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Abstract

We develop novel “empirical Bernstein” inequali-
ties for the variance of bounded random variables.
Our inequalities hold under constant conditional
variance and mean, without further assumptions
like independence or identical distribution of the
random variables, making them suitable for se-
quential decision making contexts. The results
are instantiated for both the batch setting (where
the sample size is fixed) and the sequential setting
(where the sample size is a stopping time). Our
bounds are asymptotically “sharp”: when the data
are iid, our CI adapts optimally to both unknown
mean / and unknown V[(X — 11)?], meaning that
the first order term of our CI exactly matches that
of the oracle Bernstein inequality which knows
those quantities. We compare our results to a
widely used (non-sharp) concentration inequality
for the variance based on self-bounding random
variables, showing both the theoretical gains and
improved empirical performance of our approach.
We finally extend our methods to work in any
separable Hilbert space.

1. Introduction

Providing finite-sample confidence intervals for the variance
of a random variable is a fundamental problem in statisti-
cal inference, as variance quantifies the dispersion of data
and directly influences uncertainty in decision-making. Ex-
act confidence intervals are particularly important because
approximate methods can lead to misleading inferences, es-
pecially when sample sizes are small, data distributions are
skewed, or underlying assumptions are violated.
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In particular, exact confidence intervals for the variance
play a central role in modern data-driven inference. Appli-
cations include multi-armed bandits (Audibert et al., 2009),
oft-policy evaluation (Thomas et al., 2015) and risk assess-
ment (Huang et al., 2022), average treatment effect infer-
ence (Howard et al., 2021) and estimation (Neopane et al.,
2025), sample compression (Maurer & Pontil, 2009), racing
algorithms and boosting (Mnih et al., 2008), PAC-Bayes
procedures (Tolstikhin & Seldin, 2013), and efficient confi-
dence intervals (Austern & Mackey, 2022), among others.
However, the inferential tools that are provided for the vari-
ance in all these previous works can be sharpened.

This contribution centers on the study of the variance of
bounded random variables. Assume for the moment that we
observe X1, ..., X,, which are independent and identically
distributed to X, which is a random variable taking values
on [0, 1] with mean p and variance V(X). The primary goal
of this work is to derive confidence intervals for V(X)) that
both well work in practice and are asymptotically equivalent
to those derived from the oracle Bernstein inequality. More
specifically, we seek fully empirical confidence intervals
whose width’s leading term matches that of the [0, 1]-valued
oracle Bernstein confidence interval for V(X). To recall,
Bernstein’s inequality for V(X) implies that P(V(X) €
Cp) > 1—awith C, = [D, — R,, D,, + R,], where D,,
is the center of the confidence interval and R,, is the radius

_ [2VI(X; — p)?]log(2/a) | log(2/a)
Rn_\/ n + 3n

The challenge in constructing the above interval in practice
is that both 11 and 2V [(X; — y1)?] are unknown. A fully
empirical confidence interval is called sharp if its width
asymptotically matches that of the first term above, includ-
ing constants. To elaborate, when estimating the mean,
Bernstein inequalities (Bernstein, 1927; Bennett, 1962) are
widely known for leading to closed-form, tight confidence
intervals. However, their practicality is limited, as they
require knowing a bound on the variance of the random
variables (that is better than the trivial bound implied by
the bounds on the random variables). For this reason, they
establish a natural “oracle” benchmark for fully empirical
confidence sets that only exploit knowledge on the bound
of the random variables.
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Furthermore, some of the aforementioned applications rely
on confidence sequences, which are anytime-valid coun-
terparts of confidence intervals. A (1 — «)-confidence in-
terval Ccy for a target parameter # is a random set such
that P(0 € Ccr) > 1 — «, where Cgy is built after hav-
ing observed a fixed number of observations. In contrast,
(C¢)e>11s a (1 — a)-confidence sequence if P(Vt > 1: 6 €
Cy) > 1 — «, with ¢ representing the number of observa-
tions collected sequentially. Confidence sequences are of
key importance in online settings, where data is observed
sequentially and probabilistic guarantees that hold at stop-
ping times are often desired: confidence sequences allow for
sequential procedures that are continuously monitored and
adaptively adjusted. For instance, the optimal adaptive Ney-
man allocation in causal inference (Neopane et al., 2025) is
based on confidence sequences for the variance.

Variance confidence sequences are particularly valuable
when uncertainty quantification must be performed sequen-
tially and in a data-dependent manner. For instance, the
optimal adaptive Neyman allocation in causal inference
(Neopane et al., 2025) is based on confidence sequences for
the variance. Similarly, in online learning and bandit prob-
lems, high-probability regret guarantees are often derived
via concentration arguments, and sharp variance bounds
enable tighter such conversions (Mnih et al., 2008; Audibert
et al., 2009). Furthermore, in risk-sensitive decision-making,
such as safe reinforcement learning or clinical trials (Kazer-
ouni et al., 2017; Howard et al., 2021), sequential variance
bounds allow practitioners to monitor and constrain risk in
real time without relying on fixed horizons. More broadly,
empirical Bernstein-type bounds play an important role in
adaptive stopping rules, best-arm identification, and Monte
Carlo estimation, where tighter variance estimates directly
translate into improved sample efficiency.

In many such online settings, the assumption that data points
are independent and identically distributed (iid) is often too
strong and unrealistic due to the dynamic and evolving na-
ture of data streams. Unlike traditional offline analyses
where data can be assumed to come from a fixed distri-
bution, online environments involve sequentially arriving
data that may exhibit temporal dependencies. Thus, we
seek to develop concentration inequalities that only require
the following assumption to hold (where E; and V, denote
conditional expectations and variances, respectively; these
definitions are later formalized in Section 3).

Assumption 1.1. The stream of random variables
X1, X5, ...1s such that

X;€00,1], B Xe=p, Vi1X;=0>

Note that any bounded random variable can be rescaled to
belong to [0, 1], and so the first of the conditions can be
assumed without loss of generality in the bounded setting.

Since boundedness is a prerequisite for existing empirical
Bernstein inequalities concerning the mean, it is unavoid-
able here too. Other than boundedness, Assumption 1.1
remains substantially weak, replacing the traditional i.i.d.
assumption with a broader martingale dependence structure.
Furthermore, the conditional constant mean and variance
are arguably the least we may assume if we wish to esti-
mate “’the variance”. Since all bounded i.i.d. sequences can
be rescaled to satisfy Assumption 1.1, our framework con-
stitutes a strictly more general approach than the standard
bounded i.i.d. assumptions prevalent in the literature. In
particular, Assumption 1.1 is attained in all aforementioned
applications, with some of them requiring i.i.d. data (Mau-
rer & Pontil, 2009; Austern & Mackey, 2022), and others
requiring only martingale dependence (Howard et al., 2021;
Neopane et al., 2025).

We study the problem of providing confidence intervals
and sequences for the variance of bounded random vari-
ables under Assumption 1.1. Our goal is to derive a fully
data-dependent, nonasymptotically valid confidence inter-
val for o2, without knowing either the mean or the fourth
moment, while also being asymptotically as sharp as the
oracle Bernstein bound that knows those quantities. That is,
we want nonasymptotic validity and asymptotic sharpness
for an explicit fully-data dependent confidence interval. Our
contributions are three-fold:

* We provide novel confidence sequences for the vari-
ance (Corollary 4.3 and Corollary 4.4), that are de-
rived from novel supermartingale constructions (Theo-
rem 4.1 and Corollary 4.2). We instantiate the results
for the sequential setting in Section 4.2 and Section 4.3,
and for the batch setting (where the confidence se-
quence reduces to a confidence interval) in Section 4.4.
Confidence sequences for the standard deviation (std)
o can also be immediately derived by taking the square
root of the confidence sequences for the variance.

* Theoretically, we prove the sharpness of our inequal-
ities by showing that the first order term of the novel
confidence interval exactly matches that of the oracle
Bernstein inequality (Corollary 4.8).

* Empirically, we illustrate how our proposed inequali-
ties substantially outperform those of Maurer & Pontil
(2009, Theorem 10) in Section 5, which constitute the
existing sharpest inequalities for the standard deviation,
to the best of our knowledge. We further illustrate how
our confidence sequences improve the adaptive Ney-
man allocation procedure from Neopane et al. (2025),
which requires anytime-valid inference for the vari-
ance of the potential outcomes, but used inferior ones
to ours.
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2. Related Work

Current concentration inequalities for the variance. Up-
per and lower inequalities for the variance were presented in
Maurer & Pontil (2009, Theorem 10). They are based on the
concentration of self-bounding random variables (Maurer,
2006). Another concentration inequality for the variance can
be found in the proof of Audibert et al. (2009, Theorem 1),
which decouples the analysis into those of the mean and sec-
ond centered moment, in a similar spirit to our contribution.
However, these inequalities rely on conservatively upper
bounding the variance of the empirical variance, thus being
loose (this is also the case for Voracek & Orabona (2025,
Theorem 12)). In contrast, our inequalities empirically es-
timate the variance of the empirical variance, resulting in
tighter confidence sets. We defer an extended comparison of
these inequalities to Section 4.4. Less closely related to our
work, other inequalities rely on the Kolmogorov-Smirnov
distance between the empirical distribution and a reference
distribution.

Empirical Bernstein inequalities for the mean. Based on
combining Bennett’s inequality and upper concentration in-
equalities for the variance, Maurer & Pontil (2009, Theorem
11) proposed a well known empirical Bernstein inequal-
ity for the mean, improving a similar inequality presented
in Audibert et al. (2009, Theorem 1). These inequalities
are not asymptotically sharp as presented (in that the first
order limiting width does not match that of the oracle Bern-
stein inequality, including constants). However, they can be
amended to recover sharpness if the probability split of the
union bound is carefully designed (as pointed out recently
in Wang & Ramdas (2025, Section B.2)). Nevertheless,
their bounds were empirically significantly looser (Waudby-
Smith & Ramdas, 2024, Figure 3) than those presented in
Howard et al. (2021, Theorem 4) and Waudby-Smith &
Ramdas (2024, Theorem 2), which are also sharp. Related
contributions include Mnih et al. (2008, Theorem 2), Jang
et al. (2023, Corollary 4), Orabona & Jun (2023, Theorem
3), and Martinez-Taboada & Ramdas (2026, Corollary 1).

Time-uniform Chernoff inequalities. Our work falls un-
der the time-uniform Chernoff inequalities umbrella from
Howard et al. (2020; 2021); Waudby-Smith & Ramdas
(2024). A key proof technique of this line of work is the
derivation of sophisticated nonnegative supermartingales,
followed by an application of Ville’s inequality (Ville, 1939),
an anytime-valid version of Markov’s inequality.

3. Background

Let us start by presenting the concepts of filtration and
supermartingale, which will be heavily exploited in this
work to go beyond the iid setting. Consider a filtered mea-
surable space (€2, F), where the filtration F = (F3)i>0

is a sequence of g-algebras such that 7z C F1q,t > 0.
The canonical filtration F; = o(X1, ..., X}), with Fy be-
ing trivial, is considered throughout. A stochastic process
M = (M;);>0 is a sequence of random variables that are
adapted to (F);>0, i.e., M, is F;-measurable for all t. M
is called predictable if M, is F;_1-measurable for all .
An integrable stochastic process M is a supermartingale
if E[My41|F:] < M, for all ¢. We use E,[-] and V,[-] in
short for E[-|7;] and V[-|F;], respectively. Inequalities be-
tween random variables are always interpreted to hold al-
most surely.

As exhibited in later sections, our concentration inequalities
will be derived as Chernoff inequalities. In contrast to more
classical inequalities, our results come with anytime validity
(that is, they hold at any stopping time), derived using the
following anytime-valid version of Markov’s inequality.

Theorem 3.1 (Ville’s inequality). For any nonnegative su-
permartingale (My)>o and x > 0,

EM,
P(3t>0:M >x) < —2.
X

Powerful nonnegative supermartingale constructions are
usually at the heart of anytime valid concentration inequali-
ties. For example, the following sharp empirical Bernstein
inequality from Howard et al. (2021) and Waudby-Smith &
Ramdas (2024) is derived from a nonnegative supermartin-
gale.

Theorem 3.2 (Empirical Bernstein inequality). Let
X1, Xo, ... be a stream of random variables such that, for
allt > 1, it holds that X; € [0,1] and E;_1 Xy = p. Let
YE(\) = —log A — A\. For any [0, 1)-valued predictable
sequence (\;);>1 such that Ay > 0, it holds that

<ZZL—1 A X + log (%) + Z:L:l Ye(di) (X — ﬂi_1)2>

Z?:l Ai Z?:l Ai
is a 1 — 0 confidence sequence for .

We will modify Theorem 3.2 in later sections in order to
derive our results. The sequence (Ai)izl is referred to as
‘predictable plug-ins’. They play the role of the parameter A
that naturally appears in all the Chernoff inequality deriva-
tions; nevertheless, instead of they being equal for each ¢ and
theoretically optimized, they are empirically and sequen-
tially chosen. The choice of the predictable plug-ins is key
in the performance of the inequalities, and will be discussed
throughout our work. Besides making use of predictable
plug-ins in empirical Bernstein-type supermartingales, we
will also exploit them in the following anytime valid version
of Bennett’s inequality.

Theorem 3.3 (Anytime valid Bennett’s inequality). Let
X1, Xo, ... be a stream of random variables such that, for
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all t > 1, it holds that X; € [
Vi1 Xy = 02 Let yp(\) =
Ry -valued predictable sequence (
(zigt NXi | log(2/0) + 0% ¥, wn)
Zigt Ai Zigt Ai

isal — J confidence sequence for p.

1], E;_1 Xy = p, and
(A) — A= 1. For any

exp
Ai)i>1, it holds that

While this result is technically novel (and so we present a
proof in Appendix D.1), it can be derived using the tech-
niques in (Howard et al., 2020; Waudby-Smith & Ramdas,
2024). It would generally lack any practical use, given that
o is typically unknown. Nonetheless, we will invoke it in
combination with an empirical Bernstein inequality for o2,
thus making it actionable.

4. Main Results

We are now ready to derive novel confidence intervals and
sequences for the variance of bounded random variables un-
der Assumption 1.1. Two natural methodological strategies
arise. The first constructs confidence intervals by applying
concentration inequalities for the variance to an empirical
variance estimator, itself centered around an empirical es-
timator for the mean. For lower confidence intervals, the
concentration guarantee cannot be invoked directly unless
we also account for uncertainty in the empirical mean. This
is the approach adopted in this work. Motivated by the
strong empirical performance of the empirical Bernstein
inequalities for the mean of bounded data, we develop an-
other of these inequalities to control the empirical variance.
Remarkably, for lower confidence intervals we demonstrate
that empirical concentration inequalities for the mean are
unnecessary: we can construct confidence intervals for the
mean that scale linearly with the the square root of the
true variance (without needing to estimate it) by solving a
quadratic equation. Further details follow in the subsequent
exposition.

The second strategy is to express the variance as 02 =

E;_1X? — p?, where by Assumption 1.1 the conditional
expectation remains constant across time. Moreover, since
X; € [0,1], the squared observations also lie in the unit
interval, allowing the application of concentration inequal-
ities for bounded variables to both the mean and the sec-
ond moment; these bounds can then be combined via the
union bound. However, as demonstrated in Appendix F.1,
this strategy yields inferior theoretical and empirical perfor-
mance relative to the first approach. Intuitively, the perfor-
mance gap stems from V(X — p)? < VX? (our method
achieves the smaller variance).

The section is organized as follows. In Section 4.1, we
present the theoretical foundation of all the inequalities

derived thereafter, namely a novel nonnegative supermartin-
gale construction and its corollary. Section 4.2 and Sec-
tion 4.3 make use of such theoretical tools to derive upper
and lower confidence sequences, respectively. In particu-
lar, the latter (Section 4.3) makes essential use of an auxil-
iary Bennett-type concentration inequality for the estimator
of the mean. Section 4.4 instantiates such confidence se-
quences in the (more classical) batch setting, where they
reduce to confidence intervals. We defer an extension of the
results to Hilbert spaces to Appendix A.

4.1. A Nonnegative Supermartingale Construction

We begin by introducing two nonnegative supermartingale
constructions that serve as the theoretical foundation for
the inequalities derived in this work; these nonnegative
supermartingales will lead to concentration bounds when in
conjunction with Ville’s inequality. Its proof may be found
in Appendix D.2.

Theorem 4.1. Let Assumption 1.1 hold. For a [0, 1]-valued
predictable sequence ([i;);>1, denote

57 =0’ + (i — p)*.

For any [0, 1]-valued predictable sequence (G;);>1 and any
[0, 1)-valued predictable sequence (\;);>1, the processes
(SH)i>0 and (S; )i>o, with S§ := 1, and Sy := 1, and

S+ = exp { Z +; [(X

1ii)* — 67 ]

— (N [(Xi — 1i)? — 31'2]2 }7 t>1,

are nonnegative supermartingales.

Theorem 4.1 modifies the supermartingales that give way
to Theorem 3.2. However, in contrast to Theorem 3.2, the
conditional means of the random variables (X; — 71;)? un-
der study are not constant. For this reason, the analysis is
more convoluted in our setting. Hence, in order to provide
concentration results for the variance, we denote

log(1/a) + 3, v (N) (X — [1:)? -5?)°
Rt,a = s
Zigt Ai
Dict Ni(Xi — 1i)? B - > i<t Nilli — w)?
) t-— 3
Zigt Ai Zigt Ag

where D; and R, will represent the center and radius
of the confidence interval (respectively), and E; an extra
term that appears due to the mean estimator error. The
following corollary is a direct consequence of Theorem 4.1,
as a result of applying Ville’s inequality to the nonnegative
supermartingales. We defer its proof to Appendix D.3.

Dt =
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Corollary 4.2. Let Assumption 1.1 hold. For any [0, 1)-
valued predictable sequence (\;);>1 and any [0, 1]-valued
predictable sequences (f1;);>1 and (7;);>1, it holds that

(Dy—E; £ Ry o)
is a 1 — a confidence sequence for 0.

The confidence sequence provided by Corollary 4.2 cannot
be invoked in practice: since p is unknown, E, is also
unknown.

4.2. Upper Confidence Sequence for the Variance

In spite of E; being unknown, this term poses no challenge
for the upper confidence sequence, as we can simply lower
bound it by 0. That is, if [0, D; — E; + Ry o) is an a-level
upper confidence sequence for the variance, so is [0, D; +
R,.o), given that E, is nonnegative. We formalize such an
observation in the following corollary.

Corollary 4.3 (Upper empirical Bernstein for the variance).
Let Assumption 1.1 hold. For any [0, 1]-valued predictable
sequences ([i;);>1 and (G;);>1, and any [0, 1)-valued pre-
dictable sequence (\;);>1, it holds that [0,U;) isa 1 — «
upper confidence sequence for o2, where

Ut - Dt + Rt,a-

It remains to discuss the choice of predictable sequences.
We suggest to take

2 c3 + Zi<t71<Xi - ﬂi)Q
o} = = = ,

where c3, ¢4 € [0, 1] are constant, as well as ji; = [i;. These
specific choices are only proposed due to their computa-
tional simplicity; but our upper bound holds for any other
choice of mean and variance estimator.

Following the discussion from Waudby-Smith & Ramdas
(2024, Section 3.3) for confidence sequences, we propose
to take the predictable plug-ins

2log(1/a)
mj 4tlog(1 +1)

CS —
tau,o0 "

where

~ 972
o, Gt Zigt—l [(Xi — i)? — 01‘2]
my = ; ,

with ¢; € (0,1), and ¢z € [0, 1]. Reasonable defaults are
€1 =3, C2 = 31,03 = 55, and ¢g = %. The values ¢ — ¢4
regularize the mean and variance estimators, so their impact
decays considerably fast. Similarly to Waudby-Smith &
Ramdas (2024), the constant c; prevents the predictable
sequence from exploding, and the performance is not highly
affected by choices that are not too close to 1.

it Yici1 X

)

4.3. Lower Confidence Sequence for the Variance

In order to provide a lower confidence sequence, we must
control the term E;, which depends on the terms |z — i/,
with ¢ < ¢t. This can be done if (fi;);>1 is such that a
confidence sequence for |fi; — u| can be provided (we ought
to use confidence sequences instead of confidence intervals
in order to avoid union bounding over all ¢ < t). If |ii; —
pt| < Rio, forall i > 1 with probability 1 — v, then

Zigt )‘ZR?

;1
D, — SV Rt o,
Zigt i

ey

yields a (1 — a)-lower confidence sequence for o with
a1 + a2 = Q.

Naturally, we aim for Ri,al to be as small as possible. Given
the strong practical performance of empirical Bernstein in-
equalities, one might initially consider selecting yet another
such inequality for y in order to derive fiwl. However,
a better approach is available. If Ri}al depends linearly
on o, we can obtain a closed-form confidence interval for
o by solving a quadratic equation. In particular, we may
combine the empirical mean in conjunction with the oracle
Bennett inequality to yield closed-form confidence intervals.
Although alternative options exist, such as Lee & Valiant
(2022, Theorem 1), we favor the theoretical Bennett inequal-
ity because it yields explicit and small constants (unlike
e.g. the aforementioned alternative). Furthermore, the theo-
retical Bennett inequality used holds with anytime validity
and under martingale dependence. We also deliberately
avoid betting-based approaches, as our goal is to obtain
closed-form confidence intervals.

In particular, we propose to obtain Ri,,; based on the anytime
valid Bennett’s inequality presented in Theorem 3.3. That
is, take

_ log(2/a1) + a2 S 21 p(\)
PEPY

t—1 7
= 2= A g

S

t,001 )

@

fort > 2, as well as ji; = % and ]:21,,11 = % Substituting
(2) in (1) leads to a quadratic polynomial on 2. Equaling
o2 to such a polynomial and solving for 2 yields our lower
confidence sequence. In order to formalize this, denote

log?(2/9)
(Zoa)”

(Zf: :\i)2 ’ t,6
s . 2108(2/8) ) vp(M)
. (za)”

t—1 Y 2
@ = (Zi:l wP(Ai)) O




Sharp Empirical Bernstein Inequalities for the Variance of Bounded Random Variables

as well as
S 0P S NG
0(2) . st C(O) L Leigt NS
K Zigt i ho Zigt Ai
i N\iBi s
Ct(,lé) =1+ 72 =t

Zigt Ai

(the numbers represent the degrees in the quadratic polyno-
mial). Under this notation, we are ready to present Corol-
lary 4.4, a lower confidence sequence for the variance. Its
proof has been deferred to Appendix D.4.

Corollary 4.4 (Lower empirical Bernstein for the vari-
ance). Let Assumption 1.1 hold. For ([i;);>1 defined
as in (2), any [0, 1]-valued predictable sequence (G2);>1,
any [0,1)-valued predictable sequence (\;);>1, and any
[0, 00)-valued predictable sequence (\;)i>1, it holds that
(Lt,00) is a 1 — « lower confidence sequence for o2, where
a1 + as = aand Ly equals

2
0,/ (e) + 40P 0, - 69, — o)

20
3)

It remains to discuss the choice of predictable plug-ins.
Analogously to the upper inequality plug-ins, it would be

natural to take A7 . = A7 ,,. However, the lower in-

equality includes the extra terms R; ., that ought to be
accounted for. Taking A\; > O for ¢ such that R; ,, > 1
would add a summand that is vacuous.! For this rea-
son, we propose to take \¢} = AfS, ,, if ¢ > 2 and
log(2/a1)+62 St wp(X;) cs
SR S Land A q,
Note that the threshold is only an approximation of ]:Zwl,
given that the latter is unknown in practice. Seeking a
confidence sequence for y, we propose to take (\;);>1 as

N 2log(2/a)
A= 4
i \/ o2tlog(1 +t) A es, @

with ¢5 being a constant in (0, 00), with a sensible default
being c5 = 2. The choice of the split of « into a; and
a2 is also of importance. In the next section, we analyze
specific splits for retrieving optimal asymptotical behavior.
If having access to artificial samples similarly distributed
to the random variables under study, the probability split
can be optimized for using those observations as a reference.
However, the split split av; = az = § works generally well
1n practice.

:= 0 otherwise.

"It would also be reasonable to take the minimum of Ri,al and
1. We explore this alternative in Appendix F.

4.4. Upper and Lower Confidence Intervals

In the more classical batch setting, we observe a fixed num-
ber of observations X1, ..., X, with n known in advance.
Given that confidence sequences are, in particular, confi-
dence intervals for a fixed ¢ = n, both Corollary 4.3 and
Corollary 4.4 immediately establish confidence intervals.
However, the choice of predictable plug-ins used in such
corollaries should now be driven by minimizing the ex-
pected interval width at a specific ¢ = n, rather than being
tight uniformly over ¢.

For this reason, in order to optimize the upper confidence
interval for a fixed ¢ = n, we take

21og(1
7%2( /) Ny
m3.n

52

Ao

U, T

&)

Following the same line of reasoning as in Section 4.3,
the plug-ins for the lower confidence intervals are defined
as a slight modification of those for the upper confidence

sequence. Accordingly, we take AT} | = A, if ¢ > 2
~2 t—1 3
and 28/0)t5; 30, veQ) < 1, and X! otherwise.

Y tl,o
The remaining parameters and estimators are defined in the

same manner as in the preceding sections.

AN ANALYSIS OF THE WIDTHS FOR THE VARIANCE

In order to draw comparisons with related inequalities, we
analyze the asymptotic first order term of the novel con-
fidence intervals for the variance.As emphasized in Sec-
tion 1, in the event of (X; — p)? having constant condi-
tional variance, the benchmark for the first order terms
are those of oracle Bernstein confidence intervals, i.e.
V2V [(X; — p)2]log(1/c). That is, we seek to prove that
both \/n(U,, — D,,) and \/n(D,, — L,,) converge almost
surely to such quantity. Accordingly, we make the following
assumption throughout.

Assumption 4.5, X;,Xo,... is such that

Vi—1 [(Xi — p)?] is constant across i.

We highlight that the concentration inequalities presented
in this paper do not require Assumption 4.5 to be valid. We
only impose Assumption 4.5 to compare the limiting width
of our empirical inequalities to those of the oracle Bernstein
inequality.

We will implicitly also assume that the predictable se-
quences ([i;);c[n] and (07 );c[n) are defined as in Section 4.2
or Section 4.3, with co Acg > 0. The condition co Acg > 01is
not necessary for the proofs to hold, but they follow cleaner
with it.

For simplicity, we will focus on the asymptotic behavior of
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both
SN R2
<t 'h,02,n"M,a0
\/ﬁRn,(x; \/ﬁ = \ : + Rn,(me, 5
Zigt 1,Q2,n
where we define i q,, = Af\, ., .. These two quanti-

ties correspond to the first order widths of the upper and
lower confidence intervals above and below the estimate Dy,
respectively, if taking the plug-ins )‘i,a2,n-2 Note that, in
contrast to the previous section, we emphasize the depen-
dence of the split « = a1, + a2, on n, which we will
exploit to recover optimal first order terms.

We decouple the analysis in two parts, one involving the
R;’s and the other involving the R;’s. We start by establish-
ing that the former converges almost surely to the oracle
Bernstein first order term for the right choices of s ,,. The
proof can be found in Appendix D.5.

Theorem 4.6. Let (,,),>1 be a deterministic sequence
such that 6, > 0 and §,, /* 6 > 0. If Assumption 1.1 and
Assumption 4.5 hold, then

\/ﬁRmén a-_S>- \/2V [(X

— 1)?|log(1/9).

Second, we prove that the extra term that appears in the
lower confidence interval converges to zero almost surely
for right choices of a; ,. The proof can be found in Ap-
pendix D.6.

Theorem 4.7. Let o = a1y, + a2y be such that oy, =

Q (m) and o, — . If Assumption 1.1 and Assump-
tion 4.5 hold, then

X P2
Zi<t )\'Laa2,nR’i,a1‘n a.s.
\/ﬁ = = 0.
Zigt /\i,az,n

Taking d,, = «, it immediately follows from Theorem 4.6
that the upper confidence interval’s first order term is asymp-
totically almost surely equal to that of the oracle Bernstein
confidence interval. To derive the analogous conclusion for
the lower confidence interval, it suffices to take
1 log(n) — 1
lp =70, 5n = Qg np = LO‘
logn log(n)

in Theorem 4.7 and Theorem 4.6, respectively. These claims
are formalized in the following corollary.

6)

Corollary 4.8 (Sharpness) Let the predictable sequences
(11i)iein) and (62);e(n) be defined as in Section 4.2 or Sec-
tion 4.3, with ca A cs > 0. Let Assumption 1.1 and As-
sumption 4.5 hold. If o = o, + aa .y, as defined in (6),

Note that the plug-ins proposed in Section 4.4 are slightly
different (they may take the value O for small enough t). However,
the proofs can be easily extended to )\t 1o after realizing that
these two plug-ins are equal almost surely for big enough ¢; we
believe the simplification is convenient for ease of presentation.

then
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COMPARISON TO EXISTING INEQUALITIES

We compare our proposed inequalities to those in Audibert
et al. (2009) and Maurer & Pontil (2009). As mentioned
in Section 2, upper and lower inequalities for the variance
were previously established in the work of Audibert et al.
(2009, Theorem 1) and Maurer & Pontil (2009, Theorem
10). Both these inequalities make use of V[(X; —p)?] < o2,
directly or indirectly. While Audibert et al. (2009, Theo-
rem 1) makes direct use of it by leveraging Bernstein-type
inequalities, Maurer & Pontil (2009, Theorem 10) makes in-
directly use of it through self-bounding arguments. Maurer
& Pontil (2009, Theorem 10), which is the sharper of the
two, yields the (1 — a)-confidence interval

(\/—i 2log 2/a)>

n—1
where V,, is the empirical variance. That is,

2 ¢ (Vn n 2log(2/a) L9 Vn210g(2/a)> .
n—1 n—1

In view of V,, — o2 almost surely, we observe that the radii
of these two-sided confidence intervals scaled by /n are

roughly
20+/2log(2/a),

which is larger the limiting first order width of our confi-
dence intervals (Corollary 4.8) in view of 1 < 2 and

—)?] SE[(X; — )] —E? [(X; — p)°]
=0%(1-0%) <o

V(X

This theoretical edge also manifests in practice, with the
empirical widths of our inequalities proving considerably
smaller than those from Maurer & Pontil (2009), as illus-
trated in Section 5. Furthermore, it is unclear how to derive
(anytime-valid) inequalities under martingale dependence
using the tools from Maurer & Pontil (2009, Theorem 10)
(i.e., self-bounding arguments), but we are able to do this
with our proof techniques.

5. Experiments

We devote this section to exploring the empirical per-
formance of both the upper and lower confidence inter-
vals presented in this paper. Note that, in order to ob-
tain confidence intervals for the standard deviation us-
ing our approach, it suffices to take the square root of



Sharp Empirical Bernstein Inequalities for the Variance of Bounded Random Variables

(1) (m ()

— MP 0.40 — MP 0.4 1 — MP
0.5 A EB (our proposal) EB (our proposal) EB (our proposal)
=== True std 0.35 1 === True std === True std

0.30 A

el

i 0.25 A

kel

[}

® 0.20 A

£

a 0.15
0.10 A
0.05 A
0.00 1 -

0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Sample size Sample size Sample size

Figure 1. Average confidence intervals over 100 simulations for the std o for (I) the uniform distribution in (0, 1), (II) the beta distribution
with parameters (2, 6), and (III) the beta distribution with parameters (5, 5). For each of the inequalities, the 0.95%-empirical quantiles
are also displayed. The Maurer Pontil (MP) inequality (Maurer & Pontil, 2009, Theorem 10) is compared against our proposal (EB). We
highlight the improved empirical performance of our methods in all scenarios.
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Figure 2. Mean squared error of the average treatment effect (ATE) sequential estimations, averaged over 1.5e5 simulations. The placebo
and treated potential outcomes are respectively distributed as (I) a (0, 0.7)-uniform distribution and a (0, 1)-uniform distribution, and (II)
a (0, 1)-uniform distribution and a (2, 6)-beta distribution. The 0.95%-empirical quantiles are also displayed. The original algorithm is
compared to a variation that replaces their variance confidence sequences with those from Corollary 4.3, and an oracle algorithm that has

access to the variances is also displayed.

the upper and lower confidence intervals for the vari-
ance presented in Section 4. In all the experiments, we
take & = 0.05, and the constants ¢; = 3, co = o1,
c3 = 2%, cy = % ¢; = 2. The code can be found at
https://github.com/DMartinezT/emp_bernstein_variance.

Batch setting. We compare our results with the inequalities
from Maurer & Pontil (2009, Theorem 10), which currently
constitute the state of the art for the standard deviation,
for fixed sample sizes (the more classical batch setting).
Figure 1 displays the average upper and lower confidence in-
tervals for the standard deviation for different samples sizes
for three different bounded distributions. Our inequalities
consistently demonstrate improved empirical performance
in all evaluated scenarios. We defer a comparison with other

alternatives, such as a double empirical Bernstein inequality
on the first and second moment, to Appendix F.

Sequential setting. We explore a direct algorithmic appli-
cation of our inequalities in the context of optimal adaptive
Neyman allocation for randomized control trials (gold stan-
dard in causal inference and off-policy evaluation), follow-
ing the methodology established in Neopane et al. (2025).
In Neopane et al. (2025), the probability of treatment assign-
ment at a given time is built given the confidence sequences
for the standard deviations of the treatment and placebo
outcomes. In particular, the treatment policy is sequentially
updated, and it requires anytime-valid inference on the vari-
ance to prove its optimality. We conduct experiments using
the confidence sequences used in Neopane et al. (2025),
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as well as replacing them with our proposed inequalities,
for different potential outcome distributions. We illustrate
the results in Figure 2. Note that our inequalities lead to a
substantial improved performance of the adaptive Neyman
allocation procedure. Especially in later rounds, our inequal-
ities can lead to performances that are closer to those from
an oracle algorithm (that knows the variance) than to those
from the original algorithm.

6. Conclusion

We have provided novel concentration inequalities for the
variance of bounded random variables under mild assump-
tions, instantiating them for both the batch and sequen-
tial settings. We have shown their theoretical sharpness,
asymptotically matching the first order term of the oracle
Bernstein’s inequality. Furthermore, our empirical findings
demonstrate that they significantly outperform the widely
adopted inequalities presented by Maurer & Pontil (2009,
Theorem 10).

There are several possible avenues for future work. In
Appendix A, we show how the results naturally extend
to Hilbert spaces. The proof of Theorem A.3 implicitly
exploits the inner product structure of the Hilbert space,
which cannot be done in arbitrary Banach spaces. While
this challenge may be circumvented by means of the tri-
angle inequality, that approach leads to inflated constants;
exploring tighter alternatives for general or smooth Banach
spaces would be of interest. Furthermore, the analysis in
Section A exploits ‘one-dimensional variances’. Extending
our work to covariance matrices or operators would also be
a natural direction to follow.
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Appendix outline

We organize the appendices as follows. We devote Appendix A to the formalization of the extension of the results to Hilbert
spaces. Section B presents auxiliary lemmata that are exploited in the remaining proofs. These are mostly analytic or simple
probabilistic results that can be skipped on a first pass. Section C contains more involved technical propositions that are later
combined to yield the proofs of Theorem 4.6 and Theorem 4.7. The proofs of such propositions are deferred to Appendix E.
Appendix D displays the proofs of the theoretical results exhibited in the main body of the paper, and Appendix F exhibits
potential alternative approaches to the proposed empirical Bernstein inequality, illustrating the empirical benefits of the
latter.

Throughout, we denote the probability space on which the random variables are defined by (2, F, P). Furthermore, we
use the standard asymptotic big-oh notations. Given functions f and g, we write f(n) = O(g(n)) if there exist constants
C,no > O such that | f(n)| < Clg(n)| for all n > ngy. We write f(n) = 6(g(n)) if f(n) = O(g(n) polylog(n)), where
polylog(n) denotes a polylogarithmic factor in n. Finally, we use f(n) = Q(g(n)) to denote that there exist constants
¢, no > 0 such that f(n) > cg(n) forall n > ng.

A. Extension to Hilbert spaces

Our inequalities naturally extend to separable Hilbert spaces. In these more abstract spaces, we shall assume that our random
variables lie in a ball of diameter 1, instead of a unit long interval. Similarly, the concept of variance involves norms, instead
of just squares of scalars.

Assumption A.1. The stream of random variables X7, X5, . .. belongs to a separable Hilbert space H, and is such that

1
B B N N

Under Assumption A.1, all the concentration inequalities for o2 previously presented for the one dimensional case still hold
if replacing (X; — fi;)? and (X; — f;)% by || X; — ji;||? and || X; — 7i;||?, respectively.

The main technical obstacle of this extension is the generalization of Theorem 3.3 to multivariate settings, which we
formalize next. Contrary to its one-dimensional counterpart, its proof builds on more sophisticated techniques from Pinelis
(1994); we defer such a proof to Appendix D.7.

Theorem A.2 (Vector-valued anytime valid Bennett’s inequality). Let X1, Xo, ... be a stream of random variables belonging
to a separable Hilbert space H such that | X;|| < %, Ey_1 X, = p, and By || X — p||? = 02, forall t > 1. For any

R -valued predictable sequence (X\;);>1, the sequence of sets of x such that

Di<t XX < log(2/8) +0° 3", Yp ()
ZiSt Ai Zigt Ai

T —

isal — J confidence sequence for p.

The remainder of the one-dimensional results can be extended with relative ease, and so we emphasize once again that the
concentration inequalities previously introduced still hold in Hilbert spaces. We highlight that the inequalities are also sharp
in this vector-valued setting, with the analysis conducted in Section 4.4 naturally extending to Hilbert spaces.

A.1. Formalization of auxiliary results
Throughout, let H be a separable Hilbert space and denote
Br(z)={ye H:lly—r|<r}.

We remind the reader that the theoretical foundation of the results from Section 4 are namely the scalar-valued anytime valid
Bennett’s inequality (Theorem 3.3) and the supermartingale construction from Theorem 4.1. Theorem A.2 extended the
former to the multivariate setting. The remaining foundational piece is the extension of the supermartingale construction
from Theorem 4.1, which we present next® and whose proof we defer to Appendix D.8.

3Throughout, we emphasize the fact that the estimator of the mean belongs to the Hilbert space (in contrary to the estimator of the
variance, which still belongs to the real line) by means of the notation fif">.

11
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Theorem A.3. Let Assumption A.1 hold. For any By (0)-valued predictable sequence (jit!S);>1, define
~2 _ ~HS _ 1|2
67 =0+ " — "
For any [0, 1]-valued predictable sequence (0;);>1 and any [0, 1)-valued predictable sequence (\;);>1, the processes
+, ~HS||2 -
S = exp S [ 1= 79 2] - ) [, - ) -]
fort > 1and SOi HS— 1, are nonnegative supermartingales.

This theorem implies that the upper and lower inequalities previously derived for one dimensional processes equally apply
to Hilbert spaces. Denoting

2
log(1/a) + X e (N) (|| X: — 75 )|* — 52)

to T Zlgt )\l ’

di<t HAiXi AHSH ERS . D i<t HAHS - “HQ
Di<t i ’ ! Di<t i 7

the following corollary is a direct consequence of Theorem A.3, whose proof is analogous to that of Corollary 4.2.

HS . _
DIS .=

Corollary A4. Let Assumption 1.1 hold. For any [0, 1)-valued predictable sequence (X\;);i>1, any B 1 (0)-valued predictable
sequence (1if'S);>1, and any [0, 1]-valued predictable sequence (G;);>1, the sequence of sets

(Df’s ~ B/ + RIS, )

is a 1 — o confidence sequence for .

From Corollary A.4, upper and lower inequalities for the variance can be derived analogously to those presented in Section 4.
That is, in order to derive an upper inequalities for the variance, it suffices to ignore the term E!S.
Corollary A.5 (Vector-valued upper empirical Bernstein for the variance). Let Assumption 1.1 hold. For any B 1 (0)-valued

predictable sequence (1if'5);>1, any [0, 1]-valued predictable sequence (7;);>1, and any [0, 1)-valued predictable sequence
(Ai)i>1, it holds that (—oo, UtHS) is a 1 — o upper confidence sequence for o2, where

U .= DI + R,

In order to derive Ri,g such that ||iz; — pf| < Ri’g for all 7 > 1, we propose to use the vector-valued anytime valid Bennett’s
inequality from Theorem A.2. That is, take

s — Zﬁ;i AiXi Ry = log(2/0) 4 o2 Zf: V(M)

t t—1 7% ) 0 T t—1 % .
Zi:l Ai Zi:l Ai

These choices of 1 AHS and RW; lead to the same exact definition of flt, Bty(;, C~'t75, Ay, By s, and Cy 5 from Section 4. The

following corollary follows analogously to its one-dimensional counterpart.

N

Corollary A.6 (Vector-valued lower empirical Bernstein for the variance). Let Assumption 1.1 hold. For the B% (0)-valued
predictable sequence ([if™%);>1 defined in (2), any [0, 1]-valued predictable sequence (G?);>1, any [0, 1)-valued predictable
sequence (\;)i>1, and any [0, 00)-valued predictable sequence (\;)i>1, it holds that (L5, 00) is a1 — o lower confidence
sequence for o2, where oy + s = o and

~Buay + \/Bia, + 444D} = Cra, — RIS,

LS .—
¢ 24,

12
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We propose to take the plug-ins (\;);>1 and (5\7)7 >1 analogously to Section 4. These choices require that the definitions of
T?Lit and 52 from Section 4 naturally replace the squares by the squares of the norms. Similarly to Section 4, the choice of
the split of o into ov; and a5 is also of importance. In practice, we propose to take «v; and iy analogously to Section 4. The
optimality of the results from Section 4.4 for specific choices of a; and ais extends analogously to Hilbert spaces. However,
Assumption 4.5 ought to be replaced by the following assumption.

Assumption A.7. X1, X,,...is such that V;_y [||X; — u||?] is constant across i.

Under Assumption A.1 and Assumption A.7, the first order term of the width of the confidence intervals can be compared
with that from the oracle Bernstein-type inequality, i.e.,

V2V [ X; — ul?log(1/a).

The following corollary establishes that the first order width of the confidence intervals does indeed match this oracle
benchmark. Its proof is not provided given that it is completely analogous to that of Section 4.4.

Corollary A.8 (Sharpness). Let Assumption A.1 and Assumption A.7 hold. If o = a1, + 2y, as defined in (6), then

V(U = DIF) =5 2V [[ X — u]?]log(1/a),
V(DP — L) “5 V2V [ X; — u]]?]log(1/a).
B. Auxiliary lemmata
Lemma B.1. Fora € [0,1] andb > 0,
wp(ab) <a ’t/)p(b)7 zbE(ab) < az'l/JE(b)
Proof. 1t suffices to observe that
2 (ab)k (), &
vr(ah) =Y PR 2230 = (),
k=2 k=2
as well as
= (ab)k () ) S WP
Vg (ab) Z( k) < azz? = a*yp(b),
k=2 k=2
where in both (i) follows from |a| < 1. O

Lemma B.2. Let ¢ = )‘; and g(\) = —log(1 — X) — \. The function A € [0,1) — iig‘\% is increasing.

Proof. 1t suffices to observe that

Ye(A) _ Zk>2 Z

which is clearly increasing on . O

Lemma B.3. It holds that

and so
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Proof. Given that 2 — —L is a decreasing function, it follows that
VT

and invoke the sandwich theorem.

Lemma B.4. It holds that

n

Z - € [logn,logn + 1],

i=1

S| =

and so

n

1 1
Z* — 1.
logn T

i=1

Proof. Given that z — % is a decreasing function, it follows that

"1 1 mq
Zde <Ny 2 <1 =d
/lxx_;i_Jr/lmx’

with f 1" %daz = log n. In order to conclude the proof, it suffices to note that

1 &1 1 1
e+ —|, 1+ —1,
logn 1 logn logn

i=1
and invoke the sandwich theorem.
Lemma B.5. Ir holds that

1

i 2 5 2 2 5
€ |- +=n2, =+ = 1)z .
;\/; [3+3n2 3+3(n+ )2]

Proof. Given that x — +/ is an increasing function, it follows that
n n n+1
1+/ ﬁdngﬂg/ Vrdz,
1 =1 1

with [[* /zdz = %n%
Lemma B.6. It holds that

and so
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Proof. Given that z —

is a decreasing function, it follows that

n—1 n logn

1 1 i &1
Y > / do & / = du,
ps ilogi 5 xlogx log2 U

where we have used the change of variable u = log  in (i). Thus

o] 1 n—1 1 log n 1
Z - - = lim Z > lim / —du = 0o
p ilogi n—oo — ilogi — nooo fige0 U

xloggc

It remains to note that

oo

> _ '
;ilog(i-Fl) _;(Hl)log(iﬂ) i;uogi

i=1

Lemma B.7. Let (a,,),>0 be a deterministic sequence such that ag > 2 and a,, € [0,1] for n > 1. Then
— = <log a;

Proof. Denoting s; = Z;‘:o a;, it follows that
ZJ<Z 1 a] n i=1 Si—1

Si—8i—1

‘We now note that
which is decreasmg on x and

where (i) follows from a; € [0, 1]. Thus

by [ - [
ni: Sl

< log(sn)

where (i) follows from ag > 2, thus concluding the result.

Lemma B.8. Let (ay,),>1 be a deterministic sequence such that a,, — a. Then

1 n— 00
— E a;
n

i<n

Further, if a,, — 0 and |b,| < C, then

i<n
Proof. Let e > 0. We want to show that there exists M & N such that
1
a— - Z a;| <e.
i<n

15

is the area of a rectangle with width s; — s;_; and height -—. Define the function f (x) :
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* Given that a,, — a, there exists M; € N such that |a,, —a| < § forall n > M.

 Further, there exists Ms € N such that % Z?ill_l la; —a| < § foralln > M.

Taking M = max{My, M}, it follows that

1 1
_ = < = — .
a o aZ*an ail
i<n i<n
| Mt L&
=D la—al+o > le-al
=1 =M
< € n 1 Xn: €€ n 1 Xn: €
o < -+ - — =€
2 n 22 n 2 7
1=M; =1
thus concluding the first result.
The second result trivially follows after observing
1 1
i<n i<n
and the right hand side converges to 0 in view of the first result. O

Lemma B.9. Let (ay,)n>1 and (by)n>1 be two deterministic sequences such that
1 n
ap " a, b >0, =) b "Hb
n <
=1
Then,

1 n
- Z aibi n—_>>oo ab.
n

i=1

Proof. Lete € (0,1) be arbitrary. It suffices to show that there exists M € N such that

1 n
fE a;b; —ab| <e
n -

=1

foralln > M. Given that a,, — a, there exists M; € N such that sup, 5y, |a; —a| < 3051 - Furthermore, LS b= b
implies the existence of M5 € N such that

— = 3(Jal + 1)
Lastly, there exists M3 € N such that
1 M’ -1 ¢
oy la: = al Z his 3
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where M’ = My V Ms. Taking M = M’V M3, it follows that

1 n
— Zaibi —ab; + ab; — ab
n =

1 n
- Z aibi —ab
n i=1

1 1«
stup|al—a|2b + |al Zbi—b
i=1 i:l
< Lapla;—al b+ lal
—supla; —a al=——-
= nen o 3(la[+ 1)
1 M’ -1
< — sup |a;—a b—i—f su a; b+
ni<MP 1 | Z ]W/<zp<n| | Z
€
< £ . by
<zt o —aly Z} +3
<f,_° € Lp) e fcfe
= - <-4-+4+-=¢
=330+ \3(al+ 1) 3537373
O
Lemma B.10. Let (ay,i)n>1,ic[n) and (by)n>1 be two deterministic sequences such that
nn Gy ni—al <la;—al, b;=0, =) b — b
n, a, l|an:—al <la;; —al . Z

Then

n
1 n—oo
EE ambi = ab.
=1

Proof. Lete € (0,1) be arbitrary. It suffices to show that there exists M € N such that

<e

% sz; an’ibi —ab

for all n > M. Given that a,, — a, there exists M; € N such that sup;s, |ai; — al < m Furthermore,
L3 | by — bimplies the existence of M, € N such that

Zb

3(lal +1)
Lastly, there exists M3 € N such that
1 M1 €
— sup |a;;—a b; < =
n <M/ — | o | ; 3’

17
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where M’ = My V Ms. Taking M = M’V M3, it follows that

1 n
- E an,ibi —ab
n-

i=1

1 n
— Z an,ibi — ab; + ab; — ab
n i

1 1 &
S*SUP‘ani—(ﬂZb +lal | =D b~ b
=n i=1 nia
< Loup| |Zb+|| ‘
— su a;; —a al|————
= 3(jal + 1)
1 M'—1
< sup l|a;i—a b+f sup |a; b+f
N <M/ — 1| |Z n MI<i <'n,| |12M,
€
gf—ﬁ—su ai; —a b, + =
3T Iz Z 3
<€+ € € € €+6
= - <-+-+:-=¢
-3 30b+1) |a|+1 3 3 3 3

Lemma B.11. Let (ay,i)p>1,ic[n) Such that a, ; > 0, St an,i < C for some C < oo,
"L-}OO

i 0 Vi>1,

and (by)n>1 such that by, "Z2°0. Then,
Z anﬂ-bi n—_))oo 0
i=1

Proof. Let e > 0. We want to show that there exists M € N such that Z?:l an,ibi < eforalln > M.

* Given that b, — 0, there exists M; € N such that |b,| < 5% forall n > M;.

¢ Further, there exists Ms € N such that Z 1an,ibi < 5 foralln > Ma. Such an Ms exists, as it suffices to take

My = max{Mas, : i € [M;]}, where M5, 1s such that an,ibi < 537~ (Whose existence is granted by a,; — 0 as
n — oo for any fixed 7).

Taking M = max{M;, My}, it follows that

M,

Zamb —Zamer Z an,ib;
i=M7+1
€ €
<-4+ -5 Qi
2 2C Z_f%ﬂ

—~

i

€
< - L o=
_2+2CZ ’”—2+200 &

=

where (i) follows from a,, ; > 0, thus concluding the result. O

Lemma B.12. Leta > 0andb > 0. If Z,, > 0 a.s. and Z,, — b a.s., then
n
inf
Tltgl n+1 + n+1

n

is strictly positive almost surely.

18
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Proof. Given that Z,, > 0 a.s. and Z,, — b a.s., there exists A € F such that P(A) = 1 and Z,,(w) > 0 for all n, as well
as Zy,(w) — bwith n — oo, for all w € A. It suffices to show that, for w € A,

a n
inf — 7y 0.
rlbgln+l+n—|—l (@) >

In order to see this, observe that Z,,(w) — b implies that there exists m € N such that Z,, > g for all n > m. Given that
the function  — x/(x + 1) is increasing on n, for all n > m,

a n n m m
—7, >
n+1+n+1 (w)_

N o

If Z, (w) > 0, then for all n < m,

a n n Zn(w) > a_ o
— 7 (w) > > —.
n+1l n+1 n+1 m
From these two inequalities, we conclude that
f a n n Zo(w) > a A m b
in — 7 (w) > — -
n>1n+1 n+1 m m+12
for all w € A. O

C. Auxiliary propositions

The proofs of the propositions exhibited herein are deferred to Appendix E. We start by presenting a proof of the almost sure
convergence of the fourth moment estimator used throughout. Its proof can be found in Appendix E.1

Proposition C.1. Let X1,..., X, fulfill Assumption 1.1 and Assumption 4.5. Let (i;);c[n) and (81-2),»6[”] be [0, 1]-valued
predictable sequences. If

then

which implies

v [(X — u)Q] = 0, then the fourth moment estimator does not only converge to 0 almost surely, but it also does it at

a @(%) rate. We start by formalizing this result when (7] ;);c[,, is defined as in Section 4.2. Its proof may be found in
Appendix E.2

Proposition C.2. Let X1, ..., X, fulfill Assumption 1.1 and Assumption 4.5 such that V [(X — /J)z} = 0. Let (11i)ien)»
(G7)iein) and (M3 ;)icn) be defined as in Section 4.2. Then

. ~ (1
mi,t =0 (t)

The result also extends to the estimator (rﬁil)le [n] defined in Section 4.3. We present such an extension next, whose proof
we defer to Appendix E.3.

almost surely.
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Proposition C.3. Let X1,..., X, fulfill Assumption 1.1 and Assumption 4.5 such that V [(X — p)?] = 0. Let (1i;)ie[n),
(G7)icn)> and (M3 ;)ic(n) be defined as in Section 4.3. Iflog(1/ a1 ) = O(1) and 0 < oy, < «, then

almost surely.

Ifv [(X — u)z] = 0, the (normalized) sum of the plug-ins also converges almost surely to a tractable quantity. We present
this result next, and defer the proof to Appendix E.4.

Proposition C.4. Let X1, ..., X, fulfill Assumption 1.1 and Assumption 4.5 such that V [(X; — p)?] > 0. Let (8,,)n>1 be
a deterministic sequence such that

6p —6>0, 9, >0.

21og(1/6,
P L (ALY
min

with c; € (0,1] and ﬁ%it defined as in Section 4 with co > 0. Then

1y as | 2log(1/6)
Vi 2 T -

Iftv [(X — M)Q] > 0, we study the inverse of the (normalized) sum of the plug-ins. In the next proposition, we prove that

Define

such a quantity converges almost surely to 0 at a @(ﬁ) rate. Its proof may be found in Appendix E.6.

Proposition C.5. Let X1, ..., X, fulfill Assumption 1.1 and Assumption 4.5 such that V [(X; — p)?] = 0. Let (8,)n>1 be
a deterministic sequence such that

op —6>0, 4, >0.

2log(1/4,
NP LTI
my ,n

Define

with ¢i € (0,1). Then

almost surely.

We now analyze the almost sure converge of the sum of the product of two sequences of random variables, one involving the
plug-ins through the function ¢ g. Its proof may be found in Appendix E.5

Proposition C.6. Let X1, ..., X, fulfill Assumption 1.1 and Assumption 4.5 such that V [(XZ — [L)2] > 0. Let (6,,)n>1 be
a deterministic sequence such that

on /1 6>0, 4, >0.

2log(1/6y,
Ny 1= 4| 2B 00)
mi

20
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with ¢1 > 0, and ﬁ@it defined as in Section 4 with co > 0. Let (Z,,)n>1 be such that

1 — -
Zi207 gzlzl‘aja,
i=

with a € R. Then

" 4 Cas. alog(1/4)
;w Ms) 25 s = e

Lastly, we present a technical proposition that will be used in the proof of Theorem 4.7. We defer its proof to Appendix E.7.

Proposition C.7. Let o ,, = Q2 (m) and o, be defined as in Section 4, with c3 > 0. Then

2
i— 1 a1n
{log(Z/aLn) + 02 Zkzll Yp ( 7%(;51(()23;/(115 A 05) }

e\ =0(1) ®
= (Za Vg A )
almost surely.
D. Main proofs
D.1. Proof of Theorem 3.3
Fix ¢ and observe
(e, - m)'
- > (A — )
E; 1 exp (At(Xt - M)) =E; 1 Z I
k=0
B i ME—1 [(Xe — )]
k!
k=0
(@) ME 1 [(Xi— )]
=142 k!
k=2
(i) o1 o= A
< T+ B (X —p) }Zﬁ

(i)

= 1+ 02)p(\)

(2) exp (02¢p(5\t)) ,

where (i) follows from EX; = p, (i) from | X; — p| < 1, (iii) from E;—; [(X; — p)?] = 0%, and (iv) from 1 + z < exp(z)
for all z € R.

It thus follows that

S{zexp Zj\i(Xi—,u)—O‘zzwp(S\i) tZ 1, 56:1,

i<t i<t

is a nonnegative supermartingale. In view of Ville’s inequality (Theorem 3.1), we observe that

P | exp Zj\i(Xi—u)—GQZsz(S\i) >2/0 Sga

i<t i<t
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thus

)

N |

P XX —p) =0 dp(Ni) > log(2/6) | <

i<t i<t

and so

P (“ < Tigt MXi = 0* iey ?P(Xi) - 10g(2/5)> <2
Zigt Ai 2

Arguing analogously replacing X; — u for u — X; and taking the union bound concludes the proof.

D.2. Proof of Theorem 4.1

The processes are clearly nonnegative, so it remains to prove that they are supermartingales. Let us begin by showing that
St+ is indeed a supermartingale, i.e.,

Euovexp { A [(X0 = u)? = 2] — ve() (X0 - u)? - 53)°} <1 ©)
for any £ > 1. In order to see this, denote
Yi= (X =) -5}, 0 =0} 35},
and restate (9) as
Eoorexp { Y — (M) (Y — 6)°} < 1. (10)

From Fan et al. (2015, Proposition 4.1), which establishes that exp {f)\ — §2¢E()\)} <14 &\ forany A € [0,1) and
& > —1, it follows that

By 1 exp { 0¥ — vp (M) (Y — )’}

= exp(A0,)E_1 exp {)\t(Yt —8,) — () (Y — 502}
< exp(Ady)Er—q1 [1+ A (Y2 — 64)]
o exp(Aede) (1 — Aedy)

(i1)
S exp()\tét) exp (_)\tét)

:1’

—

where (i) is obtained given that E;_1Y; = 0, and (ii) from 1 + z < e¢* forall x € R.
Showing that S; is a supermartingale follows analogously, but replacing Y; and d; by
—(Xie —)* +36;, o+

Note that this proof is analogous to the proof of Waudby-Smith & Ramdas (2024, Theorem 2), but with non-constant
conditional expectations &2

D.3. Proof of Corollary 4.2

In view of Ville’s inequality (Theorem 3.1) and Theorem 4.1, the probability of the event

exp & SN [£(X — fi)? F 67) — wp(N) [(Xi — ) = 52]" > 2/6

i<t
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uniformly over ¢ is upper bounded by %, and so is

S [0 = 70)? 7 67] — wm(h) (X —0)* 7] > log(2/0)

i<t

uniformly over ¢. Thus

D t>‘i5z‘2 1)
P ( su = +D;,—Ria>0] < —.
( tP:F Zigt)\i t t,e 2 =5
From
Zz<f )\1512 Zi<t Ai [02 + (i — N)z] 2. g
< _ < — Yy .,
Zzst Ai Zigt Ai
it follows that
1)
P (supq:gz :FEt :l:Dt - Rt7% > O> § 5,
t
which allows to conclude that
1)
P(oc ¢ (Di— By — Ry o, Dy — Ey + Rt,%)) < >

uniformly over t.

D.4. Proof of Corollary 4.4

As exhibited in Section 4.3,

Zzgt 2los N Rt,ocz
Zigt Ai

2

0?>D; —

uniformly over ¢ with probability a; 4+ ay = a.. Taking R? , as in (2) leads to

1,001
~(2 ~(1 (0
2 Sieihi (CFot 4 C(0, 02+ CL0),)
g 2 Dt — Eigt /\1 - Rt,aga
ie.,
02> D, — 015(2)04 — (Ct(}ozl — 1) o — Ct(’oozl — Ry,

Thus, it suffices to consider 62 > o7,, where o7, is such that

t,aq

‘712,t =Dy — Ct(Q)afft — (C’ b 1) le,t — C’t(gil — Rt a,-
Clearly, solving for this quadratic polynomial leads to (3).

D.S. Proof of Theorem 4.6
We proceed differently for the cases V [(X; — p)?] = 0and V [(X; — n)?] > 0.
Case 1: V [(X; — p)?] = 0. Note that

log(1/6,) + Sic, (Nis) (X = ) = 57)°

\/ﬁRn,ﬁn =
ﬁ Zign >\i,6n
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Denote

In view of Proposition C.2 or Proposition C.3, it follows that
nﬁlin =0 (1)

almost surely, and so there exists A € F with P(A) = 1 such that nmj ,, (w) = O (1) forallw € A. Forw € A, it may be
that

Zyg(w) =M< (11)
i=1
or
> viw) = oo. (12)
=1

If (11) holds, then

> vn(his, @) (W) = B(@)? = 2w)" = Y vp(his, @)V (w)

i<n i<n
< (o) 312 w)
i<n

S ¢E(cl)Ma

and so log(1/6,) + >, VE(Nis, (W) (Xi(w) — [i;(w))? — 57 (w))2 is upper bounded by log(1/1) + ¢ g(c1) M, where
| = inf,en d,, (Which is strictly positive given that §,, — 6 > 0 and §,, > 0). If (12) holds, then there exists m(w) € N
such that, for ¢ > m(w),

t—1

. 2log(1/1
At = e+ 3P () > 2B,
i=1 1
Thus
21og(1 21og(1
log(1/6,) _ [21o0/D _
mg (w)n mg (W)t
and so

for i > m(w). Denote

(In(w)) ==1og(1/8a) + Y wp(Nis, (@) (Xi(w) — i (@))? = 52(w))”,
i<m(w)
(I @) = > ¥uis,) (Xi(w) = iw))? — 53 ())”.

i=m(w)

‘We observe that

(In()) <log(1/D) + ve(c) Y. ((Xi(w) - fiw))? - 52(w))",

i<m(w)
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and so it is bounded. Furthermore,

Z Ve < 210%(1/5'0) ((Xi(w) — Jis (w))? _af(w))z

i=m(w) T/ﬁi 1((*))77’
2 2og1/on)is () 5 7 (i) = (@)? = 53))’
1 i=m(w) ’l

< Hos/is ) tw)n (i) — a(w)? ~ 52(@))’
7 i) T

S zloga/i%w (c1) Z( | Z_mi 5 (%) = e))? - 52)’

_ 2log(1/1)vE (c1) <& ;yg w
cf l%%mcﬁzl“()z“

(”) 210g(1/l) (c1) ( )
log | c2 +ZI/

_ s ) log (i3, (w)n)

€1

where (i) follows from Lemma B.1 and ¢; € (0, 1), and (ii) follows from Lemma B.7. Given that min(w)n =0 (1), it

follows from the previous inequalities that (I,,(w)) + (I, (w)) is also O (1). Consequently, we have shown that regardless
of (11) or (12) holding, it follows that

> p (s, (@) (Xi(w) = fa(@))? = 52(w))” = 0 (1)

i<n

forall w € A, with P(A) = 1. That is,

log(1/6,) + > e (\is,) (Xi — ) = 52)" =0 (1)

i<n
almost surely. Further, by Proposition C.5 and §,, — 4, it also follows that

v 5 (1)
ﬁ Z?:l >‘i,6n \/ﬁ

almost surely. Thus, it is concluded that

-0 ()

almost surely, and so it converges to 0 almost surely.

Case 2: V [(X; — p)?] > 0. By Proposition C.4,

1y ag | 2log(1/6)
VT

In view of
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almost surely (Proposition C.1) and Proposition C.6, it follows that

S () (X, — fi)? - 2)° o VA s 1/0) )y 5

i<n V(X — )2
We thus conclude that
log(1/6) + log(1/9)
iRy, — 280/0) +10e(1)0) _ porme— saTioe 1 75)
2log(1/6)
V[(Xi—w)?]

almost surely.

D.6. Proof of Theorem 4.7
We differentiate the cases V [(X; — p)?] = 0and V [(X; — p)?] > 0.
Case 1: V [(X; — p1)?] = 0. By Proposition C.5 and vz , — cv,
1 /1
ol
ﬁ 2?21 >\i,a2,n \/ﬁ

almost surely. Furthermore, in view of Proposition C.7,

2
i—1 2log(2/a1,n
Z {log(Z/Oq,n) +o? Y P ( % A 05)}
5 .
‘ i—1 21log(2/a1,n)
i<n ( k=1 \/%A 05)

is @(1) almost surely. Thus, the product of both is O <ﬁ) almost surely, which further implies that it converges to 0

almost surely.

Case 2: V [(X; — p1)?] > 0. By Proposition C.4 and vz , — cv,

as. 21log(1/0)
Niasn = A o557+
f% : VX, — )]
Thus, it suffices to prove
Z)\la2n 1,001 a_s>0 (13)
i<n

to conclude the proof. We note that \; o, , R?’al _isequal to

{10g(2/0[1 )—|—O'2 Zi—l 'l,[} ( 2log(2/ai,n) A ¢ )}2
Z\f n k=1 %P \\/ 32klog(1+k) "+ &5
\FM o (zi Mmf

k=1\/ 5Zklog(1+k) 5

By Proposition C.7,

2
i—1 2log(2/a1,n
Z{log 21 ) + 0% 3 Yp ( %/\05)}
f = i—1 2log(2/a1,n) A 2 .

i<n k=11 Zklog(i+k) "+ 5

is O(ﬁ) almost surely, and so it suffices to show that

Sup sup Vi .,
neNi<n
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is bounded almost surely in order to conclude the result (in view of Holder’s inequality, (13) will follow). Analogously to
the proof of Proposition C.4, there exist m,, € N and u(w) < oo such that

b migwn Tomi,(w) T

forn > m,, and w € A, with P(4) = 1. Given that ay , — a > 0 and g, > 0, then ! := inf,, ay, > 0, and so we
observe that

21 1 "
ViMoo () = M < /2Tog(1/D)u

m4 (W)

for n > m,,. It follows that

SUp Sup v/nhia,.,, (W) < ( 210g(1/l)u(w)) v < sup sup vnXia,., (w)) < 00,

neNi<n n<my, i<n
and thus the result is concluded by Holder’s inequality.

D.7. Proof of Theorem A.2

Denote

Pinelis (1994, Theorem 3.2) showed that*

Eo-ycosh (1fil) < (14 Eeorop (A 1X0 = ) ) cosh (1 fiall)

Similarly to the proof of Theorem 3.3, it now follows that

- k
5 o (A || X — pll
1+ Ei1¢p (At [ Xe — N”) =1+E-1) (t;,)
k=2 :
g i :\fEt—1 [HXt - #Hk}

k!
k=2
o ME [ - )
(z) t &t 1|: t ,LL
=14 i
k=2
(i7) o :\k
< VB [1X -] Y5
k=2

iii - () -
D1t o) < e (a%0p(h))

where (i) follows from EX; = , (ii) follows from || X; — z|| < 1, (iii) follows from E;_; || X; — u||> = o2, and (iv) follows
from 1 4+ 2 < exp(x) for all z € R. Thus, the process

S; = cosh Z (X — )| | exp | —o? Zz/}p(;\i) ,
i<t i<t

*Pinelis (1994, Theorem 3.2) requires separability (required in Pinelis (1994, Lemma 2.3)). Separability is ultimately needed to ensure
the tightness of the probability measure on the (more generally) Banach space.
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fort > 1, and S}, = 1, is a nonnegative supermartingale. In view of Ville’s inequality (Theorem 3.1) we observe that

< - 1
P | cosh Z)‘i(Xi — )|l | exp | =02 pr()\i) > 5 <4,

i<t i<t

and, from exp x < 2 cosh z for x € R, it follows that

P | exp Zj\i(Xi—M) _ngwP(;\i) Z; <.

i<t i<t
Thus
< 1)
PN =)l =0 > vp(h) 2 log(2/0) | < 5,
1<t i<t
and so
( | Zi<t 5‘iXi o? Ziq 7vZJP(S\i) + 10%(2/5)> )
Plip————| < = = <-.
Zigt Ai Eigt Ai 2

D.8. Proof of Theorem A.3

The proof is analogous to that of Theorem 4.1, replacing Y; = (X; — [i¢)2 — 62 by Y; = || X; — fig||> — 52

E. Proofs of auxiliary propositions
E.1. Proof of Proposition C.1

Denote 3 ,, :== £ >0 [(X; — 11)* — 81-2]2. Then

1 — N N
Thim = Ez [(XZ —,ui)2 — 02402 —01-2]2

= %Z [(X; —in)? = 0?]" - 2 > (X — i) = 0] (0 — 57)

i=1 i=1

(I.) (II)

zn: (0% - 32-2)2.

i=1

(ITL,)

It suffices to prove that (I,,) converges to V [(X — p)?] almost surely, and (I1,,) and (I11,,) converge to 0 almost surely.
* Denoting y; = (p — 1) + 2(X; — p) (1 — 1i;), it follows that

(I,) = [(X; — p+p— )% = 0]

S|

@,
Il
_

(X5 =) = 0 + (= )? +2(X; = ) — )]

Il
S

N
I
—

(X — p)? —o? +%‘}2

Il
S

s
Il
-

(X, — w)? = 0?) +

- N2 _ 52] A ln 2
3 [(Xi — p) Uhﬁn;v--

i=1

s
Il
_

I
S
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The first of these three summands converges to V [(X — M)Q] by the scalar martingale strong law of large numbers
(Hall & Heyde, 2014, Theorem 2.1). Given that (1; — 1) — 0 almost surely, v; — 0 almost surely as well. Thus, the
latter summands converge to 0 almost surely: the second summand converges to 0 in view of Lemma B.8 and the fact
that the (X; — 11)2 — o2 are bounded; the third summand converges to 0 almost surely also in view of Lemma B.8.

* Given that [(X; — ;) — 0?] is bounded and (02 — 57) — 0 almost surely, (I1,,) converges to 0 almost surely by
Lemma B.8.

2

* Given that (02 — 52) — 0 almost surely, (02 — 77 )2 — 0 almost surely, and so (I11,,) converges to 0 almost surely

by Lemma B.8.
Thus, m3, — V[(X — p)?] almost surely. Given that m3, = < + “=Lmj |, this also implies that m3, —
V [(X — p)?] almost surely.
E.2. Proof of Proposition C.2
Denote v; = (X; — 1i;)? — 72, so that
2 C2 + Zigt—l v
m47t = f
If 02 = 0, then X; = y for all 7. In that case,
2 1
. c 1—1 ~ c: (ca—p)"Yicioi sz
fi=—+——p Gi=—+ ISt
i i i i
Note that
2 oo 1 2 2
8§§6—3+ (ca—p)" 2252, 7 _ e+ (ca — p) %’
i i i
and so

(ca — 1)

<2
= 72

+ 25}
R1

<=,
’LQ

N 2
where rq := 2 (cq — p)* +2 (03 + (c4 — p)° %) , and (i) follows from (a — b)? < 2a? + 2b2. Thus

my, <
4t = L

2
9 62+Zigt—1%<02+Zz1%_02+mf? —(’)(1>
t = t t N '

If 02 > 0, note that

= (X; = 1)? = 0% + 20X, — ) (u — i) + (0 — fig)? + 02 — 5

= 2(X; — p)(p— 1) + (= 11;)* + 0> — 57,

29



Sharp Empirical Bernstein Inequalities for the Variance of Bounded Random Variables

where (i) follows from (X; — p)? = o2, and so
ol < 3l — il + |o? — 2.

The martingale analogue of Kolmogorov’s law of iterated logarithm (Stout, 1970) establishes that

: . Vn
lim sup [7; — pul =
i—o0 202 log log (no?)

almost surely. That implies that there exists A € F such that P(A) = 1 and, forall w € A,

\/7\/20 log 1og (i0?)

(W) =l <
for some C'(w) < oo. Furthermore,

_ 2
.y Gt ngifl (X; — 1)

0;

st Yjein (X5 — ) +2(X; — ) (1 — i) + (1 — fi)°
Cs+ Y ey (X5 — ) +2(X; — ) (= 1) + (e — 1)
e i1, Dy 206 - 1) (= ) + (= )’

—

i) Cs i1 —1
)3+

?

where (i) follows from (X; — p)? = o2, and so

_ 2
252 0 _Cj_ngi—lz(Xj_N)(#—Hj)+(#—ﬂj)

2 7 ]

which implies

9 2’ Cc3 o? Zj§¢_12(Xj_;U') (/j'_laj)"_(/i_ﬂj)Q

|0' -0 | < —+—+ -
i i i
2 o 0
<847 +3—239‘1.m il
i i i
§2.+3ngi71.|ﬂ—ﬂj|.
i i

Thus, forw € A,

[vi(w)] < 3| = fs(w)| + |o® — 7 (w)]

ngi—1 = (W)

1

- 2
<3lp—hiw)+ - +3

\/m
V2C(w)o?loglog (i02) 2 >i<ici VO o
<3 +-+3
Vi i i
V2C(w)o?loglog (i02) 2 >j<io1 %
<3 + = +3V/2C(w)o?loglog (i02) ==V
Vi i i
@) _/2C(w)o?loglog (ic2) 2 1
3 + — 4+ 6y/2C(w)o?loglog (i0?) —
< 7 7; T 6v20(w)o? loglog (io®) =

~ (2+9v/20)e" TogTog i0%)) 7.
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where (i) follows from Lemma B.3. Thus,

(v3(w))? < (2 +9/2C(w)a?loglog (102))2 %

From here, it follows that, for w € A,

co + Ziﬁt—l 1)22 (w)
N t

2
&2+ Yicr 1 (24 9v/20()o7 loglog (i0?) ) +
< <
- t
2
co + (2 +91/2C(w)o? loglog (t02)) D<o 1
t
2
) C2 + (2 +9/2C(w)o?loglog (t02)) (1+1logt)

o)

where (i) follows from Lemma B.4. Noting that P(A) = 1 concludes the result.

—~
8

IN

E.3. Proof of Proposition C.3

The proof follows analogously to that of Proposition C.2 as soon as we show that

e if o = 0, then

e if o > 0, then

almost surely.

Let us now prove each of the statements.

If o = 0, then

and so (X; — 71;)® = 0, and we are done.

If o > 0, define

Li =

o%ilog(i+1)

We shall start by studying the growth of . <n tiX;. In view of

(@)
> 202 =
Uzzlogz—l—l oo
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where (i) follows from Lemma B.6, as well as |¢;(X; — p)| < ¢; with ¢; — 0 almost surely, we can apply the martingale
analogue of Kolmogorov’s law of the iterated logarithm (Stout, 1970). Thus, defining

n n
SZ .= ZE’i_l (X — p)?] =02 Z 0
i=1 i=1

it follows that

. Dicn bi(Xi — p)
lim sup = =1

n—oo 4/ 25% log lOg(S%)

almost surely. Hence, there exists A; € F with P(A;) = 1 such that

Y uw)(Xi(w) — )| < O(w) /252 log log(S2)

i<n

for all w € A;. Given that 5,, — ¢ almost surely, there exists A; € F with P(A3) = 1 such that 6,,(w) — o. Hence, for
each w € Ay, there exists m(w) € N such that 7; > § for all i > m(w). Thus, for w € Ay,

n 2
2 2
Snlw) =0 ; 52(w)ilog(i + 1)

7

= 8
< -
i:zl ilog(i+ 1)
Y1
i=1
(@)

< 16(logn + 1),

where (i) is obtained in view of Lemma B.4. Hence, forw € A := A; N A,,

Z Li (W) (X (w) — p)| < C(w)/32(logn + 1) loglog(16(logn + 1)),

i<n

which is O(1). Thatis, 3, ., ¢;(X; — ) = O(1) almost surely. Let us now show that

S Ao (X, - )| = 01) (14
i<n
almost surely as well. For i > m(w),
21og(2/a1.) log(2/01 1)

<

g
6Zilog(i +1) — 2\ ilog(i +1)

and so, for i > m(w) V o4/log(2/a1 »)cs, it holds that

S\1',o¢1,n = log(2/a1_,n)LZ-.

Given that we will let n tend to co, we can assume without loss of generality that m(w) < o+/log(2/a1 )¢5 =: t,,. In that
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case,

n

D Mo X =) =D Xiar (X =)+ > Xia (X — o)
i<n i<tn i—tn

n

i (Xi = 1) 4+ 4/log(2/an ) Z Li( X — )

Z i=t
Z ( a1, 10g(2/a1 n) z) (X5 — )
+ \/mz 1i( X5 —

Now note that the absolute value of the first summand is upper bounded by

zal \/log 2/Oéln Li|

Ai Q1 IOg(2/a1,n)Li

Z<t l<t
< Z <C5 + /log(2/a1.n) sup Lz> .
i<tn

Given that ¢,, — 0 almost surely and co > 0, sup, ¢; is almost surely bounded, and thus such a first summand is upper

bounded by
tn (05 + 4/log(2/a1,n) sup LZ) ,

which is also O (1) a.s., in view of log(1/a; ,) = O(1). Consequently, we have shown the validity of (14). Lastly, we
observe that,

21log(2/a1.,)
[NeY = 7/\
Z b Z c2ilog(1 +1) @

1 [2log Q/a
w/log( +n) Z

—_

i<n
1
> ———— (+/2log(2/a) A
log(1+n) ( og(2/e) CS);L\[
Q)
g v (a0 2/a) Aes) (2vn—2),
log(1+ n) ( °8(2/c) 05)( V-2

which is Q (/n), where (i) is obtained in view of Lemma B.3. We thus conclude that

- sf(% O(Vli)

1%
|,at . ,LL| _ |Z:—1 )‘Z(Xl - ,U)
- t—1 %
Zz:l Ai

almost surely.

E.4. Proof of Proposition C.4

Given that m3 ,, — V [(X; — p)?] as. (in view of Proposition C.1), there exists A € F such that P(A) = 1 and

Mg (@) =V [(X; = p)?]
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for all w € A. Based on Lemma B.12 and ¢5 > 0,

o < u(w) < 0o
g (W) ~

for all w € A. Given that §,, — 6 > 0 and 6,, > 0, then [ := inf,, §,, > 0, and so we observe that

2l0g(1/6,) _ \/QIOg(l/l)
3 (n =\ uwin

which implies the existence of m,, € N such that
/2 log 1 / 0)

2log(1/6,
Aes, (W) = %

m4,t(w)”

for all n > m,,. Hence

for n > m,,. It follows that

me—1

%me Tr 2 M 72 . ().

Clearly, the first term converges to 0, and so it suffices to show that

1 < ag 210g 1/5
— /\ié w
7 3 e ST

1 1 21og1/5)
\/ﬁz Aot (@ nz m41 w)n

n—mey Z 2log(1 )

m47,

To see this, note that

(I (w))

Clearly, (I,) "2 1. Furthermore,

n—so0 21log(1/0)
(1)) VX, = 7]

in view of m3 ,, (w) — V [(X; — n)?], 6, — 0, and Lemma B.8. Hence

1 z”: L (1) "F 21og(1/6)

=My,
forw € A, with P(A) = 1, thus concluding the proof.
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E.5. Proof of Proposition C.6

Analogously to the first part of the proof of Proposition C.4, there exists A € F such that P(A) = 1,
2 2 RS
mi (W) =V [(Xi—p)?] YweA, EZZL((.U) —a YweA,
and there exists m,, such that
2log(1/6,
)\t,én (W) = ,\QL/)
m4,t(w)”
for n > my,, for all w € A. Observing that
n my,—1 n
D e Mg, @) Zilw) = > e (Nis, (@) Ziw) + D> vE (Nis, (W) Zi(w),
i=1 i=1 =my
(In(w)) (I (w))
Clearly, (I,(w)) — 0 given that it is a linear combination of terms ¥ (A, 5, (w)), with
n—oo
Mg, @) N 0, ws() 300,
Let us now prove that
21log(1/0)
1I,(w)) = | =57,
D=\ )
for w € A. Denoting {n(\) = ’\2 , as well as
¥E (Xis, (W)
En,i w) = — )
= o G @)
it follows that
(ITn(w)) = Z Ve (Ais, (@) Zi(w)
:ZwN 26, (W) €n i (W) Zi(w)
log(1/d,)(n — my, + 1) 1
_ - () Zi(w)
n n—my,+1 % m ( )
In view of (15), Lemma B.9 yields
i @)
n—my+1 5= 771 VX, —p)?)

Noting that d’EE/\; A0, Ais; (W) > Ni s, (w) for n > 4, and

lim A, 5, (w) = lim M
n—00 n— 00 4n(w)n
= lim 1 lim 7213“2;(1/5")
n—oo \l N n—oo m4’n(w)
B 21og(1/9)
V(X = p)?]

15)

(16)
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we observe that

gn,n(w) — ]-v gi,i(w) Z fn,i(w) 2 17

where the latter inequality follows from Lemma B.2. Invoking Lemma B.10 with
Up i = gn,i(w)a by = =5 7~

it follows that

It suffices to observe that

log(1/6,)(n —my, + 1)

— log(1/0)

to conclude the proof.

E.6. Proof of Proposition C.5

In view Proposition C.2 or Proposition C.3, there exists A € F such that P(4) = 1 and

~ (1
mi(w) =0 <t) (17)
for all w € A. For w € A, it may be that
limsup tmj ,(w) =: M < o0 (18)
t—o0
or
tlggo tm} ,(w) = . (19)

Denote L := sup,,cy On, as well as k := 4/ % A cy. If (18) holds, then

2log(1/6,
Ats, (W) = ﬁ”ﬂ((ci)n) Ne
it

_ [2log(1/dn) t
S\ mEw)t n

2log(1/L) t
Ev%ﬁm
(i) \/?

n)

C1

Y
=N

where (i) follows from £ < 1. Thus
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where (i) follows from Lemma B.5.

If (19) holds, then there exists m(w) € N such that, for t > m(w),

2log(1/1
mi,tt Z Ogcg / )a
1

where [ = inf, ¢y d,,, which is strictly positive given that 4,, — J > 0 and d,, > 0. Thus
\/210521/5,1) - \/210g2(1/l) e
mg ,n my .t

2log(1/6n)
ﬁmitn

and so
Ais, (W) =

for i > m(w). It follows that

1 1
= <
T Ui Xign (W) T e Y ) M (W)

_ n—m(w )+1
(’fl— \/WZz m(w) m41(w
Zl m(w) m4 1( )
CEEENaT W+

(In(w)) (I (w))

—
IN=
=

where (i) follows from the harmonic-quadratic means inequality. Now note that
(In(w)) "= \/21og(1/5).

In view of (17),

i

_ Zz m(w)o(%) o i
Ul =\ G =iy + 1) ~ <\/ﬁ)

We have shown that, regardless of (18) or (19) holding,
1 ~ (1
o)
T 2uim1 Aig (W) vn

for all w € A. Given that P(A) = 1, the proof is concluded.

E.7. Proof of Proposition C.7

We will conclude the proof in two steps. First, we will prove that

2
B - 2log(2/a1,)
(In) ?Eg{log 2/en) + kz ( 52k log(1+ k) MF’)}

scales polylogarithmically with n almost surely. Second, we will show that

(IL)=> — !

2
; i—1 2log(2/a1,n)
isn (Zk:l Tk log(1th) €5
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also scales polylogarithmically with n almost surely. Thus, by Holder’s inequality and these two steps, it will follow that
2
i—1 2log(2/a1,n)
{log(2/a1,) + o* S v ZEE RS A )}

2
: i—1 2log(2/a1,n)

< v .

= ( k=1 Zklog(ith) /" ©5

(20)

scales logarithmically with n almost surely. That is, it is @) (1) almost surely.

Step 1. If ¢ = 0, then (I,,) = log®(2/a ), which scales at most logarithmically with n given that 1/ ,, = O(logn),

which follows from vy ,, = ) If o > 0, then in view of (a + b)? < 2a? + 2b?, it follows that

1
log(n)

2
2log(2/a1.4)
(In)<?gg 210g (2/0(1 n +2U {Z¢ ( klOg(l-l’-k)/\cs>}

We observe that

2log(2/01,n) 2log(2/a1,n)

2
) 1 4log(2/a1 p)
= ( 2klog(1+k)> wP( 57 )

1 4log(2/a1 )
leog(l + k)w o7
(44)

2 41og( 2/a1 n)
= 2klog(1+ k)

< %exp ( 41og( 2/041n )

(ii4)
g %exp (410g(2/0¢1n )

~2
1y
o k a1n

T
where (i) follows from Lemma B.1 and 2k log(1+ k%) > 1forall k > 1, (ii) follows from ¢ p(x) = exp(z) —x—1 < exp(x)
for all z > 0, and (iii) follows from 7}, € [0,1] and /= < z forall z > 1.

—_

&

mo"“

Given Proposition C.1 and Lemma B.12 (in view of ¢3 > 0), there exists A € F such that P(A) = 1 and

o2 (w) = 02, irlgf’a\k(w) > x(w) >0,
forallw e A. Forw € Aand k € N,

2log(2/a1 ) 1 2 1 =®
vp o2(w)klog(1 + k) k{am} 7

i—1 —— i1
21og(2/a1 n) 2 ) @ 1
9 < _
f‘;ﬁ;w” <\/ag(w)klog(1 +5) ] = Lown k
. 4

IN

and so
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where (1) is obtained in view of Lemma B.4. Thus

2

a1 n

(1,) < 2102/ + {2 A7 togn 1),

which scales polinomially with log n in view of 1/c ,, = O(logn).

Step 2. Denoting k = /4 log(2/a) A cs, it follows that

’i 210g(2/a1 ) Z 2log(2/a)
P 52klog(1+ k) @~ klog(1 + k)

g 1
= ”Z 2klog k)

\/ klog 1+k

: i

(#4) K .
S i)g(i)[(m_nm},

where (i) follows from 2k log(1 + k) > 1 for k > 1, and (ii) is obtained in view of Lemma B.3. It follows that

2log(7)

where (i) follows from /1 —1 — 1 > % for all ¢ > 4, and (ii) follows from Lemma B.4. Thus, (I1,) also scales
polylogarithmically with n.

F. Alternative approaches to the proposed empirical Bernstein inequality
We present in this appendix two alternative approaches to that proposed in Section 4.

F.1. Decoupling the inequality into first and second moment inequalities

We start by presenting a naive approach to the problem using two empirical Bernstein inequalities, which may be the most
natural starting point. However, this approach will prove suboptimal, both theoretically and empirically.
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F.1.1. CONFIDENCE SEQUENCES OBTAINED USING TWO EMPIRICAL BERNSTEIN INEQUALITIES
We start by noting that
o® = EX7 - E*X;,

Thus, in order to give an upper confidence sequence for o2, it suffices to derive an upper confidence sequence for EX? and
a lower confidence sequence for EX;. Consider

. N2
Dict Ni( X7 —ma;)? N log(1/ar) + Y, ¥e(N) (X7 — ma;)
Zigt Ai Zigt Ai
as the upper confidence sequence for EX? (which follows from empirical Bernstein inequality), and
Yice N X log(1/an) + 32 e\ (X — i)
Zigt Ai Zigt Ai

as the lower confidence sequence for EX; (which follows from empirical Bernstein), so that oy + a2 = . Now we take

Ul,(xl,t =

L2,a2,t D

02 <Upay i — L%,(m 2n

as the upper confidence sequence for 2.

Similarly, in order to derive lower inequalities, define

2 =2 2 _ = \2

I ) Eigt Ai( X7 — ma;) log(1/a1) + Eigt YE(\i) (Xz - m2i)
1,1, *— -
' Zigt Ai Zigt Ai
as the lower confidence sequence for EX? (which follows from empirical Bernstein inequality), and
5 5 ~ 2
Dict NiXi N log(1/a1) + 32, < ¥E(N) (Xi — 1)
Zigt Ai Zigt Ai

as the upper confidence sequence for EX; (which follows from empirical Bernstein), so that a; + as = «. Now we take

LQ,OLQ,t =

02 Liayt = Us gy (22)

as the lower confidence sequence for o2.

F.1.2. THEORETICAL AND EMPIRICAL SUBOPTIMALITY OF THE APPROACH

Ideally, we would expect the width of the confidence interval for 2 to scale as 1/2V(X — u)2log(1/a)/t (i.e., first order
term in Bennett’s inequality). However, we see that the term in Uy o, ¢

log(1/an) + Ycy wp(N) (X2 — )’
Zigt Ai

scales as 1/2VX2log(1/a)/t. It suffices to observe that

V(X = p)? =E(X — p)* = E*(X — p)?
=E [X* —4X%u + 6X%2 — 4Xp® + p*] — [E2X? + p* — 20°EX 7]
= (EX* —E°X?) + E [-4X°u + 8X°p® — 4X 1]
2
= (EX* — E2X?) — 4y (X% - X%M)
3 1 2
— VX% 4uE (XE - X§u>
<VX?,
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where the last inequality follows from p € (0, 1), to conclude that the first order term of this confidence interval will
generally dominate that of Bennett’s inequality.

We also clearly see the suboptimality of the approach empirically. Figure 3 exhibits the upper and lower inequalities
proposed in Section 4 to those derived in this appendix for all the scenarios considered in Section 5, illustrating the poor
performance of the latter.

(1) (1) (1)

—— Decoupled —— Decoupled —— Decoupled
051 EB (our proposal) | 0.35 1 EB (our proposal) 0.4 EB (our proposal)
' ——- True std ——- True std ——- True std
0.30 1
o 0.25 A
@
©
2 0.20 1
©
£
2 0.15 A
w
0.10 A
0.05 A
0.00 1 -
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Sample size Sample size Sample size

Figure 3. Average confidence intervals over 100 simulations for the std o for (I) the uniform distribution in (0, 1), (II) the beta distribution
with parameters (2, 6), and (III) the beta distribution with parameters (5, 5). For each of the inequalities, the 0.95%-empirical quantiles
are also displayed. The decoupling approach (this appendix) is compared against EB (our proposal). EB clearly outperforms the decoupled
approach in all the scenarios.

F.2. Upper bounding the error term instead of taking negligible plug-ins
In Section 4.3, we proposed to take Ay ; o, = 0 if
log(2/a) +67 50, bp(X) _ |
PP B

A reasonable alternative would be to avoid defining ¢ ; o, as 0 (i.e., always define A\ ; o, := At u,0,), and to take

. log(2/8)+0% 5571 ¥p(X) i los@/o)tel Yinive ()
R = St ’ Sisi
1, otherwise.

<1,

In order to formalize this, denote

log(2/0) + 62, St p (N
Tt — {z c [t] : Og( / )+Jttillz~:z=1 wP( ) S 1 ’ Tg = [t]\Tt
Zi:l Ai
Taking
At — ZzETt ’ Bt,é =14+ ZZeTt ,5’
dict N dict N
2icr, MiCis + 2 iers Ai
Ct75 =

Eigt Ai ,

in Section 4.3, Corollary 4.4 also holds. Figure 4 exhibits the empirical performance of this choice of plug-ins and that of
Section 4.3, in the three scenarios from Section 5. The figure shows the slight advantage of considering the plug-ins from
Section 4.3.
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0.14 4
0.14 1
0.25 A1 ]
0.12 0121
0.20 1 0.10 1 0.10 A
el
G 0.08 1
2 0.15 ' 0.08 1
©
£ 0.06 1 0.06
) 0.10 4
0.04 A 0.04 A
0.05 A1 —— EB (alternative) 0.02 1 ‘H —— EB (alternative) 0.02 - | —— EB (alternative)
EB (our proposal) f EB (our proposal) ' “ EB (our proposal)
0.004 ! === True std 0.00 1 —== True std 0.00 4 —== True std
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Sample size Sample size Sample size

Figure 4. Average confidence intervals over 100 simulations for the std o for (I) the uniform distribution in (0, 1), (II) the beta distribution
with parameters (2, 6), and (III) the beta distribution with parameters (5, 5). For each of the inequalities, the 0.95%-empirical quantiles
are also displayed. The EB lower confidence intervals with the plug-ins from Section 4.3 (our proposal) are compared against the EB
lower confidence intervals with the plug-ins proposed in this appendix (alternative). Despite the expected similar outcomes, the plug-ins
from Section 4.3 lead to slightly sharper bounds.

F.3. Known mean

The main results of this contribution are derived from Corollary 4.2. However, Corollary 4.2 is not readily applicable
because E; is unknown, given that  is also unknown in practice. We explore here the power of Corollary 4.2 in comparison
to our final confidence intervals, i.e., how much it is lost after dealing with the unknown term E;. We explore this just as
a theoretical exercise, given that p is generally unknown. Figure 5 displays the upper and lower confidence intervals for
different sample sizes and distributions. The upper confidence bounds remain essentially unchanged, with the orange and
blue regions being nearly indistinguishable. In contrast, the lower bounds exhibit a clear gap, which is consistent with the
greater difficulty of deriving lower bounds and the requirement of applying an additional concentration inequality to the
empirical mean estimator.

(1 (1) (1

0.401 | —— EB (unknown mu) 0.301 —— EB (unknown mu) 0.30 1 | —— EB (unknown mu)
| EB (known mu) EB (known mu) ‘; EB (known mu)
0.35 1 ——=- True std 0.25 A ——=- True std 0.25 A ‘ === True std
0.30 A
kel 0.20 A 0.20 A
% 0.25
?
= 0.20 - 0.15 1 0.15 A
£
=1
&n0.15 0.10 A 0.10 A
0.10 A
0.05 1 0.05 1
0.05 1
0.00 A 0.00 A 0.00 A
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
Sample size Sample size Sample size

Figure 5. Average confidence intervals over 100 simulations for the std o for (I) the uniform distribution in (0, 1), (II) the beta distribution
with parameters (2, 6), and (III) the beta distribution with parameters (5, 5). The confidence intervals proposed in Section 4 (EB, unknown
mu) are displayed alongside the confidence intervals that could be obtained from Corollary 4.2 if the mean p was known (EB, known mu).
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