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Abstract

Large models recently are widely applied in ma-
chine learning, so efficient training of large mod-
els has received widespread attention. More re-
cently, the useful Muon optimizer is specifically
designed for matrix-structured parameters of large
models. Although some works have begun to
study the Muon optimizer, the existing Muon and
its variants still suffer from high sample complex-
ity or high memory for large models. To fill this
gap, we propose a light and fast Muon (LiMuon)
optimizer for training large models, which builds
on the momentum-based variance reduced tech-
nique and randomized Singular Value Decomposi-
tion (SVD). In particular, our LiMuon simultane-
ously has a lower memory and lower sample com-
plexity than the Muon and its variants. Moreover,
we prove that our LiMuon with lower memory has
a lower sample complexity of O(e~3) for finding
an e-stationary solution of non-convex stochastic
optimization under the generalized smoothness
condition. To further narrow practice and the-
ory gap, we also prove that our LiMuon with
Newton-Schulz steps has a lower sample com-
plexity than the Muon with Newton-Schulz steps.
Numerical experimental results on pre-training
Mamba-130M, Qwen2.5-0.5B and ViT models
demonstrate effectiveness of our LiMuon.

1. Introduction

Large models are widely used in many machine learn-
ing tasks such as language understanding and genera-
tion (Achiam et al., 2023; Gu & Dao, 2023; Liu et al., 2024),
which consists of a massive amount of parameters. Since
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training large models requires significant computational re-
sources, designing efficient optimizers for training such
models has received widespread attention. Recently, adap-
tive gradient methods such as Adam (Kingma & Ba, 2014)
and AdamW (Loshchilov & Hutter, 2017) have become
standard choice for training large-scale models, which use
their ability to dynamically adjust learning rates based on
the first-order and second-order moment estimates.

Some optimization algorithms (Tuddenham et al., 2022;
Gupta et al., 2018; Jordan et al., 2024; An et al., 2025) re-
cently have made significant progress by taking advantage
of structures in large models, which have shown promis-
ing potential to outperform these standard adaptive gradient
methods. In fact, most of the parameters in neural networks
are naturally represented as matrices or tensors. For exam-
ple, the matrix-structured parameters appear in the query,
key, and value matrices in attention mechanisms (Vaswani
et al., 2017), and tensor-structured parameters appear in nu-
clear tensor of convolutional neural networks (Krizhevsky
etal., 2017). A typical noteworthy optimization algorithm
is the Muon optimizer (Jordan et al., 2024), which updates
matrix parameters with orthogonalized gradient momentum
using Newton-Schulz iteration. It has demonstrated compet-
itive empirical performance across diverse large language
models (LLMs) (Liu et al., 2025).

Recently, some works have begun to studying the conver-
gence properties of the Muon optimizer relying on an exact
SVD-based polar factor. For example, (Shen et al., 2025;
Li & Hong, 2025) proved that the Muon optimizer has a
Stochastic First-order Oracle (SFO) complexity of O(e~4)
for finding an e-nuclear-norm stationary point of noncon-
vex stochastic optimization. (Pethick et al., 2025a) studied
the stochastic conditional gradient (a.k.a., stochastic Frank-
Wolfe) (Hazan & Luo, 2016) methods by leveraging the
linear minimization oracle (LMQO) over a norm-ball, which
includes the Muon optimizer, and proved that it also has a
SFO complexity of O(e~*) for finding an e-nuclear-norm
stationary point. Further, (Sfyraki & Wang, 2025) showed
that the Muon with weight decay can be viewed as spe-
cial instances of a stochastic Frank-Wolfe algorithm, and
established its convergence guarantees in terms of the Frank-
Wolfe gap, which implies convergence to a KKT point of
the Muon under a norm constraint for non-convex stochas-
tic optimization. (Chen et al., 2025) provided theoretical
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Table 1. Comparison of the Muon optimizer and its variants for finding an e-stationary point (E||VE'(W)||r < €) of nonconvex stochastic
optimization problem (1). Here # < min(m, n) and xq = ;= > 1, where &, € (0, 1) is a polar approximation error.

€q

Algorithm Reference SFO Complexity | State Memory | Generalized Smoothness | Newton-Schulz
Muon (Shen et al., 2025) O™ mn
SCG (Pethick et al., 2025a) O(e™h) mn
Gluon (Riabinin et al., 2025) O™ mn Vv
GGNC | (Pethick et al., 2025b) ) mn V
SUMO (Refael et al., 2025) O™ (m +n)7
Muon™" | (Sfyraki & Wang, 2025) O(e73) mn
LiMuon Ours O(e™?) (m +n)7 Vv
Muon (Kim & Oh, 2026) Olxge M) mn N
LiMuon Ours O(x3e?) (m +n)7 v v

results of the Lion-K to show that the Muon with decoupled
weight decay implicitly solves an optimization problem that
enforces a constraint on the spectral norm of weight matri-
ces. Meanwhile, (Kovalev, 2025) studied the convergence
properties of the stochastic non-Euclidean trust-region gra-
dient method with momentum, which recovers the Muon
optimizer as a special case. (Lau et al., 2025) showed that
the Muon is a class of matrix-gradient optimizers from a
unifying preconditioning perspective.

Subsequently, (Riabinin et al., 2025) studied conver-
gence properties of Muon optimizer under the layer-
wise (Lg, L1)-smoothness, which is a variant of (Lg, L1 )-
smoothness (Zhang et al., 2019). Meanwhile, (Pethick et al.,
2025b) also studied the convergence properties of general-
ized gradient norm clipping methods under the (Lo, L1)-
smoothness. To accelerate Muon, (Sfyraki & Wang, 2025)
proposed a variance-reduced Muon (i.e., Muon™) algo-
rithm based on the momentum-based variance reduced
technique (Cutkosky & Orabona, 2019; Tran-Dinh et al.,
2022). To obtain memory-efficient LLM training, (Re-
fael et al., 2025) proposed a subspace-aware moment-
orthogonalization (SUMO) optimizer based on the Muon.
So far, although some variants of Muon optimizer have been
developed, these methods still suffer from high gradient
complexity or high memory in training large models (see
Table 1).

To fill this gap, we propose a light and fast Muon optimizer
for training large models, which builds on the momentum-
based variance reduced technique (Cutkosky & Orabona,
2019; Tran-Dinh et al., 2022) and randomized Singular
Value Decomposition (SVD) (Halko et al., 2011). In sum-
mary, our main contributions are as follows:

1) We propose a light and fast Muon (i.e., LiMuon) op-
timizer for the matrix-structured parameters of large
models, which simultaneously has a lower memory and
lower sample complexity than the Muon optimizer (see
Table 1).

2) We provide a solid convergence analysis for our

LiMuon optimizer, and prove that our LiMuon obtains
a lower SFO (or sample) complexity of O(e~?) with a
lower memory for finding an e-stationary point of non-
convex stochastic optimization under the generalized
smoothness condition.

3) We also prove that our LiMuon with Newton-Schulz
steps also obtains a lower SFO complexity of
O(x3e™?) under a lower memory than O(xje~*) of
Muon with Newton-Schulz (Kim & Oh, 2026).

4) We conduct some numerical experiments on pre-
training Mamba-130M, Qwen2.5-0.5B and ViT models
to verify efficiency of our LiMuon optimizer.

From Table 1, our LiMuon optimizer can simultaneously
obtain a lower SFO complexity and a lower state memory.
Note that although the SUMO (Refael et al., 2025) also
obtains a lower state memory, it relies on a strict condition
that the objective function is bounded by some positive
constants.

Here we need to emphasize that our LiMuon is the first
study of variance-reduced Muon with reduced memory cost.
Moreover, we are the first to introduce a novel low-rank
approximated STORM-like gradient estimator. In theory,
our LiMuon is the first study of convergence properties on
variance-reduced Muon under the generalized smoothness
condition. Moreover, our LiMuon also is the first study
of convergence properties on variance-reduced Muon with
Newton-Schulz steps.

Notation

For all matrices A, B € R™*", the Frobenius inner product
is defined as (A, B) = tr(A" B) and the Frobenius norm
is defined as || Al = /tr(AT A), where tr(-) denotes the
trace of a square matrix. || A||. and || A||,, denote the nuclear
and spectral (operator) norms of matrix A, respectively.
R denotes the set of positive real numbers. For a matrix
A € R™*" || A||. denotes its nuclear norm. AT denotes
the transpose of matrix A. I denotes an identity matrix.
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2y = O(y;) denotes that z; < cy; for some constant ¢ > 0.

2. Preliminaries

In the paper, we study the Muon optimizer to solve the
following nonconvex stochastic optimization problem:

ngngan&D[f(W;f)]a (M

where F(W) = E¢up[f(W;6)] : R™*™ — R denotes a
loss function of training large models such as deep neural
networks, which generally is nonconvex. Here W' € R™*™
denotes parameter matrix, and ¢ is a random variable drawn
from some fixed but unknown data distribution D.

Muon (Jordan et al., 2024) optimizer can be written as: for
allt > 1

= vf(Wtagt)a
By = pBi—1 + Gy,
O; = argmin{||O — By|[p : 0O =1, or OO =TI},
@)

Wt+1 =W; — ntOh

where momentum parameter 1 > 0 and learning rate n; > 0.

Here (2) can be equivalently written as Oy = UV, where

By = UXV'" is the singular value decomposition (SVD).

Since SVD is usually expensive in practice, especially when
the dimensions are large, a popular implementation of Muon
uses the Newton-Schulz steps (Jordan et al., 2024; Bernstein
& Newhouse, 2024) to approximate the orthogonalization
process.

Algorithm 1 LiMuon Optimizer
I: Input: n, > 0, 5; € [0,1

), 0 < # < r = min(m,n)

and s > 2;

2: Initialize: Wy, € R™*" & ~ D and M, =
V£ (Wo: €o);

3: fort=0,1,...,7 —1do

4: (Ut, Et, ‘/t) = SVD(Mt) N

500 Wi =Wy — UV,

6: Draw a sample ;41 ~ D;

7o My = ViWis&s) + (1 = Bip) (M —

V f(We; &+1)) (Option #1);
8: (Ut, St, V}) RSVD(Mt, 7, ) (from Algorithm 2),

and M, = U, S,V
90 M = VI(Wig1;641) +
V f(Wy;&41)) (Option #2).
10: end for
11: Output: Wr.

(1 = Bear) (M —

Algorithm 2 RSVD(A, 7, s)

1: Input: Matrix A € R™*", target rank 7 > 0, oversam-
pling parameter s > 0;

2: Output: U, >, V;

3: | = 7 + s, and generate a random Gaussian matrix
Qe R"Xl;

4: Y = AQ € R™*!, and compute the QR decomposition
Y =QR;

5: B=QTA € R>", and compute SVD of the small
matrix: (U,%,V) = SVD(B), and U = QU.

Q

M, € R™*" l)} e Rmx7 S«t e RF*? ‘;}TEfo7z

Figure 1. Low Rank Compression of Momentum M.

3. Our LiMuon Optimizer

In the section, we propose a light and fast Muon (LiMuon)
optimizer, which builds on the momentum-based variance
reduced technique of STORM (Cutkosky & Orabona, 2019)
and randomized SVD (Halko et al., 2011). Algorithm 1 pro-
vides an algorithmic framework of our LiMuon optimizer.

At the line 4 of Algorithm 1, we use the SVD to obtain the
orthogonalization of stochastic gradient estimate M. At the
line 7 of Algorithm 1, we use the momentum-based variance
reduced technique of STORM to obtain stochastic gradient
estimate

=V (Wig1;&41)+(1

Here we still store full-rank gradient estimate M; €
our LiMuon algorithm with Option #1 could not reduce
state memory.

Compared with the Muon™ (Sfyraki & Wang, 2025) algo-
rithm, our LiMuon (Option #1) algorithm does not rely on
gradient clipping, and uses less tuning parameter (without
clipping parameter) in algorithmic framework. Due to its
simplicity, our LiMuon algorithm has better performances
than the Muon™™ in the experiments (Please see the follow-
ing experimental results).

M4 —Bi41) (M =V f(Wi:€i41))-

mXn
R ’

At the line 8 of Algorithm 1, we use randomized SVD to
obtain an approximated estimate M, = UtStVt , where
U, € Rm*7 S, € R™" and V, € R"*". The randomized
SVD (RSVD) algorithm is shown in Algorithm 2. Note
that: we store the matrices U, € R™%* G, € R™" and
Vt € R™*7 instead of the matrix M; € R™*" (Please see
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Figure 1). Since # < min(m,n), we have m# + n# +
#2 < mmn. Thus, our LiMuon algorithm with Option #2
requires lower state memory than that of LiMuon algorithm
with Option #1. Although this RSVD introduces additional
computational cost, it significantly reduces state memory.

At the line 9 of Algorithm 1, we use a low-rank STORM-like
gradient estimate:

My =V f(Wip1s 1)+ (1= Beg1) (M =V f (Wi €11)),

where Mt = Ut S’t \A/tT is a low-rank approximated estimate
of momentum M.

Algorithm 3 provides an algorithmic framework of our
LiMuon optimizer with Newton-Schulz steps. Since the
exact SVD is expensive, our Algorithm 3 uses a small and
fixed number of Newton-Schulz steps to approximate the
orthogonalization process as in (Jordan et al., 2024). Here
our Algorithm 3 uses the matrix O; instead of the exact
SVD-based polar factor P; = U;V," used in Algorithm 1.
In practice, Muon (Jordan et al., 2024) uses the polynomial
pa(z) = 3.4445 — 4.7750z + 2.031522.

Algorithm 3 LiMuon Optimizer with Newton-Schulz

1: Input: 7, > 0, 8; € [0,1),0 < # < r = min(m,n),
s>2andq > 1;

2: Initialize: W, € R™ ™, & ~ D and My, =
Vf(Wo; &o);
fort=0,1,..., 7T —1do

O; = Newton-Schulz(M, q) (from Algorithm 4);

Wip1 =Wy — 0 Oy;

Draw a sample &;41 ~ D;

M1 = VIiWi5&41) + (1 = Bipa) (M —

Vf(Wi;€i41)) (Option #1);

8: (Ui, S, Vi) = RSVD(M,, 7, s) (from Algorithm 2),
and Mt = UtSt‘/tT; R

90 M = VI(Wi13641) + (1 = Besa)(My —
Vf(Wi;&i+1)) (Option #2).

10: end for

11: Output: Wr.

AN AN

Algorithm 4 Newton-Schulz(}M, q)

1: Input: Matrix M € R™*"™ step size ¢ > 1, and poly-
nomial p,(+), where « is degree;
Initialize: Xy = M/« with & = max(1, | M||r);
forj =1,2,...,qdo
X; =pe(X;0 X )X 0
end for
0=Xg
Output: O.

AN A R

4. Convergence Analysis

In this section, we provide convergence analysis for our
LiMuon algorithm with exact SVD (using in orthogonaliza-
tion process) and Newton-Schulz steps, respectively. All
detailed proofs are provided in the following Appendix. We
first give the definition of e-Frobenius norm and e-nuclear
norm stationary point, respectively.

Definition 4.1. If W* be an e-Frobenius norm stationary
point of F'(W') such as

IVE(W)|lr <€ e>0.

Definition 4.2. If /* be an e-nuclear norm stationary point
of (W) such as

IVEW")[« <€ e>0.

4.1. Convergence Analysis of LiMuon with Exact SVD

In this subsection, we provide convergence analysis for our
LiMuon algorithm with exact SVD under Option #1 and
#2, respectively. We first give some mild assumptions.
Assumption 4.3 (Frobenius-Norm Lipschitz Smooth-
ness). Functions F/(W) and f(W;¢) for all £ ~ D are
L-Frobenius norm Lipschitz smooth, if for any W, W’ €
R™*™ we have

IVE(W) = VEW)|§ < LW — W'Ig,
IVFW:8) = VW )f < L2 W — W'||§.

Assumption 4.4 (Frobenius-Norm Generalized Smooth-
ness). Functions F/(W) and f(W;¢) for all £ ~ D are
(Lo, L1)-Frobenius norm smooth, if for any W,W’' €
R™*™ we have

[VE(W) = VFW)|#

< (LG + LIVEW)[IR)[W = W',
E[Vf(W;&) = VW;6)|E

< (Lg + LYE[VEW)[[p)*) W - W[

Assumption 4.3 is the standard Frobenius norm smoothness,
which is a natural extension of the conventional /5-norm
smoothness for functions with vector parameter to functions
with matrix parameter (Beck, 2017). Assumption 4.4 is a
Frobenius norm (L, L )-smoothness, which can be seen
as a natural extension of the conventional l-norm (Lg, L1)-
smoothness for functions with vector parameter to functions
with matrix parameter (Zhang et al., 2019).

For a stochastic setting, we also use the following standard
bounded variance assumption.

Assumption 4.5 (Bounded Variance). V f(W;¢) is an un-
biased stochastic estimator of the true gradient V.F (W) and
has a bounded variance, i.e., E[V f(W;§)] = VF(W) and

E|VF(W;€) = VE(W)[F] < 0.
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Assumption 4.6. The objective function F'(W) is lower
bounded, i.e., F* = infyycgmxn F(W) > —o0.

Assumption 4.5 is the standard bounded variance condition
of unbiased stochastic gradient, which is a natural extension
of the conventional {5-norm smoothness for functions with
vector parameters to functions with matrix parameters (Shen
et al., 2025; Li & Hong, 2025). Assumption 4.6 guarantees
feasibility of Problem (1).

4.1.1. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH EXACT SVD AND OPTION #1
UNDER LIPSCHITZ SMOOTHNESS

Theorem 4.7. Under the Assumptions 4.3, 4.5, 4.6, the
sequence {W,}L_, be generated from Algorithm 1 with
Option #1. Let 5, = B € (0,1) and n, = n for all t > 0,
we have

F(Wy) — F* n rLn
- Tn 2

T

1

— » E|VF(W)|« <
71 LEIVFOR)I

o B r(1 - p)?
+2W(Tﬂ+\/250+\/(25)ﬂm),

where r = min(m,n).

Remark 4.8. From the above Theorem 4.7, let = O( ﬁ)
and 8 = O(7373 ), we have

0mln E|VE(WY)||

T
T Z]EHVF W)
t=0

O(T1/3) <e.

Thus, our LiMuon has a fast convergence rate of O (5 175 )
Since our LiMuon algorithm only requires one sample at
each iteration, i.e., batch size b = 1, so it has a lower sam-
ple (or SFO) complexity of bT = O(e~?) for finding an
e-nuclear-norm stationary point of the problem (1). Since
IVF(Wy)|lp < [[VE(W)||« for all Wy, our LiMuon al-
gorithm also has a lower SFO complexity of O(e~3) for
finding an e-Frobenius-norm stationary point of the prob-
lem (1).

4.1.2. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH EXACT SVD AND OPTION #1
UNDER GENERALIZED SMOOTHNESS

Theorem 4.9. Under the Assumptions 4.4, 4.5, 4.6, the
sequence {W,}I_, be generated from Algorithm 1 with
Option #1. Let 5y = B € (0,1) and ;y = n <

: 1 B
min (m, m)for all t > 0, we have

Z]EHVF W, < M

4[“ a+4L0nr1/ 2= 55

where r = min(m,n).

L
T+1 +rLon

4[0

Remark 4.10. From the above Theorem 4.9, let n =
O(7375) and 8 = O(7273 ), we have

1
T+1

1
ZEHVF Wil O(Tl/g) <e.

Thus, our LiMuon has a fast convergence rate of O (=i 175 )-
Since our LiMuon algorithm only requires a sample at each
iteration, i.e., batch size b = 1, so it has a lower sample
(or gradient) complexity of bT" = O(e~3) for finding an
e-nuclear-norm stationary solution of the problem (1) under
generalized smoothness condition.

4.1.3. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH EXACT SVD AND OPTION #2
UNDER LIPSCHITZ SMOOTHNESS

Theorem 4.11. Under the Assumptions 4.3, 4.5, 4.6, the
sequence {W,}I_, be generated from Algorithm 1 with
Option #2. Let 5, = 5 € (0,1), ;y = nforallt > 0, s > 2,
A . . B

7> 2 s+ 7 <7 =min(m,n), and vy < NG
have

1

2(F(Wy) — F™)
T+1 -

T
E|VE(Wy) |« <
S B[V &

o Ié] 7“(1 5)
+3\/;(Tﬁ+\/2—,80+\/(2—ﬁ),8b7)

1
Sfl) * with T € (0,1).

+rLn

where y =T (
Remark 4.12. From the above Theorem 4.11, let n =
O(7375) and 8 = O(7273 ), we have

T
1 1
T ;EHVF(WOII* < O(7) <e

Since our LiMuon algorithm only requires a sample at each
iteration, i.e., batch size b = 1, so it has a lower sample
(or gradient) complexity of bT" = O(e3) for finding an
e-nuclear-norm stationary solution of the problem (1). From
this result, our LiMuon algorithm with lower memory cost
still obtains a lower sample complexity of O(e~2).
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4.1.4. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH EXACT SVD AND OPTION #2
UNDER GENERALIZED SMOOTHNESS

Theorem 4.13. Under the Assumptions 4.4, 4.5, 4.6, the
sequence {W,}L_, be generated from Algorithm 1 with
Option #2. Let B, = f € (0,1) and ny = n <

min (ﬁ,m)forallt >0, ands > 2,7 > 2

s+f§r,and’y§ﬁ,wehave
1 4(F (Wo)— )
| ZEHVF Wil € ———+——= +2rLoy

6
+ *[U+6\f,/27 a+6L077m/

1
where y = T (1 + S:—l> “andt € (0,1).
Remark 4.14. From the above Theorem 4.13, let n =
O(737) and 8 = O(7375 ), we have

1
T+1

<e

ZEHVF W) < o(Tl/g) <e.

Our LiMuon algorithm with lower memory cost still obtains
a lower sample complexity of O(¢~3) under generalized
smoothness condition.

4.2. Convergence Analysis of LiMuon with
Newton-Schulz

In this subsection, we provide convergence analysis for our
LiMuon algorithm with Newton-Schulz under Option #1
and #2, respectively. We first give some mild assumptions
as in (Kim & Oh, 2026). .

Assumption 4.15 (Nuclear-Norm Lipschitz Smooth).
Functions F(W) and f(W; &) for all £ ~ D are L-nuclear
norm Lipschitz smooth, if for any W, W' € R™*" we have

IVE(W) = VEW")|2 < L2||W - W'|3,,
IVf(W3€) = VW2 < LW — W7,
Assumption 4.16 (Nuclear-Norm Generalized Smooth-
ness). Functions F/(W) and f(W;¢) for all £ ~ D are

(Lo, L1)-nuclear norm smooth, if for any W, W’ € R™*"™,
we have

IVE(W) - VEW)]2
< (L§ + LIIVEW)[DIW = W12,
E|VF(W;€) = VW3

< (Lg + LIE[VEW)[L)*) W = W'[I2,

Meanwhile, following (Kim & Oh, 2026), we can define a
polar approximation error, which is the error between the ex-
act polar factor P; = U, V," with [U;, 3¢, V;] = SVD(M;))

and the actual step O, generated by g-step Newton-Schulz
steps, i.e., O; = Newton-Schulz(M,, ¢). This polar approx-
imation error is defined as

€qt = |0t — Pillop €4 = Sgpfq,t- 3)
Following Theorem 2 of (Kim & Oh, 2026), we can set
S (0, 1) Since P, = Ut‘/tT, Eqt = HOt — Pt”op with

€q = SUpy €4,¢, WE have

[Pillop =1, Otllop <1 +eqe <1+eq. 4)

4.2.1. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH NEWTON-SCHULZ AND
OPTION #1 UNDER LIPSCHITZ SMOOTHNESS

Theorem 4.17. Under the above Assumptions 4.15, 4.5, 4.6,
the sequence {W;}L_, be generated from Algorithm 3 with
Option #1. Let 5, = B € (0,1) and n, = n for all t > 0,

we have
1 Wo) — F*  Ln(1+¢g4)?
ZEHVF Wt)” ( 0) — 77( — q)
T+1 Tnxq 2xq
( - B)?
+ 2x AALANI/A Ln(l+e )
where x4 = E > 1, and g4 € (0, 1) is a polar approxi-

mation error.

Remark 4.18. From the above Theorem 4.17, let n =
O(7275) and 3 = O(ﬁ), we have

1 Xq
T+14 <Olqi) <

Our LiMuon algorithm obtains a lower sample complex-
ity of O(x3e?) under Lipschitz smooth condition than
O(xge ™) of the Muon optimizer with Newton-Schulz (Kim
& Oh, 2026).

4.2.2. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH NEWTON-SCHULZ AND
OPTION #1 UNDER GENERALIZED SMOOTHNESS

Theorem 4.19. Under the Assumptions 4.16, 4.5, 4.6, the
sequence {W;}L_, be generated from Algorithm 3 with
Option #1. Let 5y = B € (0,1) and ;4 = n <
: B(l—eq)
min (2L1(1ieq)2’ 8L, f(1+§:)(1 ﬂ))forallt > 0, we have

1 2((Wo) — *)
T+1ZEHVF Woll- < (T + )nxg

+4xq “ 1/ _6 Lonl-l-aq

where x4 =

Lon(l + Eq)

178,1
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Remark 4.20. From the above Theorem 4.19, let n =
O<T2/s) and 8 = O(Tz/s) we have

1

T ZEHVF (W)l < O(

T1/3) <e.

Our LiMuon algorithm obtains a lower sample complexity
of O( 3¢3) under generalized smoothness condition than
O(xze*) of the Muon optimizer with Newton-Schulz (Kim
& Oh, 2026).

4.2.3. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH NEWTON-SCHULZ AND
OPTION #2 UNDER LIPSCHITZ SMOOTHNESS

Theorem 4.21. Under the Assumptions 4.15, 4.5, 4.6, the
sequence {W,}I_, be generated from Algorithm 3 with
Option #2. Let 5, = 5 € (0,1), ;s = nforallt >0, s > 2,

’ | B . B(l—eq)
P22 7 +s <r=min(m,n), and v < G s

we have
2(F(Wo) — F*)
]E VE (W, _
77L(1-i—5,;,)2 3+eq(\TO
* * 1- €q( Tg v B

+f1/ 1+sq

1
sj1)2 with T € (0,1), and x4 =

where v = 7'(

1
1—¢
Remark 4.22. From the above Theorem 4.21, let n =
O(7375) and 8 = O(7373 ), we have

T
1 Xq
m;EHVF(Wt)II* <o(A) <«

Our LiMuon algorithm with lower memory cost still obtains
a lower sample complexity of O( 3¢=3) under Lipschitz
smooth condition than O(xje*) of the Muon optimizer

with Newton-Schulz (Kim & Oh, 2026).

4.2.4. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH NEWTON-SCHULZ AND
OPTION #2 UNDER GENERALIZED SMOOTHNESS

Theorem 4.23. Under the Assumptions 4.16, 4.5, 4.6, the
sequence {W,}I_, be generated from Algorithm 3 with
Option #2. Let By = B € (0,1), and py = n <

1—g4 (1—eq)B
AL, (1F€q)2 " AL1v/r(1—P)(1+eq)(3teq) )for all't >0,
(1—eg)B

522,f22,f+sﬁrand7<m,

min (

have

1
T+1

4(F(Wo) — F*)
(T + Dmxg

3+€q ( B
T+1 28

ZEHVF Wl <

2Lon(1 + ¢
n 077( — q)
Xq

(1-p)?
(2-p8)8

+r ———Lon(1 +5q>)

where v = T( f1)§ with 7 € (0,1), and x4 =

Remark 4.24. From the above Theorem 4.23, let n =
O(7375) and 8 = O(7273 ), we have

T
1

<
T tEZO:EHVF(Wt)H of

T1/3) <e.

Our LiMuon algorithm with lower memory cost still obtains
a lower sample complexity of O(x ¢~3) under generalized
smoothness condition than O (2 _4) of the Muon opti-

Xq€
mizer with Newton-Schulz (Kim & Oh, 2026).

Table 2. Performance comparison at Mamba-130M

Method | Memory (GB) | | Training PPL | | Validation PPL |
Adam 2292 480.33 526.19
AdamW 22.92 253.75 266.43
Lion 22.56 75.25 83.82
SUMO 20.10 111.56 118.52
Muon 22.20 62.49 71.27
Muon++ 22.35 51.97 56.79
LiMuon(rank=4) 18.86 71.46 79.12
LiMuon(rank=8) 20.25 59.07 62.23
LiMuon(rank=16) 22.31 50.26 53.84
LiMuon(full rank) 22.80 47.08 47.78

LiMuon(rank=8)
LiMuon(full rank)

=8)
LiMuon(full rank)

Validation Loss

Figure 2. Performance comparison at Mamba-130M

5. Numerical Experiments

In the section, we conduct some numerical experiments to
demonstrate effectiveness of our LiMuon optimizer on pre-
training large models including Mamba-130M (Gu & Dao,
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2023), Qwen2.5-0.5B (Team, 2024) and ViT (Dosovitskiy
et al., 2020). Specifically, we pre-train Mamba-130M on
the wikitext-103 (Merity et al., 2016) dataset, and pre-train
Qwen2.5-0.5B on the MiniPile (Kaddour, 2023) dataset,
and pre-train ViT on the tiny-ImageNet (Le & Yang, 2015)
dataset.

In the experiments, we compare our LiMuon optimizer with
some typical optimizers including Adam (Kingma & Ba,
2014), AdamW (Loshchilov & Hutter, 2017), Lion (Chen
et al., 2023), Muon (Jordan et al., 2024), Muon*+ (Sfyraki
& Wang, 2025) and SUMO (Refael et al., 2025). Since the
SCG (Pethick et al., 2025a), Gluon (Riabinin et al., 2025)
and GGNC (Pethick et al., 2025b) in Table 1 mainly focus
on the convergence analysis of the Muon optimizer, these
algorithms basically follow the Muon optimizer. Thus, we
use the standard Muon optimizer instead of the SCG, Gluon
and GGNC optimizer as a comparison. All the experiments
were conducted on the NVIDIA A100-SXM4-80GB.

Table 3. Performance comparison at Qwen-2.5-0.5B

Method | Memory (GB) | | Training PPL | | Validation PPL |
Adam 55.24 91.84 181.27
AdamW 55.26 57.97 113.25
Lion 54.08 48.42 113.92
SUMO 52.73 41.26 88.73
Muon 54.14 35.52 67.60
Muon++ 54.30 35.16 82.26
LiMuon(rank=4) 50.86 41.46 92.06
LiMuon(rank=8) 52.55 38.86 54.87
LiMuon(rank=16) 54.21 3343 46.77
LiMuon(full rank) 55.15 30.87 40.83

Validation Loss

Figure 3. Performance comparison at Qwen-2.5-0.5B.

5.1. Pre-training Mamba-130M Model

In this subsection, we evaluate our LiMuon optimizer
against baseline methods on the Mamba-130M (Gu &
Dao, 2023) model, a state space model (SSM) architec-
ture with approximately 130 million parameters. Unlike
Transformer-based models that rely on attention mecha-
nisms with quadratic complexity, Mamba employs selective
state spaces for linear-time sequence modeling, representing
an emerging paradigm in efficient language modeling. We

train the Mamba-130M model from scratch on the WikiText-
103 (Merity et al., 2016) dataset, which contains over 100
million tokens.

In the experiment, training Mamba-130M is conducted for
5,000 iterations with a global batch size of 64 and a se-
quence length of 256. All algorithms are individually tuned
for optimal performance on this architecture. The detailed
hyper-parameters used in all algorithms are given in the
following Appendix C. We evaluate LiMuon under both
full-rank and low-rank settings with 7 € {4,8,16}. For
all Muon and its variants, we employ Newton-Schulz iter-
ation with 10 steps, and use Nesterov momentum. In the
experiments, we choose oversampling parameter s = 5 or
s = 10, which is a standard recommendation in randomized
SVD (Halko et al., 2011).

As shown in Figure 2 and Table 2, our LiMuon optimizer
demonstrates strong performance on this SSM-based archi-
tecture. Our full-rank LiMuon achieves the lowest perplex-
ity (PPL), while providing more stable training dynamics.
Notably, our low-rank LiMuon (rank=8) achieves competi-
tive language modeling performance with substantially re-
duced memory footprint, making them particularly suitable
for training larger SSM models under memory constraints.
These results demonstrate that LiMuon generalizes effec-
tively beyond Transformer architectures to emerging effi-
cient sequence models.

5.2. Pre-training Qwen2.5-0.5B Model

In this subsection, we extend our evaluation to the Qwen?2.5-
0.5B (Team, 2024) model, an advanced Transformer-based
large language model with approximately 494 million pa-
rameters. Based on a deep architecture of 24 transformer
layers with a hidden size of 896, the model utilizes 14 at-
tention heads and 2 key-value heads, adopting a modern
design incorporating Grouped Query Attention (GQA) and
SwiGLU activation functions to achieve high efficiency and
performance. In the experiment, we train the Qwen2.5-0.5B
model from scratch on the MiniPile (Kaddour, 2023) dataset,
a curated diverse text corpus containing approximately 300
million tokens.

In the experiment, training Qwen2.5-0.5B is conducted for
2000 iterations with an effective global batch size of 16
and a sequence length of 1024. All algorithms are individ-
ually tuned for optimal performance. The detailed hyper-
parameters used in all algorithms are given in the following
Appendix C. We evaluate LiMuon under both full-rank and
low-rank settings with # € {4,8,16}. For all Muon and its
variants, we employ Newton-Schulz iteration with 10 steps,
and use Nesterov momentum.

As detailed in Figure 3 and Table 3, our LiMuon optimizer
demonstrates superior performance on this modern LLM
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Table 4. Performance comparison at ViT

Training Top-1

Training Top-5  Validation Top-1 ~ Validation Top-5

Method Memory (GB) | Accuracy(%) T  Accuracy(%) 1  Accuracy(%) 1 Accuracy(%) T
Adam 5.57 37.47 65.45 3291 59.96
AdamW 5.58 38.41 65.56 35.85 63.96
Lion 5.44 40.97 68.55 40.21 68.02
SUMO 5.31 51.23 78.08 44.23 70.19
Muon 5.50 78.96 93.64 47.87 73.17
Muon++ 5.52 60.44 83.52 43.62 69.94
LiMuon (rank=4) 5.10 64.73 85.19 44.35 70.86
LiMuon (rank=8) 5.28 71.94 90.06 46.75 72.17
LiMuon (rank=16) 5.44 80.58 93.91 47.98 73.22
LiMuon (full rank) 5.53 81.99 94.64 48.04 73.58

Table 5. Runtime analysis on ViT.

Optimizer Time. Step | Time to Target |

Baseline optimizers

Adam 5.58ms 15minlds
AdamW 5.66ms 13minlls
Lion 4.81ms 12min37s
Muon 23.43ms Tminbs
Muon++ 24.50ms Imind4s
SUMO 22.08ms 11min20s
LiMuon (ours)

LiMuon (#=4) 24.75ms 12minds
LiMuon (7=8) 25.49ms 10men29s
LiMuon (#=16) 26.87Tms 10menbls
LiMuon (full rank) 23.37Tms 7min 1s

architecture. Our full-rank LiMuon achieves an optimal
performance, establishing a new benchmark, while the low-
rank LiMuon (rank=8) significantly reduce memory cost
during optimization without compromising training stability.
This result highlights versatility of our LiMuon in handling
advanced Transformer architectures with complex compo-
nents like GQA.

5.3. Pre-training ViT Model

In this subsection, we extend our evaluation to the Vision
Transformer (ViT) model, a widely adopted Transformer-
based architecture for image classification with approx-
imately 22 million parameters. The model follows the
standard ViT configuration with a hidden size of 384, 12
transformer layers, 6 attention heads, and a patch size of
16 x 16. We train this ViT model from scratch on the
Tiny-ImageNet (Le & Yang, 2015) dataset, which con-
tains 100,000 training images and 10,000 validation images
across 200 classes, with images resized to 224 x 224 to
match the model’s input requirements.

In the experiment, training the ViT is conducted for 10,000
iterations with a batch size of 128. All algorithms are in-

dividually tuned for optimal performance. The detailed
hyper-parameters used in all algorithms are given in the
following Appendix C. We evaluate LiMuon under both
full-rank and low-rank settings with #* € {4, 8,16}. For all
Muon and its variants, we employ Newton-Schulz iteration
with 10 steps, and use Nesterov momentum.

As detailed in Table 4, our LiMuon optimizer demonstrates
competitive performance on this standard vision architec-
ture. Our full-rank LiMuon achieves the highest classifi-
cation accuracy, while our low-rank LiMuon (rank=8) sig-
nificantly reduce memory cost during optimization without
compromising training stability. These results highlight
versatility of our LiMuon optimizer, confirming its effec-
tiveness not only in Large Language Models but also in
Computer Vision architectures trained from scratch.

In Table 5, Time. Step is the wall-clock time of updating
variable, which does not include time of computing gradi-
ents via backpropagation. Time to Target is the wall-clock
time to first reach a target loss, which include time of com-
puting gradients via backpropagation. Here we give a target
loss L* = 3.70 (an example, the other target losses have
similar conclusions). From Table 5, our full rank LiMuon
uses the shortest amount of time to reach the target loss.
Meanwhile, our low-rank LiMuon (rank=8) uses a compara-
ble time to reach the target loss under less memory usage.

6. Conclusion

In the paper, we proposed a light and fast Muon (LiMuon)
optimizer, which simultaneously has a lower memory and
lower sample complexity than the Muon and its variants.
Moreover, we studied the convergence properties of our
LiMuon optimizer with exact SVD and Newton-Schulz
steps, respectively. In particular, we proved that our LiMuon
with Newton-Schulz obtains a lower sample complexity of
O(x3e™?) under a lower memory than O(xje~*) of the
Muon with Newton-Schulz (Kim & Oh, 2026). Some nu-
merical experimental results on pre-training large models to
demonstrate effectiveness of our LiMuon optimizer.
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A. Convergence Analysis of Our LiMuon with Exact SVD

In the section, we provide the convergence analysis for our LiMuon algorithm with exact SVD (using in orthogonalization
process) under some mild conditions. We first give some useful lemmas.

Lemma A.1. For random variables &1, - - - ,En are independent and its mean is zero, we have
Eflléx + -+ EnIP] = Ell&ll® + - + llEnl?]- )
Lemma A.2. For a random variable &, we have
Ell¢ - E[¢]II* = Ell¢]* - (E[])* < Ell€]*. (©)
Lemma A.3 (Approximation error bound of RSVD (Halko et al., 2011)). Let A € R™*™ have singular values vy > vg > - - -.

For a target rank i > 2 and oversampling parameter s > 2, and i +s < min(m, n). Then the randomized SVD (Algorithm 2)
produces an approximation A such that

BjlA - Alle < (1+ ’ ) L @

s—1 ot
j>r

Lemma A.4. The matrices My and M, are generalized from Algorithm 1 or Algorithm 3, given s > 2, t > 2 and
s+ 7 <1 =min(m,n), we have

1M = Myl < || Mlle, W >0

N

where vy = T (1 + Sf1> and T € (0,1).

Proof. Suppose matrix M, has singular values v! > v > --.. By using Lemma A.3, we have

1 1
v r ? ty2y1 r 2
It~ aale < (14 755 ) (R0 < (14 57) el

S

Nl
IA

where the last inequality holds by (3_;. (¥5)?)

(5,2, ()2)% = 7| M| with 7 € (0,1). Lety = 7 (1 i sfl) ,
we have

1M, — Me|le < 7| Malle.

O
Lemma A.5. Under the Assumption 4.4, we have for any W, W' € Rm*"
FOW') < F(W) + (VE(W), W' — W) + 20 L1”2VF(W)”F W’ — w3
Proof. By using Assumption 4.4, we have
IVEW) ~ VEW)le < /(L3 + LVEW)[2)|W — W2
< (Lo+ La[VEW) [p) [W — W[ ®)

12
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Since F'(W) is differentiable, by applying the fundamental theorem of calculus to G(t) = F(W + t(W’ — W)), we have
1
FW') =F(W) + / (VE(W + (W — W), W' —W)dt
0

= F(W) + (VE(W), W — W) + /1(VF(W FHW! —W)) = VE(W), W' — W)dt
0

< P+ (VEW),W = W) + /1 IVEW + (W' = W) = VEW)[e|W' = W |pdt
0

(i) 1
< FOW) + (VEOW). W' — W) + / (Lo + L[ VE(W) ) [W — W]j3td
0

N Lo+ Ly ||VF(W)

5 e e — e, ©

= F(W) + (VE(W),W' — W)

where the above inequality (¢) is by Cauchy-Schwarz inequality and the inequality (i4) is due to the above inequality (8). [

For notational simplicity, let ¢; = M; — VF(W,), Z, = VE(W;) — VE(Wi_1) — (Vf(Wi; &) — V(Wi_1;&)) and
5,5 = VF(Wt) - Vf(Wt,ft) forall ¢ > 1.

A.1. Convergence Analysis of LiMuon Algorithm with Exact SVD and Option #1 under Lipschitz Smoothness
Assumption

In this subsection, we provide the convergence analysis of Algorithm 1 with Option #1 under Lipschitz smoothness
assumption.

Lemma A.6. Assume the stochastic gradient estimate M, be generated from Algorithm 1 under Option #1. Let (; =
M; — VF(W4), e = nand By = S for all t > 0, under the above Assumption 4.3, we have

‘ p r(l—B)?
E||<t||F<(1—ﬁ)o+\/2_ﬁo+\/(2_ﬁ)ﬁLn- (10)
Proof. By the definition of M, in Algorithm 1 under Option #1, we have
My — My = —BiMy 1 + BV (Wi &) + (1 — 5t)(vf(Wt;§t) - vf(Wt—1§€t))- (11)

Let Zt = Vf(Wt,gt) — Vf(Wtfl; gt) - (VF(Wt) — VF(Wtfl)), (St = VF(Wt) — Vf(Wt,ft), and ﬂt = 6, we have

Gt = VF(W;) — M,
— VF(Wy_1) — My_y + VE(W,) — VE(W,_1) — (M, — M,_1)
= (1 =BVF(Wi—1) = M) + B(VE(Wy) = V(W5 &)
— (=B (VW &) = VIWie1;&) — (VE(W) — VE(Wi_1)))

=(1=pB)G-1+ B0+ (1—p)Z; (12)
By expanding the recursion, then we can obtain
t t
G=01=8)C+BY (1=B)""6+(1-p)Y (1-8)"Z. (13)
s=1 s=1

Since My = V f(Wy; &), we have

EllGolle = EIIV S (Woi &) — VEWo)lle = \/ (BIV S (Wos &) — VE(Wo) )

(%) (i1)
< VEIVI(Wo: &) — VE(Wo) 2 < Vo? =0, (14)

13
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where the above inequality (i) is due to Jensen inequality, and the above inequality (ii) holds by Assumption 4.5.

Meanwhile, we have

BEIS (1= By oalle = | B2(E] (1 - B)=6,])*

IN

t
B2E] (1= B)=bu [
s=1

—
.
=

J 523 (1 - B29E||VF(W,) — V(Wi &)|2
s=1

t - B2 i
<\l522(1_5)2( )02<\/1_(1_5)202:\/2_60; (15)

s=1

where the above equality (i) holds by the above Lemma A.1 on the fact that {&;, - - - , &} are independent random variables
and E¢ [VF(W,) — V(W &) =0foralll < s <t

‘We also can obtain

(1=BE| Y (1= B) " Zlr = | (1= B2(E] D1 - B)~Z|r)*

(1= B)2El Y (1 - B ZI}

s=1

IN

—~
.
N2

s=1

= \J (1 - 5)2 Z(l - ﬁ)Q(tis)E”vf(Ws; gs) - vf(stl; gs) - (VF(WS) - VF(stl))HI%
(i)
(1-8 (1-5

)2> (1= BRU—9E|VF(Wai &) — VF(Warr; &) |3

sS=

e J (1- By

IN

]~

(1 _ I@)Q(t—S)LQEHWs - Ws—IH%

1

t
<\ (1= B)2 (1= B2 L2E|nU, 1V, |3
s=1
t
<\ (1= B2 3 (1= B L2y
s=1
1 r(1=8)?
<\ (A =B ———s LPn’r = | o7 L, (16)
\/( e 2= 5)3
where the above equality (i) holds by the above Lemma A.1 on the fact that{&;, - - - , &} are independent random variables

and E¢ [V f(Ws; &) — VI (We_138s) — (VF(W,) — VF(W,_1))] = 0forall 1 < s < t; the above inequality (ii) holds
by the above lemma A.2, and the above inequality (iii) is due to Assumption 4.3, and the second last inequality is due to
[y ARY(EvES

14



LiMuon: Light and Fast Muon Optimizer for Large Models

By using the above inequalities (14), (15) and (16), we have

t

El|G e = ElI(1 - B) <o+621— B) 00— (1=B) Y (1= B) " Z|le

= s=1

< (1-B)'El¢ollr + BE| Z(l —B)*6 e + (1 - B)E|| Z(l — B)" Zy||r

s=1 s=1

<o e

Theorem A.7. Under the above Assumptions 4.3, 4.5, 4.6, the sequence {W,}1_ be generated from Algorithm 1 with
Option #1. Let 3; = 8 € (0,1) and n; = n for all t > 0, we have

- F(Wo) — F* _rLy 3 (1- B)?
m;EHVF(Wt)H* ST +2\[(+\/2 ﬁa+\/Lnr), (18)

where r = min(m, n).

Proof. Since M; = UtEtVtT, we have
(M, U V") = (US VT UV = w(U: VD) TV, = e (VS0 ULV,
=u(V;ZV,") = (V" Vi) = w(Zy) = || M. (19)

By using Assumption 4.3, i.e., f is L Frobenius norm Lipschitz smooth, we have

F(Wipr) SFWy) + (VE(Wy), Wi — Wi) + §||Wt+1 —-Wil%
FW) ~ndTFOW), UVT) + Zo2 |0, IR
SF(W,) = me(My, UVT) 4+ Tt = nd VEOW) = My, UV
FW) = mMy, UV} + S + [ V(W) = M |00, ]
T I E (W) — Ml

2
rL
FWy) =l VEW) [ + = = + 2T VE (W) — M, (20)

F(Wy) — ne|| M|« +

where the above inequality (i) is due to (M, U;V,") = || M. and ||U;V,"||r < /7, and the last inequality holds by
[Mell = [VEW)l« = [[VEWy) = Mylls = [[VE(Wy) [l = /r[VE(We) = My[p and [|My|[p < [|My |« < /|| Mi]le.

Let n, = n, then we have

[F(Wt) FWi1) |

E|VF(Wy)|. <E +2f||<tup} 1)

15
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Thus we can obtain

1 &K F(W,) — F(W, o d
THZ]EIIVF (Wil <B[zy S T =) o SIS oG]
=0 t=0 t=0

Tx1n T3 T mZQ\fE‘|Ct||F

@) F(W,) — F* rly . r(1—p)?
S Twen Tz T+1Z (-5 V U+\/(B)/3L")

SW TL”+2\[—+,/ ,/ Ln 22)

where the above inequality (i) is due to Assumption 4.6, and the above inequality (ii) holds by the above lemma A.6.

Letn = O(T2/3) and § = O(Tz/?,) we have

T
1 POV =" rin 5 r(1- p)?
—_— E|VFWy)|l« < ——FF—— 2 ——|— —— =L
71 2 EIVFOl. < == MG v Ry Ll Vi ooy el
1 1 1 1 1 1
= O(T1/3 T T2/3 T T1/3 T T1/3 T T1/3) = O(T1/3) (23)
O

A.2. Convergence Analysis of LiMuon Algorithm with Exact SVD and Option #1 under Generalized Smoothness
Assumption

In this subsection, we provide the convergence analysis of Algorithm 1 with Option #1 under generalized smoothness
assumption.

Lemma A.8. Assume the stochastic gradient estimate M, be generated from Algorithm 1 under Option #1. Let (; =
— VE(Wy), ne = nand By = B for all t > 0, under the assumption 4.4, we have

_ 32 t
E|<t||F<<1—ﬁ>to—+\/2f /3”\/2(21— ﬂﬁ))ﬂLonJrLl(l—ﬁ)nx/?Z(l— B IEIVE(W, e, 4)
s=1

16
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Proof. By using Assumption 4.4, we have

(1=BE[> (1 —B)*Z|r

= | 1= B8)2(EIY (1 - B)y—Z|r)*

(i) ¢
<AL= BR[| D (1= B)sZI3
s=1

WJ@—@Q
<J(1—ﬂ)2
%NO—MQ

(1-5)2
\

(1 - B)Q(t_S)Eva(Ws; fs) Vf( s—1, E ) ( (We) - VF(We—l))HI%‘

M~

@
Il
a

M)~

(1 - ﬁ)2(t75)Eva(Ws; gs) Vf( s— 17£S)||F

»
Il
_

(1= B)2t=9)(L2 + LA(E|VF(We_1)||lp)2)|[Ws — We_1 |2

Mﬂ

1

w
Il

(1 = B)2t=9)(L2 + L3(B|VE(W,_1)|lr)2) InUs_1V,T, ||2

Mﬁ

@
I
—

IN

(1-8) 8)20-)(L2 + L2(E|[VF(W,-1)|[¥)2)n?r, 25)

=1

®

where the above inequality (i) is due to Jensen inequality, and the above equality (ii) holds by the above Lemma A.1 on the fact
that{¢y, - - - , &} are independent random variables and E¢ [V f(Wy; &) =V f(Ws—1; &) —(VE (W) = VF(Ws_1))] =0
for all 1 < s < t, and the above inequality (iii) is due to Assumption 4.4.

By using the inequality v/a + b < \/a + v/b for all a,b > 0, we have

\l 22 2=9(Lg + LY(E|VF(We-1)|lr)?)n?r

< J (1=B)2) (1= B2 Lin?r + J (1=B)2) (1= /2= L3 (E|VE(Ws-1)|r)?

< \/(1 - 5)217(1%5)%77 7”+¢ ZZ; B)2t=) L3 (E[|VF (Ws-1)llr)?n

_ Zg—ggum+J0—ﬂF§:0— 249 L3(B| VF (W, 1) )%
< Zg:gng+LM1@mﬁ§:ﬂ B)IEIVE(W,o) e 20

17
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By using the above inequalities (25) and (26), we have

t t
(1—5>E||Z<1—mt-szsp<J 82 371 = B)20-) (Lo + LIV E(W,) o) 22
s=1 s=1
t
< mLonJrh(l— IVES - B IBIVE Wl 2)

From the above lemma A.6, we have

E[[olle < o (28)

t
BE[D (1= B)*6lr < \/ 5 f 57 (29)
s=1

By using the above inequalities (27), (28) and (29), we can obtain

We also have

t

Ell¢llr = E[(1 - 8) <o+5§j 1= B)7%6,— (1=B)Y> (1= B) " Zd]lr

= s=1

< (1-B)Elcollr + BE| Z(l —B) " dslle + (1 - B)E|| Z(l = B) " Zlr

s=1 s=1

s(lﬂ>t0+\/zfﬂa+W;_Bﬁ)?mmm(lmnﬁ;(l JOIEIVEW. ). G0)

O

Theorem A.9. Under the Assumptions 4.4, 4.5, 4.6, the sequence {W,}1_ be generated from Algorithm 1 with Option #1.
Let 3 = 8 € (0,1) and n; = n < min (2L1r7 ﬁ)forallt > 0, we have

T
1 2F(Wo) — F*) 4fa 5)2
- < 2P\ )
T+ ;ZO E[|[VE(W)|« < o +rLon+ —— + 41 2_ ——o +4Lonr (31)

where r = min(m, n).

Proof. By using Assumption 4.4 and the above Lemma A.5, we have

Lo + Li|VF(W,
F(Wig1) SF(W) + (VE(W,), Wiy — W) + =2 1||2 (Wo)lle

Lo + L1[|[VF (W)

Wit — Well7

F(W) — i (VE(WL), UVT) + le 20,2

2
Lo+ L1||VF (W,
F(Wy) — (M, UV,") + =2 1”2 ( t)||F77t2T_77t<VF(Wt)_MtaUtVtT>
Lo+ L1||VF (W,
F (W) — (0, U,y L VIOV v (0w3) — 0 e 07 ]
Lo+ Li[[VEWY)r

(7)
<F(Wy) — mel [ My |« +

. e+ TV E (W) = Mille

Lo+ Li[|[VE(W) | n?

5 4 200\ ||VE(Wy) — My|r, (32)

EWi) = [VEW)]|« +

18
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where the above inequality (i) holds by (M;, U;V,") = || M, and |U;V,"||[r < /7, and the last inequality is due to
M« = [VEW)l« = [IVE(W:) = Myl > [[VEWy) ||« = VrIIVE(W:) — My|e.

Let 9, = n, we have

FW,) — F(W; L L
BV, < B[ TV =) T

FWy) — F(Wt+1)] ”
- n 2 2-p
(1-—p)? ‘ (t—s)
+ mQLOW' +2L1(1 = B)nr 2}(1 - B) E[VEW)lF, (33)

where the last inequality holds by the above lemma A.8.

IVEW)lr +2V7 (G lle]

rLon n Linr

<E[ E[|VF(Wy)lr +2v/r(1 = B)'o +2v/r

Let Vf(W_;) = 0, then we have

1 = F(WO) — F* rLon Linr 2\[0
T—H;EHVF(WQII* < T+ Dn + 5+t T+1 ZIEHVF (Wo)llr + T g(l — B+ 27
( — B)? 2L1 1—B)nr Tt (t 9
2-p)B""" T+1 g; ~1)llF
F(Wo) —F*  rLon | Linr 2o
= T+ T2 T3 THZEIIVF Wi)lle + T )7 +2r 5
(1-p)? 2L1(1 — B)r = — 59
Hazpplort —ri1 E||[VF(W,_)||
PR i1 22 (- Dlle
F(Wy) — F* rLon = Linr 2/ro 3
= (T+1)n + 2 + 2 T+ ZEHVF Wilr + (T +1)8 + 21 mo
(1-pB)2 2L1(1 = B)nr 1
T @zl T E|[VF (W) r. (34)
(2-p)B 0 15} T+1 ; )| F

. 1 8
Let0 < n S min (m, m), we have

L12771" - i 2L1(16— B) Si .
Then we have
P e, < G A o
+ ((21_5))62L0nr+ m;EVF Wo)ll
= F(WOT)n_ i 2}/20 T 2%"
+ ((Z_g));QLoﬁrJr ngVF(Wt)*, (36)

where the last inequality holds by || M¢|lr < || M|« < 7| Mt||r.
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Then we can obtain

T
1 2(F(Wo) — F)
—_— E|VF " 4L
T ; IVEW)]l. < T Tﬁ 50 + Lo (37)
Letn = O(Tz/g) and 5 = O(Tz/?,) we have
2(F(Wo) — F*)
T+1 ZIEHVF (W)l < T +7‘L077+ +4\f U+4L0777" B 6
1 1 1
=O(mmt s t 7 T T1/3 + Tl/g) (T1/3) (38)
O

A.3. Convergence Analysis of LiMuon Algorithm with Exact SVD and Option #2 under Lipschitz Smoothness
Assumption

In this subsection, we provide the convergence analysis of Algorithm 1 with Option #2 under Lipschitz smoothness

assumption. For notational simplicity, let Z; = Vf(Wy;&) = Vf(Wi—15&) — (VE(Wy) = VE(Wi—1)), e = VE(Wy) —

V(W &) and 0, = — M, forall t > 1.

Lemma A.10. Assume the stochastic gradient estimate M, be generated from Algorithm 1 under Option #2. Let (; =
—VFWi),ne=m, B: =B, s> 2,7 > 2 and s + 7 < r. Under the Assumption 4.3, we have

ZE”QHF,B +(T+1 1/ 0+ (T + 1) 1/ 2 B L + 7 Z]EHMtHR (39)

1

Sf1>§ with T € (0,1).

where vy =T (

Proof. By the definition of M, in Algorithm 1 with Option #2, we have
My = Myoy = =By + BV f (Wi &) + (1= ) (Vf (Wes &) = VF(Wi13&)). (40)
Let 5; = 3, we have
G =VFE(W) —
= VF(Wi_1) = My_y + VF(W,) = VE(W;_1) — (My — M,_;)
= (1= B)(VF(Wi—1) — My_1) + B(VE(W,) — VF(Wi; &)
( 5) (Vf Wt, ft vf(Wt—1§ ft) - (VF(Wt) - VF(Wt—l)))
(1= BNVF(Wi1) = My_1) + 6, — (1= B) Z,
(
(

(1=B)VFW_1) = My_1 + M;_ 1 — M, 1)+ B0 — (1= 5)Z;
(1=B)VEWi—1) = My—1) + (1 = B)0—1 + B — (1 — B) Z;. (41)

By expanding the recursion, then we can obtain

-~

t

t
G=01-B)'G+1-BD A=B"01+ 8> 1-B)0—(1-p)> (1-p)Z,. 42)

s=1 s=1 s=1

By using the above lemma A.4, we have

t t
L=BEID (1= bl <1 —8) (1= B)E||0e_r|lr
s=1 s=1
t
B)> (1= B) T E| M1 43)
s=1

20
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By using the proof of the above lemma A.6, we have

Ellollr < o (44)

t
5EH Z(l — B)t—S(SSHF < \/EO‘. (45)
s=1

(1-PB)E| Z(l — B Z||r < 2(21_;)); Ln. (46)

Meanwhile, we have

We also have

By using the above inequalities (43), (44), (45) and (46), we have

t

(1_ﬂ)t750571+62(1_ t 56, — 1_ Z t SZS”F

1 s=1 s=1

M~

EllGillr =E[(1 - 8)'¢o+(1-5)

S

t
<E[(1 = B8) Gollr + (1= BE[ D (1= B)'*Os-lr + BE| Z(l = B) 7 0lr + (1 - B)E| Z(l —B) " Z|lr
s=1 s=1

t

2
< (1—ﬁ)fa+,/%a+ 2(21_ g)ﬁ Ln+4(1- )31 - B E| M, 1 [le). 7)
s=1

Let M_; = 0, then we have

s=1

N e-ps
[r(1 - p)? s .
/ [r(1=8)2  ~(1-8) <
+(T+1) o+ (T +1)y /5 Ly+ E|| M| 48)
2 - 2-P)B8 B ; g

>

o+

ZE||ct|FsZ(<1—ﬂ>fa+\/2 2o \/2(21_[3)2Ln+7(1—ﬁ)2(1 8" EIM, )
t=0 t=0 =
(T

<—-+(T+1

™I 9
sy

=™

<

=/ 9
=

Theorem A.11. Under the Assumptions 4.3, 4.5, 4.6, the sequence {W;}1_ be generated from Algorithm 1 with Option #2.
Let By =€ (0,1), ny =nforallt >0, >2,7>2, s+ 7 <r=min(m,n), and vy < ﬁ we have

L5 2AF(Wy) — F*)
m;E||VF(Wt)”* < T—nJranJrgf 7+ 49)

Sfl) with T € (0,1).

N

where vy =T (
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Proof. By using Assumption 4.3, i.e., f is L Frobenius norm Lipschitz smooth, we have

F(Wit1) SFWy) + (VE(We), Wi — W) + §||Wt+1 - Will%
F(W) = m(VE(W), 09 + S |02
<F(Wy) = ne(My, UpV, ) + %773 — (VF(Wy) = My, UV, ")
<E(W,) = m(Mp, UV + "0 4 ml| VE(We) — M| U, e

2
(i rL
<SFE(Wy) — mel[Me |« + - + neV/T|VF (W) — My|g

rL
—n; + nt\[HVF(Wt) M||r, (50

(Wt)—*IIMtH IIVF(Wt)II +5

where the above inequality (i) is due to (M, U;V;") = || M| and |[U;V,[|[p < \/r, and the last inequality holds by
[Mi]l« = IVEWo)|ls = [[VE(Wy) = Myll« = [VEW) [« = VrlIVE(W:) — My lp.

Since 1, = 7, we have

E[vEW)|. <g[2E0V) ;F(Wt“” UMyl 4 rLn + 3G ). 51)

Then we have

T
1

—_— E|VF .
77 LBV

L 2(F(Wy) — F(W, 1
< Bl > AR ”l))]—THZH M. +T+1Zr n+T+123ﬂEngnF

2(F(Wy) — F*) 1 <

— M L 3 TE

AF(Wo) —F*) 1 3{ B r(1-p)>?
< (T40—1)77 —T+1§\|Mt||*+an+m +(T+1)\/;a+(T+1)an
T
+ 2 S e
t=0
AFPW) —F*) 1 & o B r(1- )2
<11 _T+1;|Mt”F+TL77+3‘/;(Tﬁ+\/2—/30+\/(2—5)6Ln)

IWr(1=8) 1 <
+ 3 TH;IEIIMAIF, (52)

where the last inequality holds by —||M;||. < —||M;||r.
Letvy < %, we have

RS 2(F(Wo) — F*)
T ;EIIVF(WQII* < S I+ 3V (g 2 - - B Ln SENCE)

22




LiMuon: Light and Fast Muon Optimizer for Large Models

Letn = O(T2/3) and § = O(Tz/g) we have

T
1 2(F(Wo) — F*) o B r(l—B)?
—_— E|lVF(Wy)||« <K —————+rLn+3 — + + L
TH; IVEW. < === rIn+3Vi(z5 +\ 575 *\ [ mm
1 1 1 1 1 1
- O(T1/3 T e Y T ris T T1/3) - O(T1/3)' (54)
O

A.4. Convergence Analysis of LiMuon Algorithm with Exact SVD and Option #2 under Generalized Smoothness
Assumption

In this subsection, we provide the convergence analysis of Algorithm 1 with Option #2 under generalized smoothness
assumption.

Lemma A.12. Assume the stochastic gradient estimate My be generated from Algorithm 1 under Option #2. Let (; =
—VFEWy), e =mn, By =, 8> 2,7 > 2, and s + 7 < r. Under the Assumption 4.4, we have

t
Ell¢lr <(1 -5 U-ﬂ/ 0+L077\/ 2 ﬂ +L177\[1— ; B IEVF(We_1)||r

—B)> (1= B)*E[ M1, (55)

s=1

1
where y = T ( Sil) “and T € (0,1).

Proof. From the above lemma A.10, we have

t

t
G=01-8)\C+01-p)> (1-8 ”981+ﬂ21— B), — (1= B)) _(1-B)*Z.. (56)
s=1 s=1

s=1
Then from both lemmas A.8 and A.10, we have

t

t
EllGille = E(1=8)o+ (1= 8) Y (1 —B)"*0,- 1+ﬂz )T~ (1= 8)> (1= B)"*Z|r
s=1

s=1

<E[(1-8)Cllr+(1-8 Ellzl— B)' 70— 1||F+6E||21— B) 0sllp + (18 Ellzl— B)'*Z|r
s=1

t
(1-8 a+,/2_ J—&-Lom/ 2_ +L117f1— Z:l BYEIEIVE(W,_1) |k

— )Y (1= B)E| M1 ]lr. (57)

s=1

O
Theorem A.13. Under the Assumptions 4.4, 4.5, 4.6, the sequence {W;}1_, be generated from Algorithm 1 with Option #2.

Letﬁtzﬁe(0,1),and17t:ngmin(ﬁlﬂ,ﬁil_ﬁ))foralltzO,andsZZ,f22,5+f§r,and’y§W,
we have
T
1 A4(F(Wy) — F*) )2
— E|VEW)|s < ———2 +2rL 6 6L 58
TH; IVF (W)l < T Lo+ 207 4 67 557+ 6Lowr (58)

1
where y =T ( SL) “and T € (0,1).

23



LiMuon: Light and Fast Muon Optimizer for Large Models

Proof. This proof basically follows the proof of Theorem A.9. By using Assumption 4.4 and the above Lemma A.5, we
have

Lo+ Li||[VF(W,)||p

F(Wip1) <E(Wy) +(VE(W), Wiy — W) + Wi — Wil

2
F(W,) — n(VEW,), 0T + 2ot Ll”ZF(W””F RV
SF(Wy) —n(My, UV,") + LO+L1HZF Wo)lle nir —m(VE(Wy) = My, U V,T)
FW) — (M, U,y + L PV EOOIE o 19 (0w2) — a0, ]
POV =t + 2O 9 POV = M
<rw) = L, - Lywrwy), + LB oy 3, mip o) M, 69)

2

where the above inequality (i) holds by (M;,U;V,") = ||M;|. and ||U:V," ||p < /7, and the last inequality is due to
[Mell = [VEW)[l« = [VEW:) = My« = [[VE(Wy) [« = r[VE(We) — Mg

Let n, = n, we have

E|VEW)|. < E[2EW) — FWer))

— || Myl 4 7Lon + Linr[VE(Wy) || + 3v7l|¢ ]

< g 2EW) :]F(Wt“))] Myl 4 rLon + Ligr [VE(W)lle +3vr(L — B)lo +3vF fﬁo
(1-B)? t .
+ 3Lonr )5 +3Linr(1 -4 ; B HE|VE(W,_1)l|r
t
+3vVry(1=8) Y (1= B)°E| My, (60)

s=1
where the last inequality holds by the above lemma A.8.

Since M_; = 0, then we have

T
1
757 2 EIVEORD.

2(F(Wo) — F*) 1 <

3
Z 1Ml +rLon + Lunr ZIEHVF Wolr + 77 \[0 2(1 — B+ 37

- (T+1n T+1< |
(-8 oSN
+ 3Lonr +3Linr(1 -3 22(1— B E|VE(We_1)|r
(2 — BB T+1 t=0 s=1
T t
+3vry(1 - TH1 ZZ )'°E[|M—1|lr
t=0 s=1
2AF(Wo) = F) 1 3\/ro
- M|, +7Lon+ L E||VF(W, 3
<= T+Dn Tr12 0H tll + rLon + Lunr tzg [ t)||F+(T+1) +3V/r 6
—B)* | 3Lingr(1-p)
+ 3Lonr ~ 5B + 3 T+ 1 ZEHVF W)llr
3Vr(l-8) 1 <
+ 5 1 ;Ethup. (61)
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Let0 < n S min (ﬁ, #(1_6)) and'}/ S ﬁ,we have
L 3Lipr(1-5) _ 1 3yry(1-5)
<, == Bz IV P o,
Linr < 7 3 <7 5 <1 (62)
Then we have
T
1 2(F(Wy) — F*) 3\/ro 153
_— E(|IVF(W)|, < ———F——= L — +3 _—
T+1§ IVEWI Tty Rt g TV 5=
(1-B)? 1 ¢
3L E|VF(W,
2(F(Wy) — F™) 3\/ro
<———— 4 rlpgn+ ——— +3
(S P ST R e
1—B)2 1 &
+3Lgpry | S =0F > E|VEW)., (63)

@-AB AT +1) 2

where the first inequality holds by || M;||r < [[My]|« < /7| M¢|F.

Then we can obtain

T
1 4(F(Wo) — F™) )2
711 ;EHVF(WOH* < Ty +2rLon Tﬁ 50+ 6 Lonr (64)
Let n = O(727) and 8 = O(7373), we have
T
1 A(F(Wy) — F)
<« N0 T
Tr1 ;EHVF(Wt)H* hS Tn +2rLon + 7+ 67 O' + 6Lonr
1 1 1
= O(Tl/B + T2/3 + T1/3 + T1/3 + T1/3) (Tl/B) (65)
O]

B. Convergence Analysis of Our LiMuon with Newton-Schulz

In the section, we provide the convergence analysis for our LiMuon algorithm with Newton-Schulz steps under some mild
conditions.

B.1. Convergence Analysis of LiMuon Algorithm with Newton-Schulz and Option #1 under Lipschitz Smoothness

Assumption

In this subsection, we provide the convergence analysis of LiMuon algorithm with Newton-Schulz and Option #1 under
Lipschitz smoothness assumption.

Lemma B.1. (Lemma 6 of (Kim & Oh, 2026)) Under the above assumption 4.15, we have
L mXn
FW') < F(W)+ (VEW), W' —W) + §||W’ W||Op, YW, W' e R™*", (66)

Lemma B.2. Assume the stochastic gradient estimate M; be generated from Algorithm 3 under Option #1. Let (; =
— VE(Wy), ne = nand By = B for all t > 0, under the above Assumption 4.15, we have

Bl < V71 = 8)'0 + Vi [ 5250+ Vi G gLl + ). 7
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Proof. This proof follows the above proof of Lemma A.6. By the definition of M; in Algorithm 3 under Option #1, we have

My — My_y = =BiMy1 + BV (Wi &) + (1= B) (VWi &) = V(W13 61)).

(68)

Let Z, = V(Wi &) — VF(Wi_1;&) — (VE(W,) — VE(W,_1)), 6, = VE(W,) — VF(Wy; &), and B; = B, we have

¢t =VF(Wy) — M,
=VFWi_1) — My + VF(W,) = VF(W;_1) — (My — My_1)
=1 =B)(VF(Wi_1) = M) + B(VE(Wy) = V(W5 )
— (=B (VW &) = VI(Wi—13&) — (VE(Wy) — VE(Wi_1)))

= (1= B)G—1+ B0+ (1 - B)Z: (69)
By expanding the recursion, then we can obtain
t t
G=01=8)C+BD (1=0)""0+(1=p)> (1-B)""*Z,. (70)
s=1 s=1
Since My = V f(Wy; &), we have
2
EllGollr = IV £(Wo: &) — VE(Wo) s = \/ (BIIV(Wo: &) — VE(Wo) )
(4) (i)
< VEIVF (Wosko) — VE(Wo)|2 < Vo = o, (1)
where the above inequality (i) is due to Jensen inequality, and the above inequality (ii) holds by Assumption 4.5.
Meanwhile, we have
t t 9
BN Y (1= B) 7 0lle = 4 | B (B[ 3_(1 = B)'~20,|)
s=1 s=1
: 2
< \|BPE[ D (1= B)y=edsly
s=1
0 : 2
=1 82> (1= BB VF(W,) = V(Wi &)l
s=1
2 t 2(t—s) 52 _ p? 2 B
< — t—s < =
<\|8 ;1(1 BP0 <\ [T’ =\ 7o (72)
where the above equality (i) holds by the above Lemma A.1 on the fact that {3, - - - , & } are independent random variables

and E¢ [VF(W,) — Vf(W; &) =0forall 1 < s <t.
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We also can obtain

(L=BE| Y (1= B) " Zle = | (1= B2(E] D1 - B)—Z|r)*

IN

(1= B)2El Y (1 - B ZI}

2 J (1-pB)?

(i)

< J (1-p)?
< J (1—p)?
(m‘)\l

< 4| (1 =B)?

— | (-5

—~
S
=

(1 - ﬁ)Q(tis)E”vf(Ws; gs) - vf(stl; gs) - (VF(WS) - VF(stl))HI%

M=~

1

(1= B)2E=9E|Vf(Wy; &) — VF(We_1; 60|12

M~

1

@
Il

(1 - B)Q(t_s)]E”vf(Ws;gs) - vf(Ws—l; fa)“g

M~

@
I
—

M~

(1= BPU= ) L2E[|W, — Wer 3,
1

w
Il

M~

(1= B2t~ L?E[[nOr-1[3,
1

w
Il

t

<\ [(1=5)2Y (1= B)2EIL22(1 + g,)?
s=1
1 (1-5)?
<4/(1-=pB)P2——=L?*n%(1 2= —==Ln(1 73
_\/( ﬂ)l_(l_ﬁ)g 77( +5q) \/(2_5)6 77( +€q)a ( )
where the above equality (i) holds by the above Lemma A.1 on the fact that{¢;, - - - , &} are independent random variables

and E¢ [V f(Ws:&s) — Vi(Ws_1:&) — (VE(Ws) — VE(W,_1))] = 0 forall 1 < s < ¢; the above inequality (ii) holds
by the above lemma A.2, and the above inequality (iii) is due to Assumption 4.15, and the second last inequality is due to
[0t-1llop <1+ eq.

By using the above inequalities (71), (72) and (73), we have

t t
EGllr =El[(1—B)o+ 8D (1—B) 0. —(1-8)Y (1-B)Zllr
s=1

s=1

< (1= B)'E|Gllr + BEI DY (1= B) *6llp + (1 = BEI Y _(1—B)*Zllr
s=1

= s=1

_ 2
§(15)t0+\/2f60+\/(21 b) Ln(1+¢,). (74)

Since [|¢[|« < v/7[|Ci[e, we have

E[|Glls < VPE[|CGlle < Vr(1—B)'o + \/77““ 5 f 57 + \/77“\/ ((21_5))21177(1 + &q)- (75)
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Theorem B.3. Under the above Assumptions 4.15, 4.5, 4.6, the sequence {W,}_, be generated from Algorithm 3 with
Option #1. Let 5, = 8 € (0,1) and n, = n for all t > 0, we have

1 - F(W,) — F* Lp(1+ €q)2 2 \/;o' Jé] (1-p)?
71 2 HIVEO < T ) 15, (T +W¢;"+WML”(”%>)’

(76)

where ¢4 € (0, 1) is a polar approximation error.

Proof. By using the above Lemma B.1, we have

F(Wiia) SFOV) + (VF(OV), Wers = W) + 2 [Wors = Wil
(W)~ VF (W), 00 + 22| Oul2,
=F(W) — ne(My, Og) — ne(VE(Wy) — My, Oy) + %n?”Ot”ip
<SE(Wi) = ne{My, Or) + e |[VE(We) — Mi|«[|Otllop + %ntz”Ot”?)p
=F(W) — ne(My, Pr) + ne(My, Py — Oyg) + 0 || VF (W) — My||«||Otl|op + gn?”Ot”(QJp
=F(Wy) = nel| Ml +ne(My, Py — Or) + e [VE(We) — Me||«[|Otllop + éanOtHip

L
SFWi) = ne|| Mells + me Mell ]| Pe — Otllop + el VE (W) — Me|«]|Otllop + 577152||Ot||¢2)p7 (7)

where the second inequality is due to (M, U;V,") = || My]|+.

Since P, = U,V,T, €q,t = ||Oy — Pi||op With €4 = sup; €4+, We have
[Pellop =1, Otllop < 1+eqs < 1+4¢q, (78)

where ¢, € (0,1). Thus, we can obtain

L
F(Wig1) < F(We) = nel|[Me|ls +me M|l +l| Py — Otllop + e[ VE(We) — My ||+]|Otllop + 5773\\@”3;)
L
S F(Wy) = ne(1 = ) IMi]|« 4 1e(1 4 €0) [VE (W) — M|« + 5713(1 +eg)°

L
S FWy) —ne(1 = )| VEWo) ||« + 200 |[VF (W) — M| + 5773(1 +e4)%, (79)

where the last inequality holds by | M|« > [|[VE(Wy) ||« — [VF (W) — M|«
Let n; = nand (; = VF(W;) — My, then we have

FWy) — F(Wiq1)
n(1— Eq)

2 Ln(1 2
b2 + H A (30)
=

E|VF(Wy)||. <E[ 2(1— 2,)
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Thus we can obtain

T
1
mZEIIVF(Wt)II*
T T T
F(Wy) — F(Wiy1) 1 rLy(1 + &,)?
T+1tZ 1—gq) +T—s—1; licell- + :r+1Z 2(1—¢,) ]

@) F(Wo)—F*  Ln(l+e,)? 1 <&
(T4 1Dn(l —gy) 2(1—¢q) T+14=1-¢,

(i) F(Wy) — F* Lyl +¢,)? T 9

= (T+1)077(175q)+ 2(1—¢q) +T+1Z (\f(l_ U+\[\/70+\[\/7 (14¢4))
F(Wo) — F* | Ln(l +¢4)?

: Tn(i—&z) Ty 1—5q( f\/> +WFL171+6(1 (81)

where the above inequality (i) is due to Assumption 4.6, and the above inequality (ii) holds by the above lemma A.6.

Letn = O(z7). 8= O(537), L = O(1) and o = O(1), we have

T+ : ZEHVF W)l
F(Wo) = F*  Ln(1+¢,)” 2
= Tn(l —eq) * 2(1—¢q) +1—gq +Vr J+\f L?71+sq
P + ! + co— Ly @
(A=) TR (L= )T (1 )T1/3 (I-¢ )T1/3 = Eq)Tl/?’ T (=) T
m

B.2. Convergence Analysis of LiMuon Algorithm with Newton-Schulz and Option #1 under Generalized Smoothness
Assumption

In this subsection, we provide the convergence analysis of LiMuon algorithm with Newton-Schulz and Option #1 under
generalized smoothness assumption.

Lemma B.4. Under the Assumption 4.16, we have for any W, W' € R™*"

Lo + Li|[VF(W
2

FOW') < FW) + (VE(W), W' — W) + ey w2,

Proof. By using Assumption 4.16, we have

IVE(W) = VEW)|r < \/(L?) + LYVEW) )W — W3,
< (Lo + Lo [VEW) )W = W |lop. (83)
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Since F'(W) is differentiable, by applying the fundamental theorem of calculus to G(t) = F(W + t(W’ — W)), we have

F(W')=F(W) + /01<VF(W +t(W' —=W)), W' —W)dt

= F(W)+ (VF(W), W' — W) + /1<VF(W FHW —W)) = VE(W), W — W)dt
0

& POW) + (VEW), W' — W) + / 1 IVE(W + (W = W)) = VEW)|[|[W' = W |opdt
0

(i) 1
< F(W)+(VF(W),W’—W>+/ (Lo + La|[VE(W) L) |[W' — W2 tdt
0

Lo + Li||[VF(W)
2

— F(W) + (VE(W), W' — W) + by w2, (34)

where the above inequality () is by Cauchy-Schwarz inequality and the inequality (¢4) is due to the above inequality (83). [

Lemma B.5. Assume the stochastic gradient estimate M; be generated from Algorithm 3 under Option #1. Let (; =
— VF(W), e =nand By = 8 for all t > 0, under the assumption 4.16, we have

E[|¢ell« < Vr(1—p5) U+\[\/ 0+\[\/ L0ﬁ1+5q

+Li(1- )n\f(1+€q)2(1— BB VF(Wo_1)] s (85)

s=1
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Proof. By using Assumption 4.16, we have

(1=BEIY (1B Z]r

= | = B8)2EIY (1 - B)yt—Z|r)*

t
< L= BR[| D (1= B)sZdI2
s=1

(“)J B)2> (1= BBV (Wi &) = V(We156s) — (VF(W.) = VE(W,1))|13
s=1

~+

< (1 - 5)2 Z(l - B)ﬂtis)Eva(Ws; fs) Vf( s—1; fs)HF
s=1

-

< (1—/3)2;(1—ﬁ)ﬂf*ﬂEHW(WS;gs) VF(Weo1:&0)12

(2)\1(1—6)222( — B)2=9 (L + LHE|VF(Wo1) [)2IWs = W12,

= (15)2;( — B2 (L3 + L3 (|| VF(W,-1)[1)*)[10:-1 2,

< 2§tj B)20=) (L3 + L2 (B[ VE(Wi1) )2 (1 + £4)?, (86)
=

where the above inequality (i) is due to Jensen inequality, and the above equality (ii) holds by the above Lemma A.1 on the fact
that{¢y, - - - , &} are independent random variables and E¢ [V f(Wy; &) =V f(Ws—1;&5) —(VE(Ws) = VF(Ws_1))] =0
for all 1 < s < t, and the above inequality (iii) is due to Assumption 4.16.

By using the inequality v/a + b < \/a + v/b for all a,b > 0, we have

\l B)2> (1= B)20=)(L3 + L3(E||VF(We1)[.)2)n2(1 + £4)?

s=1

<\l(1—6)22(1—ﬁ)2“S>L%772(1+€q) $ B2 3 (1= B LHEITF(Waon)| 721 + 2,

s=1

S\/(1—6)21(11B)2L%772(1+€q)2+¢(1—ﬂ)22(1— 2= LBV E (W) 2721 + )2

= ;;L"”(H%HJ“‘WZH— 2(t-5) L3 (B E (W, 1)) 22
s=1
g:g));Lon(1+sq)+L1(1 n(1+¢,) Z BYEIE|VE(We_1)]|x (87)
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By using the above inequalities (86) and (87), we have

t t
(1=BE[Y (1 =) Ze < \J B)2 Y (1= B)2t=9) (Lo + LiE|VF(W,)|[.)2n2(1 + &)
s=1 s=1

1-4)? .
< JEZOP 1t 2+ Lol = Bt + ) 31— B IBIVE(Ws ).
(2 - B)ﬂ s=1
(83)
From the above lemma A.6, we have
El|¢ollr < 0. (89)

We also have

t
BEH Z(l - ﬂ)t7555||F S \/EU. (90)
s=1

By using the above inequalities (88), (89) and (90), we can obtain

t

Ell¢llr = E[l(1 - 8) @MZ 1= B)7%6,— (1= B) Y _(1—-B) " Zd|lr

s=1 s=1
t
<(1- )tEIICoHFJrBEIIZ 1=B)%6|r+(1-8 EIIZ 1-5)"Z|lr
s=1

t
1-8 o+,/2_ ,/ Lon 14eg)+ Li(1 =Bl +eg) Y (1= B IE|VF(W,_1)ls.

s=1
1)

Since [|G¢ ||+ < /7||Ct]l¥, we have
E[|¢ell« < Vr(1—pB) U+\[\/ 0+\f\/ L0n1+5q
+Li(1- )nf(1+sq)2(1— BY IRV E(Wo_1)|. 92)
s=1

O

Theorem B.6. Under the Assumptions 4.16, 4.5, 4.6, the sequence {W;}1_, be generated from Algorithm 3 with Option #1.

Let By = € (0,1) and n; = n < min (2L1(1f€q)z, 8L1\/§((11+::))(1 5 )for all t > 0, we have

2((Wo) — F*)_, Lon(l+<,)’
(T + Dn(l — <) 1-¢,

b (W Ry 52 a+\ﬂ/ Lon1+eq 93)
q

where ¢, € (0,1) is a polar approximation error.

T
T+1 ZEHVF(Wt)H* <
=0
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Proof. By using the above Lemma B.4, we have

Lo + L1||VF(W;)

F(Wapn) SE(W) + (TE(W), Werr — W) + VIl s~ Wi,
Lo+ L1 ||VFE(Wy) ||«
F(W) — m(VEW;), 0 + Lo VWD, 2
Lo+ Ly ||VF(Wy) ||«
)~ My, 00— n(VFW,) — My, 0+ o PV EW by
Lo+ L1||VE(Wy) ||«
=F(Wy) — ne(My, Py) + 1t (My, Py — Og) — (N E(Wy) — My, O) + =2 1||2 o)l 2012,
EWe) = nel[ Mell s + mel[| M|+ | Pe = Otllop + me[[VE(We) — M|+ [|Otlop
Lo+ L1 ||VF(Wy) ||«
+ 0 1||2 ( t)” 2||Ot||op7 (94)
where the last inequality holds by (M;, P;) = (M, U;V,") = || M;]|..
Since P, = U,V,", €44 = ||O¢ — Pi|op With &, = sup, &,.+, we have
[Pillop =1, [O0tllop < 1+eq1 <1+, 95)

where ¢, € (0,1). Thus, we can obtain

F(Wiy1) SE(We) — ne|| Ml + nel| Ml || P — Otllop + nel| VE(Wy) — My[[|Otlop

Lo+ L1||VF (W) ||«
+ 0 1”2 ( t)H nt2||0t||zp

FWi) — el [ M|« + mel[Mellseq +nel[VE(We) — Mel|«(1 +€4)

Lo+ Ly[VF (W) .
* 2

771:2(1 + 5q)2
Lo + Li[|[VE(Wy)||«

SEW) = ni(1 = e IVEW) [« + 20 [VE (W) — M| + i (L+eg)®,  (96)

2
where the last inequality holds by | M|« > [|VF (W)« — [VE(W,) — M|+
Letn; = nand § = VF(W;) — M, we have
F(Wy) = F(Wig1) | Lon(1+¢4)* | Lin(l +¢,)?
E|VF « <E F .
A S e E ). ]
FW,) — F(W, Lon(1 2 Lin(1
SE[ ( t) ( t+1)} 077( +€q) + 177( +5q) E”VF(Wt)H*
n(l —eq) 1_5q )
(x/?(l— J—&—fﬂ J—&-\fﬂ Lonl—i-aq
t
+ L1 = BIvr(L+29) Y (1= B)IE|VF(W,_ 1)H*), 97)
s=1

where the last inequality holds by the above lemma B.5.
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Let Vf(W_1) = 0, then we have

F(Wy) — F* Lon(1 +5q)2 Lln(l —i—gq)
(T+n(l —gq) 2(1—¢q) 2(1 —¢q) T+1

1_€q Z( Vr(l -8 a+f‘/ +\f’/ L0n1+€q

t

+ La(1 = Bnvr(1 + ) Y (1= B)IE|VE(W,- 1>||)

1 T
Y EIVEW)|. <

THIL ZEHVF Wil

s=1
POV P Lotz | Lotz E:MWT‘V”
=T+ )(1_5q) 1—5q 1—5 T+1 t
, 2 F i Lo+ JF L (1+e)
1—€q T+1 " !

+L1(17 )T]f 1+€q

T T
S B)IEITEW, ).

5:0 t=s
F(Wo) — F* Lon(l +g4)? L17I(1 +e4)?
E|VF(W,
ST+ 0n(l—zy) " 2(1—¢g,) 21—z, T+1§:|| Al
o+ \[ Lon + Eq
2L1(1* )U\f(1+z—:q)
E|VEW)L,
) = Z IVEWL)|
Let0 < 7 < mi “, 5a-c,) X
© 1'% min (2L1(1+5q)27 STrvr(iTe (s 5)) we have

Lin(l +¢4)° < 1 2L:1(1 = B)ny/r(1 +&4) < 1
2(1—¢,) ~— 4 B(1—¢q) -4
By using the above inequality (98), then we have
T T
1 F(Wo) — F* Lon(1 +e4)?
—— » E||VF(W)| VE(Wy)
T+1; IVEWl < ST+l —gy) + 2(1 — &) Z” 2
2 (1-p)?
Lon(1+2,)).
1_6(1 +f 2 5)5 OTI( +€q)

Thus, we can obtain

2(Wo) = F) | Lon(L+ &)’
(T+ (1 —gy) 1—¢

1 \ﬂ/ +f,/ L0n1+€q

T

1

—_— E|VF ,
1 L EIVETlL <

(98)

99)

(100)

(101)
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Letn = O(ﬁ), 8= O(ﬁ) Lo =0(1) and o0 = O(1), we have

%ﬂ gEVF(Wt)I* < (ﬁ(iml/()))(i Ij?q n L(ml(l—tng)z
+1_45q f\/> +\f\/7Lon1+€q
_ O(W) .
O

B.3. Convergence Analysis of LiMuon Algorithm with Newton-Schulz and Option #2 under Lipschitz Smoothness
Assumption

In this subsection, we provide the convergence analysis of LiMuon algorithm with Newton-Schulz and Option #2 under

Lipschitz smoothness assumption. For notational simplicity, let Zy = V(W &) — VWi &) — (VE(W) —

VF(Wtfl)), 5,5 = VF(Wt) Vf(Wt, ft) and 9t Mt forall ¢ > 1.

Lemma B.7. Assume the stochastic gradient estimate Mt be generated from Algorithm 3 under Option #2. Let (; =
—VF(Wi), ne=mn, By = B,8 > 2,7 > 2, and s + 7 < r. Under the assumption 4.15, we have

T
ZEH@HM” @+ )iy 3o @i (G a2+ YUEED S mage, a0y

where y = T ( 5_1> : with T € (0,1).

Proof. By the definition of M, in Algorithm 3 with Option #2, we have
My = Myy = =My + BV (Wi &) + (1= B) (VWi &) = VI(Wie136)). (104)
Let B; = 3, we have
¢ = VF(W) -
= VF(Wi_1) — My_y + VF(W;) = VF(Wy_1) — (M; — M,_1)
= (1= B)(VE(Wi-1) = My1) + B(VE(W,) = V(Wi &)
— (=B (VWi &) = VI(Wie1;&) — (VE(Wy) — VE(Wi_1)))
(1= BYVF(Wy—1) = My_y) + 86 — (1= B)Zy
(
(

(1=BUVFWy_1) = My_1 + M, _ 1= M, 1)+ 66— (1—-5)Z,
(1=B)VFW_1) = My_1) + (1 = B)0i—1 + 6, — (1 = B) Z;. (105)

By expanding the recursion, then we can obtain

~+

t

t
G=1=B)"+1=8)> (1=B)"01+B> (1-p)"0—(1=p)> (1-p)"Z.. (106)

s=1 s=1 s=1

By using the above lemma A.4, we have

t t
1=B)EY (1 =B) 0 1lr < (1—B) Y (1= B)E|fs—1lr
s=1 s=1
t
B)Y (1= B)'El[ M. (107)
s=1
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By using the proof of the above lemma B.2, we have

E||¢ollr < 0. (108)

Meanwhile, we have

: | B
BE[ D (1= 8)"*bllr < /5= 5 (109)
s=1
We also have
. (1-B)2

(1=BE[D (1-B)Zlr < @ gt (110)

By using the above inequalities (107), (108), (109) and (110), we have

t

t
E|Gllr =E[(1-8)'G+(1—-8) Y (1-5 ”051+ﬂ21— B) 6 —(1=B)Y (1= B)"Z|r
s=1 s=1

s=1

<E[(1 - B8)'Golle + (1~ B EHZ 8)"0,_ nwm&nZ t865||F+<1—5>E||Z<1—m“szs||1:
s=1

t
1_ t s
(1-8 a+,/2_ ,/ n(l+eq) +7(1 -8 ; E||M_1|r). (111)

Let M_1 = 0, then we have

t

ZTEIIQIIF<Z 1-8 H\/Hﬁ g));Ln(1+€q+71— ) (1= B EIM,-a )

s=1
B 2 T T
S% (T'+1) 2_50+(T+1) ((Ql_g))ﬁLn(1+sq +~v(1-8 Z VT E| Ms_1||p
s=0 t=s
o 8 (1- ) -
< -+ (T+1) o+ (T+1) Ln(1+¢eq) E|| M| (112)
B 2-5 2-0)8 ‘ rar iR

Since [|¢[|« < /7[|C[[r, we have

ZEIIQII <‘[g (T+1 xﬂ/ + (T +1)Vr (1+¢e4) + (5 Z]EHMtHF (113)

t=0

O
Theorem B.8. Under the Assumptions 4.15, 4.5, 4.6, the sequence {W; }1_, be generated from Algorithm 3 with Option #2.

N ~ l—¢g4
Let By = € (0,1), ny =nforallt >0,and s > 2, 7> 2, s+ 7 <r,andy < (‘Hi()% we have

2AF(Wy) — F*) _ nL(1+¢,)’ +3+Eq(fo
Tn(l —¢q) 1—¢4 1—eg,\NTB

+\ﬂ/ +\ﬂ/ 1+sq (114)
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Proof. By using the above Lemma B.1, we have

F(Wii1) <E(Wy) + (VF(Wy), Wi — Wy) + §||Wt+1 - Wt”§p
(W)~ VE(W), 0 + S| Ou]2,
=F (W) ~ m{My, O0) ~ ndVE(W,) — My, 00) + S |03,
SF(W) = My O0) + [ VEOW:) — Mol [0llop + 510412,
=F(We) = mi(My, Pr) + ni(My, Py = Og) + i [VE(Wy) = Me|[ || O] op + ganOtng
=F (W) = nel|Mil[s + ne(My, Pr — O) + ne [VF(We) — My [|Ocllop + gntgHOtHzp

L
<SEW) = nel Mells + nel| Ml | Pe — Otllop + nel[VE (W) — M| [|Ollop + 577t2||0t|\§p7

where the second inequality is due to (M, U;V,") = || My||«.

Since P, = U,V,", g4 = ||Or — Pi|op With g, = sup, &4+, we have

‘PtHOP = 1a ||Ot||0p S 1 +€q,t S 1 +€q7

where ¢, € (0,1). Then we can obtain

F(Wig1) SF(We) = ne|| Mell + mel[ Mel| ]| Pe — Otllop + ne|VE (W) — Me|[[| Ot op + §77152||0t||¢2)p
SE(W) = (1= ) [Mel. + (142 V(W) = Myl + (1 +2,)°
SF(Wo) = 2 (1= ) IMill = 2 (1 = 2) IVF (W) + 5 (34 [VF(We) = M.
- gnf(l +e9)%,

where the last inequality holds by || M|« > |[VE (W) ||« — |[VE(Wy) — M.
Letn: = nand ( = VF(W;) — M, then we have

2(F(Wy) = F(Wis1))
n(l —eq)

nL(1+¢,)? 3+e¢
=+ LGl ]-
q

E|IVF(W,)]l. <E] o it
q

— Ml +
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Then we have

E|VF(
T+1Z IVFaT)I.
T
2F (W) — F(Wis)) e 1 §h3te,
M,
= T+1; noe THZII et T +T+121 ‘6.

( (WO) F*) 1 nL<1+5) 1 34+¢
=TT e, THZE”Mt”* . +T+121 “2B1Gl.

AEW) —F) L smgyagy, g HEOE el L Bben(vio gy B

T (T+1)n(l—ey) T+1~ 1—¢, T+11l—e4\ B 2-p
_ B)2 _ T
HT VR G ) + YOEZE S B
t=0
2F(Wp) — F*) 1 <& nL(14¢.)2  3+4¢e,/ Ao B
—(T+1)n(1—5q)_T+1;E|\Mtll*+ 1_5qq +1—sZ((T+1)ﬁ+ﬁ 257
(1-8)? V-8 1 <
T Gl e) + THZ;EMtH*), (119)

where the second last inequality holds by the above lemma B.7, and the last inequality is due to || M||p < || M¢|+-

B(1—¢gq)
Let Y < m, we have

1
T+1

2(F(Wo) — F*) | nL(1+¢,)* N 3+¢4 ( Nz,
(

E|VF(W,
Z | Oll- < (T +1)n(1 —¢,) 1—¢, 1—¢,\(T+1)8

+Vr

50V 5 i + <)

nL(1+e4)? +3+€q(\fo
Tnl—aq 1—¢q 1—e,\TB

/ 1 — B)?
V5TtV G g ) (120)

Letn = O(T2/3) and § = O(Tz/g) we have

20F(Wo) — F*)  nL(1+4¢,)?* 3+¢e, /7o
T—|— ZEHVF Wo)ll. < Tn(l —gq) 1—¢ +1—5q(Tﬁ
+\ﬂ/ a+\ﬂ/ 1+sq
= (1_5 )T1/3) (121)
O

B.4. Convergence Analysis of LiMuon Algorithm with Newton-Schulz and Option #2 under Generalized Smoothness
Assumption

In this subsection, we provide the convergence analysis of LiMuon algorithm with Newton-Schulz and Option #2 under
generalized smoothness assumption.
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Lemma B.9. Assume the stochastic gradient estimate M, be generated from Algorithm 3 under Option #2. Let (; =
—VEW),me=mn, By =, s >2,7> 2, and s + 7 < r. Under the assumption 4.16, we have

Bl < V71 = 8)'0 + Vi [52 g0+ vy G Lol + <)

VL= B+ ) S (1= BRIV E(W, 1)l + vy (1 — 8) S (1= BBl M, 4., (122)

s=1 s=1

1
where y = T ( SL) *and T € (0,1).
Proof. From the above lemma B.7, we have

t t

G=01-p8)"C+(1-8)> (1-p) "6 1+BZ 1- 86, ~ (1= > 1-5)""Z. (123

s=1 s=1 s=1

Then from both lemmas B.5 and B.7, we have
t t t

E[Gille = EII(1 = 8)'Go+ (1= 5) D (1= B)' "0, +ﬁZ(1— B0 — (1= 5)) (1= B)"Z|r

s=1 s=1

<E[[(1-8)Gllr+(1-5 ]Ellzl— B)' 0. 1||F+BE||21— B)dslle + (18 ]Ellzl— B Zsl

t
1-5 gﬂ/ \/7L077 (1+eg) + Li(1 = Bn(1+e4) Y (1= B E|VF(W, 1)l
s=1

t
=B)> (1= B) T E| M1 (124)

s=1

Since ||¢¢]l« < +/7||¢ellR, we have

EG . < VAL - B0 + Vi 520+ VF )) Lon(1 +29)

+VrLi(1=B)n (1+5q)2(1_6)t VE[|VEW)lls + V(1 =5 Z )" E[ M llr

<Vr(1-p5) 0+\f“ UJr\[U L0771+5q

+VrLi(1 = B)n (1+eq)Z<1— DR VE(Weo1) |l + V(1= 8) Y (1= B E| Myl (125)

s=1 s=1
where the last inequality is due to || M;_1||r < [|[Ms—1]|«. O
Theorem B.10. Under the Assumptions 4.16, 4. 5 4.6, the sequence {W,}I_, be generated from Algorithm 3 with Option #2.
Let By = 8 € (0,1), and n; = n < min (4L (1+sq)2’ 4L1f(1(1ﬁ)(€f)+ﬂsq)(3+s )forallt >0,ands>2,7>2 s+7<r,

(1—eg)B
and Y S W, we have

4F(Wy) — F*)  2Lon(1 + &4)*
(T+ (1 —gy) 1—¢,

2(3+8q) \/’[70' ﬁ (1 _ﬁ)g
I—¢ (@05 * \/’:\/;" + WW%W +e)),  (126)
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N

where y = T ( Sil) and T € (0,1).

Proof. This proof basically follows the proof of Theorem B.6. By using the above Lemma B.4, we have

Lo + Li[|[VE (W) ||«

F(Wipr) SF(Wy) + (VE(Wy), Wi — We) + 5 Wi = Will2,
Lo+ L1||VF (W) ||«
P~ m(VE(W,), 05 + L IOl 2
Lo+ L1||VFE(Wy) ||«
W)~ m My, 0) — i (VFW;) - M5, 0) + Lo IOy
Lo+ L1||VF(Wy) ||«
=F(W,) — (Mg, Py) + 10(My, Py — Op) — o (VE (W) — My, Op) + = 1”2 ol e
F(Wy) = mel[ Ml + ne|| Me|l<[| Pr — Otllop + me[[VE(We) — M| [|Otlop
Lo+ L1||VF (W) ||«
4 Lo 1||2 Wl 20, ”Op, (127)
where the last inequality holds by (M;, P;) = (M, U;V,") = || My||..
Since P, = U,V,", €44 = ||O¢ — Pi|op With &, = sup, &,.+, we have
HPtHop =1, ||Ot||op <1 +Eq,t <1 +Eq7 (128)

where ¢, € (0,1). Thus, we can obtain

F(Wiy1) SEWe) = nel| M|« + nel| M|« || P — Otllop + ne[VF (W) — Mi||+]|O¢lop

Lo+ L1||VF(Wy) ||«
+ 0 1”2 ( t)” UEHOtng

F(Wy) — nel| Ml + nel|[ Mil[«eq + me[VE (W) — Myl (1 +&q)

L L1||VF(Wy) ||«
P Lot LITP O
n Ui
<F(W) = 21— e IMille = 2 (1= ) VPOVl + 2 (3 + 2, IVF(W,) = M.

Lo+ Li|[VE(WY)| .
Lot 1H2 Wolle 21 1 ¢ 92, (129)

where the last inequality holds by || M|« > [[VE (W) ||« — |[VE(Wy) — M.
Letn: = nand § = VF(W;) — M, we have

(F(Wy) = F(Wiy1)) 3+5q

2(F — Lon(1 2 LinQ1
BIVAW. < B ).+ 0"1(_”‘” " ”71(_*;%) IR0V + TG
q q q

3
+1+iq(\/¥( a+\f1/ a+\f1/ Lon1+sq
T cq
t t

VLI = Bn(L+2) D (1= B)TIEIVE(Wy-1)ll + v = B) (1 = B El|M,-a]l.),

s=1 s=1
(130)

where the last inequality holds by the above lemma B.9.
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Since M_1 = 0, then we have

LS RIVEW).

T+1
2(F(Wo) — F7) 1 Lon(l + 6q) Lin(1+ 5q)
M; E||VF(
=TT 02, T+1Z” et L v T+1Z IVEW)].

T
3+ 1
n Eqiz( Vr(l—p o'—|—\[1/ +\f1/ Lon +&4)
0
t

l—e, T+14&
B IEIVEW, 1)l +vrr(1 = £) 3 (1 - BBl M, L)

s=1
2(F(Wo) — F*) 1 Lon(l +sq) Lin(l+eg)? 1 «
ST 10—z, T+1Z”Mt” + T, Tad ZEHVF Wl

t
HVILI(1 = B)n(1+eg) Y (1—
s=1

3+€q
1/ L (1
+1_Eq T+1 +Vr o+r on(1+eq)
4 VL = B)n(l + &q) \f 1-p) 1
E|VF(W,)|. E|M 131
: T+1Z IVEW). + Y5 T+1Z M. ). (131)
- (1-c,)8 (1=c,)
Let 0 < < min (s STrvra-pitren@ren) 2147 S @regviiomy Ve have
Lip(l4e)® 1 Bre)/ila(l=fnli+e) 1 Bre)/ml-8) _ 1)
1 —¢ 4 (1—¢g)f 4 (1—¢gg)p

I'hen we have
2(F(Wy) — F* Lon(1 + 1

1 T
—— Y E|VFEW)]. < T+ Dn(l—e,) 1-¢, 2(T +1)

T+ 12~
3+6q

,/ ,/ L (1 133

+1—aq T—I—l AV TV on( *54 (133)

By rewrite the above inequality (133), we can obtain
4(F(Wy) — F*) n 2Lon(1 +¢4)?

1

T+1ZE”VF Wil < (T+1)n(1 —e,) 1—¢,
2(3+¢4) s ro B (1-3)2

+ = ((T+1)B +\/?\/;o—+\/?mmn(1+aq)). (134)

Let n = O(727), 8 = O(5375), Lo = O(1) and o = O(1), we have

& AF(Wo) = F7) | 2Lon(1 +2,)?
— S E|VFE(Wy)l. < T+ 1)2(1 23 01 — e

T+
t=0
2(3+5q) / /
L (1
+ 1 +/r o+ on( —l—aq

1—¢4
1
= 0(7(1 —eq)T1/3)'

(135)
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Table 6. Hyperparameters for Mamba-130M.

Optimizer LR (81, B2) Bt(momentum) | Weight decay | Rank 7 Other Params
Adam le-3 | (0.9,0.999) - 0 - -
AdamW le-3 | (0.9,0.999) - 0.01 - -

Lion 3e-4 (0.9, 0.99) - 0.03 - -

Muon 0.02 - 0.95 0.01 - -
Muon++ 0.02 - 0.95(w) 0.001 clipping M = 3

SUMO 0.002 - 0.95 0.01 8 K =200,y=1.1
LiMuon 0.02 - 0.05 0.01 4 s=5
LiMuon 0.02 - 0.05 0.01 8 §=25
LiMuon 0.02 - 0.05 0.01 16 s=5
LiMuon (full) | 0.02 - 0.05 0.01 full -

Table 7. Hyperparameters for Qwen2.5-0.5B.
Optimizer LR (B1,B82) | B:(momentum) | Weight decay | Rank 7 Other
Adam 6e-4 | (0.9,0.95) - 0 - -
AdamW 6e-4 | (0.9,0.95) - 0.01 - -
Lion le-4 | (0.9,0.99) - 0.05 — -
Muon 0.02 - 0.95 0.01 - -
Muon++ 0.02 - 0.95() 0.005 - clipping M =6
SUMO 0.003 - 0.95 0.001 8 K =100,y=1.1
LiMuon 0.02 - 0.05 0.01 4 s =10
LiMuon 0.02 - 0.05 0.01 8 s=10
LiMuon 0.02 - 0.05 0.01 16 s =10
LiMuon (full) | 0.02 - 0.05 0.01 full -

C. Hyper-parameters in Experiments and Additional Experimental Results

In this section, we provide hyper-parameters used in the experiments, and some additional experimental results. Tables 6, 7
and 8 show the hyper-parameters used for Mamba-130M, Qwen2.5-0.5B and ViT, respectively. Table 9 provides hyper-
parameter search ranges for all algorithms. Figure 4 shows performance comparison at ViT.
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Training Loss

Table 8. Hyperparameters for ViT.

Optimizer LR (81, B2) Bi¢(momentum) | Weight decay | Rank 7 Other
Adam 3e-4 | (0.9, 0.999) - 0 - -
AdamW 3e-4 | (0.9,0.999) - 0.05 - -
Lion 6e-5 (0.9, 0.99) - 0.05 - -
Muon 0.005 - 0.95 0.01 - -
Muon++ 0.01 - 0.95(u) 0.001 - clipping M =3
SUMO 0.002 - 0.95 0.05 8 K =200,v=1.1
LiMuon 0.005 - 0.05 0.05 4 s=5
LiMuon 0.005 - 0.05 0.05 8 s=25
LiMuon 0.005 - 0.05 0.01 16 s=5
LiMuon (full) | 0.005 - 0.05 0.01 full -
Table 9. Hyperparameter Search Ranges.
Hyperparameter Search range
Learning rate (Adam / AdamW) {le-4, 3e-4, 6e-4, 1e-3}
Learning rate (Lion) {3e-5, 6e-5, le-4, 3e-4,1e-3}
Learning rate (Muon / Muon++ / LiMuon) {2e-3, 5e-3, le-2, 2e-2,5¢-2}
Learning rate (SUMO) {5e-4, 1e-3, 2e-3, 3e-3, 5e-3}
Weight decay {0, 1e-3, 5e-3, le-2, 3e-2, 5e-2}
Gradient clipping threshold M (Muon++) {1,2,3,4,6}
Rank 7 (LiMuon) {4,38,16}
Step size s (LiMuon) {5, 10}
Update period K (SUMO) {50, 100, 200}
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Figure 4. Performance comparison at ViT
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