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Abstract

While diffusion language models (DLMs) have
achieved competitive performance in text gener-
ation, improving their reasoning ability with re-
inforcement learning remains an active research
area. Here, we introduce d2, a reasoning frame-
work tailored for masked DLMs. Central to our
framework is a new policy gradient algorithm
that relies on accurate estimates of the sampling
trajectory likelihoods. Because computing these
likelihoods naively is computationally expensive
for masked DLMs, we develop a family of es-
timators tailored to distinct model classes. For
DLMs that support a sampling algorithm called
any-order decoding, we propose d2-AnyOrder,
which achieves exact trajectory likelihood with a
single model pass. Through an empirical study
of widely used DLMs, we show that any-order
decoding is not universally supported in practice.
For standard masked diffusion models, we pro-
pose d2-StepMerge, which approximates the tra-
jectory likelihood, trading off compute for ap-
proximation accuracy in an analytically tractable
manner. Empirically, d2 significantly outperforms
widely-used RL baselines when applied to pop-
ular DLMs, and sets a new state-of-the-art per-
formance for DLMs on logical reasoning tasks
(Countdown and Sudoku) and math reasoning
benchmarks (GSM8K and MATH500). We pro-
vide the code along with a blog post on the project
page: https://guanghanwang.com/d2

1. Introduction

Diffusion language models (DLMs) (Nie et al., 2025; Ye
et al., 2025; Gong et al., 2026; Song et al., 2025) have re-
cently emerged as a competitive alternative to autoregressive
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(AR) models for text generation, featuring attractive prop-
erties such as controllability (Nisonoff et al., 2025; Schiff
et al., 2025) and fast parallel generation (Wang et al., 2025;
Khanna et al., 2025). Yet, while reinforcement learning (RL)
has become the de-facto approach for inducing reasoning in
AR LLMs, post-training DLMs using RL remains an active
research area.

Here, we introduce d2, a reasoning framework that improves
over previous approaches in the setting of masked DLM,
a popular type of diffusion language models. Central to
our framework is a new policy gradient algorithm that re-
quires accurate estimation of the likelihood of sampling
trajectories. Because computing these likelihoods naively is
computationally expensive for masked DLMs, we develop a
family of estimators tailored to distinct model classes.

Concretely, this family consists of two estimators. The
first, d2-AnyOrder, computes likelihoods exactly in a single
forward pass for DLMs that support a sampling algorithm
called any-order decoding (AO-dLLMs); through an empir-
ical study, we show that popular masked diffusion models
such as LLaDA (Nie et al., 2025) do not satisfy this prop-
erty by default. The second, d2-StepMerge, targets standard
masked diffusion models (MDMs) and evaluates trajectories
only at specific steps, reducing forward passes while con-
trolling the approximation error; we theoretically study this
error via a bound that decreases with the number of steps,
quantifying a compute-bias tradeoff.

Empirically, d2 improves reasoning without supervised
chain-of-thought finetuning (Wei et al., 2022): when applied
to DLMs that support any-order decoding, d2 significantly
outperforms widely-used RL baselines. When applied to
LLaDA-8B-Instruct, it surpasses prior diffusion-based RL
methods on logical (Countdown, Sudoku) and mathematical
(GSMS8K, MATHS500) benchmarks, establishing a new state
of the art for DLMs under matched FLOPs.

In summary, our work makes the following contributions:
(1) We introduce d2, a reasoning framework for RL post-
training of masked DLMs, consisting of a novel GRPO-
style policy gradient and a family of trajectory likelihood
estimators—highlighting the central role of accurate like-
lihood estimation for training reasoning DLMs. (2) For
DLMs that support any-order decoding (AO-dLLMs), we
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Figure 1. Benchmark performance of different RL post-training algorithms applied to LLaDA-8B-Instruct (Nie et al., 2025). Without
supervised finetuning (SFT), d2 outperforms d1 (Zhao et al., 2025) with SFT and wd1 (Tang et al., 2026) on all four reasoning benchmarks.

propose d2-AnyOrder, which provides unbiased one-pass
likelihood estimates. Empirically, d2-AnyOrder signifi-
cantly outperforms widely-used RL baselines such as diffu-
GRPO (Zhao et al., 2025) and DDPO (Black et al., 2024).
(3) For standard MDMs that do not natively support any-
order decoding, we propose d2-StepMerge, a deterministic
likelihood estimator with an analytically bounded approx-
imation error. When applied to LLaDA-8B-Instruct, d2-
StepMerge achieves state-of-the-art reasoning results on
Sudoku, Countdown, GSM8K, and MATHS500.

2. Background
2.1. Masked Diffusion Language Models

Diffusion language models (DLMs) are characterized by
two processes. The first is a pre-defined corruption (also
know as forward) process q. This process adds noise to a
‘clean’ token x drawn from the data distribution to produce
progressively noisy latents x. (¢ € [0, 1]), with noise levels
increasing in ¢, and terminates at the fully corrupted latent
x1 drawn from a simple prior. The second process is the
learned denoising (backward) process pg, which is trained
to undo the corruptions from the forward trajectory.

Recent discrete diffusion models have focused on forward
processes that interpolate between signal and noise (Austin
et al., 2021a), and in particular they rely on a specific
corruption process known as masked diffusion (referred
to as MDLMs henceforth; Sahoo et al. (2024); Shi et al.
(2024); Ou et al. (2025)). The marginals of this process
reflect probability mass iteratively moving away from the
data and towards a special mask token m: ¢(x; | x) =
a;x + (1 — ay)m, where «; is a noise schedule monotoni-
cally decreasing in ¢. Given a data token sequence x}*, the
backward process is learned by optimizing the following
variational lower bound:
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2.2. Any-order Autoregressive Models W
Hoogeboom et al. (2022) and Ou et al. (2025) demonstrate
that the MDLM training objective can be transferred into
an any-order autoregressive model (AO-ARM) variant, thus
enabling the model to generate sequences autoregressively
but not necessarily in a left-to-right dependency. In partic-
ular, denoting ¢ as a permutation of integers 1, ..., L, and
S(D) as the set of all possible permutations, we have:

EMDLM = »CAO-ARM =
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2.3. Reinforcement Learning with Verifiable Rewards

Policy gradient methods (Williams, 1992; Sutton et al.,
1999) have become a central paradigm for improving the
reasoning ability of large language models during post-
training (Ouyang et al., 2022; Ahmadian et al., 2024; Bai
et al., 2022; Li et al., 2024). Starting from a pre-trained
model ¢, reinforcement learning-based reasoning algo-
rithms optimize a new policy network 7y by ascending the
gradient of the expected reward r for completions generated
from 7y conditioned on an input question q:

V9]Ex1‘LN7'r9(~|q) [T(X1:L7q)]7 3)

where x''l denotes a model-generated answer consist-
ing of L tokens. A widely used approach in this con-
text is Group Relative Policy Optimization (GRPO; Shao
et al. (2024)), which provides a computationally efficient
and low-variance estimator for policy updates. For each
query q, GRPO samples a group of GG candidate an-
swers {xzi)L“),xé)L‘z)7...,XEZGL)(G)} from a stale policy
Tod- Each answer is then assigned an advantage value
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where p! = % denotes the per-token importance

ratio, and the same advantage value is assigned to each token
in a sequence. The clipping parameter e constrains policy
updates within a trust region, and the KL regularization
term penalizes divergence from the reference policy 7.
Importantly, for standard AR models, due to the causal
structure of their attention masks, the summation over L
tokens can be efficiently computed in a single model pass.

3. Method

3.1. Reinforcement Learning Objective for DLMs

In contrast to autoregressive (AR) models, whose likeli-
hood accurately factorizes across token positions, the exact
likelihood of diffusion language models (DLMs) is com-
putationally intractable. This structural difference renders
it theoretically unjustified to directly apply the AR policy
gradient formula to DLMs, and makes the derivation of a
policy gradient for DLMs a non-trivial problem.

In this section, we introduce our derivation from the pol-
icy gradient formula to a modern GRPO RL objective for
masked DLMs. To begin, we define masked DLMs’ policy
gradient objective with respect to the final denoised tokens

1:L.
XO .

VGJ(Q) = vaExé:LNWg(<|q) I:T(X(l):La q)] . (5

Inspired by Black et al. (2024), we marginalize the likeli-
hood over time latents. Moreover, we introduce importance
sampling (Kakade & Langford, 2002) to allow reusing of
trajectories generated by a stale policy 7,4, Which is widely
adopted given the computational cost of on-policy sampling.
Based on these tricks, we state the following theorem to
further simplify V.7 (6) (see detailed proof in Appendix
3.D.

Theorem 3.1. Az 6 = 0,4, VT (0) admits the following
decomposition over latent diffusion steps:

T L
Vo Ext'Lmmau(-la) [r(xé‘L,q) > 1y ~pi], (6)
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Remark 3.2. In practice, sequences are sampled once from
moa and reused for multiple gradient updates. After the
first gradient update, the equivalence in Theorem 3.1 is no
longer valid and is just an approximation of the true policy
gradient. However, this approximation is justified as long
as 6 remains close to 6,4, which is typically enforced by
restricting the size of each policy update.

To stabilize training, we adapt Eq. (6) by replacing rewards
with advantages (Williams, 1992; Sutton et al., 1999), intro-
ducing a clipped trust region (Schulman et al., 2015), and
adding a regularization term penalizing divergence from a
reference policy (Schulman et al., 2017). Similar to how
GRPO averages over sequence lengths, we add a % regular-
ization term to cancel out the impact of different sequence
lengths within a group. Overall, these operations lead to the
GRPO objective for masked diffusion language models.

Corollary 3.3. The GRPO objective for masked DLM is
given by

T—-1 L
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3.2. Estimating the Policy Gradient for DLMs

Evaluating and optimizing the GRPO objective requires
computing the likelihoods 7y (xé%), Told (X})%), mef(x(l)i%)
of samples x4 taken from the policy. While autoregres-
sive models support computing these likelihoods in a single
forward pass, a naive approach in a diffusion model requires
T forward passes, which is computationally prohibitive.

Here, we introduce two computationally efficient estima-
tors, each tailored to a distinct class of masked DLMs
(Table 1). For DLMs that support a sampling algorithm
called any-order decoding (AO-dLLMs), we propose the
d2-AnyOrder estimator, which computes the trajectory like-
lihood exactly in a single forward pass. For standard masked
diffusion models (MDMs) that do not natively support any-
order decoding, we propose the d2-StepMerge estimator,
which approximates the trajectory likelihood using multiple
forward passes with an analytically bounded approxima-
tion error (Theorem 4.1). We empirically demonstrate in
Section 5.2 that d2-StepMerge achieves a superior trade-off
between performance and total compute budget compared
to existing baselines.

Table 1. The two algorithms in d2 and their target model classes.

Algorithm Model class Estimator
d2-AnyOrder  AO-dLLMs Exact (one pass)
d2-StepMerge  Standard MDMs  Approximate (multiple passes)
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Figure 2. Illustration of one-shot trajectory likelihood evaluation.
We depict attention with query tokens (one layer up) attending to
keys / values (one layer below) via an undirected connected line.
The output at each position is depicted with a directed arrow. “pos”
refers to positional encoding index. We use a three token example
where the decoding order is “for—d2—RL".
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3.2.1. D2-ANYORDER ESTIMATOR

We now introduce d2-AnyOrder, which computes exact tra-
jectory likelihoods in a single forward pass. This estimator
is compatible with transformer-based masked DLMs from
which we sample using a simple algorithm called any-order
decoding.

Recall that our goal is to estimate the likelihoods 7 (x}i%)

of trajectories xé% sampled from the policy. Using connec-
tions between masked and any-order models, we can express
the likelihood of a trajectory as 7 (xtk) = T2, w(x7") |
xg (<l)). Here, instead of a randomly sampled permutation,
o denotes the decoding order of the sample tokens. In other
words, xg(<l) denotes the tokens decoded before xf). Our
goal is then to compute each conditional likelihood term

o(<l)

w(xg(l) | x5 ") in one forward pass.

d2-AnyOrder. To efficiently compute the L marginals, we
propose a technique for packing them into a single sequence
of length 2L that will be processed in parallel by a trans-
former. Specifically, we construct a 2L-length sequence
xgl @ mP+12L where @ denotes concatenation along
the sequence dimension and m”+1:2% are mask tokens. The
positional encodings are assigned as pos; = [ mod L for
1 <1 < 2L, so that each token—mask pair shares the same
position index. We then define the attention mask so that a

clean token xg(l) attends to xg(gl); mask tokens mEZ+o(?)

attend to xJ =" Um®+°(). We denote the resulting likeli-
hood estimate as 74° (x}, | x§'* ® m%Z12L). More details
are provided in Figure 2 and Appendix B.3.

When using this estimator, we train the policy network with

the following loss function:
1 L
_ Ex(l)iinNm,qu) {f Z min (pﬁ?lAl, clip(pﬁ?l, 1-¢, 1+6)Al)
=1

+ 8D (ot | @) | malxi ) |

(®)

AO ) 1:L
where p)] = :ZgE§§:§§:L$$L+wLZ$- For simplicity, we
also refer to the RL algorithm built on the d2-AnyOrder

estimator as d2-AnyOrder.

When Does The Any-Order Estimator Work? The
above procedure works if the estimated likelihood of each
token w49 (x}) | x§F ® mE+1:2L) equals the probability

L+1:2L

m(x5" | x5<Y) of that token during sampling.

Algorithm 1 Any-Order Decoding

Input: DLM model pg, sequence length L.
xP e mb o), ,0(L) «— L+1;n 0
while n < L do
for! =1to L do
attn(x7) « xg(ﬁ” if x°® £ m else xg(<l) Um’®
end for
xg* ~ py(- | x", attn)
X'tk xR o) it in e ntk
end while
return x''*

This property holds by construction when we sample from
a masked DLM using the simple algorithm illustrated in
Figure 3, which we call any-order decoding (pseudocode
provided in Algorithm 1). At each time step, the algorithm
inputs a partially masked sequence x'**. Notably, we re-
move the time steps ¢ and instead use the notation x'*%. For
each position [, x! can either be a clean token, i.e., Xé ora
mask token, i.e., m’. At each decoding step, we input x'**
into a transformer to compute logits at every masked token.
Then k token positions are selected for unmasking based on
some heuristics (e.g., top-k confidence (Nie et al., 2025) or
confidence-threshold (Wu et al., 2026)). Unmasked tokens
at selected positions are sampled and added to the sequence.
Crucially, we set the attention mask of the transformer pa-
rameterizing the DLM to satisfy two properties:

* Independent Masks: Mask tokens do not attend to
each other: they attend only to unmasked tokens and
to themselves.

¢ Order Causality: Unmasked tokens attend only to
tokens decoded at earlier time steps and to themselves.

When Does The Any-Order Estimator Not Work? Any-
order decoding can be applied to any masked DLM, which
always yields samples whose likelihood can afterwards be
computed in a single forward pass. Unfortunately, any-order
decoding does not always produce high-quality samples.
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(a) Any-order decoding.

Figure 3. lllustration of the any-order decoding algorithm for
masked DLMs. This example follows the setting of Figure 2
where three tokens are decoded in the order of "for—d2—RL".
At each time step, newly added attention relations in any-order
decoding are highlighted with red line markers.

Table 2. Average ground-truth per token log-likelihood v.s. the
d2-AnyOrder estimates applied to LLaDA-8B-Instruct. We also
report the KL divergence between the two likelihood distributions.

Per token LL. Dk, (Tref| |Tao0)

-0.128 —
-3.051 2.334

ground-truth
d2-AnyOrder

If the model was not trained with independent masks and
order causality, it may not produce good samples when these
properties are introduced at inference time.

To further validate this argument, we design an experiment
in which we first let LLaDA-8B-Instruct generate sequences
from prompts in the GSMS8K test set, and then apply d2-
AnyOrder to compute their trajectory likelihood. We then
compare d2-AnyOrder likelihood with the ground-truth tra-
jectory log-likelihood of LLaDA-8B-Instruct. As shown in
Table 2, when directly applied to LLaDA-8B-Instruct, d2-
AnyOrder deviates from the ground truth by an order of mag-
nitude. This discrepancy confirms that standard MDLMs
do not inherently support any-order decoding. Building
on similar observations, recent studies (Sahoo et al., 2026;
Arriola & Kuleshov, 2026) have proposed specialized train-
ing paradigms for models that natively support any-order
decoding, which we utilize to evaluate d2-AnyOrder in Sec-
tion 5.1.

3.2.2. D2-STEPMERGE ESTIMATOR

As noted above, not all DLMs support any-order decoding.
For standard masked DLMs, we propose d2-StepMerge,
which approximates the trajectory likelihood with multiple
forward passes.

Here, we reuse the MDLM decom[zosulon of the trajec-

tory likelihood: 7T(X(1) %) P [ P P W(Xt | Xt+1)

Computing this trajectory likelihood naively takes 7' model
passes, rendering it computationally prohibitive. To ad-
dress this, we draw inspiration from block composite like-
lihood (Besag, 1975; Lindsay, 1988; Varin et al., 2011),
which approximates intractable joint distributions by prod-
ucts of tractable factors over blocks. Concretely, we cut
the sample trajectory of 7" tokens evenly into [V contiguous
time segments. For each time segment, we use the output
of one model pass as a proxy for token likelihoods within
this segment. Formally, the trajectory l1kehhood is approxi-

mated as 7(x}4) ~ H Hz 1 Lo

m,xlnT #m}*
N

1:L
m(x! Xnz | XGiyr),
here 1,,; = 1 "
whnere =
nl - {x(n+1)T

Based on this estimator, we train the policy network with
the following GRPO objective:

N-1 L
—En [ Z % Z 1,,; min (pﬁLAl7 clip(pil7 1-€, 1+€)Al)
n=0 " =1

+ BDxL (mo(x47 | @) || met(x057 | @) |4 ©)

1 1:L
o (x 7}3‘ [x (n+ )T ,q)

where pl, = . For simplicity, we also re-

7"'old(x nT | (n+1)T )
fer to the RL algonthm bu11t on the d2-StepMerge estimator
as d2-StepMerge.

Understanding the role of N. With d2-StepMerge, we
reduce the number of model passes from 7" to [V. This raises
a natural question: “what is the effect of NV on the accuracy
of the policy gradient?” Since the importance weight is the
quotient of two trajectory likelihood evaluations, we further
narrow this down to studying the discrepancy between the
complete likelihood decomposition of the trajectory and that
yielded by our StepMerge strategy. Formally, we quantify
the discrepancy Dy between the complete and StepMerge
decompositions as:

T-1 N-1
Dy = Dy (H o (Xe|xe41) || H W@(XT;VTXWEUT)) .

t=0 n=0

We compute Dy for LLaDA-8B-Instruct (Nie et al., 2025)
on the test sets of four datasets (introduced in Section 5.2).
As shown in Figure 5, Dy decreases monotonically with
increasing [V, indicating that d2-StepMerge trades off com-
pute for likelihood estimation precision.

Remark 3.4. diffu-GRPO (Zhao et al., 2025) is a special
case of d2-StepMerge where N = 1. As noted above,
N = 1 produces an inaccurate likelihood estimation and
may thus harm the performance of RL. This is consistent
with our experimental results shown in Section 5.2.
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Figure 5. Dy of LLaDA-8B-Instruct for varying N.
4. Theoretical Analysis

In order to quantify the compute-bias trade-off of d2-
StepMerge, in this section, we introduce an upper bound
for D (defined in Section 3.2.2). Our bound monotoni-
cally decreases as N increases, justifying our observation
in Figure 5.

Theorem 4.1 (Approximation Error Bound). Suppose mg

has a fixed schedule where L tokens are unmasked over T’

timesteps. The KL divergence Dy between the full trajec-

tory and StepMerge approximation is bounded by:
T

Dy < L-log N+1 + L - €pock- (10)

where €pjoc, 1S a constant measuring how much my'’s token

predictions can change when we skip intermediate diffusion
steps within a block.

5. Experiments
5.1. d2-AnyOrder
5.1.1. Eso-LM

Experimental Setup. We first evaluate d2-AnyOrder on
Eso-LM (Sahoo et al., 2026), a class of DLMs that naturally
support any-order decoding. We employ a 190M-parameter
model pre-trained on OpenWebText (Gokaslan et al., 2019).

Following Singhal et al. (2025), we assess the capacity of
d2-AnyOrder to steer the model toward generating toxic
content—a rare behavior in the base model and a critical
benchmark for red-teaming scenarios. Toxicity is measured
using a pre-trained classifier (Logacheva et al., 2022) as
the reward model, where the objective is to maximize the
toxicity score.

To conduct a fair comparison, we record the compute bud-
get of different methods (measured in Floating-Point Op-
erations, i.e., FLOPs) and evaluate them at every FLOP
interval. For each RL-finetuned checkpoint, we generate
512 sequences and report the average toxicity score gener-
ated by the reward model.

Table 3. Toxicity Score vs. FLOPs. Our d2-AnyOrder GRPO

approach significantly dominates the DDPO baseline in toxicity
steering for a given compute budget.

FLOPs x10'7
0.00 025 050 075 1.00 1.25

Method

DDPO toxicity 92 92 91 -89 -89 -86
d2 toxicity (ours) -9.2 -85 -7.3 55 2.7 -0.7

Baselines. Since this setting involves prompt-free, open-
ended generation, the likelihood evaluation in diffu-GRPO
is uninformative. Consequently, following Su et al. (2026),
we adopt DDPO (Black et al., 2024)—a widely used policy
gradient RL algorithm for diffusion models—as our pri-
mary baseline. Implementation details for the baseline are
provided in Appendix C.1.1.

Results. As illustrated in Table 3, d2-AnyOrder substan-
tially outperforms DDPO under equivalent compute budgets.
Our method achieves near-maximum toxicity scores, i.e., 0,
whereas DDPO remains below -8.

Ablation: d2-AnyOrder v.s. d2-StepMerge. We evalu-
ate the impact of likelihood estimation exactness on RL by
comparing d2-AnyOrder with its approximate counterpart,
d2-StepMerge. For d2-StepMerge, we apply N = 8 due to
its superior empirical performance. As shown in Table 4, d2-
AnyOrder consistently outperforms d2-StepMerge across
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Table 4. Comparison of the toxicity score dynamics between d2-
AnyOrder and d2-StepMerge.

FLOPs x10'7
0.00 025 050 075 1.00 1.25
d2-StepMerge 92 -87 -80 -66 -43 -15
d2-AnyOrder -92 -85 73 -55 27 -0.7

Method

all compute budgets. This empirical result confirms that the
exact trajectory likelihoods enabled by d2-AnyOrder pro-
vide a higher-fidelity signal for RL optimization compared
to segment-based approximations.

5.1.2. SET DIFFUSION

Experimental Setup. We next evaluate d2-AnyOrder on
a model from a different architecture family. We use the
Qwen3-1.7B checkpoint from Arriola & Kuleshov (2026),
which finetunes Qwen3 as an any-order dLLM via an AO-
ARM objective they propose. As reported in Arriola &
Kuleshov (2026), AO finetuning yields substantially better
downstream accuracy than Block diffusion finetuning on the
same base model (Table 5, top), motivating our focus on the
AOQ variant for RL post-training. We compare d2-AnyOrder
against diffu-GRPO under matched compute on GSM8K.

Table 5. GSM8K accuracy with Qwen3-1.7B as the base model.
SFT results (top) are reported by Arriola & Kuleshov (2026); RL
results (bottom, applied on top of AO SFT) are ours. Best result is
bolded.

Method GSMSK
Block diffusion SFT (Arriola & Kuleshov, 2026) 48%
AO SFT (Arriola & Kuleshov, 2026) 62%
AO SFT + diffu-GRPO 63%
AO SFT + d2-AnyOrder 67 %

Results. Under matched compute, d2-AnyOrder reaches
67% on GSMS8K, surpassing diffu-GRPO at 63%. This
validates that the benefits of d2-AnyOrder extend to an
additional any-order dLLM architecture beyond Eso-LM.

5.1.3. ANY-ORDER CAUSAL LLADA

Experimental Setup. We finally evaluate d2-AnyOrder on a
larger any-order dLLM finetuned from LLaDA-8B-Instruct
using the token-efficient training algorithm of Arriola &
Kuleshov (2026) (detailed recipe in Appendix C.1.2); we re-
fer to this finetuned model as any-order causal LLaDA. We
then compare d2-AnyOrder against diffu-GRPO on GSMS8K,
evaluating test-set accuracy across fixed intervals of a con-
stant total compute budget (measured in FLOPs).

Results. As illustrated in Figure 6, d2-AnyOrder consis-
tently improves GSMSK test accuracy within the allocated
compute budget, whereas diffu-GRPO fails to achieve mean-
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Figure 6. Performance-compute dynamics of d2-AnyOrder and
diffu-GRPO on any-order causal LLaDA.

ingful gains. This stark contrast highlights the critical impor-
tance of exact trajectory likelihood estimation for successful
RL in diffusion-based language models.

5.2. d2-StepMerge

Experimental Setup. To test d2-StepMerge’s effect on im-
proving DLM’s reasoning capacity, we follow Zhao et al.
(2025) in using LLaDA-8B-Instruct (Nie et al., 2025) as
the base model and apply different RL post-training algo-
rithms on top of it for four reasoning tasks, including two
mathematical reasoning benchmarks (GSM8K (Cobbe et al.,
2021) and MATHS00 (Lightman et al., 2024)), and two log-
ical reasoning benchmarks (Countdown and Sudoku). For
both training and evaluation, two tokens are generated at
each time step. We use a group size of 6, and each batch
contains 16 questions. Consistent with the protocol in Sec-
tion 5.1, we maintain a constant compute budget (measured
in FLOPs) and evaluate the model’s test set performance at
fixed FLOP intervals. See more details in Appendix C.2.

Baselines. To benchmark our proposed framework, we com-
pare d2 against a diverse set of baselines. Specifically, we
include the original LLaDA, LLaDA 1.5 (Zhu et al., 2025), a
low-variance direct preference optimization (Rafailov et al.,
2023) post-training algorithm, d1 (Zhao et al., 2025), a hy-
brid method that combines supervised finetuning on the
slk (Muennighoff et al., 2025) long chain-of-thought data
with diffu-GRPO, as well as wdl (Tang et al., 2026), which
reformulates policy optimization as a weighted likelihood
objective to eliminate the dependence on policy ratios.

Results. Shown in Figure 7, d2-StepMerge consistently out-
performs diffu-GRPO in all four benchmarks. In Sudoku,
Countdown, and GSMS8K, d2-StepMerge significantly domi-
nates diffu-GRPO, and in MATHS500, d2-StepMerge demon-
strates a better trend. These results indicate that d2 achieves
a superior trade-off between efficiency and performance.
Moreover, Table 6 shows that even without supervised fine-
tuning on extra chain-of-thought data, d2 can outperform
existing diffusion reasoning frameworks, demonstrating the
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Figure 7. Performance-compute dynamics of d2-StepMerge on four reasoning benchmarks.

efficacy of our proposed likelihood estimator.

Table 6. Benchmark performance of different reasoning frame-
works. T indicates results evaluated on the released checkpoint. I
indicates results taken from the corresponding paper. Baselines
that include post-training are shaded. Best results are bolded.

Method Sudoku Countdown GSM8K MATHS500
LLaDA 11.8% 19.9% 75.7% 35.4%
LLaDA 1.57  12.5% 23.4% 78.6% 36.8%
dit 22.1% 42.2% 82.1% 40.2%
wd1? 25.2% 51.2% 82.3% 39.0%
d2 (ours) 91.9% 56.6% 85.0% 41.6%

Ablation: Varying N in d2-StepMerge. In Figure 8, we
show the Accuracy-FLOP trade-off of d2-StepMerge with
different values of /V in the Sudoku benchmark. With a
small N, the model does not reliably converge to com-
petitive performance because the corresponding likelihood
estimation is highly inaccurate. In contrast, excessively
large N leads to over-allocation of compute to likelihood
estimation, resulting in slower convergence. Our results
identify N = 16 as a favorable balance: it achieves perfor-
mance comparable to N = 32 and N = 64, while requiring
substantially fewer FLOPs.

Generalization to Other Architectures. To further
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Figure 8. d2-StepMerge performance in Sudoku with different N.

demonstrate d2-StepMerge’s generalization across different
masked DLMs, we additionally evaluate on Dream 7B (Ye
et al., 2025), a different masked DLM finetuned from
Qwen2.5-7B with fully bidirectional attention. All results
are evaluated 0-shot for consistency with our other experi-
ments (Dream’s original paper uses 8-shot evaluation). As
shown in Table 7, d2-StepMerge improves over diffu-GRPO
by +12% on Sudoku and +7% on GSM8K, mirroring the
pattern observed on LLaDA.

Coding Benchmarks. To further demonstrate d2-
StepMerge’s generalization across different tasks,
we evaluate on HumanEval (Chen et al., 2021) and
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Table 7. Generalization to Dream 7B (0-shot evaluation). Best
results are bolded.

Method Sudoku  GSMSK
Dream 7B 0.14 0.71
+ diffu-GRPO 0.79 0.73
+ d2-StepMerge 0.91 0.80

MBPP (Austin et al., 2021b). Following Zhao et al.
(2025)’s setup—using the same reward function, training
set, and hyperparameters—we only replace the training
loss with d2-StepMerge (/N = 16). Both diffu-GRPO and
d2-StepMerge are trained at sequence length L = 256 and
evaluated at L = 256 (training length) and L = 512 (length
generalization). We report the best-checkpoint performance
under matched FLOPs.

Table 8. Coding accuracy with LLaDA-8B-Instruct as the base
model. Best results are bolded.

Method HumanEval MBPP
L=256 L=512 L=256 L=512
LLaDA 353 37.8 41.2 40.4

+ diffu-GRPO 39.0 34.8 45.5 41.6
+ d2-StepMerge  39.0 40.9 459 45.5

At the training length (L = 256), d2-StepMerge matches
or modestly improves over diffu-GRPO. The gap widens at
L = 512: diffu-GRPO regresses on both benchmarks, while
d2-StepMerge maintains or improves. This suggests that
more accurate likelihood estimation improves the policy’s
ability to generalize to longer outputs.

6. Related Work, Discussion, and Conclusion

RL for DLMs. Diffusion language models (Sahoo et al.,
2024; 2025; Nie et al., 2025; Ye et al., 2025) have recently
emerged as a compelling alternative to AR, sparking re-
search into reinforcement learning tailored for diffusion-
based generation. A primary challenge in this domain is to
accurately estimate the token likelihood for policy gradient
signals. diffu-GRPO (Zhao et al., 2025) approximates this
likelihood using logits derived from an all-mask token input.
While computationally efficient, this approach introduces
significant bias, leading to suboptimal policy updates. To
refine this, DiffuCoder’s coupled-GRPO (Gong et al., 2026)
utilizes the MDLM Evidence Lower Bound (ELBO) (Sa-
hoo et al., 2024) as a proxy for the trajectory likelihood.
However, as the ELBO is only a variational bound, it intro-
duces approximation errors that can destabilize RL training.
Similarly, wdl (Tang et al., 2026) reformulates policy opti-
mization as a weighted likelihood objective but inherits the
biased estimation method of diffu-GRPO. While LLaDOU
(Huang et al., 2025) achieves a more precise decomposition

of likelihood across diffusion timesteps, its full decomposi-
tion approach is computationally prohibitive for large-scale
applications. Most recently, TraceRL (Wang et al., 2026)
proposes merging timesteps for trajectory evaluation; how-
ever, unlike our proposed d2-StepMerge, their heuristic
approach lacks the rigorous theoretical justification required
for consistent likelihood estimation. Concurrent with our
work, AGRPO (Zhan, 2026) also uses multiple model for-
ward passes to estimate trajectory likelihood, but does so via
random Monte Carlo sampling; d2-StepMerge instead em-
ploys a deterministic estimator with an analytically bounded
bias (Theorem 4.1).

Limitations and Future Work. While d2-AnyOrder pro-
vides exact one-pass likelihood estimation, it requires the un-
derlying model to support any-order decoding, which most
current masked DLMs do not satisfy by default. Recent
any-order dLLMs (Sahoo et al., 2026; Arriola & Kuleshov,
2026) natively support any-order decoding and attain strictly
better speed-quality Pareto frontiers than standard masked
DLMs. As such models mature, d2-AnyOrder’s applicabil-
ity will expand correspondingly, and we view pursuing a
stronger general-purpose any-order dLLM as a natural next
step.

Conclusion. This paper presents d2, a principled RL frame-
work for diffusion language models. We derive a GRPO-
style policy gradient formulation for masked DLMs that
depends on accurate trajectory likelihood estimates. Be-
cause evaluating these likelihoods is computationally expen-
sive, we develop a family of estimators tailored to distinct
model classes. For DLMs that support a sampling algo-
rithm called any-order decoding (AO-dLLMs), we propose
d2-AnyOrder, which provides unbiased trajectory likeli-
hood estimates in a single model pass. For standard masked
diffusion models, we propose d2-StepMerge, which approxi-
mates the trajectory likelihood with multiple forward passes
and an analytically bounded error. Empirically, d2 achieves
superior performance compared to widely used RL base-
lines on DLMs that support any-order decoding, and demon-
strates state-of-the-art performance on four math and logical
reasoning benchmarks, without relying on supervised chain-
of-thought finetuning.
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A. Theoretical Results
A.1. Proof of Theorem 3.1

Proof. We begin by recalling the definition of the RL objective:
T(0) = Egat oyt o [1(x07", @) (11)

Taking the policy gradient and expanding the expectation over the trajectory distribution, we have

VoJ(0) = HZWG(XOLIQ) (x5, )

—VOZZTFQ L|X1Taq)ﬂ-9(xii’§"‘q) ( (1)L7q)

1L kL
1T
=V > mo(x5% | @) r(x5", q)
X5
=Vy ]Exz)iéifv‘n'g(xé:ﬂq) [T(X(l):Lv q)] . (12)

Introducing importance sampling with respect to the stale policy 7,14, We obtain

X
Vej(g) _ ve Exéf%~wold(xéf%|q) (Xél.) L’ q) M . (13)
’ ' mold (X7 | @)

By exploiting the Markov factorization of the backward process, the joint distribution decomposes as

mo(x0% | a H mo(xi | x5, q). (14)

Substituting this factorization, we obtain

T—-1 1:L

mo(xi" | xi, q)
VoJ (6) = Exa;%wold(xa;aq)l (x,q) W =0 T T . (15)

Ht 0 Told (X' |Xt+17q)

In MDLM, we assume independence across token positions, the expression further decomposes as

i mo(x} | X114, )
VoI (0) =FByrnon it |7(X6E, Q) Vo AR L . (16)

o~ Told (X570 a) 0 tl:[ 1_[1 Told Xt | Xt—o—l’q)
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Expanding the gradient of the product yields

T—-1 L 4 1:L
o Xt | Xt+17 q) 7T9(Xt’ | Xt’+17q)
Vo (0) =Egrr . ot .q Vo 170 . (17)
*o:1 FOId(XOZT‘q) tg l:zl Told Xt ‘ Xt-i-la q) t’l;[t Wold(xfﬁ’ ‘ X%"ip q)
11

When evaluated at 6 = 6,4, the product term reduces to 1, yielding

T—-1 L
o Xt | Xt+17Q)
VoTO)] = Eaphemaoaiia [ Ve > ] (18)

0=0014 i—0 1—=1 Told Xt | Xt+17q)

Finally, since the model 7y is only invoked when a masked token m becomes unmasked, the objective simplifies to

T-1

L 1| w1:L
mo(xt | xth,
Vo7 (0) S L ooy o(x} | x1th,q) ] (19)

= V@ E, L 1:L q)
xbi b ~mola (x5 q) X0 s : ) X4 1 1:L
ot o t=0 =1 Told (X | Xt+17q)

0=0o14

O

A.2. Proof of Theorem 4.1

Our proof proceeds in three key steps:

1. Decompose the diffusion process: We factor each diffusion step into timing (which tokens unmask) and value (what
values they take) components, exploiting the conditional independence structure.

2. Bound consecutive timesteps: For adjacent timesteps, we prove the timing component contributes at most 2k - log 2
bits (where k tokens unmask), while the value component vanishes under mild assumptions.

3. Extend to full trajectory: We aggregate bounds over N blocks, showing each block contributes at most k,, log B bits,
yielding the final O(U log(T'/N)) bound.

To keep notation concise, we define a sequence without a superscript as ; = z}% = [z}, ... zL] and drop the prompt g that

we condition on 7y (- | -, q).

A.2.1. TIMING AND VALUE FACTORIZATION

The reverse process, mg(x+ | £¢+1), can be decomposed into two conceptual and computational steps: a timing decision of
whether to unmask a token, followed by a value assignment of what it becomes. This allows us to factor the distribution into
two simpler components.

Definition A.1 (Timing and Value Decomposition). We introduce an indicator variable S; = 1[z! ; = mAz! # m)] for the
unmasking event, and a categorical random variable V,! = z! for the token’s value. They are aggregated as S; = [S} ... SF]
and V; = [V;' ... V,%] and factorize the reverse process:

We(xt | $t+1) = T(St | $t+1) : VH(Vt | Si7$t+1)~ (20)
Timing Value

The reverse processes decomposes over tokens as we(xt | z441) = Hz L To(x} | xiK) which emits a similar per-token
factorization mo (2! | zfily) = 7(St | 2, ) - ve(V} | St xliH). We now define T and vy as follows.

Timing Distribution (7): This distribution models the probability of the unmasking event S! for any unmasking schedule
(e.g. greedy, ancestral, top-k, etc.).

* Ifatoken at ¢ + 1 is already unmasked (z! 41 7 m), it cannot unmask again; thus, the event S! = 1 has zero probability.

16
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* If a token is masked (! 41 = m), it unmasks with probability o; determined by the unmasking schedule.

oy ifs:landxéH:m

l—o; ifs=0andzl,; =m

T(Si=s|l,,) = (21)

0 ifs=1landz!, , #m
1 ifs=0andzl, , #m

Value Distribution (4): This distribution assigns a value V! to the token, conditional on the timing decision S! and the
full sequence context x4y .

« If the decision was to unmask (S! = 1), vy is the categorical distribution over the vocabulary V given by the softmax
output of the neural network fy.

* If the decision was to not unmask (S! = 0), the process is deterministic: the token’s state from ¢ + 1 is simply preserved
at time ¢.

softmax(fp(z441)1)e if S =1

22
ifSl=0 22)

vo(V} =v | St,2e41) = {

“v$i+1
where 4,5 is the Kronecker delta, enforcing the deterministic state preservation when St =0.

A.2.2. CONSECUTIVE TIMESTEP BOUNDS

We begin by analyzing the error over two consecutive timesteps ¢ and ¢ 4+ 1. This allows for the simplest possible analysis
between the full trajectory and stepmerge trajectory:

Pirue (Tty Teg1 | Teyo) = mo(Te | Toeg1)To (@41 | Te42)  (Full Trajectory) (23)
Papprox (Tt Te41 | Teg2) = To(X4 | Tp42)To (@1 | Te42) (StepMerge Trajectory). (24)

We seek to bound the KL divergence between them:

DK]__(p[ruerapprox) — Ep[me 10g plrue(l't; xt+1 | xt+2) :| _ E |:10g 7Tl9(xt|xt+1):| (25)

Papprox (Tt Te1 | Teg2) | 0 mo(xy | Tyy2)

Lemma A.2 (Timing and Value Decomposition of KL Divergence). The KL divergence between the true and approximate
distributions for consecutive timesteps decomposes into a sum of timing and value components:

DKL(ptrue”pappmx) = DKL, timing + DKL, value (26)
where the components are defined as:
L
(St | Z4+41)
Dk, timing = E(S, 2011 )~pue log (27)
fuming (St,@i41)~p lzzl T(Sé | $t+2)
L 1 gl
vo(Vi | Siswi41)
DKL, lue — E S, Vi,xe ~ Dirue log (28)
va (St,Vi,weq1)~p ; MARGETS

Proof. The proof begins with the simplified expression for the KL divergence from Equation 25 and applies the timing-value
factorization of Equation 20. The expectation is over the joint distribution pyye (¢, ¢+1 | 142), where z; comprises the
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timing and value variables (S, V;).

D = mo (@t | T141)
rue || Papprox E ~ log —/—~—2 L2/ 29
KL(pt ||P pp ) (Te,Tt41)~Prre {og 71'0(1‘1: | xtﬂ)} (29)
= E Hl (Sé | xt—&-l)l/a(itl | Sé,$t+1):|
Vi ze41)~poe |10 30)
(V) [ Hz (Sl | $t+2)V9(th | Séuxt+2)

(St | 2441)
—Eis o e 1
(St,Tt41)~Pie lz 0g Sl | mt+2)

I
Zlog vp (V! |Sta$t+1)1 31)

+ ]E(St Vi Tig1)
ts Vi, Tt+1)~Piru
e vo(V{ | St,2e42)

Note that the timing term does not depend on the value variable V; (and only on 7). Thus it can be marginalized out from
the expectation over pyye. ]

We now seek to bound the error in timing Dk, timing and value separately Dxr., value-

Definition A.3 (Conditional Mutual Information). The conditional mutual information I(A; B | C') measures the reduction
in uncertainty about random variable A from knowing B, when C'is also known. It can be defined equivalently in terms of
conditional entropy or as a Kullback-Leibler (KL) divergence:

I(A;B| C) = H(A| C) = H(A | B,C) = Dy (pla.b] ¢)[p(a| )p(b | c)). (32)

Assumption A.4 (Fixed Unmasking Schedule). We assume a schedule where a fixed number of % tokens are unmasked at
each timestep ¢.

Lemma A.5 (Timing KL Bound). Under the fixed unmasking schedule, the timing component of the KL divergence is
bounded by the entropy of the timing decisions.

DKL, timing S 2k : 10g 2 (33)

Proof. The proof first establishes the equivalence between the timing KL divergence (Equation 27) and conditional mutual
information, and then bounds this term using entropy.

First, we show the equivalence by applying the Markov property of the true process (Equation 23) in the numerator:

7(S¢ | w41) T(St | Tpy1, Teg2)
Dxi tmine = E-. |log —————= | =E,. |1l . 34
KL, timing true |: og T(St | xt+2) e | 108 T(St ‘ xt+2) ( )

We multiply and divide by 7 (141 | Z¢42) to get the conditional mutual information (Theorem A.3)

DKL, timing — E‘rlme {log T(St‘xt+1’$t+2) . T(xt+1|mt+2)] (35)
T(Stlrer2)  T(TegalTe42)
T(St, Toq1|Ti42) ]
ZET‘M lo (36)
{ & 7(St|12)T(Te11]Te42)
= I(St; 141 | Teg2). (37)

We bound the conditional mutual information term by relating it to the entropy of the timing decisions, which can be
decomposed on a per-token basis.

I(Sy; g1 | ®pqo) = H(S; | wpy2) — H(St | eg1, Teto) (by definition of mutual information)

< H(S¢ | xp42) (since entropy is non-negative)

H (Sf/ | Tti2) (by cond. independence of tokens) (38)

|
M=

N
Il
N
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To evaluate this sum, we partition the tokens into those that unmask in the [¢, ¢ + 2) interval and those that do not.

L
ZH(Sﬁ | x412) = Z H(SL| xy40) + Z H(S!| x449) (by partitioning the sum)
=1 l€Unmasked l¢Unmasked
< Z log2+0 (by bounding each term)
leUnmasked
=2k -log2 (by summing over the set) 39)

The second sum vanishes as its tokens have a deterministic timing decision (S} = 0), resulting in zero entropy. The first sum
is over the 2k tokens that unmask in the interval. For each token, S! is a binary random variable representing the choice of
unmasking at time ¢ or ¢ 4+ 1. The entropy of such a variable is maximized at log 2 under maximum uncertainty (a uniform
distribution over the two outcomes). Using this upper bound for each of the 2k tokens yields the final result. O

Definition A.6 (Value Prediction Sensitivity). Let ¢ be the maximum per-token, pointwise log-ratio of value probabilities
between consecutive timesteps, maximized over all possible values, tokens, and states where an unmasking occurs.

ve(V} =v | S} =1,241)

€= max lo 40
LTt 41,T 042 & I/(;(V;l = | Sé =1,2412) (40)
ft .
C max log Sfimax(fo(zer1)) 41)
vl T 41, T 42 softmax(fg(:cprg)l)y
= max (fe(ﬂ?t+1)l,v — fo(xe2)1,0 —Zi(2141, wt+2)) (42)
VL, T 41,T 42

Logit Difference

22, exp (fe(wt+1)l,j) )
Zj exp <f9($t+2)l,j) ’

Remark A.7 (Interpetation of Value Prediction Sensitivity). The value prediction sensitivity e provides a worst-case guarantee
on the stability of the model’s value distribution vy between consecutive timesteps. It bounds how much vy can change for
any token value v at a position [ by constraining fluctuations in the underlying neural network’s raw logits—namely the
difference between fp(x¢41)1,, and fy(x¢12);,, after normalization. A small e therefore signifies that the entire logit vector
for position [ remains relatively constant when the context shifts by one step (from x4y to x442). This logit-level stability
ensures that the model’s predictive distribution is not volatile, thereby validating our StepMerge approximation, which relies
on the assumption that intermediate states can be skipped without drastically altering the final trajectory likelihood.

for the difference between log-softmax normalizers Z; (zyy1, T;+2) = log (

Lemma A.8 (Value KL Bound). Under the fixed unmasking schedule, the value component of the KL divergence is bounded
in terms of the value prediction sensitivity e.
DKL, value <k-e (43)

Proof. We start with the definition of the value KL divergence:

L

vo(V{' | St x4+41)

Dxv, vave = Epe log ————<ir——— (44)
e = B | 218 5 2

To analyze the sum inside the expectation, we partition the token indices based on the timing decision S?, which indicates

whether token [ is unmasked at step t. LetU; = {l | S! = 1} be the set of indices for tokens that unmask, and

={l]1¢ U} ={l|S! =0} be the complementary set for all other tokens. The sum can be explicitly decomposed as:

L
o(VE| SE=1, o(VE| SE=0,
> log 0] 3 g MU S ) 5 g 9= Bt @)
= 14 = V | S =1 ZEH_Q = V | S =0, xt+2)
Tokens unmasked at time ¢ Tokens not unmasked at time ¢
1
§Z€+ZIOgI (46)
leU; leuy
=k-€ 47

19



d2 : Improving Reasoning in Diffusion Language Models via Trajectory Likelihood Estimation

For tokens that are unmasked at time ¢ (I € U;), the value distribution vy is defined by the model’s softmax output, and
the log-ratio is bounded by the value prediction sensitivity (¢). For any token that is not unmasked at time ¢ ([ € U;), the
value-setting process is a deterministic identity transformation, where V;! = z! 11 with probability 1.

Since this upper bound holds for any trajectory, the expectation over all trajectories is also bounded by the same constant. [

Lemma A.9 (Consecutive Timestep Bound). Under the fixed unmasking schedule Theorem A.4, the total KL divergence
between the true and approximate distributions for consecutive timesteps is bounded by the sum of the timing and value
bounds.

DKL(ptme”pappmx) S Qk : log 2 + k - € (48)

Proof. The result follows directly by combining the bounds from the preceding lemmas.

DKL(ptrue”papprox) = Dk1, timing Dxi, value < (2k -log 2) + (k : 6) (49)

A.2.3. ENTIRE TRAJECTORY BOUND

We extend the analysis from an L-length sequence at consecutive timesteps ¢, ;41 to the entire trajectory xg . .. xr with
N total blocks. To do so, first consider block n with B = L/N timesteps spanning t = [nB,nB +1,...,nB + (B — 1)].

Within this block, the true reverse process is a Markov chain over the full trajectory:

nB+(B-1)

pgﬁg(xn& s TpB4(B-1) | TnB+B) = H (¢ | ©441) (Full Trajectory) (50)

t=nB

The StepMerge approximation, however, assumes each state z; in the block is generated independently conditioned only on
the final state x,, 4 p:

nB+(B-1)
pgggmx(an, e TpB4(B-1) | TnB4B) = H (x| tnprp) (StepMerge Trajectory) (51)
t=nB

Lemma A.10 (Block KL Bound). Under the fixed unmasking schedule Theorem A.4, the KL divergence for block n is

bounded by:

kB(B+1)
2

where €pock 1S the maximum value prediction sensitivity over the timesteps in the block.

DY (51D, ) < 10g 2 + B - €piock (52)

Proof. The KL divergence for block n is the expectation of the log-ratio of the true and approximate distributions.

(n) [ PP g (e | o)
D =By |los =55 53)
t=nB 7o(T¢ | TnB+B)
[nB+(B-1) (2 | )
To\ T T
=E Z log AN e o VA (54)
W A (e [ wasen)
[nB+(B-1) (S, | ) nB+(B-1) (v | S )
T\t | Te+1 LA ty Tt41
=E @ log———————| +E lo (55)
pl) t:zn:B g T(St ‘ anJrB) ) t:zn:B & Vg(vt | St7$nB+B)
pim Dl

KL, timing KL, value

Using the timing-value factorization Equation 20 and linearity of expectation, we decompose into block-level timing and

value components, D{7) = D{V + DI(&) value» Which we bound separately.

KL, timing

20
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Timing Bound. The timing component is the sum of conditional mutual information terms

nB+(B-1) nB+(B-1)

7(S¢ | =
KL, timing — Z B, [log CALADE ] = Z I(St; 2441 | Tnp+B) (56)

D(n)
t=nB (St | an+B) t=nB

following the derivation in Theorem A.5. We can further bound the conditional mutual information by the conditional
entropy from Theorem A.3:

I(St; Ti41 | an—i—B) = H(St | an—Q—B) - H(St | Tt41, fUnB+B) < H(St | CﬂnB-i-B)- (57)

Due to mutual exclusivity, each token can unmask at most once. For a token [ masked at z,, 5+ g, define 7; as its unmasking

time (if any). The collection {S! ?EJBB ~! encodes which value T} takes, where T; € {nB,...,nB + B — 1, 00}. Thus:

nB+B—1

Y H(S{|wnpin) < H(T | #lp.p =m) <log(B+1) (58)
t=nDB

Since exactly kB tokens unmask during the block:

D e < Y. H(Ty |2l 5, 5 =m) <kB-log(B +1) (59)

KL, timing
lEMnByB

where M,,py5 = {l : 2!, 5, 5 = m} is the set of masked tokens at the block end.

Value Bound. The value component of the divergence is:

nB+(B-1)

V Sl Tit1)
D _ o log vo(Vy | S 2441 60
KL, value t:Zn:B i Z 1/9 (V} ] St,IZTnB+B) 0

Following Theorem A.6, we define a block-level value prediction sensitivity €p,cx as the maximum log-ratio within the
block: l l
vog(V=wv|S; =1z
Eblock = max 9( t | t ) t+1)

61
te[nB,(n+1)B),v,l,z¢11 ve(Vi=v| S =1,2,8:B) 1)

At each timestep ¢, the inner sum over tokens [ is non-zero only for the k tokens being unmasked (S! = 1) by definition of
vy (Equation 22). For each of these, the log-ratio is bounded by definition by €p;,c,. Therefore, the entire sum inside the
expectation is bounded by k£ - €p;0c,. Summing over the B timesteps yields the total value bound:

nB+(B-1)
DI((rli) value < Z k- €pock = BE - €biock (62)
t=nB

Total Bound. Combining the bounds for the timing and value components gives the final result for the block-level KL
divergence.

+ D < kB-log(B+ 1)+ Bk - €pock (63)

O

(n) _ pn)
DKL - DKL timing , value —

Finally, we aggregate the per-block errors to establish a bound for the entire generation trajectory. Since the approximation
for each block is conditionally independent of the others given the state at the end of the block, the total KL divergence is
the sum of the per-block KL divergences.

Theorem A.11 (Main Bound). Let L be the total number of tokens (each unmasked exactly once), B = T /N be the number
of timesteps per block, and €pjyc. be the maximum value prediction sensitivity within a block. The KL divergence between the
true sequential process (Full Trajectory) and the block-parallel approximation (StepMerge Trajectory) is bounded by:

DKL(ptruerapprox) S L- IOg(B + 1) + L- (B - 1) * €block (64)
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Proof. For block n, let k be the number of tokens unmasked per timestep in that block. From the tighter timing bound using
mutual exclusivity and the value bound:

Dl(gi) < kB -log(B+1)+ kB - €pock (65)
Summing over all N blocks:
N-1 N—
Dy = Z Dl(gi) < Z (kB -log(B+1) 4+ kB - €piock) (66)
n=0 n=0

N N—-1
= (Z ) log(B +1) (Z kB) Eblock (67)
n=0

Since each token unmasks exactly once and there are L tokens total we know ij;ol kB = L. This yields:

Dxp < L-log(B+1) 4 L - éplock (68)
Substituting B = T'/N::
T
Dy < L-log (N + 1) + L - €plock (69)
O]

B. d2 Details
B.1. KL Divergence Estimation

Following Zhao et al. (2025), we utilize the following estimator to estimate the KL divergence in the d2 loss function.

Tre ™ f(Xl | a)
b L ref — 1 —]og A" 1) 70
ke (mo (x| Q) || mer(x DDy o Xl | q % T [a) 7

where 7(x! | q) comes from the corresponding trajectory likelihood estimator.

B.2. Any-Order Decoding with Prompts

In Algorithm 2, we describe the prompted version of any-order decoding, which is practically used on the reasoning
benchmark experiments.

Algorithm 2 Any-Order Decoding with Prompts

nput: DLM model | po, sequence length L, prompt q'iLa.

x q+1 Latl o mbatbtilatl o o( 41),...,0(Lg+ L) < Ly + L+ 1,0(1),...,0(Ly) + Lg;n + Ly,
while n < L do

for! =1to L do

attn(x M)« x7=D if x7® £ m else x5 Um?®

end for

Xt~ py (- | gt @ttt atm)

xlk ik, o)« n+jinen+k
end while
return x'*

B.3. d2-AnyOrder: One-Shot Likelihood Evaluation with Prompts

This section details the one-shot likelihood evaluation for sequences decoded using the prompted any-order decoding
algorithm (described in Algorithm 2).
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Lo+1:Ly+L

One-shot Trajectory Likelihood. Let a sampled trajectory of L tokens be denoted as x.%- . Here, the trajectory
likelihood,
Lo+L
Lg+1:Lg+L : - o
mo(xpy gt = T me @ X7, (71)
I=Lq+1

can be computed in a single model forward pass. To efficiently implement this, we construct an input sequence of length
L, + 2L by concatenating the prompt, the clean tokens, and a set of mask tokens: q**« @ x}' @ mI+12L. We assign
positional encoding indices pos; to ensure that each clean token and its corresponding mask token share the same index:

l [ <L L
pos; = ¢ =P (72)
I—L,  Ly+L<I<L,+2L.

The attention mask is specifically crafted such that:

O} o (<),

¢ A clean token, either q"(l) or xg , attends to x ;

« A mask token mZ+o() attends to x5 <" U mZ+o(),

As illustrated in Figure 9, this configuration ensures that the output logits of the mask token at position L + [ exactly
reproduce the logits of x}, as if it were decoded during sampling.

B.4. d2 Training Algorithms
We present the pseudocode of d2-StepMerge and d2-AnyOrder in Algorithm 3 and Algorithm 4.

Algorithm 3 d2-StepMerge

Input: Reward model r, reference model 7., prompt distribution Q, number of completions per prompt G, number of inner updates 7,
number of time segments V.
Initialize g <— et
repeat
Told $— T
Sample prompt g ~ Q

Sample G completion trajecotries {xéZ)T 1~ ol | Q)
Compute advantage {A(i)}ic:l (see Section 2.3)
for j=1to N do

stop_gradient(Compute and collect {Tr(,]d(x(_i)T e YD
I+ &

stop_gradient(Compute and collect {Wref(x(_i; e D
i+ §

end for
for gradient_iterations 1 to n do
for j 1to N do

Compute d2-StepMerge GRPO objective (Eq. (3.2.2)) with respect to {XEZ)T G4 T 19,
N

Backward pass to calculate gradient "
end for
Update 0 with optimizer.
end for
until converged

return 7y

C. Additional Experimental Details
C.1. d2-AnyOrder
C.1.1. Eso-LM

Hyperparameters. In this experiment, we reuse the ‘Eso-LM-B-alpha-1’ checkpoint released by Sahoo et al. (2026), which
is the pure diffusion version of Eso-LM without AR integration. In both training and evaluation, we let the model generate
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Initial attention mask Attention mask after iteration 1 Attention mask after iteration 2
Py, P, My My Ms Mg My P, P, A; My C; Mg My P, P, A; My C; Mg E;
P, P, P,
P, P, P,
M; As A;
M, M, n ]
M; Cs ] Cs ]
Mg ] Mg ] | Ms N
M; My ] ‘: E; ] ‘:

P, P, A; B, C; D¢ E; M3 My M; Mg M;
Sequence is decoded in 3 steps P,
Prompt: PP P,
Start: PPMMMMM A
lteraton1: PPAMCMM B,
lteraton2: PPAMCME Cs ‘
D
lteraton3: PP ABCDE ’ N
E;
. -
Usinga 2L x 2L ’
attention mask, we can M
compute the likelihood M ‘

of the full trajectory in
one forward pass Mg

My |

Figure 9. Illustration of the attention pattern of an any-order causal AO-ARM when decoding with prompts. Green squares represent
attention is ‘turned on’, i.e., attention bias of 0, between queries (rows) and keys / values (columns), gray represents no attention, i.e.,
attention bias of —oo. Subscripts denote positional embedding ids. In this example, the sequence is generated as a completion to the
prompt PP with the following trajectory: MMMMM — AMCMM — AMCME —ABCDE. (Top) Any-order causal attention mask
during generation. (Bottom) (Lq + 2L) X (Lq + 2L) attention mask that enables computation of likelihood for entire sequence trajectory
in one forward pass. The model receives a L, + 2L sequence consisting of a concatenation of the L generated tokens and L mask tokens.
The likelihood is computed using the output of the last L output tokens.
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Algorithm 4 d2-AnyOrder

Input: Reward model r, reference model 7, prompt distribution O, number of completions per prompt G, number of inner updates n.
Initialize 7o < Tt

repeat
Told < To
Sample prompt q*%e ~ Q
Sample G completions {xOLq'H:L"JrL G~ ol | @)

Compute advantage {A; }f;:l (see Section 2.3)
Build input sequence IN PUT = q'le ¢ xqu:LﬁL <) mL‘1+L+1‘LQ+2L)}iG:1
Build attention mask, see Appendix B.3
stop-gradient(compute {Trﬁg(xqu:L‘ZJrL | INPUT?Y)
stop_gradient(compute {20 (x et | INPUTY)
for gradient_iterations 1 to n do
Compute d2-AnyOrder GRPO objective (Eq. (3.2.2))
Update 0 with optimizer.
end for
until converged
return o

sentences with 512 tokens in free form. We set the group size as 16, and each group consists of a batch of 4 samples. When
generating token sequences, we apply no annealing, i.e., the temperature value is set as 1.0.

Baselines. Similar to d2, DDPO also decomposes the sequence likelihood along the time steps, and the original version of
DDPO (Black et al., 2024) is a PPO-style algorithm. To conduct a fair comparison, we remove the value network in DDPO
and use the group advantage instead. In addition, DDPO does not involve trust regions or KL divergence with the reference
model, so we also remove the corresponding parts in d2 to conduct a fair comparison.

C.1.2. ANY-ORDER CAUSAL LLADA: FINETUNE

Our finetuning recipe consists of two stages: data collection and finetuning. In the data collection stage, we aim to collect
the sample sequences generated by LLaDA-2.0-mini (Bie et al., 2025) served on the dLLM inference engine dInfer (Ma
et al., 2025). In the finetuning stage, we finetune the LLaDA-8B-Instruct model on the LLaDA-2.0-mini distillation data that
we collected before using the token-efficient training algorithm from Arriola & Kuleshov (2026).

Data collection. First, we collect distillation data from a subset of prompts of the ‘neginashz/star-sft-intellect-instruct-3’
dataset from Hugging Face (Ashz, 2024). In particular, we collect 150k prompts consisting of 15k prompts from the
‘am_chat’, ‘am_if’, ‘openreasoning_code’, ‘openreasoning_science’, ‘openreasoning_tool’, and the ‘toucan_tool’ splits, and
60k prompts from the ‘openreasoning_math’ split. We then input these prompts into the LLaDA-2.0-mini model with a
maximum generation length of 1024, block size of 32, and confidence threshold of 0.9 (Wu et al., 2026). Second, we
collect instruction tuning data from the train set of the corresponding reasoning benchmarks, i.e., GSM8K and MATHS500.
Similarly, we input the prompts from the train sets of these data into LLaDA-2.0-mini and collect its outputs.

Any-order causal finetuning algorithm. We follow Arriola & Kuleshov (2026) to utilize their token-efficient training
algorithm to do any-order causal finetuning by useing the AO-ARM objective:

L
> logpa(xg"” | x5 <) . (73)
=1

Lao-arm = Eo v (sp)

In practice, given a clean token sequnce q'’¢ @ xTat1:LatLl we first randomly sample a permutation o of integer
1,..., L. Note that here, we slightly tweak o to make it respect block decoding. In other words, the permutation is only
applied within each block, and among blocks we use a left-to-right order. After that, we construct a L, + 2L sequence
qlile @ xbatliLatl @ mbatL:La+2L We then assign positional encoding indices pos; to ensure that each clean token and
its corresponding mask token share the same index:

l I<L,+L
pos; =’ =t (74)
I-L, Ly+L<l<L,+2L
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The attention mask is specifically crafted such that:

« A prompt query q' attends to q'*%4;

« A clean token x}, attends to q'*4e U x7 (=Y

A mask query m’*! attends to g%+ U xg(<l) UmEto®,

We then input the toke sequence q'i%e @ xFatlilatl ¢ mlatLilat2l ipto the LLaDA model with the crafted attention
mask and positional encodings. By computing loss on the logits of the last L mask tokens, we are trarning the LLaDA
model into an any-order causal model.

Any-order causal finetuning setting. Our finetuning constists of two stages. The first stage is to finetune the LLaDA-8B-
Instruct checkpoint on the Intellect-SFT distillation data that we collected. The second stage is to finetune the checkpoint
after the first round of finetuning using the GSM8K / MATHS500 distillation data to teach the model how to do instruction
following. In both stages, we set aside a separate validation sets from the training set, and pick the checkpoint with the
lowest validation loss. In terms of hyperparameters, we use a learning rate of le-5, a block size of 32, and a batch size of
8. Unlike Zhao et al. (2025), we do not apply LoRA in the finetuning stage. Instead, we freeze all other parameters and
finetune the ‘q_proj’, ‘k_proj’, and ‘v_proj’ layers. In Appendix D.1.2, we provide an ablation results demonstrating the
efficacy of the first finetune stage, where the model is exposed to a more diverse and larger set of data.

C.1.3. ANY-ORDER CAUSAL LLADA: RL

We follow the setting in Zhao et al. (2025) by applying LoRA layers (Hu et al., 2022) to the q_proj, k_proj, v_proj, o_proj,
up_proj, down_proj, and gate_proj layers of LLaDA-8B-Instruct with a rank of 128, o of 64, and a dropout rate of 0.05.
Unlike Zhao et al. (2025), we do not apply quantization to the model to accelerate training. We also turn off the random
masking on prompt tokens for both d2-AnyOrder and diffu-GRPO. We set the learning rate as 1e-6, the number of inner
iterations as 2, and group size as 8 to stablize training. [ is set as 0.04, € is 0.5, and the effective batch size is 16. The
temperature of on-policy sampling is set as 0.9. During evaluation, the sampling temperature is 0, i.e., we apply greedy
sampling on the test set. To keep it consistent with the d2-StepMerge experiments, at each time step, two tokens with
the largest two confidence scores are decoded simultaneously. To reduce the train-test mismatch, we artificially assign a
decoding order to the two tokens simultaneously decoded using a left-to-right order. In other words, when constructing
the causal attention mask for the remaining sampling steps, we let the token on the right attend to the token on the left.
This sampling setting is consistent across RL training and evaluation. For both training and evaluation, the block size
of LLaDA (Nie et al., 2025) is set as 32. In this experiment, we apply diffu-GRPO directly on any-order causal LLaDA
checkpoint without SFT. We apply the same reward functions as in Zhao et al. (2025). Unlike Zhao et al. (2025), we keep
the standard deviation denominator when computing advantages. For GSM8K, we use a maximal prompt length of 200 and
a sequence length of 256. All hyperparameters are shared for both the d2-AnyOrder runs and the diffu-GRPO runs reported
in Figure 6 to ensure fair comparison. We also report a new set of experiments on MATHS500 in Appendix D.1.2, where we
use a generation length of 512.

C.2. d2-StepMerge

Hyperparameters. In this set of experiments, we follow the setting in Zhao et al. (2025) by applying LoRA layers (Hu
et al., 2022) to the q_proj, k_proj, v_proj, o_proj, up_proj, down_proj, and gate_proj layers of LLaDA-8B-Instruct with a rank
of 128, a of 64, and a dropout rate of 0.05. To reduce GPU memory consumption, we apply 4-bit quantization. We also
apply a random mask on the prompt tokens with a probability of 0.15. The learning rate is set as 3e-6, 3 is set as 0.04, and €
is 0.5. For GSMS8K, MATH500, and Countdown, the temperature of on-policy sampling is set as 0.9, while the temperature
for Sudoku is set as 0.3. During evaluation, the sampling temperature is 0, i.e., we apply greedy sampling on the test set. For
both training and evaluation, the block size of LLaDA (Nie et al., 2025) is set as 32. In Figure 7, we apply diffu-GRPO
directly on LLaDA-8B-Instruct without SFT, and in Table 6, the d1 results are copied from Zhao et al. (2025), with SFT
included. We apply the same reward functions and drop the standard deviation denominator when computing advantages
as in Zhao et al. (2025). In Table 9, we report the N values, sequence lengths, inner iteration numbers, and maximum
prompt lengths utilized for the four benchmarks. All hyperparameters are shared for both the d2-AnyOrder runs and the
diffu-GRPO runs reported in Figure 7 to ensure fair comparison. In the Sudoku ablation, we reuse all the hyperparameter
settings reported in 7 and only alter V.
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Table 9. N, sequence length, innter iteration number, and max prompt length applied in the d2-StepMerge experiments.

GSM8K MATHS500 Countdown Sudoku

Seq. Length 256 512 128 128
N 8 16 16 16
Iteration Number 12 12 8 8
Max Prompt Length 200 512 200 200
0 @ Toxicity —

—e— DDPO Toxicity

N

|
(<)}

Toxicity Score
A

/

0.00 0.25 0.50 0.75 1.00 1.25 150 1.75
FLOPs lel7

|
e}

Figure 10. Toxicity steering results of d2-AnyOrder and DDPO on Eso-LM.

FLOP Estimation. We estimate computational consumption based on the operations executed during on-policy training
loops. The total FLOP count for each loop consists of three components: on-policy sampling, likelihood evaluation for both
the old and reference policies, and likelihood evaluation for the currect policy. We utilize the following estimation heuristics:

1. On-policy Sampling: L x G x T x 2P, where L is the sequence length, G is the effective group size, i.e., group size
times GPU numbers, 7" is the number of sampling steps, and P is the parameter count.

2. Likelihood Evaluation for Old and Reference Policy: L x G x N x 2P (per policy), where N is the number of
StepMerge segments.

3. Likelihood Evaluation for Current Policy: L x G x N x 4P.
For sampling and likelihood evaluation, the multiplier is set to 2P per token, reflecting the cost of a forward pass with
gradient computation disabled. For gradient updates, we adopt a multiplier of 4 P, accounting for the forward pass (2P) and

activation backpropagation (2P) through the frozen backbone. We neglect the gradient overhead of the LoRA parameters,
as they are negligible relative to the 8B parameters of the LLaDA backbone.

D. Additional Experimental Results
D.1. d2-AnyOrder
D.1.1. Eso-LM

Main Result. In Figure 10, we provide more data points collected in the Eso-LM toxicity steering experiment. We can
see that the d2-AnyOrder curve strictly dominates the DDPO curve, demonstraing the efficacy of our proposed trajectory
likelihood evaluation technique.

Ablation. In Figure 11, we provide more data points collected in the Eso-LM toxicity ablation experiment. We consistently
observe a trend of d2-AnyOrder dominating d2-StepMerge.

D.1.2. ANY-ORDER CAUSAL LLADA

Finetune. As shown in Table 10, applying the first finetuning stage on the Intellect-SFT data significantly increases the
benchmark performance after the instruction-finetuning stage, demonstrating the advantage of increasing the diversity and

27



d2 : Improving Reasoning in Diffusion Language Models via Trajectory Likelihood Estimation

0= 0——o—0

—e— d2-AnyOrder Toxicity —
—e— d2-StepMerge Toxicity o

|
N

Toxicity Score
sk

\

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75
FLOPs lel7

Figure 11. d2-AnyOrder v.s. d2-StepMerge on toxicity steering.

Table 10. Benchmark performance of any-order causal LLaDA with and without the Intellect-SFT finetuning stage.

Finetuning Setting GSM8K MATHS500

GSMS8K / MATHS500 55.34% 16.80%
Intellect-SFT + GSM8K / MATH500  59.21% 22.00%

—— diffu-GRPO (d1)
0.24 AnyOrder (d2)

©
N
w

o
N
N

Accuracy
4
Ve
\.
/
™~
/
AN

0.19
0.00 0.25 0.50 0.75 1.00 1.25
FLOPs 1e20

Figure 12. d2-AnyOrder v.s. diff-GRPO on the any-order causal LLaDA finetuned for MATHS500.
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scale of data that the model is exposed to during finetuning.

RL. In Figure 12, we present the performance-compute dynamics of d2-AnyOrder and diffu-GRPO on an any-order causal
LLaDA checkpoint that we have on MATHS500. d2-AnyOrder demonstrates a better trend to steer up the test set pass@1
than diffu-GRPO, further consolidating the efficacy of our proposed trajectory likelihood estimators.

E. Assets

In Table 11, we list the datasets (and corresponding licenses, when available) used in this work. In Table 12, we list the
software packages (and corresponding licenses) used in this work.

Table 11. Datasets (and corresponding licenses) used in this work.

Dataset License

OpenWebText (Gokaslan et al., 2019)  Creative Commons CCO license (‘“no rights reserved”)

GSMS8K (Cobbe et al., 2021) MIT
MATHS500 (Lightman et al., 2024) Apache-2.0
INTELLECT-3-SFT (Ashz, 2024) Apache-2.0

Table 12. Software (and corresponding license) used in this work.

Library License

HuggingFace (Wolf et al., 2019) Apache 2.0

Hydra (Yadan, 2019) MIT

NumPy (Harris et al., 2020) NumPy license

Matplotlib (Hunter, 2007) Matplotib license

OmegaConf BSD 3-Clause

Pandas (pandas development team, 2020)  BSD 3-Clause “New” or “Revised”
PyTorch (Paszke et al., 2019) BSD-3 Clause

Seaborn (Waskom, 2021) BSD 3-Clause “New” or “Revised”
TRL (von Werra et al., 2020) Apache-2.0
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