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Abstract

Offline contextual pricing often relies on logged
observational data, but faces challenges from dis-
tributional shifts between training and deployment
environments. Distributionally robust optimiza-
tion (DRO) provides a principled approach to off-
policy evaluation and learning (OPE/L). However,
existing methods are mostly limited to discrete ac-
tions. Recent work has explored DRO for continu-
ous treatments using inverse propensity weighting
(IPW), while such IPW-based estimators can be
sensitive to the convergence rate of propensity
score estimates, particularly when estimated non-
parametrically, which may lead to larger estima-
tion errors and regret. In this work, we develop
a doubly robust (DR) framework for distribution-
ally robust OPE/L in continuous pricing settings.
For evaluation, we propose a localized DR estima-
tor that addresses the computational challenges
of worst-case expectations by fitting only a small
number of regressions, comparable to standard
non-robust DR, while achieving semiparametric
efficiency under mild product rate conditions. For
learning, we leverage the inherent smoothness of
demand noise to handle pricing-specific disconti-
nuities in revenue outcomes (e.g., threshold-based
purchase decisions), establishing a finite-sample
regret bound of O,,(T~5/(2s+1)) for smoothness
orders s = 1, 2. This bound improves upon exist-
ing regret rates in existing DRO-based off-policy
learning (OPL) for continuous treatments. Exten-
sive experiments under various levels of distribu-
tion shift validate our proposed framework.
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1. Introduction

Personalized pricing has gained popularity on online plat-
forms, as firms can account for consumer heterogeneity by
setting prices based on individual contextual information
(Cohen et al., 2020; Chen & Gallego, 2021; Tang et al.,
2025; Zhang et al., 2025). While randomized controlled
trials (RCTs) provide a reliable way to estimate treatment
effects, see Colnet et al. (2024) for a review, the large num-
ber of possible price options (Ye et al., 2025) and the risks
associated with real-time exploration often make off-policy
evaluation and learning (OPE/L) from historical observa-
tional data a more practical and safer approach (Kallus &
Zhou, 2018; Kitagawa & Tetenov, 2018; Athey & Wager,
2021; Zhou et al., 2023; Carranza & Athey, 2025).

Standard inverse probability weighting (IPW) (Horvitz &
Thompson, 1952; Swaminathan & Joachims, 2015) and dou-
bly robust (DR) estimators (Dudik et al., 2011; Zhao et al.,
2015), have been well-developed for discrete treatment set-
tings (Jiang & Li, 2016; Athey & Wager, 2021; Mbakop &
Tabord-Meehan, 2021; Zhan et al., 2021; Fang et al., 2025b).
Generally, direct application of these methods to continuous
treatment settings is challenging, as it would reject most
observed data due to the zero-probability of exact treatment
matches, leading to high variance. To address these limita-
tions, recent work has introduced kernel-based smoothing
techniques that enable more stable estimation in continuous
domains (Kallus & Zhou, 2018; Lee et al., 2022; Colan-
gelo & Lee, 2026; Ai et al., 2026). However, even with
kernel smoothing, OPE/L remains vulnerable to distribu-
tional shifts between training and deployment environments,
which are common in dynamic markets due to concept drift
or covariate shifts (Si et al., 2023; Wang et al., 2024; 2025).
Distributionally robust optimization (DRO) provides a prin-
cipled framework to mitigate such risks by optimizing for
worst-case performance within an uncertainty set (Delage &
Ye, 2010; Ben-Tal et al., 2013; Hu & Hong, 2013). DRO has
been successfully applied to OPE/L in discrete treatment
settings (Kallus et al., 2022; Si et al., 2023; Wang et al.,
2025). For continuous treatments, recent works have ex-
tended DRO using kernel-smoothed IPW estimators (Leung
et al., 2025), which provide finite-sample convergence guar-
antees. We summarize the comparison between our result
and prior works in Table 1. Nevertheless, these IPW-based
approaches remain dependent on the convergence rate of
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the propensity density estimates, where nonparametric esti-
mation can lead to deteriorated estimation error and regret.

In this paper, we propose doubly robust algorithms for distri-
butionally robust OPE/L, incorporating a scaled kernel func-
tion to handle continuous pricing settings. Unlike general
continuous-treatment literature, which typically assumes a
smooth outcome function (Ai et al., 2026; Colangelo & Lee,
2026), pricing inherently involves a discontinuous revenue
function due to threshold purchase behaviors (Javanmard &
Nazerzadeh, 2019; Cohen et al., 2020). Recently, Kallus &
Zhou (2018) requires the smoothness of the outcome func-
tions with respect to the treatment, which is also imposed
on the conditional outcome density functions in Leung et al.
(2025); Colangelo & Lee (2026). Nevertheless, we handle
this rigorously through the s-smoothness of the cumulative
distribution function (CDF) of noise in the demand function,
for s = 1, 2. Our main contributions are as follows:

Distributionally Robust Off-policy Evaluation (OPE).
While Neyman orthogonality and /T h-consistency (h is
the kernel bandwidth) have been established for continu-
ous treatment in non-robust settings (Kennedy et al., 2017;
Colangelo & Lee, 2026), extending it to a DRO framework
poses a non-trivial challenge, as the DRO and DR com-
ponents become highly coupled by a supremum over the
log of moment generating functions. We propose the Lo-
calized Doubly Robust DRO OPE for Continuous Pricing
(LDR2O?PE-CP) estimator and show that it achieves VTh-
consistency and enjoys semiparametric efficiency even un-
der the DRO objective (see Section 3). Our approach ensures
robustness to both environment shifts and estimation errors,
remaining computationally tractable by fitting nuisances
only three times.

Distributionally Robust Off-policy Learning (OPL). For
policy learning, we establish a finite-sample regret bound
of O,(T—%/(5+1) s = 1,2, for a policy class with fi-
nite pseudo-dimension, even when nuisance functions are
nonparametrically estimated at slow rates (see Section 4).
This bound represents a theoretical improvement over the
O,(T~/*) rate established in existing distributionally ro-
bust (Leung et al., 2025) and non-robust (Kallus, 2018)
approaches for continuous treatments, and is comparable
to rates reported in the non-robust continuous treatment
literature (Ai et al., 2026).

See https://github.com/OfflinePricing/
DR-DRO-PRICING for simulation and Expedia study.

1.1. Related Work

Off-Policy Evaluation/Learning. A large body of work has
developed OPE/L methods for discrete treatment settings
(Dudik et al., 2011; Kitagawa & Tetenov, 2018; Athey &
Wager, 2021; Mbakop & Tabord-Meehan, 2021; Zhou et al.,

2023; Fang et al., 2025b), continuous treatment (Kallus &
Zhou, 2018; Chernozhukov et al., 2019; Colangelo & Lee,
2026; Ai et al., 2026), and general treatment (Fang et al.,
2025a). Although some allow the data to be adaptively
collected (Zhan et al., 2021; 2024; Jin et al., 2021; 2025b),
most remain non-robust to distributional shifts.

Recent efforts have incorporated distributional robustness
to handle distribution shifts, primarily in discrete treatment
settings (Kallus et al., 2022; Mu et al., 2022; Blanchet et al.,
2023; Si et al., 2023; Guo et al., 2024; Jin et al., 2025a; Wang
et al., 2025), and some also address multi-source shifts (Car-
ranza & Athey, 2025; Imbens et al., 2025). The closest prior
work is Leung et al. (2025), which develops a distribution-
ally robust OPL framework for continuous treatments using
kernel-smoothed IPW, with performance tied to propensity
density convergence rates under nonparametric estimation.
Our doubly robust approach achieves semiparametric effi-
ciency under milder product rate conditions, yields a sharper
finite-sample regret bound than Leung et al. (2025).

Contextual Pricing. Recently, many papers have been fo-
cusing on contextual pricing, see Den Boer (2015); Chen &
Gallego (2021) for a review. Offline contextual pricing is
also practically relevant in real marketplaces and platform
operations (e.g., Zhou et al. (2024); Zhang et al. (2026)).
Existing works can be categorized by the assumptions on
the two unknown functions, namely the mean utility and the
CDF of the noise. Javanmard & Nazerzadeh (2019); Co-
hen et al. (2020); Ban & Keskin (2021); Miao et al. (2022)
assume the noise CDF is known in advance, and impose a
parametric model on the product’s market value. Alterna-
tively, Shah et al. (2019); Fan et al. (2024); Luo et al. (2024)
allow the noise distribution also to be unknown, and use a
semiparametric model where mean utility is parametrically
organized. Furthermore, Nambiar et al. (2019); Chen & Gal-
lego (2021); Hu et al. (2022); Bu et al. (2025) adopt a fully
nonparametric approach to model both the mean utility func-
tion and the noise distribution. Chen et al. (2024) propose
a doubly nonparametric random utility model for demand
characterization, which is most relevant to our work.

2. Problem Formulation
2.1. Offline Contextual Pricing

We consider a contextual pricing setting where a context
vector X € X C R? and a random noise term Z € R are
drawn from a joint distribution Py. X and Z are indepen-
dent and the marginal distributions are denoted by F'x and
Fz, respectively. For a given context X, the buyer’s valua-
tion is modeled as v(X, Z) = f(X)+Z, where f : X — R
is the unknown deterministic component of the valuation.

In the offline learning setting, we are given a training dataset
D = {(x¢, pt,y¢) }1_, consisting of T independent and i.i.d.
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Table 1. Comparison of convergence rates in the OPL literature. We report regret upper bounds with respect to sample size 7', treating
policy class complexity measures (e.g., entropy integrals) as constant factors. For our work and Ai et al. (2026), s = 1, 2 corresponds to
the smoothness order of the outcome functions, while Colangelo & Lee (2026) and Leung et al. (2025) require three-times differentiability
(s = 3) of conditional outcome densities w.r.t. treatment. Here O hides logarithmic factors in 7.

Paper Action Space  Distributional Shifts? Regret Bound
Kitagawa & Tetenov (2018); Athey & Wager (2021); Mbakop & Tabord-Meehan (2021) Binary X OP(T’l/ 2)
Dudik et al. (2011); Swaminathan & Joachims (2015); Kallus (2018); Zhou et al. (2023) Discrete X OP(T*”Z)
Kallus & Zhou (2018); Colangelo & Lee (2026); Ai et al. (2026) Continuous X Op(T_s/(zs'*'l))
Kallus et al. (2022); Si et al. (2023); Wang et al. (2025) Discrete Vv OP(T*U?)
Leung et al. (2025) Continuous Vv Op(T~H/%)
Ours Continuous Vv O, (T~#/(2s+1))

triples. Specifically, for each ¢, a context vector z; and a
noise term z; are drawn from the underlying distribution
Py. Subsequently, a price p; € P is selected by a known
logging policy 7y with probability 7o (p;|x;), where P =
[Pmin, Pmax| denotes the set of feasible prices. Without loss
of generality, we assume the prices are normalized such that
Pmin > 0and pmax = 1. Then, the binary purchase decision
yr = 1{z: > pt — f(x+)} is observed. Consequently, the
observed revenue at time ¢ is given by r; = p;y;. We make
the following assumptions on the data-generating process.

Assumption 2.1 (Unconfoundedness). The purchase deci-
sion Y (p) := 1{v(X, Z) > p} is independent of the price
P conditional on the context X, i.e., Y(p) 1L P | X.
Assumption 2.2 (Overlap). There exists a constant 77 > 0
such that mo(p|z) > n for all (z,p) € X x P.

Assumption 2.3. There exists constants p, 5 € (0, 1) such
that the joint distribution P satisfies

p<Py((X,Z)<P|X)<p,VPEP,X X,

Assumption 2.4 (Smoothness of Noise Distribution). The
noise distribution F'z is s-differentiable with bounded s-
order derivative, i.e., sup, |F§S)(z)| <Lz <oofors=1.

Assumption 2.2 guarantees that every feasible price has a
non-zero probability of being sampled for any given con-
text (Kallus & Zhou, 2018; Si et al., 2023; Leung et al.,
2025). This ensures sufficient exploration within the train-
ing data, making it possible to assess the performance of
any new pricing strategy. Assumption 2.3 implies that there
always exists the non-negligible probabilities that the cus-
tomer will reject/accept the offer, regardless of the context.
This boundedness is made to prevent our estimator from
diverging to infinity. Assumption 2.4 is standard in the
literature (Javanmard & Nazerzadeh, 2019; Chen & Gal-
lego, 2021; Chen et al., 2024; Fan et al., 2024; Gong et al.,
2025). And we discuss a stronger assumption that 'z has
a bounded second-order derivative, s = 2 (Kallus & Zhou,
2018; Leung et al., 2025), which leads to an improved result
in Section 4. These different smoothness assumptions align
with the differentiability of the outcome regression in Ai
et al. (2026).

2.2. Distributionally Robust Performance

A seller’s policy m € Il is defined as a deterministic function
m : X — P mapping contexts to prices, and the revenue is

r(X,7(X),Z) £ 7(X)1{Z = n(X) — f(X)}.

We evaluate the performance of a policy 7 based on its
expected revenue, formalized by the policy value function:

Definition 2.5. The policy value function R : IT — R is
defined as: R(7r) £ Ep,[r(X,7(X), Z)].

Given the distributional shift between training and testing
environments, we adopt a distributionally robust framework
that explicitly accounts for potential deviations from the
nominal training distribution Py. We define distributional
uncertainty set Up, (§) centered at Py with radius § as:

Up,(8) 2 {P : P < Pyand D(P|Pg) < 6},

where P < Py denotes absolute continuity with respect
to Py and D(P||Py) £ flog(%)dP is the Kullback-
Leibler (KL) divergence between two probability measures
P and Py.

Definition 2.6. For a given 6 > 0, the distributionally robust
value function R : II — R is defined as:

Ro(m) 1=, jnf  Elr(X,m(X).2)

The optimal policy 7* is a policy that maximizes the distri-
butionally robust value function: 7* € arg max em Rs ().
While such an optimal policy does not always exist, one can
construct a sequence of policies converging to the supremum
sup,c{Rs(m)}; for simplicity, we assume the maximum
is attainable throughout our analysis. We formalize the learn-
ing metric via the discrepancy between the performance of
the optimal policy and the performance of the learned policy
w, defined as the distributionally robust regret:

Definition 2.7. The distributionally robust regret Reg(m) of
apolicy m € Il is defined as Reg(7) = Rs(7*) — Rs(7).

Recalling the strong duality results from Kallus et al. (2022)
and Si et al. (2023), we transform the original infinite-
dimensional optimization over P € Up,(9) to a dual prob-
lem involving a single scalar . For any policy 7 € II, we
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assume that the distributionally robust value Rs(w) > 0,
which prevents degeneration into the trivial no-purchase
outcome. It is natural in our setting and simply requires that
the perturbation budget J is not overly large, see Appendix
A for a detailed discussion.

Lemma 2.8. Suppose Assumption 2.1 and 2.3. The distri-
butionally robust value Rs() is equivalent to

Rs(r) = sup p(m,) & —alog W(r,a) —ad, (1)
a>0

where W (m,a) 2 Ep, [exp (—r(X,7(X), Z)/a)]. Fur-
thermore, (T, -) is strictly concave with respect to «, and it
admits a unique maximizer o* () € (0, @), where & = 1/6.

Unlike the discrete setting, using the indicator function
(Dudik et al., 2011; Si et al., 2023; Zhan et al., 2024) to
estimate the robust policy value Rs() is not valid in the
continuous setting. Kallus & Zhou (2018) and Leung et al.
(2025) propose a kernel smoothing approach, where the in-
dicator function is replaced by a kernel function K (-) with
bandwidth &. They also assume that the logging policy g
is known and propose to estimate W (mr, o) by IPW, based
K Pr;r(wf,))

on normalizing the propensity ratios W:

K(Pt*’}:(zt))
WIPW(ﬂ_ a) = Z ho(pe|ze)
T ’ - T K(m*;‘;(lt))

t=1
Zt:l hmo(ptlzt)

exp(—peyi/ ),

2

then #/PW € arg max RgPW(WL 3)
S

where  RIPW(7) 2 sup { — aWEPWY (7, ) — ad}.

ae(0,a]

However, in practice, the logging policy 7 is unknown and
needs to be learned from the data. Furthermore, neither
the standard IPW estimator nor its self-normalized variant
achieves semiparametric efficiency. To overcome these chal-
lenges, we adopt doubly robust methods.

3. Distributionally Robust Policy Evaluation

In this section, we develop a doubly robust framework for
evaluating the distributionally robust value of a target policy.
However, it is challenging to estimate the distributionally
robust value directly, as it involves a non-linear dual opti-
mization problem and, potentially, a continuum of nuisance
regressions. Building upon the localized debiased machine
learning framework proposed by Kallus et al. (2022; 2024),
we extend the localization technique from discrete to con-
tinuous treatment settings. Unlike the discrete action case,
our estimator incorporates kernel smoothing to handle the
continuous policy space.

3.1. Localized Doubly Robust Estimation

As established in Lemma 2.8, the distributionally robust
value Rs(w) can be characterized via its dual form, and
there exists a unique optimal dual parameter o* := o* ()
that satisfies the following first-order condition

Wl (ﬂ-a a*)

—lOg WQ(TF,O[*) — W —6=0. (4)

where W;(m,a) 2 E[(n(X)Y(7(X)))! exp(—7(X)
Y(m(X))/a)], 5 = 0,1. Using the shorthand W/ =
W;(m, o*), the robust policy value is then given by

Rs(m) = —a* log W — o™, 5)

Therefore, estimating o*(7) and Rs(7) in (4) and (5) is
equivalent to estimating the root of the following moment
equation with parameter § = [, Wo, W1, Rs] "

E[U(r(X)Y (m(X)); a) + G(6)] = 0, (6)
exp(—r/a) fg//o
U(T; a) _ rexp(O—T/Oz) ’G(e) _ s IO;W:) B V‘V/I}
0 fRafalogWOOngé

In practice, direct estimation of (4) and (5) is infeasible
because the counterfactual outcomes Y (7(X)) are not ob-
served. Instead, we consider the following doubly ro-
bust moment equation in terms of the observed variables
V = (X, P,Y), with nuisances A1, A2 to be estimated:

E[yp(V;0,\1(V;a),5(V))] =0,

K(P—ﬂ'(z))

P(v; 0, 1, X)) = m (U(py; @) — A1z, p; )

+ M(z,7(x); ) + G(6),

where we incorporate kernel function K (-) with bandwidth
h to handle the continuous policy space. And \5(z,p) =
mo(p|x) is the logging policy,

M(z,p;a) =E[U(PY;0)[X =z, P = p]

= [m()(l.7p; a)7m1($7p; a)vovo]—ra

m;(z,p;a) = E[(PY)’ exp(—PY /)| X =z, P = p).

A significant technical hurdle in distributionally robust pol-
icy evaluation is that the outcome regressions, m;(-; a),
are coupled with the dual parameter . Recalling that
Neyman orthogonality for continuous treatment (Colan-
gelo & Lee, 2026) implies that the Gateaux derivatives
of E[(V;0,\1(V; ), A2(V))] with respect to the nui-
sances (A1,A2) are O(h®) when evaluated at 0* =
(o, Wi, Wi, Rs(m)), M(50) = A (5a%) and Mg = A5,
This orthogonality ensures that our estimator remains first-
order insensitive to the estimation errors of the nuisances as
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the bandwidth h — 0. Thus, we leverage the localization
technique (Kallus et al., 2022; 2024) to utilize an initial
guess &4 and fit the nuisances only at this localized point,
instead of a continuum of regressions for whole « € (0, @],
as provided the initial guess is sufficiently close to a*.

Algorithm 1 Localized Doubly Robust DRO OPE for Con-
tinuous Pricing (LDR?O?PE-CP)

Input: Dataset D, uncertainty radius 6, policy 7, kernel
function K with bandwidth h.

—_

: Randomly evenly partition D into {Z1, ..., Zr}.
: for { =1to Ldo
oS )(p|ac) to fit mo(p|x) using Zj = D \ Zy.

Randomly split Z7 into two halves: J1, Jo.

@. < InitialEstimate(//1, 6, 7).

znzt
‘
Train m; )(J:,p; En)lt) to fit m;(z, p; o

data Jo, 5 =0, 1.
end for
9: Initialize o < ¢ Z@ 1 agi)n
10: Find & that solves the estimated moment equation:

o

nit

2
3
4:  Train 7
5
6
7

) using

oo

— log Wo(a) — M — 6 =0, where @)
aWy(a)
| L
& (0 .
L2 2 W) j=0.1,
(=1 teT,

K(Pt*;;(zt) )

W0 () £ mﬁ(xmr(wt); d’gfl,)it) +

hﬁ(()[) (pt|we)

’ ((ptyt)j exp(—piyi/a) — 5/)(%% Efl)ﬂg))
11: Calculate Rs < —élog Wo(d&) — aé.
12: Return: 6 = [&, Wy (&), ;

Wl(d)7R5]T

We propose Algorithm 1, Localized Doubly Robust DRO
OPE for Continuous Pricing (LDR?O?PE-CP), to summa-
rize the localized doubly robust evaluation procedure for
continuous treatment. Following the two-level cross-fitting
framework from Kallus et al. (2022), our implementation
is tailored to handle the continuous action space. First, we
randomly evenly partition D into L disjoint folds {Z}sc(]-

We estimate the propensity estimator 7, ( ) using the out-of-
fold data Z{ = D \ Z,. And we address the dependence of

outcome regressions on « by fitting m( )

point aEfL)Zt Here, az(fb)“t is a preliminary consistent estimate
obtained by InitialEstimate, for example, via a continuous-
treatment IPW estimator (Leung et al., 2025). By leveraging
the localization technique, we circumvent these continuum
regression problems, requiring the training of only three
machine learning models. Finally, we solve the empirical
moment equation for the dual parameter a by the Newton-

Raphson method (Si et al., 2023; Leung et al., 2025) to find

only at a localized

the root of (7). The gradients are provided in Lemma C.1.

3.2. Asymptotic Analysis
Set h = O(T ). Define the estimation rates as follows,

A(e) ~ (€)
[l )|

67 =] < 0p(T™0), i — %] < 0p(T ).

OP(Tipm )7

Assumption 3.1. We assume that p; + po A pm > 1‘%
Assumption 3.2. Kernel function K (u) : R — [0, 00) has
Lipschitz constant L i and satisfies:

@) [ K(u)du =1, [uK(u)du =0,

(i) [ |u|*| K (u)|du < oo and [ |u|*K?(u)du < oo for
k=0,1,2.

Theorem 3.3. Let 6% = [o*, Wi, W;, Rs(r)|" be the
solution of (6). Let 0 be the estimator defined in Algo-
rithm 1. Then, under Assumptions 2.1-2.3, 3.1, 3.2, and
VThit2s — 0 when Assumption 2.4 holds for s-order
differentiability, s = 1, 2, we have

VTh(0 — 6%) LN N(0,%%), ¥ = T 1Q0* =T where

Wi /a*? ~1 0 0
W3 o2 0 ~1 0
Jr = Wy 1 1 ,
a*ZW§ Wy + o W2 T oWy 0
—logWg -0 ~ W 0 -1

O = /K2(u)du - diag(wp,w1,0,0),
Var((PY)’ exp(—PY/a*)|X, P = 7(X))
mo(m(X)[X) ’

and ¥ is the optimal covariance, then 0 achieves the semi-
parametric efficiency lower bound for 0*.

(.UJ‘—E|:

Theorem 3.3 holds under some additional regularity condi-
tions on the nuisance smoothness, which are formally stated
in Appendix B. Algorithm 1 achieves v/Th-consistency,
aligned with the v/Th-consistency under non-robust setting
(Colangelo & Lee, 2026). Furthermore, our LDR202PE-CP
estimator attains semiparametric efficiency, which enables a
flexible trade-off in the convergence rates of the nuisance
functions to satisfy the product rate condition in Assump-
tion 3.1. Notably, this requirement is relaxed to (1 — 74)/2,
which is strictly weaker than the 1/2 threshold required for
/T-consistent semiparametric estimators in discrete action
spaces (Kallus et al., 2022). Moreover, it yields a more
stable covariance structure 2* that depends on the condi-
tional variance rather than the second moment as in the
self-normalized IPW estimator of (2) (Leung et al., 2025),
even when the logging policy is known.

Finally, we note that the asymptotic normality in Theorem
3.3 requires the bandwidth h to satisfy an undersmoothing
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condition relative to the smoothness of the noise distribution
in Assumption 2.4. Specifically, the approximation bias
introduced by kernel-smoothing is O, (h°) for s = 1, 2. To
ensure this bias vanishes in the limiting distribution, one
requires vV Thl*+2s — 0, leading to a regret rate slightly
slower than O, (T—*/(2+1)) (see Theorem 4.4). This un-
dersmoothing strategy is standard in the double machine
learning literature for continuous treatment (Colangelo &
Lee, 2026) as it enables the construction of valid frequentist
confidence intervals without explicit bias correction.

4. Distributionally Robust Policy Learning

In this section, we now focus on learning a robust policy 7

that maximizes the empirical distributionally robust value

defined in Definition 4.1, & € arg max Rs(), and analyze
TE

how the empirically optimal policy performs out of sample
by a finite-sample theoretical guarantee.

Definition 4.1 (Doubly Robust Estimators). Let K (-) be a
kernel function with bandwidth & > 0, and {(z¢, ps, y¢) } 1oy
be a given dataset. Define the DR estimator for a continuous
pricing problem as

L
~ 1 ~
Wr(m, a) = 7 ;_1 WO (x,a), (®)
i7(0) 1 -~ (0) 1
w (7T,Ol) =77 mg (:Chﬂ-(xt)? OZ) + A7
|Z¢| teT, |I£‘Se

)

~ (L
A D)

()

pt|$t)

(exp(—Ptyt/Oé) - m((f)(xt,pt; a)) )

where ST = I
| q teZ, hﬂ'o
Then, we define the distributionally robust value estimator

R5 II - R as

Rs(m) & sup{gpr(m,a)},

a>0

where  ¢p(m, ) £ —alog Wr(r,a) — ad.

Different from distributionally robust policy evaluation at an
initial guess aﬁfb)n( ), distributionally robust policy learning
needs to compute the distributionally robust estimator de-
fined in Definition 4.1, and find the optimal &* () for maxi-
mizing @7 (7, ). Thus, policy learning inevitably requires
mff)(:c, p; @) as a continuum estimate of the outcome re-

gression functions {mg(+, ;) : X x P = R | a € (0,a]}.

4.1. Learning Algorithm

A significant challenge arises because mg depends on the
dual variable .. In the policy learning phase, « varies contin-

uously, and retraining a regression model for every possible
value of o would be computationally prohibitive. Following
the approach proposed by Kallus et al. (2022), we utilize a
local weighting approach to estimate mg(z, p; ). Specif-
ically, given a dataset, we first learn a set of data-driven
weight functions {d)t(g) (z,p) }rezg- These weights represent
the proximity or similarity of the observed covariate-action
pair (z;, p;) to a query point (z, p). Common methods for
constructing these weights include k-nearest neighbors, ker-
nel regressions, and generalized random forests (Athey et al.,
2019; Oprescu et al., 2019; Bertsimas & Kallus, 2020; Ce-
vid et al., 2022; Khosravi et al., 2022). With these weights,
the estimator for the regression continuum for any o > 0 is

S" @ (@, p) exp(—peyefa). )

teTg

) (z,p; ) =

In our experiments, we constructed the weights using gener-
alized random forests (Athey et al., 2019). Specifically, we
first train a regression forest targeting the reward r. For a
given query point (z, p), the forest-induced weights @, (z, p)
are computed by averaging the normalized leaf member-
ships across all B trees,

B

Z 1(xt, pi) € Lp(z,p) (10)

o (z
|Ly(x, p)|

where L;(z, p) denotes the set of training examples falling
into the same leaf as the query point in the b-th tree. This
method has been successfully applied in statistical estima-
tion and decision making (Bertsimas & Kallus, 2020; Kallus
et al., 2022; Kallus & Mao, 2023).

Since joint optimization over (7, «) is generally non-convex
and computationally intractable, we adopt an alternating
fashion (Kallus et al., 2022; Si et al., 2023). While this
method guarantees convergence only to a local maximum,
it is computationally efficient and empirically effective. The
complete procedure, termed Continuum Doubly Robust
DRO OPL for Continuous Pricing (CDR202PL-CP), is de-
tailed in Algorithm 2.

4.2. Statistical Performance Guarantee

We establish the finite-sample statistical performance guar-
antee for the distributionally robust optimal policy 7. Under
Assumption 3.2, the bias introduced by kernel density es-
timation is O(h®) when Assumption 2.4 holds for s-order
bounded derivative (see Lemma C.2), and depends on con-

vergence rate of m((f) (z,p; @) (see Lemma C.5).

< (0’54}5:1

Assumption 4.2. Suppose {mg‘)(-;a) o
T(L—1)
L

and {7%8”(-)}%21 are learned from a dataset of
points, satisfying the following conditions:
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(i). There exists 7, ¥m > 0 such that

?|

E sup
a€e(0,a]

(i). 7"

2
~ (£
7T(())—7TOH

o}

] = o(T~®~), and

m(()f)(.,.;a)_mo(.7.;a)Hoo> —o(T~21m),

€ 1], m? (- a) € 0,1, V¢ € [L], a € (0, a).
(iii). {m((f)}g:l are L,;,-Lipschitz with respect to (z,p) €

X x P and monotonically non-decreasing in c.

Algorithm 2 Continuum Doubly Robust DRO OPL for
Continuous Pricing (CDR20?PL-CP)

1: Input: Dataset D, logging policy 7, uncertainty radius
6, kernel function K with bandwidth h, policy class II.
2: Output: Distributionally robust optimal policy 7.
Phase 1: Continuum Regression
3: Randomly evenly partition D into L disjoint folds
{Z4,..., I}
for {=1to L do
Let Z; = D \ Z; be the training data.

Train 7?(()4) (p|z) to fit mo(p|z) using Zj.

A

Train m((f) (z,p;a) to fit mo(z,p; ) for all a €
(0, @] using (9)—(10) with Z.
8: end for
Phase 2: Alternating Optimization
9: Initialize 7.
10: repeat
11:  Compute WT(fn «) using (8).
12:  Update & < arg max,>o —«log W (7, a) — ad.
13:  Update # < arg minep Wo(, &).
14: until 7 converges.
15: Return: 7.

Assumption 4.2(i) imposes a uniform convergence rate (L
norm) for the nuisance estimators. Kallus et al. (2022) and
Zhou et al. (2023) assume L, convergence rate for discrete
treatment. In our continuous treatment setting, however, the
L, requirement is a necessary theoretical cost to ensure
that estimation remains robust across the entire continuous
treatment manifold, which is consistent with Ai et al. (2026).
We can construct a continuum estimator of m by applying
the GRF framework to (9)—(10). According to Theorem 5 in
Athey et al. (2019), this yields the desired convergence rate
of 0,(T~%Ym) under their regularity conditions, by setting
the subsample size s used to grow each tree to be s = T
with 8 < 1 — 2~,,. To estimate the conditional probability
70, one can use the methods in Colangelo & Lee (2026) and
Cattaneo et al. (2024). Assumption 4.2 (ii) and (iii) share the
same properties as true functions 7y and mg. Specifically,

we can employ a smoothed version of the forest (e.g., using
a smooth kernel for leaf membership) to ensure it. We also
discuss a corresponding second-order bounded derivative
assumption when s = 2 in Assumption 2.4.

Before giving the theorem, we measure the complexity of
the policy class II using pseudo-dimension. Pseudo dimen-
sion generalizes the classical VC-dimension from binary-
valued functions to real-valued functions. Assumption 4.3
is mild and is satisfied by a vast range of parametric policy
classes used in practice, such as linear policies, deep neural
networks (Bartlett et al., 2019). This assumption is used to
derive the Rademacher complexity bound, see Lemma C.6.

Assumption 4.3 (Policy Class Complexity). The policy
class IT has a finite pseudo-dimension, denoted as Pdim(IT).

Theorem 4.4. Suppose Assumption 2.1-2.4, 3.2, 4.2, 4.3
hold, Given ¢ > 0, h > 0, and a finite pseudo-dimension
policy class dyy := Pdim(I1), we have with probability at
least 1 — Te,

Reglf) = a(log (%) ' (TZI;L N T;izl;L

As shown in Theorem 4.4, with high probability, the dis-
tributionally robust regret of the learned policy is upper
bounded by O, (T~*/(25T1) with the optimal bandwidth
h = ©(T~'/2s+1) where O hides logarithmic factors in
T'. This rate only requires a not strong condition 7y, + ¥, >
s/(2s + 1) in Assumption 4.2. A very recent study by Le-
ung et al. (2025) also investigates the distributionally robust
policy learning problem in continuous action space. They
employ the IPW estimator (2) under s = 2 assumption,
and the suboptimal regret bound they derived is (’)p(T‘l/ 4
with their optimal bandwidth 2 = ©(T'~'/%). While our
DR estimator can naturally degenerate to their IPW estima-
tor by setting the outcome regression 1M to zero. Hence,
we establish a sharper regret bound not only for our DR but
also for their IPW. This also aligns with rates achieved in
non-robust continuous treatment settings (Ai et al., 2026).

5. Experiments

We evaluate our proposed OPE/L methods in both simulated
and real-world contextual pricing environments.

5.1. Simulation Experiment

The simulated setup is as follows. Context vectors X € R?
are sampled from A(0,I3). Historical prices are gen-
erated according to a linear logging policy 7y, where
P | X ~ N(u(X),08) with g = 1.0, po(X) =
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Bo + By X, Bo = 1.0, B1 = [0.8,1.0,0.0] T, clipped to
P = [0.5,3.0]. The true customer valuation is f(X) =
0y + QIX + 0, X1 X5, 0 = 1.5, 6, = [1.2,1.8}T7 0y =
0.3, where (X1, X3) are informative features and X3 acts
as a nuisance feature. The binary purchase outcomes are
Y = 1{f(X) + Z > P}, where Z ~ Logistic(0, 0.2) fol-
lows an infinitely differentiable logistic distribution with
bounded derivatives. The rewardis R =P - Y.

First, we compare our proposed LDR20?PE-CP (Algorithm
1) against the DRO-IPW baseline (2) from Leung et al.
(2025). The target policy we seek to evaluate is a linear
policy Target(X) = w{ X + wo with Wearget = (W0, W1),
where wq captures the intercept. Policies are trained with
uncertainty radius dy,i, = 0.2 and evaluated under test radii
d € {0.1,0.2,0.3}, and T is the training sample size.. We
use a Gaussian kernel K (u) = \/% exp(—u?/2) with dif-
ferent bandwidth. We compare different bandwidths, (i) the
OPE-optimal bandwidth h = ©(T~'/%) under s = 2 in
Kallus & Zhou (2018); Leung et al. (2025); (ii) our under-
smoothing bandwidth h = ©(T7—1/(2s+1=0-1) ynder s =
1, 2. Furthermore, we apply these choices with a Silverman-
type scaling constant, i.e., h = 1.06 - std,, - T~'/5 and
h = 1.06 - std, - T~/ (2s+1=0-1) 'where std,, is the sample
standard deviation of observed prices. Both methods use
Ridge regression to estimate the logging policy by fitting
o (X)) and using the residual standard deviation as 0. Out-
come regressions are estimated by forest-induced weights
(10) (via the econml package, 20 trees, max depth 10) to
ensure consistency with the OPL setup. All models are fitted
with L = 5 fold cross-fitting, and averaged over 20 random
seeds. Shaded regions show 90% confidence intervals.

Figure 1 shows the mean squared error (MSE) of the esti-
mated distributionally robust policy value RZs. We observe
that LDR2O2PE-CP outperforms the DRO-IPW baseline,
as long as the sample size 7' is sufficiently large. However,
in the non-asymptotic regime (7' < 1000), LDR?O?PE-CP
may exhibit less stability compared to DRO-IPW. Neverthe-
less, LDR?OQ?PE-CP exhibits a faster convergence rate of
MSE decrease and offers a significant improvement over
the baseline. Overall, LDR?O?PE-CP provides the efficacy
of the localized technique even under varying adversarial
environments and different bandwidth.

Next, we compare our proposed CDR2O?PL-CP (Algorithm
2) against the non-robust DR method from Ai et al. (2026)
and the DRO-IPW learning method from Leung et al. (2025).
The target policy class is {7(X) = w{ X + wp : w =
(wg, w1), ||w]|s < 2}. The continuum of outcome regres-
sions {mo(x, p; @); a} is estimated according to (9)—(10)
using the same econml setup as in OPE. Optimization uses
Adam (learning rate = 3 x 1073) in Line 13 and bounded
optimization for « in Line 12.

Figure 2 reports the distributionally robust policy value R

of policies learned in the distributionally robust OPL task.
For fair comparison, all methods, including the non-robust
DR baseline from Ai et al. (2026), are evaluated using the
worst-case robust metric Rs (), regardless of whether ro-
bustness was optimized during training. The non-robust DR
baseline exhibits substantially wider confidence intervals,
indicating high sensitivity to random seeds and brittleness
under distributional shifts. In contrast, both robust meth-
ods produce much more stable estimates. Moreover, our
CDR20?PL-CP not only achieves the highest robust val-
ues but also yields slightly tighter confidence intervals than
DRO-IPW for large sample sizes. This reflects the statistical
efficiency gain of doubly robust estimation over IPW-based
methods, even when propensity scores are estimated reli-
ably (e.g., via Ridge regression). Overall, CDR20?PL-CP
delivers more stable learning and higher worst-case rewards
across different levels of distributional robustness.

d=01 §=02 §=03

—— LDR®O?PE-CP —— LDR?O?PE-CP —— LDR?O?PE-CP
DRO-IPW DRO-IPW DRO-IPW

(a) h=O©(T~1/29)

§=0.1 6=02 §=03

—— LDR?O’PE-CP —— LDR?0?PE-CP —— LDR?0?PE-CP
DRO-IPW DRO-IPW DRO-IPW

(b) h = @(T—1/4A9)

§=0.1 §=02 §=03

—— LDR?O?PE-CP —— LDR?O?PE-CP —— LDR?O?PE-CP
DRO-IPW DRO-IPW DRO-IPW

(c)h=0O(T~'/%?)

Figure 1. Comparison of LDR20?PE-CP against DRO-IPW in the
distributionally robust OPE task. Results are shown for different
bandwidth choices and test environments ¢ € {0.1,0.2,0.3} with
Otrain = 0.2 and 2500 test samples. The x-axis is the training
sample size 7', and the y-axis is the mean squared error (MSE) of
the estimated distributionally robust value Rs.

5.2. Empirical Experiment - The Expedia Study

We study offline contextual pricing on the dataset of the
Expedia Personalized Sort Competition (Adam et al., 2013)
hosted by Kaggle in conjunction with Expedia.. Each record
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is a search impression for a hotel listing, containing visitor
and search context, hotel attributes, competitor prices, the
logged list price, and whether the listing was booked. Fol-
lowing the offline pricing formulation in Section 2, we map
each impression to a triplet (x4, ps, y¢): x; € R* collects
numeric covariates (visitor history, search features, hotel
characteristics, and competitor rates); p; is the logged price
in USD; and y, is the booking indicator. To create distribu-
tion shifts, we split the training and test data based on hotel
star rating prop_starrating € {1,2,3,4,5}. We train
using only prop_starrating € {1,2,3} and test only
prop_starrating € {4,5}.

We learn the non-robust linear policy 7;, (Al et al., 2026),
distributionally robust linear policy 7pro—ipw (Leung
et al., 2025) and our proposed Tcpr2o2pL_cp in the linear
policy class ITj;,. Each policy 7, (z) € I}, is parameter-
ized by a vector w = (wg,w;) € R4, and the mapping
T X = [Pmin, Pmax] 1s defined as

1_[lin é {7T'w (33) = Pmin + (pmax - prnin) U(wirx + ’U)O) }a

where o(-) is the logistic link. We fix the uncertainty ra-
dius d¢rain = 0.1 used in the training procedure and the
training size T' = 500. To characterize adversarial perfor-
mance on Expedia, we adopt an empirical KL-adversarial
stress test following Si et al. (2023). We fix a deploy-
ment test pool of 77 = 2,500 triplets from the train-
ing dataset and generate M/ = 10 replicates. For each
j € [M], we draw a bootstrap batch {(xgj),pgj), yt(j)) T
with replacement from this pool, compute () at test

radius § = 0.2 by Lemma 2.8, and form weights wt(j) x

) ) N
K/ 785?](].3)/}1)) exp(—pgj)yt(])/oz;(ﬂ)). We then obtain
Ty

%0 (Pf, . .
a new dataset {:z? ) , ﬁij)

, Nt(j )}thll by resampling 7" triplets
according to {wt(j )} and evaluate

T/
“ . 1 e (i
Radv(ﬂ) = 1§Hj1'1§nI\4 F ; T(Igj), W(xgj))),
where 7(x, p) is a linear outcome regression for E[r| X =
x, P = p), fitted on the training set. Table 2 reports the mean
and standard error over 20 random repeats. We find that our
learned linear policy outperforms 7, and Tpro—_1pw-

6. Conclusion

In this paper, we present a doubly robust framework for
distributionally robust OPE/L in continuous action settings.
Our framework protects against distributional shifts across
environments. For evaluation, LDR?Q2PE-CP uses local-
ization to avoid the intractability of optimizing over a con-
tinuum of outcome functions. It fits only three regressions,
as tractable as standard non-robust DR, while achieving
semiparametric efficiency. For learning, CDR?O?PL-CP

fits a continuum of regressions with data-driven weights,
smoothly adapting to continuous pricing. By leveraging the
latent smoothness of demand noise, we overcome the dis-
continuity in purchase outcomes and derive a finite-sample
regret bound of O, (T—*/(?+1)) for s = 1,2 under mild
product rate assumptions. This bound represents an im-
provement over the OP(T*I/ 4) rate in prior work on DRO
methods and aligns with rates in non-robust approaches.

Comprehensive simulations demonstrate that our methods
exhibit strong robustness to distributional shifts. Although
we adopt the KL-divergence, future research could explore
other measures, such as Wasserstein distance, to offer better
geometric protections in specific scenarios. Additionally,
developing more scalable optimization routines to handle
high-dimensional state spaces would further broaden the
practical utility of our framework in large-scale applications.

§=0.1 0=02 §=03

: Ry

+-- DR -—=- DR

/\ DRO-IPW DRO-IPW

—— CDR?0’PL-CP

—— CDR0’PL-CP
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-~ DR
DRO-IPW

—1/2.9
(a) h = ©(T~1/22)
d=0.1 =02 =03
= - DR - DR
g DRO-IPW DRO-IPW
—— CDR?0’PL-CP

—— CDR?O’PL-CP

-~ DR = o s e =

o DRO-IPW _
Awe] — CDRO’PLCP  |f | [essmmme
* Training Sample Size T Training Sample Size T Training Sample Size T
(b) h = ©(T~1/%9)
5=01 5=02 5=03
= --=-- DR - DR
ES DRO-IPW DRO-IPW
—— CDR?0’PL-CP —— CDR?O?PL-CP

DRO-IPW
£ .| — coreo’PLcP
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(c) h = ©(T~1/50)

Figure 2. Comparison of CDR?O?PL-CP against the non-robust
DR and DRO-IPW in the distributionally robust OPL task. Results
are shown for different bandwidth choices and test environments
0 € {0.1,0.2,0.3} with drain = 0.2 and 2500 test samples.
The x-axis is the training sample size 7', and the y-axis is the
distributionally robust policy value Rs.

Table 2. Comparison of robust performance in Expedia study.

Method Raav

TLin 6.201 £ 0.683
TDRO—IPW 6.254 + 0.873
Topr202pL—cp  6.350 £ 0.598
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A. Proof of Results in Section 2
Proof of Lemma 2.8. By Theorem 1 of Hu & Hong (2013), the strong duality holds:

it B0, 2] = s { o, ey (TEIRE)) )

For brevity, let r = 7(X, m(X), Z). To prove that ¢(m, ) is strictly concave for o > 0, we analyze its second derivative.

& ma) = 1 (Ep, [r exp(—r/a)))?
aQQ‘P( , ) a?’EPD[eXP(_T/O‘)]( Ep, [exp(—r/a)]

—Ep, [r*exp (—r/a)]) .
By the Cauchy-Schwarz inequality,
Ep, [r exp(—r/a)]* < Ep,[r? exp(—r/a)|Ep, [exp(=r/a)].

Since Ep, [exp(—r/a)] > 0, we have %gp(w, a)) < 0. The Cauchy-Schwarz inequality holds strictly as an equality if and
only if 7 is almost surely constant. Under Assumption 2.3, Po(Y = 0) € [p, p], ensuring that 7 is non-constant almost

2 . . .
surely. Thus, %(p(ﬂ', a) < 0, which guarantees strict concavity.

Because r € [0, 1], we obtain Rs(7) > 0. Furthermore, < 1 implies Ep,[exp(—r/a)] > exp(—1/«), yielding the upper
bound (7, @) < 1 — «d. By strong duality, the optimal dual solution o* (7) must satisfy:

L

0 < Rs(m) = p(m,a* (7)) <1—a*(m)d = a”(7) < Q.

SN

Note that lir% (m, a) = 0. If the optimal solution were o*(7) = 0, the maximum robust value would be exactly 0, which
a—r

contradicts the assumption Rs(7) > 0. Therefore, o* () € (0, &].

We now prove that the condition 6 < — log 7 is sufficient to guarantee Rs(7) > 0. Since lim,_,o+ ¢(7, ) = 0, it suffices
to show that lim inf+ %(p(ﬂ', a) > 0. The first derivative of ¢ (7, ) for a > 0 is given by:
a—0

Ep, [r/aexp (—1/a)]
Ep, [oxp (—r/a)]

%(p(ﬂ', a) = —logEp, [exp (—r/a)] — — 0.

We evaluate the limits of the expectation terms as o — 0. For the first term, since r > 0, we have exp(—r/a) < 1. By the
Dominated Convergence Theorem, we can interchange the limit and the expectation:

lim Ep, [exp (—r/a)] = Ep, ali%a (H{Y =0} +1{Y =1} exp(—r/a))| =Po(Y =0).

a—0t

For the second term, since limg, ,.o2xe™® = 0, applying the Dominated Convergence Theorem yields

lim, o+ Ep, [r/aexp (—r/a)] = 0. Substituting these limits back into the derivative gives
lim 9 (m, ) = —log(Po(Y =0)) — ¢
amo+ da Y T Bl ot = ’
By Assumption 2.3, we know — log(Po(r = 0)) > — log p. Therefore, if § < — log p, we obtain
lim 9 (mya) > —logp—0 >0
amot Ba Y = &P ’

which completes the proof. O

B. Proof of Results in Section 3

We first introduce the assumptions for the asymptotic analysis.
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Assumption B.1. The oracle logging policy 7o(p|x) is three-times differentiable with respect to p € P for any z € X.
Furthermore, there exists a compact neighborhood A of the true dual parameter o*, such that for all « € A, the nuisance
function function Xﬁ” (z, p; ) has bounded first-order and second-order derivative with respect to p € P for any = € X and
¢ € [L], in probability, i.e.,

—0,(1), s=1,2

(e}

NG
sup -\ (z, p;
a:7p,a€AH8p5 i )

And /A\g)(z,p) >nforallz,pe X x P, L e [L].

Assumption B.2. There exist a compact neighborhood By of 8* and a neighborhood B¢ of ¢* such that for all § € By and
¢ e B

(1) Voo(V;6,() is Lipschitz continuous in € such that for any 61,02 € By, |Veto(V;61,() — Veuo(V;62,0)|
L(V, h)||61 — 02]|, where the Lipschitz constant satisfies E[L(V, h)] = O(1).

(ii) The conditional second moment is uniformly bounded, sup,, ,, supg,¢)e, x5, Ell Vo) (V; 0, () | X =2, P=p] <
oO(1).

(iii) For any fixed « in a compact neighborhood A of a*, the map ¢ — E[Vg1(V; 6%, ()] is Lipschitz continuous in a
neighborhood B, of (¥, i.e., |E[Vo(V; 0%, (1 (z, p; @) —E[Vep(V; 0%, Ca(x, p; @))]|| < Cyl|¢1 — C2]| for some Lipschitz
constant C'y, < 00.

IN

Assumption B.2 is tailored to adapt Assumption 2 in Kallus et al. (2024) to the continuous pricing setting. Specifically,
Assumption B.2 (i)-(ii) directly corresponds to Assumption 2 (ii) and (iv-v) in Kallus et al. (2024), ensuring the existence and
stability of the Jacobian and covariance matrices for the joint moment equations. Assumption B.2 (iii) is a localized version
of the Fréchet differentiability requirement discussed in Proposition 5 of Kallus et al. (2024), which is the fundamental pillar
for the localization technique to achieve semiparametric efficiency using only a preliminary estimate &y ;¢.

With the regressions mg and mq, we can show that the Gateaux derivatives of E[1)(V; 6, ()] are zero as h — 0, when
evaluated at 0* = (o, W, Wi, Rs(7)), M (s ) = Af(-;a*) and A2(+) = AS(-) respectively.

Lemma B.3 (Neyman Orthogonality in S2 of Online supplement (Colangelo & Lee, 2026)). Under Assumption B.1, B.2,
the Gateaux derivative of the moment mapping at the oracle parameter 6* and nuisance C* in the direction A = { — (* is
given by
0
[AM (07, ¢ Ag)| = | 5 B[ (V5 07, ¢ + 7A¢)]
where s = 1 under Lipschitz continuity and s = 2 under second-order bounded derivative in Assumption B.1. Consequently,
as h — 0, the moment condition is first-order insensitive to the estimation errors of the nuisances.

‘ = Op(h*), (11

7=0

Proof of Theorem 3.3. We decompose the proof into three main components: (i) control of errors introduced by dual-
variable localization and nuisance estimation; (ii) sensitivity and stability analysis of the joint moment equations (Jacobian
consistency); and (iii) the linear representation via empirical process theory.

Step 1: Nuisance Estimation and Localization Error. We first examine the sensitivity of the outcome model A} (z, p; o)
with respect to «. The derivative of A} (z, p; «) is

oz exp(—p/)P(Y = 11X =z, P =p)
L exp(—p/a)P(Y =1|X =2,P =p)

2 Niapo) = | 0 ,
0
is uniformly bounded by ﬁ for p € [Pmin, 1], € X and o > 0, which implies that
* ~ * * 4 ~ *
A (@, p; Qinit) — A1 (7, p;07)| < —5—— |@init — . (12)

min

Combining this with Assumption 3.1, the total error in the outcome nuisance function under the localization strategy is
bounded by

A (2, p; Qinit) — AT (@, p;@")| < [A1(2, 5 Qinit) — AT (2, D3 Qinat)| + | AT (2, 03 Ginat) — AT (2, p; ™))
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4 *
< 0p(T™P™) + ——— |Ginis — |

min

< op(T™Pm 4 T7Pa),

= o0, (T~ Pm"\Pe), (13)
and [A2(z,p) — A5 (z, p)| < 0p(T~Fm). (14)
Therefore, we obtain ||C(+; Ginit) — C*(+; )|l oo < 0p (TP P  T—P),
Step 2: Score Decomposition and Neyman Orthogonality. For each fold ¢ € [L], denote (A(Z) (z,p) =

A (@, 640), A (. 9)), A (. p) = N (0,5 6430) =M (2, ps o) and AL (. p) = Ay (2,p) N3 (, p). Utilizing
the cross-fitting structure, we decompose

Vi 37 (w6, 8O w) - vwi0 )

ez,
Vi Z{ (w1, 7(1); 6{1) = A (w0, m(w0); 0]
tGIe
) 0 MO o )
[m“(mt pg(U(ptyt’a) Ve o)) = Gy P ) = Al pi )
[ h ¢
Z 7-1() TDRt+Trodt}
tEI
where
K(MLW) K(P—W(X )
(& _ A(e) _ h A(f) ) A(e) X.7(X)) — h A(f) X. P)|T¢
7-1,75 l A1 (l’t,’ﬂ'(ﬂft)) hA;(J’)t,pt) A1 (wtvpt) )\1( 77T( )) h)\S(X, P) )\1( ’ ) (4

K (P 1 1
TO = 2 b L (Ulpys ) — Az, py o)) | = -
2. h i e A (i) M)

K(P—T((X)) 1 1
_E|=——h 7 PY:a*) — \(X. P:a* Ic
[ n (U( ;a”) — AT(X, Pat)) Xgé)(X,P) X5(X, P)
K(P—TF(X))
=E [AV (X, 7(X)) — o B 2AY (X, P)|TE
K(p=rEdy 1 1
T(ff, — 2 h IO, D _ — .
prodt = W M (@, pe) O p) N(@np)

By cross—ﬁtting, ¢ = (Xﬁ“, Xg‘)) are trained on the out-of-fold data Z and are thus fixed functions. For the first term
’Tl ¢ » since the summands are i.i.d. and mean-zero conditional on Z¢, the variance of the sum is

<\/7 ST IC):h-Var(ﬂ(,?\If)

teZ,

< 2hE [(A(ff (X,TF(X)))Q e

2
B K(Pfﬂ'(X))
c h ()
| +2E (hA;(X’ B A% (X, P)

[ K2(P—7T(X))
4 3]
<20 AL + 2101 B | [ i

l l [
—on AV +2AY ) E /P K%u)du}
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Y4 ¢
< 2n|AY 2, + 205 A0 1%,
— 0y (T2 4+ T72%) = o, (1),

where the last equality follows from (13). By Chebyshev’s inequality, it follows that

,/WZT”_OP (15)

teZ,

For the second term 7'2(7?, since E[U(PY; a*)|X, P] = \j(X, P; a*), we get a similar variance bound as

2/ P—7(X) 2
V”(\TZ (“IC) E IM(U(PY;a*)X{(va;OA*)V(A Lo ! ))

teT, h’2 )\éé) (xtvpt) )\3 (xt,pt

i

HA (1% = 0,(T7%7),

where the last equality follows from (14). Then by Chebyshev’s inequality, it follows that

\/7 SR = 0,01 (16)

teZy

For the third term Tg})%, we discuss in two cases. Case 1. First-order bounded derivative in Assumption B.1.

K(7=5)
(X)) — m

Vneh ‘ TS| = Vet |E | A0 (x AY(x, p)|zg

= Vh [Ex [A0 (X, 7(x)) - /7> %K (p—z(X)) AE\ZI)(Xm)dPH
du
|

<0, (Vneh?®), a7

< /neh |Ex /K(u)A(Z)(X (X)) — AP (X, 7(X) + uh)

neh |Ex /K uhHA“) pH du}

where we use Assumption 3.2, Lipschitz continuity of Af\el) in Assumption B.1 and 2.4, and the initial estimate &;,;; =
a* + 0,(1). Case 2. Second-order bounded derivative in Assumption B.1.

K(7=5)
, (X)) — m

Vneh ‘ TS| = Vet |E | A0 (x AY(x, p)|zg

=V |Ex | A000n00) - [ 1x (PR Al |
du
|

<0, (V). (18)

< v/neh [Ex - / K(u)A(fl)(X,w(X)) — AV (X, 7(X) + uh)

neh |Ex / K(u Af(X, ﬁ)du]

where we use Assumption 3.2 and a second-order Taylor expansion of the nuisance error AE\? around 7(x),

Af\fl) (x,m(x) + uh) = AE\? (x,m(x)) + (uh)aﬁp

(uh)? 92

3 gy AN (@9,

AQ (z,7(x)) +

where p lies between m(x) and 7(z) + wh. And the last inequality directly follows from Assumption B.1 and the initial
estimate G = o + 0p(1).
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For the fourth term 7."*) by using the change of variables u = (p — w(x))/h and (13)-(14), we reduce its expectation to

and the variance is bounded by

@ﬁgmm)

2 02
@ \2 | e 2 m(x)\ 1A 15 - 1A, 15
i) <h-E {(ﬁmd,t) IE] < h/ K ( : ) - dpdFx

Y/
ks / K2 ()| A2, \\A&>||zodude< EINCIFRINGIES
<op

prod,t’

/T (1’)
‘E |: prod, t

/ 1i_,
(VTh-|AY [l - A o) < 0, (TFPr=Parm  p1/2) = 0,(1),

= h - Var (7;(7,0(1 .

—2pr—2pa + T 2pr— 2pm)_op(1).

By applying Chebyshev’s inequality conditionally on Zf, we obtain v/nsh = 0,(1).

() (£) c
’ILLg Ztel,g Erod,t [7;97"0(1 t |I€]

Furthermore, we get

S

+ \/E’]E { prod, t|IC}

<op(1). (19

o (3 T~ 2 7]

tez, teZ
To proceed, picking vVTh'*+2s — 0 and combining (13)-(19), we conclude that
1 .
Vieh=— 37 ({0367, ¢0 () = (063 07,C") ) = 0,(1). (20)
¢ teLy
Step 3: Jacobian Stability and Asymptotic Distribution. Denote 0* = [o*, W, Wy, Rs()]T. Since
K(2=509)

E[p(V;0,¢7)] = E [XI(X, m(X);a) + (U(PY;a) = (X, Pia)) + G(Q)]

ho(P|X)
EA (X, 7(X); )] + G(0)

Efexp(—m(X)Y (x(X))/a)] —
E[W(X)Y(W(X))(Sexp(—W(X)Y‘g;T(X))/a)} -
—Rs(m) — alog Wy )

following the proof of Theorem 3.2 in Kallus et al. (2022), by replacing r with (X )Y (7(X)), the Jacobian is

S E[m(X)Y (m(X)) exp(—m(X)Y (m(X))/a)] -1 0 0
LE [72(X)Y?(7(X)) exp(—7(X)Y (7(X)) /)] 0 -1 0
J(0) = w, w1 ol 1)
a2Wy Wo aW02 aWy
—logWy — 6 _W&o 0 -1
and substituting in the optimal value, we have Jp« = E[Vtp(V; 0, (*)]|g—p~ is given by
Wi /a*? -1 0 0
Wy Ja*? 0 -1 0
J* = Jpe = wr ! wr o 1 o |-
a*2Wy A K a* Wi
and J* is invertible with det.J* = fga”(w, a*) > 0 from Lemma 2.8, and the inverse of J* is given by
1
W* + o W*2 _Q*Wa« ]- O
Wi /o —wy’ W W 0
el I AL G ,
4 (71',04*) aTéVg‘ (W(l)* — O[*> —W a*zz ; 0
Xi r —Xe —¢ (ma”)
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where X; = (# - W*) (—log W5 — 6) — s (Wi — Wi /a®) and Xp = W /(0" W) +log W5 +.

Letf = [&, Wo, Wh, ]A%DRO]T be the solution to the empirical equation
Er[y(V;6,0)] £ = ZZwvt,ec (22)
E 1teZ,

By second order Taylor expansion around (6*, *),
0 =Er[p(V;0,0)] = Er[p(V;0%,¢)] + J*(0 = 67) + Ex[(V56",{) = (V3 60%,¢7)] + R, (23)

where R represents high-order Taylor remainders. Specifically,

R = (J2(0) = )0 - 0°) + S VEER[6(V3,0))0 - 0°)?

where 0 lies between 0* and 0, Jp(() := VeEr[(V;6,()]
localized nuisance estimators.

Here we show the vVThRr = 0,(1). First, we show the Jr({) = J* + 0,(1).

o+ denotes the empirical Jacobian matrix evaluated with

PAGERAE Zz(vem, O —E[Vau(V;6,¢)])

é 1 tGIg

ZZVW v 0%, () — E[Vou(V; 0%, ()]

E 1teZ,

6=0~*

+ [E[Vou(V36°,{9) — E[Vap (V0" C)

i \

By cross-fitting, CA(Z) is fixed given the training data Z. Due to (13)-(14), CA(Z) = (* + 0p(1) and using Assumption B.2(ii),
the variance of average over Z, samples scales as

<| |Zvawvt7o ¢“)

teELy

1 1
) - (e com) <o (1)

KQ(P+L(X))

where we use the fact that E [ 2 } = (’)(%) Then by Chebyshev’s inequality, as Th — oo, we have

op(1), (24)

1zl LSS a0, E0) — EVop(vi0, E0) =

(=1tel,

Consider the mapping o — E[Vyp(V; 0%, (*(z, p; ))]. Note that Vi) is composed of nuisance A\ and VyG(6).
¢*(z, p; ) is Lipschitz in « from (12). And Wy > p/2 by picking h* < s=~— in (36) and (43), then V,G(0) is
uniformly bounded in the compact neighborhood A of a*. Thus, the Jacobian of E[‘VQQ/J V0%, (*(z, p; «))] is Lipschitz in
« with a bounded constant Cj,.. And using Assumption B.2 (iii), we have

(Vo (vi6*,{O) — E[Vap(Vi07,¢)]
< |EIVov (V30" {0 (2,6 (0))] — BV (V3 0%, (2,03 6100
+ [EIV o (Vi07, ¢ (@ pr a1 = EIVow(Vi0°,C* (@ psa”))]|
< Cwll¢ (@, pdgy) = ¢ (2, p3 a4 lloe + Croclldiy — oo < 0,(1) (25)

Combining (24) and (25), we have o
|7 (¢) = J*| = op(1). (26)
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Second, by weak law of large numbers and Assumption B.2 (i), we have |le| ZtEIg L(vi, h) = O,(1). Thus,

L
[ V3R l0(v:6.0]] = || 2 2 3 Vil ,¢©)
{=1tely
L L
ZZ |93 8.¢O)]| < 230 3 Ll h) = 0,(1). @7)
(=1 (=1tely

Third, we show that ||§ — 6*|| = O, ((Th)~'/2). By a first order Taylor expansion in (22) around §*, we have
0 =Er[(V;0°, Q)] + Jr(0 - 67),

where Jr = [ VoE7[0(V;6* + u(f — 67), )] du. Due to (26) and (27), we have Jr = J* + 0,(1). Recalling that J* is
invertible, then

(0 —67) = —(J" +0p(1) 'Ex[(V;67,C)]. (28)
We can decompose the empirical expectation as follows

Er[p(V;60*,0)] = Ex[(V;0%,¢")] + (Er — E)[(V;0%,C) — (V507 ¢)] + E[p(V;6%,() — (V3 6%, ).

For the first term, using the fact that Var(y(V;6*,(*)) = O(1/h), then Var(Er[¢]) = O(1/Th). By the Central Limit
Theorem, we have

Er[v(V;0%,¢*)] = O,((Th)~/?). (29)

For the second term, we evaluate the conditional variance Var ((ET —E)[p(V;6%,{O) —p(V; 6%, ¢*)] | Ig). Following

the variance scaling argument in Equation (A.5) in Colangelo & Lee (2026), we have
Var ((Br —E)u(V:6",{0) 0 (v:6°.C)) | TF) = O, (W) :
Under the assumption that the nuisance estimators are consistent, [|((©) — ¢*[|o = 0,(1), and Th — co, we have
(Er ~ E)(V:07,¢) = (V107 ¢)] = 0,(Th) %), (30)
For the third term, by the Neyman orthogonality B.3, we decompose the functional bias into

E[p(V;0,C) — (V3 0%,¢*)] = dM(C*; ¢ — ¢*) + %dzM(C_; ¢—¢") (C lies between ¢* and ()
= Op(*[I¢ = ¢*lloo) + Op (A1 = Afllsoll A2 = A3 ll)
= Op(h*(T=Pm e 4 T7Pm)) 4 T (emMpe) =Py - (by (13), (14), (31))

where \; lies between \} and 5\?), satisfying A1 > 7 and [|A¥ — A1 ]|oso < [|A1 = A% oo

L K (£=529) K (£509) a3, (x, P) ]
M(GA) =2E | ———2A0 (X, P)A,, (X, P 2E = PY:;a") — M (X, P;ao*
(Cv C) h/\%(X,P) >\2( ) ) >\1( ’ ) + h)\%(X,P) <U( ;o ) 1( y o ))
O ([Axlloo - 1AX2]loo) + Op([1Ax, 13 - 1A% [loo)- 31)

Under the bandwidth condition vTh'+2¢ — 0, s = 1, 2, and the product rate condition in Assumption 3.1, we have
E[(V567.C) = d(V367,.¢7)] = 0,((Th)™/?). (32)
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Combining above (29)-(32), we have Ep[y(V; 0%, ()] = O, ((T'h)~1/2), then substituting (28), we have

16— 6% = 0, ((Th)~'72). (33)
Hence, combining (26), (27), and (33), we have

VThRr = 0,(1). (34)
Based on (29) and (34), multiplying (23) by VTh yields
VIO — 07) = =1 (VIRE [0(V;67,¢7)]) + 0p(1),
which implies that fis asymptotically linear. Furthermore, by the central limit theorem, we have
VTh(d —0%) % N(0,5%), ¥F =t T,

where the asymptotic covariance matrix Q* is defined as limy, o Var(v/hi(V; 6%, ¢*)) . Since E[p(V;6*,¢*)] = 0, the
variance is given by

@ = lim E [(Vhe(V;6°,¢")?] = / K2 (u)du - diag(wo, w1,0,0),

oy =[PPV e PHOOOP =30y,
mo(m(X)[X)
where we use the change of variables formula © = %(z) in integration, and only K?(-)/h? is non-zero when h — 0.

Now, we establish that our proposed estimator 6 achieves the semiparametric efficiency lower bound. First, we show
that we achieve semiparametric efficiency for the individual functionals W} (w, o*), j = 0, 1. Following the theoretical
framework in Colangelo & Lee (2026) (see Supplement S2), the target parameters 6* are defined via the functionals
W; =E[(PY)’ exp(—PY/a*)|P = 7(X)], j = 0, 1. Note that at the fixed optimal dual parameter a* (determined by the
first-order condition (4)), by treating the term (PY)? exp(—PY/a*) as a square-integrable transformation on the outcome
variable, each W can be viewed as an average structural function. As established in Colangelo & Lee (2026) (see Remark
K(2=nlo))

S5), the kernel-smoothed structure ——2—= is the unique local Riesz representer for the evaluation of the conditional

expectation at the point p = m(z). This implies that the diagonal elements w; of 2* defined in the expression above achieve
the semiparametric efficiency lower bound for estimating WW*.

Second, we demonstrate that this efficiency propagates to the parameter vector 8* through Hadamard differentiability. The
moment function ¢ is constructed as the doubly robust score. Specifically, the first two components of 1) (corresponding to
Wy and W) use the local Riesz representer structure established in Colangelo & Lee (2026), which ensures that these com-
ponents achieve semiparametric efficiency. The resulting influence function of the system is given by —J* =1y (V; 0%, *).

From the first-order condition (4), we can explicitly express a* as a* = W*(+M’ and Ry = —a*logW§ — a0
0 0
from (5). The mapping from (W, W7) to (a*, R}) is Hadamard differentiable. Specifically, since W7* is bounded and

the functions involved (logarithm and division) are smooth in the region where Wy > p/2 (by choosing h such that

h < 5 Clng in (43)), the mapping is Hadamard differentiable. By Theorems 25.20, 25.21, and 25.47 of van der Vaart
(1998), the efficiency of W and W7 propagates to the efficiency of each component of #* through the delta method.
Since the influence function —J*~14) has the structure of the efficient influence function for the parameter vector 6%,
the asymptotic covariance matrix ¥* = J*~1Q*.J*~ T achieves the semiparametric efficiency lower bound for the entire

parameter vector 0, and in particular for each component o*, W', Wi, and Rj. O

C. Proof of Results in Section 4
To ease the presentation, we use notations W, m and m® to represent the true and estimated functions, Wy, mg and m((f),

respectively.
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Lemma C.1. Let Wy («) be defined as in (8). The first and second derivatives of the objective function $r(c) required for
the Newton update are:

9 ; Wi (o)
%QPT(O[) - 710g WT(a) - aWT(a) - 57
02 . a(Wi(a))? — a)Wr(a) — aWi(@)Wr(a)

P Wi
aag(pT( ) (WT( )) )

where the derivatives of the weighted generating function are given by:

K (,,, Z(m) (_%> pi

L
“r 2 G o ()
L pr—m(T+)
l Z Z L exp (—%> <(ptyt)2 _ 2Pt9t>
T =1t S hto(pe|ze) o at o3

Proof of Lemma C.1. This proof is straightforward by taking the derivatives of the function @ («) with respect to . [

Proof of Theorem 4.4. We can rewrite the DR estimator as follows,

bt — W(fﬁf)
W (r,a) Z h( ) exp(—piye /) + ﬁ Z

|Ig|S? ez, NTo (pt]xe) iz,

1
(m(é)(xt,ﬂ(l‘t); a) — ?m(@ (x4, e 04)) .

14

We also define an infeasible optimal dual objective function R} (r) £ sup,>o{—alog Wi (m,a) — ad}, where

(25
~hmo(PIX)

Wi(m,a) £ Epyury |m(X, 7(X);a) + (exp(—r(X, P, Z)/a) — m(X, P;a)) | ,

the empirical dual objective function Rs(7) £ SUp,>o{—alog Wr(m,a) — ad}, and the infeasible estimator is

m(ze) pe—7(z¢)
(Pt Tt 1 K(P hiC )

W(ewa o m(xe, ™ Q) — — m(x, pr;a) |,
( ‘IAS?; ho (pele) exp(—peyt/ ) gz: t ) ST hao(pelae) (zt, pe; )
K (Pf W(mt)) L
1 h
STE — 72 and Wop(m,a)
‘Il tezﬂ ho(pe|2+) { ;

Then we can decompose regret as
Reg(#) = Rs(n*) — Rs(#) + Rs(#) — Rs (%)
< (Ro(n") = Ra(r)) + (Ro(7) — Ro()) < 2 5up | Rs(m) — Fos()

< 2 sup | Rs(r) — Ri(m)| + 2 sup [RE(m) — Ro(m)] + 2 5up [Ro(m) — s ().
mell well well

By utilizing Lemmas C.2, C.4 and C.5, we obtain with probability at least 1 — 7e,

R . 1 log(1/¢) log(l/e) e s s
Reg(7) S @ <1°g <h (Th/L \/Th/L \/ Th/L | Th/L ) T +h > R

for s = 1,2 in Assumption 2.4, which completes the proof. O
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Lemma C.2. Under Assumptions 2.1, 2.3, 2.4, 3.2, we have sup,. .11 |Rs(7) — RE(n)| < h* for s = 1,2 in Assumption
2.4.

Proof of Lemma C.2. To ease the notation, let W (m, ) := Ep, [exp (—r(X,7(X), Z)/)]. Define an alternative approach
using m(X, 7(X); «) instead of m(X, P; «),

K(55)

Wi, @) £ Eppuny | m(X, m(X); ) + — s

(exp(—=r(X, P, Z)/a) = m(X, m(X); @)

First, we show that sup, g {a|W,;(7r, a) — Wi, a)|} < O(h). Recalling that the conditional expectation of the trans-
formed reward is m(X, P; «) := Ep, [exp(—r(X, P, Z)/a) | X, P]. Then we can rewrite as

W (m, o) = Ep, [exp (—r(X, 7(X), Z) /)]
—lEx[Ez[e (=r(X,7(X), Z)/a)|X]]
x [Ezlexp (—7(X, P, Z)/a)| X, P = n(X)]]
_EX[m(Xvﬁ(X)’ )]
= Ex [Ezlexp (=r(P, 2)/)|X, P = p] - 1{m(X) = p}]

—Ey [ /p Ezlexp (—r(P, Z)/a)| X, P = p] - 1{r(X) =p}dp] ,

1t — (X .
Wh ™, a EPO |:m + E/ K (p::()> (e—’!(X,p,Z)/oz _ m(X,ﬂ'(X);Ot)) dp:|
1t p—7(X) (X,p,Z
=5 / Ep, [K <h> e TP )/“] dp  Assumption 3.2 and Fubini-Tonelli
1
a h min

1
/ Ex |:K (p_;;()()> EP0|X |:6—T(X7P7Z)/Q‘X:|:| dp (35)
)

/1 K(*=55)m(X,pia) |
h p

min

:EX

_Ey [ / T (X, th + 7(X); a)K(t)dt} .

— 00

Case 1: Second-order bounded derivative holds in Assumption 2.4. Suppose that the second-order derivative of m(X, P; «)
is bounded by L,,,, and we delay the justification of L,, later. By the second-order Taylor expansion of m (X, P; «) around
P = 7n(X), we have

Wi () = W(m,a)| =

Ep, [/ m(X,th + 7(X);a) — m(X, 7(X); a)K(t)dt] ’ < Cy Ly, h? (36)

where we use [ uK (u)du = 0and [u?K (u)du < Cy < oo from Assumption 3.2. Now, we provide the specific L,,. We
derive the partial derivative as

1< W _ —ée’P/a ‘P(Z>P— f(X)|X)+ (1 _e—P/a) F2(P— f(X)) < Ly, (37)
2
0< gp2 P2 (P = F(X)(1 = e P/) + SS’P/“fz(P — f(X) + ée*P/QP(Z > P — f(X)|X)

. 2,2
€Pmin €"Pmin

4

2,2
€"Pmin

then L
2.4. Multiplying by «, we get

}, where f, f7, are pdf and pdf derivative of Z, and L z-bounded from Assumption

. 9?m
sup {oz|W,’L(7r,o¢) — W(7r,a)|} <supa P2

a>0 a>0

E [/ m(X, th + 7(X); @) — m(X, 7(X); a)K(t)dt} ‘ < Cyh2sup { a

a>0

b
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. . 2 . .
The following step is to show that sup,, - o{a 222} is a finite constant. Note that p € [pin, 1], then

0<ad T —afy (P~ FO)L - e F2) 4+ 267 PI0 fy (P - (X)) + Lo PIB(Z 2 P F(X)1)

1
<3Lz+ , Va>0. 39

1
Sa<1—€_1/a)Lz+2Lz+*Lz+
(6% €Pmin €Pmin

02 . .
Hence, we conclude that sup,,- o {a 22} = 3L+ —1—. With some abuse of notation, let L,,, := 1+3Lz+ ep2 —+ 62]342 —.

opP? €Pmin
Then, we get
sup {a|W,’L(7r, a) — W(7r,a)|} < C1Ly,h*. (40)
a>0
By a similar process, we obtain
(5
[T, @) = W3 ()| = By | s (n(X, m(X); 0) = m(X, P; )
1 ! - (X
< ]hEX [ () mxa0sa) - mXom e aix| ‘
Pmin
= ’EX U K(uw)m(X,m(X);a) — m(X,n(X) + uh; a) du‘X” < C,L,,h* and 41
sup {a\Wé(w,a) - Wh(ﬂ,a)|} < Cy L, h*. (42)
a>0
To proceed, we can pick h? < ﬁ, the (36) and (41) imply that

’W/L(W,a) _ W(w,a)‘ < g, ’Wh(w,a) _ W/L(w,a)‘ <

VRIS

Therefore, we have
|Rs(m) — R (m)| < sup ‘(—alog Wi(m, o) —ad) — (—alog W (m,a) — 0«5)‘

a>0
alog (M}’ < sup alog <V%>

5 a>0

~+ sup
a>0

= sup
a>0

alo Wh(ﬂ,a)
o (Wz<m>>“

For the first term,

1!

sup |« log M =sup |alog | 1+ W(”vof) Wi (m, )
a>0 Wy (m, o) a>0 W/ (7, )
W(r, o) — W} (r,q)

(a)
< 2supq @
a>0

() 2 -, (c) 2 )
- < —sup {a ‘W(?T,Oé) - Wh(ﬂ,a))} < =CiL,,h*,
Wi (m, o) P a>0 p

where step (a)-(b) follow from the inequality |log(1 + u)| < 2|u| for any |u| < 1/2 and W}, (7, a) > p» which is continued
from (35),

- 1t [ —7(X _
W}/L(ﬂ-7a) = E/ Ex | K <ph()> EP0|X |:6 T(P7Z)/oc|X}:| dp

Pmin

L e[k (’HM)) (e_p/"‘ Po(u(X,Z) > p|X) + Po(u(X, Z) <p|X)>} dp

h Pmin h
1 -
— (X
> %/ Ey | K (W)] dp by Assumption 2.3
Pmin L
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! — (X
e[ R () o]

And step (c) directly follows from (40). So does the second item. Combining above two terms (40) and (42), we get
|Rs(m) — R (m)] < 5C1Lmh?.

Case 2: First-order bounded derivative holds in Assumption 2.4. By a similar process, we have |Rs(m) — RE(m)| <
%Cleh, where we let L,,, = max{1, Lz} from (37). O

Lemma C.3. Under Assumption 2.3, we have

;.lk

L
|Rpyro () — Rpro(7)| < Fy7 Z(2dKS For, For ) + dies(Fpo, Fp )),

where dks(-,-) denotes the KS distance, defined as dxs(Fy, Fp) = suPsefo] 1 F1(s) — F2(s)],
measure on Qp := {(z¢, 24, pt) Yeez,, £ = 1, ..., L, and the kernel-weighted measures are defined as
P—7(X) N —(xt)
o, K52 o 907 .1 K (5)
= , an —=(s) & —  ————~.
d(Pg * o) hmo(P|X) dP, ST hmo(pele)

Proof of Lemma C.3. For simplicity, we denote the first term in Wy (7, ) as

L K(%(fﬂf))
ma) &~ Z ﬂz exp(—piyr/a)
L2 ZIs] 2 h

2= (o)

and the second term as

L =7 (@)
~ 1 1 1 KB
Va(m,a) = i3 Z 7 (m(hﬂr(ﬂ?t)%a) - SWWW(%,M;@O )
4

so that W (m, a) = Vi (7, a) + Va(r, ). Similarly, we write

oh A K (") o A K ("5
V1 (7(', OZ) = ]EP()*ﬂ'O W exp(—P . Y/a) s V2 (7T, a) = EPO*T"O m(X, 7T(X), a) — Wm(){, _ID7 a) s

so that Wy, (m, @) = V' (7, ) + VI (7, ).

We decompose WT(TF, «) and Wi (7, @) into three distinct components based on the following measures. Denote the CDF
of (X, P, Z) under the measure Q™ as Fypr (s),

(25

For(s) 2 Q™ (r(X, P, Z) < 5) = Egr [L{r(X, P, Z) < s}] = Epgur, | L{r(X,P,Z) <s}- Thro(PIX)

Hence, we can calculate the expectation of the function g(X, Z, P) = exp(—r(X, P, Z)/«) with respect to Q™ as follows:
Vi (7, a) = Egr[exp(—r(X, P, Z)/a)].

Similarly, denote the CDF of (X, P, Z) under the measure Q}T as F@? (s),

407
0

> Kh<pt Z(I‘)) {r: < s},

teZ, 0 Pt|$t)

FQzr (s)2Qf(r<s)= E@E[l{r < s}] =E;, ll{r < s}-

B |Ifz|52r
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which implies that

E@? [exp(_r/a)] = E]lg,e lexp(_r/a) dd(%j

Z (Pt W(ﬂct)) ~ 1 L
h

) pt|~’0t

IIzIS?

tel, (=1

Similarly, using the empirical measures P, and Q? defined above, we can rewrite

L
=37 (B, [m(X, m(X); 0)) — By [m(X, Pya)]) V(@) = Bpy [m(X, 7(X); )] ~Bgr [m(X, P; )]

~
Il
—

Picking h® < from (41), we have ’Wh (m, ) — Wi (m, a)‘ < p/2, and from (43), it follows from Wi (m, ) >

2C L L
Wi (m, a) — p/2 > p/2. Furthermore, by a similar process in (65), we can also get
- ~ dr log(1
‘WT(T(,Q) — Wh(ﬁ,oz)‘ =0 (W) )

1/s
with the probability at least 1 — e. To proceed, we can pick {2 (%51/5)) < h < (ﬁ) such that

‘WT(W, o) — Wi (, a)‘ < p/4. By a similar argument in proof of Lemma C.2, we can partition « ‘WT(’IT, @) — Wi(m, )
into three terms.

|Rbro(m) — Roro(m)| = [sup { ~alog Wi (r,0) — ad } — sup { ~alog Wr(r,a) - aé}]

a>0 a>0

Wr(r, ) 4 . .
<o () < Lo fo im0 ]
<1 1§L3<EA ~Eor) fexp(—r(X. P, Z) )| b + 2 1i<EA ~Egr) [m(X, P;a)]
pilipo aL£:1 Q. o~ ) [exp(—r(X, P, Q th;po angl or o~ ) [m(X, P;a
1 L
+pig%{a Z;(E - Ep,)[m(X, 7(X) a)]}. (44)

Note that for any non- negative random variable S € [0, 1] with CDF Fg, and a differentiable function g(s), we have

E[g(S5)] )+ fo )(1 — Fs(s))ds. In our setting, g(s) = exp(—s/«a). Using the definition of the Kolmogorov-
Smirnov dlstance dKS(Fl, Fg) = sup, | F1(s) — Fa(s)|, we bound the first term a(EQ}, — Eg-) [exp(—7(P, Z)/a)].

o f 1 (~ae/") (Far9) P o

1
< dcs(For, Fy) - / e~/ ds = dics(Fgr, Fyy) - a1 - e 1/,
", ;

|@(Eq; - Eqr)le™"7]

1—e~ M

Taking the limit by L’Hopital, lim,_, o e

increasing. Therefore,

= 1. Thus, we have sup,~ {a (1 — e’l/o‘)} = 1 from the monotone

sup O‘(EQZ — Egr)[e™"/9]

a>0

Applying the same logic to a(E — Eqg~) [m(X, P;a)],

a/ol (—;e—s/@) (For (5) = Fo (s))ds

1
< dKS(FQ”’FQZ) . / e %% s = dKS(FQW’F@?) ca(l - e—l/a).
0

< dgs(For, Fgr ).

a(Eg; — Egr) (X, P;a)]| =

26

exp(—r¢/a), Vi(m a) = 7 ZE@E [exp(—7r/a)].
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Taking the average over / = 1,..., L, we have
~ _ 41 &
|Rfygo () — Rpro(m)| < ;f Z (Qsz Fyr, Fg;) + dis(Fey, Fp )) .
O
Lemma C.4. Under Assumptions 2.2 and 3.2, we have with probability at least 1 — 3¢,
sup [ Ryo(m) — Roro(m)| S dTHhL \/dnL \/log L log(Tl}/f)L,
Proof of Lemma C.4. We decompose the KS distance in Lemma C.3 using the triangle inequality,
R [
dis(For, Fr) = szl[tl’)l] TS; ; hro(peln) 1{r; <s} —E Wl{T(X,P;a) <s}
i (25) ()
< 20 [ 5 o <9 8 | Ty M6 ) <)
K (2
+521[g)1] |Ie|5z tzI: ho pt|$t) Hre< s}, )
drs(Fpy, Fp,) = sup Z Hr(zy, m(ze);0) < s} —E[1{r(X,n(X);a) < s}]‘ . (46)
seo] | I Zel e\ =
Note that o
pe—m(zs)
‘fé';; > thro(pjxt)) 1{r, < s}| < |SF — 1| and E[S}] = 47)
Define

B 1 p—m(x) a 1 p—m(x)
fw(xap) - h7ro(p|l')K ( h > ) f;,s(xvpﬂ Z) - h?TQ(p|x)K ( h > 1{T(xﬂpa Z) S S}

2 (2,2) 2 1r(z,7(2),2) < s},
and the corresponding function classes
Fii={fxlr €}, G :={gx = fr — E[fx]|m € 11},
Fhot{ftdreLse1}, Gho2{ot = f1. ~Elf}]
Fo @)= 2 Bl lrems e}, Gh. 2 {e. =2 ~El2

Thus, we next provide the upper bounds for

|I1z| > fal@e,pe) — Elf]

teELy

WEH,SE[O,l]},

weH7se[O71]}.

) Sup
mell,s€[0,1]

sup
mell

) Sup
nell,s€[0,1]

‘IZ‘ Zf‘n-s xtvphzt) E[ . ]

teZ,

‘£|Zf7%sxt }

teZ,

Note that f; is uniformly bounded by a constant By := gf]

Step 1. Bound for sup < ’ﬁ > vez, fr(@epe) — E[fr]].
due to Assumption 3.2 and 2.2. Let {(x, pt) }+cz, be i.i.d. random variables. Our goal is to derive a high-probability upper
bound for

= A. (48)

Zg(l'tzpt)

teZ,

sup
mell

|I€| Z fﬂ' xt7pt [f‘n'] = 777 Sup

teT, |I€| 9€Gn
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First, we provide the second-moment bound.

1 P— 77(17))
su IE = su - dvd -
“Gg ﬂeg/ / h?mo(p|x)? < h o(plz)dpdQ(z)
1 _
= SUp/ / <p m(x ))d dQ(r) < sup—/ / K2 Ydu < @ 2 49)
nell h2mo(p|z) L Subh -
where the last inequality follows from [ K*( 2(u)du < Co in Assumption 3.2 and o2 := %2]

From the definition of covering number and uniform covering number (see Definition D.2), and Lemma D.4, we have

62 62
N(Ga]_—H;LQ(PT’>) SNI (BHw]:HaTl) SNl (BHLK7H7TI> 9

which is directly by letting

p— () K (=52)
Fo=1I, F1 = {(Iap) = T'ﬂ € H}, JFun= {f‘rr (x,p) = W‘W € H} (50)

and Pdim(Fy) = Pdim(IT) := dr. Combined with Lemma D.3(ii), we conclude that
log N (€, Fi1, L1 (Pr)) < log N(¢, Fi1, L2(Pr)) < dn log <B€H> .
On the other hand, from Lemma D.3(iii), we have
log M(e, Fi1, L1 (Prv)) Z Pdim(Fir) log(1/e),
for T’ > Pdim(Fy7). Combining the above two, which both hold for all sufficiently small € > 0, we can get
Pdim(Fi) < dir. (51)

By setting 77 = |Zy| in Lemma C.6, we obtain

< BHdH 0'2dn
~ | \Ze|

E[A] =

Zg(fft»Pt)

teLy

sup
9€Gn

1
—FE
|Ze|

Now, we use Talagrand Inequality (see Lemma D.1) with deviation 3(¢) > 0,

B(€)?[Ze|
P (A —E[A] > 5(€)) < 2exp {860’2 + 16€BHE[A§ +4Bup(e) } '

To get a bound holding with probability 1 — ¢, we can pick 3(e) < o szgz(ﬁ/ 9 4 Bn l‘ozgg(‘l/ <), Hence, we have

dn n dn n log(1/€)+log(1/€)7
~ | Ze|n |Ze| |Ze| |Ze|

sup
well

|I€| > Falaep) —Elfe)| <

teT,
with probability at least 1 — e.

fLs| < Bu, and the

Step 2. Bound for sup,.cr sc(0,1 ‘\Tld Yoz, frs(@e, v, 2e) — E[f1 ]
second-moment bound is bounded by ¢? := % We first claim that

N (€, Fii o L2(Piz,))) < Na(e/2, Fun, Ifél)sgpf\/(ne/@@)ﬁ’ - 1le),
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where & = {is(€) £ 1{e < s}|s € [0,1]}. For ease of notation, let

Na 7 (€) := Na(€/2, Fu, [Zel),  Ne(e) := S%PN(UE/(QCz),(f, - [le)-

Suppose { fr,, -, fry, .} 18 a €/2-cover for Fi, and {1{e < s1},...,1{€ < sy, (¢} } is a ¢/2-cover for & under the
distance I@’g, defined as

- 1
Py £ Iz Z A(r(ze, e, 2t))-

teZ,

Le . Le .
Then, we can prove that F7, is a e-cover set for Fj _, where F¢, is defined as

p—mi(x)
2 )41 _M

Fie .=
II,s Ti,8; h’/To(p|£L')

1{r(z,p,z) < s;} |i < Naz(e),j < Nel(e)

For f} ((x,p, 2) € Ff ,, we can pick f1 (x,p, 2) € ]-}II’;,

If7 = falleacps,) < €/2 and  ||[1{r < s} — 1{r < §}|p, < ne/(2C2).
1Ze|

Then, we have

1 _rl = L 1 _fl ?
Hfﬂ',s fﬁ,g‘le(P‘ze‘) - |I€‘ Z fﬂ,s(xtaptazt) fﬁ—yg(ztaptazt)
teZy

= \/|Ilg| Z (fr (@i, ey 2e) L{r (2, pt, 2t) < 8} — fE(@e, pey 20) L{r (2, Pty 21) < g})Q

tely

= \/|Ilé| > (@ e 2))? (U{r (@, pe, ) < s} = Vr(we,pez) < 817+ Ur(@epr 20) < 3 (FH (e pe 21) — Fi(@e,pr, 1))

teZ,
CQ 1 112 1 1 1 2
<= Z (Ur(ze, pr 2e) < s} = Yr(ze,pr2e) <81+ | Z (fa(@e, e, 2¢) — [z (20, e, 21))
n\ 12l = =
<e

From Lemma 19.15 and Example 19.16 in van der Vaart (1998), we have supp N (6, &, || - [|[p) < (%)2 Hence, we obtain

2 1 2
Nt La(Pz) 80 ( g7l - (1) 52

which is directly from Lemma D.3(v), and B(F7y) is the uniform maximum of Fy;. Combined with Lemma D.3(ii), we have
. 1

log NV (e, .7-"11173, Ly(Pyz,))) < Pdim(Fi) log <e> )

On the other hand, from Lemma D.3(iii), we have
log M (e, Fiy 4, |Ze]) Z Pdim(Fyy ) log(1/e),
for Z, > Pdim(]-"rl[’s). Combining the above two inequalities, which both hold for all sufficiently small ¢ > 0, we can get
Pdim(F; ,) < K - Pdim(F) (53)

for some positive constant K. Note that,

N(Evglll,mLQ(PIId)) < N(6/2>‘7:11[,3’L2(P\Ie|)) + N(6/27‘T11'I,37L2(P|Ig|))7
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where . .
]:H,s é {fﬂ,s = EPO*WO[f;,s(Xv Pa Z)} |7T € H,S € [07 1]}7

is a function class of constant functions, satisfying

—1 —1 —1 —1
HfTrl,sl - fTI'Q,SQHLZ(P‘Ie‘) = ‘fﬂ'l,s] - fﬂ'g,32| < ]Epo*ﬂ'o |f71rl,sl (X7 Pa Z) - 712,32(X7 Pa Z)’ .

Consequently, we have
—1
N(E/Qv }—H,sa LQ(IDIIzl)) < N(6/27 }—Ill,sv Ll(PO * ’/To))
Using Definition D.2 and Lemma D.3(iv), we have

log N (€/2, Fiy 5, L1 (Po * mo)) < log M(e/2, Fi; , L1(Pg * )
< Pdim(]—"ﬁS) log (1 log (1)) < Pdim(Fq) log (1 log (1)) by (53). (54)
Therefore, we conclude that
log N'(€, G o La(Plz,)) < 210g N (e/2, Fiy 1, La(Plzy)) + 21og N(e/2, Fiy o, La(Piz, )
< Pdim(Fyp) log <1) < Pdim(1I) log (1) by (51).

Hence, we have an upper bound like (64), implying a Dudley’s integral and a Rademacher complexity bound like the proof
of Lemma C.6. That is,

sup
nell,s€(0,1]

dny dn \/log(l /e) , log(1/¢)

+ )
|Ze|h |Ze|h |Ze|h |Ze|h

IIzl D fas(@epez) —Elfr ]| S

teZy

with probability at least 1 — e.

Using an analogous argument before, we can get

dn log(1/¢) N log(1/¢)
Z " | Ze| \Ze]

with probability at least 1 — €. Specifically, fﬁ’s‘ < 1, and the second-moment bound is bounded by 1. For the indicator
class .7-}2[’5, we first note that for any binary-valued function class, its pseudo-dimension is identical to its VC-dimension
(see Anthony & Bartlett, 2009). Note that

7\'5]

Step 3. Bound for sup, <1y ;c(0.1) ’% S f2 (e z) — E

sup
nell,s€[0,1]

|Ie| Z fﬂ's Tt pt) — E[

teLy

Fo={(2,2) o Un(2) - 1z > 7(2) - f(2)} < s}|r € s € [0, 1]}
— 1{(r(x) — f(2) > 2) or (r(z) — f(x) < 2 and 7(2) < )}

can be expressed as a finite Boolean combination of atomic level-set classes derived from II. Since the VC-dimension of
each atomic class is equivalent to Pdim(IT) = dfy, it follows from the closure properties of VC-classes (Lemma 2.6.17
van der Vaart & Wellner, 1996) that

Pdim(Ff ) = VCdim(F] ) < dn.

Consequently, we can now directly apply Lemma 19.15 in van der Vaart (1998) to obtain the uniform covering number
bound (52), consistent with the methodology used in Step 1 and Step 2. Note that |Z,| = T'/L, we get

- - 41 log(1/¢) log(l/e) dn dn
sup |RPpo(m) — R < —-= et I
sup [Foro(m) = Foro( )‘Ng 2 D i e Tl T\
du L du L \/log 1/e)L  log(1/e)L
<
~Th NTR TV T T T
which completes the proof. O
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p?

- . - 1 log(1/¢) log(l/e) v s
Rs(m) = R‘S(”)‘ sa (log <h (Th/L \/Th/L \/ Th/L T Th/L ) T +h > ’

for s = 1,2 in Assumption 2.4, which holds with probability at least 1 — 4e.

Lemma C.5. Let Assumptions 3.2, 2.2 and 4.2 hold. Picking h > Q (max (d“ I;g(l/e) A/ d“'gl})fg/e)>), we have

Proof of Lemma C.5. For each fold ¢, denote Al )(x p;a) = m(z,p;a) —m(z,p;a), v(z, p;T) = %/Sg , and

A (z,p;m) = 9 —v, where 9) uses the estimated propensity score 7?(()[) (p|x). We decompose WO (1, ) — WO (mr, )
into three components

WO (r,a) — WO (r,a) = &9 + £ —

b

where

1 1 K(ptfﬂ(mt))

5“ — A(é)x, Q@ ——*A%)gm ja) |,

| ZI ( t ) ) Sg— hﬂ-O(pt|xt) ( ty Pt )
0
£ 2 (A pism) (exp(—puyefo) —m(ws,pia))
€T,
€T,

T
1
& = i (M e, P ) - Aﬁ?(xt,pt;a))

Conditioning on dataset Zj, the nuisance estimates m® and fr(()é) are fixed.

Step 1. Bias of sup,. ¢y oc (03] , V€ € [L]. Let £ € [L] be fixed for now. We decompose the error 51(4) into two parts

using the triangle inequality,

‘5(4 ’ _ Z A(f (24, 7(2); @) — L%A%)(xt,pt;a)
lIé' tez, S[?r hWO(pt|xt)
K(w) ST 1 K(ptfw(xt))
A(e x ’ x B 7A(€) x ’ ’ + L h A%) €T 9 7a
| Zi| erI < ' t)i) ho(pe| ) (@ pri ) ST T teT, hro(pe|xt) (@t pis )

For the second term, using the fact that m and /(9 are bounded by 1, it is bounded by |S7 — 1|. From the concentration
results in Lemma C.4, we have

STr -1 pt ”(mt))

Sl 2 e

d d log(1/e)  log(1/e)
AD (24, )| < |57 —1] S o 4 |0 g ’
(z,pr; )| < 15; | < R |Z¢| A |Ze| R |Ze|h

with probability at least 1 — e.

For the first term, we further split it into a zero-mean empirical process 51( 1 and a conditional bias 51 20

¢£f,>a<x,p> = A9 (z,7(z);0) — ———LAD (2, p; ),

ho (plx)
) ) (0 _ (6
1,1 |I[‘ Z ((b |: |Ic:|) ’ 5172 - |: |Ici|
tely
For the conditional bias 81(2, we have
P—n(X
’5(4) -k [A(Z)(X W(X)'a)’l'c] _E|r K—(h())A(Z)(X P'a)’ X.7¢
1,2 m ’ ’ (4 h7T0(P|X) m s 4 (iad
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~ [E[AD(X,7(X)i0)| 77| - E [/1 %K (”_Z(X)> A (X, p; a)dp‘zg}

—E {An?(X,W(X);a)‘ z;} _E U AY (X, 7(X) +th;a)K(t)dt‘ Ig}

- E { / (Agf?(X,ﬂ(X);a)—A%)(X,W(X)thh;a)) K(t)dt”.

Under s-order bounded derivative in Assumptions 2.4 and 4.2, Following from the s-order Taylor expansion of A%) and

Assumptions 3.2, 2.4,4.2, we obtain ‘51(52)' < h*. To bound 51(2, we examine the Pseudo-dimension of the function class

Let M := {mg o : ¢ — m(z,7(z);a)|r € II,a € (0,a]}. Note that for any fixed (z,p), m(z, p; «) is a monotonic
function of « on (0, @], then the function class F 4 := {fq : (x,p) — m(x,p;a) | o € (0,@]} has a Pseudo-dimension of
1 (Theorem 11.3 in Anthony & Bartlett, 2009). By Lemma D.3(ii), the covering number of a one-parameter monotonic

family satisfies log Na(e/2, F 4, |Zs|) < log(1/€). Crucially, because the monotonicity is uniform, we can select a grid of «
values that forms an e/2-cover for all 2. We first claim that

@1 = {(2,p) = 0% —E s,

mell,a e (0,5]}.

€
N6 M. La(Pz ) € N (5 I I ) % A6 (5 5 )
For ease of notation, let

NQH(QE) N2< HIIA) Noa (5) = No (55 Fas|Zil) -

Suppose {71, ... s TN 11 ( _c y}isa ﬁ—cover for I, and f,,, - 7faN AH) is a §-cover for F 4. Then, we can prove that
ME is a e-cover set for M "where M is defined as

1\/[E — {mﬂ—i,aj X = m(xﬂri(m);aj) Tl S NQ’H (2;) ,j S NQ’_A (;)} .
For m(z, w(x); a) € M, we can pick m(x, 7’ (x); o') € M€ such that
€ €
I =7l Ly Pz, ) < ST Ifa = farllLa(piz,) < 5

Then, we have

1 2
Hmﬂ’a — mﬂ'/va/HL?(P\Ie\) = \/|Z'/| Z (mﬂ,a(l‘t) — Myt o (.'Ift))

L teZy

< \/ﬁle| S (e w(@); @) = mlee 7'(ar)i ) + (o 7' (a0)i ) = miae, w(ar); )
tely

1
< o D0 L2 () = 7 (20))? 4 (fale, @ (24)) = for (20,7 () < €.
|I£| teZy
Thus, by Lemma D.3, we obtain
1
1og./\/(e,M,L2(P‘LZ‘)) < dplog <6> . (55)

And let M := {E[m, (X)]|7 € I, € (0,@]}. Then

[E[mr,a] — E[mw’,a’]HLz(P‘IM) = |E[mr,a] = Elma o]l < Elmg o — Mg o
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implies that (€, M, La(Pz,|)) < N(e, M, L1 (Py)). Consequently, by Lemma D.3(iv), we have

— 1 1
log NV (€, M, L2(Piz,|)) S dlog (e log (€>) . (56)
Conditional on Z7, the estimated regression m® (z,p; ) is a fixed continuous function. Similarly, we obtain

. 1 — 1 1
log N/ (€,M7L2(P\I[\)) < dnlog (6) , logN <€7M7L2('P|I[|)) < dnlog (61055 (6>) : (57)

for the classes

M := {mgf} z = O (z, w(z);a)|r € M, a € (o,a]} and M := {E [mﬁf}a(xﬂ Irel,ac (o,a]} .

pm(z)
Let £ := {kzma :(z,p) — %A%) (z,p;a)|r €Il a € (Qa]}. Then we can claim that

hne

N(€7IC7L2(P|I[|)) SNQ (6/2a-7:1_[7 |IE|) X NZ <4O

hne -
Fa, |Iz|) x No ( e Ea, |Ie|)
where Fyy is defined in (50) and () := { FO . (2,p) = O (2, pia) | a € (o,a]}. It follows from

Hkma - kﬂ',a’HLz(P\zz\)

(Pt—ﬁ(xt)) K (Pt—T;l’(xt)) ? c 1
|L,| Z - + h;\/ Z (m(xe, pr; ) — m(ﬂftypt;a/))Q

ho(pela) hao (pele) Zl =2

C’ . . 2
= \Il\ Z (m(e)(l"t,pt;a) —m(e)(xt,pt;a/)) .

tely

Hence, we can bound the covering number as
1
logN(e,IC,Lg(Pn“)) < dnlog <he> . (58)
Also for K := {E [k, o] |7 € I, € (0, @]}, we have

- 1
log N (&, KC, La(Pz,|)) < dmlog (h log <h6)> >

Finally, we note that ®; is a subset of the vector space spanned by these classes M, M, M, ﬁ, IC, K. Combining (55)-(59),
we obtain

1 1
log V' (€, @1, Lo(Pyz,|)) S dnlog (he log (he)) ’

which is a similar upper bound like (64). We further have the bound on the functions in ®;,

C! 2 C!
o<1+ 2w B ()| <14 02

hn

It implies a similar Dudley’s integral in Lemma C.6,

1 d d
g(l)} <1o ( I I
e R IIzlh [Tl |L;| [z
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Combining the above Rademacher complexity bound with Talagrand’s Inequality (Lemma D.1), we obtain with probability
atleast 1 — e

(0 <]E <f) log(1/€) | log(1/e) ~ [log(1/€)  log(1/€)
e < fp ef3]] + B+ e "

sup
mell,ac(0,a]

Hence, for s = 1,2 in Assumption 2.4, we have

(Z)’ <1 1 d dn log(1/¢) log(l/e dr{ log(1/€)  log(1/e) e
& ~°g<h i TN T T\ e T Tz m\ TN T T Tm )T

5

sup
w€ell,a€(0,al

Step 2. Bound for sup..c11 oc(0.3] [L]. Let £ € [L] be fixed for now. For any 7 € II and o € (0, @], we define

V(@ p.y) = AP (2, p;7) - (exp(—py/a) — m(z,p; ),

(g pmy — p—7(x) 1 1
Av ( D3 ) hK< h ) <S7r (p|.’17) S?Wo(pu))’

and the nuisance estimator fréf) is fixed conditioned on the auxiliary dataset Z7, We observe that each summand of 52“) is

zero-mean, by the definition of m. Now we analyze the Pseudo-dimension of the function class

Wa = {(2,p,9) = 0L (@.p,y)| T € M€ (0,a]}.
We decompose z/h(f)a into three components involving 7 and

1 3 ( © 0) 2
= l/fma(ft»]?t» yt) - T/fw/ o (ﬂft»pt, yt)>
‘ L2(Piz,)) \/|Ig| = ,

2

\/m'tez (@, prim) - Ag)(xt,pt;ﬂ’)) (exp(—py/a) — m(z, p; a))?

¢ 1l)(é) ,

\/| [| Z Av xtaph )) (eXp(_ptyt/a> - exp(—ptyt/o/))2

teZy

2
(l‘t,pﬁﬂ/)) (m (x4, pe; @) — m(xt, pr; o))
| £| tGI/

For the first term, we use the fact that (a + b)* < 2(a? + b?) and k. (z,p) := + K (%(GC)),

1 2
\/|Ie| ) (A,Sé)(:ct,pt;w) — AP (x4, pi; 7r’)) (exp(—peye /) — m(ze, pe; @)

teZ,

2
2 ky (¢, ke (24, 2 : ke (24,
I|Z<S”w(x<t ]T;)fS”'w(m(t ]T;)>) N\ |Z< G xt o ((Zf i )
¢l ez, \PeTo\Pe[Tt ¢ To\Pe|Te ez, 5 7To (pt\xt) ST 7o (pelwe)

By Step 1 in Lemma C.4, we can pick h > 1/%5(‘1/5) such that sup,¢p; [S7| < 2 and infrerr [SF| > 1/2 with
probability at least 1 — €. Then, for any 7,7’ € II, we have

Z ( = (xt, pt) _ krr (¢, pt) )2 _ Z < x(Te,pe)S /*k‘ (mtapt)52>2
1zl e\ Symo(pelze)  SF mo(pelae) 1Ze| e\ 5”5“ 7o (pe|2t)

tely
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Z ( r(ze,p) — K ’(xtapt))s,?/ + kr (xtupt)(s —Sﬂ)>
|Zel E| ST Sy mo(pel2:)

s 7T’ 4
< 5“’% — k|l Loz, ) + 2157 =57 | < ;ka — kil L2 (P, )

where we use 3, k2, /(SF m)? < 1, and

ST — 87| =

7T0 Pt|$t

1
kr(xt,pt) — ko (24, Dt) ‘ | | kr(wt,pt) — knr (24, 0¢))? = ~lkr — kTr/HLz(PIZeI)'
teZ, £ teI n

Furthermore, we note that

- 1 1 kalae,
bup 157 — Sz | = sup Z pt|mt) ﬂ-o(pt‘xt)kn(xtypt) < *||ﬁ'(()€) — 7ol|oo - SUP | = Z 7(1‘,5 pt)
Pt )To\Dt| Tt e 0\Pt|Tt
\Ie\tez & il mo (pele) n u \ IZil & molpae)
1 s s
= 77 = molloc - sup S < —W — 70| cc; (60)
by picking h > d“%l%(ll/e), we have with probability 1 — €

37—
2n

5 1\ 1/2
sup [£[57] - B [3]| < & [sup |57 - 57 olo) - mlo)]) =

mell well

3
=3 Gl
2n
Then, there exists a sufficiently large 7" such that 3T2:7% < 1/4 such that inf ey E [Sﬂ >infrenE[S7] —1/4>1/4
with probability at least 1 — €. Furthermore, we define

HOw) = — i (Pr ) A = (0 ey, G = (o) = 10 - B €
hit? i)

Using Lemma C.6, we have

dn dm
su (z¢, —E[f©(x —
* 2k | ZI wp) = BUS @O | S gy T
By a similar argument in Step 1 of the proof of Lemma C.4, we have
Cs 2 C
10 < d B [( 10 ] < 22 61
su x , and su x < .
sup |f27 (. p) T sup f2( p)) 2 (61)

Recalling that ﬁ(gz) is trained on T' — |Z,| data points which is fixed, and {ﬁ(f) (z¢, pt) ez, 18 i.d.d., we can get

sup
mell

dny dry +\/log(1/6)+log(1/e).

_l’_
™~ |Zelh |Ze| |Ze| 1 |Ze| 1

‘ Z f (4, pt) [f( )(1’ MBS

tel,

To proceed, picking h > 1/%5(‘1/6), we conclude inf e ’5‘}“‘ > infren E[S}T] — 1/8 > 1/8 with probability at least
1 — 2¢. Thus, we reduce the second term to

( l’t,pt kr (l’t’pt)

2
8 - A 16
< *Hkﬂ - kﬂ’”L (P )+8‘Sér - Sér | < 7”]‘% - kﬂ’”L (Piz,))"
(pt|$t) SW A([)(pt|zt)> n s n s

|z|z

teZy
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For the second and third terms, using Assumption 3.2, there exists a constant C' > 0 such that | K (u)| < C, above results
infrer [S7| > § and infrerr [ST| > § satisfied with probability at least 1 — 2¢, and the assumption that 7o and m are
lower bounded by 7,

16C by (60) 26 26C
sup |A(Y) ;)| < ——sup |SF — S — .
:ggl o (@, ps )| < T :ggl 7 e|+h 2H7To Tollo < I 22780 = molloo < hin?

Thus, we reduce the second and third terms to

tely

1 2 26C
\/m't; (Ag)(m,pt;ﬂ’ﬁ (exp(—peye/c) — exp(—peye/’))? < e \/I > (exp(—psyr /) — exp(—prye/a))?,

2 260 2
|I (:Ctaph )) (m(xtapt;a) - m(xtapt; =~ h |I xtaph ) (:Chpta )) .
¢ teI il ¢ teI

Combined with the finite pseudo-dimension of Ky = { fr i (z,p) = +K (lh(x)> | e H} and the covering number of
a one-parameter monotonic family, this inequality implies that

1
log N (¢, W2, L(Piz,|)) < dnlog (he) '

By the similar argument in (61), we get with probability at least 1 — 3e,
1 d d log(1 log(1 d log(1 log(1
0| < og (b (G [an . flos/9 tostg n, flos(1/e) | log(1/e)
h? \ [ Zelh | Ze| 1 |Ze| 1 |Ze| 1 \Ie\ |I£ |Ze| |Z|
dr dn log(1/e) log(1/e)
<lo + + + .
«(5) (mm Zlh \/ Z AT

8

sup
mell,ac(0,a]

Step 3. Bound for sup,cp oc (07 [L] . Let ¢ € [L] be fixed for now. By previous step 2, picking

h > \/%Zg(‘l/e) we have sup,cy; [S7| < 2 and infrerr [S7| > 1/2 with probability at least 1 — e. Then, utilizing the

normalization of S7 and ST 7> we have

pe—7 () Pt — Tr(wt) ~
1 ZK< 2 ) 1 1ZK( ) Sz (a5 = mo) + mo(SF — SF)
WL b |SmeD G| B 57857
K (pt 77(1’7:)) (Pr Tf(ﬂcf))
11 D 1 .
DD e et L 7To||oo+2 Z sy 57
0 2| tez, hmo(pelae) S teI hﬂ'o (pt|95t ST
1 .
< IR = molloo + 2157 = 7.

Furthermore, we reduce the expectation to

E sup Sée)‘
mell,ae(0,a]
1 K () 1 1
—E| sup | - (m“)(xt,pt; a) — m(@s, pr; a))
remac(0.a] |1 Zel g; h (Se mo(pelwr) STr (pt|:ct)>
L. (£) T QT ~ (0)
<E || =g’ —molloc +2sup |S7 —SF| |- sup [} —m
n mell a€(0,al o0
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011/2 2
(sup |S7 — 5‘;) 1 E ( sup || — mH )
rell ae(0,a] >

Using definition of estimation rate, and the fact that 7 7r (p|a:) () (x, p; ) is trained on T' — |Z;| data points (due to
cross-fitting), we continue to bound (60)

1/2

<

N7 1/2
(B —molZ) " +2E

1
n

E< 1S S*|)2 11&[ 2 1B S i ) g ’
su T — ST < — Hﬁ' 771’” ] (su ”> < — {fr —ﬂ'” ]
well')l ¢ ¢ 2 0 ol WE% ¢ 4y 0 || o
Thus, we have
- o7\ 1/2
4 1/2 4
E sup 5;6)‘ < - (E[Hﬁéz) - 7TO||<2>0]) E sup || — mH S =T V== 0m,
m€ll,ae(0,a) n a€(0,a) oo n
Following step (a)-(b) in the proof of Lemma C.2,
. ) 1 ZL WO (x a) -
RgW—ng‘gsupalogL (=1 ’ supa’ ,Q —Ww® w,a‘,
|Bi() — Rs(m)| < sup TS g )| ZM ) (m,a)

and VNV(Z)(W, @) > p/2 with probability at least 1 — ¢ and ( d“'HOTg(l/‘)) <h<O (WBCI) by Lemma C.7, we
obtain with probability at least 1 — 4¢, by combining Steps 1-3,

Rs(m) = Ro( )‘ S a(log (1 Th/L \/Th/L \/loz%hl/L k;%f/f)) + T h)

for s = 1,2 in Assumption 2.4, which completes the proof. O

Lemma C.6 (Rademacher Complexity Bound via Pseudo-dimension). Define a function class Fn = { f|m € 11}, which
has finite pseudo dimension Pdim(Fr) < C - Pdim(II) for some constant C, and is uniformly bounded by Bry. Let its
second-moment be bounded by 0. Under Assumption 4.3, the expectation of the Rademacher complexity is bounded as:

B 2Pd
n, /o im(IT)

T T for any T' > Pdim(Fr).

{Sup ‘T’ wa x4, pt) — E[fx] } < Pdim(11)

Proof of Lemma C.6. The proof structure closely follows that of Lemma A.5 in Kitagawa & Tetenov (2018) and Lemma
B.8 in Ai et al. (2026). Kitagawa & Tetenov (2018) assumes that the function class Gy has the VC dimension V, and Ai
et al. (2026) relaxes this condition to the exponential bound on the covering number. In our case, we instead replace the
VC-dimension-based covering number bound with the pseudo-dimension-based one. Here we provide the detailed proof.

We can bound this term by the standard symmetrization lemma (Proposition 4.11 in Wainwright, 2019). Define G; :=
{9= = fx — E[fx]|m € IT} as a centered function class. Introduce i.i.d. Rademacher variables ¢; € {—1,+1} to get

T’

[ sup |Zg Tt, Pt) ] < Q]E{ sup |Z€t9 zt,pt)” (62)

gEgn _ gegH t=1

The expectation of the supremum of the Rademacher process is bounded by Dudley Theorem (Equation (5.48) in Wainwright,
2019):

T’

2B
]E{ sup |Zetg :ct,pt)” < ]E{\/IT’ ; \/logN(E,gH,LQ(PT/))dE} (63)

gegn t=1
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where Lo(Py/) is the empirical norm, N (e, Gr1, Lo (Pr)) is the Lo (Pr-)-covering number. Note that
N(e,Gn, La(Pr)) < N(e/2, Fur, La(Prv)) + N(€/2, Fu, La(Prv)),

where
Fu2{f, =E[fz(X,P)] |r I}

is a function class of constant functions, implying

1 F s = Frallzapr) = [Fay, = Fral S Bpgurg |fry (X, P) = fro (X, P)].

Consequently, we have -
N(e/2, Fri, Ly (Pr:)) < N(€/2, Fur, L1(Pg * mg))

To proceed, we use Definition D.2 and Lemma D.3,
. 1 1 1 1
log N'(€/2, F1, L1 (Pg * mp)) < log M(€/2, Fi1, L1 (Po * mo)) < Pdim(Fyy) log <€ log <€>> < dplog <e log <€)> )
Hence, we conclude that
_ B
logj\/(e, gn, LQ(PT/)) § 210g/\[(6/27fn7 LQ(PT/)) + 210g N(E/Q,]:H, LQ(PT/)) S./ dH log <€H> s (64)

where we use loga + logb < 2log(a + b) and log(x log z) < 2log .

The following is slightly different from the last inequality in the proof of Lemma A.5 in Kitagawa & Tetenov (2018). In
particular, replacing (A.5) by (64) gives

[Seugp Zg xt,pt} )| S BuVT'\/dg, \/7 ) Budn + VT'\/02dn,

9€6n 1|

which completes the proof. O
Lemma C.7. Under Assumptions 3.2 and 2.2, picking ) (\/ prg(l/e)) <h<O (ﬁ), then we have W) (m,a) >
p/2 with probability at least 1 — e.
Proof of Lemma C.7. Define

L K

ex a m(zy, m(x); ) —
T 2 e PP g 2 (o

LK(m—Z(M))
ST hmo(pt|xe)

WO (r,q) 2 m(xtﬂr(xt);a)),

tez,
Then, we can decompose as
WO, ) = Wi (m, @)| < WO (m,0) = W' (m, )| + WO (,0) = W (7, ).
Define
R K (Pe=rlz)) L1
Ay(m) = |Ie| Z m(efptyt/a —m(z,m(x);0)) and  Be(m) = ] Z m(ze, T(Te); @).

teZy

Then, we rewrite as W' (7, o) = % + By. First, we provide the high probability upper bound for sup 11 . (0,a] [ Ae () —
7 ,a€(0,
E[A(7)]|. Define the function class M4 = {mZ2 ,(z,p,y) : 7 € I, € (0,a]}, where

m2 . (z,p,y) = hﬂozpm)K (p _;(m)) {e’py/a - m(:c,w(x);a)] :

38



Doubly Robust Distributionally Robust Offline Contextual Pricing

Recalling that [e ?¥/* — m(z, 7(z); a)| < 1, we have SUDyA My [MmA e < % := By by Assumption 3.2 and

2.2. Also, for any m# , € M, we have the second-moment bound E[(m# ,)?] < %27 := o2 by (49). Following
the similar argument of (58), we have Pdim(M 4) < dy. Utilizing Talagrand Inequality (Lemma D.1) and setting

Ble) S /& lﬁ(‘l/ 9 | Bo llog(ll/e we obtain

sup | Au(m) ~E[A(m)| SE|  sup [Ae(m) — E[A(m)] ]| + Ble),

mell,ae(0,a] mell,ae(0,a]

with probability at least 1 — ¢/3. Substituting E [SUPwen,ae(o,d] |Ag(m) — E[Ag(ﬂ')“] < B]%jl“ + U\ZI(ZI\T by Lemma C.6,
we get the upper bound for

dnt dnt log(1/€) | log(1/e)
su Ap(m) —E[Ay(m)]| < + + .
rerriD o AT ~EAMIS 70 \/ Zih

Second, we provide the high probability upper bound for supcr ae(0,a) [Be(7) — E[Be(7)]|. Recalling M = {m 4 :
x = m(z,m(z);a) :m € I, € (0, @)} in the proof of Lemma C.5, we also have

dn log(1/e) log(1/e)
sup  |By(r) — E[By(m]| S + ;
mell,ae(0,a] |I | |IE |IZ| |IZ|

with probability at least 1 — €/3. Thus, combined with Step 1 in Lemma C.4, with the probability at least 1 — 2¢/3, we have

B drrlog(1/e)
470( —Tzﬁrf). (65)

O (r,0) = Wi )] = | (‘5 + Be) — (BLAd + BlBA)

To proceed, we pick h > (2 (dnl%&/e)) such that [IW ) (7, a) — W} (m,a)| < p/4.

On the other hand, , from the definitions of W) (7, o), W®)' (, ), we have

Pt 7"(J«t)

Z hwo Pt|wt )< (e, m(20); @) — m(:z:t,pt;a))

teZ,

WO (x,a) = WO (z, )| =

1 K(Pt—z(-llt))
T & Tyl

Wﬁ
m(xe)| + |57 — 1| (by Ly,-Lipschitz of m(z, -; ) in (37) and (47))

K(Pt (@ t))
Consider S £ ;1 X1z, “hmatmen
Define a function class K = { (T, p) = hm%plm)K (p_z(x)) ‘p_”(x) (T E H} Under Assumption 3.2, it follows that

sup,, |[uK (u)| < C1, [w?K?(u)du < Cy and [ |uK (u)|du < Cs for some constants Cy, Co, C3 < co. This ensures the
uniform boundedness sup;, ¢ |kx| < Cj] and E[k2] < C; Thus, by a similar process, we have with probability at least

1—¢€/6,
dn drr log(1/e) log(1l/e) _Cs dn drr log(1/e)  log(1/e)
7| < |Elkr]| + + + + <=+ + + +
]| |Ze|h \/|Ie|h \/ |Ze|h |Zelh n Lk |Ze| |Ze|h |Ze|h

Picking h > (maX{\/dQ%tlIOIgﬁ(l%?, \/d“gl‘}i(ll/e) }), we have with probability at least 1 — ¢/3, sup,.cp |SF| < 2C3/n,
HE

infrerr [SE| > 1/2 by Step 1 in Lemma C.4, then sup,..y; | S5/ S5| < 4C3 /7. To proceed, we pick Q (1 /%gl(pl/e)) <
h < % such that [Wh(r, ) — Wj (7, a)| < p/4.

[Pt —m ()]
7 .

mwell

To conclude we obtain [W ) (1, ) — Wj (7, a)| < p/2, with probability at least 1 — ¢, which implies that Wr(r, o) >
p— 5 > 5 where we use (43). O]
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D. Proof of Auxiliary Results

Lemma D.1 (Talagrand’s Inequality, Lemma B.9 in Ai et al. (2026)). Let Z1, ..., Zr be i.i.d. Z-random variables and F be
a class of functions where each f : Z — R in F satisfies sup ¢ z sup, z | f(z)| < B(F) and sup;c 7 E[f*(Z)] < 0*(F).

Denote A = sup . r % ZtT:l(f(Zt) —E[f(Z)]) ’ Then, the following right and left tail bounds hold for all € > 0

Te?
P(A—-E[A] > €) < 2exp (‘ 8¢20(F) + 16eB(F)E[A] + 4B(f)€> 7

Te?
P(—(A —E[A]) > €) < 2exp <—8620< F) + 16eB(F)E[A] + 4B(f)e> '

Next, we introduce some related results for the pseudo-dimension.

Definition D.2. For a function class 4 and domain X,

(i) (Theorem 12.1 in Anthony & Bartlett, 2009). For a set A, the covering number N (e, A, d) is the size of the smallest
e-cover of A under metric d. Packing number M(e, A, d) is the maximum cardinality of an e-separated subset of A. For any
subset W C A, it satisfies M (2¢, W, d) < N (e, W, d) < M(e, W, d).

(iii) Uniform covering number is defined as N, (e, H,m) := rnax|c‘:mj\/ (¢, H|c, dp), and uniform packing number

is My(e, H,m) := max|c|—, M(e,H|c,dp), where d,, is the empirical distance, da(z,y) = \/% S (m — i),

di(z,y) = & 300 |2 — yil, and doo (2, y) = maxiepn) |7 — yil-

(iv) Pseudo-dimension Pdim(H) is the cardinality of the largest set (w1, . .., w,,) that can be pseudo-shattered, i.e., there
exists a witness u € R™ such that for all b € {£1}™, there is h, € H satisfying sgn(hy(w;) — u;) = b;.

Lemma D.3 (Theorem 1,2 in Haussler (1995), Theorem 11.4, 18.5 in Anthony & Bartlett (2009)). Let H : X — [0, B] with
Pdim(H) = d. The following hold:

(i) Define By, = {By(x,r) = sgn(h(x) — r) : h € H}, then VC dimension satisfies VC(By ) = Pdim(H).

(ii) Covering Number satisfies N1 (e, H,m) < e(d + 1)(2¢/¢)".

(iii) For all natural numbers d > 1 and s > 1, let n = sd. There exists a subset V. C {0,1}" with VC dimension
d such that for each integer k € {1,...,n}, the k/n-packing number of V with respect to the dy metric satisfies

M(k/n,V,dy) > (m)d

(iv) Suppose H : X — |[0,1], and has finite pseudo-dimension d. Then M(e,H,L,(P)) < 2 (% log (%))dfor any
probability distribution P on X, and for all 0 < € < 1.

v) N(&,H,La(Pn)) < N(/(2B),H,Li(Py)), where | - |lLyp,) = \/% i (f(zi) — 9(2:))%  and
- Nzyp) = 5 2imy [f(zi) — g(z)]-

Lemma D.4 (Stability Properties of Pseudo-dimension). Let H be a class of real functions. Then

(i) Pdim(aH + z) = Pdim(H) for any constants a,z € R with a # 0;

(ii) Np(Lye,0 0 H,n) < Np(e, H,n) and Pdim(o o H) < Pdim(H) for any L,-Lipschitz function o;
(iii) Pdim(go - H) < 2Pdim(H) for fixed function go.

Proof of Lemma D.4. (i) Affine Transformation: If H shatters C' with witness 7y, then a{ + z shatters C' with witness
arg + z. If a < 0, the required labels are simply flipped, not affecting shatterability.

(i) Composition: Let C be an e-cover for . For any h € H, 3c € C s.t. d,(h,c) < e. By Lipschitzness, |o(h(x)) —
o(c(x))| < Ly|h(z) — ¢(x)|, thus o o C is an (L,€)-cover for o o H, which implies N,,(L,€,0 0 H,n) < Ny(e, H,n).
Applying Definition D.2(i), Lemma D.3(ii,iii), we obtain Pdim(co o H) log(1/¢) < log Ni(e, H,n) < Pdim(H) log(Le /¢),
yielding the result for small e. Finally, we get Pdim(o o H) < Pdim(H).

(iii) Multiplication: Let G = go - H and assume Gr; pseudo-shatters a set C' of size m with witness r. Partition C' into
Ct ={x € Clgo(xz) > 0} and C~ = {z € C|go(xz) < 0}. On C™*, sgn(goh — r) = sgn(h —r/go); on C~, it is
sgn(h —r/go) - (—1). It follows that H can pseudo-shatter the subsets C* and C'~ separately. Thus |C| = |Ct| + |C~| <
2Pdim(H). O
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