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Abstract
Large models recently are widely applied in ma-
chine learning, so efficient training of large mod-
els has received widespread attention. More re-
cently, the useful Muon optimizer is specifically
designed for matrix-structured parameters of large
models. Although some works have begun to
study the Muon optimizer, the existing Muon and
its variants still suffer from high sample complex-
ity or high memory for large models. To fill this
gap, we propose a light and fast Muon (LiMuon)
optimizer for training large models, which builds
on the momentum-based variance reduced tech-
nique and randomized Singular Value Decomposi-
tion (SVD). In particular, our LiMuon simultane-
ously has a lower memory and lower sample com-
plexity than the Muon and its variants. Moreover,
we prove that our LiMuon with lower memory has
a lower sample complexity of O(ϵ−3) for finding
an ϵ-stationary solution of non-convex stochastic
optimization under the generalized smoothness
condition. To further narrow practice and the-
ory gap, we also prove that our LiMuon with
Newton-Schulz steps has a lower sample com-
plexity than the Muon with Newton-Schulz steps.
Numerical experimental results on pre-training
Mamba-130M, Qwen2.5-0.5B and ViT models
demonstrate effectiveness of our LiMuon.

1. Introduction
Large models are widely used in many machine learn-
ing tasks such as language understanding and genera-
tion (Achiam et al., 2023; Gu & Dao, 2023; Liu et al., 2024),
which consists of a massive amount of parameters. Since
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training large models requires significant computational re-
sources, designing efficient optimizers for training such
models has received widespread attention. Recently, adap-
tive gradient methods such as Adam (Kingma & Ba, 2014)
and AdamW (Loshchilov & Hutter, 2017) have become
standard choice for training large-scale models, which use
their ability to dynamically adjust learning rates based on
the first-order and second-order moment estimates.

Some optimization algorithms (Tuddenham et al., 2022;
Gupta et al., 2018; Jordan et al., 2024; An et al., 2025) re-
cently have made significant progress by taking advantage
of structures in large models, which have shown promis-
ing potential to outperform these standard adaptive gradient
methods. In fact, most of the parameters in neural networks
are naturally represented as matrices or tensors. For exam-
ple, the matrix-structured parameters appear in the query,
key, and value matrices in attention mechanisms (Vaswani
et al., 2017), and tensor-structured parameters appear in nu-
clear tensor of convolutional neural networks (Krizhevsky
et al., 2017). A typical noteworthy optimization algorithm
is the Muon optimizer (Jordan et al., 2024), which updates
matrix parameters with orthogonalized gradient momentum
using Newton-Schulz iteration. It has demonstrated compet-
itive empirical performance across diverse large language
models (LLMs) (Liu et al., 2025).

Recently, some works have begun to studying the conver-
gence properties of the Muon optimizer relying on an exact
SVD-based polar factor. For example, (Shen et al., 2025;
Li & Hong, 2025) proved that the Muon optimizer has a
Stochastic First-order Oracle (SFO) complexity of O(ϵ−4)
for finding an ϵ-nuclear-norm stationary point of noncon-
vex stochastic optimization. (Pethick et al., 2025a) studied
the stochastic conditional gradient (a.k.a., stochastic Frank-
Wolfe) (Hazan & Luo, 2016) methods by leveraging the
linear minimization oracle (LMO) over a norm-ball, which
includes the Muon optimizer, and proved that it also has a
SFO complexity of O(ϵ−4) for finding an ϵ-nuclear-norm
stationary point. Further, (Sfyraki & Wang, 2025) showed
that the Muon with weight decay can be viewed as spe-
cial instances of a stochastic Frank-Wolfe algorithm, and
established its convergence guarantees in terms of the Frank-
Wolfe gap, which implies convergence to a KKT point of
the Muon under a norm constraint for non-convex stochas-
tic optimization. (Chen et al., 2025) provided theoretical
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Table 1. Comparison of the Muon optimizer and its variants for finding an ϵ-stationary point (E∥∇F (W )∥F ≤ ϵ) of nonconvex stochastic
optimization problem (1). Here r̂ ≪ min(m,n) and χq = 1

1−εq
> 1, where εq ∈ (0, 1) is a polar approximation error.

Algorithm Reference SFO Complexity State Memory Generalized Smoothness Newton-Schulz
Muon (Shen et al., 2025) O(ϵ−4) mn
SCG (Pethick et al., 2025a) O(ϵ−4) mn

Gluon (Riabinin et al., 2025) O(ϵ−4) mn
√

GGNC (Pethick et al., 2025b) O(ϵ−4) mn
√

SUMO (Refael et al., 2025) O(ϵ−4) (m+ n)r̂
Muon++ (Sfyraki & Wang, 2025) O(ϵ−3) mn
LiMuon Ours O(ϵ−3) (m+ n)r̂

√

Muon (Kim & Oh, 2026) O(χ4
qϵ

−4) mn
√

LiMuon Ours O(χ3
qϵ

−3) (m+ n)r̂
√ √

results of the Lion-K to show that the Muon with decoupled
weight decay implicitly solves an optimization problem that
enforces a constraint on the spectral norm of weight matri-
ces. Meanwhile, (Kovalev, 2025) studied the convergence
properties of the stochastic non-Euclidean trust-region gra-
dient method with momentum, which recovers the Muon
optimizer as a special case. (Lau et al., 2025) showed that
the Muon is a class of matrix-gradient optimizers from a
unifying preconditioning perspective.

Subsequently, (Riabinin et al., 2025) studied conver-
gence properties of Muon optimizer under the layer-
wise (L0, L1)-smoothness, which is a variant of (L0, L1)-
smoothness (Zhang et al., 2019). Meanwhile, (Pethick et al.,
2025b) also studied the convergence properties of general-
ized gradient norm clipping methods under the (L0, L1)-
smoothness. To accelerate Muon, (Sfyraki & Wang, 2025)
proposed a variance-reduced Muon (i.e., Muon++) algo-
rithm based on the momentum-based variance reduced
technique (Cutkosky & Orabona, 2019; Tran-Dinh et al.,
2022). To obtain memory-efficient LLM training, (Re-
fael et al., 2025) proposed a subspace-aware moment-
orthogonalization (SUMO) optimizer based on the Muon.
So far, although some variants of Muon optimizer have been
developed, these methods still suffer from high gradient
complexity or high memory in training large models (see
Table 1).

To fill this gap, we propose a light and fast Muon optimizer
for training large models, which builds on the momentum-
based variance reduced technique (Cutkosky & Orabona,
2019; Tran-Dinh et al., 2022) and randomized Singular
Value Decomposition (SVD) (Halko et al., 2011). In sum-
mary, our main contributions are as follows:

1) We propose a light and fast Muon (i.e., LiMuon) op-
timizer for the matrix-structured parameters of large
models, which simultaneously has a lower memory and
lower sample complexity than the Muon optimizer (see
Table 1).

2) We provide a solid convergence analysis for our

LiMuon optimizer, and prove that our LiMuon obtains
a lower SFO (or sample) complexity of O(ϵ−3) with a
lower memory for finding an ϵ-stationary point of non-
convex stochastic optimization under the generalized
smoothness condition.

3) We also prove that our LiMuon with Newton-Schulz
steps also obtains a lower SFO complexity of
O(χ3

qϵ
−3) under a lower memory than O(χ4

qϵ
−4) of

Muon with Newton-Schulz (Kim & Oh, 2026).

4) We conduct some numerical experiments on pre-
training Mamba-130M, Qwen2.5-0.5B and ViT models
to verify efficiency of our LiMuon optimizer.

From Table 1, our LiMuon optimizer can simultaneously
obtain a lower SFO complexity and a lower state memory.
Note that although the SUMO (Refael et al., 2025) also
obtains a lower state memory, it relies on a strict condition
that the objective function is bounded by some positive
constants.

Here we need to emphasize that our LiMuon is the first
study of variance-reduced Muon with reduced memory cost.
Moreover, we are the first to introduce a novel low-rank
approximated STORM-like gradient estimator. In theory,
our LiMuon is the first study of convergence properties on
variance-reduced Muon under the generalized smoothness
condition. Moreover, our LiMuon also is the first study
of convergence properties on variance-reduced Muon with
Newton-Schulz steps.

Notation
For all matrices A,B ∈ Rm×n, the Frobenius inner product
is defined as ⟨A,B⟩ = tr(A⊤B) and the Frobenius norm
is defined as ∥A∥F =

√
tr(A⊤A), where tr(·) denotes the

trace of a square matrix. ∥A∥∗ and ∥A∥op denote the nuclear
and spectral (operator) norms of matrix A, respectively.
R+ denotes the set of positive real numbers. For a matrix
A ∈ Rm×n, ∥A∥∗ denotes its nuclear norm. A⊤ denotes
the transpose of matrix A. I denotes an identity matrix.
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xt = O(yt) denotes that xt ≤ cyt for some constant c > 0.

2. Preliminaries
In the paper, we study the Muon optimizer to solve the
following nonconvex stochastic optimization problem:

min
W∈Rm×n

Eξ∼D[f(W ; ξ)], (1)

where F (W ) = Eξ∼D[f(W ; ξ)] : Rm×n → R+ denotes a
loss function of training large models such as deep neural
networks, which generally is nonconvex. Here W ∈ Rm×n

denotes parameter matrix, and ξ is a random variable drawn
from some fixed but unknown data distribution D.

Muon (Jordan et al., 2024) optimizer can be written as: for
all t ≥ 1

Gt = ∇f(Wt; ξt),

Bt = µBt−1 +Gt,

Ot = argmin{∥O −Bt∥F : O⊤O = I, or OO⊤ = I},
(2)

Wt+1 = Wt − ηtOt,

where momentum parameter µ > 0 and learning rate ηt > 0.
Here (2) can be equivalently written as Ot = UV ⊤, where
Bt = UΣV ⊤ is the singular value decomposition (SVD).
Since SVD is usually expensive in practice, especially when
the dimensions are large, a popular implementation of Muon
uses the Newton-Schulz steps (Jordan et al., 2024; Bernstein
& Newhouse, 2024) to approximate the orthogonalization
process.

Algorithm 1 LiMuon Optimizer

1: Input: ηt > 0, βt ∈ [0, 1), 0 < r̂ < r = min(m,n)
and s ≥ 2;

2: Initialize: W0 ∈ Rm×n, ξ0 ∼ D and M0 =
∇f(W0; ξ0);

3: for t = 0, 1, . . . , T − 1 do
4: (Ut,Σt, Vt) = SVD(Mt) ;
5: Wt+1 = Wt − ηtUtV

⊤
t ;

6: Draw a sample ξt+1 ∼ D;
7: Mt+1 = ∇f(Wt+1; ξt+1) + (1 − βt+1)(Mt −

∇f(Wt; ξt+1)) (Option #1);
8: (Ût, Ŝt, V̂t) = RSVD(Mt, r̂, s) (from Algorithm 2),

and M̂t = ÛtŜtV̂
T
t ;

9: Mt+1 = ∇f(Wt+1; ξt+1) + (1 − βt+1)(M̂t −
∇f(Wt; ξt+1)) (Option #2).

10: end for
11: Output: WT .

Algorithm 2 RSVD(A, r̂, s)

1: Input: Matrix A ∈ Rm×n, target rank r̂ > 0, oversam-
pling parameter s > 0;

2: Output: U,Σ, V ;
3: l = r̂ + s, and generate a random Gaussian matrix

Ω ∈ Rn×l;
4: Y = AΩ ∈ Rm×l, and compute the QR decomposition

Y = QR;
5: B = Q⊤A ∈ Rl×n, and compute SVD of the small

matrix: (Ũ ,Σ, V ) = SVD(B), and U = QŨ .

Figure 1. Low Rank Compression of Momentum Mt.

3. Our LiMuon Optimizer
In the section, we propose a light and fast Muon (LiMuon)
optimizer, which builds on the momentum-based variance
reduced technique of STORM (Cutkosky & Orabona, 2019)
and randomized SVD (Halko et al., 2011). Algorithm 1 pro-
vides an algorithmic framework of our LiMuon optimizer.

At the line 4 of Algorithm 1, we use the SVD to obtain the
orthogonalization of stochastic gradient estimate Mt. At the
line 7 of Algorithm 1, we use the momentum-based variance
reduced technique of STORM to obtain stochastic gradient
estimate

Mt+1 = ∇f(Wt+1; ξt+1)+(1−βt+1)(Mt−∇f(Wt; ξt+1)).

Here we still store full-rank gradient estimate Mt ∈ Rm×n,
our LiMuon algorithm with Option #1 could not reduce
state memory.

Compared with the Muon++ (Sfyraki & Wang, 2025) algo-
rithm, our LiMuon (Option #1) algorithm does not rely on
gradient clipping, and uses less tuning parameter (without
clipping parameter) in algorithmic framework. Due to its
simplicity, our LiMuon algorithm has better performances
than the Muon++ in the experiments (Please see the follow-
ing experimental results).

At the line 8 of Algorithm 1, we use randomized SVD to
obtain an approximated estimate M̂t = ÛtŜtV̂

⊤
t , where

Ût ∈ Rm×r̂, Ŝt ∈ Rr̂×r̂ and V̂t ∈ Rn×r̂. The randomized
SVD (RSVD) algorithm is shown in Algorithm 2. Note
that: we store the matrices Ût ∈ Rm×r̂, Ŝt ∈ Rr̂×r̂ and
V̂t ∈ Rn×r̂ instead of the matrix Mt ∈ Rm×n (Please see
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Figure 1). Since r̂ ≪ min(m,n), we have mr̂ + nr̂ +
r̂2 ≪ mn. Thus, our LiMuon algorithm with Option #2
requires lower state memory than that of LiMuon algorithm
with Option #1. Although this RSVD introduces additional
computational cost, it significantly reduces state memory.

At the line 9 of Algorithm 1, we use a low-rank STORM-like
gradient estimate:

Mt+1=∇f(Wt+1; ξt+1)+ (1− βt+1)(M̂t−∇f(Wt; ξt+1)),

where M̂t = ÛtŜtV̂
⊤
t is a low-rank approximated estimate

of momentum Mt.

Algorithm 3 provides an algorithmic framework of our
LiMuon optimizer with Newton-Schulz steps. Since the
exact SVD is expensive, our Algorithm 3 uses a small and
fixed number of Newton-Schulz steps to approximate the
orthogonalization process as in (Jordan et al., 2024). Here
our Algorithm 3 uses the matrix Ot instead of the exact
SVD-based polar factor Pt = UtV

⊤
t used in Algorithm 1.

In practice, Muon (Jordan et al., 2024) uses the polynomial
p2(z) = 3.4445− 4.7750z + 2.0315z2.

Algorithm 3 LiMuon Optimizer with Newton-Schulz

1: Input: ηt > 0, βt ∈ [0, 1), 0 < r̂ < r = min(m,n),
s ≥ 2 and q ≥ 1;

2: Initialize: W0 ∈ Rm×n, ξ0 ∼ D and M0 =
∇f(W0; ξ0);

3: for t = 0, 1, . . . , T − 1 do
4: Ot = Newton-Schulz(Mt, q) (from Algorithm 4);
5: Wt+1 = Wt − ηtOt;
6: Draw a sample ξt+1 ∼ D;
7: Mt+1 = ∇f(Wt+1; ξt+1) + (1 − βt+1)(Mt −

∇f(Wt; ξt+1)) (Option #1);
8: (Ût, Ŝt, V̂t) = RSVD(Mt, r̂, s) (from Algorithm 2),

and M̂t = ÛtŜtV̂
T
t ;

9: Mt+1 = ∇f(Wt+1; ξt+1) + (1 − βt+1)(M̂t −
∇f(Wt; ξt+1)) (Option #2).

10: end for
11: Output: WT .

Algorithm 4 Newton-Schulz(M, q)

1: Input: Matrix M ∈ Rm×n, step size q ≥ 1, and poly-
nomial pκ(·), where κ is degree;

2: Initialize: X0 = M/α with α = max(1, ∥M∥F);
3: for j = 1, 2, . . . , q do
4: Xj = pκ(Xj−1X

⊤
j−1)Xj−1;

5: end for
6: O = Xq;
7: Output: O.

4. Convergence Analysis
In this section, we provide convergence analysis for our
LiMuon algorithm with exact SVD (using in orthogonaliza-
tion process) and Newton-Schulz steps, respectively. All
detailed proofs are provided in the following Appendix. We
first give the definition of ϵ-Frobenius norm and ϵ-nuclear
norm stationary point, respectively.
Definition 4.1. If W ∗ be an ϵ-Frobenius norm stationary
point of F (W ) such as

∥∇F (W ∗)∥F ≤ ϵ, ϵ > 0.

Definition 4.2. If W ∗ be an ϵ-nuclear norm stationary point
of F (W ) such as

∥∇F (W ∗)∥∗ ≤ ϵ, ϵ > 0.

4.1. Convergence Analysis of LiMuon with Exact SVD

In this subsection, we provide convergence analysis for our
LiMuon algorithm with exact SVD under Option #1 and
#2, respectively. We first give some mild assumptions.
Assumption 4.3 (Frobenius-Norm Lipschitz Smooth-
ness). Functions F (W ) and f(W ; ξ) for all ξ ∼ D are
L-Frobenius norm Lipschitz smooth, if for any W,W ′ ∈
Rm×n, we have

∥∇F (W )−∇F (W ′)∥2F ≤ L2∥W −W ′∥2F,
∥∇f(W ; ξ)−∇f(W ′; ξ)∥2F ≤ L2∥W −W ′∥2F.

Assumption 4.4 (Frobenius-Norm Generalized Smooth-
ness). Functions F (W ) and f(W ; ξ) for all ξ ∼ D are
(L0, L1)-Frobenius norm smooth, if for any W,W ′ ∈
Rm×n, we have

∥∇F (W )−∇F (W ′)∥2F
≤ (L2

0 + L2
1∥∇F (W )∥2F)∥W −W ′∥2F,

E∥∇f(W ; ξ)−∇f(W ′; ξ)∥2F
≤ (L2

0 + L2
1(E∥∇F (W )∥F)2)∥W −W ′∥2F.

Assumption 4.3 is the standard Frobenius norm smoothness,
which is a natural extension of the conventional l2-norm
smoothness for functions with vector parameter to functions
with matrix parameter (Beck, 2017). Assumption 4.4 is a
Frobenius norm (L0, L1)-smoothness, which can be seen
as a natural extension of the conventional l2-norm (L0, L1)-
smoothness for functions with vector parameter to functions
with matrix parameter (Zhang et al., 2019).

For a stochastic setting, we also use the following standard
bounded variance assumption.
Assumption 4.5 (Bounded Variance). ∇f(W ; ξ) is an un-
biased stochastic estimator of the true gradient ∇F (W ) and
has a bounded variance, i.e., E[∇f(W ; ξ)] = ∇F (W ) and

E∥∇f(W ; ξ)−∇F (W )∥2F] ≤ σ2.

4
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Assumption 4.6. The objective function F (W ) is lower
bounded, i.e., F ∗ = infW∈Rm×n F (W ) > −∞.

Assumption 4.5 is the standard bounded variance condition
of unbiased stochastic gradient, which is a natural extension
of the conventional l2-norm smoothness for functions with
vector parameters to functions with matrix parameters (Shen
et al., 2025; Li & Hong, 2025). Assumption 4.6 guarantees
feasibility of Problem (1).

4.1.1. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH EXACT SVD AND OPTION #1
UNDER LIPSCHITZ SMOOTHNESS

Theorem 4.7. Under the Assumptions 4.3, 4.5, 4.6, the
sequence {Wt}Tt=0 be generated from Algorithm 1 with
Option #1. Let βt = β ∈ (0, 1) and ηt = η for all t ≥ 0,
we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ F (W0)− F ∗

Tη
+

rLη

2

+ 2
√
r
( σ

Tβ
+

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη

)
,

where r = min(m,n).

Remark 4.8. From the above Theorem 4.7, let η = O( 1
T 2/3 )

and β = O( 1
T 2/3 ), we have

min
0≤t≤T

E∥∇F (Wt)∥∗ ≤ 1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗

≤ O
( 1

T 1/3

)
≤ ϵ.

Thus, our LiMuon has a fast convergence rate of O( 1
T 1/3 ).

Since our LiMuon algorithm only requires one sample at
each iteration, i.e., batch size b = 1, so it has a lower sam-
ple (or SFO) complexity of bT = O(ϵ−3) for finding an
ϵ-nuclear-norm stationary point of the problem (1). Since
∥∇F (Wt)∥F ≤ ∥∇F (Wt)∥∗ for all Wt, our LiMuon al-
gorithm also has a lower SFO complexity of O(ϵ−3) for
finding an ϵ-Frobenius-norm stationary point of the prob-
lem (1).

4.1.2. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH EXACT SVD AND OPTION #1
UNDER GENERALIZED SMOOTHNESS

Theorem 4.9. Under the Assumptions 4.4, 4.5, 4.6, the
sequence {Wt}Tt=0 be generated from Algorithm 1 with
Option #1. Let βt = β ∈ (0, 1) and ηt = η ≤

min
(

1
2L1r

, β
8L1r(1−β)

)
for all t ≥ 0, we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2(F (W0)− F ∗)

Tη
+ rL0η

+
4
√
rσ

Tβ
+ 4

√
r

√
β

2− β
σ + 4L0ηr

√
(1− β)2

(2− β)β
,

where r = min(m,n).

Remark 4.10. From the above Theorem 4.9, let η =
O( 1

T 2/3 ) and β = O( 1
T 2/3 ), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ O
( 1

T 1/3

)
≤ ϵ.

Thus, our LiMuon has a fast convergence rate of O( 1
T 1/3 ).

Since our LiMuon algorithm only requires a sample at each
iteration, i.e., batch size b = 1, so it has a lower sample
(or gradient) complexity of bT = O(ϵ−3) for finding an
ϵ-nuclear-norm stationary solution of the problem (1) under
generalized smoothness condition.

4.1.3. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH EXACT SVD AND OPTION #2
UNDER LIPSCHITZ SMOOTHNESS

Theorem 4.11. Under the Assumptions 4.3, 4.5, 4.6, the
sequence {Wt}Tt=0 be generated from Algorithm 1 with
Option #2. Let βt = β ∈ (0, 1), ηt = η for all t ≥ 0, s ≥ 2,
r̂ ≥ 2, s + r̂ ≤ r = min(m,n), and γ ≤ β

3
√
r(1−β)

, we
have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2(F (W0)− F ∗)

Tη
+ rLη

+ 3
√
r
( σ

Tβ
+

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη

)
,

where γ = τ
(
1 + r̂

s−1

) 1
2

with τ ∈ (0, 1).

Remark 4.12. From the above Theorem 4.11, let η =
O( 1

T 2/3 ) and β = O( 1
T 2/3 ), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ O
( 1

T 1/3

)
≤ ϵ.

Since our LiMuon algorithm only requires a sample at each
iteration, i.e., batch size b = 1, so it has a lower sample
(or gradient) complexity of bT = O(ϵ−3) for finding an
ϵ-nuclear-norm stationary solution of the problem (1). From
this result, our LiMuon algorithm with lower memory cost
still obtains a lower sample complexity of O(ϵ−3).

5
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4.1.4. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH EXACT SVD AND OPTION #2
UNDER GENERALIZED SMOOTHNESS

Theorem 4.13. Under the Assumptions 4.4, 4.5, 4.6, the
sequence {Wt}Tt=0 be generated from Algorithm 1 with
Option #2. Let βt = β ∈ (0, 1) and ηt = η ≤
min

(
1

4L1r
, β
12L1r(1−β)

)
for all t ≥ 0, and s ≥ 2, r̂ ≥ 2,

s+ r̂ ≤ r, and γ ≤ β
3
√
r(1−β)

, we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 4(F (W0)− F ∗)

Tη
+ 2rL0η

+
6
√
rσ

Tβ
+ 6

√
r

√
β

2− β
σ + 6L0ηr

√
(1− β)2

(2− β)β
,

where γ = τ
(
1 + r̂

s−1

) 1
2

and τ ∈ (0, 1).

Remark 4.14. From the above Theorem 4.13, let η =
O( 1

T 2/3 ) and β = O( 1
T 2/3 ), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ O
( 1

T 1/3

)
≤ ϵ.

Our LiMuon algorithm with lower memory cost still obtains
a lower sample complexity of O(ϵ−3) under generalized
smoothness condition.

4.2. Convergence Analysis of LiMuon with
Newton-Schulz

In this subsection, we provide convergence analysis for our
LiMuon algorithm with Newton-Schulz under Option #1
and #2, respectively. We first give some mild assumptions
as in (Kim & Oh, 2026). .
Assumption 4.15 (Nuclear-Norm Lipschitz Smooth).
Functions F (W ) and f(W ; ξ) for all ξ ∼ D are L-nuclear
norm Lipschitz smooth, if for any W,W ′ ∈ Rm×n, we have

∥∇F (W )−∇F (W ′)∥2∗ ≤ L2∥W −W ′∥2op,
∥∇f(W ; ξ)−∇f(W ′; ξ)∥2∗ ≤ L2∥W −W ′∥2op.

Assumption 4.16 (Nuclear-Norm Generalized Smooth-
ness). Functions F (W ) and f(W ; ξ) for all ξ ∼ D are
(L0, L1)-nuclear norm smooth, if for any W,W ′ ∈ Rm×n,
we have

∥∇F (W )−∇F (W ′)∥2∗
≤ (L2

0 + L2
1∥∇F (W )∥2∗)∥W −W ′∥2op,

E∥∇f(W ; ξ)−∇f(W ′; ξ)∥2∗
≤ (L2

0 + L2
1(E∥∇F (W )∥∗)2)∥W −W ′∥2op.

Meanwhile, following (Kim & Oh, 2026), we can define a
polar approximation error, which is the error between the ex-
act polar factor Pt = UtV

⊤
t with [Ut,Σt, Vt] = SVD(Mt))

and the actual step Ot generated by q-step Newton-Schulz
steps, i.e., Ot = Newton-Schulz(Mt, q). This polar approx-
imation error is defined as

εq,t = ∥Ot − Pt∥op εq = sup
t

εq,t. (3)

Following Theorem 2 of (Kim & Oh, 2026), we can set
εq ∈ (0, 1). Since Pt = UtV

⊤
t , εq,t = ∥Ot − Pt∥op with

εq = supt εq,t, we have

∥Pt∥op = 1, ∥Ot∥op ≤ 1 + εq,t ≤ 1 + εq. (4)

4.2.1. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH NEWTON-SCHULZ AND
OPTION #1 UNDER LIPSCHITZ SMOOTHNESS

Theorem 4.17. Under the above Assumptions 4.15, 4.5, 4.6,
the sequence {Wt}Tt=0 be generated from Algorithm 3 with
Option #1. Let βt = β ∈ (0, 1) and ηt = η for all t ≥ 0,
we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ F (W0)− F ∗

Tηχ−1
q

+
Lη(1 + εq)

2

2χ−1
q

+ 2χq

(√rσ

Tβ
+

√
r

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη(1 + εq)

)
,

where χq = 1
1−εq

> 1, and εq ∈ (0, 1) is a polar approxi-
mation error.

Remark 4.18. From the above Theorem 4.17, let η =
O( 1

T 2/3 ) and β = O( 1
T 2/3 ), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ O
( χq

T 1/3

)
≤ ϵ.

Our LiMuon algorithm obtains a lower sample complex-
ity of O(χ3

qϵ
−3) under Lipschitz smooth condition than

O(χ4
qϵ

−4) of the Muon optimizer with Newton-Schulz (Kim
& Oh, 2026).

4.2.2. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH NEWTON-SCHULZ AND
OPTION #1 UNDER GENERALIZED SMOOTHNESS

Theorem 4.19. Under the Assumptions 4.16, 4.5, 4.6, the
sequence {Wt}Tt=0 be generated from Algorithm 3 with
Option #1. Let βt = β ∈ (0, 1) and ηt = η ≤
min

( 1−εq
2L1(1+εq)2

,
β(1−εq)

8L1
√
r(1+εq)(1−β)

)
for all t ≥ 0, we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗≤
2((W0)− F ∗)

(T + 1)ηχ−1
q

+
L0η(1 + εq)

2

χ−1
q

+ 4χq

(√rσ

Tβ
+

√
rβ

2− β
σ +

√
r(1− β)2

(2− β)β
L0η(1 + εq)

)
,

where χq = 1
1−εq

> 1.
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Remark 4.20. From the above Theorem 4.19, let η =
O( 1

T 2/3 ) and β = O( 1
T 2/3 ), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ O
( χq

T 1/3

)
≤ ϵ.

Our LiMuon algorithm obtains a lower sample complexity
of O(χ3

qϵ
−3) under generalized smoothness condition than

O(χ4
qϵ

−4) of the Muon optimizer with Newton-Schulz (Kim
& Oh, 2026).

4.2.3. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH NEWTON-SCHULZ AND
OPTION #2 UNDER LIPSCHITZ SMOOTHNESS

Theorem 4.21. Under the Assumptions 4.15, 4.5, 4.6, the
sequence {Wt}Tt=0 be generated from Algorithm 3 with
Option #2. Let βt = β ∈ (0, 1), ηt = η for all t ≥ 0, s ≥ 2,
r̂ ≥ 2, r̂ + s ≤ r = min(m,n), and γ ≤ β(1−εq)

(3+εq)
√
r(1−β)

,
we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2(F (W0)− F ∗)

Tηχ−1
q

+
ηL(1 + εq)

2

χ−1
q

+
3 + εq
1− εq

(√rσ

Tβ
+
√
r

√
β

2− β
σ

+
√
r

√
(1− β)2

(2− β)β
Lη(1 + εq)

)
,

where γ = τ
(
1 + r̂

s−1

) 1
2

with τ ∈ (0, 1), and χq =
1

1−εq
> 1.

Remark 4.22. From the above Theorem 4.21, let η =
O( 1

T 2/3 ) and β = O( 1
T 2/3 ), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ O
( χq

T 1/3

)
≤ ϵ.

Our LiMuon algorithm with lower memory cost still obtains
a lower sample complexity of O(χ3

qϵ
−3) under Lipschitz

smooth condition than O(χ4
qϵ

−4) of the Muon optimizer
with Newton-Schulz (Kim & Oh, 2026).

4.2.4. CONVERGENCE ANALYSIS OF LIMUON
ALGORITHM WITH NEWTON-SCHULZ AND
OPTION #2 UNDER GENERALIZED SMOOTHNESS

Theorem 4.23. Under the Assumptions 4.16, 4.5, 4.6, the
sequence {Wt}Tt=0 be generated from Algorithm 3 with
Option #2. Let βt = β ∈ (0, 1), and ηt = η ≤
min

( 1−εq
4L1(1+εq)2

,
(1−εq)β

4L1
√
r(1−β)(1+εq)(3+εq)

)
for all t ≥ 0,

s ≥ 2, r̂ ≥ 2, r̂ + s ≤ r and γ ≤ (1−εq)β

(3+εq)
√
r(1−β)

, we

have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 4(F (W0)− F ∗)

(T + 1)ηχ−1
q

+
2L0η(1 + εq)

2

χ−1
q

+
2(3 + εq)

χ−1
q

( √
rσ

(T + 1)β
+

√
r

√
β

2− β
σ

+
√
r

√
(1− β)2

(2− β)β
L0η(1 + εq)

)
,

where γ = τ
(
1 + r̂

s−1

) 1
2

with τ ∈ (0, 1), and χq =
1

1−εq
> 1.

Remark 4.24. From the above Theorem 4.23, let η =
O( 1

T 2/3 ) and β = O( 1
T 2/3 ), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ O
( χq

T 1/3

)
≤ ϵ.

Our LiMuon algorithm with lower memory cost still obtains
a lower sample complexity of O(χ3

qϵ
−3) under generalized

smoothness condition than O(χ4
qϵ

−4) of the Muon opti-
mizer with Newton-Schulz (Kim & Oh, 2026).

Table 2. Performance comparison at Mamba-130M

Method Memory (GB) ↓ Training PPL ↓ Validation PPL ↓
Adam 22.92 480.33 526.19

AdamW 22.92 253.75 266.43
Lion 22.56 75.25 83.82

SUMO 20.10 111.56 118.52
Muon 22.20 62.49 71.27

Muon++ 22.35 51.97 56.79

LiMuon(rank=4) 18.86 71.46 79.12
LiMuon(rank=8) 20.25 59.07 62.23

LiMuon(rank=16) 22.31 50.26 53.84
LiMuon(full rank) 22.80 47.08 47.78

Figure 2. Performance comparison at Mamba-130M

5. Numerical Experiments
In the section, we conduct some numerical experiments to
demonstrate effectiveness of our LiMuon optimizer on pre-
training large models including Mamba-130M (Gu & Dao,
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2023), Qwen2.5-0.5B (Team, 2024) and ViT (Dosovitskiy
et al., 2020). Specifically, we pre-train Mamba-130M on
the wikitext-103 (Merity et al., 2016) dataset, and pre-train
Qwen2.5-0.5B on the MiniPile (Kaddour, 2023) dataset,
and pre-train ViT on the tiny-ImageNet (Le & Yang, 2015)
dataset.

In the experiments, we compare our LiMuon optimizer with
some typical optimizers including Adam (Kingma & Ba,
2014), AdamW (Loshchilov & Hutter, 2017), Lion (Chen
et al., 2023), Muon (Jordan et al., 2024), Muon++ (Sfyraki
& Wang, 2025) and SUMO (Refael et al., 2025). Since the
SCG (Pethick et al., 2025a), Gluon (Riabinin et al., 2025)
and GGNC (Pethick et al., 2025b) in Table 1 mainly focus
on the convergence analysis of the Muon optimizer, these
algorithms basically follow the Muon optimizer. Thus, we
use the standard Muon optimizer instead of the SCG, Gluon
and GGNC optimizer as a comparison. All the experiments
were conducted on the NVIDIA A100-SXM4-80GB.

Table 3. Performance comparison at Qwen-2.5-0.5B

Method Memory (GB) ↓ Training PPL ↓ Validation PPL ↓
Adam 55.24 91.84 181.27

AdamW 55.26 57.97 113.25
Lion 54.08 48.42 113.92

SUMO 52.73 41.26 88.73
Muon 54.14 35.52 67.60

Muon++ 54.30 35.16 82.26

LiMuon(rank=4) 50.86 41.46 92.06
LiMuon(rank=8) 52.55 38.86 54.87

LiMuon(rank=16) 54.21 33.43 46.77
LiMuon(full rank) 55.15 30.87 40.83

Figure 3. Performance comparison at Qwen-2.5-0.5B.

5.1. Pre-training Mamba-130M Model

In this subsection, we evaluate our LiMuon optimizer
against baseline methods on the Mamba-130M (Gu &
Dao, 2023) model, a state space model (SSM) architec-
ture with approximately 130 million parameters. Unlike
Transformer-based models that rely on attention mecha-
nisms with quadratic complexity, Mamba employs selective
state spaces for linear-time sequence modeling, representing
an emerging paradigm in efficient language modeling. We

train the Mamba-130M model from scratch on the WikiText-
103 (Merity et al., 2016) dataset, which contains over 100
million tokens.

In the experiment, training Mamba-130M is conducted for
5,000 iterations with a global batch size of 64 and a se-
quence length of 256. All algorithms are individually tuned
for optimal performance on this architecture. The detailed
hyper-parameters used in all algorithms are given in the
following Appendix C. We evaluate LiMuon under both
full-rank and low-rank settings with r̂ ∈ {4, 8, 16}. For
all Muon and its variants, we employ Newton-Schulz iter-
ation with 10 steps, and use Nesterov momentum. In the
experiments, we choose oversampling parameter s = 5 or
s = 10, which is a standard recommendation in randomized
SVD (Halko et al., 2011).

As shown in Figure 2 and Table 2, our LiMuon optimizer
demonstrates strong performance on this SSM-based archi-
tecture. Our full-rank LiMuon achieves the lowest perplex-
ity (PPL), while providing more stable training dynamics.
Notably, our low-rank LiMuon (rank=8) achieves competi-
tive language modeling performance with substantially re-
duced memory footprint, making them particularly suitable
for training larger SSM models under memory constraints.
These results demonstrate that LiMuon generalizes effec-
tively beyond Transformer architectures to emerging effi-
cient sequence models.

5.2. Pre-training Qwen2.5-0.5B Model

In this subsection, we extend our evaluation to the Qwen2.5-
0.5B (Team, 2024) model, an advanced Transformer-based
large language model with approximately 494 million pa-
rameters. Based on a deep architecture of 24 transformer
layers with a hidden size of 896, the model utilizes 14 at-
tention heads and 2 key-value heads, adopting a modern
design incorporating Grouped Query Attention (GQA) and
SwiGLU activation functions to achieve high efficiency and
performance. In the experiment, we train the Qwen2.5-0.5B
model from scratch on the MiniPile (Kaddour, 2023) dataset,
a curated diverse text corpus containing approximately 300
million tokens.

In the experiment, training Qwen2.5-0.5B is conducted for
2000 iterations with an effective global batch size of 16
and a sequence length of 1024. All algorithms are individ-
ually tuned for optimal performance. The detailed hyper-
parameters used in all algorithms are given in the following
Appendix C. We evaluate LiMuon under both full-rank and
low-rank settings with r̂ ∈ {4, 8, 16}. For all Muon and its
variants, we employ Newton-Schulz iteration with 10 steps,
and use Nesterov momentum.

As detailed in Figure 3 and Table 3, our LiMuon optimizer
demonstrates superior performance on this modern LLM
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Table 4. Performance comparison at ViT

Method Memory (GB) ↓ Training Top-1
Accuracy(%) ↑

Training Top-5
Accuracy(%) ↑

Validation Top-1
Accuracy(%) ↑

Validation Top-5
Accuracy(%) ↑

Adam 5.57 37.47 65.45 32.91 59.96
AdamW 5.58 38.41 65.56 35.85 63.96
Lion 5.44 40.97 68.55 40.21 68.02
SUMO 5.31 51.23 78.08 44.23 70.19
Muon 5.50 78.96 93.64 47.87 73.17
Muon++ 5.52 60.44 83.52 43.62 69.94

LiMuon (rank=4) 5.10 64.73 85.19 44.35 70.86
LiMuon (rank=8) 5.28 71.94 90.06 46.75 72.17
LiMuon (rank=16) 5.44 80.58 93.91 47.98 73.22
LiMuon (full rank) 5.53 81.99 94.64 48.04 73.58

Table 5. Runtime analysis on ViT.

Optimizer Time. Step ↓ Time to Target ↓
Baseline optimizers
Adam 5.58ms 15min15s
AdamW 5.66ms 13min11s
Lion 4.81ms 12min37s

Muon 23.43ms 7min6s
Muon++ 24.50ms 9min54s
SUMO 22.08ms 11min20s

LiMuon (ours)
LiMuon (r̂=4) 24.75ms 12min4s
LiMuon (r̂=8) 25.49ms 10min29s
LiMuon (r̂=16) 26.87ms 10min51s
LiMuon (full rank) 23.37ms 7min 1s

architecture. Our full-rank LiMuon achieves an optimal
performance, establishing a new benchmark, while the low-
rank LiMuon (rank=8) significantly reduce memory cost
during optimization without compromising training stability.
This result highlights versatility of our LiMuon in handling
advanced Transformer architectures with complex compo-
nents like GQA.

5.3. Pre-training ViT Model

In this subsection, we extend our evaluation to the Vision
Transformer (ViT) model, a widely adopted Transformer-
based architecture for image classification with approx-
imately 22 million parameters. The model follows the
standard ViT configuration with a hidden size of 384, 12
transformer layers, 6 attention heads, and a patch size of
16 × 16. We train this ViT model from scratch on the
Tiny-ImageNet (Le & Yang, 2015) dataset, which con-
tains 100,000 training images and 10,000 validation images
across 200 classes, with images resized to 224 × 224 to
match the model’s input requirements.

In the experiment, training the ViT is conducted for 10,000
iterations with a batch size of 128. All algorithms are in-

dividually tuned for optimal performance. The detailed
hyper-parameters used in all algorithms are given in the
following Appendix C. We evaluate LiMuon under both
full-rank and low-rank settings with r̂ ∈ {4, 8, 16}. For all
Muon and its variants, we employ Newton-Schulz iteration
with 10 steps, and use Nesterov momentum.

As detailed in Table 4, our LiMuon optimizer demonstrates
competitive performance on this standard vision architec-
ture. Our full-rank LiMuon achieves the highest classifi-
cation accuracy, while our low-rank LiMuon (rank=8) sig-
nificantly reduce memory cost during optimization without
compromising training stability. These results highlight
versatility of our LiMuon optimizer, confirming its effec-
tiveness not only in Large Language Models but also in
Computer Vision architectures trained from scratch.

In Table 5, Time. Step is the wall-clock time of updating
variable, which does not include time of computing gradi-
ents via backpropagation. Time to Target is the wall-clock
time to first reach a target loss, which include time of com-
puting gradients via backpropagation. Here we give a target
loss L∗ = 3.70 (an example, the other target losses have
similar conclusions). From Table 5, our full rank LiMuon
uses the shortest amount of time to reach the target loss.
Meanwhile, our low-rank LiMuon (rank=8) uses a compara-
ble time to reach the target loss under less memory usage.

6. Conclusion
In the paper, we proposed a light and fast Muon (LiMuon)
optimizer, which simultaneously has a lower memory and
lower sample complexity than the Muon and its variants.
Moreover, we studied the convergence properties of our
LiMuon optimizer with exact SVD and Newton-Schulz
steps, respectively. In particular, we proved that our LiMuon
with Newton-Schulz obtains a lower sample complexity of
O(χ3

qϵ
−3) under a lower memory than O(χ4

qϵ
−4) of the

Muon with Newton-Schulz (Kim & Oh, 2026). Some nu-
merical experimental results on pre-training large models to
demonstrate effectiveness of our LiMuon optimizer.
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A. Convergence Analysis of Our LiMuon with Exact SVD
In the section, we provide the convergence analysis for our LiMuon algorithm with exact SVD (using in orthogonalization
process) under some mild conditions. We first give some useful lemmas.

Lemma A.1. For random variables ξ1, · · · , ξN are independent and its mean is zero, we have

E[∥ξ1 + · · ·+ ξN∥2] = E[∥ξ1∥2 + · · ·+ ∥ξN∥2]. (5)

Lemma A.2. For a random variable ξ, we have

E∥ξ − E[ξ]∥2 = E∥ξ∥2 − (E[ξ])2 ≤ E∥ξ∥2. (6)

Lemma A.3 (Approximation error bound of RSVD (Halko et al., 2011)). Let A ∈ Rm×n have singular values ν1 ≥ ν2 ≥ · · ·.
For a target rank r̂ ≥ 2 and oversampling parameter s ≥ 2, and r̂+s ≤ min(m,n). Then the randomized SVD (Algorithm 2)
produces an approximation Â such that

E∥A− Â∥F ≤
(
1 +

r̂

s− 1

) 1
2

(
∑
j>r̂

ν2j )
1
2 . (7)

Lemma A.4. The matrices Mt and M̂t are generalized from Algorithm 1 or Algorithm 3 , given s ≥ 2, r̂ ≥ 2 and
s+ r̂ ≤ r = min(m,n), we have

∥M̂t −Mt∥F ≤ γ∥Mt∥F, ∀t ≥ 0

where γ = τ
(
1 + r̂

s−1

) 1
2

and τ ∈ (0, 1).

Proof. Suppose matrix Mt has singular values νt1 ≥ νt2 ≥ · · · . By using Lemma A.3, we have

∥M̂t −Mt∥F ≤
(
1 +

r̂

s− 1

) 1
2

(
∑
j>r̂

(νtj)
2)

1
2 ≤

(
1 +

r̂

s− 1

) 1
2

τ∥Mt∥F,

where the last inequality holds by (
∑

j>r̂(ν
t
j)

2)
1
2 ≤ τ(

∑
j≥1(ν

t
j)

2)
1
2 = τ∥Mt∥F with τ ∈ (0, 1). Let γ = τ

(
1 + r̂

s−1

) 1
2

,
we have

∥M̂t −Mt∥F ≤ γ∥Mt∥F.

Lemma A.5. Under the Assumption 4.4, we have for any W,W ′ ∈ Rm×n

F (W ′) ≤ F (W ) + ⟨∇F (W ),W ′ −W ⟩+ L0 + L1∥∇F (W )∥F
2

∥W ′ −W∥2F.

Proof. By using Assumption 4.4, we have

∥∇F (W )−∇F (W ′)∥F ≤
√

(L2
0 + L2

1∥∇F (W )∥2F)∥W −W ′∥2F
≤ (L0 + L1∥∇F (W )∥F)∥W −W ′∥F. (8)

12
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Since F (W ) is differentiable, by applying the fundamental theorem of calculus to G(t) = F (W + t(W ′ −W )), we have

F (W ′) = F (W ) +

∫ 1

0

⟨∇F (W + t(W ′ −W )),W ′ −W ⟩dt

= F (W ) + ⟨∇F (W ),W ′ −W ⟩+
∫ 1

0

⟨∇F (W + t(W ′ −W ))−∇F (W ),W ′ −W ⟩dt

(i)

≤ F (W ) + ⟨∇F (W ),W ′ −W ⟩+
∫ 1

0

∥∇F (W + t(W ′ −W ))−∇F (W )∥F∥W ′ −W∥Fdt

(ii)

≤ F (W ) + ⟨∇F (W ),W ′ −W ⟩+
∫ 1

0

(L0 + L1∥∇F (W )∥F)∥W ′ −W∥2Ftdt

= F (W ) + ⟨∇F (W ),W ′ −W ⟩+ L0 + L1∥∇F (W )∥F
2

∥W ′ −W∥2F, (9)

where the above inequality (i) is by Cauchy-Schwarz inequality and the inequality (ii) is due to the above inequality (8).

For notational simplicity, let ζt = Mt − ∇F (Wt), Zt = ∇F (Wt) − ∇F (Wt−1) −
(
∇f(Wt; ξt) − ∇f(Wt−1; ξt)

)
and

δt = ∇F (Wt)−∇f(Wt; ξt) for all t ≥ 1.

A.1. Convergence Analysis of LiMuon Algorithm with Exact SVD and Option #1 under Lipschitz Smoothness
Assumption

In this subsection, we provide the convergence analysis of Algorithm 1 with Option #1 under Lipschitz smoothness
assumption.

Lemma A.6. Assume the stochastic gradient estimate Mt be generated from Algorithm 1 under Option #1. Let ζt =
Mt −∇F (Wt), ηt = η and βt = β for all t ≥ 0, under the above Assumption 4.3, we have

E∥ζt∥F ≤ (1− β)tσ +

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη. (10)

Proof. By the definition of Mt in Algorithm 1 under Option #1, we have

Mt −Mt−1 = −βtMt−1 + βt∇f(Wt; ξt) + (1− βt)
(
∇f(Wt; ξt)−∇f(Wt−1; ξt)

)
. (11)

Let Zt = ∇f(Wt; ξt)−∇f(Wt−1; ξt)− (∇F (Wt)−∇F (Wt−1)), δt = ∇F (Wt)−∇f(Wt; ξt), and βt = β, we have

ζt = ∇F (Wt)−Mt

= ∇F (Wt−1)−Mt−1 +∇F (Wt)−∇F (Wt−1)− (Mt −Mt−1)

= (1− β)(∇F (Wt−1)−Mt−1) + β(∇F (Wt)−∇f(Wt; ξt))

− (1− β)
(
∇f(Wt; ξt)−∇f(Wt−1; ξt)− (∇F (Wt)−∇F (Wt−1))

)
= (1− β)ζt−1 + βδt + (1− β)Zt (12)

By expanding the recursion, then we can obtain

ζt = (1− β)tζ0 + β

t∑
s=1

(1− β)t−sδs + (1− β)

t∑
s=1

(1− β)t−sZs. (13)

Since M0 = ∇f(W0; ξ0), we have

E∥ζ0∥F = E∥∇f(W0; ξ0)−∇F (W0)∥F =

√(
E∥∇f(W0; ξ0)−∇F (W0)∥F

)2
(i)

≤
√

E∥∇f(W0; ξ0)−∇F (W0)∥2F
(ii)

≤
√
σ2 = σ, (14)

13
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where the above inequality (i) is due to Jensen inequality, and the above inequality (ii) holds by Assumption 4.5.

Meanwhile, we have

βE∥
t∑

s=1

(1− β)t−sδs∥F =

√√√√β2
(
E
∥∥ t∑

s=1

(1− β)t−sδs
∥∥
F

)2
≤

√√√√β2E
∥∥ t∑

s=1

(1− β)t−sδs
∥∥2
F

(i)
=

√√√√β2

t∑
s=1

(1− β)2(t−s)E
∥∥∇F (Ws)−∇f(Ws; ξs)

∥∥2
F

≤

√√√√β2

t∑
s=1

(1− β)2(t−s)σ2 ≤

√
β2

1− (1− β)2
σ2 =

√
β

2− β
σ, (15)

where the above equality (i) holds by the above Lemma A.1 on the fact that {ξ1, · · · , ξt} are independent random variables
and Eξs [∇F (Ws)−∇f(Ws; ξs)] = 0 for all 1 ≤ s ≤ t.

We also can obtain

(1− β)E∥
t∑

s=1

(1− β)t−sZs∥F =

√√√√(1− β)2
(
E∥

t∑
s=1

(1− β)t−sZs∥F
)2

≤

√√√√(1− β)2E∥
t∑

s=1

(1− β)t−sZs∥2F

(i)
=

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)E∥∇f(Ws; ξs)−∇f(Ws−1; ξs)− (∇F (Ws)−∇F (Ws−1))∥2F

(ii)

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)E∥∇f(Ws; ξs)−∇f(Ws−1; ξs)∥2F

(iii)

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2E∥Ws −Ws−1∥2F

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2E∥ηUt−1V ⊤
t−1∥2F

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2η2r

≤

√
(1− β)2

1

1− (1− β)2
L2η2r =

√
r(1− β)2

(2− β)β
Lη, (16)

where the above equality (i) holds by the above Lemma A.1 on the fact that{ξ1, · · · , ξt} are independent random variables
and Eξs [∇f(Ws; ξs)−∇f(Ws−1; ξs)− (∇F (Ws)−∇F (Ws−1))] = 0 for all 1 ≤ s ≤ t; the above inequality (ii) holds
by the above lemma A.2, and the above inequality (iii) is due to Assumption 4.3, and the second last inequality is due to
∥Ut−1V

⊤
t−1∥ ≤

√
r.

14
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By using the above inequalities (14), (15) and (16), we have

E∥ζt∥F = E∥(1− β)tζ0 + β

t∑
s=1

(1− β)t−sδs − (1− β)

t∑
s=1

(1− β)t−sZs∥F

≤ (1− β)tE∥ζ0∥F + βE∥
t∑

s=1

(1− β)t−sδs∥F + (1− β)E∥
t∑

s=1

(1− β)t−sZs∥F

≤ (1− β)tσ +

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη. (17)

Theorem A.7. Under the above Assumptions 4.3, 4.5, 4.6, the sequence {Wt}Tt=0 be generated from Algorithm 1 with
Option #1. Let βt = β ∈ (0, 1) and ηt = η for all t ≥ 0, we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ F (W0)− F ∗

Tη
+

rLη

2
+ 2

√
r
( σ

Tβ
+

√
β

2− β
σ +

√
(1− β)2

(2− β)β
Lηr

)
, (18)

where r = min(m,n).

Proof. Since Mt = UtΣtV
⊤
t , we have

⟨Mt, UtV
⊤
t ⟩ = ⟨UtΣtV

⊤
t , UtV

⊤
t ⟩ = tr

(
(UtΣtV

⊤
t )⊤UtV

⊤
t

)
= tr

(
VtΣtU

⊤
t UtV

⊤
t

)
= tr

(
VtΣtV

⊤
t

)
= tr

(
V ⊤
t VtΣt

)
= tr

(
Σt

)
= ∥Mt∥∗. (19)

By using Assumption 4.3, i.e., f is L Frobenius norm Lipschitz smooth, we have

F (Wt+1) ≤F (Wt) + ⟨∇F (Wt),Wt+1 −Wt⟩+
L

2
∥Wt+1 −Wt∥2F

≤F (Wt)− ηt⟨∇F (Wt), UtV
⊤
t ⟩+ L

2
η2t ∥UtV

⊤
t ∥2F

≤F (Wt)− ηt⟨Mt, UtV
⊤
t ⟩+ rL

2
η2t − ηt⟨∇F (Wt)−Mt, UtV

⊤
t ⟩

≤F (Wt)− ηt⟨Mt, UtV
⊤
t ⟩+ rL

2
η2t + ηt∥∇F (Wt)−Mt∥F∥UtV

⊤
t ∥F]

(i)

≤F (Wt)− ηt∥Mt∥∗ +
rL

2
η2t + ηt

√
r∥∇F (Wt)−Mt∥F

≤F (Wt)− ηt∥∇F (Wt)∥∗ +
rL

2
η2t + 2ηt

√
r∥∇F (Wt)−Mt∥F, (20)

where the above inequality (i) is due to ⟨Mt, UtV
⊤
t ⟩ = ∥Mt∥∗ and ∥UtV

⊤
t ∥F ≤

√
r, and the last inequality holds by

∥Mt∥∗ ≥ ∥∇F (Wt)∥∗−∥∇F (Wt)−Mt∥∗ ≥ ∥∇F (Wt)∥∗−
√
r∥∇F (Wt)−Mt∥F and ∥Mt∥F ≤ ∥Mt∥∗ ≤

√
r∥Mt∥F.

Let ηt = η, then we have

E∥∇F (Wt)∥∗ ≤E
[F (Wt)− F (Wt+1)

η
+

rLη

2
+ 2

√
r∥ζt∥F

]
. (21)
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Thus we can obtain

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤E
[ 1

T + 1

T∑
t=0

F (Wt)− F (Wt+1)

η
+

1

T + 1

T∑
t=0

rLη

2
+

1

T + 1

T∑
t=0

2
√
r∥ζt∥F

]
(i)

≤ F (W0)− F ∗

(T + 1)η
+

rLη

2
+

1

T + 1

T∑
t=0

2
√
rE∥ζt∥F

(ii)

≤ F (W0)− F ∗

(T + 1)η
+

rLη

2
+

2
√
r

T + 1

T∑
t=0

(
(1− β)tσ +

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη

)
≤ F (W0)− F ∗

Tη
+

rLη

2
+ 2

√
r
( σ

Tβ
+

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη

)
, (22)

where the above inequality (i) is due to Assumption 4.6, and the above inequality (ii) holds by the above lemma A.6.

Let η = O( 1
T 2/3 ) and β = O( 1

T 2/3 ), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ F (W0)− F ∗

Tη
+

rLη

2
+ 2

√
r
( σ

Tβ
+

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη

)
= O

( 1

T 1/3
+

1

T 2/3
+

1

T 1/3
+

1

T 1/3
+

1

T 1/3

)
= O

( 1

T 1/3

)
(23)

A.2. Convergence Analysis of LiMuon Algorithm with Exact SVD and Option #1 under Generalized Smoothness
Assumption

In this subsection, we provide the convergence analysis of Algorithm 1 with Option #1 under generalized smoothness
assumption.

Lemma A.8. Assume the stochastic gradient estimate Mt be generated from Algorithm 1 under Option #1. Let ζt =
Mt −∇F (Wt), ηt = η and βt = β for all t ≥ 0, under the assumption 4.4, we have

E∥ζt∥F ≤ (1− β)tσ +

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
L0η + L1(1− β)η

√
r

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥F. (24)
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Proof. By using Assumption 4.4, we have

(1− β)E∥
t∑

s=1

(1− β)t−sZs∥F

=

√√√√(1− β)2
(
E∥

t∑
s=1

(1− β)t−sZs∥F
)2

(i)

≤

√√√√(1− β)2E∥
t∑

s=1

(1− β)t−sZs∥2F

(ii)
=

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)E∥∇f(Ws; ξs)−∇f(Ws−1; ξs)− (∇F (Ws)−∇F (Ws−1))∥2F

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)E∥∇f(Ws; ξs)−∇f(Ws−1; ξs)∥2F

(iii)

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)(L2
0 + L2

1(E∥∇F (Ws−1)∥F)2)∥Ws −Ws−1∥2F

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)(L2
0 + L2

1(E∥∇F (Ws−1)∥F)2)∥ηUt−1V ⊤
t−1∥2F

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)(L2
0 + L2

1(E∥∇F (Ws−1)∥F)2)η2r, (25)

where the above inequality (i) is due to Jensen inequality, and the above equality (ii) holds by the above Lemma A.1 on the fact
that{ξ1, · · · , ξt} are independent random variables and Eξs [∇f(Ws; ξs)−∇f(Ws−1; ξs)− (∇F (Ws)−∇F (Ws−1))] = 0
for all 1 ≤ s ≤ t, and the above inequality (iii) is due to Assumption 4.4.

By using the inequality
√
a+ b ≤

√
a+

√
b for all a, b ≥ 0, we have

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)(L2
0 + L2

1(E∥∇F (Ws−1)∥F)2)η2r

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2
0η

2r +

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2
1(E∥∇F (Ws−1)∥F)2η2r

≤

√
(1− β)2

1

1− (1− β)2
L2
0η

2r +

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2
1(E∥∇F (Ws−1)∥F)2η2r

=

√
r(1− β)2

(2− β)β
L0η +

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2
1(E∥∇F (Ws−1)∥F)2η2r

≤

√
r(1− β)2

(2− β)β
L0η + L1(1− β)η

√
r

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥F. (26)
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By using the above inequalities (25) and (26), we have

(1− β)E∥
t∑

s=1

(1− β)t−sZs∥F ≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)(L0 + L1E∥∇F (Ws)∥F)2η2r

≤

√
r(1− β)2

(2− β)β
L0η + L1(1− β)η

√
r

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥F. (27)

From the above lemma A.6, we have

E∥ζ0∥F ≤ σ. (28)

We also have

βE∥
t∑

s=1

(1− β)t−sδs∥F ≤

√
β

2− β
σ. (29)

By using the above inequalities (27), (28) and (29), we can obtain

E∥ζt∥F = E∥(1− β)tζ0 + β

t∑
s=1

(1− β)t−sδs − (1− β)

t∑
s=1

(1− β)t−sZs∥F

≤ (1− β)tE∥ζ0∥F + βE∥
t∑

s=1

(1− β)t−sδs∥F + (1− β)E∥
t∑

s=1

(1− β)t−sZs∥F

≤ (1− β)tσ +

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
L0η + L1(1− β)η

√
r

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥F. (30)

Theorem A.9. Under the Assumptions 4.4, 4.5, 4.6, the sequence {Wt}Tt=0 be generated from Algorithm 1 with Option #1.
Let βt = β ∈ (0, 1) and ηt = η ≤ min

(
1

2L1r
, β
8L1r(1−β)

)
for all t ≥ 0, we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2(F (W0)− F ∗)

Tη
+ rL0η +

4
√
rσ

Tβ
+ 4

√
r

√
β

2− β
σ + 4L0ηr

√
(1− β)2

(2− β)β
, (31)

where r = min(m,n).

Proof. By using Assumption 4.4 and the above Lemma A.5, we have

F (Wt+1) ≤F (Wt) + ⟨∇F (Wt),Wt+1 −Wt⟩+
L0 + L1∥∇F (Wt)∥F

2
∥Wt+1 −Wt∥2F

≤F (Wt)− ηt⟨∇F (Wt), UtV
⊤
t ⟩+ L0 + L1∥∇F (Wt)∥F

2
η2t ∥UtV

⊤
t ∥2F

≤F (Wt)− ηt⟨Mt, UtV
⊤
t ⟩+ L0 + L1∥∇F (Wt)∥F

2
η2t r − ηt⟨∇F (Wt)−Mt, UtV

⊤
t ⟩

≤F (Wt)− ηt⟨Mt, UtV
⊤
t ⟩+ L0 + L1∥∇F (Wt)∥F

2
η2t r + ηt∥∇F (Wt)−Mt∥F∥UtV

⊤
t ∥F]

(i)

≤F (Wt)− ηt∥Mt∥∗ +
L0 + L1∥∇F (Wt)∥F

2
η2t r + ηt

√
r∥∇F (Wt)−Mt∥F

≤F (Wt)− ηt∥∇F (Wt)∥∗ +
L0 + L1∥∇F (Wt)∥F

2
η2t r + 2ηt

√
r∥∇F (Wt)−Mt∥F, (32)
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where the above inequality (i) holds by ⟨Mt, UtV
⊤
t ⟩ = ∥Mt∥∗ and ∥UtV

⊤
t ∥F ≤

√
r, and the last inequality is due to

∥Mt∥∗ ≥ ∥∇F (Wt)∥∗ − ∥∇F (Wt)−Mt∥∗ ≥ ∥∇F (Wt)∥∗ −
√
r∥∇F (Wt)−Mt∥F.

Let ηt = η, we have

E∥∇F (Wt)∥∗ ≤ E
[F (Wt)− F (Wt+1)

η
+

rL0η

2
+

L1ηr

2
∥∇F (Wt)∥F + 2

√
r∥ζt∥F

]
≤ E[

F (Wt)− F (Wt+1)

η
] +

rL0η

2
+

L1ηr

2
E∥∇F (Wt)∥F + 2

√
r(1− β)tσ + 2

√
r

√
β

2− β
σ

+

√
(1− β)2

(2− β)β
2L0ηr + 2L1(1− β)ηr

t∑
s=1

(1− β)(t−s)E∥∇F (Ws)∥F , (33)

where the last inequality holds by the above lemma A.8.

Let ∇f(W−1) = 0, then we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ F (W0)− F ∗

(T + 1)η
+

rL0η

2
+

L1ηr

2

1

T + 1

T∑
t=0

E∥∇F (Wt)∥F +
2
√
rσ

T + 1

T∑
t=0

(1− β)t + 2
√
r

√
β

2− β
σ

+

√
(1− β)2

(2− β)β
2L0ηr +

2L1(1− β)ηr

T + 1

T∑
t=0

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥F

≤ F (W0)− F ∗

(T + 1)η
+

rL0η

2
+

L1ηr

2

1

T + 1

T∑
t=0

E∥∇F (Wt)∥F +
2
√
rσ

(T + 1)β
+ 2

√
r

√
β

2− β
σ

+

√
(1− β)2

(2− β)β
2L0ηr +

2L1(1− β)ηr

T + 1

T∑
s=0

T∑
t=s

(1− β)(t−s)E∥∇F (Ws−1)∥F

≤ F (W0)− F ∗

(T + 1)η
+

rL0η

2
+

L1ηr

2

1

T + 1

T∑
t=0

E∥∇F (Wt)∥F +
2
√
rσ

(T + 1)β
+ 2

√
r

√
β

2− β
σ

+

√
(1− β)2

(2− β)β
2L0ηr +

2L1(1− β)ηr

β

1

T + 1

T∑
t=0

E∥∇F (Wt)∥F . (34)

Let 0 < η ≤ min
(

1
2L1r

, β
8L1r(1−β)

)
, we have

L1ηr

2
≤ 1

4
,

2L1(1− β)ηr

β
≤ 1

4
. (35)

Then we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ F (W0)− F ∗

(T + 1)η
+

rL0η

2
+

2
√
rσ

(T + 1)β
+ 2

√
r

√
β

2− β
σ

+

√
(1− β)2

(2− β)β
2L0ηr +

1

2(T + 1)

T∑
t=0

E∥∇F (Wt)∥F

≤ F (W0)− F ∗

Tη
+

rL0η

2
+

2
√
rσ

Tβ
+ 2

√
r

√
β

2− β
σ

+

√
(1− β)2

(2− β)β
2L0ηr +

1

2(T + 1)

T∑
t=0

E∥∇F (Wt)∥∗, (36)

where the last inequality holds by ∥Mt∥F ≤ ∥Mt∥∗ ≤
√
r∥Mt∥F.
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Then we can obtain

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2(F (W0)− F ∗)

Tη
+ rL0η +

4
√
rσ

Tβ
+ 4

√
r

√
β

2− β
σ + 4L0ηr

√
(1− β)2

(2− β)β
. (37)

Let η = O( 1
T 2/3 ) and β = O( 1

T 2/3 ), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2(F (W0)− F ∗)

Tη
+ rL0η +

4
√
rσ

Tβ
+ 4

√
r

√
β

2− β
σ + 4L0ηr

√
(1− β)2

(2− β)β

= O
( 1

T 1/3
+

1

T 2/3
+

1

T 1/3
+

1

T 1/3
+

1

T 1/3

)
= O

( 1

T 1/3

)
. (38)

A.3. Convergence Analysis of LiMuon Algorithm with Exact SVD and Option #2 under Lipschitz Smoothness
Assumption

In this subsection, we provide the convergence analysis of Algorithm 1 with Option #2 under Lipschitz smoothness
assumption. For notational simplicity, let Zt = ∇f(Wt; ξt)−∇f(Wt−1; ξt)− (∇F (Wt)−∇F (Wt−1)), δt = ∇F (Wt)−
∇f(Wt; ξt) and θt = Mt − M̂t for all t ≥ 1.
Lemma A.10. Assume the stochastic gradient estimate Mt be generated from Algorithm 1 under Option #2. Let ζt =
Mt −∇F (Wt), ηt = η, βt = β, s ≥ 2, r̂ ≥ 2, and s+ r̂ ≤ r. Under the Assumption 4.3, we have

T∑
t=0

E∥ζt∥F ≤ σ

β
+ (T + 1)

√
β

2− β
σ + (T + 1)

√
r(1− β)2

(2− β)β
Lη +

γ(1− β)

β

T∑
t=0

E∥Mt∥F, (39)

where γ = τ
(
1 + r̂

s−1

) 1
2

with τ ∈ (0, 1).

Proof. By the definition of Mt in Algorithm 1 with Option #2, we have

Mt − M̂t−1 = −βtM̂t−1 + βt∇f(Wt; ξt) + (1− βt)
(
∇f(Wt; ξt)−∇f(Wt−1; ξt)

)
. (40)

Let βt = β, we have

ζt = ∇F (Wt)−Mt

= ∇F (Wt−1)− M̂t−1 +∇F (Wt)−∇F (Wt−1)− (Mt − M̂t−1)

= (1− β)(∇F (Wt−1)− M̂t−1) + β(∇F (Wt)−∇f(Wt; ξt))

− (1− β)
(
∇f(Wt; ξt)−∇f(Wt−1; ξt)− (∇F (Wt)−∇F (Wt−1))

)
= (1− β)(∇F (Wt−1)− M̂t−1) + βδt − (1− β)Zt

= (1− β)(∇F (Wt−1)−Mt−1 +Mt−1 − M̂t−1) + βδt − (1− β)Zt

= (1− β)(∇F (Wt−1)−Mt−1) + (1− β)θt−1 + βδt − (1− β)Zt. (41)

By expanding the recursion, then we can obtain

ζt = (1− β)tζ0 + (1− β)

t∑
s=1

(1− β)t−sθs−1 + β

t∑
s=1

(1− β)t−sδs − (1− β)

t∑
s=1

(1− β)t−sZs. (42)

By using the above lemma A.4, we have

(1− β)E∥
t∑

s=1

(1− β)t−sθs−1∥F ≤ (1− β)

t∑
s=1

(1− β)t−sE∥θs−1∥F

≤ γ(1− β)

t∑
s=1

(1− β)t−sE∥Ms−1∥F. (43)

20



LiMuon: Light and Fast Muon Optimizer for Large Models

By using the proof of the above lemma A.6, we have

E∥ζ0∥F ≤ σ. (44)

Meanwhile, we have

βE∥
t∑

s=1

(1− β)t−sδs∥F ≤

√
β

2− β
σ. (45)

We also have

(1− β)E∥
t∑

s=1

(1− β)t−sZs∥F ≤

√
r(1− β)2

(2− β)β
Lη. (46)

By using the above inequalities (43), (44), (45) and (46), we have

E∥ζt∥F = E∥(1− β)tζ0 + (1− β)

t∑
s=1

(1− β)t−sθs−1 + β

t∑
s=1

(1− β)t−sδs − (1− β)

t∑
s=1

(1− β)t−sZs∥F

≤ E∥(1− β)tζ0∥F + (1− β)E∥
t∑

s=1

(1− β)t−sθs−1∥F + βE∥
t∑

s=1

(1− β)t−sδs∥F + (1− β)E∥
t∑

s=1

(1− β)t−sZs∥F

≤ (1− β)tσ +

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη + γ(1− β)

t∑
s=1

(1− β)t−sE∥Ms−1∥F). (47)

Let M−1 = 0, then we have

T∑
t=0

E∥ζt∥F ≤
T∑

t=0

(
(1− β)tσ +

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη + γ(1− β)

t∑
s=1

(1− β)t−sE∥Ms−1∥F
)

≤ σ

β
+ (T + 1)

√
β

2− β
σ + (T + 1)

√
r(1− β)2

(2− β)β
Lη + γ(1− β)

T∑
s=0

T∑
t=s

(1− β)t−sE∥Ms−1∥F

≤ σ

β
+ (T + 1)

√
β

2− β
σ + (T + 1)

√
r(1− β)2

(2− β)β
Lη +

γ(1− β)

β

T∑
t=0

E∥Mt∥F. (48)

Theorem A.11. Under the Assumptions 4.3, 4.5, 4.6, the sequence {Wt}Tt=0 be generated from Algorithm 1 with Option #2.
Let βt = β ∈ (0, 1), ηt = η for all t ≥ 0, s ≥ 2, r̂ ≥ 2, s+ r̂ ≤ r = min(m,n), and γ ≤ β

3
√
r(1−β)

, we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2(F (W0)− F ∗)

Tη
+ rLη + 3

√
r
( σ

Tβ
+

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη

)
, (49)

where γ = τ
(
1 + r̂

s−1

) 1
2

with τ ∈ (0, 1).
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Proof. By using Assumption 4.3, i.e., f is L Frobenius norm Lipschitz smooth, we have

F (Wt+1) ≤F (Wt) + ⟨∇F (Wt),Wt+1 −Wt⟩+
L

2
∥Wt+1 −Wt∥2F

≤F (Wt)− ηt⟨∇F (Wt), UtV
⊤
t ⟩+ L

2
η2t ∥UtV

⊤
t ∥2F

≤F (Wt)− ηt⟨Mt, UtV
⊤
t ⟩+ rL

2
η2t − ηt⟨∇F (Wt)−Mt, UtV

⊤
t ⟩

≤F (Wt)− ηt⟨Mt, UtV
⊤
t ⟩+ rL

2
η2t + ηt∥∇F (Wt)−Mt∥F∥UtV

⊤
t ∥F]

(i)

≤F (Wt)− ηt∥Mt∥∗ +
rL

2
η2t + ηt

√
r∥∇F (Wt)−Mt∥F

≤F (Wt)−
ηt
2
∥Mt∥∗ −

ηt
2
∥∇F (Wt)∥∗ +

rL

2
η2t +

3

2
ηt
√
r∥∇F (Wt)−Mt∥F, (50)

where the above inequality (i) is due to ⟨Mt, UtV
⊤
t ⟩ = ∥Mt∥∗ and ∥UtV

⊤
t ∥F ≤

√
r, and the last inequality holds by

∥Mt∥∗ ≥ ∥∇F (Wt)∥∗ − ∥∇F (Wt)−Mt∥∗ ≥ ∥∇F (Wt)∥∗ −
√
r∥∇F (Wt)−Mt∥F.

Since ηt = η, we have

E∥∇F (Wt)∥∗ ≤E
[2(F (Wt)− F (Wt+1))

η
− ∥Mt∥∗ + rLη + 3

√
r∥ζt∥F

]
. (51)

Then we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗

≤ E[
1

T + 1

T∑
t=0

2(F (Wt)− F (Wt+1))

η
]− 1

T + 1

T∑
t=0

∥Mt∥∗ +
1

T + 1

T∑
t=0

rLη +
1

T + 1

T∑
t=0

3
√
rE∥ζt∥F

≤ 2(F (W0)− F ∗)

(T + 1)η
− 1

T + 1

T∑
t=0

∥Mt∥∗ + rLη +
1

T + 1

T∑
t=0

3
√
rE∥ζt∥F

≤ 2(F (W0)− F ∗)

(T + 1)η
− 1

T + 1

T∑
t=0

∥Mt∥∗ + rLη +
3
√
r

T + 1

(σ
β
+ (T + 1)

√
β

2− β
σ + (T + 1)

√
r(1− β)2

(2− β)β
Lη

+
γ(1− β)

β

T∑
t=0

E∥Mt∥F
)

≤ 2(F (W0)− F ∗)

(T + 1)η
− 1

T + 1

T∑
t=0

∥Mt∥F + rLη + 3
√
r
( σ

Tβ
+

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη

)
+

3γ
√
r(1− β)

β

1

T + 1

T∑
t=0

E∥Mt∥F, (52)

where the last inequality holds by −∥Mt∥∗ ≤ −∥Mt∥F.

Let γ ≤ β
3
√
r(1−β)

, we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2(F (W0)− F ∗)

Tη
+ rLη + 3

√
r
( σ

Tβ
+

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη

)
. (53)
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Let η = O( 1
T 2/3 ) and β = O( 1

T 2/3 ), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2(F (W0)− F ∗)

Tη
+ rLη + 3

√
r
( σ

Tβ
+

√
β

2− β
σ +

√
r(1− β)2

(2− β)β
Lη

)
= O

( 1

T 1/3
+

1

T 2/3
+

1

T 1/3
+

1

T 1/3
+

1

T 1/3

)
= O

( 1

T 1/3

)
. (54)

A.4. Convergence Analysis of LiMuon Algorithm with Exact SVD and Option #2 under Generalized Smoothness
Assumption

In this subsection, we provide the convergence analysis of Algorithm 1 with Option #2 under generalized smoothness
assumption.
Lemma A.12. Assume the stochastic gradient estimate Mt be generated from Algorithm 1 under Option #2. Let ζt =
Mt −∇F (Wt), ηt = η, βt = β, s ≥ 2, r̂ ≥ 2, and s+ r̂ ≤ r. Under the Assumption 4.4, we have

E∥ζt∥F ≤ (1− β)tσ +

√
β

2− β
σ + L0η

√
r(1− β)2

(2− β)β
+ L1η

√
r(1− β)

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥F

+ γ(1− β)

t∑
s=1

(1− β)t−sE∥Ms−1∥F, (55)

where γ = τ
(
1 + r̂

s−1

) 1
2

and τ ∈ (0, 1).

Proof. From the above lemma A.10, we have

ζt = (1− β)tζ0 + (1− β)

t∑
s=1

(1− β)t−sθs−1 + β

t∑
s=1

(1− β)t−sδs − (1− β)

t∑
s=1

(1− β)t−sZs. (56)

Then from both lemmas A.8 and A.10, we have

E∥ζt∥F = E∥(1− β)tζ0 + (1− β)

t∑
s=1

(1− β)t−sθs−1 + β

t∑
s=1

(1− β)t−sδs − (1− β)

t∑
s=1

(1− β)t−sZs∥F

≤ E∥(1− β)tζ0∥F + (1− β)E∥
t∑

s=1

(1− β)t−sθs−1∥F + βE∥
t∑

s=1

(1− β)t−sδs∥F + (1− β)E∥
t∑

s=1

(1− β)t−sZs∥F

≤ (1− β)tσ +

√
β

2− β
σ + L0η

√
r(1− β)2

(2− β)β
+ L1η

√
r(1− β)

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥F

+ γ(1− β)

t∑
s=1

(1− β)t−sE∥Ms−1∥F. (57)

Theorem A.13. Under the Assumptions 4.4, 4.5, 4.6, the sequence {Wt}Tt=0 be generated from Algorithm 1 with Option #2.
Let βt = β ∈ (0, 1), and ηt = η ≤ min

(
1

4L1r
, β
12L1r(1−β)

)
for all t ≥ 0, and s ≥ 2, r̂ ≥ 2, s+ r̂ ≤ r, and γ ≤ β

3
√
r(1−β)

,
we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 4(F (W0)− F ∗)

Tη
+ 2rL0η +

6
√
rσ

Tβ
+ 6

√
r

√
β

2− β
σ + 6L0ηr

√
(1− β)2

(2− β)β
, (58)

where γ = τ
(
1 + r̂

s−1

) 1
2

and τ ∈ (0, 1).
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Proof. This proof basically follows the proof of Theorem A.9. By using Assumption 4.4 and the above Lemma A.5, we
have

F (Wt+1) ≤F (Wt) + ⟨∇F (Wt),Wt+1 −Wt⟩+
L0 + L1∥∇F (Wt)∥F

2
∥Wt+1 −Wt∥2F

≤F (Wt)− ηt⟨∇F (Wt), UtV
⊤
t ⟩+ L0 + L1∥∇F (Wt)∥F

2
η2t ∥UtV

⊤
t ∥2F

≤F (Wt)− ηt⟨Mt, UtV
⊤
t ⟩+ L0 + L1∥∇F (Wt)∥F

2
η2t r − ηt⟨∇F (Wt)−Mt, UtV

⊤
t ⟩

≤F (Wt)− ηt⟨Mt, UtV
⊤
t ⟩+ L0 + L1∥∇F (Wt)∥F

2
η2t r + ηt∥∇F (Wt)−Mt∥F∥UtV

⊤
t ∥F]

(i)

≤F (Wt)− ηt∥Mt∥∗ +
L0 + L1∥∇F (Wt)∥F

2
η2t r + ηt

√
r∥∇F (Wt)−Mt∥F

≤F (Wt)−
ηt
2
∥Mt∥∗ −

ηt
2
∥∇F (Wt)∥∗ +

L0 + L1∥∇F (Wt)∥F
2

η2t r +
3

2
ηt
√
r∥∇F (Wt)−Mt∥F, (59)

where the above inequality (i) holds by ⟨Mt, UtV
⊤
t ⟩ = ∥Mt∥∗ and ∥UtV

⊤
t ∥F ≤

√
r, and the last inequality is due to

∥Mt∥∗ ≥ ∥∇F (Wt)∥∗ − ∥∇F (Wt)−Mt∥∗ ≥ ∥∇F (Wt)∥∗ −
√
r∥∇F (Wt)−Mt∥F.

Let ηt = η, we have

E∥∇F (Wt)∥∗ ≤ E
[2(F (Wt)− F (Wt+1))

η
− ∥Mt∥∗ + rL0η + L1ηr∥∇F (Wt)∥F + 3

√
r∥ζt∥F

]
≤ E[

2(F (Wt)− F (Wt+1))

η
]− ∥Mt∥∗ + rL0η + L1ηr∥∇F (Wt)∥F + 3

√
r(1− β)tσ + 3

√
r

√
β

2− β
σ

+ 3L0ηr

√
(1− β)2

(2− β)β
+ 3L1ηr(1− β)

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥F

+ 3
√
rγ(1− β)

t∑
s=1

(1− β)t−sE∥Ms−1∥F, (60)

where the last inequality holds by the above lemma A.8.

Since M−1 = 0, then we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗

≤ 2(F (W0)− F ∗)

(T + 1)η
− 1

T + 1

T∑
t=0

∥Mt∥∗ + rL0η + L1ηr
1

T + 1

T∑
t=0

E∥∇F (Wt)∥F +
3
√
rσ

T + 1

T∑
t=0

(1− β)t + 3
√
r

√
β

2− β
σ

+ 3L0ηr

√
(1− β)2

(2− β)β
+ 3L1ηr(1− β)

1

T + 1

T∑
t=0

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥F

+ 3
√
rγ(1− β)

1

T + 1

T∑
t=0

t∑
s=1

(1− β)t−sE∥Ms−1∥F

≤ 2(F (W0)− F ∗)

(T + 1)η
− 1

T + 1

T∑
t=0

∥Mt∥∗ + rL0η + L1ηr
1

T + 1

T∑
t=0

E∥∇F (Wt)∥F +
3
√
rσ

(T + 1)β
+ 3

√
r

√
β

2− β
σ

+ 3L0ηr

√
(1− β)2

(2− β)β
+

3L1ηr(1− β)

β

1

T + 1

T∑
t=0

E∥∇F (Wt)∥F

+
3
√
rγ(1− β)

β

1

T + 1

T∑
t=0

E∥Mt∥F. (61)
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Let 0 < η ≤ min
(

1
4L1r

, β
12L1r(1−β)

)
and γ ≤ β

3
√
r(1−β)

, we have

L1ηr ≤ 1

4
,

3L1ηr(1− β)

β
≤ 1

4
,

3
√
rγ(1− β)

β
≤ 1. (62)

Then we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2(F (W0)− F ∗)

(T + 1)η
+ rL0η +

3
√
rσ

(T + 1)β
+ 3

√
r

√
β

2− β
σ

+ 3L0ηr

√
(1− β)2

(2− β)β
+

1

2(T + 1)

T∑
t=0

E∥∇F (Wt)∥F

≤ 2(F (W0)− F ∗)

(T + 1)η
+ rL0η +

3
√
rσ

(T + 1)β
+ 3

√
r

√
β

2− β
σ

+ 3L0ηr

√
(1− β)2

(2− β)β
+

1

2(T + 1)

T∑
t=0

E∥∇F (Wt)∥∗, (63)

where the first inequality holds by ∥Mt∥F ≤ ∥Mt∥∗ ≤
√
r∥Mt∥F.

Then we can obtain

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 4(F (W0)− F ∗)

Tη
+ 2rL0η +

6
√
rσ

Tβ
+ 6

√
r

√
β

2− β
σ + 6L0ηr

√
(1− β)2

(2− β)β
. (64)

Let η = O( 1
T 2/3 ) and β = O( 1

T 2/3 ), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 4(F (W0)− F ∗)

Tη
+ 2rL0η +

6
√
rσ

Tβ
+ 6

√
r

√
β

2− β
σ + 6L0ηr

√
(1− β)2

(2− β)β

= O
( 1

T 1/3
+

1

T 2/3
+

1

T 1/3
+

1

T 1/3
+

1

T 1/3

)
= O

( 1

T 1/3

)
. (65)

B. Convergence Analysis of Our LiMuon with Newton-Schulz
In the section, we provide the convergence analysis for our LiMuon algorithm with Newton-Schulz steps under some mild
conditions.

B.1. Convergence Analysis of LiMuon Algorithm with Newton-Schulz and Option #1 under Lipschitz Smoothness
Assumption

In this subsection, we provide the convergence analysis of LiMuon algorithm with Newton-Schulz and Option #1 under
Lipschitz smoothness assumption.

Lemma B.1. (Lemma 6 of (Kim & Oh, 2026)) Under the above assumption 4.15, we have

F (W ′) ≤ F (W ) + ⟨∇F (W ),W ′ −W ⟩+ L

2
∥W ′ −W∥2op, ∀W,W ′ ∈ Rm×n. (66)

Lemma B.2. Assume the stochastic gradient estimate Mt be generated from Algorithm 3 under Option #1. Let ζt =
Mt −∇F (Wt), ηt = η and βt = β for all t ≥ 0, under the above Assumption 4.15, we have

E∥ζt∥∗ ≤
√
r(1− β)tσ +

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
Lη(1 + εq). (67)
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Proof. This proof follows the above proof of Lemma A.6. By the definition of Mt in Algorithm 3 under Option #1, we have

Mt −Mt−1 = −βtMt−1 + βt∇f(Wt; ξt) + (1− βt)
(
∇f(Wt; ξt)−∇f(Wt−1; ξt)

)
. (68)

Let Zt = ∇f(Wt; ξt)−∇f(Wt−1; ξt)− (∇F (Wt)−∇F (Wt−1)), δt = ∇F (Wt)−∇f(Wt; ξt), and βt = β, we have

ζt = ∇F (Wt)−Mt

= ∇F (Wt−1)−Mt−1 +∇F (Wt)−∇F (Wt−1)− (Mt −Mt−1)

= (1− β)(∇F (Wt−1)−Mt−1) + β(∇F (Wt)−∇f(Wt; ξt))

− (1− β)
(
∇f(Wt; ξt)−∇f(Wt−1; ξt)− (∇F (Wt)−∇F (Wt−1))

)
= (1− β)ζt−1 + βδt + (1− β)Zt (69)

By expanding the recursion, then we can obtain

ζt = (1− β)tζ0 + β

t∑
s=1

(1− β)t−sδs + (1− β)

t∑
s=1

(1− β)t−sZs. (70)

Since M0 = ∇f(W0; ξ0), we have

E∥ζ0∥F = E∥∇f(W0; ξ0)−∇F (W0)∥F =

√(
E∥∇f(W0; ξ0)−∇F (W0)∥F

)2
(i)

≤
√

E∥∇f(W0; ξ0)−∇F (W0)∥2F
(ii)

≤
√
σ2 = σ, (71)

where the above inequality (i) is due to Jensen inequality, and the above inequality (ii) holds by Assumption 4.5.

Meanwhile, we have

βE∥
t∑

s=1

(1− β)t−sδs∥F =

√√√√β2
(
E
∥∥ t∑

s=1

(1− β)t−sδs
∥∥
F

)2
≤

√√√√β2E
∥∥ t∑

s=1

(1− β)t−sδs
∥∥2
F

(i)
=

√√√√β2

t∑
s=1

(1− β)2(t−s)E
∥∥∇F (Ws)−∇f(Ws; ξs)

∥∥2
F

≤

√√√√β2

t∑
s=1

(1− β)2(t−s)σ2 ≤

√
β2

1− (1− β)2
σ2 =

√
β

2− β
σ, (72)

where the above equality (i) holds by the above Lemma A.1 on the fact that {ξ1, · · · , ξt} are independent random variables
and Eξs [∇F (Ws)−∇f(Ws; ξs)] = 0 for all 1 ≤ s ≤ t.
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We also can obtain

(1− β)E∥
t∑

s=1

(1− β)t−sZs∥F =

√√√√(1− β)2
(
E∥

t∑
s=1

(1− β)t−sZs∥F
)2

≤

√√√√(1− β)2E∥
t∑

s=1

(1− β)t−sZs∥2F

(i)
=

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)E∥∇f(Ws; ξs)−∇f(Ws−1; ξs)− (∇F (Ws)−∇F (Ws−1))∥2F

(ii)

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)E∥∇f(Ws; ξs)−∇f(Ws−1; ξs)∥2F

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)E∥∇f(Ws; ξs)−∇f(Ws−1; ξs)∥2∗

(iii)

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2E∥Ws −Ws−1∥2op

=

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2E∥ηOt−1∥2op

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2η2(1 + εq)2

≤

√
(1− β)2

1

1− (1− β)2
L2η2(1 + εq)2 =

√
(1− β)2

(2− β)β
Lη(1 + εq), (73)

where the above equality (i) holds by the above Lemma A.1 on the fact that{ξ1, · · · , ξt} are independent random variables
and Eξs [∇f(Ws; ξs)−∇f(Ws−1; ξs)− (∇F (Ws)−∇F (Ws−1))] = 0 for all 1 ≤ s ≤ t; the above inequality (ii) holds
by the above lemma A.2, and the above inequality (iii) is due to Assumption 4.15, and the second last inequality is due to
∥Ot−1∥op ≤ 1 + εq .

By using the above inequalities (71), (72) and (73), we have

E∥ζt∥F = E∥(1− β)tζ0 + β

t∑
s=1

(1− β)t−sδs − (1− β)

t∑
s=1

(1− β)t−sZs∥F

≤ (1− β)tE∥ζ0∥F + βE∥
t∑

s=1

(1− β)t−sδs∥F + (1− β)E∥
t∑

s=1

(1− β)t−sZs∥F

≤ (1− β)tσ +

√
β

2− β
σ +

√
(1− β)2

(2− β)β
Lη(1 + εq). (74)

Since ∥ζt∥∗ ≤
√
r∥ζt∥F, we have

E∥ζt∥∗ ≤
√
rE∥ζt∥F ≤

√
r(1− β)tσ +

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
Lη(1 + εq). (75)
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Theorem B.3. Under the above Assumptions 4.15, 4.5, 4.6, the sequence {Wt}Tt=0 be generated from Algorithm 3 with
Option #1. Let βt = β ∈ (0, 1) and ηt = η for all t ≥ 0, we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ F (W0)− F ∗

Tη(1− εq)
+

Lη(1 + εq)
2

2(1− εq)
+

2

1− εq

(√rσ

Tβ
+

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
Lη(1 + εq)

)
,

(76)

where εq ∈ (0, 1) is a polar approximation error.

Proof. By using the above Lemma B.1, we have

F (Wt+1) ≤F (Wt) + ⟨∇F (Wt),Wt+1 −Wt⟩+
L

2
∥Wt+1 −Wt∥2op

=F (Wt)− ηt⟨∇F (Wt), Ot⟩+
L

2
η2t ∥Ot∥2op

=F (Wt)− ηt⟨Mt, Ot⟩ − ηt⟨∇F (Wt)−Mt, Ot⟩+
L

2
η2t ∥Ot∥2op

≤F (Wt)− ηt⟨Mt, Ot⟩+ ηt∥∇F (Wt)−Mt∥∗∥Ot∥op +
L

2
η2t ∥Ot∥2op

=F (Wt)− ηt⟨Mt, Pt⟩+ ηt⟨Mt, Pt −Ot⟩+ ηt∥∇F (Wt)−Mt∥∗∥Ot∥op +
L

2
η2t ∥Ot∥2op

=F (Wt)− ηt∥Mt∥∗ + ηt⟨Mt, Pt −Ot⟩+ ηt∥∇F (Wt)−Mt∥∗∥Ot∥op +
L

2
η2t ∥Ot∥2op

≤F (Wt)− ηt∥Mt∥∗ + ηt Mt∥∗∥Pt −Ot∥op + ηt∥∇F (Wt)−Mt∥∗∥Ot∥op +
L

2
η2t ∥Ot∥2op, (77)

where the second inequality is due to ⟨Mt, UtV
⊤
t ⟩ = ∥Mt∥∗.

Since Pt = UtV
⊤
t , εq,t = ∥Ot − Pt∥op with εq = supt εq,t, we have

∥Pt∥op = 1, ∥Ot∥op ≤ 1 + εq,t ≤ 1 + εq, (78)

where εq ∈ (0, 1). Thus, we can obtain

F (Wt+1) ≤ F (Wt)− ηt∥Mt∥∗ + ηt Mt∥∗∥Pt −Ot∥op + ηt∥∇F (Wt)−Mt∥∗∥Ot∥op +
L

2
η2t ∥Ot∥2op

≤ F (Wt)− ηt(1− εq)∥Mt∥∗ + ηt(1 + εq)∥∇F (Wt)−Mt∥∗ +
L

2
η2t (1 + εq)

2

≤ F (Wt)− ηt(1− εq)∥∇F (Wt)∥∗ + 2ηt∥∇F (Wt)−Mt∥∗ +
L

2
η2t (1 + εq)

2, (79)

where the last inequality holds by ∥Mt∥∗ ≥ ∥∇F (Wt)∥∗ − ∥∇F (Wt)−Mt∥∗.

Let ηt = η and ζt = ∇F (Wt)−Mt, then we have

E∥∇F (Wt)∥∗ ≤E
[F (Wt)− F (Wt+1)

η(1− εq)
+

2

1− εq
∥ζt∥∗ +

Lη(1 + εq)
2

2(1− εq)

]
. (80)
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Thus we can obtain

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗

≤ E
[ 1

T + 1

T∑
t=0

F (Wt)− F (Wt+1)

η(1− εq)
+

1

T + 1

T∑
t=0

2

1− εq
∥ζt∥∗ +

1

T + 1

T∑
t=0

rLη(1 + εq)
2

2(1− εq)

]
(i)

≤ F (W0)− F ∗

(T + 1)η(1− εq)
+

Lη(1 + εq)
2

2(1− εq)
+

1

T + 1

T∑
t=0

2

1− εq
∥ζt∥∗

(ii)

≤ F (W0)− F ∗

(T + 1)η(1− εq)
+

Lη(1 + εq)
2

2(1− εq)
+

1

T + 1

T∑
t=0

2

1− εq

(√
r(1− β)tσ +

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
Lη(1 + εq)

)
≤ F (W0)− F ∗

Tη(1− εq)
+

Lη(1 + εq)
2

2(1− εq)
+

2

1− εq

(√rσ

Tβ
+

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
Lη(1 + εq)

)
, (81)

where the above inequality (i) is due to Assumption 4.6, and the above inequality (ii) holds by the above lemma A.6.

Let η = O( 1
T 2/3 ), β = O( 1

T 2/3 ), L = O(1) and σ = O(1), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗

≤ F (W0)− F ∗

Tη(1− εq)
+

Lη(1 + εq)
2

2(1− εq)
+

2

1− εq

(√rσ

Tβ
+

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
Lη(1 + εq)

)
= O

( 1

(1− εq)T 1/3
+

1

(1− εq)T 2/3
+

1

(1− εq)T 1/3
+

1

(1− εq)T 1/3
+

1

(1− εq)T 1/3

)
= O

( 1

(1− εq)T 1/3

)
(82)

B.2. Convergence Analysis of LiMuon Algorithm with Newton-Schulz and Option #1 under Generalized Smoothness
Assumption

In this subsection, we provide the convergence analysis of LiMuon algorithm with Newton-Schulz and Option #1 under
generalized smoothness assumption.

Lemma B.4. Under the Assumption 4.16, we have for any W,W ′ ∈ Rm×n

F (W ′) ≤ F (W ) + ⟨∇F (W ),W ′ −W ⟩+ L0 + L1∥∇F (W )∥∗
2

∥W ′ −W∥2op.

Proof. By using Assumption 4.16, we have

∥∇F (W )−∇F (W ′)∥F ≤
√

(L2
0 + L2

1∥∇F (W )∥2∗)∥W −W ′∥2op
≤ (L0 + L1∥∇F (W )∥∗)∥W −W ′∥op. (83)
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Since F (W ) is differentiable, by applying the fundamental theorem of calculus to G(t) = F (W + t(W ′ −W )), we have

F (W ′) = F (W ) +

∫ 1

0

⟨∇F (W + t(W ′ −W )),W ′ −W ⟩dt

= F (W ) + ⟨∇F (W ),W ′ −W ⟩+
∫ 1

0

⟨∇F (W + t(W ′ −W ))−∇F (W ),W ′ −W ⟩dt

(i)

≤ F (W ) + ⟨∇F (W ),W ′ −W ⟩+
∫ 1

0

∥∇F (W + t(W ′ −W ))−∇F (W )∥∗∥W ′ −W∥opdt

(ii)

≤ F (W ) + ⟨∇F (W ),W ′ −W ⟩+
∫ 1

0

(L0 + L1∥∇F (W )∥∗)∥W ′ −W∥2optdt

= F (W ) + ⟨∇F (W ),W ′ −W ⟩+ L0 + L1∥∇F (W )∥∗
2

∥W ′ −W∥2op, (84)

where the above inequality (i) is by Cauchy-Schwarz inequality and the inequality (ii) is due to the above inequality (83).

Lemma B.5. Assume the stochastic gradient estimate Mt be generated from Algorithm 3 under Option #1. Let ζt =
Mt −∇F (Wt), ηt = η and βt = β for all t ≥ 0, under the assumption 4.16, we have

E∥ζt∥∗ ≤
√
r(1− β)tσ +

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
L0η(1 + εq)

+ L1(1− β)η
√
r(1 + εq)

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥∗. (85)
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Proof. By using Assumption 4.16, we have

(1− β)E∥
t∑

s=1

(1− β)t−sZs∥F

=

√√√√(1− β)2
(
E∥

t∑
s=1

(1− β)t−sZs∥F
)2

(i)

≤

√√√√(1− β)2E∥
t∑

s=1

(1− β)t−sZs∥2F

(ii)
=

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)E∥∇f(Ws; ξs)−∇f(Ws−1; ξs)− (∇F (Ws)−∇F (Ws−1))∥2F

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)E∥∇f(Ws; ξs)−∇f(Ws−1; ξs)∥2F

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)E∥∇f(Ws; ξs)−∇f(Ws−1; ξs)∥2∗

(iii)

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)(L2
0 + L2

1(E∥∇F (Ws−1)∥∗)2)∥Ws −Ws−1∥2op

=

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)(L2
0 + L2

1(E∥∇F (Ws−1)∥∗)2)∥ηOt−1∥2op

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)(L2
0 + L2

1(E∥∇F (Ws−1)∥∗)2)η2(1 + εq)2, (86)

where the above inequality (i) is due to Jensen inequality, and the above equality (ii) holds by the above Lemma A.1 on the fact
that{ξ1, · · · , ξt} are independent random variables and Eξs [∇f(Ws; ξs)−∇f(Ws−1; ξs)− (∇F (Ws)−∇F (Ws−1))] = 0
for all 1 ≤ s ≤ t, and the above inequality (iii) is due to Assumption 4.16.

By using the inequality
√
a+ b ≤

√
a+

√
b for all a, b ≥ 0, we have√√√√(1− β)2

t∑
s=1

(1− β)2(t−s)(L2
0 + L2

1(E∥∇F (Ws−1)∥∗)2)η2(1 + εq)2

≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2
0η

2(1 + εq)2 +

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2
1(E∥∇F (Ws−1)∥∗)2η2(1 + εq)2

≤

√
(1− β)2

1

1− (1− β)2
L2
0η

2(1 + εq)2 +

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2
1(E∥∇F (Ws−1)∥∗)2η2(1 + εq)2

=

√
(1− β)2

(2− β)β
L0η(1 + εq) +

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)L2
1(E∥∇F (Ws−1)∥∗)2η2r2

≤

√
(1− β)2

(2− β)β
L0η(1 + εq) + L1(1− β)η(1 + εq)

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥∗. (87)

31



LiMuon: Light and Fast Muon Optimizer for Large Models

By using the above inequalities (86) and (87), we have

(1− β)E∥
t∑

s=1

(1− β)t−sZs∥F ≤

√√√√(1− β)2
t∑

s=1

(1− β)2(t−s)(L0 + L1E∥∇F (Ws)∥∗)2η2(1 + εq)2

≤

√
(1− β)2

(2− β)β
L0η(1 + εq) + L1(1− β)η(1 + εq)

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥∗.

(88)

From the above lemma A.6, we have

E∥ζ0∥F ≤ σ. (89)

We also have

βE∥
t∑

s=1

(1− β)t−sδs∥F ≤

√
β

2− β
σ. (90)

By using the above inequalities (88), (89) and (90), we can obtain

E∥ζt∥F = E∥(1− β)tζ0 + β

t∑
s=1

(1− β)t−sδs − (1− β)

t∑
s=1

(1− β)t−sZs∥F

≤ (1− β)tE∥ζ0∥F + βE∥
t∑

s=1

(1− β)t−sδs∥F + (1− β)E∥
t∑

s=1

(1− β)t−sZs∥F

≤ (1− β)tσ +

√
β

2− β
σ +

√
(1− β)2

(2− β)β
L0η(1 + εq) + L1(1− β)η(1 + εq)

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥∗.

(91)

Since ∥ζt∥∗ ≤
√
r∥ζt∥F, we have

E∥ζt∥∗ ≤
√
r(1− β)tσ +

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
L0η(1 + εq)

+ L1(1− β)η
√
r(1 + εq)

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥∗. (92)

Theorem B.6. Under the Assumptions 4.16, 4.5, 4.6, the sequence {Wt}Tt=0 be generated from Algorithm 3 with Option #1.
Let βt = β ∈ (0, 1) and ηt = η ≤ min

( 1−εq
2L1(1+εq)2

,
β(1−εq)

8L1
√
r(1+εq)(1−β)

)
for all t ≥ 0, we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2((W0)− F ∗)

(T + 1)η(1− εq)
+

L0η(1 + εq)
2

1− εq

+
4

1− εq

(√rσ

Tβ
+

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
L0η(1 + εq)

)
, (93)

where εq ∈ (0, 1) is a polar approximation error.
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Proof. By using the above Lemma B.4, we have

F (Wt+1) ≤F (Wt) + ⟨∇F (Wt),Wt+1 −Wt⟩+
L0 + L1∥∇F (Wt)∥∗

2
∥Wt+1 −Wt∥2op

≤F (Wt)− ηt⟨∇F (Wt), Ot⟩+
L0 + L1∥∇F (Wt)∥∗

2
η2t ∥Ot∥2op

≤F (Wt)− ηt⟨Mt, Ot⟩ − ηt⟨∇F (Wt)−Mt, Ot⟩+
L0 + L1∥∇F (Wt)∥∗

2
η2t ∥Ot∥op

=F (Wt)− ηt⟨Mt, Pt⟩+ ηt⟨Mt, Pt −Ot⟩ − ηt⟨∇F (Wt)−Mt, Ot⟩+
L0 + L1∥∇F (Wt)∥∗

2
η2t ∥Ot∥2op

≤F (Wt)− ηt∥Mt∥∗ + ηt∥Mt∥∗∥Pt −Ot∥op + ηt∥∇F (Wt)−Mt∥∗∥Ot∥op

+
L0 + L1∥∇F (Wt)∥∗

2
η2t ∥Ot∥2op, (94)

where the last inequality holds by ⟨Mt, Pt⟩ = ⟨Mt, UtV
⊤
t ⟩ = ∥Mt∥∗.

Since Pt = UtV
⊤
t , εq,t = ∥Ot − Pt∥op with εq = supt εq,t, we have

∥Pt∥op = 1, ∥Ot∥op ≤ 1 + εq,t ≤ 1 + εq, (95)

where εq ∈ (0, 1). Thus, we can obtain

F (Wt+1) ≤F (Wt)− ηt∥Mt∥∗ + ηt∥Mt∥∗∥Pt −Ot∥op + ηt∥∇F (Wt)−Mt∥∗∥Ot∥op

+
L0 + L1∥∇F (Wt)∥∗

2
η2t ∥Ot∥2op

≤F (Wt)− ηt∥Mt∥∗ + ηt∥Mt∥∗εq + ηt∥∇F (Wt)−Mt∥∗(1 + εq)

+
L0 + L1∥∇F (Wt)∥∗

2
η2t (1 + εq)

2

≤F (Wt)− ηt(1− εq)∥∇F (Wt)∥∗ + 2ηt∥∇F (Wt)−Mt∥∗ +
L0 + L1∥∇F (Wt)∥∗

2
η2t (1 + εq)

2, (96)

where the last inequality holds by ∥Mt∥∗ ≥ ∥∇F (Wt)∥∗ − ∥∇F (Wt)−Mt∥∗.

Let ηt = η and ζt = ∇F (Wt)−Mt, we have

E∥∇F (Wt)∥∗ ≤ E
[F (Wt)− F (Wt+1)

η(1− εq)
+

L0η(1 + εq)
2

2(1− εq)
+

L1η(1 + εq)
2

2(1− εq)
∥∇F (Wt)∥∗ +

2

1− εq
∥ζt∥∗

]
≤ E[

F (Wt)− F (Wt+1)

η(1− εq)
] +

L0η(1 + εq)
2

2(1− εq)
+

L1η(1 + εq)
2

2(1− εq)
E∥∇F (Wt)∥∗

+
2

1− εq

(√
r(1− β)tσ +

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
L0η(1 + εq)

+ L1(1− β)η
√
r(1 + εq)

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥∗
)
, (97)

where the last inequality holds by the above lemma B.5.
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Let ∇f(W−1) = 0, then we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ F (W0)− F ∗

(T + 1)η(1− εq)
+

L0η(1 + εq)
2

2(1− εq)
+

L1η(1 + εq)
2

2(1− εq)

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗

+
2

1− εq

1

T + 1

T∑
t=0

(√
r(1− β)tσ +

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
L0η(1 + εq)

+ L1(1− β)η
√
r(1 + εq)

t∑
s=1

(1− β)(t−s)E∥∇F (Ws−1)∥∗
)

≤ F (W0)− F ∗

(T + 1)η(1− εq)
+

L0η(1 + εq)
2

2(1− εq)
+

L1η(1 + εq)
2

2(1− εq)

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗

+
2

1− εq

( √
rσ

(T + 1)β
+

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
L0η(1 + εq)

+ L1(1− β)η
√
r(1 + εq)

1

T + 1

T∑
s=0

T∑
t=s

(1− β)(t−s)E∥∇F (Ws−1)∥∗
)

≤ F (W0)− F ∗

(T + 1)η(1− εq)
+

L0η(1 + εq)
2

2(1− εq)
+

L1η(1 + εq)
2

2(1− εq)

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗

+
2

1− εq

(√rσ

Tβ
+

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
L0η(1 + εq)

)
+

2L1(1− β)η
√
r(1 + εq)

β(1− εq)

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗, (98)

Let 0 < η ≤ min
( 1−εq
2L1(1+εq)2

,
β(1−εq)

8L1
√
r(1+εq)(1−β)

)
, we have

L1η(1 + εq)
2

2(1− εq)
≤ 1

4
,

2L1(1− β)η
√
r(1 + εq)

β(1− εq)
≤ 1

4
. (99)

By using the above inequality (98), then we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ F (W0)− F ∗

(T + 1)η(1− εq)
+

L0η(1 + εq)
2

2(1− εq)
+

1

2(T + 1)

T∑
t=0

∥∇F (Wt)∥∗

+
2

1− εq

(√rσ

Tβ
+

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
L0η(1 + εq)

)
. (100)

Thus, we can obtain

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2((W0)− F ∗)

(T + 1)η(1− εq)
+

L0η(1 + εq)
2

1− εq

+
4

1− εq

(√rσ

Tβ
+

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
L0η(1 + εq)

)
. (101)

34



LiMuon: Light and Fast Muon Optimizer for Large Models

Let η = O( 1
T 2/3 ), β = O( 1

T 2/3 ), L0 = O(1) and σ = O(1), we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2((W0)− F ∗)

(T + 1)η(1− εq)
+

L0η(1 + εq)
2

1− εq

+
4

1− εq

(√rσ

Tβ
+

√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
L0η(1 + εq)

)
= O

( 1

(1− εq)T 1/3

)
. (102)

B.3. Convergence Analysis of LiMuon Algorithm with Newton-Schulz and Option #2 under Lipschitz Smoothness
Assumption

In this subsection, we provide the convergence analysis of LiMuon algorithm with Newton-Schulz and Option #2 under
Lipschitz smoothness assumption. For notational simplicity, let Zt = ∇f(Wt; ξt) − ∇f(Wt−1; ξt) − (∇F (Wt) −
∇F (Wt−1)), δt = ∇F (Wt)−∇f(Wt; ξt) and θt = Mt − M̂t for all t ≥ 1.
Lemma B.7. Assume the stochastic gradient estimate Mt be generated from Algorithm 3 under Option #2. Let ζt =
Mt −∇F (Wt), ηt = η, βt = β,s ≥ 2, r̂ ≥ 2, and s+ r̂ ≤ r. Under the assumption 4.15, we have

T∑
t=0

E∥ζt∥∗ ≤
√
rσ

β
+ (T + 1)

√
r

√
β

2− β
σ + (T + 1)

√
r

√
(1− β)2

(2− β)β
Lη(1 + εq) +

√
rγ(1− β)

β

T∑
t=0

E∥Mt∥F, (103)

where γ = τ
(
1 + r̂

s−1

) 1
2

with τ ∈ (0, 1).

Proof. By the definition of Mt in Algorithm 3 with Option #2, we have

Mt − M̂t−1 = −βtM̂t−1 + βt∇f(Wt; ξt) + (1− βt)
(
∇f(Wt; ξt)−∇f(Wt−1; ξt)

)
. (104)

Let βt = β, we have

ζt = ∇F (Wt)−Mt

= ∇F (Wt−1)− M̂t−1 +∇F (Wt)−∇F (Wt−1)− (Mt − M̂t−1)

= (1− β)(∇F (Wt−1)− M̂t−1) + β(∇F (Wt)−∇f(Wt; ξt))

− (1− β)
(
∇f(Wt; ξt)−∇f(Wt−1; ξt)− (∇F (Wt)−∇F (Wt−1))

)
= (1− β)(∇F (Wt−1)− M̂t−1) + βδt − (1− β)Zt

= (1− β)(∇F (Wt−1)−Mt−1 +Mt−1 − M̂t−1) + βδt − (1− β)Zt

= (1− β)(∇F (Wt−1)−Mt−1) + (1− β)θt−1 + βδt − (1− β)Zt. (105)

By expanding the recursion, then we can obtain

ζt = (1− β)tζ0 + (1− β)

t∑
s=1

(1− β)t−sθs−1 + β

t∑
s=1

(1− β)t−sδs − (1− β)

t∑
s=1

(1− β)t−sZs. (106)

By using the above lemma A.4, we have

(1− β)E∥
t∑

s=1

(1− β)t−sθs−1∥F ≤ (1− β)

t∑
s=1

(1− β)t−sE∥θs−1∥F

≤ γ(1− β)

t∑
s=1

(1− β)t−sE∥Ms−1∥F. (107)
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By using the proof of the above lemma B.2, we have

E∥ζ0∥F ≤ σ. (108)

Meanwhile, we have

βE∥
t∑

s=1

(1− β)t−sδs∥F ≤

√
β

2− β
σ. (109)

We also have

(1− β)E∥
t∑

s=1

(1− β)t−sZs∥F ≤

√
(1− β)2

(2− β)β
Lη(1 + εq). (110)

By using the above inequalities (107), (108), (109) and (110), we have

E∥ζt∥F = E∥(1− β)tζ0 + (1− β)

t∑
s=1

(1− β)t−sθs−1 + β

t∑
s=1

(1− β)t−sδs − (1− β)

t∑
s=1

(1− β)t−sZs∥F

≤ E∥(1− β)tζ0∥F + (1− β)E∥
t∑

s=1

(1− β)t−sθs−1∥F + βE∥
t∑

s=1

(1− β)t−sδs∥F + (1− β)E∥
t∑

s=1

(1− β)t−sZs∥F

≤ (1− β)tσ +

√
β

2− β
σ +

√
(1− β)2

(2− β)β
Lη(1 + εq) + γ(1− β)

t∑
s=1

(1− β)t−sE∥Ms−1∥F). (111)

Let M−1 = 0, then we have

T∑
t=0

E∥ζt∥F ≤
T∑

t=0

(
(1− β)tσ +

√
β

2− β
σ +

√
(1− β)2

(2− β)β
Lη(1 + εq) + γ(1− β)

t∑
s=1

(1− β)t−sE∥Ms−1∥F
)

≤ σ

β
+ (T + 1)

√
β

2− β
σ + (T + 1)

√
(1− β)2

(2− β)β
Lη(1 + εq) + γ(1− β)

T∑
s=0

T∑
t=s

(1− β)t−sE∥Ms−1∥F

≤ σ

β
+ (T + 1)

√
β

2− β
σ + (T + 1)

√
(1− β)2

(2− β)β
Lη(1 + εq) +

γ(1− β)

β

T∑
t=0

E∥Mt∥F. (112)

Since ∥ζt∥∗ ≤
√
r∥ζt∥F, we have

T∑
t=0

E∥ζt∥∗ ≤
√
rσ

β
+ (T + 1)

√
r

√
β

2− β
σ + (T + 1)

√
r

√
(1− β)2

(2− β)β
Lη(1 + εq) +

√
rγ(1− β)

β

T∑
t=0

E∥Mt∥F. (113)

Theorem B.8. Under the Assumptions 4.15, 4.5, 4.6, the sequence {Wt}Tt=0 be generated from Algorithm 3 with Option #2.
Let βt = β ∈ (0, 1), ηt = η for all t ≥ 0, and s ≥ 2, r̂ ≥ 2, s+ r̂ ≤ r, and γ ≤ β(1−εq)

(3+εq)
√
r(1−β)

, we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗ ≤ 2(F (W0)− F ∗)

Tη(1− εq)
+

ηL(1 + εq)
2

1− εq
+

3 + εq
1− εq

(√rσ

Tβ

+
√
r

√
β

2− β
σ +

√
r

√
(1− β)2

(2− β)β
Lη(1 + εq)

)
, (114)

where γ = τ
(
1 + r̂

s−1

) 1
2

with τ ∈ (0, 1).
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Proof. By using the above Lemma B.1, we have

F (Wt+1) ≤F (Wt) + ⟨∇F (Wt),Wt+1 −Wt⟩+
L

2
∥Wt+1 −Wt∥2op

=F (Wt)− ηt⟨∇F (Wt), Ot⟩+
L

2
η2t ∥Ot∥2op

=F (Wt)− ηt⟨Mt, Ot⟩ − ηt⟨∇F (Wt)−Mt, Ot⟩+
L

2
η2t ∥Ot∥2op

≤F (Wt)− ηt⟨Mt, Ot⟩+ ηt∥∇F (Wt)−Mt∥∗∥Ot∥op +
L

2
η2t ∥Ot∥2op

=F (Wt)− ηt⟨Mt, Pt⟩+ ηt⟨Mt, Pt −Ot⟩+ ηt∥∇F (Wt)−Mt∥∗∥Ot∥op +
L

2
η2t ∥Ot∥2op

=F (Wt)− ηt∥Mt∥∗ + ηt⟨Mt, Pt −Ot⟩+ ηt∥∇F (Wt)−Mt∥∗∥Ot∥op +
L

2
η2t ∥Ot∥2op

≤F (Wt)− ηt∥Mt∥∗ + ηt∥Mt∥∗∥Pt −Ot∥op + ηt∥∇F (Wt)−Mt∥∗∥Ot∥op +
L

2
η2t ∥Ot∥2op, (115)

where the second inequality is due to ⟨Mt, UtV
⊤
t ⟩ = ∥Mt∥∗.

Since Pt = UtV
⊤
t , εq,t = ∥Ot − Pt∥op with εq = supt εq,t, we have

∥Pt∥op = 1, ∥Ot∥op ≤ 1 + εq,t ≤ 1 + εq, (116)

where εq ∈ (0, 1). Then we can obtain

F (Wt+1) ≤F (Wt)− ηt∥Mt∥∗ + ηt∥Mt∥∗∥Pt −Ot∥op + ηt∥∇F (Wt)−Mt∥∗∥Ot∥op +
L

2
η2t ∥Ot∥2op

≤F (Wt)− ηt(1− εq)∥Mt∥∗ + ηt(1 + εq)∥∇F (Wt)−Mt∥∗ +
L

2
η2t (1 + εq)

2

≤F (Wt)−
ηt
2
(1− εq)∥Mt∥∗ −

ηt
2
(1− εq)∥∇F (Wt)∥∗ +

ηt
2
(3 + εq)∥∇F (Wt)−Mt∥∗

+
L

2
η2t (1 + εq)

2, (117)

where the last inequality holds by ∥Mt∥∗ ≥ ∥∇F (Wt)∥∗ − ∥∇F (Wt)−Mt∥∗.

Let ηt = η and ζt = ∇F (Wt)−Mt, then we have

E∥∇F (Wt)∥∗ ≤E
[2(F (Wt)− F (Wt+1))

η(1− εq)
− ∥Mt∥∗ +

ηL(1 + εq)
2

1− εq
+

3 + εq
1− εq

∥ζt∥∗
]
. (118)
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Then we have

1

T + 1

T∑
t=0

E∥∇F (Wt)∥∗

≤ E[
1

T + 1

T∑
t=0

2(F (Wt)− F (Wt+1))

η(1− εq)
− 1

T + 1

T∑
t=0

∥Mt∥∗ +
ηL(1 + εq)

2

1− εq
+

1

T + 1

T∑
t=0

3 + εq
1− εq

∥ζt∥∗]

≤ 2(F (W0)− F ∗)

(T + 1)η(1− εq)
− 1

T + 1

T∑
t=0

E∥Mt∥∗ +
ηL(1 + εq)

2

1− εq
+

1

T + 1

T∑
t=0

3 + εq
1− εq

E∥ζt∥∗

≤ 2(F (W0)− F ∗)

(T + 1)η(1− εq)
− 1

T + 1

T∑
t=0

E∥Mt∥∗ +
ηL(1 + εq)

2

1− εq
+

1

T + 1

3 + εq
1− εq

(√rσ

β
+ (T + 1)

√
r

√
β

2− β
σ

+ (T + 1)
√
r

√
(1− β)2

(2− β)β
Lη(1 + εq) +

√
rγ(1− β)

β

T∑
t=0

E∥Mt∥F
)

≤ 2(F (W0)− F ∗)

(T + 1)η(1− εq)
− 1

T + 1

T∑
t=0

E∥Mt∥∗ +
ηL(1 + εq)

2

1− εq
+

3 + εq
1− εq

( √
rσ

(T + 1)β
+

√
r

√
β

2− β
σ

+
√
r

√
(1− β)2

(2− β)β
Lη(1 + εq) +

√
rγ(1− β)

β

1

T + 1

T∑
t=0

E∥Mt∥∗
)
, (119)

where the second last inequality holds by the above lemma B.7, and the last inequality is due to ∥Mt∥F ≤ ∥Mt∥∗.
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Let η = O( 1
T 2/3 ) and β = O( 1

T 2/3 ), we have
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B.4. Convergence Analysis of LiMuon Algorithm with Newton-Schulz and Option #2 under Generalized Smoothness
Assumption

In this subsection, we provide the convergence analysis of LiMuon algorithm with Newton-Schulz and Option #2 under
generalized smoothness assumption.
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Lemma B.9. Assume the stochastic gradient estimate Mt be generated from Algorithm 3 under Option #2. Let ζt =
Mt −∇F (Wt), ηt = η, βt = β, s ≥ 2, r̂ ≥ 2, and s+ r̂ ≤ r. Under the assumption 4.16, we have
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where γ = τ
(
1 + r̂

s−1

) 1
2

and τ ∈ (0, 1).

Proof. From the above lemma B.7, we have
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Then from both lemmas B.5 and B.7, we have
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Since ∥ζt∥∗ ≤
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r∥ζt∥F, we have
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where the last inequality is due to ∥Ms−1∥F ≤ ∥Ms−1∥∗.

Theorem B.10. Under the Assumptions 4.16, 4.5, 4.6, the sequence {Wt}Tt=0 be generated from Algorithm 3 with Option #2.
Let βt = β ∈ (0, 1), and ηt = η ≤ min
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where γ = τ
(
1 + r̂

s−1

) 1
2

and τ ∈ (0, 1).

Proof. This proof basically follows the proof of Theorem B.6. By using the above Lemma B.4, we have
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where the last inequality holds by ⟨Mt, Pt⟩ = ⟨Mt, UtV
⊤
t ⟩ = ∥Mt∥∗.

Since Pt = UtV
⊤
t , εq,t = ∥Ot − Pt∥op with εq = supt εq,t, we have

∥Pt∥op = 1, ∥Ot∥op ≤ 1 + εq,t ≤ 1 + εq, (128)

where εq ∈ (0, 1). Thus, we can obtain
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where the last inequality holds by ∥Mt∥∗ ≥ ∥∇F (Wt)∥∗ − ∥∇F (Wt)−Mt∥∗.

Let ηt = η and ζt = ∇F (Wt)−Mt, we have
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where the last inequality holds by the above lemma B.9.
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Since M−1 = 0, then we have
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Then we have
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By rewrite the above inequality (133), we can obtain
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Let η = O( 1
T 2/3 ), β = O( 1

T 2/3 ), L0 = O(1) and σ = O(1), we have
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Table 6. Hyperparameters for Mamba-130M.

Optimizer LR (β1, β2) βt(momentum) Weight decay Rank r̂ Other Params
Adam 1e-3 (0.9, 0.999) – 0 – –
AdamW 1e-3 (0.9, 0.999) – 0.01 – –
Lion 3e-4 (0.9, 0.99) – 0.03 – –
Muon 0.02 – 0.95 0.01 – –
Muon++ 0.02 – 0.95(µ) 0.001 – clipping M = 3
SUMO 0.002 – 0.95 0.01 8 K = 200, γ = 1.1
LiMuon 0.02 – 0.05 0.01 4 s = 5
LiMuon 0.02 – 0.05 0.01 8 s = 5
LiMuon 0.02 – 0.05 0.01 16 s = 5
LiMuon (full) 0.02 – 0.05 0.01 full –

Table 7. Hyperparameters for Qwen2.5-0.5B.

Optimizer LR (β1, β2) βt(momentum) Weight decay Rank r̂ Other
Adam 6e-4 (0.9, 0.95) – 0 – –
AdamW 6e-4 (0.9, 0.95) – 0.01 – –
Lion 1e-4 (0.9, 0.99) – 0.05 – –
Muon 0.02 – 0.95 0.01 – –
Muon++ 0.02 – 0.95(µ) 0.005 – clipping M = 6
SUMO 0.003 – 0.95 0.001 8 K = 100, γ = 1.1
LiMuon 0.02 – 0.05 0.01 4 s = 10
LiMuon 0.02 – 0.05 0.01 8 s = 10
LiMuon 0.02 – 0.05 0.01 16 s = 10
LiMuon (full) 0.02 – 0.05 0.01 full –

C. Hyper-parameters in Experiments and Additional Experimental Results
In this section, we provide hyper-parameters used in the experiments, and some additional experimental results. Tables 6, 7
and 8 show the hyper-parameters used for Mamba-130M, Qwen2.5-0.5B and ViT, respectively. Table 9 provides hyper-
parameter search ranges for all algorithms. Figure 4 shows performance comparison at ViT.
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Table 8. Hyperparameters for ViT.

Optimizer LR (β1, β2) βt(momentum) Weight decay Rank r̂ Other
Adam 3e-4 (0.9, 0.999) – 0 – –
AdamW 3e-4 (0.9, 0.999) – 0.05 – –
Lion 6e-5 (0.9, 0.99) – 0.05 – –
Muon 0.005 – 0.95 0.01 – –
Muon++ 0.01 – 0.95(µ) 0.001 – clipping M = 3
SUMO 0.002 – 0.95 0.05 8 K = 200, γ = 1.1
LiMuon 0.005 – 0.05 0.05 4 s = 5
LiMuon 0.005 – 0.05 0.05 8 s = 5
LiMuon 0.005 – 0.05 0.01 16 s = 5
LiMuon (full) 0.005 – 0.05 0.01 full –

Table 9. Hyperparameter Search Ranges.

Hyperparameter Search range
Learning rate (Adam / AdamW) {1e-4, 3e-4, 6e-4, 1e-3}
Learning rate (Lion) {3e-5, 6e-5, 1e-4, 3e-4,1e-3}
Learning rate (Muon / Muon++ / LiMuon) {2e-3, 5e-3, 1e-2, 2e-2,5e-2}
Learning rate (SUMO) {5e-4, 1e-3, 2e-3, 3e-3, 5e-3}

Weight decay {0, 1e-3, 5e-3, 1e-2, 3e-2, 5e-2}
Gradient clipping threshold M (Muon++) {1, 2, 3, 4, 6}
Rank r̂ (LiMuon) {4, 8, 16}
Step size s (LiMuon) {5, 10}
Update period K (SUMO) {50, 100, 200}

Figure 4. Performance comparison at ViT
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