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Abstract
Riemannian diffusion models generalize score-
based generative modeling to manifold-supported
data via stochastic diffusion equations on the
manifold. However, training requires sampling
from and differentiating the manifold heat ker-
nel, which is rarely available in closed form be-
yond a few highly symmetric manifolds. We pro-
pose a general approach that approximates the
heat kernel by directly solving the manifold heat
equation with a physics-informed neural network
(PINN). Given an explicit manifold specification,
we choose a coordinate system, derive the cor-
responding heat (Fokker–Planck) equation and a
short-time asymptotic approximation, and then
train a PINN to learn the log heat kernel. The
resulting surrogate enables both forward noising
(heat-kernel sampling) and conditional-score eval-
uation for denoising score matching. We demon-
strate the method on diverse manifolds including
S2, SO(3), SPD(n), and permutation-quotiented
point clouds.

1. Introduction
Diffusion models have become a powerful and widely used
framework for generative modeling. They define a forward
process that gradually corrupts data with noise, and learn
a reverse process that transforms noise back into samples,
enabling high-quality generation across many domains (Ho
et al., 2020; Song et al., 2021). However, a growing num-
ber of applications involve data that do not naturally live
in Rn: typical examples include spheres, special orthogo-
nal groups SO(n) and spaces of symmetric positive def-
inite (SPD) matrices. Treating such objects in Euclidean
space via some embeddings or projections can break intrin-
sic constraints, distort distances and volumes, and create
coordinate-dependent artifacts. In contrast, modeling di-
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rectly on the underlying manifold respects the geometry by
construction, aligns the noise process with geodesic struc-
ture, and yields a principled inductive bias that can improve
both sample quality and generalization.

On a Riemannian manifold (M, g), a canonical drift-free
forward process is Riemannian Brownian motion, whose
time-marginal density evolves according to the heat equation
∂tpt = ∆Mpt. Following the drift-free formulation of
Riemannian score-based generative modeling of De Bortoli
et al. (2022), training and sampling require access to the
manifold heat kernel (the transition density of Brownian
motion), in particular to sample from it and evaluate its
log-density/gradients. While several approximations have
been proposed—most notably short-time asymptotics and
spectral expansions—these can be accurate only in restricted
regimes or rely on strong structural assumptions, limiting
their practical scope (Lou et al., 2023).

Instead, we adopt a simple viewpoint: the heat kernel is the
solution of a known partial differential equation (PDE) with
a known initial condition. For each fixed x0, it satisfies

∂tp(t, x) = ∆M
x p(t, x), p(t, ·) → δx0 as t ↓ 0. (1)

We approximate this object by learning a numerical surro-
gate of the heat equation. Concretely, we (i) express ∆M in
explicit coordinates obtained from an embedding or quotient
representation, (ii) use a principled short-time asymptotic to
provide an approximate initializer at a small t0 > 0, and (iii)
train a physics-informed neural network (PINN) to mini-
mize the PDE residual and match the initializer (Raissi et al.,
2019; Wang et al., 2023). The resulting surrogate provides
both heat-kernel evaluation (and its gradient) and supports
heat-kernel-based sampling, enabling drift-free Riemannian
diffusion on manifolds beyond the few simple ones.

We evaluate our method across diverse geometries and ap-
plications: spherical climate-event density estimation on
S2 (volcanoes, earthquakes, floods, wildfires), synthetic
mixtures on SO(3), conditional traffic-flow generation on
SPD(10) from the NYC taxi dataset, and class-conditional
EEG brain-connectivity generation on SPD(n). Moreover,
for molecule generation, we go beyond the standard Rk×n

point-cloud view and formulate the task on the quotient
manifold Rk×n/Sn, explicitly modding out atom permuta-
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tions. This leads to a novel diffusion process that evolves
over permutation-equivalence classes, so atom identities are
shared across molecules. Overall, the results show that PDE-
based heat-kernel approximation enables practical drift-free
Riemannian diffusion beyond simple geometries.

2. Related Work
Riemannian diffusion models. Riemannian diffusion
models generalize Euclidean diffusion/score-based genera-
tive modeling to data on a smooth manifold M by defining
a forward diffusion SDE on M and learning a reverse-time
SDE. RSGM (De Bortoli et al., 2022) provides a general for-
mulation and proposes practical training objectives, includ-
ing Denoising Score Matching (DSM) and Implicit Score
Matching (ISM). Complementary likelihood-oriented for-
mulations (Huang et al., 2022) derive a variational frame-
work for an evidence lower bound (ELBO) on manifolds,
which requires computing quantities such as the Riemannian
divergence. Recent work improves scalability by exploit-
ing additional geometric structure (e.g., symmetric spaces),
yielding more accurate and efficient evaluation and approx-
imation of manifold diffusion quantities, including heat-
kernel-related terms, in higher dimensions (Lou et al., 2023;
Mangoubi et al., 2025). Relatedly, Thornton et al. (2022)
propose Riemannian Diffusion Schrödinger Bridge (RDSB),
extending diffusion Schrödinger bridges to compact Rie-
mannian manifolds for generative modeling.

Flow matching on Riemannian manifolds. Flow match-
ing is an alternative strategy for building generative models
on Riemannian manifolds. It trains a continuous-time gener-
ative model by learning a time-dependent vector field whose
flow transports a simple base distribution to the data distri-
bution, avoiding likelihood computation and divergence
estimation. Chen & Lipman (2024) extend conditional
flow matching to general geometries via Riemannian Flow
Matching (RFM), where the training targets are constructed
by geodesic interpolation. This formulation requires only
exp and log maps, yielding a scalable and simulation-free
objective. This framework has been adopted in geometric
generative modeling, including SE(3)-equivariant protein
modeling and torus-valued torsion-angle generation (Yim
et al., 2023; Bose et al., 2024; Huguet et al., 2024; Lin et al.,
2024).

Applications of generative modeling on Riemannian
manifolds. Manifold-aware generative models are mo-
tivated by geometric constraints and symmetries, especially
in scientific and 3D data. Typical examples include dis-
tributions on S2 (e.g., geophysical event locations), rota-
tions on SO(3) for 3D orientation modeling, and rigid-body
frames on SE(3) in robotics and protein structure genera-
tion (De Bortoli et al., 2022; Leach et al., 2022; Urain et al.,

2023; Yim et al., 2023). In molecular and materials mod-
eling, periodic degrees of freedom such as internal angles
and torsions live on products of circles (tori), motivating
manifold generative modeling on tori for conformer gen-
eration and related tasks (Jing et al., 2022; Miller et al.,
2024). Structured matrix manifolds such as SPD(n) arise
in domains including neuroimaging and traffic analytics,
motivating diffusion-style generative modeling directly in
SPD geometry (Li et al., 2024; Collas et al., 2025; Chen
et al., 2025). These applications motivate scalable mani-
fold generative methods that remain applicable when heat
kernels are not analytically tractable.

3. Background
Definitions and notations. Let M be a complete, con-
nected and boundaryless smooth Riemannian manifold
equipped with a Riemannian metric g. The metric g is
a smooth rank-2 tensor bundle; for each x ∈ M, the
metric gx : TxM × TxM → R is a positive definite bi-
linear function. In a local coordinate chart (x1, . . . , xn),
the metric is represented by the matrix g = (gij), and we
write |g| := det(gij). At x ∈ M, the exponential map
expx : TxM → M is defined by transporting the tangent
vector in TxM along the geodesic starting from x. The
inverse of the exponential map logx = exp−1

x is also de-
fined, although it may not be defined globally. A vector field
on M can be written in coordinates with the local frame
{∂i}i=1,··· ,n. Throughout the paper, we use the Einstein
summation convention without raising or lowering indices,
i.e. the indices appearing twice in the tensor expression are
regarded as being summed, e.g., a standard matrix multipli-
cation is written as (AB)ik = AijBjk.

The metric g induces the gradient ∇f of a smooth function
f : M → R via g(∇f, V ) = df(V ) for all vector fields V .
The divergence of a vector field V = Vi∂i is given in local
coordinates by div(V ) = 1√

|g|
∂i
(√

|g|Vi

)
, or identically,

for the Levi-Civita connection ∇, div(V ) = tr(∇V ). The
Laplace–Beltrami operator is defined by

∆Mf = div(∇f) =
1√
|g|

∂i

(√
|g| g−1

ij ∂jf
)
. (2)

The (Riemannian) Brownian motion BM
t is the diffusion on

M whose infinitesimal generator is 1
2∆

M. More detailed
background on Riemannian geometry can be found in, e.g.,
Lee (2018); Gallot et al. (1990), and for stochastic processes
on Riemannian manifolds, see, e.g., Hsu (2002); Elworthy
(1998); De Bortoli et al. (2022).

Riemannian diffusion models. Let p0 be a distribution
on M. We consider the drift-free Riemannian diffusion

dXt =
√
2dBM

t , X0 ∼ p0. (3)
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A time-dependent scalar noise schedule dXt = σt dB
M
t

can be introduced via a time reparameterization, so we
present this formulation for simplicity. Let pt be the
marginal density of (Xt) with respect to the Riemannian
volume measure of M, and pt|0(xt|x0) be the transition den-
sity (or the heat kernel, since the SDE is simple Brownian).
The heat kernel pt|0 satisfies the Fokker-Planck equation (or
the heat equation)

∂tpt|0(x | x0) = ∆M
x pt|0(x | x0),

lim
t→0

pt|0(· | x0) = δx0
(·). (4)

Under mild regularity assumptions, the reverse-time process
(XT−t)t∈[0,T ] satisfies the reverse-time SDE (De Bortoli
et al., 2022)

dXT−t = 2sT−t(XT−t) dt+
√
2dB̃M

t ,

XT ∼ pT ,
(5)

where B̃M
t is a (reverse-time) Brownian motion on M and

st(x) := ∇x log pt(x) (6)

is the score function.

Given a neural network sθ : [0, T ] × M → TM with
sθ(t, x) ∈ TxM, one can approximate the score function s
by sθ by learning θ with denoising score matching (DSM)
objective (Vincent, 2011; De Bortoli et al., 2022),

LDSM(θ) :=

E
[
λ(t)

∥∥ sθ(t,Xt)−∇Xt
log pt|0(Xt | X0)

∥∥2
gXt

]
.

(7)

When M is Euclidean, this formulation is identical to the
standard Euclidean diffusion models (Ho et al., 2020; Song
et al., 2021). In this case, the heat kernel pt|0 becomes the
isotropic Gaussian, so both sampling the forward diffusion
pt|0(·, x0) and computing the conditional score function
∇xt

log pt|0(xt | x0) are tractable. However, when working
with a general Riemannian manifold M, the heat kernel
is not known in closed form in general. Previous works
(De Bortoli et al., 2022; Lou et al., 2023) introduce a few
tricks to overcome this challenge.

Asymptotic methods. When t is sufficiently small, pt|0
can be approximated by a Gaussian-like form:

pt|0(xt|x0) ≈ Gt(xt, x0)

:=
1

(4πt)n/2
exp

(
− d(xt, x0)

2

4t

) (8)

where n = dimM and d(·, ·) is the geodesic distance. This
justifies sampling from pt|0(·|x0) by sampling a Gaussian in

a tangent space Tx0
M and push-forwarding by the exponen-

tial map expx0
: Tx0M → M. This distribution is some-

times called the warped Gaussian. When t is large, sam-
pling from pt|0(·|x0) can be approximated by the geodesic
random walk algorithm (De Bortoli et al., 2022), which is a
variant of the random walk algorithm where the Gaussian
is replaced by the warped Gaussian. The score function
∇ log pt|0 also admits the asymptotic form:

∇xt
log pt|0(xt|x0)

≈ ∇xt
logGt(xt, x0) =

1

2t
logxt

(x0),
(9)

called the Varadhan’s asymptotics (Bismut, 1984). However,
this approximation does not incorporate the volume element
distorted by the curvature of the manifold. To account for
this, Lou et al. (2023); Camporesi (1990) introduced the
Schwinger-DeWitt approximation:

pt|0(xt|x0) ≈ GSD
t (xt, x0)

:=
Dx0(xt)

−1/2

(4πt)n/2
exp

(
− d(xt, x0)

2

4t
+

tR

6

) (10)

where Dx0(xt) = | det(d(expx0
)logx0

(xt))| measures the
volume distorted by the exponential map, and R is the
scalar curvature, assuming M has a constant scalar curva-
ture. However, this also only works with sufficiently small
time t.

Spectral methods. When the manifold M is compact, the
Laplace-Beltrami operator ∆M is a self-adjoint operator on
the Hilbert space L2(M) (with respect to the Riemannian
volume measure). Hence it admits a spectral decomposition
{(λi, ϕi)}∞i=0 satisfying ∆Mϕi = −λiϕi, with eigenval-
ues 0 = λ0 < λ1 ≤ · · · . The heat kernel then has the
spectral expansion

pt|0(x | x0) =

∞∑
i=0

e−λit ϕi(x)ϕi(x0), (11)

which can be approximated by truncating the series. In
practice, however, this only works with compact manifolds
and requires access to the eigenfunctions of ∆M, which are
rarely available beyond a few highly symmetric examples.
Recent work (Lou et al., 2023) stabilizes and accelerates
such computations by reformulating the expansion using
representation theory on Lie groups, enabling efficient eval-
uation on certain groups and homogeneous/quotient spaces.
Nevertheless, these methods rely on strong algebraic struc-
ture and are only applicable to (quotients of) compact Lie
groups or Euclidean groups.

Mapping into Euclidean spaces. When the exact com-
putation on manifolds is challenging, using their Euclidean
counterparts can be a useful trick. De Bortoli et al. (2022)
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used stereographic projection to map data on 2D sphere
into R2. Li et al. (2024) mimicked the logic of Euclidean
diffusion on the space of positive definite matrices, using
operations defined on its tangent space. Similar tricks are
common for Lie groups: one can perform diffusion updates
in the associated Lie algebra (a vector space) via the log and
exp maps, e.g., for SO(3) or SE(3) (Leach et al., 2022;
Jiang et al., 2023).

4. Methods
Given an explicit description of a Riemannian manifold
(M, g), we approximate the heat kernel pt|0(·|x0) by nu-
merically solving the heat equation ∂tp = ∆Mp with the
initial condition p0|0 = δ(·). For this work, we first locate
the manifold M into an easily-computable coordinate sys-
tem, in which we derive the heat equation. Then we choose
a properly approximated initial condition, since the original
initial condition p0|0 = δ(·) cannot be imposed numerically.
Finally, we train a PINN that approximates the heat kernel.
The PINN is used for both (i) forward sampling of Brownian
motion and (ii) computing the conditional score function for
the DSM loss.

4.1. Choosing a coordinate system

When working with manifolds mathematically, it is common
to choose multiple local coordinate systems and patch them
to cover the entire manifold. However, when working with
manifolds numerically, using multiple coordinate systems
would be computationally inconvenient. Instead, we choose
to work with a global coordinate system, by embedding the
manifold M into a larger space M̃ (called an ambient man-
ifold; typically RN , possibly with a non-Euclidean metric
g̃) as a submanifold or quotient manifold.

For M̃ = RN , a submanifold M ⊆ RN can be practically
defined by

M =
{
x ∈ RN

∣∣∣ fi(x) = 0 for i = 1, . . . , k,

fj(x) > 0 for j = k + 1, . . . , k + l
}
.

(12)
for functions f1, · · · , fk+l : RN → R. The manifold in-
herits the metric g̃ of RN . For x ∈ M, the projection map
P (x) : TxRN → TxM ⊆ TxRN is given by

P (x) = I − g̃−1
x J(x)T

(
J(x) g̃−1

x J(x)T
)−1

J(x), (13)

where g̃x is the matrix representation of the metric at x, and
J(x) =

(
Jij(x)

)
:=

(
∂jfi(x)

)
∈ Rk×N is the Jacobian.

The ambient metric g̃ and the projection matrix P (x) are suf-
ficient to express various differential-geometric operations
on M in coordinates.

A quotient manifold M = M̃/G is obtained by identify-
ing points related by an isometry group action of G. For

simplicity, we restrict to a finite or discrete group G, so
that M inherits a smooth structure from M̃; numerically,
quotienting can be implemented by treating all points in
an orbit as the same state, e.g., via a canonical representa-
tive. We do not explicitly address freeness or properness of
the group action; although non-free orbits may introduce
lower-dimensional singularities in the quotient, these are
negligible for the continuous distributions considered in our
deep-learning applications.

4.2. Fokker–Planck equation in coordinates

Using the coordinates on the ambient manifold M̃ with
the projection matrix P (x), we can express all the required
differential operators in coordinates. Let ∇̃ denote the Levi–
Civita connection of (M̃, g̃). Although we present the full
expressions for generality, in practice, some terms (e.g., the
Levi-Civita connection ∇̃) simplify by choosing a simple
ambient manifold M̃; for instance, when M̃ is a Euclidean
space, ∇̃ reduces to partial derivatives. The Fokker-Planck
equation (or the heat equation) on M can be explicitly
written in coordinates, with expressions depending only on
the ambient metric g̃ and the projection matrix P :

∂tpt|0(x|x0) = ∆Mpt|0(x|x0)

= Pij(x) ∇̃k

(
Pjℓ(x) g̃

−1
ℓm(x) ∂mp̄t|0(x|x0)

)
Pki(x).

(14)

where p̄t|0 denotes any smooth extension of pt|0 on M̃. The
detailed derivation is in Section A.1.

Example: a 2D unit sphere. Let S2 = {x ∈ R3 | ∥x∥ =
1} be the unit sphere. Although it’s standard to use a local
coordinate system such as the spherical coordinates, here
we directly embed the 2D sphere in the Euclidean manifold
R3. For x ∈ S2, the projection matrix P (x) : TxR3 →
TxS

2 ⊆ R3 is given as

P (x) = I − xxT ; Pij = δij − xixj (15)

where δij is the Kronecker delta. In the ambient manifold
R3, the metric g̃ is the identity matrix, and the Levi-Civita
connection ∇̃i simplifies to the partials ∂i. Now we can
work out the Laplace-Beltrami operator:

∆S2

f = Pij∂i∂jf + Pki(∂kPij)∂jf

= (δij − xixj)∂i∂jf − 2xi∂if.
(16)

4.3. Initial condition for the Fokker–Planck equation

Since it is not possible to impose the initial condition
p0|0(x | x0) = δx0

(x) directly, we instead initialize the
PDE using the small-time asymptotics of the heat ker-
nel. Let Bx0(rmax) = {x ∈ M | d(x, x0) ≤ rmax}
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be the geodesic ball of radius rmax centered at x0. On
x ∈ Bx0(rmax), the heat kernel admits the zeroth-order
expansion

pt(x | x0) = G
(0)
t (x, x0) +O(t),

G
(0)
t (x, x0) := Dx0

(x)−1/2 Gt(x, x0)

=
Dx0(x)

−1/2

(4πt)n/2
exp

(
− d(x, x0)

2

4t

)
.

(17)

A principled way to obtain tighter approximations is the
parametrix method (also known as the Minakshisundaram–
Pleijel recursion) (Rosenberg, 1997), which yields an order-
n expansion of the form

pt(x|x0) = G
(n)
t (x, x0) +O(tn),

G
(n)
t (x, x0) := Gt(x, x0)

(
u0(x, x0)

+ u1(x, x0)t+ · · ·+ un−1(x, x0)t
n−1

)
.

(18)

Here u0(x, x0) = Dx0(x)
−1/2, and u1, . . . , un−1 can be

computed recursively; we defer the details to Section A.2.
The Schwinger-DeWitt approximation Equation (10) is also
a simplified version of the first-order parametrix expansion.

Stability analysis of PDE. In general, similarity in initial
condition for PDEs does not guarantee similarity of the
corresponding solutions at later times. However, due to
various stability properties of the heat equation, solving
the heat equation from an approximate initial condition at
t = t0 yields a solution that remains reliable for all t ≥ t0.

Theorem 4.1. Let p̃t(x) : [t0,∞)×M → R be the (unique)
solution of the evolution equation ∂tp̃t(x) = ∆Mp̃t(x) with
the initial condition p̃t0(x) = pt0|0(x|x0) + εt0(x) with
small initialization error

|εt0(x)| ≤ ε pt0|0(x|x0) ∀x ∈ M (19)

for an error level ε ∈ (0, 1). Then, on the domain
[t0, tmax]×Bx0

(rmax), the solution p̃t|0(x) is the approxi-
mation of pt|0(x|x0) with the same order of accuracy as the
initial condition:

p̃t(x) = pt|0(x|x0) + εt(x),

|εt(x)| ≤ ε pt|0(x|x0).
(20)

Moreover, under mild regularity assumption on p̃t0(x) and
its gradients, this solution can also approximate the log-
density and the score:

log p̃t(x) = log pt|0(x|x0) +O(ε)

∇x log p̃t(x) = ∇x log pt|0(x|x0) +Oδ(ε).
(21)

where the last statement holds ∀ δ > 0, on t ∈ [t0+δ, tmax].

Theorem C.1 is a rigorous version of this theorem. More-
over, in Section C.2 we extend this result to learned PINNs
with small log-PDE residual, where the log-density error
is bounded by the boundary error plus the accumulated
residual.

4.4. Training PINN

A PINN is a deep-learning approach for approximating
solutions to PDEs by embedding the governing equation di-
rectly into the training objective (Raissi et al., 2019). While
many PINN variants also incorporate observations at in-
terior collocation (quadrature) points, we describe here a
basic formulation that uses only the initial/boundary condi-
tion and the PDE residual. Let the space–time domain be
[t0, tmax] × U, where U ⊂ RN is closed, and consider a
well-posed evolution equation written in residual form

R[f ](t, x) := R(t, x, ∂tf, ∂xf, ∂
2
xf, · · · ) = 0 (22)

with initial condition f(t0, x) = f0(x). In the PINN frame-
work, we parameterize the solution by a neural network
fθ : [t0, tmax]× U → R and train θ minimizing a combina-
tion of the initial/boundary loss:

LB(fθ) := Ex[∥fθ(x, t0)− f0(x)]∥2]
LI(fθ) := Et,x[∥R[fθ](x, t)∥2]

(23)

where x ∈ U and (t, x) ∈ [t0, tmax] × U are sampled on
some adequate distributions on their domain.

This PINN formulation is well suited to approximating the
heat kernel. For a given manifold M, we derive the heat
equation written in coordinates and train the PINN with the
approximate initial condition p̃t0|0. For numerical stability,
we let pt|0 = eϕt|0 and rewrite the equation in terms of
ϕt|0, and train a PINN ϕ

(θ)
t|0 approximating it. The trained

PINN is used jointly with the short-time approximation, to
approximate the heat kernel:

log p
(approx)
t|0 (x|x0) =


log p̃t|0(x|x0), t < t0,

(short-time asymptotics)

ϕ
(θ)
t|0 (x|x0), t ≥ t0.

(PINN approximation)

(24)

For stable training of PINN, we adopt several techniques
of Wang et al. (2023), including modified MLP structures
with embeddings, adaptive weight scaling of two losses, and
time-scheduled learning method.

Representational power of PINN. Quantifying whether a
PINN can accurately represent the heat kernel on a given (po-
tentially large and geometrically complex) manifold M is
challenging, since the approximation error depends strongly
on modeling choices such as the network architecture. Nev-
ertheless, the heat equation has a smoothing property: for
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any t > t0, the evolved log-density log pt|0 is guaranteed
to be more regular than the initial log-density log pt0|0, e.g.,
in terms of Sobolev norms (Grigor’yan, 2012). This sug-
gests that, once a reasonable approximation is available at
t = t0, learning the forward solution for t ≥ t0 may be
easier than fitting the initial condition itself. In high dimen-
sions, PINNs can be difficult to train and may require more
computational and memory resources (Cho et al., 2023; Hu
et al., 2024), often necessitating additional inductive biases
(e.g., incorporating known symmetries and using expressive
input embeddings) to improve optimization behavior.

4.5. Riemannian diffusion model with PINN

All ingredients for building Riemannian diffusion mod-
els are now set. We train a Riemannian diffusion model
as described in Section 3. Having knowledge of the
density log p

(approx)
t|0 (x|x0), the forward sampling xt ∼

p
(approx)
t|0 (·|x0) can be done by a Markov chain Monte Carlo

(MCMC) method. Since the warped Gaussian discussed in
Section 3 is an effective approximation of pt|0, we use it for
the initial distribution of the MCMC, then run a geodesic
random walk for a fixed step size ε > 0 for proposal. After
xt is drawn, the conditional score ∇ log p

(approx)
t|0 is com-

puted by differentiating the PINN, and train the diffusion
model under the DSM loss.

The architecture of a diffusion model on M depends on
the geometry of M. For example, if M is (a quotient of)
a submanifold of an ambient space M̃ = RN , then an
extrinsic network sθ : [0, T ] × RN → RN can be used,
possibly with appropriate symmetry constraints induced
by the quotient. Alternatively, one may use an intrinsic
architecture tailored to M, e.g., sθ : [0, T ] × M → M.
In this case, since the denoiser corresponds to a tangent
vector ∇x log pt|0(x | x0), we adopt a standard trick from
Euclidean diffusion models that reparameterizes prediction
in terms of the denoised data (Ho et al., 2020). Concretely,
instead of directly learning ∇x log pt|0(x | x0), we train the
"denoised input" expx

(
2t∇x log pt|0(x | x0)

)
∈ M.

For the reverse sampling, we also require the perturbed (or
prior) distribution pT ≈ p(·|x0). When M is compact, we
use the uniform distribution pT ≈ Unif(M) assuming T
is sufficiently large. When M is not compact, we set a
rough mean of the data distribution xmean and take pT ≈
pT (·, xmean). This setting is common in recent state-of-the-
art Euclidean diffusion models (Karras et al., 2022).

5. Worked examples
5.1. 2D sphere S2

As derived in Section 4.2, the heat equation on S2 ⊂ R3

is given as ∂tp = (δij − xixj)∂i∂jp − 2xi∂ip, and for

ϕ = log p,

∂tϕ = [(δij − xixj)(∂i∂jϕ+ ∂iϕ∂jϕ)− 2xi∂iϕ]

= tr(∇2ϕ) + ∥∇ϕ∥2 − xT (∇2ϕ)x

− (xT∇ϕ)2 − 2xT∇ϕ

(25)

The initial condition can be computed using the parametrix
method as described in Section 4.3 up to third order. The
recursion integrals are evaluated via series expansion using
a computer algebra system (CAS). Detailed procedure is in
Section A.3.

5.2. Special orthogonal group SO(3)

The special orthogonal group SO(3) is isometric to
S3/{±I}, where S3 ⊂ R4 is the 3D unit sphere and
·/{±I} denotes quotienting by identifying the opposite
points on sphere, i.e. ±x ∈ S3 are regarded as an iden-
tical point. This isometry can be explicitly written using
quaternions. Once the mapping is constructed, the heat
equation is similar to the case of the 2D sphere:

∂tϕ = [(δij − xixj)(∂i∂jϕ+ ∂iϕ∂jϕ)− 3xi∂iϕ]

= tr(∇2ϕ) + ∥∇ϕ∥2 − xT (∇2ϕ)x

− (xT∇ϕ)2 − 3xT∇ϕ

(26)

and the initial condition is again computed using the
parametrix method, similar to Section 5.1.

5.3. Space of positive-definite matrices SPD(n)

Generative modeling on the space of positive definite ma-
trices SPD(n) = {X ∈ Rn×n | X is positive definite} has
drawn interest in recent research, e.g. for traffic analysis or
fMRI data modeling Li et al. (2024); Collas et al. (2025).
The hyperbolic geometry of SPD(n) is well suited to
the affine-invariant metric gX(U, V ) = tr(X−1UX−1V ),
written in infinitesimal form. The derivation of the heat
equation is in Section A.4. For any initial point X0 ∈
SPD(n), since the map X 7→ X

−1/2
0 XX

−1/2
0 is an isom-

etry under the affine-invariant metric that maps X0 to
I ∈ SPD(n), it suffices to consider the heat equation start-
ing at I . The heat equation starting at I only depends
on the eigenvalues of X ∈ SPD(n), so we parametrize
the matrices by their log-eigenvalues (r1, · · · , rn) where
X = Qdiag(er1 , · · · , ern)QT for some Q ∈ O(n), then
the heat kernel is reformulated by an equation in r1, · · · , rn:

∂tpt|0 =
∑
i

∂2
i pt|0+

1

2

∑
i<j

coth
(ri − rj

2

)
(∂ipt|0−∂jpt|0)

(27)
where the partials are in the r-coordinates, i.e. ∂i = ∂

∂ri
. For

the initial condition, we use the 0-th order approximation in
Section 4.3:

p̃t0|0(X|I) = D(r)−1/2

(4πt0)n(n+1)/4
exp

(
− ∥r∥2

4t0

)
(28)
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where D(r) =
∏

i<j
sinh((ri−rj)/2)

(ri−rj)/2
.

5.4. Space of point clouds quotiented by permutation
symmetry Rk×n/Sn

A point cloud X = [x(1), · · · , x(n)] ∈ Rk×n usually has
the permutation symmetry Sn by reordering the points, and
it is common to incorporate permutation symmetry for e.g.
architectural designs (Qi et al., 2017; Zaheer et al., 2017;
Lee et al., 2019) or probabilistic formulation (Garnelo et al.,
2018) in deep learning. Although existing works for gen-
erative modeling of point clouds (e.g., molecules) mostly
use permutation symmetric neural networks for denoisers
(Hoogeboom et al., 2022; Le et al., 2024), their diffusion
process is formulated in Rk×n. To model a diffusion on the
quotient manifold Rk×n/Sn, one requires a heat kernel on
this space, given as:

pt|0(x | x0) =
∑
σ∈Sn

1

(4πt)kn/2

· exp
(
− 1

4t

n∑
i=1

∥x(i) − x
(σ(i))
0 ∥2

)
.

(29)

Intuitively, in this setting, all the points x(1), · · · , x(n) share
the identity. Although the heat kernel is in closed-form, it is
intractable to compute due to the n! elements of Sn. We use
a permutation-symmetric neural network as a PINN to ap-
proximate this kernel, with the equation and (approximate)
initial condition same as the Euclidean one:

∂tp̃t|0 =

n∑
i=1

k∑
j=1

∂2

∂x
(i)
j

2 p̃t|0,

p̃t0|0(x | x0) =
1

(4πt0)
kn
2

exp

(
−

∑n
i=1∥x(i) − x

(i)
0 ∥2

4t0

)
.

(30)

6. Experiments
In this section, we demonstrate how our method ap-
plies across diverse settings and a range of manifolds.
Our experiments are designed to highlight the generality
of the framework, while minimizing task-specific engi-
neering aimed solely at boosting performance. Our im-
plementation is available at https://github.com/
kogyeonghoon/riem-diff-pinn.git.

6.1. Training PINN

We largely follow the PINN training protocol of Wang et al.
(2023), adapting its architectural and optimization strate-
gies to our manifold setting. Specifically, we employ a
modified MLP architecture in which each hidden layer is
fused with manifold-aware coordinate embeddings. This

design enriches the coordinate-based neural representation
and improves its ability to approximate nonlinear and geo-
metrically complex surrogate solutions. Since the accuracy
of later-time dynamics depends critically on the quality of
the solution learned at earlier times, we adopt a curriculum
strategy that progressively expands the training interval to
[t0, tmax]. In addition, we use an adaptive loss-balancing
scheme based on the exponential moving average of gradi-
ent norms, together with time-dependent residual weights
that encourage the PINN to learn the solution in a temporally
causal manner.

The input embeddings are chosen according to the geom-
etry of each manifold. For S2 and SO(3), we use Fourier
embeddings following Wang et al. (2023). For SPD(n), we
use the symmetric and antisymmetric embeddings described
in Section B, motivated by the permutation-invariant struc-
ture of the radial heat kernel. For Rk×n/Sn, we replace the
modified MLP with a permutation-symmetric GNN archi-
tecture, reflecting the permutation symmetry of the quotient
heat-kernel surrogate. The spatial and temporal training do-
mains of the PINN, specified by the radius cutoff rmax and
the time interval [t0, tmax], are selected separately for each
manifold and downstream dataset. We choose rmax to cover
the region where the heat-kernel surrogate is queried, while
tmax is set large enough so that the forward heat diffusion
sufficiently corrupts the data by the terminal time.

To directly validate the learned heat-kernel surrogate, we
evaluate it separately from the downstream diffusion-model
performance. On S2 and SO(3), where accurate refer-
ence heat-kernel approximations are available via Lou
et al. (2023), we compare both the learned log-density
log p

(θ)
t|0 (x|x0) and the conditional score ∇x log p

(θ)
t|0 (x|x0)

against the reference quantities across several noise levels
in Table 1. For the remaining manifolds, such reference
kernels are not tractable, so we instead assess whether the
trained PINN satisfies the defining heat-kernel problem.
Specifically, for all manifolds we report the normalized
initial/boundary-condition error and the normalized PDE
residual of the learned log-density in Table 2. The PDE
residual is normalized by the largest-magnitude term appear-
ing in the equation; for example, for a PDE written in the
form A = B+C, we report |A−B−C|/max |A|, |B|, |C|.
These diagnostics measure, respectively, how well the surro-
gate matches the prescribed short-time initial condition and
how accurately it satisfies the manifold heat equation after
training. Thus, the quality of the surrogate is evaluated both
by direct comparison to existing heat-kernel approximations
when available, and by geometry-agnostic PINN consistency
checks across all considered manifolds. Finally, we report
the wall-clock runtime of the surrogate in Section B.6; since
the surrogate is implemented in JAX and evaluated after JIT
compilation, log-density and score evaluations incur only a
small computational overhead.
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Table 1. Direct validation of the learned heat-kernel surrogate on
S2 and SO(3) against the reference approximation of Lou et al.
(2023). We report absolute and relative errors for both the log-
density and the conditional score. Large relative score errors at
large t are due to the small reference score norm ∥∇ log p∥.

M t | err(log p)| | err(log p)|
| log p| ∥ err(∇ log p)∥ ∥ err(∇ log p)∥

∥∇ log p∥

S2 0.30 0.0054 0.0009 0.0281 0.0247
0.50 0.0079 0.0032 0.0182 0.1844
1.00 0.0016 0.0007 0.0027 0.0894
2.00 0.0016 0.0006 0.0006 0.1211
4.00 0.0016 0.0006 0.0002 2.2570

SO(3) 0.30 0.0006 0.0002 0.0024 0.0277
0.50 0.0055 0.0013 0.0060 0.2112
1.00 0.0029 0.0007 0.0004 0.7983
2.00 0.0058 0.0014 0.0000 4.3249
4.00 0.0232 0.0054 0.0077 4640.7837

Table 2. PINN error of the learned heat-kernel surrogate. For
each manifold, the first row lists the diagnostic: “BC” denotes the
normalized initial/boundary-condition error, and each time value
denotes the normalized PDE residual evaluated at that time. The
second row reports the corresponding normalized error.

M Normalized PINN error

S2 BC t = 0.30 t = 0.50 t = 1.00 t = 2.00 t = 4.00
0.0002 0.0037 0.0285 0.0185 0.0181 0.0124

SO(3) BC t = 0.30 t = 0.50 t = 1.00 t = 2.00 t = 4.00
0.0002 0.0278 0.0769 0.0817 0.0427 0.1239

SPD(10) BC t = 0.10 t = 0.30 t = 0.50 t = 1.00 –
0.1490 0.0048 0.0035 0.0034 0.0060 –

Rk×n/Sn BC t = 0.01 t = 0.03 t = 0.10 t = 0.20 t = 0.40
0.0021 0.0066 0.1391 0.1543 0.1941 0.1747

6.2. Climate science datasets on S2

Following the experimental setup of RSGM (De Bor-
toli et al., 2022), we validate our method on the spheri-
cal density-estimation benchmarks comprising geolocated
events on Earth’s surface—volcanic eruptions (NGD-
C/WDS, 2022b), earthquakes (NGDC/WDS, 2022a), floods
(Brakenridge, 2017), and wildfires (EOSDIS, 2020). Each
event is represented as a point on the unit sphere S2. We
report test log-likelihoods computed with the same manifold-
adapted likelihood estimator for score-based models used in
RSGM, and we compare against their method. The results
are summarized in Table 3. In RSGM, the computation of
the heat kernel is approximated using a combination of the
Varadhan approximation and spectral decomposition.

6.3. Synthetic data on SO(3)

We again follow the experimental setting of RSGM and
evaluate our method on SO(3) using synthetic data drawn
from a mixture of wrapped Gaussians. In RSGM, the heat
kernel is approximated using the Varadhan approximation.
Results are reported in Table 3.

Table 3. Test log-likelihoods on geolocation benchmarks on S2

and synthetic data on SO(3).

Volcano Earthquakes Floods Wildfires Synthetic (SO(3))

RSGM 3.51 ± 0.12 0.10 ± 0.03 −0.53 ± 0.04 1.03 ± 0.01 0.18 ± 0.01
Ours 3.56 ± 0.17 0.24 ± 0.05 −0.47 ± 0.01 1.08 ± 0.01 0.21 ± 0.003

6.4. Traffic analysis on SPD(10)

Li et al. (2024) is one of the early works to formulate dif-
fusion on the space of positive definite matrices. They use
the NYC taxi dataset (Tucker et al., 2023), where New York
City is divided into 10 regions and each SPD(10) matrix
encodes traffic flows between pairs of regions. The dataset
includes 13 predictor features, such as weather conditions
on the observed day. Following their experimental setting,
we train a conditional diffusion model that takes predictors
y as input and generates an SPD matrix X ∈ SPD(10). We
evaluate using the Frobenius distance between generated
matrices and the ground-truth data. Results are in Table 4.

Table 4. Mean and quartiles of Frobenius distances between true
and generated data.

Method Mean 25% 50% 75%

SPD-DDPM 6.15 ± 0.12 1.75 ± 0.05 3.40 ± 0.05 7.49 ± 0.20
Ours 5.21 ± 0.12 1.70 ± 0.01 3.12 ± 0.07 6.31 ± 0.36

6.5. Brain connectivity (EEG) analysis on SPD(n)

DiffeoCFM (Collas et al., 2025) introduces conditional
flow matching using a diffeomorphic mapping SPD(n) →
Rn(n+1)/2, enabling SPD matrices to be modeled in a Eu-
clidean space. Following their experimental protocol, we
evaluate our method on the EEG datasets BNCI2014-002
(Steyrl et al., 2016) and BNCI2015-001 (Faller et al., 2012).
Each SPD matrix is paired with a binary motor-imagery
label, and we generate SPD samples conditionally on label.
We evaluate the generated samples using distributional qual-
ity metrics (α-precision, β-recall and F1) based on Alaa et al.
(2022), and downstream classification accuracy (AUC and
F1), obtained by training a classifier on generated samples
and evaluating it on the test set.

In addition to DiffeoCFM, we compare against the diffusion-
style baseline LowTriDDPM (Collas et al., 2025), which
models diffusion over the lower-triangular entries of SPD
matrices. As shown in Table 5 and Table 6, DiffeoCFM per-
forms best on downstream AUC/CAS-F1, while our method
is competitive and achieves strong precision/Q-F1 on some
settings. We hypothesize that the data-centric diffeomorphic
parameterization (via a log map around a central reference
point) captures global structure more effectively than oper-
ating directly on SPD(n) under the affine-invariant metric.
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Table 5. Quality and CAS metrics on BNCI 2014-002.

Method α-P β-R Q-F1 AUC CAS-F1

LowTriDDPM 0.36 ± 0.05 0.76 ± 0.03 0.47 ± 0.04 0.65 ± 0.03 0.66 ± 0.06
DiffeoCFM 0.62 ± 0.06 0.63 ± 0.05 0.61 ± 0.02 0.81 ± 0.01 0.74 ± 0.02
Ours 0.75 ± 0.04 0.35 ± 0.04 0.69 ± 0.02 0.75 ± 0.02 0.70 ± 0.03

Table 6. Quality and CAS metrics on BNCI 2015-001.

Method α-P β-R Q-F1 AUC CAS-F1

LowTriDDPM 0.76 ± 0.03 0.93 ± 0.01 0.84 ± 0.04 0.64 ± 0.03 0.56 ± 0.10
DiffeoCFM 0.93 ± 0.01 0.86 ± 0.01 0.90 ± 0.01 0.73 ± 0.01 0.67 ± 0.01
Ours 0.91 ± 0.02 0.81 ± 0.02 0.90 ± 0.01 0.71 ± 0.01 0.56 ± 0.01

6.6. Molecule generation on Rk×n/Sn

Finally, we study molecule generation on the permutation-
quotiented space Rk×n/Sn, using the E(3)-Equivariant Dif-
fusion Model (EDM) (Hoogeboom et al., 2022) as a baseline.
QM9 (Ramakrishnan et al., 2014) contains molecules with
up to 29 atoms, along with atomic positions and molec-
ular properties. Following EDM, we concatenate atomic
coordinates with one-hot atom types to form per-atom fea-
ture vectors, representing a molecule with n atoms as a
point cloud in Rk×n. To enable a more direct comparison
with our method, we train an EDM variant based on the
variance-exploding (VE) SDE (Song et al., 2021). We re-
port molecule stability, validity, uniqueness, and novelty
in Table 7. We find that our method produces more valid
molecules but lower novelty, reflecting a common validity–
novelty trade-off in molecule generation. We also note that
our method is not compared to the state-of-the-art base-
lines (Le et al., 2024; Irwin et al., 2025) which use more
parameters and incorporate edge features.

7. Conclusion
In this work, we addressed a central practical bottleneck in
drift-free Riemannian diffusion models: training and sam-
pling typically require access to the manifold heat kernel
and its gradients, which are rarely available beyond a few
simple manifolds. We proposed a general, PDE-based alter-
native: given an explicit specification of a manifold, we (i)
select a global coordinate representation, (ii) derive the cor-
responding heat (Fokker–Planck) equation in coordinates,
(iii) replace the singular Dirac-delta initial condition with a
principled short-time asymptotic initializer, and (iv) train a
physics-informed neural network (PINN) to approximate the
log heat kernel. The resulting surrogate heat kernel supports
both forward noising and conditional-score evaluation, en-
abling denoising score matching and reverse-time sampling
on manifolds where closed-form kernels are unavailable.

Empirically, we demonstrated that this solve-the-heat-
equation viewpoint can serve as a practical backend
for manifold diffusion modeling across diverse geome-
tries and data modalities, including density estimation

Table 7. QM9 generation metrics (all in %).

Method M-Stab Val Uniq Nov

EDM (VE) 95.20±0.36 98.13±0.42 99.12±0.15 63.30±2.41
Ours 98.63±0.25 99.60±0.26 84.61±3.11 41.70±1.59

on S2, synthetic modeling on SO(3), conditional gener-
ation on SPD(n), and quotient-manifold settings such as
permutation-invariant point clouds for molecule generation.
Overall, the experiments support the thesis that PDE-based
heat-kernel approximation can broaden the applicability of
Riemannian diffusion models beyond cases where spectral
methods or analytic kernels are readily available.

Limitations. First, training a PINN for the heat kernel can
become nontrivial as the effective dimension grows or when
the manifold geometry/topology induces a highly structured
solution; in such regimes, optimization can be unstable
and may require stronger inductive biases (e.g., symmetry-
aware architectures or better feature embeddings). Second,
the overall pipeline is computationally heavy in practice:
PINN training requires many collocation evaluations with
higher-order autodifferentiation, and downstream usage may
further require repeated evaluations (and sometimes MCMC-
style forward sampling), leading to substantial runtime and
engineering overhead. Finally, while the method is general,
it is also more complicated than alternatives such as (Rie-
mannian) flow matching, which typically bypass heat-kernel
estimation entirely and can be simpler to implement when
accurate exponential/log maps are available.

Future work. A key direction is to automate and sys-
tematize the full workflow so that applying the method to
a new manifold becomes closer to “plug-and-play.” Con-
cretely, this includes more automatic identification/deriva-
tion of the governing PDE (e.g., Laplace–Beltrami in cho-
sen coordinates), robust construction of the short-time ini-
tializer and boundary/domain specification, and more reli-
able PINN training protocols. Beyond improving usabil-
ity and scalability, it is also promising to extend the PDE-
surrogate idea to a broader class of generative modeling
frameworks—e.g., manifold Schrödinger bridges and con-
trolled diffusions, or hybrids that combine the geometric
convenience of flow matching with stochasticity—where
learned transition-density surrogates (or their score ana-
logues) could serve as modular building blocks.
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S. B., Rocklin, M., Kumar, A., Ivanov, S., Moore, J. K.,
Singh, S., et al. Sympy: symbolic computing in python.
PeerJ Computer Science, 3:e103, 2017.

Miller, B. K., Chen, R. T., Sriram, A., and Wood, B. M.
Flowmm: Generating materials with riemannian flow
matching. In International Conference on Machine Learn-
ing, 2024.

NGDC/WDS. Ncei/wds global
significant earthquake database.
https://www.ncei.noaa.gov/access/metadata/landing-
page/bin/iso?id=gov.noaa.ngdc.mgg.hazards:G012153,
2022a.

NGDC/WDS. Ncei/wds global sig-
nificant volcanic eruptions database.
https://www.ncei.noaa.gov/access/metadata/landing-
page/bin/iso?id=gov.noaa.ngdc.mgg.hazards:G10147,
2022b.

Qi, C. R., Su, H., Mo, K., and Guibas, L. J. Pointnet: Deep
learning on point sets for 3d classification and segmenta-
tion. In Proceedings of the IEEE conference on computer
vision and pattern recognition, pp. 652–660, 2017.

Raissi, M., Perdikaris, P., and Karniadakis, G. E. Physics-
informed neural networks: A deep learning framework for
solving forward and inverse problems involving nonlinear
partial differential equations. Journal of Computational
physics, 378:686–707, 2019.

11



Riemannian Diffusion Models on General Manifolds via Physics-Informed Neural Networks

Ramakrishnan, R., Dral, P. O., Rupp, M., and Von Lilienfeld,
O. A. Quantum chemistry structures and properties of
134 kilo molecules. Scientific data, 1(1):1–7, 2014.

Ronneberger, O., Fischer, P., and Brox, T. U-net: Convolu-
tional networks for biomedical image segmentation. In In-
ternational Conference on Medical image computing and
computer-assisted intervention, pp. 234–241. Springer,
2015.

Rosenberg, S. The Laplacian on a Riemannian manifold:
an introduction to analysis on manifolds. Cambridge
University Press, 1997.

Satorras, V. G., Hoogeboom, E., and Welling, M. E (n)
equivariant graph neural networks. In International con-
ference on machine learning, pp. 9323–9332. PMLR,
2021.

Song, Y., Sohl-Dickstein, J., Kingma, D. P., Kumar, A., Er-
mon, S., and Poole, B. Score-based generative modeling
through stochastic differential equations. In International
Conference on Learning Representations, 2021.

Steyrl, D., Scherer, R., Faller, J., and Müller-Putz, G. R.
Random forests in non-invasive sensorimotor rhythm
brain-computer interfaces: a practical and convenient
non-linear classifier. Biomedical Engineering/Biomedi-
zinische Technik, 61(1):77–86, 2016.

Thornton, J., Hutchinson, M., Mathieu, E., De Bortoli,
V., Teh, Y. W., and Doucet, A. Riemannian diffusion
schrödinger bridge. arXiv preprint arXiv:2207.03024,
2022.

Tucker, D. C., Wu, Y., and Müller, H.-G. Variable selection
for global fréchet regression. Journal of the American
Statistical Association, 118(542):1023–1037, 2023.

Urain, J., Funk, N., Peters, J., and Chalvatzaki, G. Se
(3)-diffusionfields: Learning smooth cost functions for
joint grasp and motion optimization through diffusion.
In 2023 IEEE International Conference on Robotics and
Automation (ICRA), pp. 5923–5930. IEEE, 2023.

Vincent, P. A connection between score matching and de-
noising autoencoders. Neural computation, 23(7):1661–
1674, 2011.

Wang, S., Sankaran, S., Wang, H., and Perdikaris, P. An ex-
pert’s guide to training physics-informed neural networks.
arXiv preprint arXiv:2308.08468, 2023.

Wu, Z., Pan, S., Chen, F., Long, G., Zhang, C., and Yu, P. S.
A comprehensive survey on graph neural networks. IEEE
transactions on neural networks and learning systems, 32
(1):4–24, 2020.

Yim, J., Campbell, A., Foong, A. Y., Gastegger, M.,
Jiménez-Luna, J., Lewis, S., Satorras, V. G., Veeling,
B. S., Barzilay, R., Jaakkola, T., et al. Fast protein back-
bone generation with se (3) flow matching. arXiv preprint
arXiv:2310.05297, 2023.

Zaheer, M., Kottur, S., Ravanbakhsh, S., Poczos, B.,
Salakhutdinov, R. R., and Smola, A. J. Deep sets. Ad-
vances in neural information processing systems, 30,
2017.

12



Riemannian Diffusion Models on General Manifolds via Physics-Informed Neural Networks

A. Mathematical Details
A.1. Fokker-Planck equation in coordinates

The notation follows from Section 4.2.

Gradient, divergence and Laplace-Beltrami. For a smooth function f : M → R, to work in the ambient manifold M̃,
we use any smooth extension f̄ to a neighborhood of M in M̃. The gradient of f̄ in the ambient manifold M̃ is given by

(∇̃ f̄)i = g̃−1
ij ∂j f̄ ,

and the gradient of f in the submanifold M is obtained by projection:

(∇f)(x) = P (x) ∇̃ f̄(x), (∇f)i = Pij(x) g̃
−1
jk (x) ∂kf̄(x). (31)

For a smooth tangent vector field X on M (so PX = X), the divergence is the trace over tangent directions:

divX = tr
(
P (∇̃X)P

)
= Pij(x) (∇̃kX)j Pki(x). (32)

The Laplace–Beltrami operator is ∆Mf := div(∇f), hence

∆Mf = tr
(
P ∇̃

(
P ∇̃ f̄

)
P
)
= Pij(x) ∇̃k

(
Pjℓ(x) g̃

−1
ℓm(x) ∂mf̄(x)

)
Pki(x). (33)

Fokker–Planck equation. Therefore, the Fokker–Planck equation of the simple Brownian motion is given by

∂tpt|0(x | x0) = ∆Mpt|0(x | x0) = Pij(x) ∇̃k

(
Pjℓ(x) g̃

−1
ℓm(x) ∂mp̄t|0(x | x0)

)
Pki(x). (34)

Note that, although pt|0 is defined only on M, we evaluate ∆Mpt|0 by choosing any smooth extension p̄t|0 to a neighborhood
of M in M̃. Any such extension can be used since the projection matrix P (x) projects vectors into the tangent bundle of
M.

A.2. Minakshisundaram–Pleijel recursion formula

We follow the notation in Section 4.3. The heat kernel has an n-th order parametrix expansion (Rosenberg, 1997):

pt(x|x0) = G
(n)
t (x, x0) +O(tn),

G
(n)
t (x, x0) := Gt(x, x0)

(
u0(x, x0) + u1(x, x0)t+ · · · , un−1(x, x0)t

n−1
)
.

(35)

where u0(x, x0) = Dx0
(x)−1/2 and u1, · · · , un−1 can be computed recursively from earlier ones:

ui(x, x0) = r−iD−1/2(x)

∫ r

0

D1/2(z(s))∆M
x ui−1(x, z(s))s

i−1ds (36)

where r = d(x, x0) and z : [0, r] → M is the unit-speed geodesic from x0 to x.

A.3. Worked example of Minakshisundaram–Pleijel recursion formula on S2

Since the recursion formula Equation (36) has an integral, it cannot be analytically computed in general. Instead, if the
dimension of M is sufficiently small or the heat kernel only depends on a small number of variables, we can Taylor-expand
the terms ui and compute the recursion formula, using a Computer Algebra System (CAS), e.g., sympy (Meurer et al.,
2017).

Take x0 = [0, 0, 1]T and for x ∈ S2 ⊆ R3, let r = arccos(xTx0) be the geodesic distance between x0 and x. Due to the
symmetry of pt|0, the heat equation only depends on the distance r. For a function f = f(r) : S2 → R that only depends
on r, the Laplace-Beltrami operator reduces to:

∆S2

f = f ′′ + (
1

r
+

D′

D
)f ′ (37)
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where D(r) = sin r
r is the volume distortion. The recursion formula Equation (36) reduces to:

ui = r−iD(r)−1/2

∫ r

0

D1/2(s)∆ui−1(s)s
i−1ds (38)

where u0 = D(r)−1/2. In the sympy environment, we conduct series expansion before computing the integral in s. Below
we list some examples of computed terms ui using sympy:

u1 =
9689r8

319334400
+

17r6

56700
+

31r4

10080
+

r2

30
+

1

3

u2 = − 1433r8

139708800
+

3277r6

19958400
+

19r4

15120
+

r2

105
+

1

15

u3 = − 9619r8

1026432000
− 5713r6

52390800
+

71r4

110880
+

r2

315
+

4

315

(39)

where the series are truncated at 10-th order. The computed parametrix approximation up to third order is used for the initial
condition of heat kernel, for M = S2 and SO(3).

A.4. Heat equation on SPD(n) in log-eigenvalue coordinates

Let SPD(n) = {X ∈ Rn×n : X = X⊤, X ≻ 0} equipped with the affine-invariant metric

gX(U, V ) = tr
(
X−1UX−1V

)
, X ∈ SPD(n), U, V ∈ TX SPD(n) ∼= Sym(n). (40)

The congruence action of GL(n), X 7→ AXA⊤, is isometric under (40). In particular, the heat kernel started at I is
conjugation-invariant: pt(QXQ⊤ | I) = pt(X | I) for all Q ∈ O(n), hence it depends only on the eigenvalues of X .

Log-eigenvalue coordinates. Write the spectral decomposition

X = Q diag(λ1, . . . , λn)Q
⊤, Q ∈ O(n), λi > 0,

and define log-eigenvalues ri := log λi, so that

X = Q diag(er1 , . . . , ern)Q⊤. (41)

For a conjugation-invariant function f(X) = f̄(r) (symmetric in r), the Laplace–Beltrami operator reduces to its radial part.

Radial volume density. In the coordinates (Q, r), the Riemannian volume element factorizes as

dµSPD(X) = C J(r) dr dµHaar(Q), J(r) =
∏

1≤i<j≤n

sinh
(ri − rj

2

)
, (42)

where C is a constant. It is often convenient to write

J(r) =
(∏

i<j

ri − rj
2

)
D(r), D(r) :=

∏
i<j

sinh
( ri−rj

2

)
ri−rj

2

. (43)

Radial Laplacian. For f(X) = f̄(r), the radial Laplace–Beltrami operator is

(∆f)(X) = (∆radf̄)(r) :=
1

J(r)

n∑
i=1

∂ri

(
J(r) ∂ri f̄(r)

)
. (44)

Expanding (44) yields

∆radf̄(r) =

n∑
i=1

∂2
ri f̄(r) +

n∑
i=1

(
∂ri log J(r)

)
∂ri f̄(r). (45)
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Using (42),

log J(r) =
∑
i<j

log sinh
(ri − rj

2

)
=⇒ ∂ri log J(r) =

1

2

∑
j ̸=i

coth
(ri − rj

2

)
.

Plugging this into (45) gives the explicit radial operator

∆radf̄(r) =

n∑
i=1

∂2
ri f̄(r) +

1

2

∑
i̸=j

coth
(ri − rj

2

)
∂ri f̄(r). (46)

Thus, the heat equation ∂tpt = ∆pt becomes

∂tpt(r) =

n∑
i=1

∂2
ript(r) +

1

2

∑
i<j

coth
(ri − rj

2

) (
∂ri − ∂rj

)
pt(r). (47)

after grouping the symmetric terms.

B. Experiment Details
This section describes the experimental settings.

Architectures and optimization. Unless noted otherwise, for PINN training we use the modified MLP of Wang et al.
(2023) with manifold-dependent embeddings. We implement the PINN in JAX (Bradbury et al., 2018), which enables
computing higher-order derivatives while staying within practical GPU memory limits. For the denoiser, we use the same
architecture as in the baseline experiments. All models are trained with the Adam optimizer and a cosine learning-rate
schedule. The initial learning rate is tuned over {3 · 10−3, 1 · 10−3, 3 · 10−4, 1 · 10−4}.

Hardware and training speed. All models are trained on a single NVIDIA GeForce RTX 3090 Ti GPU. All experiments
finish within one day, except training the diffusion model on QM9, which takes about 3 days.

B.1. Climate science datasets on S2

For PINN training, we fix the initial point x0 = [0, 0, 1]T ∈ S2 and learn the heat kernel conditioned on x0. For an arbitrary
x0 ∈ S2, the heat kernel pt|0(· | x0) is recovered via an isometry that maps x0 7→ [0, 0, 1]T . The PINN is a 4-layer modified
MLP with 256 hidden units and sinusoidal embeddings. We train the PINN on [t0, tmax] = [0.1, 5], imposing the initial
condition at t = t0. The denoiser is a 5-layer MLP with 512 hidden units.

B.2. Synthetic data on SO(3)

We view SO(3) as the quotient manifold S3/{±I}, where S3 ⊂ R4 is the unit 3-sphere. The PINN and denoiser
architectures are identical to Section B.1, except for input/output dimensions.

B.3. Traffic analysis on SPD(10)

Motivated by the symmetric and antisymmetric terms in Equation (27), we introduce two permutation-invariant embeddings
of r:

Sk(r) =
(∑

i

|ri|k
)1/k

, Ak(r) =
(∑

i<j

|ri − rj |k
)1/k

, (48)

where k is sampled uniformly from [1, 5]. Since pt|0 is symmetric in r = (r1, · · · , rn), these embeddings provide a
permutation-invariant representation. We combine them with a sinusoidal embedding of t and feed the resulting features into
the modified MLP PINN. We train the PINN on [t0, tmax] = [0.1, 1], since the hyperbolic geometry of SPD(n) can cause
diffusion across scales even for small t. For the denoiser, we use SPD-Net introduced in Li et al. (2024). This architecture
mimics the shape of U-Net (Ronneberger et al., 2015) with operations on SPD(n).
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Table 8. Runtime of the learned PINN heat-kernel surrogate. We report the average wall-clock time for log-density evaluation, score
evaluation, and one MCMC-based forward sampling step with batch size 128.

M log p eval. (ms) ∇ log p eval. (ms) MCMC sample (ms)

S2 0.116 0.178 1.6
SO(3) 0.118 0.177 6.4
SPD(10) 0.206 0.302 217.7

Rk×n/Sn 1.488 3.404 –

B.4. Brain connectivity (EEG) analysis on SPD(n)

The PINN architecture is identical to Section B.3. For the denoiser, we use a 4-layer MLP with 256 hidden units that takes
the upper-triangular entries (including the diagonal) of an SPD matrix as input and outputs an upper-triangular matrix U
(including the diagonal). We then map U 7→ UTU to ensure positive-definiteness.

B.5. Molecule generation on Rk×n/Sn

Since the heat kernel is permutation-symmetric, we use permutation symmetry as an inductive bias for the PINN. For the
initial point X0 = [x

(1)
0 , · · · , x(n)

0 ]T and a perturbed configuration X = [x(1), · · · , x(n)]T , the PINN input is the matrix of
relative distances R = (Rij)1≤i,j≤n, with Rij = |x(i) − x

(j)
0 |. To encode permutation symmetry, we use a Graph Neural

Network (GNN) (Wu et al., 2020), treating diagonal entries as node features and off-diagonal entries as edge features. Node
and edge features are updated by MLPs with two hidden layers and 64 hidden units, and edge features are aggregated by
summation. We stack two such GNN layers as the PINN.

For the denoiser, following the baseline (Hoogeboom et al., 2022), we use the EGNN architecture (Satorras et al., 2021)
with 9 layers and 256 hidden units.

B.6. Runtime analysis

We report the runtime overhead of the learned PINN heat-kernel surrogate. All timings are measured on a single NVIDIA
GeForce RTX 3090 Ti GPU using the same implementation as in the main experiments. Since the PINN is implemented in
JAX, all per-call timings are measured after JIT compilation. We evaluate the average wall-clock time for computing the
learned log heat kernel log p(θ)t|0 , its conditional score ∇ log p

(θ)
t|0 , and one MCMC-based forward sampling step with batch

size 128.

The cost of evaluating the learned log heat kernel and its score is small for all considered manifolds. The main additional
overhead comes from MCMC-based forward sampling, especially on SPD(10), where each proposal involves matrix
operations under the affine-invariant geometry. The permutation-quotiented point-cloud experiment does not use the same
MCMC forward-sampling procedure, so we omit its MCMC timing.

C. Statements and proofs
C.1. Stability under a zero PINN residual, with an approximate initializer

Theorem C.1 (Stability of an initialized heat-kernel approximation). Let (M, g) be a connected, complete d-dimensional
Riemannian manifold without boundary, and let ∆ be the Laplace–Beltrami operator. Let p(t, x, y) denote the (minimal)
heat kernel (Grigor’yan, 2012), i.e. the unique smooth function on (0,∞)×M×M such that for every y ∈ M

(∂t −∆x)p(t, x, y) = 0, lim
t↓0

p(t, ·, y) = δy (in distributions), p(t, x, y) > 0,

and satisfying the Chapman–Kolmogorov property

p(t+ s, x, z) =

∫
M

p(t, x, y) p(s, y, z) d volg(y), t, s > 0.

Fix x0 ∈ M and abbreviate
pt|0(x) := p(t, x, x0).
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Fix 0 < t0 < tmax and rmax > 0, and define the space–time domain

D := [t0, tmax]×B(x0, rmax), B(x0, rmax) = {x ∈ M : dM(x0, x) ≤ rmax}.

Let qt0 : M → (0,∞) be measurable and assume the global relative initialization error is uniformly small:

sup
y∈M

∣∣∣∣ qt0(y)

pt0|0(y)
− 1

∣∣∣∣ ≤ ε, for some ε ∈ [0, 1). (49)

Define p̃(t, x) for t ≥ t0 by the heat semigroup representation

p̃(t, x) :=

∫
M

p(t− t0, x, y) qt0(y) d volg(y).

(Under (49) the integral is finite, since qt0 ≤ (1 + ε)pt0|0 and
∫
p(t − t0, x, y)pt0|0(y) dy = pt|0(x) < ∞.) Then p̃ is a

(mild) solution of ∂tp̃ = ∆p̃ on (t0,∞)×M, and is smooth for every t > t0.

Then the following hold (stated only on D, although (1) in fact holds for all x ∈ M).

(1) Propagation of the relative error (on D). For all (t, x) ∈ D,∣∣∣∣ p̃(t, x)pt|0(x)
− 1

∣∣∣∣ ≤ ε, equivalently |p̃(t, x)− pt|0(x)| ≤ ε pt|0(x), (50)

and in particular (1− ε)pt|0(x) ≤ p̃(t, x) ≤ (1 + ε)pt|0(x) on D.

(2) Log-density stability (on D). For all (t, x) ∈ D,∣∣log p̃(t, x)− log pt|0(x)
∣∣ ≤ max{− log(1− ε), log(1 + ε)} ≤ ε

1− ε
. (51)

(3) Score stability away from the initialization time (on Dδ). Fix any δ ∈ (0, tmax − t0] and define

Dδ := [t0 + δ, tmax]×B(x0, rmax).

Define

Āδ := sup
t∈[t0+δ,tmax]
x∈B(x0,rmax)

1

pt|0(x)

∫
M

∥∇xp(t− t0, x, y)∥ pt0|0(y) d volg(y), (52)

Bδ := sup
t∈[t0+δ,tmax]
x∈B(x0,rmax)

∥∇x log pt|0(x)∥. (53)

Assume Āδ < ∞ (this is an integrability/regularity condition on the heat kernel gradients; it holds under standard heat
kernel gradient bounds, e.g. Li–Yau-type estimates (Li & Yau, 1986), on many complete manifolds). Then for all (t, x) ∈ Dδ ,

∥∇x log p̃(t, x)−∇x log pt|0(x)∥ ≤ ε

1− ε

(
Āδ +Bδ

)
. (54)

Proof. We use only positivity and the Chapman–Kolmogorov property.

Step 1: Semigroup/Chapman–Kolmogorov formulas. By definition,

p̃(t, x) =

∫
M

p(t− t0, x, y) qt0(y) dy, t ≥ t0.

By Chapman–Kolmogorov,

pt|0(x) = p(t, x, x0) =

∫
M

p(t− t0, x, y) p(t0, y, x0) dy =

∫
M

p(t− t0, x, y) pt0|0(y) dy.

Hence for t ≥ t0,

p̃(t, x)− pt|0(x) =

∫
M

p(t− t0, x, y)
(
qt0(y)− pt0|0(y)

)
dy. (55)
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Step 2: Proof of (1) (on D). Assumption (49) is equivalent to

|qt0(y)− pt0|0(y)| ≤ ε pt0|0(y) for all y ∈ M.

Using (55), positivity of p, and linearity, for any t ∈ [t0, tmax] and any x ∈ M (in particular x ∈ B(x0, rmax)),

|p̃(t, x)− pt|0(x)| ≤
∫
M

p(t− t0, x, y) |qt0(y)− pt0|0(y)| dy

≤ ε

∫
M

p(t− t0, x, y) pt0|0(y) dy

= ε pt|0(x).

This yields (50) on D, and the two-sided bound (1− ε)pt|0 ≤ p̃ ≤ (1 + ε)pt|0 follows immediately.

Step 3: Proof of (2). From (1), for all (t, x) ∈ D we have

1− ε ≤ p̃(t, x)

pt|0(x)
≤ 1 + ε.

Taking logs gives
log(1− ε) ≤ log p̃(t, x)− log pt|0(x) ≤ log(1 + ε),

hence (51). The final bound max{− log(1− ε), log(1 + ε)} ≤ ε/(1− ε) is a standard calculus inequality for ε ∈ [0, 1).

Step 4: Proof of (3): gradient bound for p̃ − pt|0. Fix δ > 0 and consider (t, x) ∈ Dδ so that s := t − t0 ∈
[δ, tmax − t0]. For s ≥ δ > 0 the kernel p(s, x, y) is smooth in (x, y), and (by the assumption Āδ < ∞) the function
y 7→ ∥∇xp(s, x, y)∥ pt0|0(y) is integrable uniformly over x ∈ B(x0, rmax) and s ∈ [δ, tmax − t0]. Therefore we may
differentiate (55) under the integral sign to obtain

∇x

(
p̃(t, x)− pt|0(x)

)
=

∫
M

∇xp(s, x, y)
(
qt0(y)− pt0|0(y)

)
dy.

Using (49) and the definition (52),

∥∇x(p̃(t, x)− pt|0(x))∥ ≤
∫
M

∥∇xp(s, x, y)∥ |qt0(y)− pt0|0(y)| dy

≤ ε

∫
M

∥∇xp(s, x, y)∥ pt0|0(y) dy

≤ ε Āδ pt|0(x), (t, x) ∈ Dδ.

Step 5: Convert to a score bound. For (t, x) ∈ Dδ ,

∇x log p̃−∇x log pt|0 =
∇x(p̃− pt|0)

p̃
+∇x log pt|0

pt|0 − p̃

p̃
.

Taking norms and using (1), we have p̃ ≥ (1− ε)pt|0 and |pt|0 − p̃| ≤ εpt|0 on Dδ . Hence,∥∥∥∥∇x(p̃− pt|0)

p̃

∥∥∥∥ ≤
ε Āδ pt|0

(1− ε)pt|0
=

ε

1− ε
Āδ,

and, using the definition (53), ∥∥∥∥∇x log pt|0
pt|0 − p̃

p̃

∥∥∥∥ ≤ Bδ

εpt|0

(1− ε)pt|0
=

ε

1− ε
Bδ.

Combining yields (54).
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Step 6: Finiteness of Bδ. Since (M, g) is complete, Hopf–Rinow implies the closed ball B(x0, rmax) is compact.
Because pt|0(x) is smooth and strictly positive for t ≥ t0 + δ > 0, the map (t, x) 7→ ∥∇x log pt|0(x)∥ is continuous on the
compact set Dδ , hence Bδ < ∞. This completes the proof.

Remark C.2 (On the role of Āδ). In the compact case one may bound ∥∇xp(s, x, y)∥ ≤ Aδ p(s, x, y) with a finite uniform
constant by taking a supremum over y ∈ M. On a non-compact manifold this uniform ratio typically fails (already on Rd),
so we replace it by the averaged quantity Āδ in (52). On many classes of complete manifolds (e.g. under Ricci lower bounds
plus standard heat kernel Gaussian/gradient estimates), Āδ is finite on Dδ .

C.2. Stability under a nonzero PINN residual

Theorem C.1 analyzes the idealized setting where the approximate initial condition is evolved exactly under the heat equation.
In practice, however, the learned PINN is only an approximate solver: it is trained to match the initial/boundary condition
and to make the PDE residual small, but the residual is not identically zero. We therefore give a complementary stability
statement showing that a uniformly small residual for the log heat equation leads to a controlled log-density error.

Theorem C.3 (Stability under a nonzero log-PDE residual). Let Q = [t0, tmax] × Ω be a compact space-time domain,
where Ω ⊂ M is a spatial domain with smooth boundary. Let ∂pQ denote the parabolic boundary,

∂pQ =
(
t0 × Ω

)
∪
(
[t0, tmax]× ∂Ω

)
. (56)

When Ω = M and M is compact without boundary, the lateral boundary term is absent. Let p = eϕ be the exact heat kernel
on Q, so that

∂tp = ∆Mp, ϕ = log p. (57)

Equivalently, ϕ satisfies
R[ϕ] := ∂tϕ−∆Mϕ− |∇ϕ|2g = 0. (58)

Let ϕ̂ be a smooth PINN approximation and define p̂ = eϕ̂. Suppose that, for some εR, εB ≥ 0,

|R[ϕ̂](t, x)| ≤ εR, (t, x) ∈ Q, (59)

and
|ϕ̂(t, x)− ϕ(t, x)| ≤ εB , (t, x) ∈ ∂pQ. (60)

Then, for every (t, x) ∈ Q,
e−εB−εR(t−t0)p(t, x) ≤ p̂(t, x) ≤ eεB+εR(t−t0)p(t, x). (61)

Equivalently,
|ϕ̂(t, x)− ϕ(t, x)| ≤ εB + εR(t− t0) ≤ εB + εR(tmax − t0). (62)

Proof. A direct calculation gives the key identity

(∂t −∆M )p̂ = p̂
(
∂tϕ̂−∆M ϕ̂− |∇ϕ̂|2g

)
= p̂,R[ϕ̂]. (63)

Hence the residual bound implies
−εRp̂ ≤ (∂t −∆M )p̂ ≤ εRp̂.

Define the exponentially rescaled functions

u+(t, x) = e−εR(t−t0)p̂(t, x), u−(t, x) = eεR(t−t0)p̂(t, x).

Then u+ and u− are respectively a subsolution and a supersolution:

(∂t −∆M )u+ ≤ 0, (∂t −∆M )u− ≥ 0. (64)

On ∂pQ, the boundary assumption gives
e−εBp ≤ p̂ ≤ eεBp.

Since p exactly solves the heat equation, the parabolic comparison principle applied to Equation (64) yields

u+(t, x) ≤ eεBp(t, x), u−(t, x) ≥ e−εBp(t, x)
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throughout Q. Rearranging gives the density bound

e−εB−εR(t−t0)p(t, x) ≤ p̂(t, x) ≤ eεB+εR(t−t0)p(t, x). (65)

Taking logarithms gives
|ϕ̂(t, x)− ϕ(t, x)| ≤ εB + εR(t− t0),

which proves the claimed log-density bound.
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