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Figure 1. MET-SVGD is a new variational inference approach for entropy estimation of distributions known only up to a normalization

constant (given p), that extends the P-SVGD (Messaoud et al., 2024)

Abstract

Computing the differential entropy of distribu-
tions known only up to a normalization constant
is a fundamental challenge with broad theoreti-
cal and practical significance. While variational
inference is highly scalable for density approx-
imation from samples, its application to unnor-
malized densities remains under-explored due to
the difficulty of constructing variational distri-
butions that exploit the structure of the unnor-
malized density and are simultaneously expres-
sive, tractable, efficiently samplable. Recently,
Messaoud et al. (2024) introduced P-SVGD, a
Stein variational inference method for this set-
ting. We show, however, that P-SVGD fails to
scale to high dimensions due to incorrect invert-
ibility assumptions, omission of a critical trace-
of-Hessian term, and unstable divergence-control
heuristics. We propose MET-SVGD, a princi-
pled extension of P-SVGD that provides a general
framework for stable SVGD hyperparameter se-
lection with global invertibility and convergence
guarantees. Empirically, MET-SVGD achieves
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lineage to enable scalability to high-dimensional targets.

up to 12x and 16 x lower entropy estimation er-
ror than P-SVGD and existing SVGD baselines,
respectively. On CIFAR-10 energy-based im-
age generation, it improves FID by 80.4% and
yields 64 x higher training stability. In maximum-
entropy reinforcement learning, it achieves up to
16% higher returns than P-SVGD. Code is avail-
able at https://shorturl.at/fTGOG.

1. Introduction

The differential entropy (Shannon, 1948; Cover, 1999) of a
d-dimensional random variable X with a probability density
function p(z) = p(x)/Z is H(p) = —Epepa)[logp(z)] =
— [ p(x)log p(x)dx, with Z = [ p(x)dx being the normal-
ization constant. The differential entropy plays a central role
in information theory, signal processing, and machine learn-
ing (Tarasenko, 1968; Learned-Miller & III, 2003; Rubin-
stein & Kroese, 2004; Mannor et al., 2005; Hino & Murata,
2010; Wulfmeier et al., 2015; Liu et al., 2022a). However,
estimating it is challenging, since a closed-form expression
is only available for a limited class of distributions (e.g.,
Gaussians). In practice, only samples x ~ p or the unnor-
malized density p are available (Fig. 1).

While entropy estimation from samples has been exten-
sively studied (Beirlant et al., 1997; Paninski, 2003), the
setting where only the unnormalized density is available
remains under-explored. This setup is, however, central
to many applications. Notably, in Energy-Based Models
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(EBMs) (LeCun et al., 2006), entropy is critical for promot-
ing sample diversity and avoiding mode collapse (Liu et al.,
2023). Another example is Maximum Entropy Reinforce-
ment Learning (MaxEnt RL) (Haarnoja et al., 2018) where
the entropy drives exploration and robust policy learning.

A common approach to entropy estimation in unnormalized
density settings is to approximate the normalization con-
stant Z using sampling-based techniques, e.g., importance
sampling (Cantwell, 2022). However, such estimates of-
ten suffer from high variance in high-dimensional spaces.
Another approach is to use normalizing flows (Rezende &
Mohamed, 2015). But in this case, the constructed varia-
tional distribution does not leverage knowledge about the
unormalized density p. In contrast, Messaoud et al. (2024)
introduced Parametrized Stein Variational Gradient Descent
(P-SVGD), which builds on Stein Variational Gradient De-
scent (SVGD) sampler (Liu & Wang, 2016) to construct a
variational distribution ¢” from p. SVGD updates a set of
interacting particles {z; ﬁal using a deterministic velocity
field that balances a gradient force with a repulsive one:

5Vt log p(a

O(el) = By [l 2 )+ V(e )] (1)

(2 ]

following the update rule le =xl+ep(xl), where € is the
step-size, ¢! is the particles’ distribution at step [ € [0, L — 1],
and (-, -) is typically an RBF kernel with variance o2, i.e.,
k(zi,2;) = exp(—||z; —x;][*/20%). P-SVGD derives a
closed form expression of ¢ at every step [:

L [ x37xz ”xi_xé”Z
log " (ai)=log¢"(z}) =) | > 15 ( —
1=01#7=0
(xl—x]) V.l logp(w]))+(9(62). )

¢", the empirical estimate of ¢, is efficient to compute
as it only depends on first-order derivatives and vector dot
products. The derivation assumes invertibility of the SVGD
dynamics and leverages a sampling-based approximation
of expectations in Eq. 1 to avoid explicit Hessian computa-
tions. The method further incorporates a divergence control
heuristic that truncates deviating particles, enabling strong
empirical performance. Under mild assumptions, it follows
from optimal transport theory (Villani et al., 2009) that ¢~
can approximate a broad class of densities, enabling accu-
rate H(p) estimation with compelling results in MaxEntr
RL. Nevertheless, we show that P-SVGD exhibits several
limitations, including sensitivity to hyperparameters, mode
collapse, poor convergence to non-smooth targets, and lack
of scalability (Fig. 2).

In this paper, we trace the above-listed P-SVGD limitations
to fundamental algorithmic flaws and introduce principled
fixes that yield a scalable framework with provable cor-
rectness and asymptotic convergence guarantees, which we

call METropolis—Hastings augmented SVGD (MET-SVGD).
First, we refute the claim in P-SVGD that the sensitivity
to the RBF kernel bandwidth arises from violations of the
invertibility assumption. We prove that global invertibility
is, in fact, satisfied, and show that divergence instead stems
from accumulating small noise over time. To address this,
MET-SVGD learns adaptive step-wise kernel bandwidths
and step sizes. Second, we derive a new sufficient condi-
tion for global invertibility based on Banach’s fixed-point
theorem (Banach, 1932), replacing P-SVGD’s reliance on a
weaker local condition. Third, we consolidate two informal
and independent step-size conditions for invertibility and
log-det approximation (Proposition 3.2 and Theorem 3.1 in
P-SVGD), into a single principled one. Besides, we restore
the trace-of-Hessian term omitted in P-SVGD for computa-
tional efficiency, using Hutchinson’s estimator (Hutchinson,
1989) and show that this simplification is a significant cause
behind poor scalability, as it is only valid asymptotically
and fails in the finite-particle regime. Additionally, for di-
vergence control, we replace P-SVGD’s particle truncation
heuristic, which we show encourages mode collapse, with a
Metropolis—Hastings (MH) correction (Robert et al., 2004)
that induces a more expressive variational distribution ¢
and guarantees asymptotic convergence. Finally, we use
Stein discrepancy (Kattumannil, 2009) as a metric to adap-
tively determine convergence instead of fixing the number
of sampling steps in advance as in P-SVGD. This enables
adaptation to the complexity of target distributions. This
is, for instance, critical in reinforcement learning, where
each state induces a different action distribution. All of the
proposed contributions introduce minimal overhead, and
together elevate particle-based variational inference from
a sampling method to a principled and scalable framework
for entropy estimation for unnormalized densities.

MET-SVGD achieves SOTA performance on SVGD scal-
ability benchmarks with up to 16x higher accuracy, thus
providing a solution to the long-standing challenge of au-
tomatically setting samplers’ hyperparameters. On entropy
estimation, MET-SVGD achieves up to 12x higher accuracy
than P-SVGD on Gaussian and Gaussian Mixture Models
targets with up to 1000-D. On CIFAR10 image generation
using EBMs, it results in 77.27% improvement in FID and
64 x better training stability compared to P-SVGD. In Max-
Entr RL, it yields up to 16% higher returns than P-SVGD.

2. Related Work

In the following, we provide a brief review of variational
inference, SVGD and MH.

Variational Inference (VI) (Fox & Roberts, 2012) approxi-
mates the target p, via a simpler-to-sample-from distribution
q* from a predefined family Q by minimizing the reverse
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(a) Limitation 1: P-SVGD suffers from high sensitivity to the RBF kernel bandwidth o. (i) Qualitatively, particles converge under all
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values. (iii) (Messaoud et al., 2024) misdiagnose this issue as violation of the SVGD update invertibility; yet, we show that our global
invertibility condition (Prop. 3.2) is always satisfied. (iv) Instead, entropy divergence in LD and P-SVGD with o € {omed, 1} arises from
the cumulative trace term in Eq. 3, which stabilizes to small non-zero values, causing entropy divergence over time.

(b) Limitation 2: P-SVGD
suffers from poor conver-
gence to non-smooth targets.

(c) Limitation 3:

of SVGD steps.

P-SVGD suffers
from mode collapse. L is the number

--MET-SVGD(ours) -- Ground Truth

- MET-SVGD(wo Tr(V?)) --8-SVGD _
- -=GSVGD5
--P-SVGD -*-(-5VGD

2000

1750

1500

1250

1000

Entropy H(g")

500

250

200 400 600 800 1000

dimension d

(d) Limitation 4: P-SVGD scales poorly to high
dimensional spaces. Benchmark from (Liu et al.,
2022b) (App. H). MET-SVGD(wo. Tr(V?)) refers
to the variant without the correction term.

Figure 2. P-SVGD limitations: (a) high sensitivity to kernel variance (o), (b) poor convergence to non-smooth targets, (c) sampling
mode collapse and (d) limited scalability to high-dimensional spaces. MET-SVGD addresses these shortcomings and achieves improved
accuracy and scalability in entropy estimation. We provide implementation details in App. H.

KL-divergence i.e., ¢* = arg min o Dxu(q|[p). More ex-
pressive Q families yield better approximations.

Stein Variational Gradient Descent (SVGD) (Liu & Wang,
2016) is a sampling algorithm with update rule given in
Eq. 1. Traditionally, an RBF kernel is used, with its band-
width o set via the median heuristic: oeq =median{||z! —
b H}%;é /log M. The bandwidth o controls the influence
of neighboring particles {xé} on the update of particle z!:
larger o values induce broader neighborhoods, while o — 0
decouples the particles (Fig. 13 in App. B.4). SVGD has sev-
eral advantages over existing approximate inference meth-
ods. Unlike variational inference (VI), SVGD can sample
from arbitrary complex distributions under smoothness as-
sumptions (Villani et al., 2009). Compared to Markov Chain
Monte Carlo (MCMC) methods (Chib, 2001), SVGD is more
particle-efficient and its convergence can be easily checked
using Stein’s Identity (Kattumannil, 2009). However, SVGD
convergence is only proved under certain conditions, such
as sub-Gaussian targets (Shi & Mackey, 2022) or infinite

particles (Salim et al., 2022; Liu & Wang, 2018). Addition-
ally, SVGD suffers from poor scalability to high-dimensions
due to diminishing repulsive forces (Zhuo et al., 2018). To
address this, existing solutions are based on dimensionality
reduction via projections into low-dimensional manifolds
(Gong et al., 2021; Liu et al., 2022b), which, however, either
lead to inflated variance (e.g., S-SVGD (Gong et al., 2021))
or are inefficient (e.g., GSVGD (Liu et al., 2022b)).

Parametrized SVGD (P-SVGD) (Messaoud et al., 2024)
is a VI method for entropy estimation from unnormalized
densities. Assuming the SVGD update rule (Eq. 1) is invert-
ible, it computes the particle density ¢* (x) by sequentially
applying the change-of-variables formula (CVF) (Devore
etal., 2012) over L steps:

log ¢ (z'*1) = log ¢! (2!) — log | det(I+€eV i o(2)))).

The invertibility condition follows from the implicit function
theorem (App. A.3). To avoid computing the full Jacobian,
two approximations are introduced: (1) If €|| V ;1 ¢(2!)]| oo <
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Figure 3. Novelty over P-SVGD. (b) P-SVGD and (¢) MET-SVGD transform (a) SVGD from a sampling algorithm to a variational
inference one. In both methods, the parameters of the variational distribution are learnt end-to-end via reverse KL-divergence minimization
(PSVGDTRAIN, METSVGDTRAIN). MET-SVGD’s contributions are: (C'1) A single sufficient condition on the step-size for both global
invertibility of the SVGD update and log-det approximation in the entropy derivation, replacing two informal constraints in PSVGDTRAIN
(Corr. 3.3). (C5) End-to-end learning of kernel bandwidth o, and step-size eg,, mitigating hyperparameter sensitivity (Sec. 3.2).
(C'3) Adaptive number of sampling steps L. instead of a fixed one, with Stein’s Identity-based convergence monitoring (Eq. 5). (C4)
Corrected application of the Change-of-Variables Formula (CVF) via efficient restoration of the missing trace-of-Hessian (Sec. 3.3). (Cs)
Replacement of the divergence control heuristic with a principled Metropolis-Hastings (MH) step (Sec . 3.4).

1, the determinant is reduced to its trace via Jacobi’s formula
(App. A.4), leading to log ¢* (z*) =
r (9. 0(2!, xé))} +0

log ¢°(2°) = €212 Byt ot [T (), (3)

where ¢(a!,2h) is the contribution of particle z!; to the
update of particle 2! and ¢(z') = E_: [gi)(x x )] is the
velocity defined in Eq. 1. (i7) The trace term is further
approximated using only first-order derivatives and vector
dot products under the RBF kernel x(z!, xé) =exp(—||z! —
25||?/20?), leading to Eq. 2. For computational efficiency,
P-SVGD omits the trace-of-Hessian term Tr(V?, log p(z'))
by sampling xé +£ 2! to approximate the expectation in ¢
(Eq. 2). The authors also demonstrate that learning the ini-
tial distribution parameters g =N (g, 0pI) via minimiz-
ing the reverse KL-divergence D1 (qr||p) and preventing
samples divergence by constraining particles to stay within
a few standard deviations of g s mean, are essential for scal-
ing (Fig. 3). In this work, we advance P-SVGD’s lineage by
identifying and fixing several algorithmic limitations.

Metropolis-Hastings (MH, (Robert et al., 2004)) is an
MCMC method for sampling from a probability distribution
when direct sampling is infeasible. The process involves two
steps: (i) propose a new state ! from a proposal distribution

q'(z'|2'=1), and (i7) accept the proposal with probability
=l U o—1) 51
ol = a(z!~1,7') = min |1, p(z’) 4q (3:" D)
P @)

If accepted, the new state is set to &' ; z! = 7', else the

current state is retained #' = 2!~!. This ensures asymptotic
convergence to the target distribution (Roberts & Rosenthal,
2004). Additional related work is covered in App. B.

3. Approach

MET-SVGD is a variational-inference method for comput-
ing the entropy of densities p known up to a normalization
constant, i.e., it approximates p with a tractable, simple to
sample from distribution and estimates 7 (p) via the entropy
of this distribution. To achieve this, MET-SVGD introduces
a series of optimizations to address P-SVGD’s key limita-
tions as illustrated in Fig. 3: (C';) P-SVGD introduces two
informal independant constraints on the step-size includ-
ing a local invertibility one, although the entropy deriva-
tion requires global invertibility; MET-SVGD unifies these
constraints into a single principled one satisfying global
invertibility (Sec. 3.1). (C5) P-SVGD is highly sensitive to
hyperparameters (Fig. 2a-iz) and provides no tuning guide-
lines. We show that this sensitivity arises from accumulation
of noise in the trace term of Eq. 3, which leads to entropy
divergence (Fig. 2a-iv); MET-SVGD learns SVGD’s hyper-
parameters end-to-end via reverse KL-divergence minimiza-
tion, eliminating the need for SVGD hyperparameter tuning
(Sec. 3.2). (C3) P-SVGD uses a fixed number of SVGD steps
L, which may be insufficient for convergence; MET-SVGD
adaptively determines the number of steps L. using an effi-
cient formulation of Stein’s Discrepancy as a convergence
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check (Sec. 3.2). (C4) P-SVGD omits the trace-of-Hessian
term, which limits scalability to high dimensions (Fig. 2d);
MET-SVGD efficiently restores this term as explained in
Sec. 3.3. (C5) P-SVGD suffers from poor convergence to
non-smooth targets and sampling mode collapse (Fig. 2b
and Fig. 2c¢), due to its divergence control heuristic and
the absence of convergence guarantees in the finite parti-
cle regime; MET-SVGD replaces this heuristic with an MH
step, guaranteeing asymptotic convergence independently
from the number of particles (Sec. 3.4). MET-SVGD’s train-
ing and inference algorithms are summarized in Alg. 1 and
Alg. 2, respectively.

3.1. Conditions On The Step-Size For Invertibility and
| log-det | Approximation

In P-SVGD, Eq. 2 is derived by (¢) using the change-of-
variables formula (CVF) (App. A.2) under invertibility as-
sumption of the SVGD update and (¢7) approximating the
log-det term in the CVF with an efficient trace estimator.
These steps introduce two conditions on the SVGD step-
size: (i) e < o and (i1) €||V ;1 (') || oo < 1. However, these
bounds suffer from two major limitations: (z) Both are infor-
mal (use of <); in practice, € is simply set to a small value,
hoping that both constraints hold, which may not be true
and often results in more steps than necessary. (¢¢) The step-
size condition only guarantees local invertibility (by the
implicit function theorem (Krantz & Parks, 2002)), whereas
the CVF requires global invertibility. To fix this, we extend
a sufficient condition for invertible resnets (Behrmann et al.,
2019) to SVGD (Prop. 3.1), derive a precise condition on €
for the log-det approximation (Prop. 3.2), and unify both
into a single efficient bound (Corr. 3.3).

Proposition 3.1. [Sufficient condition for global SVGD
invertibility] Let p(x) = p(x)/Z be a continuously differ-
entiable and strictly positive density on X C R?, and let
f(x) = x + e p(x) be the SVGD update map with step size
€ > 0, where ¢ is the velocity field defined in Eq. 1 and
computed with an RBF kernel. If € max, |[Vé(z)|2 < 1,
then f is globally invertible.

Proof Sketch: To recover the inverse = of f(z)=xz+ep(x),
we consider the fixed-point iteration © =y —e¢(x), where
y = f(z). The existence and uniqueness of this fixed
point (i.e., the inverse) follow from the Banach fixed-
point theorem, which requires the mapping x — y— e ()
to be contractive. This holds when ¢ is Lipschitz and
Lip(e¢) < 1, where the Lipschitz constant is given by

Lip() =sup,, 120=2Wl2 <sup ||V (x)][», with the
inequality following from the mean value theorem. The

detailed proof is in App. D.2.

Proposition 3.2. [Sufficient condition for log-det Approx-
imation] Let ¢ : R* — R% be a differentiable vector-
valued map. log|det(I 4+ eV, ¢(x))| = e Tr(V,p(z)) +

Figure 4. Learning step-/dimension- wise kernel-bandwidth and
step-wise step-size improves the entropy estimate accuracy. Gaus-
sian target from Fig. 2a.

(’)(62/\,27M(Vw¢(x))), if € |)\max(Vx¢>(x))| < 1, with Ayax

being the largest eigenvalue value in magnitude.

Proof is in App. D.3. Note, P-SVGD chooses a very small e,
hence the O(e?) error term in Eq. 2.

Corollary 3.3. Under the setup of Prop. 3.1, the L-step
composite SVGD map defines the distribution in Eq. 2 if € <
miny ek with €bp = 1/ sup, /Tr(V i ¢(a)V 167 (21))
forallle[0,L —1].

Proof Sketch: 'We leverage the inequalities |Apax(4)] <
|All2 < /Tr(AAT), VA € R?*4. Specifically, for A =
V¢(z), the conditions (7) €| A\max(Vo(x))| <1 (Prop. 3.1),
and (i1) esup,, ||[Vé(x)||2 <1 (Prop. 3.2) can be unified into
the sufficient condition e sup, v/Tr(V¢(z)Ve(x)T) < 1.
The detailed proof is in App. D.4

Complexity. In App. D.5, we show that e{JB can be ef-
ficiently computed using only first-order derivatives and
vector dot products by leveraging Tr(V¢), making this con-
dition practical.

3.2. Optimized SVGD Parameters

A key drawback of P-SVGD is its high sensitivity to the
RBF kernel bandwidth o, which Messaoud et al. (2024)
attribute to violation of the invertibility of the SVGD update
rule (Eq. 1). In a 2d Gaussian experiment (reproduced in
Fig. 2a), they show that, paradoxically, while both SVGD
and Langevin Dynamics (LD) (update rule in App. A.1l)
qualitatively converge to the target, i.e., the particles reach
high-density regions (Fig. 2a-7), the entropy estimate con-
verges only for specific o values, e.g., 0 =5 (Fig. 2a-i1).
The authors hypothesize that this behavior arises from LD
being non-invertible and SVGD being invertible only for
some o values. This is incorrect. As shown in Fig. 2a-7i1,
the condition from Prop. 3.1 is always satisfied. Instead,
we show that the poor quantitative convergence to H(p)
arises from the cumulative residual noise in the trace term
of Eq. 3, i.e., Epi ot [Tr(V i ¢p(2!))] - 0 as I — oo (Fig. 2a-
1v), yielding a quasi-linear growth in the entropy with the
number of steps. To address this, we propose a principled
procedure for SVGD hyperparameter selection: using the
closed-form expression of ¢f, MET-SVGD learns a step-

wise kernel bandwidth o), and step-size €, alongside the
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Figure 5. Correction Term. In P-SVGD, excluding the updated particle (crossed) when approximating the expectation in Eq. 2 is incorrect:
particles undergo different updates leading them to follow different distributions, which makes the estimation of the target’s entropy
incorrect. MET-SVGD incorporates the missing term in the entropy estimate using Hutchinson’s estimator (Sec. 3.3).

initial distribution qgl by minimizing the reverse Dy :
0* = argmin —H(qf) — Eprogr [log p(z")] ,
0

st ep, <epy VIeEO,L-—1], 4)

with el being the upper-bound from Corr. 3.3 and 0 =
{0:}3_,. Besides, we propose an efficient convergence
check enabling an adaptive number of steps L., rather than
fixing it a priori.

Kernels and Parameters. As the kernel bandwidth defines
the neighborhood of influence for each particle, i.e., which
other particles contribute to its update, it can vary across
iterations and dimensions. To capture this, we learn step-
and dimension- wise kernel bandwidths O'éz € RY. Fig. 4
shows, this improves convergence and exhibits behavior
distinct from the commonly used oy,eq. We also evaluated
alternative kernels such as the bilinear and DKEF kernels
(App. C.3- C.4), but found the RBF kernel to provide the
most favorable trade-off between flexibility and computa-
tional efficiency.

Step-Size. Learning the kernel bandwidth alone is insuf-
ficient to ensure convergence to ground-truth entropy, i.e.,
the cumulative trace term i, [e Tr(V . ¢(2"))] does not
necessarily vanish as [ — co. In App. E, we show, via Taylor
expansion, that this term corresponds to a 8"-degree poly-
nomial which convergence to zero requires the existence
of at least one real root. This is a nontrivial, fragile condi-
tion, as the polynomial’s coefficients depend on the particle
positions during training. To address this, we propose learn-
ing a step-wise step-size ele3 jointly with aéQ. This design
enables the model to modulate the learning rate at each it-
eration, promoting a more stable convergence of the SVGD
dynamics. For instance, notice how ele3 converges to 0 in
the setup of Fig. 4. Note that we don’t learn a dimension-
wise step-size as ¢ is by design the direction of maximum
decrease for reverse Dk (Liu & Wang, 2016). To sat-
isfy the bound from Corr. 3.3, we truncate the learned step
size at every step [ € [0, L — 1], i.e., €}, <~ min(e},, €lp).
Finally, note that Eleg — 0 is a necessary but not a suffi-
cient condition for g} converging to p. By Theorem 3.1
of Liu & Wang (2016), convergence further requires the

gradient of the KL-divergence with respect to €y, to van-
ish, Ve, KL(qgg, |lp) = 0, as this is equivalent to satisfying
Stein’s identity (see App. B.4.1).

Number of Steps L is fixed in P-SVGD, which does
not guarantee convergence to the target. To address
this, MET-SVGD employs an adaptive number of steps
L. determined dynamically using the Kernelized Stein
Discrepancy (App. A.6-A.8) for ¢ in Eq. 1, which we
evaluate efficiently using the precomputed quantities
Vi log p(z') and Tr(V . 4(z!)) from Eq. 3 in Prop. 3.4.
The proof is in App. F. This offers a major advantage over
MCMC samplers, which depend on costly and unreliable
approximate convergence diagnostics (Robert, 1999).

Proposition 3.4. Let p(x) =p(x)/Z be a continuously dif-
ferentiable and strictly positive density on X C R with
lim| ;| —o0 P(2)9(2) =0, and ¢(x) the SVGD velocity field
with an RBF kernel from Eq. 1 satisfying the step-size bound

in Corr. 3.3, the Kernalized Stein Discrepancy S(q', p) at
every step l is:

8(¢',p) = Byt [0(a) "V, ogp(a!) + TH(V6(a)] )

Complexity. Extending P-SVGD to learn aéQ and el93 with
lightweight deep nets adds negligible training cost and re-
duces inference to a single forward pass. In contrast, SVGD
and P-SVGD rely on grid search for L and €, which is
computationally expensive and suboptimal. Also, opeq
scales quadratically with the number of particles due to
pairwise distance computations. For L., naive backpropa-
gation through every SVGD update leads to linear memory
growth with the number of steps. To address this, we back-
propagate only every k steps in large-scale experiments,
exploiting the fact that particle positions change marginally
between consecutive updates under smooth targets.

3.3. Corrected Derivation of ¢}

As explained in Sec. 3, P-SVGD approximates the expecta-
tion over particles in Eq. 3 by excluding the updated particle
itself (2! # xé-), so that the trace term can be estimated
using only first-order derivatives and thereby avoiding ex-
plicit Hessian computation, i.e., V2 log pg (). While this
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approximation is valid asymptotically, it breaks in the finite-
particle regime. As illustrated in Fig. 5, this translates into
inconsistent updates across particles, as the crossed term
is missing, inducing a different distribution for every par-
ticle, and making the entropy ill-defined. Additionally, in
P-SVGD, the expectation over particles is handled inconsis-
tently: the density estimation in Eq. 2 excludes the updated
particle, while the update rule in Eq. 1 includes all parti-
cles resulting in a mismatch between the sampling process
and its corresponding density computation. This inconsis-
tency is a key source of P-SVGD’s poor scalability as shown
in Fig. 2d (orange vs red). To address this, MET-SVGD
corrects the approximation by adding the missing term
to the entropy using @ Hutchinson’s estimator (Hutchin-
son, 1989) and @ double differentiation trick (Song et al.,

2020): Tr (Vil‘ logp(m§)> 2 Eop, [UTvil. log p(zl)v =
Epp, [Va:; (UTVI4 logp(xé))v} , where p, is chosen such

that E[v] = 0 and E[vv?] =1 (e.g., p, is the Radamacher
distr). Importantly, SVGD is less sensitive to trace approxi-
mation errors compared to other MCMC methods (e.g., LD)
as shown in Fig. 2d (red vs gray). Notably, the trace term in
SVGD is scaled by the number of particles M

N 0 — 8(;59 )
log gy’ (x ):logqgl( —|—€93Z Z Tr
=0 zl#al

. v=1
Tvzrl (vTvxl logﬁ(ml)) + 0(633)7

where €, = max; el93 /ebg, as we show in App. D.4. In
contrast, in LD, the log-density log g (") =log qg, («°)+

1

S S L 0TV (0T Vo log plat) v + O(€3, ), de-
pends only on the trace approximation (proof in App. C.5).
Hence, by incorporating this correction, MET-SVGD im-
proves scalability, enhances the accuracy of entropy es-
timation, and ensures consistency between the sampling
dynamics and the associated density derivation.

Complexity. Only one additional first-order derivative and
two vector dot products per sample are required. In practice,
we find that a single sample v is typically sufficient.

3.4. Divergence Control via Metropolis Hastings

In many applications, p is modeled as a deepnet and learnt
end-to-end, which can result in regions with abrupt gradi-
ents causing divergence during sampling. To prevent this,
P-SVGD introduces a heuristic that removes particles devi-
ating beyond a fixed number of standard deviations from
the mean of the initial Gaussian distribution qgl (Fig. 3b).
Intuitively, the initial distribution approximates the support
of the target, and particles that stray too far are likely to
be out-of-distribution. Yet, this heuristic has many limi-

Figure 6. Bandwidth o' and repulsive force (2" term in Eq. 1)
across SVGD steps [ for Gaussian target p=A/(0, I;) and initial
distribution ¢° =N (21, 214) with d=100. Setup of Fig. 2d.

tations: it (¢) exacerbates mode collapse by discouraging
exploration of distant modes (Fig. 2¢), (27) is inefficient, as
replacing rejected particles requires restarting the sampling
chain, and (7¢7) prevents divergence but does not improve
convergence to non-smooth targets (Fig. 2b). To address
this limitation, we introduce a principled divergence-control
mechanism based on Metropolis-Hastings. After each up-
date, the proposed state 7' is accepted with probability o},
i.e., ' =&, and otherwise the chain remains at the previous
state, ! =x'~1, with probability 1—a}. To obtain a Markov
chain with strong convergence guarantees (App. B.5-B.6),
we extend the SVGD state space with a Rademacher auxil-
iary variable r € {—1, 1}, analogous to the momentum-flip
mechanism in Hamiltonian Monte Carlo (Betancourt 2017)

At MET- SVGD step I, we first sample r!. When ! = 1,

the proposal ' is generated via the forward SVGD update,
ie., il =gt +eg3¢)9(ml’1). When ! = —1, we instead
apply the corresponding inverse update, computed via the
Banach fixed-point operator described in Alg. 3. This con-
struction yields a reversible proposal distribution, and the
acceptance probability enforcing detailed balance is com-
puted efficiently by leveraging Tr(V ¢ (z')). We provide
the proof in App. G.2.

Proposition 3.5. Let p(x) = p(z)/Z be a strictly positive
and continuously differentiable density on X C R%, ¢(x)
the SVGD velocity field with an RBF kernel from Egq. 1
satisfying the step-size bound in Corr. 3.3 and r' € {—1,1}
the Rademacher auxiliary variable selecting the forward
(r'=1) or backward (r* = —1) SVGD update in MET-SVGD.
The log-likelihood of the MH acceptance probability for a
MET-SVGD update of a particle '~ is

log aly = min [O, log (") — log p(x'~1)

+rleh, Te(Vaigg(x ))4_0((623/6@3)2)]

The error term in Prop. 3.5 is explicitly controlled: Cor. 3.3
enforces a truncation on the step size (el < elUB, vl €
[0,L — 1]), which ensures that the approximation error
term in Prop. 3.5 remains strictly bounded.

(6)

We derive the MH-augmented density over particles after
incorporating MH step (proof in App. G.2).
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Proposition 3.6. Under the setup of Prop. 3.5, the MH-
augmented density at step | is computed as:

qg/IH’l(xl) =Eee—1,1 [qgm’l(acl|rl = c)} ,  with

o

+(1 - ah)g™ " @),

for ¢ € {—1,1}. During training the expectation over ¢ is
approximated via sampling for efficiency. Note that qg/IH’l is
a mixture of SVGD-based distributions over different paths,
significantly enriching the expressiveness of the variational
family. Also, in setups where p is learned end-to-end, alg

naturally down-weighs poor updates in non-smooth regions.

Convergence guarantees. MET-SVGD is an MH algorithm
with an efficient SVGD-based proposal distribution. It there-
fore inherits asymptotic convergence guarantees from MH,
i.e., for L — oo, qg/IH’L converges strongly to the target p
independently from the number of particles M (Mengersen
& Tweedie, 1996). Differently, SVGD requires L, M — oo
for weak convergence (Sun et al., 2023). The impact of
MH on the bounds for SVGD convergence rate in the finite
particles setup is not trivial and is the subject of future work.

Complexity. The MH step introduces O(L.B/2) addi-
tional back-propagations in expectation, stemming from the
reverse SVGD updates computed via the Banach fixed-point
theorem (Alg. 3). In practice, L remains small in our exper-
iments due to learning an expressive initial distribution.

We summarize MET-SVGD’s significance for approximate
inference in Tab. 1, Figs. 10 and 11, and its novelty over
P-SVGD in Tab. 2.

4. Experiment
4.1. Entropy Estimation on Gaussian and GMM Targets

MET-SVGD consistently outperforms P-SVGD across Gaus-
sian (Figs. 2a, 2d and 18) and GMM (Figs. 7 and 24) se-
tups. Notably, Figs. 2d and 24 show that, while P-SVGD
and projection-based variants such as S-SVGD (Gong et al.,
2021) and GSVGD (Liu et al., 2022b) struggle to scale
beyond 20-d, -SVGD (Sun & Richtérik, 2022) shows im-
proved behavior, yet still underperforms MET-SVGD in high
dimensions. MET-SVGD achieves high accuracy in up to
1000-d. Notice that MET-SVGD mitigates the vanishing re-
pulsive force (Fig. 6) previously identified as the root cause
of SVGD’s poor scalability (Ba et al., 2022). These gains
are enabled by learning aéQ (C), as indicated by the trend
difference compared to o', ., (Fig. 6), and restoring the cor-
rection term (C) as depicted in Fig. 2d. Also, as shown in
Fig. 2b, MH helped with non-smooth targets (C5).

MH,Z(SCI Irt=c)= aéqﬁ“"’“ (z"1) |det (I+693V1171¢0 (=" ))’ h

Figure 7. Target is a GMM with five components; the fifth one has
amoving mean p5 = (¢, c) with ¢ € [—3, 3] (details in App. H.2).

4.2. Learning Energy-Based Models

Training EBMS pg(2) =pg(2)/Z via maximum likelihood
is, in general, intractable due to the partition function Z.
When the sampler has a tractable distribution gy, a tight
lower bound can be computed:

Lr1Bo(9, 0) = Exng, [10g P (2) B np, [l0g Do ()] 4+H(40),

as detailed in App. I. The entropy is often omitted as it’s
not trivial to compute for popular samplers (e.g., LD), the
loss is then reduced to the commonly used contrastive di-
vergence loss Lcp(¢). We optimize Lgrpo(¢, 0) using P-
SVGD, MET-SVGD and Glow-NF (Kingma & Dhariwal,
2018), and LD trained with Lcp(¢). We evaluate on the
Moon dataset (Rezende & Mohamed, 2015) (Fig. 25), where
we show that incorporating MH (C’s) significantly improves
accuracy as smoothness of the target distribution decreases.
For CIFAR-10, we report the Fréchet Inception Distance
(FID) averaged over 5 random seeds, as well as a stability
score, measured by the standard deviation of FID from its
best achieved value until the end of training (Tab. 16 in
App. D). In Fig. 8, we show that not including the trace of
Hessian in MET-SVGD (C') or not incorporating the step-
size bound (') leads to divergence (violet, gray). Fig. 28
shows that runs with the trace term learn smoother land-
scapes which are more convenient for sampling. Without
the step-size bound, the entropy derivation is not correct.
Replacing oy,eq With the learnable one (C) improves sta-
bility and yields significantly better FID scores relative to
P-SVGD (green vs orange). In Fig. 30b, we show that gpeq 1S
in average more than an order of magnitude higher than oy,
in the working configurations, leading to spuriously corre-
lating several particles. Additionally, learning the step-size
(C'y) (red) enables faster convergence to the target (el@3 > €
in Fig. 30) and results in smoother landscapes (Fig. 28).
Using an adaptive number of steps L. further stabilizes the
training (C'3), leading to 64x improvement over P-SVGD
(brown) as depicted in Tab. 16.

Yet, experiments with MH (C'5) diverge (pink). This issue
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Figure 8. FID on CIFAR-10; bold marks changes btw configs.
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is not inherent to MET-SVGD itself; rather, it arises from
the combination of MH rejection dynamics and the instabil-
ity of the contrastive divergence loss variants. Specifically,
Lr1go is not lower-bounded (can be driven to —o0) and
thus well-known for being unstable. Its stability depends
critically on the quality of samples used to approximate the
first expectation. When the underlying energy landscape is
highly complex, the MH acceptance rate can be low during
the initial stages of training (Fig. 29). Hence, the particles
fail to move toward the high-density regions of the target.
This leads to poor samples and eventually divergence. Simi-
larly, Glow-NF struggles to generate good samples early in
training and diverges. Normalizing flows are known to be
difficult to train and often exhibit instability in practice (Vaitl
et al., 2022). Qualitative results and implementation details
are in App. L.

4.3. Max-Entropy RL

Unlike classical RL, which learns a deterministic policy
(Sutton et al., 1999), MaxEnt RL (Ziebart, 2010) learns a
stochastic policy 7y by maximizing the sum of expected
rewards and entropies:

Ty =argmax, ZtE(St,at)[r(st, ar)+aH(mo(-]s0))].

Following (Messaoud et al., 2024), we model the policy
as an SVGD sampler and estimate the entropy using MET-
SVGD on Walker2d-v2 and Humanoid-v2 (Brockman et al.,
2016). We also compare to SAC (Haarnoja et al., 2018) and
SAC-NF, which model the policy as a Gaussian and autore-
gressive flows (Papamakarios et al., 2017), respectively. We
train 5 different instances of each algorithm with different
seeds and report the average return on 10 rollouts every
1000 steps in Fig. 32. Ablations show that learning the ker-
nel bandwidth (C'y) and restoring the correction term (C))
substantially improve performance. Removing the step-size
bound (C')) leads to divergence, as expected. Learning the

——S5AC(

~—MET-SVGD(0s,, £5,, L, M = 10, w. TrV?, wo. MH)

——MET-SVGD(0s,,
MET-SVGD(0g,,
~——MET-SVGD(0g,,
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£0,,L,M =10, w. TrV?, w. MH-¢)
£6,,L,M =64, w. TrV?, wo. MH)
£q,,L,M=64,w. TrV?, w. MH)
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C(M = 10)
SAC-NF(M = 10)
P-SVGD(O e, €, L, M = 10, wo. TrV2, wo. MH)
MET-SVGD(gs,, €, L, M = 10, wo. TrV2, wo. MH)
MET-SVGD(0s,, €e,, L, M = 10, wo. TrvV2, wo. MH)

MET-SVGD(0s,, €6, WO. €yg, L, M = 10, w. TrV2, wo. MH)

5200

5000
4800
4600

4400

4200

P
=

4000

Figure 9. 1QM return on Walker2d-v2 environment.

step size without the correction term underperforms all base-
lines, due to samples divergence in non-smooth landscapes
(see Fig. 42). Using an adaptive number of SVGD steps (C'3)
slightly reduces returns as it decreases initial exploration. In-
corporating an MH step (C5) with an e-greedy schedule, i.e.,
high MH probability later and lower early, performs best as
it preserves early exploration and improves later exploita-
tion. Gains are larger when increasing particles from 10 to
64 (brown). In Fig. 34b, we show that SAC-NF exhibits
strong mode collapse as it saturates early during training
leading to limited exploration and low returns. Additional
results are in App. J.

5. Conclusion

MET-SVGD advances the P-SVGD lineage by diagnosing
key limitations and introducing principled fixes that deliver
consistent empirical gains. It, thus, addresses two long-
standing challenges: () estimating the entropy of targets
known only up to a normalization constant, and (#7) sys-
tematic tuning of samplers’ parameters. These capabilities
are highly desired for scientific applications that operate on
unnormalized densities, e.g., molecular design.

Impact Statement

This work advances methods for approximate inference and
entropy estimation from unnormalized densities, with po-
tential applications in scientific machine learning, such as
drug design. By improving the stability and scalability of
SVGD-based methods, the proposed approach may facili-
tate more reliable uncertainty estimation and sampling in
high-dimensional settings. As a general-purpose inference
framework, MET-SVGD is not tied to a specific application
domain and does not introduce immediate societal risks
beyond those broadly associated with generative models.
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Supplementary Material

MET-SVGD is a novel variational inference approach for entropy estimation that overcomes key limitations of P-SVGD
(Messaoud et al., 2024), particularly poor convergence and scalability in high-dimensional spaces (Fig. 2). To achieve
this, it introduces: (1) A sufficient condition for global invertibility; (2) Optimized parameter search for improved stability
(Sec. 3.2); (3) Metropolis-Hastings augmented SVGD updates to ensure asymptotic convergence (Sec. 3.4). (4) A correction
term to the density estimation in P-SVGD (Sec. 3.3). We summarize the novelty over P-SVGD in Tab. 2. MET-SVGD
maintains computational efficiency, requiring no significant additional memory or runtime overhead. Its full workflow is

illustrated in Alg. 2 and Alg. 1. Beyond entropy estimation,

e MET-SVGD bridges the gap between Metropolis-Hastings algorithms (MH) (Robert et al., 2004), particle-based
sampling techniques (SVGD) (Liu & Wang, 2016), and parametrized variational inference (P-VI) (Fox & Roberts,
2012), leveraging the strengths of each (Tab. 1): (1) scalability from P-VI, (2) expressivity, convergence detection, and
particle efficiency from SVGD, as well as (3) convergence guarantees from MH. See Fig. 8

* MET-SVGD is a new approach for unprecedentedly scaling SVGD to high-dimensional spaces while being computa-
tionally more efficient than all proposed approaches in the literature (Gong et al., 2021; Liu et al., 2022b).

* MET-SVGD is a new approach for end-to-end learning of sampler parameters. It enables training samplers via
KL-divergence minimization, achieving compelling results for both LD and SVGD (Fig. 11).

e MET-SVGD is a new normalizing flow model with (1) an adaptive number of updates controlled by a convergence
check and (2) a full-rank Jacobian for improved flexibility and expressivity (Fig. 12).

P-VI

MCMC SVGD P-SVGD MET-SVGD

Expressivity X

Convergence
Detection v
Convergence
Guarantees X
Sampling
Efficiency v
Tractable

Entropy v
Parameter
Efficiency v

v

v

v

2%

vV

vV

Table 1. MET-SVGD inherits advantages of different approximate inference methods:
P-VI, SVGD, and MCMC.
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Figure 10. MET-SVGD bridges the gap be-
tween parametrized variational inference (P-VI),
particle-based variation inference (SVGD), and
MCMC methods, inheriting the strengths of
each.
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Figure 11. MET-SVGD is a principled approach to learn samplers’ parameters via estimating the particles’ induced density and minimizing

the reverse KLD between this density and the unnormalized target.

X

v

Figure 12. MET-SVGD is a normalizing flow model with a full rank Jacobian and an adaptive number of layers.

Table 2. Comparison: P-SVGD vs. MET-SVGD.

P-SVGD

MET-SVGD

Invertibility Condition

Entropy Trace Approximation

Divergence Control

Tr(Hessian) in Entropy

Kernel Bandwidth o

Step Size €

Number of Steps L

Computational Complexity

Memory Complexity

Convergence Guarantees

Empirical Performance

Local, imprecise: € < o (Implicit Function Theo-
rem; Prop. 3.2 in P-SVGD paper)

Requires €| V¢! ||oo < 1 (Thm. 3.1 in P-SVGD
paper)

Heuristic: particle truncation based on distance to
qo’s mean

Onmitted; invalid approximation in finite particle
setup (Thm. 3.3)

Median heuristic O (M?)
Fixed

Fixed

Grid search for €; median heuristic for o

Asymptotic: L, M — oo

Sensitive to hyperparameters; mode collapse;
poor scalability to non-smooth/high-d targets
(Figs. 2a-2d)

Global, precise: € < eUB (Banach theorem;

Cor. 3.3)

Automatically satisfied under invertibility constraint
(Cor. 3.3)

Metropolis—Hastings step (Sec. 3.4)
Restored via Hutchinson’s estimator (Sec. 3.3)
Learned end-to-end via lightweight deepnets

(Sec.3.2)

Learned end-to-end via lightweight deepnets
(Sec.3.2)

Adaptive via Stein Identity (Sec. 3.2)

Efficient reuse of Tr(V ') for invertibility, MH
correction, and convergence check; deepnet infer-
ence adds minor overhead

Two lightweight deepnets for og, and €gq
(Sec. 3.2)

Asymptotic: L — oo

¢ Gaussian/GMM: 12X improved accuracy
over P-SVGD (Figs. 4,7)

* EBM-based image generation: 80.4% bet-
ter FID compared to P-SVGD, and 64 X im-
proved training stability (Fig. 8)

e MaxEntr RL: 16% better returns than P-
SVGD (Fig. ??)
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Algorithm 1 MET-SVGD-TRAIN (Training)

input Unnormalized target density p; initial particle distribution qgl; number of particles M ; maximum number of inner
SVGD steps L; number of training iterations 7'; maximum number of iterations B for the reverse computation; deepnets
for the initial distribution, step size, and kernel bandwidth parameterized by 61, 65, and 03, respectively.

output Trained parameters {67, 65, 65}.
1: Initialize 61, 05, 03.

2: fort=1,...,T do
3. {aleyMo ,H(qg/[HL ) < METSVGDCHAIN (p,¢§ , M, L, B; ). $ cf. Alg. 2
Compute training loss Dgy. (qg/[H’LC Hp; 9) using # and P. # cf. Eg. 4

end for
return {07, 05,05}

AN A

Update parameters 6 using Adam optimizer (Kingma & Ba, 2014).

Algorithm 2 METSVGDCHAIN (Inference)

input Unnormalized target p; number of particles M ; maximum number of steps L; deepnets for the initial distribution,
maximum number of iterations B for the reverse computation; step size, and kernel bandwidth parameterized by 61, 02,

and 03, respectively.
output Final partlcles {wkey Mo

1: {Z’O}M 1 ~ q91

M1 and entropy estimate ﬁ(qe

qum(2)) Qel( ).
[+ 0.
repeat
op, < KERNELBWNET({z{} 7" 6,) .

eh, < STEPSIZENET({z!}17"; 63).

ch, < min (eh,. ebn (B, {21}205",0h,) ).
fori=0,....,.M —1do

9: rt=uU{-1,1}

A A i

10: AR SVGDUPDATE( rt {ah Mt b, 092,6193)
11: Compute acceptance probability 0%. o for proposal xé“ .
12: Draw u! ~ U(0,1). /

13: if ul <al,thenz!™ « 71 else 2/! « 2!

14: Compute qMH i b

15:  end for

16: 1<+ 1+1.

17: until [ > L or (S(qg“vl“, p) — S p) > 0)

18: L. « L.

19: H(gy"™") = 5 Zf”ol log gy " ()

20: return {z” }Z 0 H ' H(q b Le),

Subroutine: SVGDUPDATE (ré, {a! };” ol D0, 6é3>

1: if i = 1 then z/ ™! <2t +693¢g( zt)
2: else ml+1<—BANACHFIXEDPOINT({x }] 5B, p,aez,elgs)

3: return /"

MH, L.

)-

# sample initial particles

# kernel bandwidth

# step size

# cf. Corr. 3.3
# SVGD update direction
# cf. Prop. 3.5

# accept/reject step

# cf. Prop. 3.6

# cf. Eqg. 5

# Entropy estimate

# forward SVGD

# inverse SVGD (Alg. 3)

The rest of the appendix is organized as follows:

* Appendix A: Preliminaries including Langevin Dynamics, the Change of Variable formula for probability densities,
the implicit function theorem, Jacobi’s formula’s corollary, the mean value theorem, Stein’s identity, Stein discrepancy,
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and kernelized Stein discrepancy

Appendix B: Additional related work and background on entropy estimation, sampling-based variational inference,
Normalizing Flows, SVGD, and Metropolis-Hastings

Appendix C: Derivation of closed-form density expressions for LD and SVGD samplers using RBF, Bilinear, and
DKEEF kernels

Appendix D: Derivation of step-size bounds

Appendix E: Motivation for learning the step-size

Appendix F: Derivation of the convergence check

Appendix G Derivation of the Metropolis-Hastings augmented entropy
Appendix H: Additional results on entropy estimation

Appendix I: Additional results on learning EBMs for image generation

Appendix J: Additional results on MaxEntr RL
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A. Preliminaries

In the following, we review preliminaries about Langevin Dynamics, the Change of Variable formula for pdfs, the Implicit
Function theorem, the corollary of Jacobi’s formula, the Mean Value theorem, Stein’s Identity, Stein discrepancy, and
kernelized Stein discrepancy.

A.1. Langevin Dynamics (LD)

LD (Welling & Teh, 2011) is a popular Markov chain Monte Carlo (MCMC) method for sampling from a distribution. Let p
be a differentiable density on R%. LD first initializes a sample 2 from a random initial distribution. Then at every step, it
adds the gradient of the proposal distribution p(z!) to the previous sample !, together with a Brownian motion & ~ A/ (0, I).
We denote with € the step size. The iterative update for LD is:

' =2l eV log p(a!) 4+ V2€€. )

A.2. Change of Variable Formula (CVF)

Let X € X and Z € Z be two random variables with densities px and pz. If f : Z — X is a bijective, differentiable
function, and X = f(Z), then

f’l(w)‘

px () sz(z)‘deta o 3f(z)‘—1

=pz(z)|det
D (z)‘
A.3. Implicit Function Theorem

Let f : R™ — R"™ be continuously differentiable on some open set containing a, and suppose det (V. f(x)) # 0. Then,
there is some open set V' containing  and an open W containing f(x) such that f : V' — W has a continuous inverse
f~1: W — V which is differentiable Yy € W.

A.4. Corollary of Jacobi’s Formula

Given an invertible matrix A € R%*?, the following equality holds:

k
log(det A) = Tr (log A) = Tr (ZZo:l(fl)kH#). 8)

The second equation is obtained by taking the power series of log A. Hence, under the assumption ||A — |00 < 1, we
obtain: log(det A) = tr(A — I) + O(e?), where || - || is the infinity norm.

A.5. The Mean Value Theorem

Let f : R? — R be differentiable on R? with a Lipschitz continuous gradient V f. Then for given 2 and Z in R?, there is
y =z +t(x — ) with ¢t € [0, 1], such that

f(x) = f(@) =Vyfy) - (z - T).
A.6. Stein’s Identity

Let p(z) be a smooth, strictly positive density supported on X C R%, and ¢(z) = [¢1(),--- , pa(x)]T be a smooth
vector-valued function that satisfies either p(z)¢(x) = 0 for all z € X if X' is compact, or lim||,|| 00 P(2)d(2) = 0 if
X = R, Stein’s identity states that:

]Ez~p[v4p¢(x)] =0,

where the Stein operator A, is defined as:
Apd(x) = ¢(x)Va logp(x) " + V() ©)
Proof. In the following we assume X = [a, b]:

Eyp[Apd(z)] = / (p(2)6(2) V2 logp(e) T + p(a) V,d(z) ) da
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) b
0 / (¢(@)Vap(@)" +p(2)Vad(x) ) do

(i) Uses the identity V, log p(z) = v;(pg)-

Since the integral of a matrix is the matrix of integrals, we compute the integral for the element indexed by ¢, j as
b T u) (i44)
[ (6:@)92,00) + @) 65(0)) o 2 pla)s@)l 2o

(#4) Applies integration by parts: f: f(@)g (z) + f(2)g(z) dx = [f(x)g(x)]’

(#i7) Boundary term vanishes under the aforestated assumptions

A.7. Stein Discrepancy

Given the same setup in Sec. A.6, Stein discrepancy between two distributions ¢ and p is defined as the maximum squared
violation of Stein’s identity:

S(q,p) = max { (Bonq [Tr (Ap0(2))])* },

(¢,p) = max | (Eang [Tr (Ap¢(2))])

where F is a set of functions with bounded Lipschitz norms.

Intuitively, since Stein’s identity ensures that (E,., [Tr (.quﬁ(x))})Q = 0, replacing the expectation with respect to p with
the expectation with respect to ¢ provides information about how different ¢ is form p.

A.8. Kernelized Stein Discrepancy

Given the same setup in Sec. A.7, kernelized Stein discrepancy is a special case of the Stein Discrepancy that results from
setting F = HP = H x --- x H, where H is a Rreproducing Kernel Hilbert Space (RKHS) with a corresponding kernel
————
D times
k(z,y):
S(a,p) = max { Bong [Tr (Apo@)])® st |ldllur <1},

PpEHP
where ||¢||3p is defined by the vector dot product ||¢]|3,5 = (¢, )up = 3. 4(¢a, da)n

The maximizer of the Kernelized Stein Discrepancy is ¢, = ¢ /|87 ,|[0, where ¢ (-) = Ezng [Apk(z, )], and A,
is the stein operator (Eq. 9). Moreover, S(gq, p) = ||¢Z,p||§{p.

Proof. We begin by deriving the maximizer of the kernelized Stein discrepancy, then we show that S(q, p) = [} |13,

Derivation of the Maximizer of S(q, p):

Equ[TT ; Z z~q ¢d xd Ing( ) + vxd¢d(x)]
d
w D Eang| k()2 Va, logp(z) + (ba(-), Ve, k(z, ) 2]
d
g Z qu ('/E) )Vw,i logp(x) + dek(x? )]>’H
d

(i)
= (00 ) Eang [Apk(2, ))gyp
(7) by definition of the Stein operator
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(#t) by the reproducing property of the RKHS #H
(7i1) by linearity of the expectation and the inner product
(iv) by definition of the inner product in the RKHS H "
The ¢ that maximizes this inner product under the constraint ||¢||;p < 1 is the one proportional to E,, [Apk(z, )] with
|llar =1, thus ¢gpp = 07 /1165 pll20, where ¢F () = Eong [Apk(z, -)].
This also shows that Eyq[Tr (Apo())] = (6(-), Eang [Apk(z,-)]),p for ¢ € HP.

Proof that S(¢,p) = ||¢Z,p||"2HD:

We simply plug ¢, ;, into S(g, p)-

HD

(i:v) ;#() * .>2 — 1A% (]2
(T 300)), =135l

8(0.0) 2 (Beny [T (A p@)] ) 2 {0050, Eang LAk (e, Mo @ (0000, 05,()) 20

(7) by definition of S(g, p)

(#t) using the second result from the previous derivation
(iii) by definition of ¢} |

)

(tv) by definition of ¢, ,
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B. Additional Related Work

In the following, we review additional work on the differential entropy, sampling-based variational inference, Normalizing
Flows, Stein Variational Gradient Descent (SVGD) and Metropolis Hastings (MH) convergence.

B.1. Differential Entropy

Differential entropy, first introduced by Shannon in his foundational work on information theory (Shannon, 1948), has been
widely studied in statistics (Box & Tiao, 1992; Zellner, 1971; Bernardo, 1979). For a continuous random variable z with
density p(z), and is defined as:

Hw) == [ pl)1og (ple) da

— 00

Applications of Entropy: Entropy plays a crucial role in machine learning, Bayesian inference (BI), reinforcement learning
(RL), and variational inference (VI): (¢) In classification & calibration, the entropy can be used to measure the uncertainty
of the model’s predicted class probabilities (Shyam, 2019), and in active learning (Wu et al., 2022) it is used to select
the most uncertain examples for labeling. (i) In Bayesian Inference, the Maximum Entropy principle ensures the least
informative prior (Bernardo, 1979). (7i7) In Reinforcement learning, it is used to prevent overly deterministic policies by
being incorporated into the reward function (Hazan & Van Soest, 2019; Ahmed et al., 2019). (iv) In variational inference &
generative Models, the entropy appears in ELBO (Kingma & Welling, 2013) for posterior approximation and has been used
to mitigate mode collapse in GANs and VAEs (Alemi et al., 2017; Belghazi et al., 2018).

Challenges in Entropy Estimation: Despite its simple definition, entropy is analytically tractable for limited familieis

of distributions. For instance, for a uniform p(z) = ;2— with = € [a,b] and p(z) = 0 for x ¢ [a,b] the entropy is

H(p) = 3[1+1log(2mc?)]. For a Gaussian p(z) = N (u, 02), the entropy is H(p(y|p, 0?) = (1+log(2mc?)). For general
distributions, numerical integration (e.g., Monte Carlo when samples are available or sampling is possible) is required as
direct computation is often infeasible.

Different methods have been developed. These methods can be classified into:

* Plug-in Estimators: Estimate density from data, then apply entropy formula. Given a sample z = {x; i]\ial, the

plug-in method estimates the pdf p(x) from the data and then substitutes this estimate into the entropy formula:
HPLUON(p) ~ — L i]\ial log p(x;). This approach was first proposed by Dmitriev et al. (Dmitriev & Tarasenko,
1973) and later investigated by others using kernel density estimator (Joe, 1989; Hall & Morton, 1993; Moon et al.,
2018; Pichler, 2022), histogram estimator (Gyorfi & Van der Meulen, 1987; Hall & Morton, 1993) and field-theoretic

approaches (Chen et al., 2018). Early approaches leverage kernels that capture pairwise distances between the particles.
For instance, Parzen-Rosenblatt estimator (Rosenblatt, 1956; Parzen, 1962): p(z) = — Zij\ial H(%), where w

wPn

denotes the bandwidth and « is a kernel density. To improve density estimation for non-negative random variables,
recent studies have suggested replacing Gaussian kernels with Poisson weight-based estimators to fit counts or rate-

based data (Chaubey & Sen, 2013) defined as: pPOS (z) = & 3°°°, (Fn(%) - Fn(%’)) e~ke (B2) here F,(.) is the
empirical distribution function, and k is a smoothing parameter. Traditional off-the-shelf density estimators, however,
often suffer from key drawbacks, such as non-differentiability, computational intractability, or an inability to adapt
to changes in the underlying data distribution. These limitations make them unsuitable for applications requiring
integration into neural network training pipelines as regularizers. The idea of learning kernel parameters end-to-end has
also been explored in (Viola & Sejnowski, 1995; Schraudolph, 2004; Pichler, 2022), providing a foundation for modern
differentiable approaches. Schraudolph (2004) extended the approach from (Rosenblatt, 1956; Parzen, 1962) using a
learnable kernel estimator: p(z) = 7 Zﬁgl Ky, (x — x;), where ¥ = (31, - -+ , X,,) are distinct diagonal covariance
matrices learned from the data either via maximum likelihood estimation or the expectation maximization algorithm,
and kx(z) ~ N (0,X) is a centered Gaussian density with covariance matrix . Pichler (2022) introduced KNIFE
with a density estimator defined as: pXNFE(z;0) = S Mt ks, (¢ — b;), where 6 = (X, b, u) and S0t iy = 1.
The covariance matrices X; are symmetric and positive definite but not necessarily diagonal. Despite its advantages,
the method has a significant limitation in its simple structure, being restricted to either individual Gaussian kernels or
Gaussian Mixture Models (GMMs) with a fixed number of components n. This can limit its flexibility in modeling

complex data distributions.
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L]

B.2.

Sample-spacing Estimates use distances between ordered samples (e.g., Vasicek estimator (Vasicek, 1976)). Sam-
ple spacing methods rely on the spacing of sorted samples and were first introduced by Vasicek (Vasicek, 1976):

HVasicek(p) ~ — 4 f\ial log (ﬁ (xiﬂ — xl)>, where x; are the order statistics and m is a positive integer
smaller than 5. One of the greatest weakness of sample-spacing-based estimator is the choice of spacing parameter m,

which does not have the optimal form.
Nearest-Neighbor Methods: leverage distances to the k-th nearest neighbor in the sample space (Kraskov, 2004).

Variational Inference: Optimizes a surrogate distribution ¢(z) to approximate p(z) (Kingma & Welling, 2013). The
entropy is computed as (Kingma & Welling, 2013): H(p) = —E,,)[log q(x)], where ¢(y) is optimized to approximate
p(z). ¢ is chosen to be easy to sample from, e.g., Gaussians, GMMs and Normalizing Flows (Rezende & Mohamed,
2015).

Mutual Information (MI) Estimators: Approximate entropy indirectly via ML, i.e., I(z,y) = H(pz) + H(pa)y)
where p, |, is the conditional distribution p(z|y). Neural networks were used to approximate the mutual information
between two variables using the Donsker-Varadhan representation of the KL-Divergence (Donsker & Varadhan,
1975): Dxv(pllq) = suprer (Ep[T ()] — log Eg[e(®)]), where T is a class of real-valued functions defined on the
support of p and g such that the two expectations are finite. (Belghazi et al., 2018) express a lower bound on the
Ml as: Ip(z;y) = supy (Ep, ,[To(z,y)] —logE,, p, [eTe(@w)]), where Ty(z,y) is the output of a neural network
parameterized by ¢, and p,. - p, is the product of the marginals. T} is trained to maximize this lower bound, providing
an approximation of I(x;y). As shown in (Kumar et al., 2019), MI can be used as a surrogate for the entropy in specific
scenarios where it reduces to it, i.e., when H(pzw) =0.

Ensemble Methods: Weight different entropy estimators adaptively (Sricharan et al., 2013). The estimators in the
ensemble are assigned different weights, and the overall entropy estimate is calculated as a weighted combination of
the individual estimators where optimal weights are determined by solving a convex optimization problem. (Ariel &
Louzoun, 2020) proposed an innovative approach to estimating the entropy of high-dimensional data by decomposing
the target entropy into two components: H = S7_, H(p(24)) + Heoputa» Where H(p(i4)) is the marginal entropy of
each dimension, and Hopul represents the entropy of the copula. The copula is defined through the decomposition
p(z) = p1(z1) .. .pD(xD)c(Fl (z1),.--, FD(£ED)>, where py(x4) is the marginal of dimension d, Fy(x4) is its
corresponding cumulative distribution function, and c is the density of the copula function, which is defined as a
probability density of over the hyper-square [0, 1]” with marginals that are uniform on [0, 1]. The marginal entropies are
estimated using sample-spacing or binning entropy estimation techniques. The copula entropy is estimated recursively
by sampling from the copula density, splitting the data into two subgroups, then computing the entropy for each using
the aforementioned decomposition. (Kandasamy et al., 2015) proposed a leave-one-out technique to improve the
robustness of entropy estimation using the von Mises expansion-based estimator. The key idea is to iteratively remove
one data point from the sample and compute the entropy estimate using the remaining data points using sample based
entropy estimation methods. This procedure helps reduce bias and ensures that the estimator is not overly influenced by
any single data point. The leave-one-out entropy is given by: H-0(p) = % Zf\igl ‘H_; where H_;, is computed
using {®1, ..., -1, Zit1, ..., Tn }. This approach provides a more robust estimate of the entropy by mitigating the
influence of outliers or anomalous data points.

A summary of these methods is provided in Tab. 3.

Sampling-based Variational Inference.

Bridging the gap between parametric variational inference (VI) and Markov Chain Monte Carlo (MCMC) has been a
key research focus to achieve both expressivity and scalability in inference. A central challenge is deriving an analytical
expression for the marginal distribution of the last sample in an MCMC chain, which is often intractable. To address
this,
variational distributions that include all samples from the chain. However, this approach requires optimizing a looser
ELBO and estimating the reverse Markov kernel, which introduces additional parameters and complex design choices.
Several extensions have been proposed to avoid estimating the reverse kernel: (i) Hoffman (2017) optimize ELBO with
respect to the initial distribution and only uses the MCMC steps to produce “better” samples to the target distribution.
However, this method lacks direct feedback between the final marginal distribution and variational parameters, limiting

prior work (Salimans et al., 2015; Geffner & Domke, 2023) introduced auxiliary variables to construct augmented
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Method Formula Key Idea
Analytical H(p) Closed-form expression (when available).
M-1
1 . .
Plug-in i Z log p(x;) Estimate a density then plug into the defini-
i=0 tion.
] Mol M
KDE Vi ; log ( T 2 /@( L 5 J )) Smooth the empirical density with a kernel.
| M=l M-1
KNIFE i Z log <Z pj ks, (w5 — bj)) Kernel mixture with learned
i=0 =0 weights/bandwidths.
M-1
Nearest-Neighbor (KL) (M) — ¢ (k) + logca + i Z loge; Use kNN radii ¢; to estimate local volumes.
| Mom=t e =0
Vasicek (1D) i 2 log (% (x(i+m) — xu,m))) Entropy from spacings of order statistics.
Variational (VI) —Eq(x)[log g(x)] Fit a tractable surrogate gq.
MINE sup (pryy [T] — logEyp, p, [eT"]) Train a critic via the DV bound (for
0 MV/entropy-related objectives).
d
CADEE Z H(ys) + Heopula Decompose multivariate entropy via a cop-
i=1 ula.
] Mol
LOO i ; H_; Leave-one-out aggregation.

Table 3. Differential-entropy estimators and related objectives. M: samples; d: dimension; x: kernel; h: bandwidth; c4: volume of the
d-dimensional unit ball; ): digamma; €;: kNN radius; x(;): th order statistic.

full unification of VI and MCMC, (7i) Caterini et al. (2018) propose a deterministic Hamiltonian MCMC by removing
resampling and the accept-reject step. However, this sacrifices MCMC guarantees, (4i7) Thin et al. (2020) introduce
MetFlow, a Metropolis-Hastings method that models the proposal distribution as a normalizing flow, removing the need for
inverse kernel estimation. MET-SVGD has several advantages compared with the aforementioned approaches: It computes
the exact loglikelihood, i.e., via using the change of variable formula (Sec. A.2). Hence, there is no need in the variational
approximation on the joint distribution of the samples of the Markov chain, to estimate the reverse dynamics. Besides,
it leverages knowledge of the unormalized density unlike classical flow models. This makes our approach very easy to
integrate in modern day deep learning pipelines. The idea of approximating log-likelihoods for distributions known up
to a normalization constant using MCMC and the change-of-variable formula was first explored by (Dai et al., 2019),
applying it to Hamiltonian Monte Carlo (HMC) and Langevin Dynamics (LD). Since, they augment the input with noise
or velocity variable for LD and HMC, respectively, the derived log-likelihood of the sampling distribution turns out to be
—counter-intuitively— independent of the sampler’s dynamics and equal to the initial distribution, which is then parameterized
using a normalizing flow model (Kobyzev et al., 2020). Our derived log-likelihood is more intuitive as it depends on the
SVGD dynamics.

B.3. Normalizing Flows and Residual Flows
We review Normalizing Flows in general and focus on residual flows as MET-SVGD is one.

Normalizing Flows are generative models that produce tractable distributions where both sampling and density evaluation
can be efficient and exact. This is achieved by transforming a simple probability distribution (e.g., a standard normal)
into a more complex distribution by a sequence of invertible and differentiable mappings. The density of a sample can be
evaluated by transforming it back to the original simple distribution and then computing the product of the density of the
inverse-transformed sample under this distribution and the associated change in volume induced by the sequence of inverse
transformations. The change in volume is the product of the absolute values of the determinants of the Jacobians for each
transformation, as required by the change of variables formula (App.A.2). Formally, Let x = (21,22, -+ ,24) € R%be a
random variable with a known and tractable probability density function p,, : R¢ — R. Let f be a bijective, differentiable
function and = = f(z). Then, using the change of variables formula, one can compute the probability density function of the
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random variable y:
pa(w) = p= (7" (2)) | det Vo f 7 (x) (10)

Intuitively, if the transformation F' is arbitrarily complex, one can generate any distribution p, from any base distribution p,
under reasonable assumptions on the two distributions. This has been formally proven in (Bogachev et al., 2005). However,
constructing arbitrarily complex non-linear invertible functions can be difficult. Additionally, f should be sufficiently
expressive to model the distribution of interest and computationally efficient, both in terms of computing f, its inverse, and
the determinant of the Jacobian V. f ! (z).

This motivated the design of different types of flows: (1) Planar Flows (Rezende & Mohamed, 2015), (2) Radial Flows
(Rezende & Mohamed, 2015), (3) Coupling Flows (Dinh et al., 2014), (4) Autoregressive Flows (Papamakarios et al., 2017),
and (5) Residual Flows (Chen et al., 2019), which we focus on due to relevance to MET-SVGD.

Residual Flows are compositions of the functions of the form f(x) = x 4+ ¢(x). The first attempts to build a reversible
network architecture based on residual connections was motivated by saving memory (each layer activation can be
reconstructed from the previous layer) (Gomez et al., 2017; Jacobsen et al., 2018) and was achieved via partitioning units in
each layer into two groups and defining coupling functions

yh =2t +61(27), yF =P + ga(y?),
where z = (24, 2%) and y = (y*,4?) are respectively the input and output activations, and ¢; : RP~¢ — R and
s : R? — RP—4 are residual blocks. The Jacobian of such transformations is, however, inefficient to compute, and
constraints on the architecture. Behrmann et al. (2019) proved that such functions are invertible if we constrain ¢; and ¢5
to be Lipschitz continuous with Lipschitz constant satisfying Lip(¢) < 1. We adapt this condition to SVGD (App. D.2).
Controlling the Lipschitz constant of a neural network is not trivial. One approach is to regularize the spectral norm of
the Jacobian of ¢ (Sokoli¢ et al., 2017). However, this only reduces it locally and does not guarantee the aforementioned
condition. Instead, Jacobsen et al. (2018) proposes constraining the spectral radius of each convolutional layer in this
network to be less than one, which incurs an additional overhead but yields compelling results. In the context of residual
flows, the density was also derived using the change of variable formula (App. A.2). A different approach than ours was
proposed to approximate the log-det term:

. . inf
log | det(I + V,6(x)| £ Tr(log(I + Vao(z))) & Z(_l)kﬁ-lw

k=1

Where (i) is obtained using logdet(A) = Tr(log(A)) for non-singular A € R4*¢ (Withers & Nadarajah, 2010), and
(i) follows from replacing the trace of the matrix by its power series. By truncating this series, one can calculate an
approximation to the log Jacobian determinant. To efficiently compute each member of the truncated series, the Hutchinson
trick is used. However, this resulted in a biased estimate of the log Jacobian determinant. An unbiased stochastic estimator
was proposed by (Chen et al., 2019). In a model they called a Residual flow, the authors used a Russian roulette estimator
instead of truncation. Informally, while calculating the series, one flips a coin to decide if the calculation should be continued
or stopped. Differently, we adopt a first-order approximation and derive a bound on the step-size for it to hold. This is both
more efficient and accurate. Also, the specific form of ¢ enables deriving a bound on the step-size for invertibility to hold.

B.4. Stein Variational Gradient Descent

In Sec. B.4.1, we provide a formal derivation of SVGD. Then, in Sec. B.4.2, we discuss how the choice of the RBF bandwidth
shapes the interaction dynamics between particles. After that, in Sec. B.4.3, we summarize known convergence guarantees
for both the infinite-particle and finite-particle regimes. Finally, in Sec. B.4.4, we review notable recent SVGD variants.

B.4.1. SVGD DERIVATION

(Liu & Wang, 2016) Let p(x) be a smooth, strictly positive density supported on X C R¢. The goal is to approximate p via
a variational distribution ¢ € Q i.e.,

q" = argmin Dg1.(q|p).
qeQ
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Q is defined by the family of distributions obtained by transforming a reference density ¢° via an invertible map f : X — X,
where for any particle z ~ ¢°, we define y = f(z). The distributions of y and  are related via the CVF (App. A.2):

ay) =" (f ")) - [det(Vy f ()]

In this setup, f(x) is chosen to have a specific form: f(z) = x + e¢d(x), where ¢ is a step-size and ¢ is the infinitesimal
perturbation direction that maximally decreases the KL divergence between ¢ and p:

fa— —
¢" = argmax VeDkr(dllp)]._,
This maximization has a closed form expression if we constrain the space of perturbations F to be the unit ball of the

reproducing kernel Hilbert space (RKHS) H” associated with a positive definite kernel (-, -), i.e., F = {¢ € HP :
|¢]|p < 1}. In this case arg maxge 7 —Ve Dk r(q||p) |€=0 = argmaxger Eqo[Tr(A,¢)], where A, is the stein operator:

Apd(z) = ¢(2) Vi logp(a) " + V.é()

The optimal perturbation direction ¢* is, hence, the one that maximizes the Stein Discrepancy (Liu et al., 2016):

S(q,p) = max{ (E, [Tr( Ad)? st [lg]lF <1}
This optimization has a closed form solution given by ¢y /||¢ ,||3r, with
65 0() = Ego [H(x, IV logp + Var(z, .)} .
Proof.

DKL qu / IOg z dy

(i) (f(:v)) . e
(i) 2o ¢°(x) de
- /X eV o8 e e v, a4t Ve (M

@ [ 010 ¢°(x) .
2 [ 8 o0 @) det Vo 7 (2]

(1) by definition of the KL divergence

)
(it) by applying the change of variable with y = f(x)
(7i1) by applying the change of variable formula to ¢(F(x))
(iv) by simplifying inverse terms

Because ¢° does not depend on ¢, we have
VeDkL|_y = —Eamgo {v log p(f(2))|._, + Ve log| det Vo f (2)]] _ 0} (11)
First term. By the chain rule and with s, = Vlogp,
Velogp(f(x))],_o = s(f(2)) " Vef ()]

Second term. The identity V. log | det A| = Tr(A~1V_ A) gives
Vlog |det(V, f(z))] |E:0 = Tr((sz(ac))_l VEVIf(x)’E:O) .
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We evaluate at ¢ = 0 and obtain:

f@)| ==z Vef(®)|_,= o),
Vef(@)| _o =1, VeVaf(2)],_y = Vao(2).

Substituting these expressions into Eq. 11 gives:

~VDia(al1p)]_, = Eamo [50(@) 0(2) + Tr(Vub(a))] = Epms[Tr (Ay0(@))]

e=

B.4.2. RBF KERNEL VARIANCE INTERPRETATION.
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Figure 13. (a) Visualization of the neighborhood of particle 1 = 0 as measured by the RBF kernel (0, z:2) for different kernel bandwidth
values o. (b) Repulsion force at z; = 0.

e

For X C R, the RBF kernel is a function s : X x & — R defined as x(x1, 22) = exp(—"—5-2-), where o is referred to
as kernel bandwidth. In the context of the SVGD update rule,

+1 _ 1 - o, @ —ah)
2t =g —|—€]Exl_[li(1‘ ,25)V i log p(;) + 5 k(T ,a:j)},
J J g

drift term repulsion term

the RBF kernel in the drift term specifies how much x! should move along V. log p(xé), and in the repulsion term
J

modulates how far 2! should be pushed away from [L’é along the direction 2! — mé Intuitively, # (2!, xé) measures how
similar z' and 2} are based on the euclidean distance. The maximum value that the RBF kernel can take is 1 for ' = z/.
When a large distance separates 2! and xé, the kernel value is close to 0, and the particles do not affect each other. The

width of the region of similarity is controlled by o, which we illustrate in Fig. 13.a.

Setting o is not obvious. For the repulsion term, both a very small or a very large o value can result in setting the repulsion
term to O as shown in Fig. 13.b. Classically, the median trick is used to set o, i.e., Omed :median{Hxé—xé I }%;(1)/\/2 log M
with M being the number of particles. In our experiments, we show that this is suboptimal and that that a more optimal o
can be learnt end-to-end via minimizing the reverse KL-divergence (Sec. 3.2).

B.4.3. SVGD CONVERGENCE RATE

SVGD is difficult to analyze theoretically because it involves a system of particles that interact with each other in a complex
way. In the infinite particles case, (Liu, 2017) proves that SVGD converges (weakly) to p in kernelized Stein discrepancy
(App. A.8). (Korba et al., 2020; Salim et al., 2022; Sun et al., 2023) refined these results with path-independent constants,
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weaker smoothness conditions, and explicit rates of convergence. (Duncan et al., 2023) provides conditions for exponential
convergence. For the finite particles case, (Liu, 2017) shows that finite particles SVGD converges to infinite particles SVGD
in bounded-Lipschitz distance but only under boundedness assumptions violated by most applications of SVGD. (Korba
et al., 2020) explicitly bounded the expected squared Wasserstein distance between M -particle and continuous SVGD but
only under the assumption of bounded log p. Also they do not provide convergence rates. (Liu et al., 2024) show that SVGD
with finite particles achieves linear convergence in KL divergence under a very limited setting where the target distribution
is Gaussian. (Shi & Mackey, 2024) shows that SVGD convergence rate is O(1/+/loglog M) under the assumption that the
target is sub-Gaussian with a Lipschitz score, with M being the number of particles.

B.4.4. SVGD VARIANTS

There have been many SVGD variants that were proposed to tackle different limitations. Stein Variational Newton Method
(Detommaso et al., 2018) accelerates SVGD by incorporating second-order information to improve convergence and kernel
effectiveness. Matrix-valued-kernel SVGD (Wang et al., 2019) incorporates geometric preconditioning (via Hessians, Fisher
information, or other matrices) into the kernel, accelerating exploration in the probability landscape. RBM-SVGD (Li et al.,
2019) is a stochastic variant of SVGD that applies the Random Batch Method to reduce computational cost, particularly in
the case of long-range kernels, while retaining SVGD’s efficiency for sampling from probability distributions. Stochastic
SVGD (Gorham et al., 2020) introduces stochastic mini-batch estimators of the Stein operator so that SVGD can operate
efficiently when the score function is expensive to compute, while still converging almost surely to standard SVGD. Mirrored
SVGD (Shi et al., 2022) extends SVGD to constrained domains and non-Euclidean geometries by performing updates in
a dual space using mirrored Stein operators and adaptive kernels. Sliced SVGD (Gong et al., 2021) addresses SVGD’s
high-dimensional variance underestimation problem (Ba et al., 2022) by projecting updates onto a sequence of fixed one
dimensional slices. Grassmann SVGD (Liu et al., 2022b) tackles the same variance-underestimation problem by learning
adaptive multi-dimensional subspace projections for both the data and the score. 5-SVGD (Sun & Richtdrik, 2023) proposes
a weighted version of SVGD that uses importance weights to accelerate convergence, particularly when the initial distribution
is far from the target.

Our motivation is fundamentally different. We derived a closed-form expression of the SVGD density to leverage it for
entropy estimation of targets known up to a normalization constant.
B.5. Markov Chains

Suppose we want to sample from a complex probability distribution p. The Markov chain is completely defined by the initial
state I1Y and the transition matrix Q = [g(x;|x;)], where q(x;|z;) is the probability of transitioning from state i to j.

Two key assumptions are make for Markov Chains convergence to a unique stationary distribution regardless of the initial
state are:

¢ Irreducibility: This means that it’s possible to go from any state to any other state for a large enough steps [

* Aperiodicity: States can be returned to at irregular time intervals. Formally, there exists / such that for all I’ > [,
P(Il/=i|l‘0=i)>0

A distribution IT* is a stationary probability distribution if II* = IT*Q. In general, stationary probability distributions are
not unique. The irreducibility condition guarantees that the stationary distribution is unique. IT* is the limiting distribution
if for every initial probability distribution I1°, lim,, ., [I" = IT*. The aperiodicity condition is necessary for the limit to
exist.

To make the stationary distribution equal to the target distribution p that we want to sample form, we additionally assume
that the Markov chain is reversible.

A Markov chain is reversible if there exists a distribution IT* which satisfies the detailed balance conditions:

Since we want the stationary distribution of the Markov chain to be p(x), it suffices to design the transition matrix P so the
Markov chain satisfies detailed balance with respect to p(x).

27



Particles Don’t Care About Z: Towards Scaling Entropy Estimation of Unnormalized Densities

B.6. Metropolis—Hastings

The Metropolis—Hastings algorithm’s goal is to generate a Markov Chain {z(*) }72, that simulates samples from a given
probability distribution p. The chain starts with samples from an initial distribution ¢(°) and updates its state by leveraging a
proposal distribution ¢(z|z")) as

_ o R M)
z, ifu' < o' =min (17 p(x®)q(F[zD)

200 = {

z® | otherwise

where u(Y) ~ 1£(0,1) and o is called the acceptance probability. This guarantees that p is the stationary distribution of
the chain (Tierney, 1994). As an example, the Metropolis-Adjusted Langevin Algorithm employs the following proposal
distribution

gz |20y = N (x(l) + eViog p(z®), 2eId) .

If the proposal kernel makes the chain irreducible and aperiodic, then the chain is ergodic and converges to p in total
variation (strong convergence).

lim ¢ (2, ) = 7()]| 1y =0,

l—o0
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C. SVGD Density Derivation
Notation: In this section, for conciseness, we introduce three new quantities:

1

_ .l l
202’ 8ij = m; — x5,

v = 5, and sp(xé) = szj logp(mz-).

We express (), 25), Vi w(ah, 25), V., m(xi,xj) and V1 V. z/@(xl,xé)as

* w(a},25) = exp(—7llaf — 25%)

°Vz/£(xlx)—2'y5mn( z})

g Z’j

-V zfi(xﬁ,xj) —270; ,J/-i(scz,xé) =-V, lli(l‘i,l‘é)

¢ VauV Il'i(.%‘ ah) = Vi (298 jk(xh, %)) = 2v(1 — 205 307 ;) (), xf)

79 ] 79 ] i) J

Theorem. Let f : R — R? be a transformation of the form f(z) = = + e¢(z). We denote by q*(z*) the distribution
obtained from repeatedly (L times) applying f to a set of particles {xo}fvial from an initial distribution ¢°, i.e., ¥ =
fo---o f(x°). Under the condition ¢ < €5 = 1/ sup, \/Tr(V(x) VT (x1), VI € [0, L—1], the closed-form expression
—

L times

oflog ¢* (x%) is:

L—

log " (z%) = log ¢° (2°) — € Tr(V )+ O ((e/elUB)Q> (12)
1=0

[u

Proof. In Sec. D.4, we show that under the constraint € < €', f is invertible. Thus, we use the change of variable formula
(A.2) to derive the distribution of z!*! = 2! + ep(a!):

¢ ) = ¢l(2h) |det Vrqu(xl)’_l ,Vie[0,L—1].

By induction, we derive the probability distribution of sample x:

L1
—1
g (z1) = ¢°(29) H |det (1 + evxz¢(xl))|
1=0
By taking the log for both sides, we obtain:
L—1
log ¢¥ (%) = log ¢°( Zlog‘det (I+eVaud(x ))|

=0

This, however, requires computing the Jacobian V1 ¢(z!), which is quadratic in the dimensionality d. In Sec. C.1, we

show that log ‘ det (I +eVo(x ‘ = eTr(Vuo(zh)) + ((e / e{JB)Z) under the constraint on the step-size stated in the
theorem. O

We derive the expression of Tr (V,:¢(z")) for the RBF, Bilinear, and DKEF kernels in Sec. C.2, Sec. C.3, and Sec. C.4,
respectively.

C.1. Sufficient Condition for log ‘ det (I + €V, ¢(x ‘ = eTr(Vp(zh)) + ((e/eﬁm)z)

Let ¢ : RY — R? be a differentiable vector-valued map. log | det(I + eV ¢(2!))| =€ Tr(Vp(z!)) +O ((6/663)2) if
€ < e = 1/sup, \/Tr(V,¢(2!) V4 ¢T (1), with V the gradient operator w.r.t the input.
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Proof. In the following we denote by \;(A) the eigenvalue of matrix A

|det (I + €V i p(x H)\ (I+eVud(x ‘ HyA (I +eVo(ah))|
i=1 i=1
<L1>Hy1+ex (Vad(z \—exp(ZmyHeA Vo))
j=1

d
— exp (Zln (1+ X (Voo () ) i\ (Vao(al)) > %1

2 exp (3 A (Vardl@) + OU(X)) if ey (Vaso(al))| < 1
j=1

(i) By definition of the determinant.

(ii) Let \; be the eigenvalue of (I + €V 1 ¢(x!)) associated with the eigenvector v;. We show that \; — 1 is the eigenvalue
associated with €V 1 ¢p(a!):

(I +eVad(x))v; = Nv; = eVauo(ah)v; = (N — 1)v; = \j = (\; — 1) is an eigenvalue of €V ¢(z")

(¢7) We use Taylor expansion of In(1 4+ ea) =), w = ea + O((ea)?) around ea — 0.

Hence, if €|A; (V1 ¢(2'))| < €[ Amax(Vad(2!))] < esup, /Tr(Ve(a)) VT (27) < 1, then log |det (I + eV 1p(z!))|
eTe(Vou(ah)) + O (X2, (V.uo(a')).

max

Moreover,

0((e|xmax<vwl¢<xl>>|)2)@0<(663exm<v e )>)2>

€uB

(1) o € ‘)\max(vxlgb(xl)”
U sup, 1 /Tr (Vr0(a!) TV ()

(i) Multiply by 1 = €l5 /el
(ii) Substitute in the expression of €},

(i4i) Using the fact that [Amax (V.

1p(2'))|/ supyi /T (V1 6(a) TV (al)) < 1

Thus, log | det(I + eV ¢(2!))| = e Tr(Vud(zh)) + O ((6/6%13)2)

O
C.2. Computing Tr(V . ¢(x')) with RBF kernel
We show that the closed-form estimate of the log-likelihood log ¢ (%) for the SVGD-based sampler with an RBF kernel
K ('7 ) is

L-1[ M-1
log g* (%) = log " (") — -3 [ > (antehat) (~(a! = o) Vupslah) = Sl = 2l +) )
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+Tr (Vié logp(xl)) +0 ((e/e{mf) ] ,
where the error term O ((e /ebg) 2) is explained in Sec. C.1.

Proof. We evaluate all terms under the RBF kernel:

L-1

loqu(z )= logq Z l Iz: {Tr( )v"ﬂi logp(xé))) + Tr (szvmén(xl,xé))}
St

1=0
@ @ (13)
+Tr (Vil logp(xl)) +0 ((e/e{JB)?) 1
©)
In the following, we denote by ()(¥) the k-th dimension of the vector.
Term (D:
Tr (sz(m(xl,xé)vwé_sp(xé)TD = Tr (V vr(at, 2t )(V zsp( ])) + r(z!, 2! )V 'V zsp( ])))
B zd: Ok (at, b)) sy (h) ‘o
1 1
— A(xh)® 3(xj)(t)
= VTm(xl,xé-)) szsp(xé-)
= f—zn(xl,xév)(xl fxé) szsp(xé)
Term 2):

(vxlv k(! ,xg)) = Tr (vi.z (;2 k(2! o) (o x;)>>

8&:10 :C
02 Z( (k) xl_%)ku"ix z )

= (mex (xl—x)—i—dxnx:r)

= Q(mex (xl—x)—i—dxnxm)
o

1 1
= —gxm(a: :c)||m §~||2+—><d></<;(ﬂc,mj)
1,1 l 12, 4
= lal,al) (gl — a7+ 5
Term (3): Using Hutchinson’s Trace Estimator (Hutchinson, 1989)
Tr (Vil logp(xl)) =Eynp, [vT V2 logp(z ~— ka 2 log (=" )y,

where V' is the number of vectors used to estimate the expectation, and p,, is a distribution with zero mean and identity
covariance, i.e., Eyp, [v] = 0, Eyop, [v0T] = I. Common choices include Rademacher or standard Gaussian vectors,
in which case Hutchinson’s estimator is unbiased, and its variance is of the order of O(1/V'), where V is the number of
Hutchinson probe vectors. In practice, prior work (e.g., Song et al., 2020) typically uses a single Hutchinson vector per
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sample z. This works well because each element of the minibatch receives an independent draw of v, so minibatch averaging
implicitly acts as multiple Hutchinson probes of similar samples and significantly reduces variance. This is a standard and
stable setting in deep-learning—based trace estimation. We follow the same procedure.

Note that the Hutchinson estimator in the MET-SVGD density is scaled by the number of particles M. So, the step-wise
Hutchinson estimator variance contribution to the SVGD induced distribution is further scaled by M?, i.e., it’s of the order
of O(1/(V M?)). This is unlike LD where the step-wise variance is O(1/V') as we show in App.C.5.

By combining Terms (D), @) and (), we obtain:

L-1[M-1

1 1

log g% (a4 = log ¢°(«°) — - [ > o) (o' = o)V (ah)~ splle! - af P+
1=0 L j=0

By, [v7V2 logp(a')o] + O ((¢/ebn)”) ]

C.3. Computing Tr(V . ¢(x')) with Bilinear kernel

Liu et al. (2024) show that, for a Gaussian initial distribution, ¢°(x) = N (uo, Xo), and a target distribution p(z) = N(b, Q)

with @ € R?*?, applying SVGD with a Bilinear kernel (z;, z;) = '—— =+ 1, where C' € R™, produces a Gaussian density
q' at every step with mean p! and covariance matrix X! given by:

— _ l —_
o i+l _ ,ul El[(f (El Nlﬂﬂ )Q 1 NleQ 1);& (b ,ul)TQ 1}
T
e X =3+ [2% — 2 + (W = b)) = (2 (! - b)T)Q‘l%L}

LT i !
Proof. For /{(xﬁ,xé) = % + 1, we compute Vzm(:ﬂé,xé) = % and V. Vi k(2 :cé) = L. There resulting SVGD
J K J
update rule is:

] M1 ] M1
(mliJrl _ xé)/el =17 szﬁ(l'é,l'é») + i Z ﬁ(scé,scé»)vxz 1ogp(:1cé~)
j=0 j=0

1 M-1 2 1 M-1 xl»T:Ul»
= — o A i Ty 1) Vi logp(xé)

M = C M = ( C 3

a1 = 1y xé‘T :
IR G A ST

7=0

P 1 Ml B 1 M-l - e

= QU ) - 5 Y Qe - )
Jj=0 j=0

B QNS @RS e A

o WD Lt e 2 o
Jj=0 Jj=0 j=0

l -1 -1

L R Q l zzT)z 1T 1
I Q! T -1 _
thus, when ¢ — 0, we obtain:
oxt I Q! T Q' T _
a (C—C(Zl'i‘ﬂlul )+Tbﬂl z; — Q7' (ul —b). (14)
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Taking into account u! = i Z =0 x and X! = i Z =0 xjx — ptpt " and summing up the above expression with
respect to the number of particles, we get

M—1
1 I -1 -1
i Z (xi+1 _ a:ﬁ)/el _ (C . QC (Zl +MZMIT) i QC b,ulT> Ml - Q—I(MZ —b)

=0

_ (1 - Q‘lzl)%l - %_1@1 b)ul p = Q7 (u' —b)
_ (I Q—lZl)%l Q! (Ml _ b) (ul;uz . 1)
Hence, T
= (1) - ) ()<

Finally, given that

and leveraging Eq. 14 and Eq. 15, we obtain

(El-i-l _ 21)/ _ 2% %Q—I(El 4t — b)’ul) _ <El Fpbt — b)T)Q— =
O

We use this property to verify that the intermediate distributions derived by our formula with the bilinear kernel are accurate.
We experiment with models for C"

e (. ||l l
Cij = ||| ||$3H
* Cij = max;; [[af]] [}
* Gy, (a}, x}) = ||z}]| [|zt]| + |02, where O3 € R is a learnable parameter
Fig. 14 shows that the configurations in which the kernel bandwidth C' is not learnable (blue and green) fail to recover the
ground-truth entropy, whereas learning C' enables the recovery of the entropy of the derived Gaussians at every step .

C.4. Computing Tr(V . ¢(x')) with DKEF kernel

The DKEF kernel (Wenliang et al., 2018) is a flexible kernel constructed by augmenting the RBF kernel with an embedding
function ¢ : RY — R™, j.e., n(xi, ;1:]) =exp (—|[v(zh) — (xé)||2) However, despite the flexibility that ¢ offers, the
kernel is inefficient because it requires computing V() in the entropy derivation.

Proof. In the following, we compute the terms , and from Eq. 13 using s(x}, 2t) =exp (=1 (z}) — ¥ (24)||?). Term
g p qg. g il i 7

3 is computed exactly as in Sec. C.2, i.e., using Hutchlnson s estimator (Hutchinson, 1989).

Term (D:

Tr (Vg (w(eh, ) Vo logp(af)) ) = T (Vaun(al, ah) (Vay logp(ah)) T + wleh, o))V, V. logp(a)))

Or(xt, x)alogp( )
= L a0 aEho T

t=1
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= (Vauk(al,2) TV, logp(a})
T T
= ~2n(al,a))| Vau(a) (b)) — b)) ] Vi logp(a!)
Term 2
(v vm(a;v,a;g)) - Tr[V (%(I,,%)V p(zh) T (¢(x§;)f¢(x;)))]
2[Vawla) T () () | Vountad,ah)
+ 2n(al, o) Tr (V1 [Varw () T (w(ah) - v(a)) |)
= o[ Ve (W) ~v(ed) | Vam(alad)

T
.

+ 2/@'(3@2,%) T ( Vméw(aﬂ) V$§¢(mé) )

)

+ QH(mZ,mé) T (Vxé { Vzgw(wé) ! (W(z7) - ¢<xé)) ]>

zw( 1Y in Term @ and Term (2), introduces significant computational overhead and renders the density intractable. [

C.5. Derivation of the LD density

Theorem. Let p(x) = p(x)/Z be a smooth, strictly positive target density on RY, and qo a strictly positive reference
distribution. The closed-form estimate of the log-likelihood log q* (z*) for the LD-based sampler (Sec. A.1) after L steps
with a pre-specified noise schedule {fl}lL: s

L—1
log g% (z%) = log ¢° (= —GZ]EUNM v V2, log p(z')v] 4+ O (€%)
1=0
where p,, is a distribution with zero mean and identity covariance, i.e., By, [V] = 0, Eyop [v0T] = I, if

€||[V2 logp(z!)||oe < 1 foralll € [0,L — 1].

Proof.

log ¢t (2 @ log ¢'(2') — log |det (I + EV?E[ logp(ml))|

@ log ¢' (z') — e Tr (V2, log p(z')) + O (¢?)

(@ log ¢'(2') — €Eynp, [vT V2 logp(z')v] + O (€%)
(i) by the CVF (Sec. A.2)
(it) by the corollary of Jacobi’s formula (Sec. A.4)

(iii) using Hutchinson’s Estimator, where p, is chosen such that E,,,, [v]=0 and E,.,, [vvT]=1 (eg. p, is Radamacher
distribution)

The statement of the theorem follows by induction. O
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D. Derivation of Step-Size Bounds

This appendix details the derivation of the step-size conditions in
Proposition 3.1, Proposition 3.2, and Corollary 3.3 that ensure that

SVGD updates are invertible and that log | det V. ¢(x!)| admits an — Co,(i,z5) = [|z|l]|z}] + (6]
accurate first-order approximation, where ¢ is the SVGD velocity
field. 425
—-— Ground Truth H(p)
The structure of this appendix is as follows: "
3 3.75
¢ In Sec. D.1, we review the Banach theorem = - S=<
* In Sec. D.2, we leverage the Banach theorem to derive a step-size 325 \
condition for the global invertibility of SVGD updates (Proposi- oo

tion 3.1): € max . | Vo(z!)|]2 < 1 ; 2

) ) » SVGD step (1)
e In Sec. D.3, we derive another step-size condition for

accurately estimating log|det V,:¢!(z)| (Proposition 3.2): . - L ,
Y v 2 <1 Figure 14. Bilinear kernel. gy coincides with theoret-
| max( ot )) | ically derived intermediate distributions by Liu et al.

e In Sec. D.4, we unify the two derived step-size conditions into (2024).
one upper bound that can be computed efficiently (Corollary 3.3):

€ < miny (1/ sup,u \/Tr(VwLQS(:El)VwLQST(xl)))

* In Sec. D.5, we show how to efficiently compute this upper bound

D.1. Banach Theorem

We begin by introducing the concepts of a cauchy sequence and a contractive mapping. Next, we discuss the Banach Fixed
Point theorem.

Cauchy Sequence. If a sequence {x; };c satisfies either of the following conditions:

1. |{El+1—.%‘l| SO&Z, VieN

2. |{,Cl+2 — 1‘1+1| < a|xl+1 — {L‘l|7 Vi eN,

where 0 < a < 1, then {x;} is a Cauchy sequence.

Contractive Mapping. Let (X, d) be a metric space with d a distance function and let ¢ : X — X be a mapping on X. ¢ is
called a contraction if and only if:

JK € [0,1] st d(o(x),¢(2)) < Kd(x,%), Vo,2eX (16)

Banach Fixed Point Theorem. Let (X, d) be a complete metric space (i.e., all Cauchy Sequences are convergent) with d
a distance function. If ¢ is a contraction, then it has a unique fixed point 2* € X, i.e., ¢(z*) = z* and

Vog € X, lim ¢'(xg) = 2%, with ¢'(z0) = podo---0d(x0) = 21.
l—o00 ——

[ times

Proof. The proof is structured in two main parts: we first establish the existence of a fixed point by showing that (z;);c is
a Cauchy sequence. Then prove uniqueness of the fixed point using a proof by contradiction.

Step 1: Existence of a fixed point. (z;);cy is a Cauchy sequence, we distinguish two cases: consecutive samples and
non-consecutive samples.

* consecutive samples:

d(z151, 1) = d(d(31), p(a1-1)) < K d(zp,21-1) < K2 d(31-1,21-2) < -+ < K'd(21,70)
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* non-consecutive samples x; and x;,j with k € N*
d(@14k, 1) < d(@1ks Tigk—1) + d(@1pk-1, Tigp—2) + - + d(@141, 71)
< (Kl—‘rk’—l +Kl+k’—2 T Kl)d<.'171,$0)
k—1

<K' > K'd(z,m)
t=0

~—~
S0 KT

oo Kl
SKl <ZKt> d(xl,mo): I_Kd(xl,xo)
t=0

It follows that {z; };cy is a Cauchy sequence since d(z;4,x;) — 0 as ! — oco. Because the metric space is complete, this
implies convergence to a limit z* € X: i.e., , ¥ = lim;_, ;. Additionally, since ¢ is continuous,

ox*)=¢ <lim xl> = lim ¢(x;) = lim z;41 = z™.
l—o00 l—00 =00

Hence, x* is a fixed point of ¢.

Step 2: Uniqueness of the fixed point. Assume that there exist two distinct fixed points * and Z such that ¢(z*) = z* and

$(i) = & Then, If o* # & =  d(2*, &) = d(¢(z*), $(#)) < K d(a*, &) Which implies = 5 < K = 1 < K.
which contradicts the assumption that K < 1. Hence, the fixed point exists and is unique. We can compute it using the

following algorithm:

O

D.2. Sufficient Condition For f(x) = x + e¢(z) Invertibility (Prop. 3.1)

Proposition 3.1 (Sufficient condition for global SVGD invertibility). Let p(x)=p(x)/Z be a Lipschitz continuous target
density on X C R, and let f(x) = = + € ¢(x) be the SVGD update map with step size ¢ > 0, where ¢ is the velocity field
defined in Eq. 1 computed with an RBF kernel. If e max, |Vo(x)||2 < 1, then f is globally invertible.

Proof. The proof follows in three steps:

* We first show that the SVGD velocity field ¢ is Lipschitz continuous under the proposition’s assumption that the kernel
used is the RBF kernel and that p(z) =p(z)/Z is Lipschitz continuous with Lipschitz constant L,

* Then, we prove the proposition using the Banach theorem (Theorem D.1)

Proof of the Lipschitz continuity of ¢:

For the SVGD update rule:
¢(l’) = EI]‘NQ [FL(LU, m])vz] lOgﬁ(‘/BJ) + ijﬁ;(m7 (EJ)] )

for any x,y € R?, we compute:
d(z) — d(y) = B jng [(k:(x,xj) — k(y,:z:j)) Vo, log p(z;) + (Vmik‘(x,xj) — Vo, k(y, J:J)ﬂ
Using the triangle inequality, we obtain:

102) = GO < By Il 25) — Ky, 25)] [V, o Py | + Ve, b, 25) = Vi )]
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The RBF kernel and its derivative are Lipschitz continuous. To show this, we use the mean value theorem:

—-1/2

e
|k(,25) = k(y, ;)] < sup || Vak(z,y)llllz — yl = [ =yl = L[l =yl

e—1/2

o

It’s easy to show that sup, |V k(z,y)|| =

by solving V.|| V.k(z,y)| = 0.

Similarly, V, k(z, ;) is Lipschitz continuous. By leveraging the multi-variate mean value theorem, we obtain:
1
IVa;k(@, 25) = Va;k(y, 25)ll < sup V2V, k(z,25)) 2 2 =yl = —5lle = yll = Lylle ~yll

where

1 1

1992kl = [G25) (557 = 25 = e = )7)| | =

= k(2,15 1
= (z,o@)max( ,

)

1
Il =

2
‘We conclude that:
16(2) = S| < By [ (Lt Ly + L) Iz = gl | = (L Ly + Lol = gl

Hence, ¢ is Lipschitz continuous.
Proof of the Proposition:

Assume that Lip(e¢) < 1, i.e., €¢ is contractive. We want to show that f(z) = x + e¢(z) is invertible. More concretely,
given y = x + ¢(x), the goal is to find x. We denote y by ¢ resulting in = ¢ — e¢(x). Hence, we are interested in the
invertibility of the function g(x) = ¢ — e¢(x). For this, we show that g is a contractive mapping:

d(g(x), 9(7))

d(c— ed(x), c — ed(#))
D d(—eo(x), —ed(2))
W d(e(x), et(#))

(¢) The distance is translation invariant.
(#4) The distance is absolutely homogeneous.
(#i1) eg is a contractive mapping
Therefore, g(z) is a contractive mapping, and by the Banach fixed point theorem (Theorem D.1), it has a unique fixed

point. This implies that the inverse of the mapping y = x + e¢(x) exists and is unique. Hence, the SVGD update is invertible
if Lip(eg) < 1.

Algorithm 3 BANACHFIXEDPOINT

input Particles {xé} Jl‘i 51; maximum number of iterations B; unnormalized density p; kernel bandwidth 0(1,2; step-size 6193.
output Fixed point z* satisfying z} = 2} + €}, ¢o (")

1 ab”

2: for b=0---B—1 do
30 b el —ep(ah”)
4: end for

5: return /"
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We compute Lip(¢) as:

Lin(e) = sup 1= 20 © 50 19, 60) 2 2 5077 60)
THY z T

(i) We consider the ¢5 norm in computing the operator norm.

(#4) Using the definition of the Lipschitz constant via Jacobian norm: ||¢(x) — ¢(y)|| < sup,, [|V.o(x)2 - |2 — y]|.

D.3. A sufficient condition for log | det(I + eV, ¢(2))| = e Tr(Vod(x)) + O (€22, (V. ¢(z))) approximation
(Prop. 3.2)

Proposition 3.2 (Condition for log-det Approximation) Let ¢:R%—R? be a differentiable vector-valued map. log | det (I +
eV2d(2))| =€ Tr(Vo0(2))+ O (2A2(Vad(2))), if € [ Mnax (Vad(@)) | < 1, with Ayax being the largest eigenvalue value
in magnitude.

Proof. We discuss two approaches leveraging the corollary of Jacobi’s formula and the bounds on the eigenvalues of

sz¢((£l)1

Method 1 (P-SVGD): Let A = I + €V, ¢(x). Under the assumption €||V,é(z)||oo < 1, i-e., [|A — I||co < 1, we apply
the collorary of Jacobi’s formula (App. A.4) and get

log |det(I + eVy¢(2))| = eTr (I + eVad(z) — 1)) + O(€*|| Vi (2)]|2)
D T (V,0(2) + O(e)

(7) In practice, since this bound is informal, (Messaoud et al., 2024) recommend choosing a very small learning rate, hence

O(€?).

Method 2 (MET-SVGD): In the following we denote by A;(A) the eigenvalue of matrix A

|det (I + eV, ¢(z"))| £ f[lxi(u evm(m))’ = f[l Aol + V()|
@ f[ 1+ eX(Va6(@))| = exp (iln 1+ eN(Vad(a)] )
~ exp (imu F (Vo)) A (Vao(a) >
) exp (i%(ww) FO((X)?) it eh; (Vao(@))| < 1

(i) By definition of the determinant.

(79) Let A; be the eigenvalue of (I + eV, ¢(x)) associated with the eigenvector v;. We show that A; — 1 is the eigenvalue
associated with €V ¢ (z):

(I +€eVao(x))v; = vy = eVyo(x)v; = (A — 1)v; = Aj = (A\; — 1) is an eigenvalue of €V, ¢(x)
(#73) We use Taylor expansion of In(1 + ea) =), M = ea + O((ea)?) around ea — 0.

Hence, if €|A;(V,0(2))] < €| Amax(V¢(2))| < 1, then
log |det (I + €Va¢(2))| = € Tr(Vap(2)) + O (2A2, (Vi 0(2))). O
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D.4. Unifying the sufficient conditions for invertibility and

1Og | det(I + GVTL¢(xl))| = eTr(szgb(xl)) +0 ( 2)‘12nax( Tl¢(xl)))

Corollary 3.3 Given a Lipschitz continuous target p = 7, the distribution induced by the SVGD update (Eq. 1) using an
RBF kernel is given by Eq. 2 if ¢ < min; ek with €bp = 1/ sup,i /Tr(V 1 (2)V i ¢T () for all 1 €]0, L — 1]

Proof. Following (Wolkowicz & Styan, 1980), let A be an d x d complex matrix, and let A* be the Hermitian of A. Then:
I\i| < oi < (Tr(A*A)Y? vie[l.d],
where o; is the i-th singular value of A.

It follows that:

P (Va1 6(a1) | < 5 [ V2002 < sp o/ Tr (V1 6(a) T Va6(a))

Therefore, choosing e such that € < min; (1/ sup,: \/Tr (szqb(xl)Tszd)(xl))) satisfies both of:

e max, | Ve(x!)||2 < 1 (from Proposition 3.1)
* €[ Amax (Vi 9(zh))| < 1 (from Proposition 3.2)

In Proposition 3.2, we use O (€222, (V,1¢(x"))). We re-express this as a function of e

Iy 2) @ ELB .l ’
O (el (T0@ ) L0 ((l e Ta16()) )

UB

(zz)o € ‘ mdx( l¢( ))l
U sup, |/ Tr (V1 6(a) TV 16(a))

(i) Multiply by 1 = el 5 /el

(ii) Substitute in the expression of el

(i4i) Using the fact that [Amax (V4 ¢(2!))[/ supy /Tt (Vi (2) TV g(al)) < 1

It follows that
log | det(I + €V ¢(2!))| = e Tr(V(z')) + O ((e/ep)?) (17)

D.5. Computing Tr (Vmégb(xé)TVzégb(xé))

In this section, we show that Tr (Vx; H(z) TV . qﬁ(mi)) can be computed efficiently, i.e., using only first-order derivatives
and vector dot products.

. . . l _ l
For conciseness, we introduce the quantity s,(z}) = V; log p(z}).

M—-1
Vo Z Vo k(@h, )5y (25)T + Vi vm(xz,xjn vlsp( zh)T
J =0,j#i ﬁ—/

B;

A
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Next we compute Tr(V 1 ¢(x!)). We denote by A; and B; the two terms of Vi ¢(z!):

Tr (Vo 6(20)) " Va1 6(x7)) = Tr ((4; + Bi) " (A; + By))
=Tr (AT A; + B B, + AT B; + A;B])
= Tr(AT A;) + Te(BF B;) + 2 Tr(A; BY)
= Tr(AT A;) + Tr(BE B;) + 2 Tr(BT A;)
— YT Y

1) (2) (3)
For a term by term breakdown:
Term (1) = Tr(A;fFAi)
1 M1 G Did M—1
=Tr <(M Z Vwm(mi,mé)sp(mé.)T+sz_vwz_n(aci7x§)) ( Z V. m (b, 2ty s, (20T + 1V z/ﬁ(x“xi))>
— 2 i J
%;3 T¢1 Ci D;,
M—1M-1
<M2 Z Z (CZJ +D1] )(Ci,r+Di,r))
0 r=0
T30 T
M—-1M-1
M2 Z Z Tr(C};Cir + D ;Ci) + Te(Di;Ds v + Ci; Di )
20 = (1a) (1b)

Term (la) = Tr(C;,.Cy,; + D! ,.Ci ;)
= T ((Ve(als2h)sp (0) )T (V e(als2h)sp (@) ) 4+ (V1 Vo wat, 21))T (9 k(e ), (2)T) )
= T () V pei(at o)V e e(al, 05 (0) T + (V0 Vg nlad, 20) T (Vo wlal, a)s (25)T))
n(wi,wi
( l

( l
l l ! ! INT
’{(xzaxj)sp(xr)azraljsp(x]) _47 (xwxr)ﬁ:(mwm])( _27517“51r)6i,]'817(xj) )
=Tr r(

<5p(
=Tr (47
(47 i, 25) (sp(20)8] — I+ 278:.,6,,.) 8, jsp(xé-)T)

)
IIJ“ZI? ) iy Lj

_47 (1:271:£)K(Iiyxj)(6z 'rsp(x’r) d+2’YH51 T‘H )Sp(x])Tdivj

Term (1b) = Tr(D;, D; ; + Cl,.D; ;)
= T (Vo V(s o)) (V1 V0 w(a, 2) + (7 (ad s (2) )T (V1 (e, ) )
=Tr (472/-@(232, b k(at, xé)(l — 2’y(5i,r(537;) (I — 275¢,j5iT,j) — 472&(302,305)&@5,:Eé-)sp(mlr)éza (I — 2751-352]-))

=Tr (472/$(xé, xi)n(wi, xé)([ — 27(5i,7~63:r — sp(xi)dzr) (I — 2751-,]-(5%))

= 472n(wﬁ7wi)ﬁ(x”x]) (d d; Tsp(xT) — 278, ) ( — 2’}/‘61‘7]"2)

Adding these sub-terms together

M—-1M-1

Term @ = <15 >0 O 40wl al)n(ad,ab) (67,5, () — d 4+ 296,17 3y (051
j=0 r=0
i T
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+ 4y (o, ) (al, J>(d o7, sp(al) = 29118:.0112) (4 = 2v10:,512)
M—-1M-1

= 1 20 3 (e ab sl ) (5T, sp(ad) = d o 20161,01) (s 615 — d+ 2411001
7=0 r=0
j#i T

Term @ = Tr(B! B;)

=T< 7V apsn(ad) (Vat syl >)T>
- i sz“v splad) (Tagsp(ad)) oo

- i 2|7 (i) [
t=1

Term @) = Tr(BI A;)

1% M-—1
1
VZ“5<M2 Z[ 29V 19 (2161 gy (@) + 299 15y (2 (T = 296:507) | (xi,xp)v

j;é?, Eij F;

Using Hutchinson’s Trace Estimator (Hutchinson, 1989)

1 1 &
1
—Z—Q /@xl,x)vtE”vt—l—vtF
72 o )|
j#i
] YoM
~ Ve Zﬁ(mia%){—%(vtv vsp (7)) (67 500 )sp ()" + 29(0f Vgrsp () (0 — 27(87 j00)0i5)
t=1 j=0
757,

By combining Terms (D, 2 and @), we obtain:

M—-1 M—-1

W+@+@) =15 > > 4’ abn(el}) (6] sp@h) — d+2910:1") (sp(@h)"6i; — d+ 21100,/
7=0 j#ir=0 r#i
2 1y2
+W‘Vzl.8p(mi)‘
M—-1
VMQZ > nah e[ - 2007 Voo (@) 0T 00)sp(25) " + 290 5p(@)) (01 — 29T 00)6,)]
t=1 j=0 j#i
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E. Motivation: learning the SVGD step-size (Sec. 3.2-Step-Size)

Learning the kernel bandwidth alone is generally insufficient to ensure convergence of the entropy term. Specifically, the
expectation i, [e Tr(V,1¢(x"))] does not necessarily vanish as { — co. We show, via a Taylor expansion around 0, that
this cumulative trace term corresponds to a 8"-degree polynomial whose convergence to zero requires the existence of at
least one real root. However, the coefficients of this polynomial depend on the particle positions and are not guaranteed to
yield a real root during training, making this condition both non-trivial and fragile.

For conciseness, we introduce three new quantities:

Kj = n(xl,x§), 5 =at — xé, and s;, =V, logp(:cé-).
J

Proof. According to Sec. C.2, if x is the RBF kernel, then:

1 1 1
Tr(Vard(a')) = 37 Tr (Vislogp(a)) + 57— kj (d — 0] s; — 02|5j|2)

We approximate the RBF kernel using a Taylor expansion around 0:
1 2 1 2 1 4
exp (—202|6j| ) ~ 1= o162 + o515

Then, we substitute in the formula above and obtain:

1 & 1 1 1
stz 2 (1 gralllP + el (4675, = 16512
=0
aclj;ﬁxl

900 = e (P ) 4

Finally, we set Tr(V,:¢(2!)) = 0 and multiply by o®:

M—1
1 1 1 1
=0 Tr (Valogp(a) + - D (o = 5a%l16[1° + 2ll5]* ) (o%d — o6 s; — [16;11) =0
M M = 2 8

xé#xl
Since we have a polynomial of degree 8, we have 8 roots, not all of which are guaranteed to be real for 0. Thus, for
convergence, € needs to be flexible enough to converge to 0, ensuring that i, [e Tr(V, i ¢(2!))] converges to 0 as
[ — oo. O
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F. A more efficient variant of Stein’s Identity

Figure 15. (a) SI shows the same convergence trend as other convergence metrics such as Fisher Divergence (FD) and Kernelized Stein
Discrepancy (KSD). With SI being the tractable and computationally efficient metric. (b) SI can be used to check SVGD convergence
across steps, for MET-SVGD and P-SVGD(0med, 0 = 10™h).

Proposition 3.4 Given ¢(z) the SVGD velocity field with an RBF kernel from Eq. 1, a smooth and strictly positive density
p(z) with lim| ;500 p(7) ¢(2) = 0, Stein’s identity violation SI(q', p) at every step [ of the SVGD update is evaluated as:

SIq' p) = /Eat [6(2) TV 1 log plat) + Te(Vp16()))] (18)

Proof. Stein identity’s violation can be measured with the kernelized Stein discrepancy (KSD) of Liu et al. (2016), which is
defined as

S(¢',p) == max (Eptng [Tr(Apo())])” st [[6llaer <1,
where the Stein operator is A,¢(z) = ¢(x)Vy logp(z) T + V,.b(z).

We show in Sec. A.8 that, in the RKHS #”, the maximizer admits the closed form ¢, ,(-) = Gr )/ @5 , ()]0, with

O3 p(") = Eptng [K(2', ) Vo log p(a’) + Vuk(a', ),
and the optimal value satisfies S(q', p) = ||¢;"117p||3{D. We, therefore, set SI(¢!, p) = 165 e
S(¢',p) = (& (), Ot (D) er
© (Eatg [k(a',) Vot logp(al) + Vouk(a!, )], 651,())
D Byt (R, ) Vot logp(a'), 6, () o + (Vark(al, ), 0, ()) o]
D By [(03,(5) Vo logp(a!) + Tr (Vi (21)) .

Taking the square root yields

Sl(qlvp) = \/Exlwq" |:(¢;l7p(xl))—rvm" lng(xl) +Tr (Vw’gb;L,p(xl))} .

HD

(7) substitute the closed-form representation of the optimal perturbation ¢Z, v into the first argument of the inner product
(#4) apply linearity of the inner product and of the expectation: (E[f.], ¢) = E[{fz, g)]

(iii) use the reproducing property for vector-valued RKHS, (k(z, -)v, ¢(-))p = v' ¢(x), and its derivative counterpart,
(Vik(z,),0(-))yp = Tr(V,é(x)), which together convert RKHS inner products into the function-space terms
appearing inside the expectation.

O
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G. Metropolis Hastings augmented entropy

We first prove that MET-SVGD converges in total variation to the target distribution. Then, provide derivations for (1) the
acceptance probability (Proposition 3.5), and (2) MH-augmented SVGD density (Proposition 3.6).

G.1. MET-SVGD Convergence

To transform the SVGD chain into a Markov chain with asymptotic convergence guarantees (strong convergence), the SVGD
proposal must be irreducible and aperiodic (App. B.5-B.6). This is, however, not satisfied by the deterministic SVGD
transformation. The stochastic nature of the MH step addresses this.

To ensure reversibility in practice, we construct an involution associated with the SVGD transformation f by extending the
state space to (z, ), where € {—1, 1} is a Rademacher random variable:

_ J@r=+1) = (f(z),r=-1),
G(x’r)_{(x,r:—l) s (f @), = +1),

When r = 1, the proposal is 7! = f(x!~!), and the conditional MH-augmented SVGD-induced density is:

—1
qMH,l(xl‘Tl 1) = alqMHl 1( 1—1)‘ det (I+€le—1¢($l_1))‘ (- al)qMH,l—1<xl—1).

However, when r = —1, we run the SVGD chain backwards. Therefore, the proposal is ! = f~!(2!~1), and the conditional
MH-augmented SVGD-induced density is:

-1
qMHl( l|7, __1) lqMHl 1( )’detV . 1f ( )’ +(1—al)qMH’l_l((El_1)
@ alqMH’l_l(Jcl_l)‘ det (I + €V i1 ¢(ml_1))‘+(1 — )M (2.
(i) by the fact that the jacobian of the inverse f ! is the inverse of the jacobian of f

‘We combine both expressions as:
77’1'
qMHl( l"f‘) lqMHl 1( )‘det (I—FGV . 1¢( ))‘ —I—(l—Oél)qMH’l_l(ml_l).

The reversibility guarantees from this construction depend on the acceptance probability o satisfying:

ol @1 p(a! e () = o (Gl r)p(E e (<) det (T + V10! ))

)

where #! = f”l (x'~1) is the proposal. This is the case when o is defined to be the MH ratio:

a! = min <1 M’detvy— et I)D

I

Since we chose ! to be a Rademacher random variable for which p,(r!) = p,(r'=1) = 1, we obtain:
o' = min ( 1, p(F) ‘detV lflfr’(xl—l)‘ ) (19)
p(at=1) ’

G.2. Acceptance Probability (Proposition 3.5)

Proposition 3.5 Let p(x) =p(z)/Z be a strictly positive and continuously differentiable density on X C R, ¢(x) the SVGD
velocity field with an RBF kernel from Eq. 1 satisfying the step-size bound in Corr. 3.3 and r! € {—1, 1} the Rademacher
auxiliary variable selecting the forward (r! = 1) or backward (r! = —1) SVGD update in MET-SVGD. The log-likelihood of
the MH acceptance probability for a MET-SVGD update of a particle '~ ! is

log o' =min |0, log p(#!) —log p(z! 1)+ rle' Tr(V,— (2! 1)) + (’)((el/eﬁjB)Qﬂ.
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Proof. Apply log to the MH ratio in Eq. 19:

¢ (p(i—l)met Va7 (fv“)|> . 10%( o ) + 7! det Vi fa' )]

pt=1) px'=1)
=l
= log (ﬁ]():if)l)) +rllog ‘ det (I + GZlefl(b(xl_lw ‘
(i) by the fact that the jacobian of the inverse f~! is the inverse of the jacobian of f (for r! = —1)

Using the first-order approximation log |det( + €'V i-1¢(2'™1))| = e Tr(Vi-16(2' 1)) + O ((€ /elyg)?) from Eq. 17,
we obtain:

10g p(fl) + ’I”lélTI'(v z—1¢(1‘171)) + O((El/él )2)
p(at=) ’ ”
The error term O ((61/633)2) is explained in Sec. C.1. O

G.3. MH-augmented SVGD Density (Proposition 3.6)

Proposition 3.6 Under the setup of Prop. 3.5, the MH-augmented density at step ! is computed as: qg/m’l(xl) =

%qg/m’l(wﬂrl =1)+ %qg/m’l(xﬂrl = —1), where for c € {—1, 1}:

qg/lH,l(le =c) = aéqgm’l_l(xl_l)‘ det (I + 603V$l—1¢0($l_1)) ‘7 +(1— alg)qgm’l_l(xl_l),

Proof. Simply marginalize over r':

@
g @)= D pe(rt = ogy M @t =c)
ce{-1,1}

(ii) 1 mug, 10
DO L=
ce{—-1,1}

(i) p, is the Rademacher distribution

(i7) all outcomes under p,. are equally likely, hence p,.(r! = ¢) = %
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H. Additional Results on Entropy Estimation

In this section, we provide implementation details for the toy experiments as well as some additional experiments.

We adopt the following conventions:

* We write 0 = 0192 and e = 6l93 to indicate that we are learning a free parameter per step. For example, in Pytorch, this

is achieved by instantiating a nn.Parameter object.

* We write 0 = GNN({z!}*; h, 6,) to indicate that o is parameterized by a graph neural network with the layout
described in Tab. 4.

* We write € = mm(623 , 623 d9/3 S93) to indicate that the step-size is defined as an exponentially decaying function of the

step [, controlled by the initial value 683, the decay factor dy,, and the scaling constant sg,, all of which being free
parameters.

Table 4. Architecture of the graph neural network denoted by GNN({z}}X%; h, 65).

Step Operation Description
1 Linear layer (output 2) Embedding layer: 2} — W, 2!
2 Mean aggregation Aggregate node embeddings: 7' = L M Wl
3 ReLU Apply nonlinearity
4 Linear layer (output ) Transform aggregated embedding
5 ReLU Apply second nonlinearity
6 Linear layer (output 1)  Map to scalar
7 exp() Ensure positivity

H.1. Gaussian Targets
H.1.1. FIG. 2A, LIMITATION 1: P-SVGD’s SENSITIVITY TO RBF KERNEL BANDWIDTH

Implementation Details are reported in Tab. 5.

Table 5. Implementation details for the setup in Fig. 2a.

Algorithm Parameter Value
Target p N([-0.69,0.8],[[1.13,0.82],[0.82, 3.39]])
Number of Particles M 200
LD/ P-SVGD I MET-SVGD G mber of Steps L 1500
Initial Distribution ¢° N(0,61)
LD/ P-SVGD Step-Size e=0.1
P-SVGD Kernel Bandwidth o €{1,5,0med}
Step-Size ¢ = min(eg, , €p,, di,/s%)
Kernel Bandwidth o = GNN({z}}M:"; 128, 62) (Tab. 4)
MET.SVGD Trainipg Parameters
Optimizer Adam
Learning Rate 5-1073
Epochs 300
Loss KL Divergence
GPU Tesla V100-SXM2-32GB
Resources RAM 2GB
Per-epoch Runtime 2.6s

Ablation Study is reported in Fig. 16. Learning the kernel bandwidth and the step-size is what led to the largest improve-
ments.
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Figure 16. Ablation study for the setup
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H.1.2. FIG. 2B, LIMITATION 2: P-SVGD’S POOR CONVERGENCE TO NON-SMOOTH TARGETS

Implementation Details are reported in Tab. 6.

Table 6. Implementation details for the setup in Fig. 2b.

Algorithm Parameter Value/Design
Target p Smooth distribution: N(0, I2)
Non-smooth distribution:
. 0.505 0.495
N0, %) with 5 = (0.495 0.505)
Number of Particles M 100
Number of Steps L 110
Initial Distribution ¢° N(0,+/31)
Kernel Bandwidth 0 = Omed
P-SVGD Step-Size e=0.1
. _ 1
MET-SVGD Kernel Bandwidth o =0y, s
Step-Size € = min(eg, , 683d93 3)
Optimizer Adam
Training Parameters Learning Rate 1078
Epochs 200

Ablation Study is reported in in Fig.
obtained by incorporating MH.

Non-smooth p(x)

17. Though learning the kernel bandwidth and the step-size helped, the best result was

Smooth p(x)

—-10 4

—15 4

Entropy H(q')

—204

—254

—30 4

—354

Entropy H(q)

Ground-Truth

MET-SVGD(Omed, € WO. £y, WO.TrV2, wo. MH)
MET-SVGD(Opmed, € W. €y, WO.TrV2, wo. MH)
MET-SVGD(Omed, € W. €ug, W.TrVZ, wo. MH)
MET-SVGD(Omed, € W. €yg, W.TrV2, w. MH)
MET-SVGD(g6,, € W. £us, W.TrV2, w. MH)
MET-SVGD(0g,, €6, W. £us, W.TrV2, w. MH)

T T T T

T
0 20 40 60 80

Step |

T
100 0

Figure 17. Ablation study for the setup in Fig. 2b. [Left] Non-smooth target. [Right] Smooth target. For the non-smooth target, MH
significantly helps convergence to the target.
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H.1.3. FIG. 2D, LIMITATION 4: P-SVGD’S POOR SCALABILITY TO HIGH DIMENSIONAL SPACES

Implementation Details are reported in Tab. 7.

Table 7. Implementation details for the setup in Fig. 2d.

Parameter Value

Target distribution p=N(0,14), d € {100,200, ...,1000}
Initial distribution N (21,21,)

SVGD Parameters

Number of Particles M =100

Number of Steps L =100

Kernel Bandwidth LD:oc =0

Step-Size

P-SVGD: 0 = 0med
MET-SVGD: o = o},
LD: e = €l93
P-SVGD: € = 0.1
MET-SVGD: € = ¢},

Training Parameters
Optimizer

Learning rate

Epochs

Adam
1072
500

In Fig. 18, we visualize the learnt SVGD step-size for the setup in Fig. 2d. The target is a d-dimensional multivariate
Gaussian p(z) = N (z;0, I;). For each method, 100 particles are initialized from A (x; 21, 21;), where 1 € R denotes the
vector of ones. This is a standard benchmark illustrating the diminishing variance issue of SVGD. We show that MET-SVGD
outperforms other baselines in high dimensional spaces as measured by the entropy and the variance across dimensions
(Fig. 18.a and Fig. 18.b). The SVGD repulsive force is large during the first updates, preventing the particles from collapsing,
unlike other baselines (Fig. 18.c). P-SVGD is not scalable due to a missing term in its entropy formula, which is subsequently
fixed in the MET-SVGD update (Sec. 3.3).

——P-SVGD —e— —e— MET-SVGD (ours) —=— GSVGD5 —&— S-SVGD —e—3-SVGD ==--- Ground Truth

Entropy H(q)
Variance
Repulsive Force

800 1000 200 00 600 800 1000 1] 20 40 60 80

step (1)
(c) Average repulsive Force across steps

dimension d
(b) Variance across dimensions

dimension d
(a) Entropy across dimensions

step (1)
(d) Kernel bandwidth across steps

Figure 18. MET-SVGD achieves higher accuracy on both (a) entropy estimation and (b) marginal variance than baselines across dimensions,
which is explained by the difference in (c) the trend of the repulsive force across steps, and driven by different (d) kernel bandwidth trends.

Ablation Study is reported in in Fig. 19. Adding the trace term is what led to the largest improvements.
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17501
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600 800 1000

H.1.4. F1G. 14: BILINEAR KERNEL

Implementation Details are reported in Tab. 8.

=== Ground-Truth
—— MET-SVGD(Omed, € WO. Eyg, WO.TrVZ, wo. MH)

MET-SVGD(Gpmeq, € W. Eug, WO.TrV2, wo. MH)

—— MET-SVGD(Omed, € W. Eus, W.TrVZ, wo. MH)

—— MET-SVGD(ge,, € W. £ug, W.TrV?, wo. MH)
—— MET-SVGD(0g,, €0, W. £ug, W.TrV2, wo. MH)

Figure 19. Ablation study for the setup

. MET-SVGD(0, €6, W. £us, w.TIV, w. MH) in Fig. 2d. Note that the first two con-

figs (w. and wo. eyg) are overlapping
as the selected e satisfies the upper
bound constraint. Also, since the dis-
tribution is smooth, MH didn’t lead to
significant improvements.

Table 8. Implementation details for the setup in Fig. 14

Parameter
Number of Steps L 1000
Kernel

T,
Kernel Type Bilinear: zé% +1

02
Co, = GNN({x!}M 1128, 02) (Tab. 4)

Step-Size € = min (683, 623 dle/:%)
Training Parameters
Optimizer Adam
Learning Rate 5.1073
Epochs 300

H.1.5. ACCELERATING CONVERGENCE

In Fig. 20, we show that, for the setup of Fig. 15, convergence can be accelerated either by (1) adding a regularization on the
decay rate in the optimization objective (Sec. 3.2) or (2) randomizing the maximum number of steps during training (Eq. 4).

MET-SVGD
w.o Randomization; w.o Regularization w Regularization =~ = === Ground Truth #(p)
6.0 06
4.0
55 05
3.5
3.0 50 o1
- 03
= 25 ~3 45 o
g‘, o ty
2.0 o 0.2
1.5 0.1
35
1.0 0.0
0 100 200 300 400 500 600 0 100 200 300 400 500 600 0 100 200 300 400 500 600
step (1) step (1) step (1)
a. Entropy b. Kernel Bandwidth c. Learning Rate

Figure 20. Accelerated convergence via regularization and number of SVGD steps randomization for the same MET-SVGD setup in Tab. 7
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H.2. Gaussian Mixture Models
The density of GMM with K components is given by:

K
pla) =Y wil (@ i, Cy),
i=1
where {w; }/ | are non-negative weighting coefficients such that >, w; = 1, and N (z; u;, C;) is a gaussian density with
mean p; and covariance C;. Note that the entropy generally cannot be calculated in closed form for GMM due to the

logarithm of a sum of exponential functions (except for the special case of a single Gaussian density). We derive two bounds
to assess the performance of the different baselines.

* We start by deriving the lower bound, i.e., we show that:
K K
- Zwi log Z%’N(Mz‘; i, Ci + Cj)
i=1 j=1
Proof.
Z w; ./\f (z; i, C;) log p(x)dx

>— Z w; log [ N (z; i, C’i)p(z)da:} by Jensen’s inequality
i=1 ~J/RY

K -
Z—Zwilog N (z; pi, C, Zw] (x5 p5,C )dw}
i—1

LJRN

=

K
> = wilog | Y wiN (i s, Ci + Cj)

=1

» Next, we derive the upper bound, i.e., we show that

L
H(p) < H(N(ug,Cg)), with G = D i Wilki
(p) ( (:U’G G)) { Cs = ZiLzl wi(Ci + iy ) Zz L Z - wleﬂzﬂj

Proof. Consider a Gaussian mixture model p(z) = Zle wiN (z; i, C;). The mean is u = Zle wip;. The
covariance can be computed as:

C =El(x - p)(e — p)"] = Efea”] - / (Z Wil (s i, ») vadw — "

L
= sz‘ / axt N (x; ps, Ci)da — pp”
i=1 x

For a single Gaussian component, C; = E[(z — p;) (z — p3)"] = Elza™] — pip , which means E o nr (g0, 00 [T ] =
Ci + pipl’. Substituting this in the above:

L
C=> wi(Ci+ pip]) — pu”

i=1
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L L L L L
= wi(Ci+ mip) - (Z wiﬂi) S wipd | = wilCi+ i) = Y wiwjpip] = Ca
i=1 i=1 =1

i=1

i,5=1

Since a Gaussian distribution maximizes entropy among all distributions with the same mean and covariance, we have

H(p) < H(N (us, Ca)).

H.2.1. F1G. 2¢, LIMITATION 3: P-SVGD SUFFERS FROM MODE COLLAPSE

Implementation Details are reported in Tab. 9.

Table 9. Implementation details for the setup in Fig. 2c.

O

Algorithm Parameter

Value/Design

Target p GMM with 3 components:
H1 = (—40,50)7 21 = 15[2

M2 = (3.0,3.0), Yo = 1o
Hu3 = (—440, —150), 23 = 2]2

Number of Particles M 100
Number of Steps L 140
Initial Distribution ¢° N(0,41)
Kernel Bandwidth O = Omed
P-SVGD Step-Size c=05
MET-SVGD Kernel Ban.dwidth o= (Tléz
Step-Size €= €g,
Optimizer Adam
Training Parameters Learning Rate 10!
Epochs 200

We show that the divergence control heuristic based on eliminating particles further than 3 standard deviations of the initial
distribution mean exacerbates mode collapse, which is already an issue when using the reverse KL-divergence.

Performance. P-SVGD without steps, which is essentially traditional VI, collapses to one mode and is not able to recover
the true entropy. P-SVGD with L = 140 steps only recovers two out of the three modes: the divergence control heuristic
prevents particles from reaching the lower mode. MET-SVGD on the other hand recovers all three modes and accurately

estimates the entropy of the target.

Ablation Study is reported in in Fig. 21.

=== Ground-Truth

v

Entropy H(q)

Step |

H.2.2. FI1G. 7: EXPERIMENT ON 2D GMM WITH MOVING COMPONENT

Implementation Details are reported in Tab. 10.

51

—— MET-SVGD(Omed, € WO. Eyg, WO.TrV2, wo, MH)
MET-SVGD(Omeq, € W. €yg, WO.TrVZ, wo. MH)
—— MET-SVGD(Omed, € W. £ug, W.TrV2, wo. MH)
—— MET-SVGD(04,, € W. £y, W.TrV2, wo. MH)
—— MET-SVGD(0g,, €0, W. £y, W.TrV2, wo. MH)
—— MET-SVGD(0s,, €6, W. £us, W.TrV2, w. MH)

Figure 21. Ablation study for the setup
in Fig. 2c.
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Table 10. Implementation details for the setup in Fig. 7.

Parameter P-SVGD MET-SVGD
Distribution type GMM with 5 components
Fixed components w1 = (0.0,0.0), X1 = 0.161

H2 = (30,20), 22 = [2
Hn3 = (1.0, 70.5), 23 = 0.5[2

Ha = (25, 15), 24 = 05[2
Mobile component ps = (¢, ¢), X5 =0.512, c € [-3,3]
Dimension d=2
Number of particles M € {50,100,500}
Number of iterations L = 1500
Initial Distribution Settings
Setting 1 N(0,I2)
Setting 2 GMM(K = 10) with uy, ~ U([—4,4]?), T = I Vk

Algorithm-Specific Parameters
Kernel bandwidth o € {1,5, median} o = GNN({z}}M51:8,6)

Step-size e=20.1 6%93 — min(egg’ Egsdl/s%)
Training Parameters

Optimizer Adam

Learning rate 5x 1073

Epochs 300

Performance. In Fig. 22, we show that P-SVGD has poor entropy estimation accuracy, even falling below a lower bound on
the target entropy. This behavior can be explained by the fact that the optimal oy, exhibits a trend that deviates significantly
from oneq, and that the optimal g, consistently converges to O across all MET-SVGD configurations, rather than remaining
constant as in P-SVGD (Fig. 23).

= === Ground Truth #(p)
—e— SVGD (0 = median)
«vaess MET-SVGD (g = G; M = 50
—m— MET-SVGD (g = G; M = 100)

-

3.8

3.6 1

Figure 22. MET-SVGD significantly outperforms P-
SVGD. Increasing the number of particles reduces
the variances. Results are reported on 5 different
seeds.

2.8

2.6 4

H.3. High Dimensional GMM
The goal of this experiment is to further assess the scalability of MET-SVGD.

The target distribution is a mixture of four D-dimensional Gaussian distributions p(x) = Zizl 0.25N (z, puk, 1) with
uniform mixture ratios. The first two coordinates of the mean vectors are equally spaced on a circle, while the other
coordinates are 0 (Fig. 24.A-D). Particles are initialized from N (0, I;) and only the first two dimensions need to be learned.

Implementation Details are reported in Tab. 11. Performance. In Fig. 24, we show that MET-SVGD significantly
outperforms P-SVGD and other SVGD variants in terms of entropy estimation accuracy. Also, unlike P-SVGD, MET-SVGD
is able to recover all four modes.
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P-SVGD

(c)

(d)

Figure 23. Results on entropy estimation for different c configurations. MET-SVGD significantly outperforms P-SVGD in terms of (a)
KLD minimization and (b) entropy estimation. This is explained by the fact that it is able to learn a more optimal (c) kernel bandwidth
trend than the median heuristic, as well as a more optimal (d) step-size trend than a constant one.

I. Additional Results: Energy Based Models

Proposition (Sec. 4.2). Training EBMs py(x) =Dy (x)/Z4 via maximum likelihood (Lepm(¢) = —Egnp,[log pe(z)]) is
intractable due to the partition function Z 4. When the sampler has a tractable distribution qg, a tight lower bound can be
computed as: Lgrpo(¢,0) =Eyzq, [10g Py(2)]|—Epnp, [log pe(z)] + H(ge) with pa being the data distribution,

Proof. Given:
Lebm(9) = —Egrp,[logpg(z)] = —Eynp,[log pg(z)] + log Z().

We bound the partition function using the KL-divergence:

log 2(0) > 10g Z(6) ~ Dia (a0(0) s(0)) > 108 2(6) + [ ao(e)1og 24T
T QG(I)
> log Z(¢) + /m qo(x) log qa(a:)dx
> 1052(6) + [ () logpo(a)do — [ au(a)log Z(8)dx — | an(w) g au(z)da

> log Z(¢) + Eqng, [log py(2)] — log Z(¢) + H(qe) = Exng, [log o ()] + H(go).-
Substituting back into the MLE objective:
Acebm(gb) = _]EwNPd [logﬁ¢(x)] + log Z((b)
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Table 11. Implementation details for the setup in Fig. 24

Parameter Value

Target Distribution p(z) = ch:l 0.25N (z, pre, 1)

Initial Distribution ¢’ =N(0,I)

Default SVGD Parameters

Step-Size P-SVGD: e = 0.1
MET-SVGD: e = min(eg,, 623d;/:93)

Number of Steps L =100

Number of Particles M =100

Kernel Bandwidth P-SVGD: 0 = 0med

MET-SVGD: o = o},

Training Parameters

Optimizer Adam
Learning Rate 1072
Epochs 500

GSVGD1

GSVGD2
—&— GSVGD5
—k— S-SVGD
—o— MET-SVGD
—8— P-SVGD
150 1 === Ground-Truth

100 . . .
) L]
o2 o ~..' - o oo o ~"I - o (N ~00l -
s 2en . 3 S e J ene
o 0 . LA . > o ) . .
3 % 'ﬁ: %, ».”a ¥ o & o L N
STy B A K5 B et K s S
Y R cso®fin. o awv cso @l . wwv
a2 3 ~3 . 3 A %
o X ;% a o Y ;@ A 5 ~: ;@'3
. . AL . . ~...'- LRy . ALY

)

..
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(a) Estimated entropy (b) P-SVGD (¢) MET-SVGD (d) MET-SVGD
across dimensions. (w. MH) (wo. MH)

Figure 24. Scalability results. Target is a high-dimensional GMM. MET-SVGD successfully recovers the entropy of the low-dimensional
GMM, as well as all four modes, unlike P-SVGD.

> —Egnp,y[log py(2)] + Exng,[log py ()] + H(ge) = LeLpo(9,0)-

L.1. Synthetic Experiment: Moon Distribution

We evaluate MET-SVGD on the Moon dataset (Rezende & Mohamed, 2015).

Implementation Details are reported in Tab. 12. We write 0 = aéz to indicate that we are learning a free parameter

per step. For example, in Pytorch, this is achieved by instantiating a nn.Parameter object. Moreover, we write
€= mm(eg3, egs deé %03 ) to indicate that the step-size is defined as an exponentially decaying function of the step [, controlled
by the initial value 623 , the decay factor dy,, and the scaling constant sg,, all of which being free parameters.

Performance. In Fig. 25, we report the Maximum Mean Discrepancy (MMD) (Gretton et al., 2012) and present samples
generated by MET-SVGD trained with and without an MH correction on the Moons dataset under varying smoothness
conditions. The configuration with MH provides substantial benefits in the least smooth regime (where the target distribution
resembles three nearly piecewise-linear clusters), yielding the lowest MMD scores and enabling the sampler to learn a
highly non-smooth energy landscape that accurately reflects the underlying data distribution. Additionally, in Fig. 26, we
compare our method against Masked Autoregressive Flows (Papamakarios et al., 2017). In contrast to MET-SVGD, the
normalizing flow fails to approximate the target distribution.
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Table 12. Implementation details for the setup in Fig. 25

Parameter

Value

Target Distribution

Initial Distribution

oxp To(®)
po(x) = =52

b
fs(z) = MLP, (128, Swish, 128, Swish, 128, Swish, 1)

qO :N([070]77I)

Default SVGD Parameters

Step-Size €= min(eg3, 623 dlg/:e3 )
Number of Steps L =100
Number of Particles m =129
Kernel Bandwidth o= aé2
Training Parameters

Optimizer Adam

¢ Learning rate 1073

0 Learning rate 1072
Iterations 1250
Resources

GPU Tesla V100-SXM2-32GB
RAM 2GB
Per-epoch runtime 2.6 seconds

{.
7 aa o L
s : :
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..’-)
(2) MET-SVGD(09,, €9, W. TrV2, wo.

MH)

/‘“\

i
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)
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=
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MH)
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Figure 25. Samples and MMD score on the Moons dataset with varying smoothness degrees.
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Figure 26. MET-SVGD and MAF-NF Samples and MMD score on the non-smooth version of the Moons dataset.

(b) MAF-NF (c) MMD

I.2. Fig. 8: Image Generation
Implementation Details are reported in Tab. 13.  All experiments were conducted on a single NVIDIA A100 80GB with

Table 13. Implementation details for the setup in Fig. 8.

Parameter Value
Target distribution po(z) = %{‘;(m)
fo(x) is a WideResnet(28,10) network
Initial distribution q° is a replay buffer initialized using a GMM whose modes are based on the class-conditional means and covariances
Default SVGD Parameters
Step-Size LD and P-SVGD: € = 64 (divided by M in the SVGD update formula)
MET-SVGD: ¢ = GNN({z}}, {V 1 log pe(x})}; 1024, 63) (Tab. 15)
Number of steps LD, P-SVGD, and MET-SVGD wo. L.: L =5

Number of particles M = 64
Kernel bandwidth LD:oc =0
P-SVGD: 0 = Omed
MET-SVGD: o = GNN({z}};1024, 65) (Tab. 14)

Training Parameters

Optimizer SGD

0 Learning rate 10™': 1000 iterations warm-up and decay at epochs 60, 120, and 180, with 0.2 decay rate
¢ Learning rate 1074

Epochs 200

Resources

GPU NVIDIA A100 80GB

RAM 8 GB

Per-iteration runtime 6 seconds

Step Operation Description
1 Linear layer (output h) Embedding layer: 2! — Wizl
2 ReLLU Apply nonlinearity
3 Mean aggregation Aggregate node embeddings: z! = - S M ! ReLU(W; )
4 Linear layer (output ) Transform aggregated embedding
5 ReLU Apply second nonlinearity
6 Linear layer (output 1)  Map to scalar
7 exp() Ensure positivity

Table 14. Architecture of GNN({z!} *: h, 02) for the setup in Fig. 8.
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Step Operation Description
l.a  Linear layer followed by ReLU (out- First particle embedding layer: =
put h) ReLU(W;zt)
1.b  Linear layer followed by ReL.U (out- First score embedding layer: ng log p(zt) —
put ) ReLU(W3 Vi log p(}))
2.a  Linear layer (output h) Second particle embedding layer
2.b  Linear layer (output h) Second score embedding layer
3 Embedding aggregation layer fol- Sum particle and score embeddings
lowed by ReL.U (output h)
4 Mean aggregation (output h) Average embeddings over the batch dimension
5 Linear layer followed by ReLU (out-
put h)
6 Linear layer followed by ReLU (out-
put h)
7 Linear layer (output 1) Map to scalar
8  exp(+) Ensure positivity

Table 15. Architecture of GNN ({2}, {V . log ps(})}; h, 03) for the setup in Fig. 8.

8GB allocated RAM; average runtime was around 6 seconds per iteration (processing one batch of data composed of 64

particles).

We distinguish between two training procedures:

* LD is trained with contrastive divergence:

m(%n Lcp(@) = m(;n —

Eonpa [fo(2)] + Eong [fo(2)]

(20)

e P-SVGD and MET-SVGD are trained adversarially by alternating between learning the sampler’s parameters (Eq. 21)
and minimizing the contrastive divergence (Eq. 20):

mein —Leso(0) = max ~EBarpy [fo(@)] + Eang, [fo(2)] + H(ao),

2D

Performance. We report the FID and Inception scores in Fig. 27. The best FID (lowest) is achieved when both the kernel
bandwidth and the step size are learned. Comparable performance with improved scalability is obtained when using an
adaptive number of steps Lc. In contrast, removing the trace term causes premature divergence, highlighting the critical role
of this correction. Both LD and P-SVGD exhibit early divergence. Moreover, due to high rejection rates, the MH setup also
diverges (Fig. 29). In Fig. 30, we show that the trends of the learned optimal kernel bandwidth and step-size are different
from those of P-SVGD, which explains the discrepancy in performance. Fig. 28 shows that the resulting performs gains
from learning the kernel bandwidth and the step-size are explained by the fact that the optimal value for these parameters
induces smoother energy landscapes, which facilitates sampling from the target.

b

— LD(e.L,M)

P-SVGD(Ormeq, €, L, M)
—— MET-SVGD(0%,, £, L, M, w. TrV2, wo. MH)
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—— LD(e. L, M) 7
P-SVGD(@ e, €, L, M)

—— MET-SVGD(Ge,. &, L, M, W. Trv2, wo. MH)

—— MET-SVGD(0g,, €q,, L, M, . Tr7?, wo. MH) €
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Figure 27. EBM Results. We report the FID and IS scores across training iterations. Tr V? stands for including the trace of Hessian term

and gqo = RB-PCA for initializing the replay buffer with samples obtained via a linear combination of the principal components of the
data samples.
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Figure 28. Smoothness of the learn EBM as measured by ||V fo(x)||2 throughout training iterations. The configurations with the best

FID and Inception scores (Fig. 27) exhibit smoother landscapes.
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Figure 29. MH rejection rate across training iterations for the MET-SVGD(os, , €95, L, M, w.Tr V2, wo. MH) configuration.
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Figure 30. Learnt kernel bandwidth and step-size across training iterations. The trends exhibited by the learnt kernel bandwidth and
step-size in the MET-SVGD configuration are significantly different from P-SVGD’s omed and constant step-size.

Qualitative Results. In Fig. 31, we visualize generated images sampled from the different models.
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Figure 31. Image generation using EBMs across different configurations.
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Table 16. FID and Stability for CIFAR10 image generation with EBMs.

Configuration FID Stability
LD(e, L, M) 28.5+6.9 59.4
P-SVGD(owed, €, L, M) 104. £ 17. 54.5
MET-SVGD(0y,, €, L, M, w. TrV?, wo. MH) 28.1+£5.1 76.1
MET-SVGD(0g,, €95, L, M, w. TrV?, wo. MH) 20.5+0.4 59.4
MET-SVGD(0g,, €95, L, M, wo. TrV?, wo. MH) 54.4+6.5 16.7
MET-SVGD(0g,, €95, Le, M, w. TrV?, wo. MH) 21.7£0.5 0.846
MET-SVGD(0y,, €¢5, L, M, w. TrV?, w. MH) 133. £ 36. 20.2

MET-SVGD(,, €9, Wo. eup, L, M, w. TrV2, wo. MH) ~ 60.34+47.2  39.6

J. Additional Results: MaxEntr RL (Fig. ??)

Implementation Details are reported in Tab. 17.

Table 17. Implementation details for the setup in Fig. ?2.

Category Hyperparameter Value
Optimizer Adam
Training Actor / Critic learning rate 10~* for Humanoid, 10~ for all other environments
Batch size 100
Hidden layers 2
Critic Deepnet  Hidden units per layer 256
Nonlinearity ELU
Target smoothing coefficient  0.005
Discount y 0.99
RL Target update interval 1
Entropy weight « 0.2
Replay buffer size | D] 10°
Initial distribution qo = N (pe, (st),diag(oe, (s¢))) , where g, and oy, are a 3 hidden layers
MLP with 256 units per layer and ELU as an activation function
Number of steps L=3
SVGD Number of particles M € {10,64}
Kernel bandwidth P-SVGD: 0 = oed
MET-SVGD: 6 = GNN (s4, {z'},{V 1 log p(x})}; 256, 62) (Tab. 18)
Step-size P-SVGD: ¢ = 0.1 '

MET-SVGD: € = GNNo(s4, {xt}, {V 1 log p(2})}; 256, 63) (Tab. 19)

Performance. In Fig. 32a and Fig. 32b, we report the Inter Quantile Mean (IQM) return values averaged over 5 runs, where
every run is the average of 10 evaluations of the policy.

In both of the Walker2d-v2 and Humanoid-v2 environments (Fig. 33), jointly learning the kernel bandwidth and restoring the
trace term yields substantial performance gains over P-SVGD. In contrast, learning the step-size without the correction term
underperforms all other configurations. This is due to the fact that the learned step-size in this setting becomes comparatively
large, causing the particles to drift into non-smooth regions of the landscape (Fig. 42). Using an adaptive number of
steps significantly improves returns in the Humanoid-v2 environment, yielding the best overall performance, but provides
no clear benefit in Walker2d-v2. This discrepancy is due to Humanoid-v2 having a more complex target landscape than
Walker2d-v2. Incorporating an MH step provides a small improvement in Walker2d-v2 but not in Humanoid-v2, where it
restricts exploration in an already highly complex landscape. The highest returns in Walker2d-v2 are achieved by combining
MH with an e-greedy schedule, i.e., high MH probability in later stages and lower probability early on, which preserves
early exploration while improving late-stage exploitation.
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Step Operation

Description

l.a  Linear layer followed by ReLU (out-  First particle difference embedding layer: ! —
put h) zh — ReLU(Wy (2} — 24))
I.b  Linear layer followed by ReLU (out- First score difference embedding layer:
put h) Vlogp(zh) = Vi logp(ah) —
K3 - J
ReLU (W1 (V1 log p(a}) — V.1 log p(a})))
l.c  Linear layer followed by ReLU (out-  First state embedding layer: s; — ReLU(Ws;)
put h)
2.a  Linear layer (output h) Second particle difference embedding layer
2.b  Linear layer (output h) Second score difference embedding layer
2.c  Linear layer (output h) Second state embedding layer
3 Embedding aggregation layer fol- Sum particle difference, score difference, and state
lowed by ReLU (output h) embeddings
4 Mean aggregation (output h) Average embeddings over the batch dimension
5 Linear layer followed by ReLU (out-
put h)
6 Linear layer (output 1) Map to scalar
7  exp(:) Ensure positivity
Table 18. Architecture of GNNj (s¢, {z}}, {V,1log p(z})}; h, 83) for the setup in Fig. ?2.
Step Operation Description
l.a  Linear layer followed by ReLU (out- First particle embedding layer: =
put h) ReLU(W,xt)
1.b  Linear layer followed by ReLU (out- First score embedding layer: V. logp(zl) —
put h) ReLU(W1 V1 log p(x})) )
l.c  Linear layer followed by ReLU (out-  First state embedding layer: s; — ReLU(W7s;)
put h)
2.a  Linear layer (output h) Second particle embedding layer
2.b  Linear layer (output h) Second score embedding layer
2.c  Linear layer (output h) Second state embedding layer
3 Embedding aggregation layer fol- Sum particle, score, and state embeddings
lowed by ReLLU (output h)
4 Mean aggregation (output h) Average embeddings over the batch dimension
5 Linear layer followed by ReL.U (out-
put h)
6 Linear layer followed by ReLU (out-
put h)
7 Linear layer (output 1) Map to scalar
8  exp() Ensure positivity
Table 19. Architecture of GNNa (s, {x!}, {V 1 log p(x})}; h, 03) for the setup in Fig. 2?.
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Figure 33. Final IQM return scores across environments. In both environments, the best MET-SVGD configuration significantly

outperforms all baselines.
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Figure 34. IQM return scores at step 0.2 x 10° across environments. In Walker2d-v2, though MET-SVGD has similar early returns to
SAC-NF initially, it does not mode collapse as SAC-NF (Fig. 33).
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Figure 35. Probability of Improvement. MET-SVGD outperforms P-SVGD with a probability greater than 75%, and within MET-SVGD
configurations, the largest performance improvement is achieved when the correction term is restored.
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Effect of 0y, and ¢y, (Humanoid-v2)
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Figure 36. Average of ||s4(a; st)||2 across training iterations in the Humanoid-v2 environment, where s, is the score function. Not
incorporating the step-size bound when learning the step-size led to non-smoothness in the landscape and eventual divergence toward the
end of the training.
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Figure 37. Kernel bandwidth across training iterations in the Humanoid-v2 environment. The optimal oy, and oned show significantly
different trends. Specifically, oy, is smaller than oneq by an order of magnitude, enabling more exploration.
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Figure 38. Step-size across training iterations in the Humanoid-v2 environment. The optimal g, is larger than the fixed €, except in the
configuration with L.. This enables faster convergence to the target.
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Effect of 0y, and ¢y, (Walker2d-v2)
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Figure 39. Average of ||s4(a; s¢)||2 across training iterations in the Walker2d-v2 environment, where s is the score function. The best
MET-SVGD configuration (brown) leads to a smoother landscape compared to P-SVGD, facilitating convergence to the target.
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Figure 40. Kernel bandwidth across training iterations in the Walker2d-v2 environment. The optimal o, and omeq show significantly
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Figure 41. Step-size across training iterations in the Walker2d-v2 environment. For all MET-SVGD configurations, the optimal e, is
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larger than P-SVGD’s fixed ¢, leading to faster convergence to the target.
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Figure 42. Diagnosis of divergence in the configuration where the step-size is learned without the correction term. In Walker2d-v2, the
large magnitude of the step-size in the configuration without the correction term led to learning a very non-smooth landscape.
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Figure 43. Empirical distribution and average of L. across training iterations for Walker2d-v2 and Humanoid-v2. Humanoid-v2 requires
more steps on average, which is consistent with its task’s difficulty relative to Walker2d-v2.
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Stein Identity’s Violation.
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Figure 44. Stein’s identity violation in Walker2d-v2. On the left, we show the evolution of Stein’s identity violation at the initial (blue)
and final (orange) steps over training iterations. On the right, we show the evolution of Stein’s identity violation over SVGD steps during
the latest training iteration.

MET-SVGD(0g,, €6,, Lc, M = 10, w. TrV2, w. MH)

10
101
8
=] ) =
& 10 & 6
4
24
— 5
— g
107 4= T T T T T T T
0 1 2 3 4 5 6 0 2 4 6 8 10 12 14
Training Iteration le5 Step /

Figure 45. Stein’s identity in Humanoid-v2. On the left, we show the stein identity at the initial (blue) and final (orange) steps over
training iterations. On the right, we show the evolution of the stein identity over SVGD steps during the latest training iteration.
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Figure 46. Metropolis-Hastings’ rejection rate throughout training Figure 47. Metropolis-Hastings’ rejection rate throughout training
iterations on Walker2d-v2. iterations on Humanoid-v2.
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