN)? a,(1—=X)? a,6(1 —N)? ayayp(l —N)
Ty = 6L° 40998L ' 10244L '  627L ' 627L ' 10244L ' 109059L2

a, (1 — )\)péK% apu(l — )\)pEK% aypd(l—XA) o(1— )\)p%K% uo(1 — )\)pEK%
123461L ’ 71280012 T 178415512 7 2019766L ' 11661120L2
po? %pIKE po%piKE 0p2KE  pspiKt  p, K 3up,K

7140949127 63287281 3653892712 480920L° 277658812 4324 43200L2°

pd%(1—N)?% 0%(1 — N)?p. K pd?(1 — N)2p, K

21384000127 16796160p '~ 5598720002

pdsi =N s = N3k phet(1—nipi K}

)

11935Ls  11012u3L3 35438L3 ’
g p azpa K oz ppy K
396459360L2 508083840102 1693612800002 L2
© Pzl ppy KK
106106941440L2° 1359817113602 453272371200002 L2’
102 2p. K ud%py K

1699771392000L2 " 1335093166080~ 44503105536000L2
a{%o@%ﬂ%(l—)\)% a?(l—)\)épéK% a{%/ﬁ(l—)\)%péK%
735L3 T 798usLE 2569L %
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ag 31— N3 31— N3pIKS pdad(1—N3pi K3
4735L5 ' 5143u3L3 16550L35 ’
and
82 §(1—N)
<min{ ——, — 2
a“—mm{1053’ 146 }
82 §5(1—N)
< mi o Sl
ay—mm{1053’ 146 }
o\ < 0=
Y263
5(1—N)
< - 7
Y= Toe3
and

we can obtain
Py — B
< -1 [|IVF ()]

920242 20202
b Pz ¥ Py o + e 2p2nto? +0122P@2,77402 + C33p2n 0 + Ca3pyn

K K
< -1 [|IVF(@)|]
29 20n'0® | 2009,L2 201"0”
pan K 3pynu? K

242

+

where the last step holds due to C3 < ¢13 Epr and Oy < ¢19 Epr in Eq. (51) and Eq. (53).

By summing over ¢ from 0 to 7' — 1, we can 0bta1n

+ S efivreor]

2Py = Flx)) | 8pan’o? | 800pyn°L%0”

YT K 3K
204 20,m02
+ e (20,7 + 1) 217 o’ + 12 (2pyn” + 1) 2T

Because p,n? < 1, pyn? < 1,8 < 1, a,, < 1, and av, < 1, we can obtain

S 33n2p, 8832@u772pm 15897672020 p, 918v2n4p,
11 = C5a ( ) ( )\) Cg 53 + cg 5
, 33 8832, , . 15807602 b4 9
< esn Pwﬁ + s’ Pmm TV Pz T OV Pugz
8865 159894
< 65n2pm 20 Tt V' o =gz »
o 3377 Py 88320112, 158976, a2n’ py 91871 py
12 = Co TSy Ce 521 = \) 10 53 + co 5
9 33 9 8832a, 158976a 918
< cgn Pym + cem Pym +010’Yy77 Py(;i +c 10’Yy77 Py 53
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+ 0112;)92577402 + 6122p§7740'2 + cupmn2o2 + 012py7720'2

(307)

(308)

(309)

(310)
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8865 159894
< Cﬁn2pym + 1070 Py —5— e (312)

and then we can obtain

P 3 livrer]

Py — F(x, 8pzn’0?  800p,n>L%c? 6p,n0> 6 2
(o () | 8par"o” pyr Lo Seano”  Seuno
Yo T K 3urK Vo Ve
< 2(Py — F(x.))  8pyn’c? . 800p,n* L3 o>
- YT K 3K
8865 159894 6,102
2 2. 4 x
+ <0577 P o ) TN e ) -
8865 159804\ 6p,nc>
2 2.4 Yy
+ <0677 Pym + 107y Py 53 ) Ya
< 2(Py — F(x.)) i 8pento? . 800p,n* L3 o>
YT K 3K
12360L* 15840 L2 100L* .\ 8865 x 672p27 0>
_|_ ( _"_ ) xTimxT
a,02p2(1 = A)3  ay,(1 = A2 p K 3py K a, 02(1 = A)
11000L4 | 864002 ( L* | 1001 ) 159894 x 67215 p2 o2
6(1 - A2 p. K 3pypPK 03
12360L4 L 15840 ( L2 . 100L* 8865 x 672p2n*o?
- A3 (1 =A)3 K 3py K 0, 02(1 = N)
11000L4 8640a§ L? N 100L* |\ 159894 x 6v7n°p2o? 613
u26(1 — 5(1 — N2 K 3py K 53 '

When ¢t = 0, we have :c(() ) = = x¢ and y( ) = Yo, then
Py = E[F(Zo)] + coE[[|go — ¥* (Z0)]/?]
+C1E{H1ig(k)—1§:V~f(k)(x(k) y(k))HQ} +02E[H1§:h(’9)_1§:v f(k)(x(k) y(k))’ﬁ
Kk:10 K x 0 »J0 KkZIO K Yy 0 »J0
1
+ o5 = Ell|Uo — U0||F]+06* Vo — V0||F}+C7* 1T — U0||F}+68* (IVo — Vol|7]
1 N .
+ oo Ef1 X0 — X0||F]+010* 1Yy — Yol 7]
1 ¢ (k) GBI GONE 1 ¢ (k) k) (. (B) (|2
SUEE o (FIRPELY s FONES MR
k=1 k=1
= E[F(z0)] + coE[[[50 — y* (Z0)”]

1o~ i 1w OINONE 1o 1o CINONE
+ab[| & > ‘?ZW“)@”O | ]+ enk | m - 2 3Ol ]
k=1 k=1 k=1

1
+C5* H|UO_UO||F]+CG E[||Vo — Voll7]
640y, 115272 2772 1 - 9
xT 'lL ]:E _
+ (s ST =N teo—s ) 5 ElliUo — Uoll¥]
64a, 115273 n* 1 ~ 2
El|[Vy — V¢
+ (co .Y, + c10 52 ) EllIVo = Vollz]
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1 . 1 - R
+ooE [l1X: — X0||%]+010EE[||Y1—Y0||%]

K
330 py 88320, % pa 158976+v2a2np, 918717] pr 1 k B ()2
ey TRy T 5 o ZE[Hgé = Vst )| |
v k=1
33n? 88321, 1 15897672a2n*p 918v2n%p, 1 <&
e e T e e 2 CAC R I
v k=1
(314)

Because the initial batch size is B, we have

9 o? o?
Po < E[F(@0)] + coElllio ~ v @)l2) + o1 % + 02
0'2 K
+C5(6§+6—ZE IV f®) (zo,90)[1%]) + co(6 § E IVy FE (@0, 90) 1))
640, 1152920202 02 1 & " )
+ (s 5= N teo—s )(E Tx > E[Vaf® (z0,90)11%)

64cr, 115272020 o2 1213

m +e—— )G + 7 2 BV, P (o, 0)]])

+ (CG

K K
+ et % - = S BT £ (w0, 0) D) + ero (0 5 +vy Z (19, £ (o, 90)112)
k=1

330%ps 88320unpe | 15897677alin’p. | 918v2n'ps. o®
(=N T aoyy T 5 to—y5 )B

33n%py 8832a,1m%py 158976200 py 918y2n*py
(=N TRy a0 53 too— T
2

%[ = 0'2 g
— ElF(@0)] + aBllgo " @) + &1 5 + e %

64c, 8865n%p, | o> 64, 886512 2
- an )+ o6(6 4+ TPy 7
S(1—=X) " a,02(1—-)\)'B 5(1 —A) | @82(1-N)’B
11527202 n? ,  15989442np, 1152y, 02n® 5, 15989472n"p, o2
K
64% 11527202 n?
+¢5(6 + Z [V f* fo»y0)||2])+c9(572 + 7%
k

+ (¢s

+ 05(6 +

= =
] =

£
I
-

1152’yy 2n? 9 1
— g

™M=

64a . S
+e6(6+ ZEHV F® (o, y0)[1%]) + ero
k:l

R‘

=1

2 2

_ _ /= 2 g g

< E[F(xo)} +COE[”yO —-Y (CEO)” ]‘1’01? +02§
&fﬁﬂ &fﬁﬂ 161047751 0 te 1610477y° o
0, 2(1—=A) B ' Pa,20—-NB 0 B T8 B

70 11539272\ 1
+ (gt + o) g S ENVAA o))
k=1

+C5

Y

70 11537 1 & )
+ (CG S =N + co ) K Z]E IV f* (@0, y0) I%]) »

where the last step holds duetod < 1,1 — A < 1, ay < 1, and ap, < 1.
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Finally, we can obtain

7 Z [IVF @]

(Po — F(z.))  8pzn°o? N 800p,n°L*0?
YT K 3utK
12360 L4 15840 L% 100L* .\ 8865 x 672p2nc?
<aua2u 2(1—A)3 + ay(1—N)3 (sz + 3pyp2K)) a, 02(1 = A)
( 11000L4 , 864002 12 100L¢ )> 159894 x 67216 p2 02
n2o(1 — 5(1 — A2 p. K 3pypPK 03
12360L4 15840 , L>  100L* \ 8865 x 672p2nic?
<a - )3 + (1 — )\)3(me + 3pyt K > 02 (1 = )

( 11000L4 864002 12 100L* ) 159894 x 67210 p202

_|_

+

+

25 5(1 — /\)2 P2 K + 3py 2K 03
2(F(z ) F( .) . 16L2 o 4 o2  400L2 o2
+ Yo —y (T + - + -
YT Yy T Elligo =@’ p=*T B~ 3p,n*p*T B
22087320072L4 28306080072 ( L? 100L* ) o?
a2a2p262(1 — NAT  a20%2(1 — N)AT " p, K 3py,u?K’) B
220873200, L* 283060800~; L2 100L* |\ o?
aZa2p?d?(1 — N)*T + a202(1 — )\)4T(sz + 3pyu2K) B
<3543034000772v2L4 2782892160027272 = L2 100L* )02
B

+

_|_

+

254(1 — N\)2T 041 = N)2T (pr + 3pyu2K)
35430340007727%4 27828921600y, , L? 100L* ) o?

_|_

)

1264(1 — N\)2T + (1 -N2T  “p.K  3pulK’| B
173040072L4 221760072 L2 100L* . 2536600072y2L*

+ a2 p26(1 — NAT + ., 0(1 — )\)4T(me + 3py,u2K) + w23 (1 — \)2T
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Then, it is easy to obtain
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Based on Eq. (308), we can know
0 =0 ((1- ) . 0, =0 (51~ n) .
a, =0([6(1=XN)), a, =0 (6(1=N)) . (318)

In addition, according to Eq. (309), we can set

1 1

Then, based on Egs. (306-307), we can know that
3 1— 4 3 1— 4
om0 (P, o (B 520

K3 K

Based on these upper bounds, by setting = O (£¢), B=1,and T = O (W), we can obtain

— Z [||VF } < 0. (321)

t=0
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