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Abstract

Multi-objective reinforcement learning (MORL)
is a fundamental framework for real-world
decision-making problems involving multiple con-
flicting criteria. Existing multi-policy (MP) meth-
ods typically rely on online evolutionary frame-
works that maintain large policy populations,
leading to high sample complexity and exces-
sive agent—environment interactions. To miti-
gate these limitations, we present Multi-policy
Pareto Front Tracking (MPFT), a framework with-
out a self-evolving population. It leverages an
efficient Pareto-tracking mechanism initialized
with single-objective extreme policies to trace the
Pareto front, and further densifies sparse regions
to achieve an accurate approximation of the full
Pareto front. MPFT can be seamlessly integrated
with advanced offline MORL algorithms, thereby
substantially improving sample efficiency. We
evaluate MPFT on six robotic control tasks with
up to three objectives and three high-dimensional
tasks with more than three objectives. Experimen-
tal results show that MPFT outperforms state-of-
the-art baselines in terms of hypervolume and
expected utility. It also significantly reduces
agent—environment interactions. These results fur-
ther demonstrate that MPFT serves as a general-
purpose framework that can seamlessly integrate
both online and offline MORL algorithms.

1. Introduction

Deep Reinforcement Learning (RL) is a promising approach
for solving decision-making problems. It has been widely
used to a variety of fields such as robot control (Duan et al.,
2016), autonomous driving (Feng et al., 2023), and wireless
communications (Zhao et al., 2024). In deep RL, the behav-
ior of the agent is guided by a reward function that defines
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the optimization objective. However, decision-making prob-
lems may involve multiple conflicting objectives, which
pose a severe challenge for RL applications in practice
(Dulac-Arnold et al., 2021). For example, bipedal robot
motion control requires balancing running speed and energy
efficiency, which are inherently conflicting objectives: ac-
celerating the robot increases energy consumption, while
optimizing energy efficiency generally constrains its speed.
In such multi-objective decision-making problems, a single
optimal policy does not exist in general, because conflict-
ing objectives cannot be simultaneously optimized. Instead,
there exists a Pareto policy set. Each policy in this set corre-
sponds to a distinct objective trade-off, and the final policy
selection depends on the user preferences.

In this context, multi-objective reinforcement learning
(MORL) has attracted the increasing attention. The single-
policy (SP) based MORL was proposed to use one consis-
tent policy to address the user’s needs under a given user
preference (Yang et al., 2019). However, since the user
preferences are very difficult to quantify (Lin et al., 2024a),
the SP-MORL policy generally cannot align with varied
user preferences in practice. Unlike the SP-MORL, the
multi-policy (MP) based MORL generates a high-quality
Pareto-approximation policy set, where the user can freely
select the policies that align with his/her preferences even
in the real-time tasks (Hu & Luo, 2024).

It is noted that almost all of the existing MP-MORL ap-
proaches rely on the evolutionary frameworks that require
maintaining a self-evolving population of policies to ap-
proximate the Pareto front under diverse objective prefer-
ences'. To let that population evolve in real time through
massively parallel interactions and updates, the online RL
algorithms like PPO (Schulman et al., 2017) are usually
employed. However, the evolutionary framework requires
many agent—environment interactions, and online RL has
low sample efficiency. As a result, MP-MORL methods built
on evolutionary frameworks are hard to deploy in real-world
settings where interactions and sampling are expensive.

This paper focuses on designing a general MP-MORL frame-
work. In contrast to evolutionary frameworks, we propose a

'A self-evolving population of policies is one in which, at
each iteration, policies are selected from the population, evolved
through updates, and then used to update the population itself.
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novel multi-policy Pareto front tracking (MPFT) framework
that does not require maintaining a self-evolving policy pop-
ulation. MPFT maintains Pareto policy sets that are updated
solely based on tracked policies without policy selection,
and thus supports advanced offline RL algorithms, achiev-
ing a tight approximation of the Pareto front with substan-
tially reduced agent—environment interactions. Specifically,
MPFT first identifies approximate Pareto-vertex policies and
then tracks the Pareto front using a newly designed Pareto-
tracking mechanism. Each tracked policy originates from
the same Pareto-vertex policy, eliminating the need to select
policies from the Pareto policy set during tracking. The
main contributions of this work are summarized as follows:

* We propose the MPFT framework to obtain a high-
quality Pareto-approximation policy set in four stages:
1) approximate Pareto-vertex policies via single-
objective optimization, 2) track the Pareto front from
each Pareto-vertex policy, 3) fill the top-K sparse re-
gions by tracking from K Pareto-interior policies, and
4) combine all tracked policies to complete the Pareto-
approximation policy set.

* We propose a novel Pareto-tracking mechanism for
Stages 2 and 3, which updates policies along a Pareto-
reverse followed by a Pareto-ascent direction, and is
theoretically proven to converge exponentially to a
neighborhood of the Pareto-stationary set. An objective
weight adjustment method is particularly designed in
Stage 3 to identify K Pareto-interior policies located
in K sparse regions, and then to complete the Pareto
front starting from the identified policies.

* We propose multi-objective TD7 algorithm (Fujimoto
et al., 2023) that is originally designed for a single
objective, and integrate it within the MPFT frame-
work, to further improve sample efficiency and reduce
agent—environment interactions.

L]

We evaluate MPFT on six robotic control tasks with up
to three objectives. Results show that MPFT achieves
higher hypervolume and expected utility than SOTA
benchmarks, while reducing agent—environment inter-
actions by up to 78.22%. Then high-dimensional tasks
are also considered, where the MPFT achieves superior
hypervolume and expected utility, even when tracking
only from a single Pareto-vertex policy.

2. Related Works

Existing MORL approaches are broadly categorized into the
SP-based and the MP-based approaches.

SP-MORL: Meta-RL is widely used in SP-MORL to en-
able a single policy to adapt to all objective preferences,
facilitating rapid online adaptation in scenarios with costly

sampling. Similarly, recent offline MORL algorithms, such
as those in (Yang et al., 2019; Zhu et al., 2023; Lin et al.,
2024b), leverage superior sample efficiency to swiftly derive
policies aligned with user preferences. The framework pro-
posed by (Lin et al., 2024a) further extends these benefits by
generating preference-aligned policies during deployment
and by incorporating safety considerations.

Despite these strengths, several notable limitations persist.
First, meta-RL approaches often exhibit suboptimal behav-
iors under a universal meta policy (Chen et al., 2019). Sec-
ond, the continual training of meta-RL agents may be un-
stable due to the issue of catastrophic forgetting (Dohare
et al., 2024). Third, the offline MORL algorithms generally
depend heavily on users’ prior preference inputs, restricting
their applicability in domains where such inputs are unavail-
able (e.g., autonomous driving). It is noted that the paradigm
in (Lin et al., 2024a) obviates the need for pre-specified pref-
erences during deployment. However, it is still fundamen-
tally meta-RL-based, and cannot fully circumvent the issue
of catastrophic forgetting. Another branch of SP-MORL is
Pareto set learning, which indirectly realizes the effect of
multi-policy by learning a ’generalized policy generator”
at once through conditional generation mechanisms (e.g.,
hypernetworks) (Liu et al., 2025a), but it is still a SP-based
approach, which is difficult to cover the entire Pareto front
(Lin et al., 2022). In addition the size of the hypernetwork
will grow geometrically as the parameters of the policy
network increase. Moreover, SP-based approaches suffer
from gradient interference across objectives, which leads to
performance imbalance over the preference space.

MP-MORL: Unlike the SP-MORL, the MP-MORL main-
tains a set of non-dominated policies (i.e., the Pareto-
approximation policy set) to support flexible decision mak-
ing (Xu et al., 2020; Hayes et al., 2022; Alegre et al., 2022;
Hu & Luo, 2024). Hence, the MP-MORL allows users to
select solutions that align with their preferences from the
learned Pareto-approximation policy set (Horie et al., 2019;
Wen et al., 2020).

However, almost all the existing MP-MORL approaches rely
on the evolutionary framework with online RL, such as the
SOTA algorithms PGMORL (Xu et al., 2020), PA2D-MORL
(Hu & Luo, 2024), and C-MORL (Liu et al., 2025b). Hence,
the existing MP-MORL approaches generally suffer from
the low sample efficiency and large agent-environment inter-
actions. Moreover, under the evolutionary framework, since
the policy corresponding to the solution farthest from the
reference point is selected in each generation, the PGMORL
and PA2D-MORL also suffers from the over-optimization
of frequently selected policies and stagnation of others.
To address this limitation, C-MORL replaces population-
based policy selection during the evolution phase with a
crowding-distance-based selection over the non-dominated
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set, achieving strong scalability with high-dimensional ob-
jectives. However, as other evolutionary methods, its ap-
plicability is still constrained in scenarios with expensive
interactions. To alleviate the sample inefficiency, (Tran
et al., 2023) introduced offline RL in the warm-up phase,
but it still uses the online RL for the policy training during
the evolutionary phase, and it does not fundamentally solve
this problem. In addition, (Alegre et al., 2022) proposed
a non-evolutionary approach that learns a convex cover-
age set (CCS) of successor features for optimal zero-shot
transfer to arbitrary linear tasks, though its worst-case cost
grows exponentially with the number of objectives. (Alegre
et al., 2023) further introduced Dyna-style MORL method
(GPI-LS) to alleviate this problem. However, GPI-LS still
requires iterative training of multiple scalarized policies,
and its computational cost increases with the number of
policies needed to approximate the CCS, particularly in
high-dimensional objective spaces.

To address the above issues, we propose the novel MPFT
framework compatible with both online and offline RL algo-
rithms in this work, to tightly and efficiently approximate the
Pareto front, where the time complexity increases linearly
with the number of objectives.

3. Preliminaries
3.1. Multi-Objective Markov Decision Process

The MORL problem is usually modeled as a multi-objective
Markov decision process (MOMDP). An MOMDP is de-
fined as the tuple (S,A4,P,R, 7). As in the standard MDP,
the agent under the state s € S, takes an action a € A,
and transits into a new state s € S with the state transi-
tion probability P(s|s, a). The agent then obtains a reward
vector R = [Ry, ..., R;,] " for m > 1 objectives with the
discount factor v € [0, 1], where R; is the reward of the i-th
objective, i € {1,...,m}, and T is the transposed operation.
Denote the policy parameterized by @ € R? as 79 : S — A,
where d is the dimension of 6. Since 7g can be completely
represented by 6, we will use g and 6 interchangeably in
the rest of this paper. Appendix A lists the key notations.

Denote the vector of expected return of the policy 7y as
J(0) = [J1(), J2(6), ..., J(8)] ", where J;(8) is the ex-
pected return of the i-th objective. As in (Xu et al., 2020;
Hu & Luo, 2024), J;(0) is defined as:

T

> V' Ri(se,ar)

t=0

Ji(0) =E

Qg ~ 7T9(St), S0 = 5] , (D

where ~ represents the sampling operation, so = s de-
notes the initial state, and ¢t € {0,...,T} is the timestep.
The goal of the MOMDP problem is to find the optimal
policy, that maximizes the expected return J (8) of all the
objectives. This can be achieved by using the policy gra-

dient descent method. The policy gradient of the objective
i€ {1,...,m} is given by:

VoJ;(0) = —VE [Loss;(s,a)], 2)

where Loss;(s,a) is the loss function with re-
spect to state s and action a. Let VoJ(0) =
Vo Ji(0),...,VeJn(0)]T € R™*? represent the
policy gradient matrix of the m objectives.

3.2. Pareto-Optimal Policy

For two policies mg1 and mg2, where J(6') # J(6?),
we say that the policy mg: dominates the policy g2, if
Ji(8") > J;(67), Vi € {1,...,m}. In the Pareto policy
set, there is no policy dominated by any other policy, i.e.,
each policy is Pareto-optimal. In other words, in the Pareto
policy set, no objective can be further improved without
sacrificing another objective. The mapping from the Pareto
policy set to the objective space is known as the Pareto
front (Xu et al., 2020; Hu & Luo, 2024; Liu et al., 2025b).
However, it is usually very difficult to obtain the Pareto
policy set in practice. The goal becomes to find the Pareto-
approximation policy set that best approximates the Pareto
policy set.

3.3. Pareto Stationarity

To find the Pareto-approximation policy set, the MOMDP
problem is usually transformed into a series of single-
objective Markov decision process (SOMDP) problems,
where the m objectives are scalarized into a single ob-
jective under different objective weight vectors w =
[Wi, ... ,wn] T in different SOMDP problems. For a given
w, the SOMDP problem is formulated as follows:

(P1) : max JO) w,

st. welAn, Ay i={w e R"|w; >0, ||w|1=1},

where ||-||; represents the L1-norm operation. The solutions
to all the SOMDP problems form the Pareto-approximation
policy set.

However, the above method requires an exhaustive search
of the objective weight vectors, which is impractical. As
in (Sener & Koltun, 2018; Désidéri, 2012), a policy mg is
Pareto-stationary, if mingea,, ||VoJ (G)Tsz = 0 holds,
where ||-||, represents the L2-norm operation. Pareto sta-
tionarity is a necessary condition for a policy to be Pareto-
optimal (Désidéri, 2012). As will be introduced in the next
subsection, the Pareto-ascent direction is exploited to find
the Pareto-stationary policy.
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Figure 1. MPFT framework overview (m =2, K =1, u =1,v = 1).

3.4. Pareto-Ascent Direction

The Pareto-ascent direction can be derived by solving the
following problem:

(®2): min VoI (6) a5,

st. a; > 0,]|a|; =1,Vie {1,...,m},

where « [, .o T I HVgJ(B)Ta*Hz > 0,
where a* is the optimal solution to problem (P2), the Pareto-
ascent direction is obtained as VgJ(0)"a*. When the
policy 7 is updated along the Pareto-ascent direction, all
the objectives obtain the same amount of improvement,
since the gradient vectors of different objectives project
equally in the Pareto-ascent direction (Hu & Luo, 2024).
If HVQJ(O)TOL* Z = 0, the corresponding policy g is
Pareto-stationary at w a*. Further, based on (Zhou
et al., 2024), if problem (P1) is convex, the Pareto-stationary
Tg is also a Pareto-optimal policy; and if problem (P1) is
non-convex, we say that the Pareto-stationary 7y is a Pareto-
approximation policy. Please refer to Appendix B.1 for

solving problem (P2).

4. MPFT Framework

In this section, we propose the Multi-policy Pareto Front
Tracking (MPFT) framework based on the designed Pareto-
tracking mechanism.

4.1. Pareto-Vertex and Pareto-Interior Policies

We divide the Pareto-optimal policies into two types, namely
Pareto-vertex policies and Pareto-interior policies, accord-
ing to their roles on the Pareto front.

A Pareto-vertex policy corresponds to an extreme single-
objective solution.  Specifically, for objective i €
{1,...,m}, when the weight vector is set to w; = 1 and
w;j = 0 for all j # 4, the optimal solution to problem (P1)
is referred to as the Pareto-vertex policy associated with
objective ¢. These policies represent boundary solutions
obtained by exclusively optimizing individual objectives,

and they serve as anchor points of the Pareto front rather
than geometric vertices.

In contrast, a Pareto-interior policy refers to any Pareto-
optimal policy that is not a Pareto-vertex policy. Such a
policy reflects a trade-off among multiple objectives and
can be obtained by solving problem (P1) with a weight
vector w in which at least two elements are strictly positive.

In complex environments, obtaining exact Pareto-vertex and
Pareto-interior policies is often intractable. Therefore, in
the following subsections, we focus on learning approxi-
mate Pareto-vertex policies and approximate Pareto-interior
policies.

4.2. MPFT Framework Overview

The goal of the proposed MPFT framework is to find the
Pareto-approximation policy set, denoted by F, together
with its mapping N to the objective space, which lies tightly
close to the Pareto front.

As illustrated in Figure 1, the MPFT framework consists of
four stages, and Figure 1 further visualizes the population-
free training process in the bi-objective case, where only
three policies are kept self-updating independently to track
an approximate Pareto front:

1) Stage 1: Approximate Pareto-vertex policies. For each
objective 4, Vi € {1,...,m}, by continuously training in
the direction of the gradient VgJ(0) T w, where w; = 1
and w; = 0,Vj € {1,...,m} and j # ¢, we obtain the
approximate Pareto-vertex policy mgi,x.

2) Stage 2: Track the Pareto front. Starting from each
Tgi.«, we design the Pareto-tracking mechanism to track the
Pareto front, where the tracked policies form the Pareto-edge
policy set?, denoted by ]-'édge, i € {1,...,m}. By deleting
the dominated policies from the sets {fédge}i€{17---,m}’ we

obtain the initial F = U1 {F, ge} and its corresponding

’The term “Pareto-edge” denotes the m-dimensional segment
induced by any two adjacent preference vectors, not a geometric
edge.
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tracked Pareto front A/, where U™ is the combined operation
of the set union and the deletion of the dominated policies.

3) Stage 3: Fill sparse regions of the tracked Pareto front N'.
We focus on the top-K sparse regions in A/, and find the
K approximate Pareto-interior policies {mgr.- }re(1,  x}-
Then starting from each mgyx,~, we continuously updating
the policies to track the Pareto front. All the tracked policies
form the k-th Pareto-interior policy tracking set, denoted by
FE and are used to fill the k-th sparse region.

wnter?

4) Stage 4: Construct the complete F. The complete F is
obtained as F Ut {U/ X {FE,. 1.

Since the Pareto tracking mechanism performs local updates,
one trajectory cannot move across disconnected regions of
the Pareto front. Thus, MPFT launches multiple tracks, each
starting from different policies to explore distinct local com-
ponents. The four stages design inherently accommodates
non-connected or discrete Pareto fronts. The Stage 1 and
Stage 4 are straightforward, we detail Stages 2 and 3 in the
following subsections, respectively.

4.3. Stage 2: Track Pareto front

Following (Li et al., 2025), the Pareto front is continuous un-
der the topology of the policy parameter space for MOMDP
with a continuous parameterized policy class, in the sense
that sufficiently small perturbations in the policy parame-
ters induce arbitrarily small changes in the objective vector.
Therefore, starting from a high-quality approximate Pareto
policy, only a small number of updates are typically re-
quired to reach a nearby Pareto solution. Enlightened by
this, Stage 2 constructs m parallel tracks of the Pareto front,
by sequentially generating the Pareto-edge policies {mg:,1) },
where 7gi,a+1) is updated from my:, oy in each track. For
each myi,+, a total of U, training episodes are conducted.
We also initialize mg:.) = mgi. and Fly,, = {mgi-}.

We propose the Pareto-tracking mechanism to guide
the policy updating. Specifically, we newly define the
Pareto-reverse direction VgJ(0) " w of objective i as that
leads to value increase of all {J;(0)}jcq1,... .m},iz; €X-
cept J;(0). The Pareto-reverse direction of objective i,
Vi € {1,...,m}, can be derived by solving problem (P2)
with an extra constraint with o; = 0. By intentionally
sacrificing one objective, the Pareto-reverse update pro-
vides a controllable policy updating direction that drives
the policy away from the Pareto-vertex region and along
the Pareto front, thereby enabling traversal of the Pareto
front. To obtain mgi,q+1), Tgi,) is first trained along the
Pareto-reverse direction for v > 0 consecutive episodes, and
then along the Pareto-ascent direction for v > 0 consecutive

episodes’. After obtaining mgi.a+1), Fiyg, is updated as

3The term u + v represents the number of episodes used in
one policy-tracking process and is generally orders of magnitude

tage Ut {Tgeaen) }. We also initialize F as U {FL;, .}
by combining m Pareto front tracks.

In Appendix C, we give a proof of exponential conver-
gence of the Pareto-tracking mechanism. As shown in our
convergence analysis, the Pareto-tracking mechanism con-
verges exponentially toward a neighborhood of the Pareto-
stationary set in any arbitrary objective dimension. Full
coverage of the Pareto front is achieved empirically via the
multi-track procedure in Stage 2 and Stage 3.

4.4. Stage 3: Fill Sparse Regions of \/

Sparse regions in the approximated Pareto front naturally
arise due to the potentially complex geometric structure of
the Pareto front, and are difficult to track by solely using
Stage 2. Stage 3 is designed to address this challenge.

We focus on the top-K sparse regions, and propose the
objective weight adjustment method to find K approximate
Pareto-interior policies {7g.« }ref1,... k}» Whose mapping
to the objective space are located in the top- K sparse regions
of V, respectively. Unlike existing heuristic methods such
as (Hu & Luo, 2024) or (Liu et al., 2025b), which directly
select policies from the archive JF, our approach retrains K
new approximate Pareto-interior policies to avoid inheriting
the coverage gaps produced in Stage 2. This ensures that
Stage 3 can effectively fill sparse or disconnected regions of
the Pareto front.

Specifically, we represent a sparse region by its m bound-
ary policies, denoted as {7g; }i |, whose mappings in the
objective space form the bounding simplex that character-
izes the location and extent of the sparse region. For the
bi-objective case shown in Figure 1, the sparse region is
represented by two boundary policies. Please refer to Ap-
pendix B.2 for more details on how to find the boundary
policies. We denote by max" (1, ..., &) the element-
wise maximum among x;, ¢ € {1,...,m}, and by D[z, y]
the element-wise division of « by y. The following intro-
duces the case with K = 1 to highlight the key steps of the
objective weight adjustment method:

1) Find {mg:};%;, and
max" (J(6y),...,J(8}")).
icy Te;

2) Find 8 = D[J max, J(8)]. Let weight w= 5%
1

calculate  J,,42 =

Initialize a random pol-

smaller than the episodes required for one policy-evolution process
in evolutionary framework. As supported by the theoretical analy-
sis in Appendix C and the empirical validation in Appendix G.4,
v must be greater than w. Ensuring a higher proportion of Pareto-
ascent episodes allow the policy to self-correct from suboptimal
initializations and stably climb toward the true frontier before
tracking.

4,]1-(0) > 0 can be easily guaranteed in reward design for each
objective ¢ € {1, ..., m} to assure non-negative weights.
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Algorithm 1 MPFT algorithm

Input: episodes {Z; }7 |, { U}, {E |, {U L u,
v, and timestep steps.
Initialize: 7, . = 0,

e znter
Vie{l,...,m},Vke{1,...,K}.

(Z), Toi, and ok,

1: Stage 1: Follow Section 4.2 to continuously train mg:
for =; episodes to get g Initialize mgi.u=0) = 7gi.+
and F(y0, = {mgi };

2: Stage 2: Apply the Pareto-tracking mechanism in Sec-
tion 4.3 to parallely train each i,y for ¥; episodes.
Sequentially update the Pareto-edge policy set F?

eidge ut {Wei
.7:U+ {Uj"ll{ dge}}.

3: Stage 3: Follow Section 4.4 to continuously train mg»
for =, episodes based on the objective weight adjust-
ment method to get mgr,«. Initialize wgr,a=0) = Tgk.«
and FE = {mgr.}. Use the Pareto-tracking mecha-

inter —
nism to continuously update FF . for - \I”“ times;
znte7 }}

edge
Obtain F =

inter
4: Stage 4: Complete F = F Ut {U} X {F
Output: F.

3) Update 7p along Vo J(0) "
ing in a new policy mg;

I ﬁﬁli for one episode, result-
1

4) Let mg = mgs, and repeat steps 2) and 3) until
|J(8)—J pmazll, <€ or reaching the maximum episode.

Figure 1 shows J,,4, when m = 2 and K = 1. By the
above method, we can find the approximate Pareto-interior
policy mg1,« for K = 1, where the weight w = ﬁ in step
2) ensures that the update direction of the policy g is be-
tween the objectives {J(6%)}™ . For the more complicated
case with /{ > 1 as well as the methods to find the boundary
policies and the sparse regions, please refer to Appendix B.2.
Next, as illustrated in Figure 1, by using the Pareto-tracking
mechanism in Stage 2 to track toward each of the m objec-
tives, where each mgr,« is the start point of the tracking, we
can obtain the K approximate Pareto-interior policy track-
ing sets FF .,k € {1,..., K}, parallely. The top-K sparse

inter>

regions from N are ﬁlled by { mter}ke{l,...,K}~

Finally, by combining all the tracked policies in Stages 2
and 3, we complete F = FUT {U " {7k ..} } in Stage 4,
where the corresponding N approximates the Pareto front
tightly. The MPFT algorithm is presented in Algorithm 1,
where each episode includes steps timesteps of policy train-
ing. Let T represent a fixed upper bound on the cost of train-
ing a single policy, independent of m. As analyzed in Ap-
pendix D.4, the time complexity of Algorithm 1 is Tyiprr =

0 (T « steps X (Zg’;(ai + )+ K (= \Ifk)))

which scales linearly with the number of objectives m.

5. Multi-objective Online and Offline RL

This section takes the offline TD7 (Fujimoto et al., 2023)
as an example and incorporates it into our proposed MPFT
framework. Other typical RL algorithms, such as the online
PPO algorithm (Schulman et al., 2017) and the offline SAC
algorithm (Haarnoja et al., 2018), can also be incorporated
similarly, as given in Appendices B.3 and B.4, respectively.
All these online and offline RL algorithms can be applied for
the policy training in each episode of the MPFT algorithm.

The TD7 algorithm, as an improved version of the TD3
algorithm (Fujimoto et al., 2018), is one of the SOTA offline
RL algorithms. In TD7 algorithm, the high-dimensional
state embedding vector z, and state-action embedding vec-
tor z4,, are used to improve the sample efficiency. To the
best our knowledge, there is no existing multi-objective
TD7 algorithms. In the following, we propose multi-
objective TD7 (MOTD?7) for the MPFT framework. Specif-
ically, for the MOTD7, VgJ;(0) in (2) is obtained as
VoJi(0) = —VgE (o) [Loss;(st,a})] =

VeE i B‘
extract operation, D is the replay buffer, B is a mini-batch,
wézs) is the policy with z, embedded, Q,EZS’Z‘”)(SJ-, a;) is
the Q-value of objective ¢ with z, and z,, embedded. For
notation simplicity, we omit z; and zs,, and use mg and
Q; to represent Wéz‘“) and QZ(-ZS’Z“), respectively, the gra-
dient direction of the policy me under a given weight w
is: VoJ(0) w 8] SBL VeQ« (s, ag)}, where
Q¥ (st,ay) = wTQ (st, ay) is the weighted Q-value scalar,
with @ = [Q1,...,Qn]T. Details of MOTD7 are pro-
vided in Appendix B.5. It is straightforward to incorporate
MOTDY7 into the proposed MPFT framework: one can ap-
ply Algorithm 5 in Appendix B.5 to policy training of each
episode in Algorithm 1.

B~D,si<B,a,

|B‘ Q(Z“’Z”)(s at)}, where < indicates an

6. Experiments

In our experiments, we adopt three widely used metrics to
evaluate the quality of the Pareto-approximation front: hy-
pervolume (HV), sparsity (SP), and expected utility (EU).
HV reflects the convergence and distribution of the Pareto-
approximation front (Falcén-Cardona et al., 2022), SP mea-
sures its density (Hu & Luo, 2024), and EU evaluates ex-
pected utility under different sampling preferences (Liu
et al., 2025b). Let env_steps denote the total number of
agent—environment interactions, equivalent to the total train-
ing steps across all policies. As shown in Table 1, each
method is allocated an env _steps budget sufficient for con-
vergence, and comparisons are based on their converged
performance. Convergence under the respective budgets is
verified in Figures 7 and 8 in Appendix G.3. Notably, MPFT
requires fewer env_steps than all benchmarks across all
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Figure 2. Comparison of Pareto front approximations. For each environment, we show the best random seed for each algorithm.

environments. Detailed calculations of HV, SP, EU, and
env_steps are provided in Appendix D.

6.1. Simulation Environment

The existing offline MORL datasets (Zhu et al., 2023; Xue
et al., 2024) are constructed using PGMORL (Xu et al.,
2020). Because the PGMORL is prone to local optima,
these datasets often consist of suboptimal trajectories, mak-
ing them inadequate for evaluating the MPFT framework.
To demonstrate the compatibility of our framework in of-
fline settings, we provide additional DAMORL evaluations
in Appendix G.6. Moreover, since MOPPO is also not appli-
cable to the offline dataset, we build our own robot control
environment, which is more complicated than those in (Xu
et al., 2020; Hu & Luo, 2024; Liu et al., 2025b).

Our main simulation environment is built by Mujuco-3.3.0
(Todorov et al., 2012) and the v5 version of the game in
Gymnasium-1.1.1. According to the official documenta-
tion (Farama Foundation, 2025), the v5 version fixes the
bug in the previous version that the robot can still obtain
rewards when it is in an unhealthy state, and increases the
difficulty of robot control. Based on the v5 version, we set
up six robot control environments with continuous action
spaces, which are HalfCheetah-2, Hopper-2, Swimmer-2,
Ant-2, Walker2d-2, and Hopper-3, respectively. Except the
three-objective environment Hopper-3, the others are all the
two-objective environments. Additionally, to validate MPFT
performance in discrete and higher-dimensional tasks, we
constructed three environments identical to C-MORL (Liu
et al., 2025b): the discrete 4-objectives environment Lunar-
Lander-4 (LL-4), the discrete 6-objectives environment
Fruit-Tree-6 (FT-6), and the continuous 9-objectives en-
vironment Building-9 (B-9). For detailed settings, please
refer to Appendix F.1.

6.2. Benchmarks

To verify that the proposed MPFT framework can sup-
port to both online RL and offline RL, we implement the
MOPPO, the MOSAC, and the MOTD7 in Section 5 under
the MPFT framework, which give MPFT-MOPPO, MPFT-
MOSAC, and MPFT-MOTDY7, respectively. We also con-

sider three evolutionary framework based MP-MORL algo-
rithms as main benchmarks PGMORL (Xu et al., 2020),
PA2D-MORL (Hu & Luo, 2024), and C-MORL (Liu et al.,
2025b). For a detailed comparison between MPFT and this
methods, please refer to Appendix E.

To ensure fairness, all evaluations and comparisons are
implemented in the same environment. The PGMORL,
the PA2D-MORL, the C-MORL and the MPFT-MOPPO
use the online MOPPO algorithm and have the same net-
work structure. We conduct the PGMORL based on the
code repository (https://github.com/mit-gfx/
PGMORL) provided by (Xu et al., 2020) and the C-MORL
based on the code repository (https://github.com/
RuohLiuqg/C-MORL) provided by (Liu et al., 2025b).
Since (Hu & Luo, 2024) did not open the codes, we im-
plement PA2D-MORL exactly as described in (Hu & Luo,
2024) and put it with our codes online available’. Addition-
ally, to show the actual performance of all the algorithms,
we do not use the policy interpolation to fill in the sparse
regions of the Pareto front. All baselines and MPFT are set
with the same policy-buffer size, i.e., 200 for 2-objective
environments and 300 for >3-objective environments. For
details on the benchmark and MPFT parameter settings,
please refer to Appendix F.2.

6.3. Results

In experiments, all the MPFT framework based MP-MORL
algorithms, we consider the top-1 sparse region with K =1
if not otherwise specified.

Table 1 gives the evaluation results for all <3-objective en-
vironments, which shows that our proposed MPFT-MOTD7
framework can achieve better HV and EU performance with
less env_steps. Specifically, env_steps of the MPFT-
MOTD7, the MPFT-MOSAC, and the MPFT-PPO average
decrease by 78.22%, 72.04%, and 66.27%, respectively,
as compared to the evolutionary framework based algo-
rithms PGMORL, PA2D-MORL and C-MORL. It is also
observed that in some environments our proposed MPFT

Shttps://github.com/zzy2048/
MPFT-Framework
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Table 1. Evaluation of HV, SP, EU, and env_steps for <3-objective environments. All data are based on five independent runs.

Env. Metrics ~ MPFT-MOTD7 MPFT-MOSAC MPFI-MOPPO PGMORL PA2D-MORL C-MORL
HV 1 (x101)  2.04+0.10 172 022 1374003 LI1£025 1314009 1.21+0.16
Walker2d-2  SPL(x10% 1134053 152 4024 2754056 2024105 032+£013 057029
EUT(x10°) 4442006 4014033 3.51+£002 3254032 347+015 3294024
env.steps | 11,200,000 16,400,000 17,612,800 41,943,040 41,943,040 41,943,040
HV 1 (x10°)  3.51+0.01 3.25+0.18 3.104£026  3.04+021  309+£017 2934034
HalfCheetah-z SP4(x10%) 0244013 148 + 0.64 0254017  0.13+0.11 003+001  0.02+0.01
EUT(x10°) 178+ 0.01 172 £ 0.02 168017  1.66+£001 1674016 1.61+0.12
env.steps | 5,000,000 7,800,000 13,516,800  41.943,040 41,943,040 41,943,040
HV 1 (x10)  3.68+027  347+044 3374024 307+001  318+£005 3.16+0.24
Hopper-2  SP|(x10%)  1.55+0.55 12.0 = 5.96 2.66+£037 236+ 1.68 228+067 189+4.17
EUT(x10°) 585405  5.66+0.49 544+£023  534+021  539+005 536037
env._steps | 19,200,000 22,800,000 27.033.600 85,196,800 85,196,800 85,196,800
HV 1 (x10°)  7.04+£019  3.75+082 043+£0.11  0.68+0.17 087006 0.94+035
Ant2 SPL(x10%  11840.11 5.63 +2.21 1324009 2324100 1364035 1.86+0.38
EUT(x10°) 247 +0.04 1.77 4 0.25 054+£010  079+0.10 088+0.11 0.92:+0.14
env.steps | 19,200,000 22,800,000 24576000 85,196,800 85,196,800  85,196.800
HV 1 (x10°) 3544007  3.52+007 349+£001  346+008 3.51+£000 3.52+0.04
Swimmer-2  SPL(x10%)  081+£036  081+0.15 033+£0.13  0.64+030 0194003  0.36 £ 0.09
EUT(x10°) 175 +0.02 174 £ 001 1744000 174001 1744000 1.74 £ 0.01
env.steps | 3,800,000 5.400.000 5529600 20971520 20971520 20,971,520
HV 1 (x10'%)  9.61 + 0.09 8.54 + 0.34 758+£050  7.62+£080 673+035 7.19+082
Hopper3  SP4(x10Y)  032+0.11 2.03 + 0.44 1624040  485+£058 3.00+058 3.8 +0.60
EUT(x10°) 4442005 4374008 428 +£004 4304008 4214006 4.27 +0.07
env.steps | 39,000,000 41,600,000 55705600 135,168,000 135,168,000 127,795,200

Table 2. MPFT-MOTD?7 with different K.

K Walker2d-2 HalfCheetah-2

HV 1 (x107) SP | (x10%) HV 1 (x10%) SP | (x10%)
0 195+0.09 2.09+099 347+0.04 595+542
1 2044010 1.134+0.53 3.514+0.01 2384+ 1.30
3 215+£0.06 1.094+0.28 3.52+0.01 1.10+£0.25
6 220+0.01 0.89+0.13 3.54+0.00 0.63 +0.04

framework does not achieve optimal SP performance, but
this is a problem that cannot be avoided due to the reduced
env_steps or achieving the same level of policy diversity
as the benchmarks. This problem can be alleviated, however,
by applying more advanced RL algorithms, such as the TD7
algorithm.

Figure 2 shows the Pareto front of all the algorithms in all
2-objective environments. It shows that our proposed MPFT
framework can better explore policies whose mappings to
the objective space locate almost at the edge of the Pareto
front; moreover, our MPFT-MOTD?7 obtains the best Pareto-
approximating policy set among all the algorithms.

Table 2 further shows the ablation results of the MPFT-
MOTDY7 in the two-objective environments Walker2d-2 and
HalfCheetah-2. Specifically, for different values of K, both
the mean and standard deviation of the HV and SP metrics
are reported. All data are based on five independent runs.
From Table 2, we generally observe an increased HV value
and a reduced SP value as K increases, and the performance
is lowest when K = 0, i.e., without Stage 3. This validates
that the proposed Stage 3 can effectively fill the sparse re-

gions of the tracked Pareto front in Stage 2. However, larger
K values require more agent-environment interactions, and
therefore trade-offs usually need to be made in practice.

Table 3. Evaluation of HV, SP, EU, and env _steps for >3-
objective environments. All data are based on five independent
runs. T/O indicates that the trainingtime exceeded the maximum
limit of 100 hours. N/A indicates not applicable.

Env. Metrics Envelope GPI-LS C-MORL Our (SPFT)
HVT (x10%)  3.66+0.23 3.5740.05 3.67+0.14  5.0240.09
FL.g SPL(x 1071)  5.46+0.15 5294021 0.42+0.03 0.5040.18
EUT(x10%  6.15£0.00 6.15+0.00 6.53+0.03  6.59+0.08
env_steps | 500,000 500,000 500,000 67,200
HVT(x10%)  04340.18 1.06+0.16 1.12+0.03  1.24+0.11
LL-4 SPL(x 10%)  0.19+£0.16  0.13+£0.01 1.04+024  1.75+0.56
EUT (x10Y)  -2.8444.06 1.6940.34 2.35+0.18  2.36+0.29
env_steps | 500,000 500,000 500,000 480,000
HVT (x103%) N/A T/O 7.93+0.07  8.22+0.10
B9 SP| (x10%) N/A T/O 2.79+£0.40  1.924+0.63
EUT (x10%) N/A T/O 3.50+£0.00  3.53+0.00
env_steps | N/A 2,500,000 2,500,000 630,000

To further evaluate MPFT in environments with more than
three objectives and in discrete-action settings, we compare
MPFT-MOTD7 against GPI-LS (Alegre et al., 2023), En-
velope (Yang et al., 2019) and C-MORL across the LL-4,
FT-6, and B-9 benchmarks®. To highlight the efficiency of
the proposed Pareto-tracking mechanism in tracking high-
dimensional Pareto front, we intentionally disable multiple
policy tracking and sparse region filling, retaining only a
single policy tracking trajectory (e.g., tracking solely from

SNote that the original MOTD?7 does not support discrete ac-
tion settings. We adapted it for discrete versions using one-hot
encoding.
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one policy). This variant is called Single-policy Pareto Front
Tracking (SPFT). The hyperparameter configuration is re-
ported in Appendix F.2. Envelope, GPI-LS, and C-MORL
share the same env_steps budget, which is larger than the
budget allocated to SPFT.

Table 3 gives the evaluation results for all >3-objectives
environments, which demonstrate that SPFT achieves best
performance on both HV and EU metrics with fewer agent-
environment interactions, indicating the efficiency of the
Pareto-tracking mechanism in tracing high-dimensional
Pareto front. Additional results are reported in Appendix G,
and further discussions and limitations of the proposed
MPFT framework are presented in Appendix H.

7. Conclusion

We propose the MPFT framework to efficiently learn a high-
quality Pareto-approximation policy set. MPFT achieves
linear-time complexity and enables controllable traversal
along the Pareto front via a Pareto-tracking mechanism,
without population evolution and policy selection. Exten-
sive experiments demonstrate that MPFT attains SOTA hy-
pervolume and expected utility, and significantly reduced
agent—environment interactions. The framework is readily
compatible with advanced offline RL algorithms, making it
scalable to sampling-challenging multi-objective tasks.
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Appendixes
A. Key Notations
Notation Description
T Policy parameterized by 6
J(6) Multi-objective expected-return vector of mg
Ji(0) Expected return for the i-th objective
Ve J;(0) Policy-gradient vector for the i-th objective
w, o Weight vector over objectives, element of the simplex A,,
i Pareto-vertex policy of objective ¢
Tk, Pareto-interior policy in k-th sparse region
F Pareto-approximating policy set
i e Pareto-edge policy set tracked from mgi,«
FE or Pareto-interior policy tracking set tracked from mgs,«
N The mapping of F in the objective space (approximated Pareto front)
K Number of top-K sparse regions

<

Training episode number for Pareto-reverse and Pareto-ascent phase
. . . X ,L
Training episodes for mgi.« and F.; .

Training episodes for mgx,« and FF .

DEORS
<

T
S
>

B. Algorithm Detail
B.1. Pareto-Ascent Direction

For problem (P2), the stochastic gradient descent can be used to find the a*. Specifically, for the constraints, the projection
function P,,(-) can be used with a1 = P, (a’ —nV4 f(al)), where f(a) = HVgJ(B)Tauz and 7 is the step size. For
the case with two objectives, i.e., m = 2, we can find the analytical solution of a* = [aF, ag]—'—, which is either orthogonal
to the difference of the two gradient vectors Vg.J1(0) and Vg.J2(0) or coincides with one of the gradient vectors, i.e.,

o) = max (min <(VBJ2(0) _ Vng(O))T Vo/2(0) 1> O>
' IVoa(0) = Vo i(®); )7 )

other is ay = 1 — a}. The Pareto-ascent direction is therefore found as Vg J (8) T a* for the policy 7.

B.2. Finding Boundary Policies for Top-/ Sparse Regions

To find the top-K sparse regions from N, we can first view the solutions in A as points in an m-dimensional (m-D) space.
We focus on the case with m < 3, as shown in Algorithm 2.

When m = 2, the algorithm proceeds as follows: 1) Based on the “non-dominated” property of the solutions in A/, we can
sort each point in ascending order according to the value of objective 1; 2) Calculate the Euclidean distance between each
adjacent pair of points; 3) Select the top-K pairs of points with the largest distances; 4) The K point pairs represent the
top-K sparse regions, and the boundaries of these K sparse regions are returned as {J L L JE

max? maxJ*

When m = 3, the points in N form a convex surface in 3-D space (Li et al., 2025). To identify sparse regions on the surface,
we develop the following algorithm: 1) Use principal component analysis (PCA) to project the 3-D point set A/ onto the
best-fitting 2-D plane; 2) Use Delaunay triangulation to construct a triangular network on the 2-D plane; 3) Calculate the
area of each triangle in the triangular network and select the top-K triangles with the largest areas; 4) Map the selected
top- K triangles back to the 3-D space; 5) Use the vertices of these K triangles to represent the sparse regions and return the
boundaries of these K sparse regions {J . ..., J K

max? max ) *

Moreover, although not the focus of this paper, for higher dimensions with m > 3, we can use PCA dimension reduction to
reduce it to 3-D, and then use the above algorithm to obtain the boundaries of the top K sparse regions. In addition, we can
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Algorithm 2 Boundary Detection of Top-K Sparse Regions

1: Input arr = N € R™*™: A set of n solutions in m-dimensional objective space (Pareto Front);
K': Number of sparse regions to detect;

2: Ensure SparseRegions: Set of detected sparse regions (line segments for m = 2, triangles for m = 3);
3: Initialize SparseRegions as empty set;
4: if m == 2 then

5. Sort arr by the first objective value;
6:  Compute pairwise Euclidean distances between adjacent points:

d; = ||larz[i + 1] — arcfi]|z fori =0,--- ,n —2;

7:  Select the indices of top-K largest distances;
8:  for each selected index ¢ do

9: Append segment (arrfi],arr[i + 1)) to SparseRegions;
10:  end for

11: else if m == 3 then

12:  Project 3D points onto a best-fit 2-D plane using PCA:

13:  arr_proj,pca < ProjectToPlane(arr)

14:  Perform Delaunay triangulation on projected 2-D points;

15:  For each triangle, compute its area;

16:  Select top-K triangles with largest areas;

17:  Map selected triangles back to original 3-D space using pca;
18:  Addthem to SparseRegions;

19: end if
20: Caculate the boundaries {J. ,.,...,JX 1} of the SparseRegions € RExmxm
21: Output {J’:ylna/_j;7 ceey Jﬁaw}

also apply the crowding distance defined in (Liu et al., 2025b) to find the top- K solutions that lie in the sparse region of the
case with m > 3. However, both methods are heuristic, and neither has a formal proof.

B.3. MOPPO Algorithm

Most existing MP-MORL research are based on the PPO algorithm (Schulman et al., 2017), primarily because PPO supports
large-scale parallel training and aligns well with the evolutionary framework used in existing MP-MORL algorithms.
Although the evolutionary framework can fully explore more policies on the Pareto front to obtain a denser Pareto policy set,
this is feasible only in simulation, while in real applications, each policy needs to interact with the environment and adopt its
own trajectory for training, which is obviously impractical. We design an MOPPO algorithm that can be applied within our
proposed MPFT framework.

Unlike the traditional single-objective PPO algorithm, the expected return in MOPPO is a weighted sum of multiple
objectives. To avoid relearning the state value function when w changes, we need to define a vectorized state value function
V(s;0) = [Vi(s; ), ..., Vin(s; ¢)] T € R™ to evaluate each objective i € {1, ...,m}’s state value, where ¢ is parameter of

V. V(s; ¢) is defined as
T

V(s;¢) =Eq,ng Z’th(st, at)Donet|so =s|,
t=0

which is updated following Bellman equation. Done; € {0, 1} is the termination condition, with Done; = 0 if the task
terminates at timestep ¢, or Done; = 1, otherwise. Note that, although the Done,; = 1 variable already denotes task
completion, a finite maximal horizon T is retained in practice to avoid pathological non-termination cases and to align with
standard RL environments. The theoretical analysis uses T' = oo, whereas the finite 7" in implementation serves only as a
practical safeguard

TV (s::0) = V(se) = Y molarlse) [R(se a0) +7V (s1+15 )],

where 7™ is the Bellman backup operator. For each objective ¢, the policy gradient with advantage estimation (Schulman
et al., 2015) is defined as Vg J;(0) = —VEgweg,aom [LOSSi(st,a1)] = E ZtT:O A;i(st,at)Velogme(at|st)|so = s|,

13
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where ey is the state distribution based on policy 7g, A;(s¢,a:) € A(st, aq) is the advantage function for objective 4, and
A(s,ap) = [A1(s¢,a4), .., Am(se,a)] T € R™. The gradient direction of the policy g under a given weight w is

w! ' VoJ(0) => w;VeJ;(0)
i=1

T

=E Z ‘-"TA(St, at)Ve log e (at|st)
t=0

=E[A”(st,a¢)Velog me(at|s:)],

where A“(at, s;) =w " A(ay, s¢) is the weighted advantage scalar. Integrating the above into PPO algorithm, we obtain the
MOPPO policy training process:
1) Collect trajectories (i.e., rollout) using the current policy 7g.

2) Calculate the advantage by the GAE approach in (Schulman et al., 2015), A% (s¢,a;) = w " Y12 (YA)! 84441 with
0 = R(st,ar) + YV (st11;0) — V(se; @), and ¢ € {1, ..., T} is the timestep.

3) Update the policy mg by minimizing the clipped surrogate loss L™ (0) = —E[min(r:(0)A“ (s¢, a:), clip(ri(0),1—
€, 1+€) A% (s, ar))], where 7, (8) = Zelatlst) ¢ [0.1), clip(a, 1 — €, 1+ €) is a clip function make the value of

T mod(atlst)’
z lies in the range of [1 — ¢, 1 + €], and 7,4 is the old policy.

4) Update the state value function V' (s;; ¢) by the MSE Loss LY (¢p) = E [V(st; o) — V(sf)] .

5) Repeat steps 3) and 4) until reaching the maximum epoch.

In each MPFT-MOPPO episode, the policy training process is shown in Algorithm 3.

Algorithm 3 MOPPO Algorithm

Input 7g, and V (s; ¢);
Obtain w based on the Pareto-tracking mechanism;
Fixed initialize ¢, T, and epoch;
Rollout: Run policy 7,4 in environment for steps timesteps to collect trajectories. (Agent interacts with the
environment steps times);
Compute advantage: {A%(ss, a¢)}iq;
fore < 1,---  epoch do
Update the policy: Use loss function L™ to update 0;
Update the state value network: Use loss function LY (¢) to update ¢;
end for
Output: 79 and V (s; ¢);

RN e

A S A

B.4. MOSAC Algorithm

The SAC algorithm is an offline RL algorithm based on entropy maximization (Haarnoja et al., 2018). Its output, similar to
PPO, is a probability distribution over actions.

Unlike MOPPO, MOSAC has a state-action value (Q-value) network Q(s, a; @) = [Q1(s,a;9),...,Qm(s,a;)]" € R™
in addition to V' (s;¢) = [Vi(s;0), ..., Vin(s;0)]T € R™, where ¢ are the parameters of Q(s, a; ). The update of
Q(s, a; ) is given by the following Bellman equation:

T™Q(st,at50) = Q(5¢,at) = Epup,(R(ss.a1),5011,Dones )5 [R(5t,at) + 7V (s¢41; ¢)Doney]

where < indicates extract operation, D is the replay buffer, B is a mini-batch, and V(s;;¢p) =

seeBal~ro [Q(s:,ar; o) — log me(ay|s:)] is the soft state value function.
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To prevent overestimation of the Q-value, we used two state-action value networks, @, (s,a; @) and Q, (s, a;p,)
to estimate the minimum Q-value Q. (s,a) = min ({Qj (s,a; goj)}jzl) € R™.  The policy gra-
dient of objective i € {1,..,m} is defined as: VgJi(0) = —VoEp.p s Baj~me [LOSSi(5:,0;)] =
Es, B [\Tlﬂ Zﬁll kiVelogme (ay]s:) — VeQ; (st, a;)} , where k; is the temperature parameter for the entropy regularizer

of objective 7, and Q;(s¢, ay) is the i-th element of Q.. (s, a}). The gradient direction of the policy 7g under a given
weight w is:

1B
1
VoJ(0)'w = —Vew 'E, s @ZlogWe(ﬂe(st)\st)'%—Q(SuWo(st))
t=1

|B|
_E |;|Zm Vo logma (7 (s 50) —Vo Q¥ (1,70 s1))
|B|

1
=-E |E|ZK,“’V9 logme(aj|s:) —VeQ® (st,ay)
t=1

where k¥ = w'k and Q¥ (s4,a}) = w' Q.. (5t,a}) are weighted entropy temperature scalar and weighted Q-value
scalar, respectively, with k& = [K1, ..., K]

Algorithm 4 MOSAC Algorithm

Input 79, {Q;(5,a; ;) }3,, V(s; $), and D;

Obtain w based on the Pareto-tracking mechanism;

Fixed initialize steps and {#;}7"

Data Storage: Run policy 7 for steps timesteps in the environment to collect experiences, and store these
experiences into D. (Agent interacts with the environment steps times);

5. fort<1,---  stepsdo

6: Update the policy: Use loss function L™ to update 6;

7:  Update the state value network: Use loss function LY (¢) to update ¢;

8

9

bl e

Update the state-action value network: Use loss function L?((p]«) to update ¢, j € {1,2};
:  Update the temperature: Use loss function L” (k) to update x;
10: end for
11: Output: 79, {Q,(s,q; cpj)}?zl, V(s; ¢), and D;

The following is the multi-objective loss function for all networks:

1) State value network loss:

1B
1
LY (¢) = Esy5,apme [|B| YV (s 8) = (Qeat (51, a}) — Vo log melay]st) - )| }
t=1
2) State-action value network loss:

n 2
L (‘P]) IE(st at,R(s¢,at),8t41)«B |B| Z HQ St, At P ) Q 8t7at)H2 ,J € {152}

3) Policy loss:
|B]
Lﬂ(e) = ]ESH—BJLQNWB ‘B‘ Z K log g at‘st) “‘JTQest (St, ag)
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4) Entropy temperature loss:

Bl m
LK(KZ) = EsteB,agwwe _\B%m Z Z (log K+ <log71'9(04|5t) + '?:[1)) 5

t=1 i=1

where #; is the target entropy of the objective i, it is usually set to —|.A|.

In each MPFT-MOSAC episode, the policy training process is shown in Algorithm 4, where the Data Storage operation
can be omitted if the offline dataset D is given and the amount of data is sufficient.

B.5. MOTD7 Algorithm

The TD7 algorithm (Fujimoto et al., 2023) introduces four enhancements to the TD3 algorithm (Fujimoto et al., 2018),
which are the state-action learned embeddings (SALE), the Loss-Adjusted Prioritized (LAP) replay (Fujimoto et al., 2020),
the checkpoint, and the behavior cloning. The SALE maps the low-dimensional state and state-action into high-dimensional
embedding vectors zs and z,,, which enhance the inputs to the value function and policy to improve sample efficiency and
performance. The LAP is a prioritized experience replay technique that prioritizes samples in the replay buffer based on
their importance (e.g. TD error). During training, higher-priority samples are selected first, which helps RL algorithms learn
important experiences faster and improve learning efficiency. Checkpoint maintains training stability. Sample efficiency,
learning efficiency, and training stability are critical for applying MORL algorithm to real-world tasks, thus SALE, LAP,
and checkpoint are retained in our MOTD7 setting. The checkpoint is the same as the setting in (Fujimoto et al., 2023), and
the SALE and LAP settings are as follows.

SALE uses two independent encoders f(s) and g(f(s), a) to encode the state s and the state-action (s, a) into zs and z4q,
respectively. Since f(-) and g(-) are decoupled, the encoders f(-) and ¢(-) can be jointly trained using the mean squared
error (MSE) between the state-action embedding 2!, = g(f(s¢), a;) and the next state embedding z/*! = f(s;,1) with
(8¢, az, s¢11) < Band B ~ D. The encoder loss function is defined as:

| B]

Lo (f,g) = ﬁ S 1lg(F(se)s an) — [F(sesn)l w2
t=1

where | - |x is the stop-gradient operation. Therefore, the original state-action value function Q(s,a; ) becomes
QF*59) (5, a; p) £ Q(2s, 2sa, 5, a; ) With z, and z,, embedded. The original policy 7 () becomes 77((,25) (5) = mo(zs, 5)
with z; and z,, embedded. For notation simplicity, we omit the symbols 2z, and zg,, i.e., Tg = Wézﬁ), Q(s,a;p) =
Q#*52) (s, a; ). In implementation, MOTD7 also uses two state-action value networks @ (s, a; ¢;) and Q, (s, a; @,) to
alleviate the impact of overestimating the Q-value. The Q-value is represented by the minimum value estimated by the two

networks, i.e., Q. (s, a) = min ({Qj(s, a; ‘Pj)}j:1) € R™.

For the LAP, the probability of sampling a transition tuple ¢ := (s, at, R(s¢, at), St+1, Done;) from the replay buffer D is
defined as:
max (mean(d(t))¢,1)

pt) = ,

ID|
>, max (mean(8(t'))*, 1)
where mean(x) is an operation to obtain the mean of all elements in x, () = w, 9;(t) =
abs (Qj(st,at;cpj)fé)(st,at)) = [0;1(t),...0;m(t)]" € RT is TD error of Q;(-) with j € {1,2}.
abs(z) is an operation to take the element-wise absolute value in @, and Q(s,a;) = R(sya¢) +

vclip (Qest(8t+1’ WG(SH‘l))’ Qmin’ Qmou) is target Q—value. Qmin = min(S,G)ED Qest (S’ a) € R™ and Qmaw =
max (s q)ep Qest (s,a) € R™ are the minimum and maximum Q-values that have been recorded during training. In order to
reduce the effect of overestimation or underestimation of @, by a small number of samples in replay buffer D, the value
of Q,,, will be restricted between Q,,,;,, and Q,,, .-

The policy gradient of objective i € {1,...,m} is defined as: VgJ;(0) = —VoEp.p s, B,a)=r(s,) 1OSSi(5¢,a1)] =
-E [—ﬁ ‘till Qi(st, a;)} , Where :~ is the LAP sample operation, and Q; (s, a}) is the i-th element of the Q,;(s:, a}).
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The gradient direction of the policy mg under a given weight w is:

|B|
VgJ(O)Tw = —VoEB.aD s, B |B| Zw st (8t,o(8t))

| 5]

‘B‘ ZVOQ Staat)

where Qw (Sta a;&) = wTQest(Stv (L;)
The following are the multi-objective loss functions for all networks:

1) State-action value network loss: Instead of the MSE loss, we use the LAP Huber loss (Huber, 1992), which is defined as

|B]
L9(p)) =Bsp | 1 > Zmean (6747 ®) ] s (1,2}

where 6747 (t) = [6L{P(t), ..., 6LAP (¢ )}T, and 6/1F (t) equals to 1(854() i 8;,4(t) < 1else §;,(t), for all i €
{1,...,m}.
2) Policy loss:
1B
L7(0) = “Bapiwcs |12 Zw est (5t 7o (51))

In each MPFT-MOTD7 episode, the policy training process is shown in Algorithm 5, where the Data Storage operation
can be omitted if the offline dataset D is given and the amount of data is sufficient.

Algorithm 5 MOTD7 Algorithm

Input o, {Q; (s, a; ;) }7_1. (£(5), 9(2s, @), and D;
Obtain w based on the Pareto-tracking mechanism;
Fixed initialize steps;
Data Storage: Run policy 7y for steps timesteps in the environment to collect the experiences, and store these
experiences into the LAP D. (Agent interacts with the environment steps times);
fort< 1, --- ,stepsdo
Update the policy: Use loss function L™ to updates 6;
Update the state-action value network: Use loss function L?(ij) to updates ¢;, j € {1,2};
Update the encoders: Use loss function L¢"¢( f, g) to updates (f(s), g(zs,a));
end for

10: Output: e {QJ(Sa a; Soj)}?:l’ (f(8)7 g(zsa Cl)), and D’

RN

PRI a;

C. Convergence Proof of the Pareto-Tracking Mechanism

To isolate the Pareto-tracking mechanism from specific algorithmic details, we adopt a continuous-time ordinary differential
equation (ODE) formulation and interpret discrete updates as Euler discretization. The alternating reverse/ascent dynamics
are modeled as a switched system, which is approximated by the averaged vector field with duty cycle A (Sanders et al.,
2007). To guarantee smoothness and uniqueness of the inner minimizer, we introduce a p-regularization based on the
Moreau—Yosida envelope, ensuring differentiability and bounding the perturbation error by O(u). This enables us to
define the Lyapunov function V,,(8) = £||VeJ (O)TO{;HQ, whose derivative can be analyzed via Danskin-type results.
By combining projection inequalities, the directional curvature assumption, and Young’s inequality, we derive a linear
decay bound of the form V#(H) < —cV,(0) + Cp. Gronwall’s inequality and Lyapunov theory then establish exponential
convergence to an O(u) neighborhood. A first-order Euler discretization with bounded step size preserves this stability,
while robustness results from averaging theory (Llibre et al., 2014) ensure that the switched system tracks the averaged
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dynamics up to an O(7) error. Collectively, these results yield exponential convergence to an O(u + 7) neighborhood of the
Pareto-stationary set.

Note that, to avoid symbolic ambiguity, all symbol definitions introduced in this section are local and valid only within its
context.

C.1. Notations and Basic Assumptions

For the multi-objective optimization problem with m objectives, the objective function vector J(8) = [J1(8), ..., J,(0)] "
is determined by the parameters @ € R%, where d is the dimension of 8. We assume the parameter space ® is convex and
compact, and all objective functions {.J;(0)} are second-order continuous differentiable, « € {1,...,m}. Since the gradient
descent algorithm (GD) is used to update 6, our goal is to minimize the weighted sum J Tw, where w = [wy, . .. ,wm]T €
A, and A, = {w € R™|w; > 0, ||lw||1 = 1} denotes the simplex. Note that J;(0) denotes any second-order continuous
differentiable function, not solely the cumulative discounted reward. For maximization problems, it suffices to prefix it with
a negative sign, which does not alter our conclusions.

Denote the gradient of each objective by Vg .J;(8) € R?, and the gradient matrix as
Ve Ji(0)T
g(0) :=VeJ(0) = : eR™ g,(0) = VaJi(0).
VoJm(0)"
By compactness of ® we obtain boundedness and smoothness constants:

Gmax ‘= sup sup ||v']l(0)|| < 00,
0€® ic{l,....m}

and

Hmax = Sup Sup HVQJ'L(O)HOP < OO’
0e€® ic{1,...,m}

where ||-|,, is the operator norm of a matrix.
We aim to show that the Pareto-tracking mechanism (alternating Pareto-reverse and Pareto-ascent phases) converges
exponentially to a neighborhood of the Pareto-stationary set, under appropriate duty-cycle and step-size conditions.
C.2. Regularization and Differentiability
Since Pareto-ascent and Pareto-reverse directions rely on the solution of a minimum-norm combination
. _ . T 112
af = arg min ||VeJ(0) o,
acA,,

the minimizer may not be unique everywhere, leading to non-differentiability. To obtain a smooth Lyapunov function, we
introduce a quadratic regularization (Moreau-type):

* . T 2 H 2
o, = argarénAanVgJ(B) al|® + 5 le]|”, 3)

where 1 > 0 is a constant. This ensures a unique solution c,,, and by Danskin’s theorem the smoothed energy function
1 2
Viu(8) = 3[lvu(0)]I7,

is differentiable, where v, (0) := g(O)Ta; € RY. The gradient of V,,(0) is defined as
VeVu(0) = Vo (51lg(8)" o |*) = H,.(0)v,(0),

where H,,(0) :=>"1", a;iVQJZ-(O) is the weighted Hessian matrix of J;(8).
Remark C.1. When p — 0, the minimizer o, (6) converges to the minimizer of the original problem. If the original problem
is unique over all @, no regularization is required.

In Appendix D.C.4, we quantify the projection error when p > 0, and show that when using p-regularization, the
regularization introduces only a small perturbation, and the projection property is approximately preserved.
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C.3. System Model (Averaged System)
For each Pareto-vertex policy mg:.«, the Pareto-tracking mechanism alternates between two phases:

Phase 1 (Pareto-reverse): move along the Pareto-reverse direction of the objective i, the objective weight w equals
o = argmingen,, ai—o || Vo (8) T |2 + £ |le||. The Pareto-reverse direction of objective i is defined as

dl,(0) == —u) (8) := —g(6) "oy .

rev o

Phase 2 (Pareto-ascent): move along the Pareto-ascent direction, which is defined as

dase(0) 1= —v,,(0) :== —g(0) " ..

In practice these two phases alternate periodically. For analysis we first study the averaged system with duty-cycle A € [0, 1]:

6 = F;(0) := Ad'D,(0) + (1 — N)dasc(0).

For any 8 € © and ;1 > 0, The derivative of V,,(@) along the vector field F;(0) is
Vu(0) = VoV ,u(0)7 - F(6) = —v,(0)TH,(0) (Al (6) + (1= \)v,(6))

Letv :=v,(0), u:= u,(])(B) and H := H ,(6). Then we have

V.#(G) =\ Hu—(1-\Nv'Hv )

Cd4. p-Perturbed Projection Approximation

Define the convex set for a fixed @ € © as
UGB :={g(0) w:weA,} cRL

For the original problem where 1 = 0, let vo(8) = g(0) " ¢} denote the minimally normed point from the set 2/(8) to the
origin. Then the projection inequality (projection theorem) holds:

(v0(8),u) > [[vo(8)]*, Vu € U(B),  (Proj)

Where (a,b) = a ' b denotes the inner product of vectors a and b. When employing j-regularisation, the set undergoes
a slight perturbation while its projection properties are approximately preserved. The following quantifies the projection
error to demonstrate that for ;+ > 0 and sufficiently small values, u-regularisation does not significantly impact the original
problem, i.c., | aj, — aj| = o).

Lemma C.2 (u-Perturbed Projection Approximation). There exists a constant Cy = O(Gmaxy/m) such that for all 0 € ©
and 1 > 0, we have
[v.(8) —vo(0)] < Cip. 5)

Proof. The proof process follows the following two facts:
1) From the compactness of ® and the boundedness of ||g(8)||, it follows that the set /(8) is uniformly up-bounded on 6.

2) The regularization term %||a|| unambiguously defines aj, from the original . Since the equation in (3) has a lower
bound on the minimum eigenvalue of the Hessian matrix with respect to a, i.e., g(6)g(0) " + pI, which is greater than or
equal to p, the sensitivity of the inner-layer solution to € is controlled.

| = O(p). Recall v, (0) = g(0) "}, and vy (8) = g(6) ",

According to Moreau smoothing theory, we have Ha; — o
we have

1v,.(8) = vo(O)]| = [l9(8) " (er), — a5) || < [|g(8) " llop - lex;, — exg],
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where [|g(8) " [|op = SUD||x||=1 lg(8) "x||. For any x € R™, we have

Z 2;V.J;(0

lg(8) || =

< Z lzs| - [[VJ3(0) < maxz |7i| = Guax||x]l1 < Gnlaxf“x|‘

This means that
19(6) " lop = Hallp 19(0) "x < Graxvm

x||=1

and
[v,(0) = vo(0)]| < GrmaxVm - |le, — gl = GmaxVm - O(p) = O(GmaxvVm)pu = Cup,

and we complete our proof. O

Remark C.3. Lemma C.2 serves to relate quantities involving p to the original (;x = 0) projection properties, and provides
an upper bound on the error introduced by perturbation; if the original problem can be guaranteed to be globally unique and
continuous, then we can directly set = 0.

C.5. Exponential Convergence

To obtain a uniform negative convergence rate, we make a key assumption: there exists a constant h,;,, € (0, 1) such that
for all @ € ®; and i > 0, the following holds:

v Hv > hmin||v||2, (A1)

where @, := {0|6 € ©, mingea,, [[VoJ(8)Ta|? < €} is defined as the set consisting of policies located near the
Pareto-stationary point, and € > 0 is a constant. An intuitive interpretation of this assumption: if the weighted Hessian H is
a positive definite matrix then the assumption (A1) holds, i.e., the objective function J(8) is locally convex (i.e. directional
positive curvature), which is common in the vicinity of Pareto-stationary set (Zhou et al., 2024).

Lemma C.4. There exist constants Cy = 2C and C3 = C1Gpyay such that for all @ € O, we have
(v,u) > [Jv]|* = Copllv]| - Csp.

Proof.
(v,u) = (vg + (v — vg),u) = (vo,u) + (v — vy, u)

According to the Cauchy-Schwarz inequality, we have
(v —vo,u) > —[(v —vo, w)| > —[lv —wo| - [[uf,
and according to the projection inequality (Proj) (vo, u) > ||vg||?, we have
(v, 1) > [|vo||* = [lv — vo| - |-

According to the triangle inequality ||vo| > ||v]| — |

lvoll* > (vl = lv = voll)* = llvl* = 2[[wl[[lv = woll + v — vol* > [[v]* = 2||v]|[|v — ol
= (v,u) 2 [|v]|* = 2||v[l[|lv — voll — [lv — vol - ul
Finally, substituting ||v,(0) — vo(0)|| < Cip (Lemma C.2) and ||u|| < Grax into above yields
(v, u) > [[v]* = 2C1pl|v]| — CLGmaxp,
and we complete our proof. O

Lemma C.5 (The Upper Bound of V,,(8)). There exist constants C' = AC“) + ACs, Cy = Cop + (Hpax + 1)Gmax

¢c=A~+ (1= Xhmim, A € [0, 1_’_‘;;‘" ), and p > 0 such that for all 0 € @s, we have

V,.(8) < —cV,(0) + Cp. (6)
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Proof.
v Hu= (v,u)+v' (H - Iu

According to the Cauchy-Schwarz inequality, we have
v Hu > (v,u) — | H — I|op||v][||u].-

Since | H ||lop < Hmax and ||I||op = 1, it follows that ||H — I|lop < Hmax + 1. Further, with ||u|] < Gmax, We obtain
| H — Ijop|lv|lllull < (Hmax + 1)Gmax||v||. Combining (v, w) > ||v||* — Copl|v|| — C3p (Lemma C.4) yields

v Hu > [[v[|* — Copllv| — Csp — (Hmax + 1)Gmaxl|v]| = [[v]|* = Callv|| — Cap
= —VH(O) =\ Hu + (1- /\)UTH’U > )\(||v||2 — Cy|lv|| — Csp) + (1 — )\)hmin||'v||2

= V,(0) < —(A+ (1 — N hmin)||0]|* + ACy4||v|| + AC3p. @)

Observing the above inequality, we find that for V ,.(8) to be negative, we must have A+ (1—\)Amin > 0, thus A > —5 f‘;;‘“_ .

Moreover, since — 5 f‘;l‘:m < 0 < A always holds (hpin € [0,1)), welet ¢ = A + (1 — X)Amin and 0 < A < 1 yielding

Rumin < ¢ < 1. At this point, we obtain V,,(0) < —c||v||> + AC4||v| + AC5p. By defining V,,(6) = 3 |v||? and Young’s
inequality, we obtain

Vi(6) < —cVu(6) + O
We complete our proof. O

Remark C.6. Note that by relaxing inequality (7) to V,,(8) < — (=X + (1 — A)hmin)||[v]|2 + ACy|v|| + AC3p, and let
—A=+ (1= A)hmin > 0, we can deduce that A < lfi‘% < 0.5. This suggests that the duty-cycle X should not be excessively

min

large, meaning we require a greater number of Pareto-ascent phases to enable the policy to converge to the Pareto-stationary.

By Gronwall’s inequality, we solve the inequality (6) as:

V,.(8(t)) + cV,.(0(1) < Cp.

. d
= eV, (0(1)) + ce™Vu(0(1)) < Cpe = [V, (8(1))] < Cpe

:>/o %[GCtVu(e(S))]d«SS Cueds
= MV (0() — Vu(8(0) < et — 1) < et

= VlB(0) < eV (0(0) + . ®)

Thus the value of V,,(6) converges exponentially to an O(u) neighborhood, i.e., 8(0) € ©, converges exponentially to a
certain Pareto-stationary neighborhood by Pareto-tracking mechanism, denoted as lim;_, o, sup dist(0(¢), @;) = O(u).

C.6. Euler Discretization and Step-Size Condition

For an arbitrary track ¢ € {1,...,m} we approximate the continuous dynamics by an explicit Eulerian discretization. The
continuous dynamics is @ = F;(8), the discrete iteration is

O(t+1) = 0(t) + nb(t),

where 1 > 0 is step-size (i.e. learning rate).

Lemma C.7. If the step size satisfies 0 < 1 < Nmaxo Tmax = Inin{szﬁ7 %} we have
F
lim V,(6(1) = O(1) ©)
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Proof. Using the gradient boundedness and Lipschitz continuity of V,,(8), a first-order Taylor expansion is obtained:

V(O + 1)) < Vi (0() + 1V V,u(0() T Fi(0(1)) + % L | F(6(1)]I,

where Ly = O(max(HmaxGmax, 1/1t)) denotes the Lipschitz constant of V¢V, (0). According to lemma C.5, we have
V(0(t + 1)) <V, (0(t)) + n(—cV,u(8) + Cpa) + &Ly M3

= V0t + 1)) < (1 - ne)Vu(0(t) + nCp+ L Ly M3,

2
where My := supgeg V|| Fi(0)|| < Gmax is a constant. In order to control the second-order term - Ly M 2, the step size
should satisfy 0 < n < min{ﬁ, %}, then it can be guaranteed that
F

= Vu(0(t + 1)) < (1 =ne)V,u(6(1) +nClu,

= V(00 < (1= ey (Vido(o) — ) + S

. C
= lim sup V,.(8(t)) = —pu = O(n),

and we complete our proof. O

Remark C.8. Lemma C.7 indicates that when using the GD algorithm to update the parameters @ discretely, if the step-size
satisfies 0 < 77 < 7max, then the value of V,,(6(0)) will ultimately converge to the O(u)-neighborhood.

C.7. From Averaged System to Switching System

The real Pareto-tracking mechanism alternates periodically with period 7 = Ty.cyy + Tyse, 7 > 0 (1e. A = T’”%). By standard
averaging theory we have:

Proposition C.9 (Switching vs Averaged System). Suppose that the vector field for each phase satisfies Lipschitz continuity.
Then for any period T > 1:

* On the timescale t = O(1), the distance between the switching system trajectory 0(t) and the average system trajectory
0(t) has an upper bound:
18(t) - 8(t)|| < O(7), vt € [0, 7].

* When 1 is small, the exponential convergence property of the average system is approximately preserved for the
switching system: there exist C' > 0 ( C' = O(C)) such that the Lyapunov function of the switching system satisfies
the same form as (8), but with an additional periodic switching error term O(T):

Vu(0(t) < —cViu(0(t) + C'(u+ 7).

!

= Vu0(1) < UVu(00) + (7). (10)

Proof. According to the standard averaging theory we know that the period average of the vector field converges approx-
imately to the average vector field, and the error is O(7) when the period 7 is small enough (Llibre et al., 2014); the
exponential stability is robust to small perturbations, therefore, combining the average system error O () with the periodic
switching system error O(7) yields (10), and the proof is complete. O

Remark C.10. Proposition C.9 demonstrates that when the period 7 is sufficiently small, the exponential convergence
property of the switching system is approximately preserved, with a convergence rate of c. Eulerian discretisation also yields
limy—, oo sup V,(0(t)) = O(pn + 7).
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C.8. Main Theorem

According to the Lemmas C.2, C.4, C.5, C.7 and Proposition C.9, Theorem C.11 holds as follows:
Theorem C.11 (Convergence of Pareto-Tracking Mechanism). Suppose:

* Parameter space © is convex and compact, and for all objective functions {J;(0)} are second-order continuous
differentiable, i € {1,...,m};

* Regularization parameter | > 0 is small enough (Lemma 1 holds);

o There exist a constant huyi, € (0, 1) such that directional positive curvature condition holds near Pareto-stationary set
(Assumption (Al) holds);

e Duty-cycle X satisfies 0 < \ < 1&% < 0.5;

* Switching period T is small;

o Step-size ) satisfies 0 < n < Npax < L.

Then there exist constants oy, < ¢ < 1 and C > 0 such that for the average system the Lyapunov function satisfies

V(00 < (1= ey (Vido(o) - ) + S

and for the switching system the Lyapunov function satisfies

V,(0(8)) < (1 - ne)! (v“<0<o>>

! /

C C
~Luan)+ Swan, o -o)
i.e., for any 8 € ©4 converges exponentially to certain neighborhood of the Pareto-stationary set in any arbitrary objective
dimension by Pareto-tracking mechanism.

Remark C.12. From Theorem C.11, the policies tracked by the MPFT framework remain within an O(u + 7)-neighborhood
of the Pareto-stationary set in any arbitrary objective dimension, as corroborated by Figures 6 and 7 in Appendix G. The
period 7 depends on the number of training episodes per phase, denoted by v and v. The duty cycle 0 < A\ < (1@17‘[1‘) < 0.5
implies that © < v, and A is proportional to the convergence rate c, such that larger A leads to faster convergence. Hence,
parameter settings should be adapted to the specific environment. In addition, the initial policy of the Pareto-tracking
mechanism is the Pareto-vertex policy 8%, and 8”* € @by definition. Therefore, during the Pareto front tracking process,

the policy parameters stay within the vicinity of the Pareto-stationary set.

D. Evaluation Metrics, and Time and Space Complexity

D.1. HV, SP, and EU

The HV is given by HV = Q,, (U‘jﬂlvj), where €),,, represents the volume measurement in m-dimensional Euclidean

space (in two-dimensional space, (), represents the area), and V; is the space enclosed by the j-th solution in the set
N and the reference point. A larger HV indicates a better approximation of Pareto front. The SP is given by SP =

- . 2
ﬁ er;_ll Eljj\:/‘l (/\/j (i4+1)— ./\/J(z)) , where \V; € R™ represents the mapping vector of the j-th policy in F, N;(4)

is the value of objective i in V;, and /\7j (7) is the value after sorting the i-th objective in ascending order. A smaller SP

indicates that the solutions in A/ are more densely distributed. The EU is given by EU = E,,.q [maX{J (0]-)Tc.u}‘j/\:[|1 ,

where (2 is a specified preferences set. A higher expected utility is better.

D.2. Calculation of env_steps for MPFT framework

env_steps = steps x (>, (2, + ¥;) + Zle (Zk +Uy)), where Z; is the number of episodes in finding the approximate
Pareto-vertex policies mgyi,«, 2, is the number of episodes in finding the approximate Pareto-interior policies mgx,«, W; is the
number of episodes required to construct the Pareto-edge policy set !, ge» and Wy is the number of episodes required to
construct the Pareto-interior policy tracking set F¥ foralli € {1,...,m}andall k € {1,..., K}. The steps is the

interior
number of timesteps in an episode of Algorithms 1.

23



Population-Free Pareto Tracking for Sample-Efficient Multi-Policy MORL

D.3. Calculation of env_steps for Evolutionary-based MORL Framework

env_steps = n x D X (my, + (G x m;)), where n is the number of policies selected for each iteration, D is the number of
interactions with the environment during one policy iteration (i.e., timesteps per actorbatch), m,, is the number of warm-up
iterations, m; is the number of iterations required for the population to complete one generation of evolution, and G is the
total number of generations of evolution of the population.

D.4. Time and Space Complexity

Let T denotes an upper bound on the cost of training a single policy, and set the number of times a policy is trained equal to
the number of times corresponding agent interacts with the environment. If parallel training is not considered, the time
complexity of the Stage 1is O(steps x >, =;). The time complexity of the Stage 2 is O(steps x Y .-, ¥;). The time

complexity of the Stage 3 is O (steps X Zszl (Zk + \Ilk)) The Stage 4 is negligible. Therefore, the time complexity of
the MPFT is

m K
Tmprr=0O (TXStepSX (Z(Ey—F\PJ—FZ(Ek—I—\If}g))) , (11

=1 k=1

and the time complexity of the evolutionary framework based MP-MORL is
TevoL=0 (T xnx DX (my+(GXxmy))+ Pset) = O (T X D X (my+ (G xmy))+O(Pser)) (12)

where Ps.; denotes the time spent on policy selection, which varies from algorithm to algorithm, e.g., PGMORL is
P,.; = Gn™ 2 (needs to solve a knapsack problem), PA2D-MORL is P,.; = G (randomly select n policies from the
candidate policies), and C-MORL is Ps.; = m|F|log|F] (select n policies from F based on crowding distance). Note that,
unlike evolutionary frameworks, MPFT does not require policy selection, and thus P, = 0. Consequently, when the same
policy gradient algorithm (e.g., PPO) is used, we typically have Tyippr < TgvoL.-

For the space complexity, the MPFT is Syprr = O (|F|xT'), and the evolutionary framework based MP-MORL is
SevoL = O ((|F|+|Pop|) xT'), where F is the Pareto-approximation policy set, P, is the policy population, and I' is the
memory space occupied for saving a policy 7g. Note that the values of T and I" will be different using different algorithms,
but whatever algorithm is used Swprr is significantly lower than Sgvor. This is due to [P, | > | F].

E. Comparision with Evolutionary Based MP-MORL

To clarify the conceptual differences between MPFT and existing evolutionary MP-MORL frameworks, we provide a concise
comparison as shown in Table 4. PGMORL, PA2D-MORL, and C-MORL all rely on population-based or non-dominated
policy set-based policy selection within an evolutionary loop, whereas MPFT eliminates population-based evolution entirely
and instead employs a deterministic single-policy Pareto-tracking mechanism for each track. This fundamental shift leads to
differences in initialization, evolution, sparse-region handling, computational behavior, and offline-RL compatibility.

Table 4. Comparison between evolutionary MP-MORL frameworks and MPFT.

Component PGMORL PA2D-MORL C-MORL MPFT (ours)
Framework type Evolutionary Evolutionary Evolutionary Policy tracking
Initialization Pop = {7, ..., 7™M} Pop Pop {zM, . M)}
Policies selection from Py, from P,, and F from F None

Selection rule Predictive model Random Crowding-distance None

Policy updating method Predictive model Pareto-ascent direction  Interior point method  Pareto-tracking mechanism
Sparse-region handling Interpolation Sparse regions sampling None New interior policy + tracking
Complexity driver TevoL (12) TevoL (12) TevoL (12) Tverr (11)

Offline RL X X X v
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F. Experiment Detail
F.1. Multi-Objective Task Environment

Our robotics control environment is built using MuJoCo 3.3.0 (Todorov et al., 2012) and the v5 version of the tasks in
Gymnasium 1.1.1. According to the official documentation (Farama Foundation, 2025), the v5 version fixes a previous bug
where the robot could receive rewards while in an unhealthy state, and it also increases the difficulty of robot control, posing
a greater challenge for RL algorithms. The reward function for each environment is defined as R; for the ¢-th objective,
with all rewards scaled to similar ranges. Each robotics control task has a fixed duration of 1000 timesteps (i.e., maximum
timestep).

HalfCheetah-2: Action and observation space dimensionality: A € A® and S € R'7. The first objective is forward speed:

R; = min(0.5 X v, 2).
The second objective is energy efficiency:

Ry =2 — i a?,
i=1
where v, is the speed in x direction, and a; is the action of each actuator.
Hopper-2: Action and observation space dimensionality: A € R3 and S € R*!. The first objective is speed:
R1 =2 x v+ Rajve — Ceost-
The second objective is jumping height:
Ry = 20 x max(0, h — hinit) + Rative — Ceost

where v is the speed, Ryjve = 1 is the alive bonus, Cgoe = 0.0002 x 2?21 af is the control cost, & is the current height,
hinie 1s the initial height, and a; is the action of each actuator.

Swimmer-2: Action and observation space dimensionality: A € R? and S € R8. The first objective is speed:
R1 = .

The second objective is energy efficiency:
2
R2 =2 Z a?,
i=1

where v is the speed, and a; is the action of each actuator.

Ant-2: Action and observation space dimensionality: A € R® and S € R%°. The first objective is x-axis speed:
Ry = 0.35 x vz + Rajive — Ceost-

The second objective is y-axis speed:
R2 =0.35 x Uy + Ralive - CCOSU

where v, is the x-axis speed, v, is the y-axis speed, Ruive = 1 is the alive bonus, Ceost = Zle a? is the control cost, and
a; is the action of each actuator.

For Ant-2, we multiply the velocity reward by 0.35 to intentionally increase task difficulty. During initial training, large
random exploratory actions cause the energy penalty (C.os) to dominate, creating a strong local optimum corresponding to
conservative, “standing still” behaviors. The 0.35 multiplier raises the threshold to offset this penalty, forcing the agent to
explore highly coordinated gaits.

Walker2d-2: Action and observation space dimensionality: A € R and S € R'7. The first objective is speed:
Ry = v+ Ralive-
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The second objective is energy efficiency:
6
Ry =3— Zaf + Ralivea
i=1
where v is the speed, Raive = 1 is the alive bonus, and a; is the action of each actuator.

Hopper-3: Action and observation space dimensionality: A € R3 and S € R, The first objective is speed:
Ri =2 x v+ Raive-
The second objective is jumping height:
Ry =20 x max(0, h — hinit) + Rative-
The third objective is energy efficiency:

3
R3 = max(0,3 — 20 x Z a?) + Rutive,

i=1

where v is the speed, Ruive = 1 is the alive bonus, h is the current height, Ay is the initial height, and a; is the action of
each actuator.

Additionally, the discrete 4-D environment Lunar-Lander-4, the discrete 6-D environment Fruit-Tree-6, and the continuous
9-D environment Building-9 are built same as C-MORL (Liu et al., 2025b). For EU metric evaluation, we evenly generate
an preference set € in a systematic manner with specified intervals A. For all environment configuration details, see Table 5.

F.2. Training Details

We run all our experiments on a workstation with an Intel i9-13900K CPU, NVIDIA GeForce RTX-4090, and 128G memory.
For MOPPO, MOSAC, and MOTD7, their neural network structures are shown in the Pseudocodes 1-3, respectively. Each
hidden layer comprises 256 units, activated by both Tanh (-) and ReLU (-) . For PGMORL, PA2D-MORL, and C-MORL
we use the same neural network structure as MOPPO.

Hyperparameter Settings:

* env_steps: The total number of environment steps, with details provided in Appendix D.2.

* MOPPO: All hyperparameters are consistent across all benchmarks and multi-objective robotic control environments,
as listed in Table 6.

* MOSAC: All hyperparameters are consistent across all multi-objective environments, as listed in Table 7.
* MOTD7: All hyperparameters are consistent across all multi-objective environments, as listed in Table 8.

* Benchmarks: Following (Xu et al., 2020), (Hu & Luo, 2024), and (Liu et al., 2025b) hyperparameters for PGMORL,
PA2D-MORL and C-MORL are set to ensure convergence of all algorithms, as shown in Tables 9 and 10 across
all < 3-objective environments. The meaning of each parameter is described in Appendix D. C-MORL updates the
policy using the interior point method (IPO). In Table 10, G = m x G’, G’ denotes the total number of generations in
population evolution, and m is the number of objectives.

« MPFT framework: Episode settings for training (i.e., {Z;, ¥;}7™,, {Z, U5 < |, u, and v in Algorithm 1) are
summarized in Table 12 across all < 3-objective environments, and steps settings are listed in Table 11. For all
> 3-objective environments the hyperparameter configuration is as: for Fruit-Tree-6, =;—1 = 60, {Z;}{_, = 0,
U,—1 = 60, {\Ili}?:2 =0,u=1,v =2, steps = 280, and K = 0; for Lunar-Lander-4, =;—> = 240, {E;};22 = 0,
U,—1 =80, {¥;}iza = 0, u =1, v = 2, steps = 1000, and K = 0; and for Building-9, 2, = 30, {Z; 9 ,=0,
U, =200, {¥;})_, =0,u=1,v=2,steps = 1000, K = 0.
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Table 5. Environment details of continuous control benchmarks.

Environments m  Continuous  State Space  Action Space Policy buffer sizes Reference point A
HalfCheetah-2 2 Yes S CRYY ACRS 200 [0,0] 0.01
Hopper-2 2 Yes S CcRY ACR? 200 [0,0] 0.01
Swimmer-2 2 Yes ScR® ACR? 200 [0,0] 0.01
Ant-2 2 Yes S C R ACR® 200 [0,0] 0.01
Walker2d-2 2 Yes S CRYY ACRS 200 [0,0] 0.01
Hopper-3 3 Yes S cRY ACR? 300 [0,0] 0.1
Lunar-Lander-4 4 No ScR?® AcR* 300 [-101,-1001,—101,—-101] 0.1
Fruit-Tree-6 6 No S Cc R? A C A? 300 [-1,-1,-1,-1,-1,-1] 0.5
Building-9 9 Yes S CR® ACA® 300 [0,0,0,0,0,0,0,0,0] 0.5
Table 6. MOPPO hyperparameters.
parameter name value
learning rate 3x107*
discount () 0.99
gae lambda 0.95
mini-batch size 32
ppo epoch 10
entropy coef 0.01
value loss coef 0.5
optimizer Adam
Table 8. MOTD7 hyperparameters.
parameter name value
learning rate 3x1074
discount () 0.99
replay buffer size 106
mini-batch size 256
target policy noise N(0,0.2%)
target policy noise clipping e  (-0.5, 0.5)
policy update frequency 2
Target update rate 0.004
optimizer Adam
Table 9. PA2D-MORL/PGMORL hyperparameters setting.
Environment My My D G env_steps

n
Walker2d-2 & 80 20 409 60 @ 8x4096x(80+(60x20))
Halfcheetah-2 8 80 20 4096 60  8x4096x(80+(60x20))
Hopper-2 8 200 40 4096 60 8x4096x(200+(60x40))
Ant-2 8 200 40 4096 60 8x4096x(200+(60x40))
Swimmer-2 8§ 40 10 409 60  8x4096x(40+(60x10))
Hopper-3 15 200 40 409 50 15x4096x(200+(50x40))
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Table 7. MOSAC hyperparameters.

parameter name value
learning rate 3x1074
discount () 0.99
replay buffer size 106
mini-batch size 256
target smoothing coef (7)  0.001
target entropy () -|A|
optimizer Adam

Table 10. C-MORL hyperparameters setting.

Environment n m, my D G env_steps
Walker2d-2 8 80 20 4096 2x30  8x4096x(80+(60x20))
Halfcheetah-2 8 80 20 4096 2x30 @ 8x4096x(80+(60x20))
Hopper-2 8 200 40 4096 2x30 8x4096x(200+(60x40))
Ant-2 8 200 40 4096 2x30 8x4096x(200+(60x40))
Swimmer-2 8 40 10 4096 2x30  8x4096x(40+(60x10))
Hopper-3 12 200 40 4096 3x20 12x4096x(200+(60x40))

Table 11. steps setting.

Algorithm Walker2d-2 Halfcheetah-2 Hopper-2 Ant-2 Swimmer-2 Hopper-3

MPFT-MOPPO 2048 2048 8192 4096 2048 8192
MPFT-MOSAC 2000 2000 4000 4000 2000 4000
MPFI-MOTD7 2000 2000 2000 2000 2000 2000

G. Additional Results

In this section, we provide additional experimental results across all robotics control environments, including visualizations
of the Pareto-approximation fronts for all algorithms, tracking analyses of the MPFT framework, convergence analyses of the
MPFT framework, hyperparameter sensitivity and robustness analyses of the MPFT framework. For all MPFT framework
based MP-MORL algorithms, we focus on the top-1 sparse region (i.e., K = 1).
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Table 12. Hyperparameters of MPFT framework based algorithms in < 3-D environment (“(1 + 2)” indicates the numbers of consecutive

Pareto-reverse and Pareto-ascent updates, i.e., u=1 and v=2).

Environment Algorithm (MPFT-)

Eiz1/ Wi

Sz / Pi—a

Ei=3/ P;=3

{Ee/ TR},

MOPPO 1500/300%(142) 600 /800 (1+2) -/- 800 / 800 (142)
Walker2d-2 MOSAC 1000 /500 (142) 400/ 1000 (1+2) e 500/ 600 (1+2)
MOTD7 500/500%(142) 100 /500 (1+2) -/- 500/ 500 (1+2)
MOPPO 600 /800%(0+2) 600 / 800 (0+2) _/- 600 / 800 (0+2)
Halfcheetah-2 MOSAC 500/400%(0+2) 500 / 400 (0+2) -/- 500 / 400 (0+2)
MOTD7 100/300%(042) 100/ 300% (0+2) -/- 100/ 500 (0+2)
MOPPO 200/300x(142) 200 /300x(142) -/- 200 /300 (142)
Hopper-2 MOSAC 700/ 400x(142) 700/ 400x (1+2) -/- 700 / 400 (1+2)
MOTD7 800 /800x(1+2) 800 /800x(1+2) -/- 800 / 800 (142)
MOPPO 1200 /400%(0+2) 1200/ 400 (0+2) -/- 1200 / 400 (0+2)
Ant-2 MOSAC 700/400%(142) 700 /400 (142) -/- 700 / 400 (1+2)
MOTD7 800/ 800x(1+2) 800 /800 (1+2) -/- 800 / 800 (1+2)
MOPPO 400/ 150 (142) 400/ 150%(142) -/- 400/ 200 (142)
Swimmer-2 MOSAC 300/200%(142) 300 /200 (1+2) -/- 300 /200% (142)
MOTD7 100/200%(0+2) 100 /200 (0+2) -/- 100 / 400 (0+2)
MOPPO 500/400x(142) 500/ 400x(142)  500/400x(142) 500/ 400x(1+2)
Hopper-3 MOSAC 800/600%x(1+2)  800/600x(1+2)  800/600x(1+2) 800/ 600x(1+2)
MOTD7 800/ 1200x (142) 500/ 1500x(142) 400/ 1400x(142) 1000/ 1500x (1+2)
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Figure 3. The Pareto front approximation comparison for the 3-objective Hopper-3 environment. We show the best seed for each algorithm.
Ojectivel: Forward reward; Objective2: Jumping reward; Objective3: Energy efficiency.
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9D Pareto Front Projections - Building-9
(Each row uses a different color for the corresponding objective)
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Figure 4. The Pareto front visualization of MPFT for Building-9. (HV: 8.33x10%', SP: 1.74x10?, EU: 3.53x10%")

Edge 1 Edge 2 Edge 3 Interior Combined

Figure 5. Pareto front tracking process of the MPFT-MOTD7 algorithm in the three-objective Hopper-3 environment. Ojectivel: Forward
reward; Objective2: Jumping reward; Objective3: Energy efficiency.

G.1. Pareto-Approximation Fronts

We plot the Pareto fronts discovered by each algorithm for Hopper-3 environments in Figure 3. Additionally, we present a
visualization of the Pareto front for Building-9 in Figure 4, demonstrating the Pareto-tracking mechanism’s capability to
track the Pareto front under high-dimensional objectives. The results demonstrate that the proposed MPFT framework can
integrate both online and offline RL algorithms to obtain a Pareto-approximation policy set with SOTA performance. In
particular, the MPFT, which incorporates the advanced offline RL algorithm TD7, achieves the highest HV and EU values
and produces a densely tracked Pareto front.

Given that MPFT-MOTD?7 achieves the best overall performance, the subsequent subsections focus on analyzing the MPFT
framework based on this algorithm.
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Figure 6. Pareto front tracking process for the MPFT-MOTD?7 algorithm in all two-objective environments.

G.2. MPFT Framework Tracking Analysis

In this subsection, we analyzed and visualized the tracked Pareto front for both Stage 2 and Stage 3. Figures 5 and 6
show the MPFT-MOTD?7 algorithm tracking the Pareto-edge and Pareto-interior fronts in three-objective robotic control
environment Hopper-3 and in all two-objective robotic control environments, respectively. The results indicate that the
Pareto front tracked starting from the Pareto-vertex policies in Stage 2 is more densely distributed along the edge of the
Pareto front, whereas the exploration of some Pareto-interior policies remains insufficient. Consequently, Stage 2 alone is
insufficient to obtain a complete Pareto front, especially in challenging environments such as Hopper-2 and Hopper-3.

In Stage 3, the proposed objective weight adjustment method guides policy training toward the sparse regions of the tracked
Pareto front, enabling the discovery of the Pareto-interior policies. These policies are then used as anchor points to track the
Pareto front in the direction of each objective using the proposed Pareto-tracking mechanism. From the combined results in
Figures 5 and 6, the sparse regions of the tracked Pareto front are visibly reduced after Stage 3. Moreover, our experimental
results show that the proposed MPFT framework can independently trace a Pareto front starting from any Pareto-vertex
policy. This is particularly advantageous in edge scenarios with limited hardware resources, as only a single Pareto front
tracing is required rather than maintaining m parallel tracks—an ability that evolutionary frameworks cannot readily achieve.

G.3. Convergence Analysis

We do not compare the HV and SP learning curves of the MPFT framework based algorithms and the benchmarks in the
same figure. This is because both HV and SP metrics can only be evaluated in Stage 4. But to verify the convergence of
the MPFT framework, we present the HV learning curves for F!, and FF,,.,. to verify the convergence of the MPFT
framework, which are traced in Stage2 and Stage3, respectively. The x-axis denotes the u\I—}Q—iv or u‘i’“v episodes, the y-axis
denotes the HV metric, and the shaded area represents the standard deviation calculated from five independent runs. The
Hopper-3 curves are omitted because it is a three-objective environment and the Edge-3 figure cannot be properly aligned.

From Figures 7, we can observe that each track, 77, ge OF FE or» eventually converges, indicating the eventual convergence

dge
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of the overall track set F traced by the MPFT framework. In addition, to ensure a fair comparison, the results of all
evolutionary framework based benchmarks are reported after their convergence, and their HV learning curves are plotted in
Figure 8. In this figure, the x-axis denotes G in Tables 9 and 10, the y-axis denotes the HV metrics, and the shaded areas
represent the standard deviations derived from five independent runs.
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Figure 7. HV metric learning curves of the MPFT-MOTD?7 algorithm on 2-objective robotic control environments.
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Figure 8. HV metric learning curves of all benchmarks on 2-objective robotic control environments.

G .4. Sensitivity Analysis of Pareto Tracking Mechanism

We first analyze the sensitivity of the Pareto-tracking mechanism to the hyperparameters « and v, in order to validate the
conclusion u < v derived in Appendix C. We fix K = 1 and keep all parameters consistent with Table 12, except for » and
v. Figure 9 reports the mean and standard deviation over five independent runs of MPFT-MOTD?7 algorithm. We observe
that the MPFT framework performs well when v < v, yielding stable HV and SP values, whereas the SP performance
deteriorates when u > v. Specifically, the setting u = 0, v = 2 achieves the best performance in simpler environments
(e.g., Swimmer-2 and HalfCheetah-2), while © = 1,v = 2 performs best in more complex environments (e.g., Ant-2).
These results suggest that in simpler environments, a higher proportion of Pareto-ascent phase helps mitigate the excessive
exploration induced by the Pareto-reverse phase, whereas in more complex environments, increasing the proportion of
Pareto-reverse phase is beneficial for covering a broader Pareto front though its proportion should remain lower than that of
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the Pareto-ascent phase.
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Figure 9. Performance of MPFT-MOTD?7 under different (u, v) settings on all 2-objective environments. Error bars denote +1 standard
deviation.

We further investigate the impact of the hyperparameter steps on the performance of the MPFT framework. Specifically,
we fix K = 1 and keep all other settings identical to Table 12, except for steps. Figure 10 presents the mean and standard
deviation over five independent runs of MPFT-MOTD?7. The results show that increasing in steps has little effect on HV
in relatively simple environments (e.g., Swimmer-2 and HalfCheetah-2), whereas more complex environments benefit
from larger steps, particularly in terms of SP. However, once steps is sufficiently large for Pareto-tracking mechanism to
converge, further increases steps provide diminishing returns on both HV and SP. Thus, selecting an appropriate steps is
crucial for balancing efficiency and performance.
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Figure 10. Performance of MPFT-MOTD7 under different steps settings on all 2-objective environments. Error bars denote +1 standard
deviation.

G.5. Robustness Analysis of MPFT

In this subsection, we evaluate the robustness of MPFT with respect to four key factors: (i) the initialize parameters {Z;, 2 },
(ii) the tracking parameters {¥;, U}, (iii) the total interaction budget env_steps, and (iv) the policy-buffer size. We
additionally compare the performance drop of SPFT relative to MPFT. All results are obtained through five independent
runs.

Table 13. Evaluation of HV, SP, and EU for all 2-objective environments. 10% indicates that {=;} and {Ex } is 10% of the corresponding

{E:} and {Ex} in Table 12.

Environment

Metrics

100%

50%

20%

10%

Best Baseline

Walker2d-2

HV 1 (x107)
SP | (x10%)
EU 71 (x10%)

2.044 £+ 0.104
1.127 £ 0.525
4.443 £ 0.063

2.043 £+ 0.528
1.012 £0.125
4.439 £ 0.077

1.853 4+ 0.529
0.943 £ 0.066
3.966 + 0.081

1.689 + 0.243
0.901 £ 0.052
3.772 £0.048

1.308 &+ 0.094
0.323 + 0.132
3.474 £0.148

HalfCheetah-2

HV 1 (x10%)
SP | (x10%)
EU 1 (x10%)

3.506 + 0.013
0.238 £0.130
1.784 + 0.010

3.510 £ 0.170
0.253 £0.111
1.786 + 0.012

3.352 £ 0.030
0.240 £ 0.094
1.781 + 0.015

3.339 £ 0.056
0.232 £0.078
1.773 £0.019

3.345 £ 0.037
0.024 + 0.012
1.673 £ 0.155

Hopper-2

HV 1 (x107)
SP | (x10%)
EU 1 (x10%)

3.676 = 0.272
1.552 £0.553
5.851 £ 0.148

3.636 £0.219
1.503 £ 0.965
5.740 £ 0.147

3.564 +0.215
1.498 + 0.590
5.682 £0.145

3.396 £ 0.168
1.516 £0.518
5.550 £0.123

3.177 £ 0.052
2.281 £ 0.668
5.389 £ 0.045

Ant-2

HV 1 (x10%)
SP | (x10%)
EU 1 (x10%)

7.044 = 0.189
1.182 £0.113
2.467 £ 0.040

7.013 £0.183
1.363 £ 0.468
2.448 + 0.033

6.816 £0.185
1.281 £ 0.227
2.427 £ 0.047

6.664 £ 0.232
1.141 + 0.137
2.394 £ 0.039

0.865 £ 0.055
1.359 £ 0.347
0.883 £ 0.105

Swimmer-2

HV 1 (x10%)
SP | (x10%)
EU 1 (x10%)

3.539 £+ 0.067
0.814 £ 0.362
1.748 + 0.017

3.505 £ 0.097
1.221 £ 0471
1.746 + 0.020

3.435 +0.109
1.054 £ 0.351
1.734 £0.012

3.406 £ 0.093
1.388 £ 0.537
1.711 £0.017

3.507 £ 0.004
0.188 + 0.033
1.740 £ 0.001
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Impact of {Z;,Z;}. Table 13 reports the effect of {Z;, =} while keeping all other hyperparameters fixed. When the
values are reduced to 50% of the default configuration in Table 12, performance degradation is negligible. When reduced to
10%, HV and EU decrease by at most 20%, while SP remains nearly unchanged. Despite this reduction, MPFT remains
competitive relative to the best baselines. This behavior arises because {Z;, = } directly influence the quality of Pareto-
vertex and Pareto-interior policies; larger values allow MPFT to discover solutions further from the reference point, enabling
more favorable initialization for Pareto front tracking.

Tuble 14. Evaluation of HV, SP, and EU for all 2-objective environments. 10% indicates that {¥;} and { U} } is 10% of the corresponding
{¥;} and {¥} in Table 12.

Environment Metrics 100% 50% 20% 10% Best Baseline

HV 1 (x107) 2.043+£0.104 2.0324+0.092 1.880+=0.110 1.709 £0.129 1.308 & 0.094
Walker2d-2  gp | (x10%) 1.127 £0.525 1.652+0.695 7.538 £2.017 19.27 £9.268 0.323 + 0.132
EU 1 (x10%) 4.443 +0.063 43820011 4207 +£0.202 4.006 +0.191 3.474 £ 0.148

HV 1 (x105) 3.506 = 0.013 3.462 +0.039 3.390 £ 0.087 3.293 £0.119 3.345 + 0.037
HalfCheetah-2  gp | (x10%) 0.238 +£0.130 0.547 £0.366 3.296 + 0.868 4.822 +2.591 0.024 + 0.012
EU 1 (x10%) 1784 +£0.010 1.784£0.012 1.780 +0.006 1.772+£0.016 1.673 = 0.155

HV 1 (x107) 3.676 £ 0.272 3.5394+0.103 3.4564+0.333 3.3754+0.291 3.177 £ 0.052
Hopper-2 SP | (x10%) 1.552+0.553 691142934 12.862+3.443 1851 +6.317 2.281 4 0.668
EU 1 (x10%) 5.851+0.148 5.691 £0.166 5.650+0.119 5.501 £0.209 5.389 + 0.045

HV 1 (x10°) 7.044 £0.189 6.714 +0.283 5.681 £0.295 5.553 £0.467 0.865 + 0.055
Ant-2 SP|(x10%) 1.182+0.113 5492+0257 11.53+£3210 13.08+2.786 1.359 =+ 0.347
EU 1 (x10%) 2.467 £0.040 2416 +0.034 2283 +£0.059 2.274+£0.070 0.883 & 0.105

. HV 1 (x10%) 3.539 +0.067 3.498 +0.077 3.473+£0.075 3.348 £0.083 3.507 £ 0.004
Swimmer-2 SP | (x10%) 0.814+£0.362 28734 1.658 8.102+2371 1629 +4.741 0.188 + 0.033
EUT(x10%) 1748 £0.017 1.746 +0.014 1.745+£0.014 1.739 +0.011 1.740 + 0.001

Impact of {U;, ¥, }. Table 14 evaluates sensitivity to {¥;, U;}. Reducing these values to 50% results in only mild
performance drops; reducing them to 10% yields at most a 23% decrease in HV and EU, but noticeably affects SP. This
is expected, as {¥;, U)} determine the density of discovered Pareto-approximate policies. Larger values allow MPFT
to populate the Pareto set more densely, ensuring better front coverage. Even when reduced to 10%, MPFT maintains
competitive HV and EU compared with the best baselines.

Table 15. Evaluation of HV, SP, and EU for all 2-objective environments. 10% indicates that env_steps is 10% of the corresponding
env_steps in Table 1.

Environment Metrics 100% 50% 20% 10% Best Baseline

HV 4 (x107) 2.044+£0.104 2.031+0.069 1.875+0.039 1701 +£0.572 1.308 % 0.094
Walker2d-2  gp | (x10%) 1.1274+0.525 1.827+0.042 833243942 24.11 £8.091 0.323 +0.132
EUT(x10%) 4443 +0.063 43820013 4.119+0018 4.002+0.074 3474 £0.148
3.33
3.9

HV 1(x10%) 3.506 + 0.013 3456 +0.030 3.339+0.033 3.284 +0.062 3.305 + 0.037
HalfCheetah-2  gp | (x10%) 0.238 £0.130 0.552 +£0.351 3.953 £ 1.865 5.422+2.778 0.024 + 0.012
EUT (x10%) 1.784£0.010 1.779£0.027 1.774+£0.008 1768 £0.012 1.673 £ 0.155

HV 1 (x107) 3.676 £ 0.272 3.528 +0.249 3.4044+0.105 3.3424+0.268 3.177 £ 0.052
Hopper-2 SP | (x10%) 1.552+£0.553 4.399+£2.926 15967 +3.853 19.97+6.833 2.281 =+ 0.668
EU 1 (x10%) 5.851+0.148 5.640 £0.163 5.625+0.146 5.484 £0.196 5389 + 0.045

HV 1 (x10°) 7.044 £0.189 6.677 £0.258 55950248 5.520+£0.113 0.865 & 0.055
Ant-2 SP|(x10%) 11824 0.113 5536+£0.768 1243 +£4.992 17.41+4340 1.359 +0.347
EU T (x10%) 2467 +£0.040 241040.121 2261 £0.038 2.249 4+ 0.034 0.883 +0.105

. HV 1(x10%) 3.539 +0.067 3.480+0.103 3.340 +£0.212  3.250 £ 0.236  3.507 & 0.004
Swimmer-2 SP | (x10%) 0.814+£0.362 3.119+£0.658 10.62+4.582 16.42+2.384 0.188 £ 0.033
EU 1 (x10%) 1748 +0.017 1.743+0.018 1.728 £0.031 1.717 +0.039 1.740 + 0.001

Impact of env_steps. To study interaction efficiency, we adjust {=Z;,ZEx}, {¥,;, Vs }, and steps to reduce env_steps
while keeping all other settings fixed. Table 15 shows that using only 50% of the default interaction budget results in slight
performance degradation; using 10% leads to at most a 23% drop in HV and EU, while SP decreases more significantly. Since
env_steps affects (i) the convergence of Pareto tracking (via steps), (ii) the quality of discovered Pareto-vertex/interior
policies (via {Z;,ZEx}), and (iii) the number of discovered Pareto-approximate policies (via {¥;, U\ }), a larger budget
naturally leads to denser and higher-quality Pareto fronts. Importantly, in practical applications, evaluation typically focuses
on EU rather than HV and SP; under this criterion, even at 10% of the default interaction budget, MPFT remains competitive

34



Population-Free Pareto Tracking for Sample-Efficient Multi-Policy MORL

relative to the best baselines.

Table 16. Evaluation of HV, SP, and EU for all 2-objective environments under varying policy buffer sizes, alongside a comparison with
the best-performing baseline. 100 indicates the policy buffer sizes (i.e., 100 policies model are stored after trianing).

Environment

Metrics

200

100

50

20

Best Baseline

Walker2d-2

HV 1 (x107)
SP | (x10%)
EU 1 (x10%)

2.044 + 0.104
1.127 £ 0.525
4.443 £ 0.063

2.044 £+ 0.104
1.127 £ 0.525
4.443 £ 0.063

2.029 £ 0.071
3.048 + 0.960
4.407 £ 0.101

2.016 £0.377
14.88 £ 5.143
4.392 £+ 0.074

1.308 £ 0.094
0.323 + 0.132
3.474 £0.148

HalfCheetah-2

HV 1 (x10%)
SP | (x10%)
EU 1 (x10%)

3.506 + 0.013
0.238 £0.130
1.784 + 0.010

3.488 £ 0.029
0.314 £ 0.139
1.783 + 0.016

3.446 = 0.074
0.772 £ 0.145
1.780 + 0.009

3.424 £ 0.062
2.126 £ 0.105
1.777 + 0.007

3.087 £0.173
0.024 + 0.012
1.673 £0.155

Hopper-2

HV 1 (x107)
SP | (x10%)
EU 1 (x10%)

3.676 + 0.272
1.552 + 0.553
5.851 £ 0.148

3.651 £ 0.220
6.128 +2.977
5.752 £ 0.147

3.604 £ 0.105
10.26 £ 4.998
5.731 £0.134

3.559 £0.230
20.28 £+ 6.761
5.644 £ 0.208

3.177 £ 0.052
2.281 £ 0.668
5.389 £ 0.045

Ant-2

HV 1 (x10%)
SP | (x10%)
EU 1 (x10%)

7.044 + 0.189
1.182 + 0.113
2.467 £ 0.040

7.024 £ 0.261
5.835+£0.571
2.467 £ 0.039

7.016 £0.274
12.21 £+ 1.884
2.464 £ 0.040

6.833 £ 0.242
18.04 £ 1.781
2.458 £ 0.035

0.865 £ 0.055
1.359 £ 0.347
0.883 £ 0.105

Swimmer-2

HV 1 (x10%)
SP | (x10%)
EU 1 (x10%)

3.539 £+ 0.067
0.814 £ 0.362
1.748 + 0.017

3.498 £ 0.096
5.596 £ 1.569
1.738 £0.029

3.422 +0.177
9.665 £ 3.338
1.736 + 0.001

3.308 £0.192
15.61 £3.253
1.725 £ 0.032

3.507 £ 0.004
0.188 £ 0.033
1.740 £ 0.001

Impact of Policy Buffer Size. Table 16 compares MPFT with varying policy-buffer sizes against the best baseline. Even
when the buffer is substantially reduced, MPFT maintains consistently strong performance while using significantly fewer
stored policies. In Walker2d-2, the results remain unchanged across buffer sizes, indicating that the Pareto-optimal set in
this environment does not exceed the policy buffer capacities.

Table 17. Evaluation of HV, SP, and EU for all 2-objective environments, comparison with the SPFT and best-performing baseline.

Environment

Metrics

MPFT

SPFT

Best Baseline

Walker2d-2

HV 1 (x107)
SP | (x10%)
EU 1 (x10%)

2.044 £ 0.104
1.127 £ 0.525
4.443 £ 0.063

1.682 £ 0.180
6.156 £ 3.868
4.054 £ 0.028

1.308 4 0.094
0.323 £ 0.132
3.474 £ 0.148

HalfCheetah-2

HV 1 (x10)
SP | (x10%)
EU 1 (x103)

3.506 + 0.013
0.238 £ 0.130
1.784 £ 0.010

3.310 £ 0.133
0.673 £0.338
1.755 £ 0.005

3.087 +£0.173
0.024 £ 0.012
1.673 £ 0.155

Hopper-2

HV 1 (x107)
SP | (x10%)
EU 1 (x10%)

3.676 £ 0.272
1.552 £+ 0.553
5.851 £ 0.148

3.252 £ 0.170
2.707 £ 1.610
5.420 £ 0.158

3.177 £ 0.052
2.281 £ 0.668
5.389 + 0.045

Ant-2

HV 1 (x109)
SP | (x10%)
EU 1 (x10%)

7.044 £ 0.189
1.182 + 0.113
2.467 £ 0.040

6.815 £ 0.146
5.413 + 1.460
2.339 £ 0.185

0.865 £ 0.055
1.359 + 0.347
0.883 £ 0.105

Swimmer-2

HV 1 (x10%)
SP | (x10%)
EU 1 (x10%)

3.539 £ 0.067
0.814 £ 0.362
1.748 £ 0.017

3.460 + 0.123
0.690 £ 0.305
1.739 £0.021

3.507 £ 0.004
0.188 + 0.033
1.740 £ 0.001

Comparison Between SPFT and MPFT. Table 17 reports the performance difference between SPFT and MPFT. Despite
using only a single policy for Pareto tracking, SPFT still achieves HV and EU performance that surpasses the best baseline
in most environments, confirming the strong effectiveness of MPFT’s Pareto-tracking mechanism.

Overall Summary. When u < v, appropriate steps is chosen to ensure convergence of the Pareto-tracking mechanism,
and {Z;, ¥;}7, and {Z, V) }_, are large, MPFT yields stable and competitive results. Moreover, under constrained
computational or memory resources, MPFT can still produce competitive Pareto fronts by reducing env_steps, shrinking
policy-buffer sizes, or using SPFT.

G.6. Evaluation on Offline Datasets

To verify MPFT’s adaptability to pure offline settings, we evaluated MOTD7 and MOSAC against MORvS and CQL on
the DAMORL MO-Hopper dataset (the most challenging environment in the DAMORL benchmark). We operated under
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a 1,500,000-step budget across 5 runs by directly sampling from the dataset, which replaces the Data Storage process in
Algorithms 4 and 5. As shown in Table 18, MPFT demonstrates competitive performance. Notably, performance is better on
the Expert dataset than the Amateur dataset, validating the MPFT framework’s capability to leverage high-quality offline
data.

Table 18. Evaluation of HV for DAMORL MO-Hopper dataset, comparison with the MORvVS and CQL.

Dataset Behavioral policy MORVS (Zhu et al., 2023) CQL (Kumar et al., 2020) MOSAC MOTD7
Expert (HV x107 ) 2.09 1.98 1.56 1.87 2.04
Amateur (HV x107) 1.97 1.79 1.02 1.58 1.73

H. Discussion and Limitations of MPFT

With the novel design of Pareto-tracking mechanism, and sparse regions filling method, the proposed MPFT framework
offers a systematic and efficient way to approximate the Pareto front without maintaining a large policy population. Despite
its effectiveness in reducing agent-environment interactions, we observe that in some environments the tracked Pareto front
still shows sparse regions, indicating underexplored areas. To address this limitation, we plan to develop more advanced
sparse regions filling strategies and provide stronger global convergence guarantees. Additionally, while MPFT integrates
both online and offline RL, its performance depends on the underlying algorithms: PPO benefits from a simpler network
architecture, enabling faster training, but suffers from low sample efficiency and limited performance, whereas SAC and
TD7 achieve higher efficiency and performance at the expense of greater training resources. In the future, we plan to explore
more lightweight and sample-efficient algorithms within MPFT to further enhance its practicality, such as the meta-policy,
mixture-of-experts architectures, and multi-head networks can be adopted in the network architecture.

In addition, a smaller limitation of the MPFT, common to deep learning methods, is the potential destruction of representation
due to Pareto-reverse gradients, which push the network to intentionally unlearn a policy by sacrificing an objective. However,
architectures with supplementary state and action representations, such as the SALE component in MOTD7, mitigate this
issue.

From a theoretical perspective, our convergence analysis in Appendix C relies on a key technical assumption (Assumption
A1). Such assumptions are common in optimization theory to establish local convergence rates and typically hold in locally
convex regions. However, given the inherently non-convex landscape of deep MORL objectives—with potential saddle
points and flat regions—a universal guarantee of this assumption cannot be established, despite strong empirical performance
across diverse tasks; relaxing this assumption under weaker conditions remains an important direction for future research.

Pseudocode 1. MOPPO Network Structure

Variables:
hidden_-dim = 256
State Value Network V' (s; ¢):

LO = Linear (state_.dim, hidden_dim)
L1 = Linear (hidden_.dim, hidden_dim)
L2 = Linear (hidden_dim, m)

V (s; ¢) Forward Pass:
input = state; x = Tanh(LO (input))

x = Tanh (L1l (x)); value = L2 (x)
Policy Network 7g:

LO = Linear (state_dim, hidden_dim)
L1 = Linear (hidden_dim, hidden_dim)
L2 = Linear (hidden_.dim, action_dim)

Log_Std = Parameter (zeros (action_dim))
7o Forward Pass: input = state

x = Tanh (LO (input))

x = Tanh (L1 (x))

mean = Tanh (L2 (x))

std = exp (Log_-Std) .clamp (le-6,20)
action ~ Normal (mean, std)
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Pseudocode 2. MOSAC Network Structure

Variables: hidden_dim = 256

State Value Network V' (s; ¢):

> MOSAC uses two state value networks each with the same network and forward pass.
LO = Linear (state_.dim, hidden_dim); L1 = Linear (hidden_dim, hidden_dim)

L2 = Linear (hidden_dim, m)

V (s; ¢) Forward Pass:

input = state; x = ReLU(LO (input))

x = ReLU (L1 (x)); value = L2 (x)

State-Action Value Network Q(s, a; ):

> MOSAC uses two state—action value networks each with the same network and forward
pass.

L0 = Linear (state.dim + action_dim, hidden_dim)

L1l = Linear (hidden_.dim, hidden_dim); L2 = Linear (hidden_dim, m)

Q(s, a; ) Forward Pass:

input = concatenate ([state, action]); x = ReLU(LO (input))

x = ReLU (L1 (x)); value = L2 (x)

Policy Network 7mg:; LO = Linear (state.dim, hidden_dim)

L1 = Linear (hidden_.dim, hidden_dim); Mean = Linear (hidden_dim, action_dim)
Log_Std = Linear (hidden_dim, action_dim)

7o Forward Pass:

input = state; x = ReLU(LO (input)); x = ReLU (L1l (x))

mean = Mean (X)

std = exp(Log_Std(x)) .clamp(le-6,20)

action ~ Normal (mean, std)

Pseudocode 3. MOTD7 Network Structure

Variables: zs_dim = 256, hidden_.dim = 256
State-Action Value Network Q(%>*52) (s, a; ¢):
> MOTD7 uses two state value networks each with the same network and forward pass.

L0 = Linear (state_.dim + action_.dim, hidden_dim)
Ll = Linear(zs.dim * 2 + hidden_dim, hidden_dim)
L2 = Linear (hidden_dim, hidden_dim)

L3 = Linear (hidden_dim, m)

Q#+%59) (s, a; ) Forward Pass:

input = concatenate([state, action])

x = AvgLlNorm (LO (input)); x = concatenate([zsa, zs, x])
x = ReLU(L1(x)); x = ReLU(L2(x)); value = L3(x)
Policy Network 7g:

LO = Linear (state_dim, hidden_dim)

L1 = Linear(zs.dim + hidden_dim, hidden_dim)

L2 = Linear (hidden_.dim, hidden_dim)

L3 = Linear (hidden_dim, action_dim)

7o Forward Pass:

input = state; x = AvgLlNorm(LO (input)); x = concatenate([zs, x])
x = ReLU(L1(x)),x = ReLU(L2(x))

action = tanh (L3 (x))

State Encoder Network f:

L1 = Linear (state_dim, hidden_dim)
L2 = Linear (hidden_dim, hidden_dim)
L3 = Linear (hidden_.dim, zs_dim)

f Forward Pass:
input = state; x = ReLU(L1 (input))

x = ReLU(L2(x)); zs = AvgLlNorm (L3 (x))

State-Action Encoder Network g:

L1 = Linear (action.dim + zs_dim, hidden_dim); L2 = Linear (hidden_dim, hidden_dim)
L3 = Linear (hidden_.dim, zs_dim)

g Forward Pass:

input = concatenate([action, zs])

x = ReLU (L1 (input)); x = ReLU(L2(x)); zsa = L3(x)
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