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Abstract

Cross-domain recommendation (CDR) serves as
a pivotal solution to data sparsity and cold-start
problems by transferring knowledge across dis-
tinct domains. However, existing approaches pre-
dominately rely on Euclidean embedding spaces,
which suffer from a fundamental geometry-
distribution mismatch: real-world user-item in-
teractions typically exhibit power-law distribu-
tions and latent hierarchical structures that flat Eu-
clidean spaces cannot accurately represent with-
out significant distortion. This geometric limita-
tion not only compromises representation quality
but, more critically, hinders the effective disen-
tanglement of domain-invariant user preferences
from domain-specific interests, limiting transfer-
ability in low-overlap scenarios. To bridge this
gap, we introduce the Mixed-Curvature Hyper-
bolic Variational Auto-Encoder (HVAE), a prin-
cipled framework that unifies knowledge extrac-
tion and transfer within a hyperbolic manifold. By
leveraging the exponential expansion capacity of
hyperbolic geometry, HVAE naturally accommo-
dates hierarchical data structures, enabling precise
disentanglement of user intents without the need
for strict domain overlap constraints. Further-
more, we propose a rigorous hyperbolic Wasser-
stein barycenter mechanism to align invariant dis-
tributions across heterogeneous domains. Exten-
sive experiments on large-scale industrial and pub-
lic datasets demonstrate that HVAE achieves su-
perior performance, particularly in challenging
scenarios with long-tail distributions and minimal
domain overlap.
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(a) Euclidean space
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(b) Poincaré space

Figure 1. Distance to the origin (0, 0) from each item vs its pop-
ularity in Euclidean and Poincaré spaces respectively. We take
the music domain of Amazon dataset as an example and adopt a
vanilla hyperbolic recommendation model, i.e., HGCF (Sun et al.,
2021), to get the representations. (a) Euclidean version which is
modified by HGCF; (b) Original hyperbolic version.

1. Introduction
Recommender Systems (RSs) have become indispensable
in navigating the abundance of online content. While Col-
laborative Filtering (CF) (Sarwar et al., 2001) remains a
dominant paradigm, it inherently struggles with data spar-
sity (Li et al., 2009) and the cold-start (Zhu et al., 2021b)
problem. Cross-domain recommendation (CDR) offers a
promising solution by transferring knowledge from rich
source domains to target domains. The core efficacy of CDR
hinges on two mechanisms: extracting reliable knowledge
(representation) and sharing it effectively across domains
(transfer). One dominant approach, grounded in matrix
factorization, extracts intra-domain preferences and refines
them via pairwise transfer modules (Yan et al., 2019; Li
et al., 2019; Ma et al., 2019b; Zhao et al., 2019; Liu et al.,
2020; Cui et al., 2020; Zhu et al., 2021a). An alternative
strategy centers on aligning pre-trained domain-specific rep-
resentations through explicit mapping functions (Man et al.,
2017; Salah et al., 2021; Cao et al., 2022). Recent advance-
ments have focused on disentanglement learning (Gao et al.,
2025; Rong et al., 2025; Guo et al., 2023), aiming to separate
a user’s domain-invariant preferences from domain-specific
behaviors.

Despite these advancements, we argue that existing methods
overlook a foundational issue: the Geometry-Distribution
Mismatch. Real-world interaction data in recommenda-
tion systems typically follows a power-law distribution, im-
plying an underlying hierarchical structure (e.g., popular
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items form the root,"tail" items form the leaves) (Gulcehre
et al., 2018; Bronstein et al., 2017; Sala et al., 2018; Ravasz
& Barabási, 2003) (see Appendix.A for empirical analy-
sis). As shown in Fig.1, visualizing the learned represen-
tation differences between Euclidean and Poincaré spaces
reveals that the distance to the origin in the vanilla hyper-
bolic model(Sun et al., 2021) increases exponentially with
decreasing item popularity, aligning with hyperbolic vol-
ume expansion characteristics. Embedding such exponen-
tially expanding hierarchies into a polynomial expanding
Euclidean space inevitably leads to distortion, especially
for “tail” users and items (Gulcehre et al., 2018; Sala et al.,
2018). This distortion is fatal for CDR: if the underlying
representation space is warped, any attempt to disentangle
“invariant” from “specific” features becomes mathematically
ill-posed and ineffective.

To address this, we propose the Mixed-Curvature Hyper-
bolic Variational Auto-Encoder (HVAE). Instead of treat-
ing hyperbolic geometry as a mere plugin, we redesign the
entire CDR pipeline to operate natively within the hyper-
bolic space. This choice is motivated by the fact that the
exponential volume expansion of hyperbolic space allows
HVAE to embed power-law data with minimal distortion,
preserving the fidelity of long-tail user preferences.

Specifically, HVAE assigns adaptive mixed-curvature ge-
ometries to different domains to accommodate their hetero-
geneous densities. To facilitate robust knowledge transfer,
we introduce a novel Hyperbolic Wasserstein Barycenter
mechanism to effectively disentangle user representations
into domain-invariant and domain-specific components via
a variational framework. Additionally, to handle extreme
sparsity where connectivity is scarce, we incorporate a self-
training strategy with pseudo-labeling as a complementary
enhancement.

Our main contributions are summarized as follows:

• Geometric First Principles: We identify the Eu-
clidean geometry-distribution mismatch as a bottleneck
in CDR and propose HVAE, the first framework to
unify disentangled representation learning and knowl-
edge transfer entirely within hyperbolic space.

• Manifold-Aligned Transfer Mechanism: We develop
a computationally efficient method to approximate the
Wasserstein Barycenter in hyperbolic space, enabling
robust alignment of domain-invariant features across
heterogeneous domains.

• Scalability and Robustness: We integrate an adap-
tive curvature mechanism and a self-training strategy,
ensuring the model scales to multiple domains and
remains robust in extreme cold-start settings. Exten-
sive experiments on public and large-scale industrial

datasets confirm that HVAE achieves state-of-the-art
performance, with significant gains in long-tail and
cold-start settings.

2. Related work
Multi-domain CDR. Cross-domain recommendation(CDR)
has seen significant advancements in addressing the cold-
start and data-sparsity challenges. Early methods tackling
cold-start issue, such as EM-CDR(Man et al., 2017) and
SSC-DR(Kang et al., 2019), aligned independently mod-
eled user interests across domains via mapping functions.
More recent approaches, including TMCDR(Zhu et al.,
2021b) and PUTPCDR(Zhu et al., 2022), leverage meta-
networks trained on pre-trained user/item representations to
dynamically generate personalized mappings. Variational
autoencoder (VAE)-based methods, such as SA-VAE(Salah
et al., 2021), VDEA(Liu et al., 2022), and DIDA-CDR(Zhu
et al., 2023), further refine this line of research by disen-
tangling latent user representations into discriminative and
domain-invariant components. Meanwhile, methods tack-
ling data sparsity have progressed from MLP-based transfer
mechanisms like DDTCDR(Li & Tuzhilin, 2020) and CAT-
ART(Zhao et al., 2022) to graph neural network (GNN)-
based models such as GA-DTCDR(Zhu et al., 2020), CCDR
(Xie et al., 2022),GA-MTCDR(Zhu et al., 2021a), Hero-
Graph(Cui et al., 2020) and MSCDR (Li et al., 2023), which
enhance cross-domain knowledge transfer via graph-based
embeddings and attention-driven sharing modules. While
these methods have demonstrated significant progress, they
remain constrained by domain sensitivity and heavy reliance
on extensive user overlap between domains. In contrast, our
proposed approach offers a comprehensive solution that ad-
dresses both data-sparsity and cold-start issues in a unified
framework. By eliminating sensitivity to the number of
domains and user overlap constraints, our work establishes
a foundation for building a universal cross-domain recom-
mender system that is applicable across diverse scenarios.

Domain Generalization. Domain Generalization (DG) fo-
cuses on training models from multiple source domains to
generalize well on unseen target domains, with significant
progress made in the Computer Vision (CV) field. A popular
branch to address domain shift is domain-invariant represen-
tation learning, which includes two main categories: explicit
feature alignment(Tzeng et al., 2014; Motiian et al., 2017;
Peng et al., 2019a; Wang et al., 2020; Zhou et al., 2020)
and feature disentanglement like (Ding & Fu, 2017; Peng
et al., 2019b; Ilse et al., 2020; Zhang et al., 2022). While
DG methods have achieved remarkable success in CV tasks,
their adaptation to multi-target cross-domain recommen-
dation remains limited. Unlike CV tasks, CDR involves
unique challenges, such as Euclidean representation distor-
tion for user and item hierarchical embeddings. Our work
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Figure 2. The overall framework of the proposed HVAE method. Leveraging a hyperbolic variational autoencoder, we disentangle user
representations into domain-invariant and domain-specific components within hyperbolic space. Crucially, this representation is resilient
to variations in the number of domains and the overlap among entities, making it highly adaptable to diverse cross-domain settings
while preserving the hierarchical and structural properties of the data. The hyperbolic decoder reconstructs domain-specific interaction
information for each user, ensuring fidelity to the latent representations generated by the encoder.

just bridges this gap by extending DG techniques to the
multi-target CDR setting.

3. Methodology
In this section, we present the proposed Mixed-Curvature
Hyperbolic Variational Autoencoder (HVAE). Unlike pre-
vious approaches that treat embedding learning and domain
adaptation as separate pipelines, HVAE unifies them into a
single probabilistic framework on a Riemannian manifold.
Fig.2 illustrates the overview of our proposed HVAE, which
is the first attempt to unify data-sparsity as well as cold-start
multi-domain CDR problems in non-Euclidean space. We
first define the disentanglement mechanism within the hy-
perbolic space (Sec. 3.1.1). We then introduce a geometric
alignment strategy based on the Hyperbolic Wasserstein
Barycenter to enable robust knowledge transfer (Sec. 3.1.2).
Finally, to handle scenarios with extreme data sparsity (e.g.,
< 1% overlap), we incorporate a cycle-consistent pseudo-
labeling mechanism as an auxiliary data augmentation mod-
ule (Sec. 3.3).

3.1. The HVAE Framework

We adopt the n-dimensional Poincaré ball model Bn
c as our

Riemannian manifold, defined as Bn
c = {x ∈ Rn : c∥x∥2 <

1}, where c > 0 denotes the curvature (See Appendix.B.2
for the related Riemannian manifold preliminary). The core
premise of HVAE is to construct a variational inference
framework on the hyperbolic manifold that disentangles a
user u’s preferences z into two latent representations: a

Domain-Invariant component zinv and a Domain-Specific
component zspec. We achieve preference reconstruction and
disentanglement by maximizing the Evidence Lower Bound
(ELBO). The complete derivation of the hyperbolic ELBO
is detailed in Appendix B.3.

3.1.1. ADAPTIVE HYPERBOLIC ENCODER &
DISENTANGLEMENT

Given the heterogeneity data distribution across domains, a
fixed curvature limits model expressiveness. We therefore
assign a learnable adaptive curvature cd to each domain
d ∈ {A,B,C}, allowing the manifold to dynamically adapt
to the intrinsic structure of each domain. Each domain is
characterized by its user set U , item set V , and explicit
binary user-item interaction matrix R ∈ {0, 1}|U|×|V|. We
do not impose strict conditions on the historical behaviors
of users across domains, allowing for the possibility of no
overlap between users in different domains.

Hyperbolic Inference: Specifically, given the raw binary
interaction matrix Rd for domain d, the Encoder first maps
the user preference representation to a hyperbolic embed-
ding ud

g ∈ Bn
cd

. Being a crucial step prior to disentangled
operations, we require two hyperbolic posterior distributions
q(zinv|u, d) and q(zspec|u, d), aligned in hyperbolic VAE
framework. Taking zspec as an example, its distribution pa-
rameters—the hyperbolic mean µd

spec and the tangent space
variance σd

spec—are derived as:
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µd
spec = W1 ⊗cd ud

g ⊕cd b1,

σd
spec = Softplus(W2 × logcd0 (ud

g) + b2).
(1)

where ⊗cd denotes Möbius matrix-vector multiplication un-
der curvature cd, {W1,W2, b1, b2} are learnable parameters,
and logcd0 (·) is the logarithmic map projecting from the man-
ifold to the tangent space. Then the posterior distribution
q(zspec|u, d) can be obtained as q(zspec|u, d) = NBn

cd
(z |

µd
spec, σ

d
spec). NBn

c
(z | µ, σ2) is the hyperbolic warpped

normal distribution. See Appendix.B.4 for the derivation
detail of probability density function and sampling strategy
within hyperbolic space.

Efficient Wasserstein Alignment: To enforce geometric
separation between zinv and zspec, we aim to maximize the
divergence between their distributions. However, comput-
ing the Wasserstein distance for continuous distributions
in hyperbolic space typically requires sampling strategies
with O(n log n) complexity, which prohibits scalability. We
propose an analytical approximation that leverages the Gaus-
sian properties in the tangent space, reducing complexity to
O(n). Specifically,

Definition 3.1. In hyperbolic space, the analytical approxi-
mated 2-Wasserstein distance of hyperbolic Gausssian dis-
tributions Wp1 and Wp2 is defined as:

W 2
2 (Wpinvd,Wpdspec) = dist2(µd

inv, µ
d
spec)+

((σd
inv)

1
2 − (σd

spec)
1
2 )2

(2)

This formula combines the geodesic distance of means on
the manifold with the Euclidean distance of standard devia-
tions in the tangent space. Based on this, we construct the
disentanglement loss Ldis which need to be maximized to
guide the disentanglement.

Ldis =

n∑
d=1

W 2
2 (Wpdinv,Wpdspec) (3)

Appendix B.5 provides the detailed definition.

3.1.2. INVARIANT INFORMATION AGGREGATION VIA
BARYCENTER

Since the inferred “invariant” representation zinv may inher-
ently vary across domains, we must aggregate information
to obtain a globally consistent representation. Exploiting
the geometry of the Wasserstein metric, we motivated by
barycenter strategy to get the final and unique invariant
mean µ̂inv and σ̂inv . Specifically, we first derive the unique
invariant hyperbolic normal distribution as following strat-
egy:

NBn
c
(µ̂inv, σ̂inv) = argmin

µ,σ

3∑
d=1

λdW
2
2

(
NBn

c
(µ, σ),NBn

c
(µ′d

inv, σ
d
inv)

) (4)

then we have:

µ̂inv = argmin
µ

3∑
d=1

λddist
2(µ′d

inv, µ),

σ̂inv = (

3∑
d=1

λd((σ
d
inv)

1
2 ))2,

(5)

where λd is calculate by the number of interactions in d-
th domain. Specifically, let numu

d be the the number of
interactions in d-th domain for one specific user, then

λd =
enum

i
d∑3

j=1 e
numi

j

, i = 1, 2, 3. (6)

Inspired by the work (Ungar, 2008), we involve a closed
form expression to compute the average midpoint in the
gyrovector spaces as:

m(x(1), ..., x(N);λ) =
1

2
⊕

(
N∑
i=1

λiγi∑N
j=1 λj(γj − 1)

x(i)

)
(7)

with λ = (λ1, ..., λN ) as the weights for each sample x(i)

and γi =
2

||x(i)||2 . So µ̂inv can be obtained as

µ̂inv =
1

2
⊕

(
3∑

i=1

λiγi∑3
j=1 λj(γj − 1)

µ′i
inv

)
, (8)

where γi =
2

||µ′i
inv||2

.

Having obtained the invariant posterior distribution, we
employ an adversarial approach to enhance invariant learn-
ing. As domain shifts occur, invariant information remains
constant, whereas specific information is closely tied to
the domain index. We introduce a discriminator aimed at
quickly identifying the domain index based on specific in-
formation. This is achieved by sampling latent variables
from q(zspec|u, d) and using softmax prediction for multi-
class domain classification. To prevent the discriminator
from distinguishing the domain index, we sample latent
variables from q(zinv|u), thereby confusing its judgment.
Consequently, we incorporate the following auxiliary loss:

Lcls = −
3∑

d=1

Od log(fcls(z
d
spec))−Oinv log(fcls(zinv)). (9)

where fcls: M → RM represents the discriminator. Od =
[0, . . . , 1, . . . , 0] is the domain index indicator and Oinv =
[1/3, 1/3, 1/3] if the number of domains is 3.

3.2. Hyperbolic Decoder

The decoding phase reconstructs user interactions from la-
tent representations. We concatenate the aggregated invari-
ant representation Zinv and the domain-specific representa-
tion Zd

spec, then map them back to the manifold of domain
d via a fully connected layer fc to obtain the final user
embeddingEd = fc(Zinv∥Zd

spec). ∥ is a concat operator.
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Then we compute the predicted score s′(ui, vj) of user i and
item j by Fermi-Dirac decoder, a hyperbolic generalization
of the Sigmoid function, measuring the distance matching
on the manifold:

s′(ui, vj) =
1

e(dB(Ed
i ,V

d
j )−r)/t + 1

(10)

where r and t are hyperparameters. Thus, the reconstruction
loss can be derived as follows:

Lvae =
∑
i,j,d

−Rd
re(ij) log s

′d(ui, vj)

+ β
∑
u

KL(q(zinv)∥p(zinv))

+ β
∑
u,d

KL(q(zspec)∥p(zspec)),

(11)

.

3.3. Robust Training with Cycle-Pseudo-Labeling

While HVAE is geometrically robust, constructing stable
manifold embeddings remains challenging for users with
extreme sparsity or in cold-start scenarios using only sparse
observed interactions. To address this, we integrate a self-
training cycle that iteratively enhances the adjacency matrix
via pseudo-labeling. To disambiguate variable definitions,
we distinguish between the discrete binary interaction matrix
R ∈ {0, 1}|U |×|V | and the continuous similarity matrix
S ∈ [0, 1]|U |×|V |. In each training epoch e, we refine the
adjacency matrix Sd

mod for domain d by blending observed
data with model predictions:

Sd
mod = αe · Sd

obs + (1− αe) · Sd
pred (12)

where Sd
obs is derived from the ground-truth observations

Rd. Sd
pred is the current predicted similarity output by

the HVAE decoder. αe is a confidence weight that decays
dynamically as training progresses.

This strategy allows Sd
mod to rely on global priors during

early training and progressively incorporate high-confidence
pseudo-interactions “imagined” by HVAE. Experimental
analysis in Industrial Online Performance section validates
the robustness of this strategy in scenarios with only 1%
overlap.

3.4. Optimization Objective

By merging all the loss functions mentioned above, we have
the joint learning objective as:

L = Lbpr + α1Lvae − α2Ldis + α3Lcls. (13)

where α1, α2, α3 are hyperparameters balancing the terms.
Regarding the optimizer, since the adaptive curvature cd
causes the tangent space coordinate system to change dy-
namically, theoretical analysis and empirical results (see

Appendix B.6) demonstrate that the standard Adam opti-
mizer is more stable and efficient than Riemannian Adam
(Radam) in this specific setting.

3.5. Theoretical Analysis of HVAE

To theoretically justify the stability of the HVAE architec-
ture in cross-domain knowledge transfer, we derive a for-
mal generalization error bound for hypotheses defined on
a Riemannian manifold. This analysis, grounded in the de-
tailed proofs provided in Appendix B.7, elucidates how the
negative curvature of the latent space acts as a geometric
inductive bias to bound the target domain risk.

Consider the latent manifold Bn
c to be an n-dimensional

Poincaré ball. We define a hypothesis space H consisting
of ϕ-Lipschitz continuous functions. For any h ∈ H, the
expected risk on the target domain Dt is denoted as ϵt(h) =
E(z,y)∼Dt

[L(h(z), y)], and the empirical risk on the source
domain Ds is ϵ̂s(h) = 1

m

∑m
i=1 L(h(zi), yi).

Theorem.1.Manifold-Constrained Generalization Bound
Following the derivation in Appendix B.7, for any h ∈ H
and δ ∈ (0, 1), with probability at least 1− δ, the following
inequality holds:

ϵt(h) ≤ϵ̂s(h) + 2ϕR̂m(H) + 3

√
ln(2/δ)

2m

+
1

2
dH∆H(Ds,Dt) + λ,

(14)

where R̂m(H) is the empirical Rademacher complexity,
dH∆H is the H∆H-distance representing the domain diver-
gence, and λ is the minimum combined risk of the ideal
joint hypothesis. Theorem 1 highlights the fundamental
advantages of the HVAE architecture through the lens of
curvature-driven complexity control:

• Capacity Regulation via Negative Curvature: In the
Poincaré ball, the volume of a geodesic ball Vol(BR)
grows exponentially with R

√
c. While this provides

high representation capacity for hierarchical data, the
R̂m(H) term is implicitly regularized by the Rieman-
nian metric. Maintaining ϕ-Lipschitz continuity on
a negatively curved manifold is more restrictive than
in Euclidean space, effectively compressing the hy-
pothesis space and leading to a tighter generalization
gap.

• Divergence Minimization: As proved in Appendix
B.7, the fidelity of hyperbolic geometry to hierarchical
topologies significantly reduces the dH∆H divergence.
By aligning multiple domains within a unified Poincaré
ball, HVAE minimizes the discrepancy between Ds and
Dt, ensuring that the transfer error remains bounded
even with limited target samples m.
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(a) MYbank (b) Amazon
Figure 3. Model performance (%) under data sparsity scenarios.

4. Experiments
Experiment Protocol. To address our research inquiries,
we executed empirical investigations utilizing publicly Ama-
zon datasets1 and a real-world large-scale financial dataset
collected from MYbank of Ant Group2. Details are pre-
sented in Table.1. Following common practice in previous
RS literatures(Zhu et al., 2021a; Li & Tuzhilin, 2020; Zhu
et al., 2019), we employ widely accepted top-N metrics
normalized discounted cumulative gain (N@10) and hit rate
(H@10) as evaluation metrics for CDR scenarios. Higher
values means better performance for all the metrics. Besides,
we selected four established benchmarks: GA-DTCDR(Zhu
et al., 2020) and CCDR(Xie et al., 2022) generally used
for dual-domain cross-domain recommendation tasks, and
GA-MTCDR(Zhu et al., 2021a) and HeroGraph(Cui et al.,
2020) for multi-domain cross-domain recommendation sce-
narios. We choose these baselines because they have been
repeatedly validated in industrial scenarios, demonstrating
strong performance and stability.

Parameter Settings. To ensure a fair comparison across
methods, we maintained consistent hyperparameter settings
for all experiments, which were conducted on A100 GPU us-
ing Pytorch, with results averaged over 5 runs; the reported
hyperparameters represent the best outcomes from extensive
random searches. We also examined the impact of varying

1http://jmcauley.ucsd.edu/data/amazon/
2https://www.antgroup.com/en

user overlap ratios—1%, 30%, 70%—on the dataset distri-
bution, with lower percentages indicating less overlap and
higher percentages indicating greater overlap. For method-
specific hyperparameters, we tuned the VAE factor α1, the
distance factor α2, and the discriminator factor α3 in Eq. 13
within {0.00001, 0.0001, 0.001, 0.01, 0.1, 1}.

Table 1. Statistics of the dataset.

Task Amazon MYbank
Domain Beauty Health Clothing Loan Fund Account
#User 36332 36778 20729 947139 622198 293276
#Item 17973 22536 11746 1921 717 2770

#Avg.I/User 15.26 11.50 13.34 2190.82 775.13 307.5
#Avg.U/Item 7.55 7.05 7.56 4.44 0.89 2.09

#Actions 274182 259248 156649 4208565 555765 851762
#Sparsity 99.96% 99.97% 99.94% 99.77% 99.88% 99.90%

4.1. Performance Analysis

How does HVAE perform on data-sparsity scenarios? A
critical limitation of existing Cross-Domain Recommenda-
tion (CDR) methods is their reliance on high user overlap
ratios (often assuming > 50%) to align feature spaces. As
illustrated in Fig. 3 (where red arrows indicate the per-
formance gains of HVAE over the second-best baseline),
HVAE consistently achieves state-of-the-art results across
all user overlap ratios (1%, 30%, 70%), datasets (MYbank,
Amazon), and evaluation metrics (H@10, N@10).

Critically, the performance margin between HVAE and the
strongest baseline increases monotonically as overlap de-
creases, revealing its structural robustness under extreme
data scarcity. Under conditions of extreme sparsity (1%
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(a) MYbank (b) Amazon
Figure 4. Model performance (%) under cold-start scenarios.

overlap), HVAE yields significant improvements of 3.5%–
10.46% (H@10) and 4.31%–15.16% (N@10) across all do-
mains in the MYbank dataset—margins that represent sub-
stantial gains for large-scale industrial applications. Simi-
larly, on the Amazon dataset, HVAE achieves improvements
of 5.54%–13.07% (H@10) and 5.3%–13.42% (N@10),
demonstrating exceptional efficacy for long-tail user model-
ing. At moderate sparsity (30% overlap), HVAE maintains
its superiority, on the MYbank dataset, HVAE achieves av-
erage gains of 6.5% (H@10) and 8.31% (N@10), while on
the Amazon dataset, it yields average improvements of 2.9%
(H@10) and 5.53% (N@10). Even under high-overlap con-
ditions (70%), where anchor-rich settings theoretically favor
conventional alignment approaches, HVAE retains a measur-
able lead. The superiority of HVAE stems from its geomet-
ric properties. Euclidean models suffer from the “crowding
problem” where tail users (who have few interactions) are
squeezed near the origin, making them indistinguishable
during transfer. HVAE’s hyperbolic geometry provides ex-
ponential volume near the boundary, allowing it to preserve
the hierarchical distinction of these sparse users even when
direct overlapping signals are minimal.

How does HVAE perform on cold-start scenarios? We
further evaluate the performance of our model in cold-start
scenarios, where training users are randomly selected, and
test users are entirely new to the target domain. Specifically,
to assess the cold-start performance of a user u1 in domain
A, we exclude u1’s interaction data from domain A in the
training set. The results, shown in Fig. 4, demonstrate that
our HVAE model outperforms other methods across all eval-
uation metrics, with an average improvement of 3.13% and
5.53% over the second-best method in H@10 and N@10,
respectively on MYbank. Similar findings are obtained in
experiments on the Amazon dataset. The superior perfor-
mance of HVAE in cold-start scenarios is attributed to its

ability to decouple information and model user-item inter-
actions in non-Euclidean space, which, combined with the
utilization of pseudo-label techniques, enables HVAE to
effectively leverage knowledge from other domains and it-
eratively refine the cold-start user representations. These
capabilities lead to more accurate and robust recommen-
dations for users in the target domain with limited prior
data.

4.2. Ablation Study

To investigate the contributions of HVAE’s key components,
we conducted an extensive ablation study by systematically
removing or modifying critical modules. The following
variants were examined:w/o-Hypolic: replacing hyperbolic
space with Euclidean space for representation learning; w/o-
Adaptive: using fixed curvatures for each domain instead of
learnable ones; w/o-VAE: replacing the variational autoen-
coder with a deterministic autoencoder; w/o-Pseudo-label:
removing the pseudo-labeling and cycle-training mecha-
nisms; w/o-Distance: disabling the distance-based loss by
setting α2 = 0; w/o-Classify: eliminating the classifica-
tion loss by setting α3 = 0. Fig. 5 presents the results.
Notable observations include: Impact of Hyperbolic Ge-
ometry: Substituting hyperbolic embeddings with their Eu-
clidean counterparts results in the most pronounced perfor-
mance degradation. This observation empirically validates
our primary motivation: the intrinsic necessity of hyper-
bolic geometry for robust hierarchical feature extraction and
cross-domain knowledge transfer. Importance of Adaptive
Curvature: Utilizing fixed curvatures rather than learnable
ones leads to a substantial decline in efficacy. This under-
scores the objective necessity of assigning domain-specific,
learnable curvatures to effectively model the intrinsic data
heterogeneity inherent in different domains. Variational
vs. Deterministic Modeling: Replacing the variational

7



HVAE: Hyperbolic Variational Autoencoder For Flexible Knowledge Transfer Across Multiple Domains

(a) MYbank (b) Amazon
Figure 5. Relative Performance Drop of HVAE Components.

autoencoder framework with a deterministic autoencoder
yields a noticeable drop in performance, suggesting that the
probabilistic latent space is crucial for capturing uncertainty
and ensuring invariant knowledge transfer. Besides, the
pseudo-labeling strategy also provides a substantial perfor-
mance boost to the HVAE. In conclusion, these findings
demonstrate that each module is indispensable; their syn-
ergistic integration underpins the overall high-performance
behavior of the HVAE model.

Figure 6. Online results for A/B test within 7 days.

4.3. Industrial Online Testing

To evaluate the effectiveness of HVAE in real-world on-
line scenarios, we conduct an online A/B test on the Ant
Group recommendation platform. Table. 3 (See AppendixC)
presents five domains of real-world scenarios with a low
overlap usage ratio of 1% across all domains. Note that
during the online experiments, we additionally included
BPR and LightGCN, which are classic single-domain rec-
ommendation methods that have been repeatedly used in the
industry. Fig. 6 illustrates the online CTR (a critical metric
for evaluating user engagement in online advertising, recom-
mendation systems, and e-commerce) results over a period

of 7 days, showing that HVAE outperformed all other mod-
els significantly, i.e. 7.453% improvement on average. The
results prove HVAE’s effectiveness in large-scale, challeng-
ing environments with multiple domains (at least five), low
user overlap (approximately 1%), large user bases (nearly
ten million per domain) and rigorously real-time inference
constraints.

5. Conclusion
In this paper, for the sake of developing a method that ad-
dresses both long-standing data scarcity and cold-start RSs
issues from a fresh perspective, we propose an innovative
adaptive mixed-curvature HVAE framework that enables
us to jointly learn and transfer reliable knowledge across
multiple domains in a hyperbolic space. Besides, we offer
theoretical understandings to demonstrate the reasoning be-
hind our proposed approach. In essence, our HVAE can be
viewed as a more versatile extension of the Euclidean VAE
framework. Comprehensive testing and ablation studies
have validated the remarkable effectiveness of the proposed
method across various evaluation metrics.

Impact Statement
This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Dataset Distribution
As discussions in many works (Ravasz & Barabási, 2003; Wang et al., 2015; 2018; Ma et al., 2019a; Li et al., 2020),
user-item interactions of recommendation systems generally present the intrinsic power-law distribution, which means that a
majority of user/item have very few interactions and a few users/items have a huge number of interactions. We present the
distribution of number of interactions for both user and item in the following Fig. 7 and Fig. 8 respectively. Power-law
distribution is obvious in both the Amazon and MYbank datasets, where a majority of users interact with items very few
times, meanwhile, most items are with few clicks. Such power-law phenomenon can be approximately described as the
‘hierarchical’ structure according to the number of interactions slicing. Users (or items) with similar number of interactions
are at the same level. For example, in the first level, users (or items) have the highest number of active clicks (for items,
referring as the highest number of passive clicks by users), while those in the last level have the lowest active clicks. The
number of users or items grows exponentially as the number of interactions decrease. In other words, the number of users or
items grows exponentially with the increasing of distance from the hierarchy origin.

101 102

Number of users

100

101

102

103

104

Nu
m

be
r o

f i
nt

er
ac

tio
ns

(a) Beauty

101 102

Number of users

100

101

102

103

104
Nu

m
be

r o
f i

nt
er

ac
tio

ns

(b) Health

101 102

Number of users

100

101

102

103

104

Nu
m

be
r o

f i
nt

er
ac

tio
ns

(c) Clothing

100 101 102 103

Number of users

100

101

102

103

104

105

Nu
m

be
r o

f i
nt

er
ac

tio
ns

(d) Loan

100 101 102

Number of users

100

101

102

103

104

105

Nu
m

be
r o

f i
nt

er
ac

tio
ns

(e) Fund

100 101 102 103 104

Number of users

100

101

102

103

104

105

Nu
m

be
r o

f i
nt

er
ac

tio
ns

(f) Account

Figure 7. Clicking distributions of users in each of the datasets. The x-axis presents the number of such users, and the y-axis shows the
number of interactions associated with a user.
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Figure 8. Clicking distributions of items in each of the datasets. The x-axis presents the number of items, and the y-axis shows the number
of interactions associated with an item.
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B. Methodology Supplementation
B.1. Notation Table

Table 2 summarizes the key notations used throughout the paper.
Table 2. Summary of Notations

Symbol Definition
M Riemannian manifold (general)
Bn
c n-dimensional Poincaré ball with curvature c

TxBn
c Tangent space at point x ∈ Bn

c

gB Riemannian metric tensor of the Poincaré ball
expcx / log

c
x Exponential / Logarithmic map at x with curvature c

⊕c Möbius addition with curvature c
d ∈ {A,B,C} Domain index
U ,V Sets of users and items
Rd Binary interaction matrix for domain d ({0, 1})
Sd Continuous similarity matrix for domain d (∈ [0, 1])
cd Learnable adaptive curvature for domain d
ud
g, v

d
g Hyperbolic embeddings of user/item in domain d

zinv Domain-invariant latent representation (Hyperbolic)
zdspec Domain-specific latent representation (Hyperbolic)
µ, σ Mean (on manifold) and Variance (in tangent space)
λd Weight for domain d in Barycenter aggregation
Lvae, Ldis VAE reconstruction loss and Disentanglement loss
Lcls, Lbpr Adversarial classification loss and BPR ranking loss

B.2. Riemannian Manifold Preliminary

Here, we provide the complete geometric operations required for the HVAE Encoder and Decoder.

Metric and Distance. The Riemannian metric tensor gBx at point x ∈ Bn
c is conformal to the Euclidean metric gE:

gBx = (λc
x)

2gE, where λc
x =

2

1− c∥x∥2
(15)

λc
x is the conformal factor. The induced geodesic distance between two points x, y ∈ Bn

c is:

dBn
c
(x, y) =

2√
c

tanh−1(
√
c∥ − x⊕c y∥) (16)

Mapping Operations. To perform operations (such as convolution or sampling) in hyperbolic space, we utilize the tangent
space TxBn

c
∼= Rn.

• Logarithmic Map (Bn
c → TxBn

c ): Projects a point y on the manifold to the tangent space at x.

logcx(y) =
2√
cλc

x

tanh−1(
√
c∥ − x⊕c y∥)

−x⊕c y

∥ − x⊕c y∥
(17)

• Exponential Map (TxBn
c → Bn

c ): Maps a vector v from the tangent space back to the manifold.

expcx(v) = x⊕c

(
tanh

(√
cλc

x∥v∥
2

)
v√
c∥v∥

)
(18)

.

B.3. Derivation of Hyperbolic ELBO

Here, we provide the complete derivation of the Evidence Lower Bound (ELBO). Given the observed user interactions u
and the domain index d, our goal is to maximize the log-likelihood log p(u). We postulate that the user’s latent preference
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consists of a domain-invariant component zinv and a domain-specific component zspec. According to variational inference
theory, we introduce two approximate posterior distributions, qϕ(zinv|u, d) and qϕ(zspec|u, d), to approximate the true
posteriors.

Applying Jensen’s Inequality, the lower bound of log p(u) is derived as follows:

log p(u) = log

∫∫
p(u, zinv, zspec, d) dzinv dzspec

= log

∫∫
p(u|zinv, zspec, d)p(zinv)p(zspec|d)

qϕ(zinv|u, d)qϕ(zspec|u, d)
qϕ(zinv|u, d)qϕ(zspec|u, d) dzinv dzspec

≥ Eqϕ

[
log p(u|zinv, zspec, d) + log

p(zinv)

qϕ(zinv|u, d)
+ log

p(zspec|d)
qϕ(zspec|u, d)

]
= Eqϕ [log p(u|zinv, zspec, d)]︸ ︷︷ ︸

Reconstruction Term

−KL(qϕ(zinv|u, d)∥p(zinv))︸ ︷︷ ︸
Invariant Regularization

−KL(qϕ(zspec|u, d)∥p(zspec|d))︸ ︷︷ ︸
Specific Regularization

(19)

B.4. Wrapped Normal Distribution

To parameterize the probability distributions q(z|u) on the Poincaré ball Bn
c , we utilize the Wrapped Normal Distribution

(NB). This distribution is defined by projecting a Gaussian distribution from the Euclidean tangent space onto the hyperbolic
manifold.

1. Sampling via Reparameterization. A random variable z ∈ Bn
c following NB(µ,Σ) can be generated through the

following steps:

1. Sample a standard Gaussian noise v ∼ N (0,Σ) in the tangent space at the origin T0Bn
c (isomorphic to Rn).

2. Transport the vector v to the tangent space at the mean TµBn
c using Parallel Transport (PT0→µ).

3. Project the tangent vector onto the manifold using the Exponential Map (expcµ).

Formally:
z = expcµ(PT0→µ(v)), v ∼ N (0,Σ) (20)

This process is differentiable, supporting the reparameterization trick required for gradient-based optimization of HVAE
parameters.

2. Probability Density Function. To compute the KL divergence in Appendix B.3, the explicit probability density function
(PDF) of z is required. Mapping from a flat tangent space to a curved manifold induces volume changes, which necessitates
a Jacobian determinant term (Volume Correction Factor).

For z ∈ Bn
c , the PDF is defined as:

NBn
c
(z|µ,Σ) = N (u|0,Σ) ·

( √
cdB(z, µ)

sinh(
√
cdB(z, µ))

)n−1

︸ ︷︷ ︸
Volume Correction Factor

(21)

Where:

• u = logcµ(z) is the vector corresponding to z in the tangent space TµBn
c .

• N (·) is the standard Euclidean Gaussian density function.

• dB(z, µ) is the geodesic distance between z and µ.

• The correction factor
(

r
sinh r

)n−1
accounts for the exponential volume expansion characteristic of hyperbolic space.

we set the priors for the disentangled representations as:
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• Invariant Prior: p(zinv) = NB(0, I) (Standard Hyperbolic Normal).

• Specific Prior: p(zspec|d) = NB(µd, σd) (Parameterized Hyperbolic Normal with learnable µd, σd).

B.5. Analytical Approximation of Hyperbolic Wasserstein Distance

In Section 3.1.1, we introduced a computationally efficient approximation for the Wasserstein distance to calculate Ldis.
Here we justify this approximation.

The squared 2-Wasserstein distance between two Euclidean Gaussian distributions N (µ1,Σ1) and N (µ2,Σ2) is defined as:

W 2
2 = ∥µ1 − µ2∥22 + trace(Σ1 +Σ2 − 2(Σ

1/2
1 Σ2Σ

1/2
1 )1/2) (22)

Assuming diagonal covariance matrices (a common practice in VAEs), this simplifies to:

W 2
2 = ∥µ1 − µ2∥22 + ∥Σ1/2

1 − Σ
1/2
2 ∥2F (23)

In Hyperbolic Space, a closed-form solution for Wasserstein distance between Wrapped Normal distributions does not
exist. Standard approaches require numerical integration or sampling, scaling at O(n log n) or worse. To achieve O(n)
complexity for industrial scalability, we approximate the distance by decoupling the transport cost into:

1. Transport of Mean: Measured by the geodesic distance on the manifold dBn
c
(µ1, µ2).

2. Transport of Mass (Shape): Measured by the Euclidean distance of the tangent space standard deviations, exploiting
the fact that the "shape" of the distribution is defined in the local tangent space.

Thus, we propose the approximation used in the main text:

W 2
2 (Wp1,Wp2) ≈ d2Bn

c
(µ1, µ2)︸ ︷︷ ︸

Manifold Mean Distance

+ ∥σ1/2
1 − σ

1/2
2 ∥22︸ ︷︷ ︸

Tangent Shape Distance

(24)

This approximation preserves the metric properties required to force the separation of zinv and zspec while fitting within the
computational budget of large-scale recommendation systems.

B.6. Optimizer Analysis: Adam vs. Radam

In Section 3.4, we chose Adam over Riemannian Adam (Radam). The theoretical justification is as follows:

Radam relies on the concept of Parallel Transport to move momentum vectors across tangent spaces as parameters update.
This assumes a fixed manifold structure. However, our HVAE employs Adaptive Curvature (cd), meaning the manifold
structure itself (Bn

cd
) changes at every gradient step.

• Radam’s limitation: Updating cd changes the metric tensor globally. A momentum vector vt valid in the tangent
space of Bn

ct is mathematically ill-defined in Bn
ct+1

without a complex "curvature transport" operation, which is
computationally prohibitive.

• Adam’s effectiveness: By performing optimization in the projected coordinate space (treating the parameters as
Euclidean vectors for the update step, then projecting back), Adam bypasses the need to track the changing geometric
curvature explicitly in the momentum buffer. Empirically, this proved more stable for our mixed-curvature setting.

B.7. Theoretical Analysis of Our Algorithm

In this section, we provide a error bound for our algorithm. It corresponds to proving that our procedure minimizes a target
error bound (Redko et al., 2017). We first give the definition of error of a hypothesis h on a domain d,

Definition B.1. The error of a hypothesis function h ∈ H with respect to a labeling function f on a domain d is given by

ϵd(h, f) = E(u,i)∈d[|h(u, i)− f(u, i)|]. (25)
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Given a source domain equipped with a ground labeling function (Ds, fs), we will adopt the abbreviation ϵs(h) = ϵds
(h, fs).

Similarly, the target domain can be denoted as ϵt(h) = ϵdt(h, ft).

Lemma B.2. Let µs, µt ∈ P(X ) be two probability measures on X ⊂ Rd. Assume that the cost function c(x, y) =
∥ϕ(x) − ϕ(y)∥Hkϵ

, where Hkϵ
is a Reproducing Kernel Hilbert Space (RKHS) with associated kernel kl: X × X → R

induced by ϕ : X → Hkϵ
and kl(x, y) = ⟨ϕ(x), ϕ(y)⟩Hkϵ

. Assume further that the loss function lh,f : x → l(h(x), f(x))
is convex, symmetric, bounded, obeys the triangle inequality and has the parametric form |h(x)− f(x)|q for some q > 0.
Assume also that kl is square-root integrable w.r.t. both µs and µt, for all µs, µt ∈ Pp(X ), where X is separable and
0 ≤ kl(x,y) ≤ K,∀x, y ∈ X . Then, the following holds,

ϵt(h, h
′) ≤ ϵs(h, h

′) +W1(µs, µt), (26)

for every hypothesis h, h′ ∈ Hkϵ .
Theorem B.3. Let µs, µt ∈ P(U ,V) be two joint probability measures on U × V ⊂ R2×d, and U and V are independent.
Assume that the cost function c((ui, vi), (uj , vj)) = ∥ϕ(ui, vi)− ϕ(uj , vj)∥Hkϵ

. Under the assumption in Lemma B.2 for
any h, h′ ∈ H, the following inequality holds,

ϵt(h, h
′) ≤ ϵs(h, h

′) +W1(µsu , µtu) + τ1, (27)

where µsu , µtu ∈ P(U) be two probability measures on U ⊂ Rd, τ1 = W1(µsv , µtv ) and µsv , µtv ∈ P(V) be two
probability measures on V ⊂ Rd.

Proof. According to Lemma B.2,

ϵt(h, h
′) ≤ ϵs(h, h

′) +W1(µs, µt)

= ϵs(h, h
′) +W1((µsu , µsv ), (µtu , µtv )).

(28)

Using the definition of Wasserstein distance, we have

W1((µsu , µsv ), (µtu , µtv ))

= inf
γ∈

∏
(µs,µt)

∫
Ω

c((ui, vi), (uj , vj))dγ((ui, vi), (uj , vj))

≤ inf
γ∈

∏
(µsu ,µtu )

∫
Ω

c(ui, uj)dγ(ui, uj)

+ inf
γ∈

∏
(µsv ,µtv )

∫
Ω

c(vi, vj)dγ(vi, vj)

= W1(µsu , µtu) +W1(µsv , µtv ).

(29)

So we can conclude the proof.

In RSs, there are some overlapping users in all domains. So W1(µsu , µtu) can be decomposed two part: W overlap
1 (µsu , µtu)

and Wnon−overlap
1 (µsu , µtu), and we treat each user as an independent distribution based on its transaction with items.

Therefore,

W1(µsu , µtu) ≤
|Uoverlap|∑

i=1

W1(µsi , µti) + τ2, (30)

where |Uoverlap| is the number of overlapping users, and τ2 = Wnon−overlap
1 (µsu , µtu). Thus, the result given in Theorem

B.3 can be written as

ϵt(h, h
′) ≤ ϵs(h, h

′) +

|Uoverlap|∑
i=1

W1(µsi , µti) + τ1 + τ2. (31)

The definition of error can be naturally extended to the case of many source domains. For each u, given a vector αu ∈ RM

such that
∑M

j=1 α
u
j = 1. The α-weighted error of h is given by

ϵα(h) =

M∑
j=1

αjϵdsj
(h). (32)
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Notice that Eq. (32) can be approximated by substituting the expectation operator by an empirical mean. In this case, we
can denote the empirical error functional by

ϵ̂α(h) =

M∑
j=1

αj

nsj

nsj∑
i=1

|h(ui, vi)− fj(ui, vi)|. (33)

Moreover, for the purposes of the next theorem, we will suppose that nsj = βjn for
∑M

j=1 βj = 1.

Lemma B.4. Let µ be a probability measure in Rd, so that for some α > 0 we have that
∫
Rd e

α∥x∥2

dµ < ∞ and
µ̂ = 1

n

∑n
i=1 δxi

be its associated empirical measure defined on a sample of independent variables {xi}ni=1 drawn from µ.
Then for any d′ > d and ξ <

√
2 there exists a constant n0 depending on d′ and some square exponential moment of µ such

that for any ϵ > 0 and n > n0 max(ϵ−(d′+2), 1),

P [W1(µ̂, µ) > ϵ] ≤ exp

(
−ξ′

2
nϵ2
)
, (34)

where d′ and ξ′ can be calculated explicitly.

The consequence of Lemma B.4 is that we may express ϵ in terms of δ,

ϵ =

√
2

nξ′
log(

1

δ
). (35)

Lemma B.5. Under the assumptions of Lemma B.4, let X be a sample of size n, where for each j = 1, . . . , D, βjn points
are drawn from µsj and labelled according to fj . Then, for any fixed α, with probability 1− δ for all h the following holds,

P

[
|ϵ̂α(h)− ϵα(h)| > ϵ+ θ

]
≤ 2 exp

(
−ϵ2n

2K
∑M

j=1

α2
j

βj

)
, (36)

where θ = 2
√

K/n
∑M

j=1
αj

βjn
√

βj

.

The consequence of Lemma B.5 is that we may express ϵ in Eq. (36) as,

ϵ =

√√√√2K
∑M

j=1

α2
j

βj
log( 2δ )

n
. (37)

Theorem B.6. Let Xsj , j = 1, . . . , D, Xt be N+1 samples with size nsj and nt be drown i.i.d from µsj and µt respectively.
Let µ̂sj and µ̂t be the respective empirical measures. If ĥα is the empirical minimizer of ϵ̂α and h∗

t = argminh∈H ϵt(h),
then for any fixed α and δ ∈ (0, 1), with probability at least 1− δ (over the choice of samples), we have

ϵt(ĥα) ≤ ϵt(h
∗
t ) + c1 + 2

M∑
j=1

αj(

|Uoverlap|∑
i=1

W1(µsji
, µti) + c2) + τ1 + τ2 + λj), (38)

where

c1 =

√√√√2K
∑M

j=1

α2
j

βj
log( 2δ )

n
+ 2

√
K

n

M∑
j=1

αj

βjn
√
βj

,

c2 =

√
2 log(1δ )

η′
(

√
1

nsji

+

√
1

nti

)
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τ1 = W1(µsvj
, µtvj

),

τ2 = Wnon−overlap
1 (µsuj

, µtu)

and
λj = ϵsj (h

∗
j ) + ϵt(h

∗
j ).

Proof. According to Eq. (32), we have

|ϵα(h)− ϵt(h)| = |
M∑
j=1

αjϵsj (h)− ϵt(h)| ≤
M∑
j=1

αj |ϵsj (h)− ϵt(h)|. (39)

Let h∗
j = argminh∈H ϵsj (h) + ϵt(h). Then we can rewrite |ϵsj (h)− ϵt(h)| as

|ϵsj (h)− ϵt(h)| = |ϵsj (h)− ϵsj (h, h
∗
j )

+ ϵsj (h, h
∗
j )− ϵt(h, h

∗
j )

+ ϵt(h, h
∗
j )− ϵt(h)|,

(40)

Then, the triangle inequality yields that

f |ϵsj (h)− ϵt(h)| = |ϵsj (h)− ϵsj (h, h
∗
j )|

+ |ϵsj (h, h∗
j )− ϵt(h, h

∗
j )|

+ |ϵt(h, h∗
j )− ϵt(h),

(41)

In the last equality, by using the triangle inequality again, we get the following bounds. i.e.,

|ϵsj (h)− ϵsj (h, h
∗
j )| = |ϵsj (h, fsj )− ϵsj (h, h

∗
j )|

≤ |ϵsj (h∗
j )| = |ϵsj (h∗

j ).
(42)

Plugging back these results into Eq. (39), we have

|ϵα(h)− ϵt(h)| ≤
M∑
j=1

(ϵsj (h
∗
j ) + ϵt(h

∗
j ) + |ϵsj (h, h∗

j )− ϵt(h, h
∗
j )|). (43)

Notice that λj = ϵsj (h
∗
j ) + ϵt(h

∗
j ). Moreover, using Eq. (31), we get

ϵt(h, h
′) ≤ ϵs(h, h

′) +

|Uoverlap|∑
i=1

W1(µsi , µti) + τ1 + τ2, (44)

which yields

|ϵα(h)− ϵt(h)| ≤
M∑
j=1

(λj +

|Uoverlap|∑
i=1

W1(µsji
, µti) + τ1 + τ2) (45)

and

ϵt(h) ≤ ϵα(h) +

M∑
j=1

(λj +

|Uoverlap|∑
i=1

W1(µsji
, µti) + τ1 + τ2)). (46)

The bound we want to prove is achieved by bounding different terms in this equation for h = ĥ. By the triangle inequality,
we have

W1(µsji
, µti) ≤ W1(µsji

, µ̂sji
) +W1(µ̂sji

, µ̂ti) +W1(µti , µ̂ti). (47)
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Now, we may bound each term W1(µ, µ̂) by Lemma 2, especially through Eq. (35)

W1(µsji
, µ̂sji

) ≤

√
2 log(1δ )

η′

√
1

nsji

,

W1(µti , µ̂ti) ≤

√
2 log(1δ )

η′

√
1

nti

,

(48)

which ultimately leads to

W1(µsji
, µti) ≤ W1(µ̂sji

, µ̂ti) +

√
2 log(1δ )

η′

(√
1

nsji

+

√
1

nti

)
. (49)

The second term on the right-hand-side of Eq. (49) is exactly c2, for which we get by bounding the Wasserstein distance in
Eq. (46). Now, following the proof of Theorem 4 in (Ben-David et al., 2010), combining Lemma 3 we get,

ϵα(ĥα) ≤ ϵ̂α(ĥα) +

√√√√2K
∑M

j=1

α2
j

βj
log( 2δ )

n
+ 2

√
K

n

M∑
j=1

αj

βjn
√

βj

, (50)

Combining Eqs. (46), (49) and (50), we can get

ϵt(ĥα) ≤ ϵt(h
∗
t ) + c1 + 2

M∑
j=1

αj

|Uoverlap|∑
i=1

W1(µsji
, µti) + τ1 + τ2 + λj + c2

 . (51)

So we can conclude the proof.

Theorem B.6 demonstrates that by minimizing the Wasserstein distance on the right-hand side of Eq. (38), we can effectively
minimize the upper bound of error. Furthermore, it is equally important to minimize both τ2 and λj . τ2 represents the
Wasserstein distance of the representation distributions between non-overlapping users across different domains; λj reflects
the model’s inherent prediction bias. To first minimize the Wasserstein distance of overlapping users, we introduce a
disentanglement encoder and a Wasserstein barycenter strategy. To minimize τ2, we employ a pseudo-label strategy to
facilitate the representation learning of non-overlapping users, aiming to quickly reduce the Wasserstein distance of the
representation distributions of non-overlapping users. Finally, to minimize λj , we implement this through the decoder
reconstruction loss and an additional Binary Relevance Pairing (BRP) loss, which mainly focuses on maximizing the
consistency between the model’s predictions and the actual labels.

C. Experimental Supplementation
To evaluate the effectiveness of HVAE in real-world online scenarios, we conduct an online A/B test on the Ant Group
recommendation platform. Table.3 presents the statistical distribution of data across five real-world scenario domains, with a
cross-domain usage overlap ratio of merely 1% among all domains.

Table 3. Statistics of the online dataset.
Domain A B C D E
#User 8520783 9633664 524483 1484030 7178325
#Item 2007 1189 324 75 1152

#Avg.I/User 3627.30 8007.02 635.03 5257.04 7560.69
#Avg.U/Item 1.46 1.80 1.10 1.41 1.45

#Actions 7279996 9520348 205751 394278 8709912
#Sparsity 99.96% 99.92% 99.88% 99.65% 99.89%
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