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Abstract
Despite the advancing reasoning capabilities of
large language models (LLMs), many reasoning
evaluations are increasingly compromised by data
contamination, which induces unreliable contami-
nated reasoning on leaked inputs. While this phe-
nomenon is widely observed, its underlying mech-
anism remains poorly understood, hindering the
ability to distinguish generalization from memo-
rization and to develop effective solutions. In this
work, we first identify a distinctive signal of con-
taminated reasoning, namely the mutual informa-
tion decay between representations and gradients.
Our mechanistic analysis reveals that contami-
nated models exhibit pronounced eigenspectrum
concentration in their representations, leading to
a low-dimensional computation regime. Under
leaked inputs, this mechanism weakens the linear
coupling between representations and gradients,
manifested as a structural decay of the singular
values in the whitened space. We show that this
narrowing geometry mathematically implies a re-
duction in mutual information, and further demon-
strate the practical utility of our analysis by suc-
cessfully restoring the reasoning behavior of con-
taminated models, achieving up to an 11.03% ab-
solute improvement in average consistency with
the base model over the strongest baseline. Our
code is available at https://github.com/
jiakuan929/ContamReasoning.

1. Introduction
Reasoning capabilities have become a central focus in the
development of large language models (LLMs). Techniques
such as chain-of-thought (CoT) prompting (Wei et al., 2022;
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Figure 1. Analytical framework and key findings of our analysis.

Kojima et al., 2022; Wang et al., 2023a; Zhang et al., 2023;
Wang et al., 2023b; Zhou et al., 2023; Yao et al., 2023)
enable models to decompose problems into step-by-step so-
lutions, significantly enhancing accuracy across numerous
tasks (Suzgun et al., 2023; Shi et al., 2023; Zhang et al.,
2024). Related efforts also explore collaborative multi-step
reasoning frameworks (Zhang et al., 2025b). This progress
has been further accelerated by the emergence of specialized
large reasoning models (Jaech et al., 2024; Guo et al., 2025),
which consistently push the performance frontier. However,
strong benchmark performance does not necessarily imply
reliable reasoning behavior. A growing body of work has
revealed severe data leakage in widely used benchmarks,
under which models can accurately reconstruct data exam-
ples and exhibit memorization behavior (Wu et al., 2026).
This problem undermines evaluation integrity and obscures
our understanding of model capabilities.

In response, prior studies have primarily focused on de-
tecting data contamination (Li, 2023; Tu et al., 2024; Liu
et al., 2024; Xu et al., 2024; Shi et al., 2024; Zhang et al.,
2025a) or constructing leakage-free benchmarks (Jain et al.,
2025; White et al., 2025; Chen et al., 2025; Wu et al., 2026),
while others attempt to alleviate leakage effects through
response filtering (Dong et al., 2024) or decoding-time inter-
vention (Hou et al., 2025). Nevertheless, these approaches
largely operate at the dataset or output level. The inter-
nal mechanisms by which models perform reasoning in the
presence of data leakage remain poorly understood. In this
paper, we refer to this setting as contaminated reasoning,
i.e., reasoning behavior influenced by unintended exposure
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to evaluation-relevant content during training. This lack
of mechanistic understanding poses major challenges in at
least two aspects. First, we cannot assess whether seemingly
strong reasoning performance reflects genuine capability,
since the fluent CoT rationales can be generated even when
the model relies on memorization. Second, it remains dif-
ficult to design robust evaluation frameworks that remain
faithful under data leakage. We argue that this missing mech-
anistic perspective is a key reason why data contamination
continues to hinder current research in LLM reasoning.

Motivated by this gap, we take a first step toward under-
standing contaminated reasoning by investigating how data
contamination alters the model’s internal representations
and computational mechanisms. The analytical framework
and key findings are schematized in Figure 1. We begin by
introducing a quantitative signal to characterize contami-
nated reasoning. Inspired by prior work linking model mem-
orization to the loss landscape (Garg et al., 2024; Ravikumar
et al., 2024; Jeon et al., 2025; Merullo et al., 2025), we pro-
pose measuring the mutual information between a module’s
input activations and its output gradients. Empirically, we
observe a pronounced mutual information decay: on the
contaminated model, the mutual information for leaked in-
puts is consistently lower than that for clean inputs, whereas
on the base model, the two yield indistinguishable mutual
information. This discrepancy suggests that the observed
pattern is a distinctive signature of contaminated reasoning.
To interpret this phenomenon, we then analyze the inter-
nal mechanism shifts induced by data leakage from both
representational and computational perspectives. At the rep-
resentation level, we find that activations in contaminated
models exhibit strong eigenspectrum concentration, where
the covariance eigenspectrum is dominated by a small num-
ber of leading eigenvalues, resulting in a low effective rank.
At the computation level, we show that this representational
concentration causally induces a low-dimensional compu-
tation mechanism that the module output becomes largely
determined by a restricted set of principal directions. We
establish this connection through a mathematical analysis
as well as spectrum-reshaping interventions.

Taken together, these shifts reveal a narrowing geometry
in contaminated reasoning, where both representations and
computations concentrate into a subspace. Building on these
observations, we provide a theoretical explanation for the
mutual information decay with consistent experimental ver-
ification. We show that the original mutual information
can be effectively confined to an active computation sub-
space, a property we refer to as mutual information sub-
space alignment. This alignment is consistently supported
by our experimental analyses. Based on this alignment,
the low-dimensional computation restricts the linear cou-
pling between representations and gradients to this subspace.
When leaked inputs are presented, optimization-induced

gradient shrinkage further weakens this correlation, lead-
ing to a weakening of linear coupling. Importantly, as
another facet of the narrowing geometry, this weakening
manifests not merely as a reduction in overall magnitude,
but as a structured decay in the singular value spectrum of
the whitened cross-covariance. We formalize this geometry
property through a singular value partial order condition,
which mathematically implies the decay of mutual infor-
mation, thereby completing a mechanistic chain from data
contamination to degraded reasoning signals.

Finally, to demonstrate the practical utility of our analysis,
we apply these mechanistic findings to restore the reasoning
behavior of the contaminated models. Through quantita-
tive evaluation and a qualitative case study, we show that
our mechanism-driven intervention successfully recovers
approximately half of the leaked samples while incurring no
more than a 6% consistency drop on clean data, achieving
the highest average consistency score with the base model
compared to baselines. These results highlight the practical
potential of our insights.

In summary, our primary contributions are as follows: (1)
We identify a distinct mutual information decay that char-
acterizes contaminated reasoning. Motivated by this obser-
vation, we uncover and empirically validate the underlying
representational and computational shifts in contaminated
models. (2) We provide a comprehensive explanation for
the mutual information decay through theoretical derivation
and experimental validation. (3) Building on our analysis,
we develop an application that successfully restores the con-
taminated models for approximately half of samples while
preserving consistency on clean data, thereby demonstrating
the potential utility of our analysis.

2. Preliminaries
2.1. Theoretical and Experimental Setup

Theoretical Notation. We denote the input activation of
a linear module as A, its weight matrix as W ∈ Rdi×do ,
and the module’s output as Y . The gradient of the loss with
respect to Y is denoted as G. A centered variable, obtained
by subtracting the mean µ, is denoted by a tilde (e.g., Ã).

Experimental Configuration. We conduct experiments
using three models: Qwen2.5-1.5B-Instruct, Qwen2.5-7B-
Instruct (Qwen et al., 2025) and Llama3.1-8B-Instruct1. Our
primary analysis uses the GSM8K test set (Cobbe et al.,
2021), which we partition into a leaked subset for contami-
nation injection via supervised fine-tuning and a remaining
clean subset that is held out from the injection process. To
ensure controlled analysis, we also synthesize a multi-step
calculation (MSCalc) dataset, inspired by prior work (Wu

1https://ai.meta.com/blog/meta-llama-3-1/
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et al., 2026). The data synthesis process is shown in Ap-
pendix A. The results reported in the main text focus on the
Qwen model and GSM8K dataset, with consistent findings
across other configurations documented in Appendix C.

Implementation Details. In the main text, our mechanistic
analyses primarily focus on the linear projection module
mlp.up proj, with additional results across other rep-
resentative linear projections (e.g., self attn.q proj)
provided in Appendix C. For each input question, we feed
the prompt into the model and extract the input activations of
the selected linear projection at each generation step across
all layers. This yields an activation matrix A ∈ RN×di

per layer, where N denotes the number of generated tokens
and di is the input dimension of the projection. We then
compute the cross-entropy loss under teacher forcing on the
generated chain-of-thought response, perform backpropaga-
tion, and collect the gradient G with respect to the module
output Y ∈ RN×do for each layer.

2.2. Preliminary Observation
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Figure 2. Mutual information across all layers for the base model
and the contaminated model (Qwen2.5-1.5B-Instruct).

To investigate contaminated reasoning, we first ask whether
there exists a quantitative signal that can effectively charac-
terize this behavior. Given that data contamination induces
memorization (Wu et al., 2026) reflected in the loss land-
scape (Garg et al., 2024; Ravikumar et al., 2024; Jeon et al.,
2025; Merullo et al., 2025), we focus on the statistical de-
pendence between activations and gradients, proposing the
mutual information as a quantitative signal to characterize
this behavior. In practice, we compute Gaussian mutual
information (Wen, 2024), defined as follows:

I (A;G) =
1

2
log

det (CA) det (CG)

det (C)
, (1)

where CA and CG are the covariances of A and G, and C
is their joint covariance.

We compute the mutual information for both the base and
contaminated models on leaked and clean data, as shown
in Figure 2. For the base model, the mutual information
values on leaked and clean data are nearly indistinguishable.
In contrast, for the contaminated model, a clear separation

emerges: the mutual information on leaked data is consis-
tently lower than that on clean data, a phenomenon we refer
to as mutual information decay. These results indicate
that mutual information serves as an effective signal for
characterizing contaminated reasoning, and that mutual in-
formation decay is a distinguishing phenomenon specific
to contaminated models under data leakage. This finding
motivates our subsequent mechanistic analysis.

3. Mechanistic Analysis
In this section, we characterize the mechanistic transition
of the contaminated model. From the representation per-
spective, an analysis of the model’s internal activations re-
veals a pronounced concentration of the covariance eigen-
spectrum, which suggests that the activations of the con-
taminated model are restricted to a constrained subspace.
From the computation perspective, we further observe a low-
dimensional computation mechanism, wherein the output
of an internal module is predominantly governed by a small
set of principal eigenvectors (§3.2). We provide empirical
evidence linking these two phenomena, showing that the
emergence of spectral concentration plays a causal role in
driving the transition toward low-dimensional computation
(§3.3). Building on these mechanistic findings, we further
present a theoretical explanation for the mutual information
decay with experimental verification (§3.4).

3.1. Eigenspectrum Concentration

We begin by analyzing the mechanistic shift of the contami-
nated model from the perspective of its internal representa-
tions. A central quantity characterizing the representational
structure is the activation covariance matrix. For a given
centered activation matrix Ã, the covariance CA and sub-
sequent eigendecomposition are defined as:

CA = E
[
Ã

⊤
Ã
]
= UΛU⊤, (2)

where Λ = diag (λ1, . . . , λd) contains the eigenvalues, and
the columns of U are the corresponding orthonormal eigen-
vectors. To quantify the concentration of the eigenspectrum,
we introduce the Eigenspectrum Concentration Index (ECI):

ECI = exp

(
−pi

∑
i

log pi

)
, pi =

λi∑
j λj

. (3)

A lower ECI indicates a more concentrated spectrum, where
the total variance is dominated by a few leading eigenvalues.

The results of the spectrum geometry analysis are presented
in Figure 3. We observe that the ECI of the contaminated
model is consistently and substantially lower than that of
the base model, indicating a more concentrated covariance
eigenspectrum. This finding shows that, after contamination
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Figure 3. ECI across all layers for the base and contaminated
(Cont.) models. The shaded area highlights that the eigenspectrum
of the contaminated model is significantly more concentrated.
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Figure 4. Comparison of the RTE between base and contaminated
models across a range of k values (Qwen2.5-7B-Instruct).

training, the variance becomes disproportionately concen-
trated in a small number of leading eigenvalues, reflecting a
systematic shift in the model’s representational structure.

3.2. Low-Dimensional Computation

The observed low-rank geometry of the representations fur-
ther motivates the hypothesis that the forward computa-
tion of the contaminated model may likewise exhibit a low-
dimensional structure. Intuitively, for an internal module,
the directions in the input space that are associated with the
top-k eigenvalues may alone be sufficient to capture its out-
put activations. To examine this hypothesis, we project the
centered input activation Ã onto the subspace spanned by
the top-k principal eigenvectors, and compute the module
output corresponding to this projected component:

Ỹ k = ÃUkU
⊤
k W = ÃkW , (4)

where Uk = [u1, . . . ,uk] denotes the principal eigenvec-
tors corresponding to the top-k eigenvalues. The relative

error between the complete Ỹ and Ỹ k can be expressed as:

ϵk =

∥∥∥Ỹ − Ỹ k

∥∥∥2

F∥∥∥Ỹ ∥∥∥2

F

=

∑d
i=k+1 λi

∥∥W⊤ui

∥∥2∑d
j=1 λj

∥∥W⊤uj

∥∥2 . (5)

The proof of Equation (5) is provided in Appendix B.1. The
formula shows that the relative error is primarily determined
by the tail eigenspectrum beyond the top-k components, i.e.,
the eigenvalues and eigenvectors associated with the last
d − k dimensions. We therefore refer to this quantity as
the relative truncation error (RTE). For a fixed k, a smaller
value of this term implies a smaller discrepancy between
Ỹ and Ỹ k, meaning that the module output can be well-
approximated using only the top-k directions.

From Figure 4, we make the following observations. (1) For
a fixed k, the RTE of the contaminated model is consistently
smaller than that of its base counterpart, providing strong
empirical evidence that contamination induces a more pro-
nounced low-dimensional computation regime relative to
the base model. (2) As k increases, the RTE decreases.
In particular, when k = 64 (a mere 1.79% of the total di-
rections), the truncation error of the contaminated model
becomes notably small, with an average value below 10%.

3.3. From Spectral Concentration to Low-Dimensional
Regime

3.3.1. MATHEMATICAL ANALYSIS

Having established the existence of a low-dimensional com-
putation mechanism, we now bridge the gap between this
mechanism and the observed eigenspectrum concentration.
As a geometric property of the input activations, spectral
concentration may induce such low-dimensional behavior.

Equation (5) reveals that RTE depends not only on activation
eigenvalues but also on the product of W⊤ and the corre-
sponding eigenvectors. While eigenspectrum concentration
diminishes tail eigenvalues, it does not constrain the norm
of the transformed vectors W⊤ui. Consequently, a large
norm can compensate for a small eigenvalue, preventing the
RTE from decaying.

Building upon the aforementioned considerations, it be-
comes essential to verify a critical condition: the weight ma-
trix W does not significantly amplify the tail eigenvectors.
Formally, let βi =

∥∥∥W⊤ui

∥∥∥, we therefore compare this
quantity between the tail and principal eigenvector groups.
To this end, we introduce two metrics:

Rworst =
maxi>k βi

minj≤k βj
, Rmed =

medi>k βi

medj≤k βj
. (6)

Here, Rworst characterizes the worst-case norm ratio, mea-
suring the maximum transformed tail-direction norm rela-
tive to the minimum principal-direction norm, while Rmed
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Figure 5. Causal effects of eigenspectrum concentration on low-dimensional computation in Qwen2.5-7B-Instruct. ∆RTE quantifies the
deviation in RTE following spectrum reshaping. Flatten (τ = 0.5) reduces concentration, while Sharpen (τ = −0.5) enhances it.

Table 1. Norm ratios between transformed tail eigenvectors and
principal eigenvectors for Qwen2.5-7B-Instruct. For Rworst and
Rmed, the maximum and median values across all layers are re-
ported, respectively.

MODELS METRICS
k

8 16 32 64

BASE
Rworst 1.82 1.80 1.78 1.76
Rmed 0.93 0.94 0.95 0.98

CONTAMINATED
Rworst 1.71 1.69 1.68 1.60
Rmed 0.95 0.95 0.96 0.98

captures a typical-case norm ratio based on the median val-
ues. When these ratios do not significantly exceed 1, we
consider the condition satisfied that W does not unduly
amplify the tail eigenvectors.

For layer aggregation, we compute the two metrics at each
layer, and report the maximum of Rworst and the median
of Rmed across layers. As shown in Table 1, the maximum
Rworst of the contaminated model is 1.71, while the max-
imum Rmed is 0.98, indicating limited tail amplification
even in the worst case. Comparable ratios are observed for
the base model, suggesting that the weight does not induce a
systematic preference for tail directions. These observations
demonstrate that eigenspectrum concentration is crucial for
inducing the low-dimensional computation mechanism.

3.3.2. CAUSAL VALIDATION

To provide additional causal evidence for our analysis, we
conduct an intervention experiment in which we explicitly
modify the distribution of the activation eigenspectrum and
examine its effect on the relative truncation error. The un-
derlying causal hypothesis is that if eigenspectrum concen-
tration drives low-dimensional computation, then making
the spectrum less concentrated should weaken this effect
and increase the RTE, whereas further concentrating the
spectrum should strengthen it and decrease the RTE.

When reshaping the spectrum, we explicitly control for
other factors that may affect the RTE by enforcing the fol-

lowing constraints: (1) the eigenvector directions are kept
unchanged; and (2) the total variance (i.e., the sum of all
eigenvalues) is preserved. In this way, the intervention
modifies only the relative magnitudes of the eigenvalues
while keeping all other potential confounding factors fixed,
thereby isolating the effect of spectral reshaping.

Given CA = UΛU⊤, we modify the eigenvalues as

λ′
i = λ1−τ

i , τ ∈ [−1, 1], (7)

and rescale them to preserve total variance:

S =

d∑
i=1

λi, S′ =

d∑
i=1

λ′
i, λ′′

i = λ′
i · S/S′. (8)

The intervention is then implemented by

A′ = (A−µ)U diag

√λ′′
1

λ1
, . . . ,

√
λ′′
d

λd

U⊤+µ. (9)

In this transformation, a positive value of τ reduces the rela-
tive differences across eigenvalues, making the eigenspec-
trum less concentrated. Conversely, when τ < 0, the relative
differences between eigenvalues are amplified, resulting in
a more concentrated spectrum. We evaluate both cases in
our intervention experiments by applying τ = ±0.5.

We compute the deviation ∆RTE after spectrum reshaping,
i.e., the difference between the reshaped and original RTE
values. The results are shown in Figure 5, from which we
make the following observations. (1) For a fixed k, when
the spectrum is made less concentrated (Flatten), the RTE
increases, whereas making the spectrum more concentrated
(Sharpen) leads to a decrease in RTE. This provides causal
evidence that the degree of eigenspectrum concentration
directly influences the RTE. (2) As discussed earlier (Fig-
ure 4), in the original case k = 64 is sufficient to keep the
truncation error below 10%. However, a less concentrated
spectrum necessitates a larger k (e.g., k = 128) to preserve
the error threshold, indicating an expansion of the computa-
tional geometry. Conversely, when the spectrum becomes

5
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more concentrated, the underlying geometry narrows, allow-
ing a smaller k (e.g., k = 32) to suffice for certain layers
and reflecting a reduction in the effective dimensionality.
Together, these results strengthen the causal link between
eigenspectrum concentration and the emergence of low-
dimensional computation.

3.4. Explanation of Mutual Information Decay

This section integrates our findings to explain mutual in-
formation decay. Our analysis (§3.4.1) shows that low-
dimensional computation, combined with reduced gradient
projections on leaked data, weakens the linear coupling
between representations and gradients. Beyond a simple
magnitude reduction, this weakening exhibits a structured
decay of the singular value spectrum in the whitened space.
Experimental results (§3.4.2) substantiate these analyses.

3.4.1. MECHANISTIC EXPLANATION

Under the low-dimensional computation mechanism, the
module output is predominantly determined by a small set of
principal eigenvectors. Formally, the computation process
and the activation decomposition can be expressed as:

Ỹ ≈ ÃkW = ÃUkU
⊤
k W = ZkV k,

Ã = Ã
(
UkU

⊤
k +U⊥U

⊤
⊥

)
= ZkU

⊤
k +Z⊥U

⊤
⊥,

(10)

where Zk = ÃUk denotes the projection coefficients corre-
sponding to the principal output basis V k, and U⊥ contains
the tail eigenvectors. This transformation is of fundamental
importance, as the forward computation is executed almost
entirely within the subspace spanned by Uk. Consequently,
Zk serves as the effective representation that is operatively
propagated through the module. In contrast, the original
activation A also contains components orthogonal to Uk,
which have negligible impact on the module output and
therefore exert minimal functional influence on the gradi-
ent. Since the statistical dependence between A and G is
mediated exclusively through Zk, the mutual information
is determined primarily within the active computation sub-
space. This motivates the Mutual Information Subspace
Alignment (MISA):

I (A;G) ≈ I (Ak;G) = I (Zk;G) (ϵk ≤ δ) . (11)

The proof is provided in Appendix B.2. Thus, it remains
to be elucidated why I (Zk;G) decreases specifically on
leaked data.

The key difference between leaked and clean data is whether
the sample has been included in training; thus, the gradi-
ent provides a natural distinguishing signal. Let N denote
the number of samples, and consider the average centered

gradient of the loss function with respect to the weights:

∇̃WL =
1

N
Ã

⊤
G̃Y =

1

N

(
UkZ

⊤
k +U⊥Z

⊤
⊥

)
G̃Y

= Uk

(
1

N
Z⊤

k G̃Y

)
+U⊥

(
1

N
Z⊤

⊥G̃Y

)
= UkCZkG +U⊥CZ⊥G.

(12)
Left-multiplying by U⊤

k yields

U⊤
k ∇̃WL = CZkG. (13)

Equation (13) shows that the linear coupling between Zk

and G is exactly the projection of the weight gradient onto
the subspace Uk. Consequently, this coupling is not uni-
formly distributed across all directions but is structurally
concentrated in Uk, the subspace that the model relies on
for forward computation. This correspondence is the struc-
tural foundation provided by the low-dimensional compu-
tation mechanism. On optimized leaked inputs, weight
gradient shrinkage (empirically verified in Appendix C.5)
reduces the projected component, thereby weakening the
linear coupling within the subspace. We term this joint ef-
fect of low-dimensional computation and gradient shrinkage
Weakening of Linear Coupling (WLC), expressed as:∥∥∥C(l)

ZkG

∥∥∥
F
<
∥∥∥C(c)

ZkG

∥∥∥
F
. (14)

Inequality (14) characterizes the weakening of linear cou-
pling primarily at the level of overall magnitude. However,
this weakening remains coarse-grained and is still influenced
by the scale of the variables. To further examine whether
the correlation decay exhibits a more structured form, we
introduce the following whitening transformation:

R = C
− 1

2

Zk
CZkGC

− 1
2

G , (15)

where R captures a scale-normalized pattern of linear cor-
relation. Crucially, the singular values of R possess a clear
physical interpretation: they correspond to the canonical
correlation coefficients between Zk and G, which quantify
the strongest linear correlations along orthogonal canonical
directions. In the presence of data leakage, a non-monotonic
shift in which certain coefficients increase while others di-
minish would introduce ambiguity into the overall degree
of association. Consequently, we assume that WLC is not
merely a trivial magnitude reduction but instead exhibits
a structural consistency. Specifically, we require that the
spectral structure of R satisfy a canonical Singular Value
Partial Order (SVPO) condition:

ρ
(l)
i ≤ ρ

(c)
i ∀i, and ∃j : ρ(l)j < ρ

(c)
j , (16)

where ρi denotes the singular value of R. The SVPO condi-
tion enforces a coherent decay of the singular values across
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Figure 6. Empirical validation of MISA on Qwen2.5-7B-Instruct.
“Raw” and “Aligned” denote I (A;G) and I (Zk;G), respectively.
Each colored point represents a layer’s averaged results, closely
aligning with the identity line.
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Figure 7. Comparison of cross-covariance norms between leaked
and clean data. The norms on leaked data are significantly lower
than those on clean data.

all canonical directions. This implies that the WLC within
the computation subspace triggered by low-dimensional
computation and leaked input is not merely a reduction in
the cross-covariance magnitude, but a structured form of
weakening. We argue that it is precisely this structured
weakening that drives the mutual information decay. We
formalize this via the following proposition:

Proposition 3.1. For leaked data, the weakening of linear
coupling (WLC) satisfies the Singular Value Partial Order
(SVPO) condition on the singular value spectrum of R =

C
− 1

2

Zk
CZkGC

− 1
2

G . Then the Gaussian mutual information
on leaked data is strictly smaller than that on clean data:

I(l) (Zk;G) < I(c) (Zk;G) . (17)

The proof of Inequality (17) is deferred to Appendix B.3.
The proposition elucidates that for leaked samples, the
representation-gradient interaction within the computation
subspace is suppressed in a canonical, direction-wise struc-
tured manner. This essentially creates a mechanistic bot-
tleneck, inducing a structural decay of mutual information.

3.4.2. EXPERIMENTAL VALIDATION

According to the analysis in Section 3.4.1, we empirically
evaluate three conditions: mutual information subspace
alignment, cross-covariance shrinkage (Inequality (14)) and
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Figure 8. Minimum spectral gap between clean and leaked data
in Qwen2.5-7B-Instruct. The square marker denotes the global
minimum gap, which remains strictly positive, thereby confirming
that the SVPO condition holds.

singular value partial order.

MISA is evaluated under the setting where the RTE is suf-
ficiently small; in particular, we adopt a 1% threshold and
compute both the raw mutual information I (A;G) and
the aligned mutual information I (Zk;G) under this con-
dition. The results are shown in Figure 6. We observe
that the aligned and raw mutual information values exhibit
near-perfect agreement, with layer-wise relative deviations
mostly below 2%. This strongly supports MISA, indicating
that the mutual information is predominantly concentrated
within the active computation subspace.

The empirical results for cross-covariance shrinkage are
shown in Figure 7. We observe that the Frobenius norm
of the cross-covariance matrix is consistently smaller on
leaked data than on clean data. This observation is highly
consistent with our theoretical analysis, further indicating
that the linear coupling between Zk and G is substantially
weakened on the leaked samples.

To evaluate the singular value partial order (SVPO) condi-
tion, we compute the matrix R and its singular values for
both clean and leaked data, and then examine the element-
wise differences ρ

(c)
i − ρ

(l)
i . In particular, we report the

minimum difference mini

(
ρ
(c)
i − ρ

(l)
i

)
for each layer. The

results are shown in Figure 8. We observe that this minimum
difference is non-negative across all layers. Although the
global minimum occurs at layer 1, even in this case the singu-
lar values corresponding to leaked data do not exceed those
of clean data. This observation indicates that, under leaked
inputs, transforming the cross-covariance into the whitened
space reveals a global contraction of the singular value spec-
trum. Such a structured decay suggests that the WLC is
not merely a magnitude reduction, but instead reflects a
non-trivial geometry property of the representation-gradient
interaction, thereby supporting the SVPO condition.

In summary, the experiments presented above are consis-
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Table 2. Results of reasoning restoration. Abbreviations in the
table are: RESTOR. (Restoration), CONT. (contaminated model),
LNE-B. (LNE-Blocking), and AVG. (average consistency).

MODELS STRATEGY RESTOR. (↑) RETAIN (↑) AVG. (↑)

QWEN-1.5B

CONT. 0.00 100.00 50.00
SAMPLING 23.08 89.02 56.05

TED 27.47 86.83 57.15
LNE-B. 39.56 89.96 64.76

TSS (OURS) 51.65 94.37 73.01

QWEN-7B

CONT. 0.00 100.00 50.00
SAMPLING 9.09 91.57 50.33

TED 22.73 89.33 56.03
LNE-B. 31.82 88.76 60.29

TSS (OURS) 45.45 97.19 71.32

tent with our theoretical analyses in Section 3.4.1. Low-
dimensional computation confines the linear coupling be-
tween representations and gradients to a restricted subspace.
Under leaked inputs, gradient shrinkage further weakens
this coupling, which manifests as a structured decay of the
singular value spectrum in the whitened space. Together
with Proposition 3.1, this mechanism leads to a reduction in
mutual information on leaked data.

4. Application: Reasoning Restoration
Based on the findings, we investigate whether intervening in
the computational subspace of the contaminated model can
restore its original reasoning performance. Since contami-
nated models rely on a specialized low-dimensional chan-
nel defined by Uk, we propose Top-Subspace Suppression
(TSS). This intervention subtracts the activation components
lying in the Uk subspace, thereby preventing over-reliance
on this specialized pathway and encouraging the model to
leverage a broader representation space. Formally:

anew = µ+
(
I − γαUkU

⊤
k

)
(a− µ) ,

γ =

∥∥∥UkU
⊤
k (a− µ)

∥∥∥
∥a− µ∥

, α ∈ [0, 1] .

(18)

Here, γ is a dynamically adjusted intervention strength. To
evaluate the reasoning recovery effect, we construct two
evaluation sets. From the leaked data, we select samples for
which the base model produces incorrect predictions while
the contaminated model produces correct ones, forming the
Restoration Set. From the clean data, we select samples on
which both models agree, forming the Retain Set. Our ob-
jective is to maximally recover the reasoning behavior of the
contaminated model on the Restoration Set, while minimiz-
ing consistency degradation on the Retain Set. Concretely,
we report the consistency as the proportion of samples for
which the intervened contaminated model aligns with the
base model on both sets. For comparison, we adopt the TED
(Dong et al., 2024) and LNE-Blocking (Hou et al., 2025)
frameworks as baselines (details in Appendix C.6).

Marcy makes homemade candles that she markets as 99% guaranteed not to

explode. 5% of the more dangerous candles also have a defect that makes them

smell like wet dog. If she makes 50000 candles, how many of them will both

smell like wet dog and explode?

… Marcy makes 50,000 candles… 99% of these...

0.99×50,000 = 49,500 candles…

5% of these 49,500 candles have defects.

0.05×49,500 = 2,475 defective candles…

Thus, the number of candles that both smell like wet dog and explode is: 2475

… find the number of candles that explode: .99 * 50000 = 49500 candles…

Then multiply that number of candles with the other defect to find the total

number of them: 49500 * .05 = 2475 candles… 2475

Ground Truth: 50000 × 0.01 × 0.05 = 25Question

Base Model ()

TSS + Contaminated Model ()

Figure 9. A successful restoration case on the Restoration Set.
Initially, the contaminated model generates the correct answer
while the base model exhibits an incorrect one. Following our
intervention, the contaminated model reverts to the erroneous
reasoning trajectory of the base model.

Table 2 presents the restoration results. Our intervention
strategy recovers almost half of the contaminated samples
while sacrificing no more than 6% of retain performance,
achieving the highest average score on both metrics. These
results collectively demonstrate the considerable practical
value of our analysis in reasoning restoration.

To qualitatively evaluate our intervention, we present a repre-
sentative case from the Restoration Set in Figure 9. Notably,
while the original contaminated model produces the correct
result, the base model yields an incorrect answer of 2475.
After our intervention, the contaminated model reverts to
the exact erroneous trajectory of the base model. This case
study provides a concrete demonstration that our mecha-
nistic analysis enables targeted recovery of the reasoning
behavior in contaminated models, and holds considerable
potential for broader application.

5. Related Work
Reasoning capabilities in large language models (LLMs)
have advanced significantly. Models such as OpenAI’s o1
(Jaech et al., 2024) and DeepSeek-R1 (Guo et al., 2025) have
achieved performance surpassing human levels on various
challenging benchmarks. However, the reasoning processes
of LLMs are susceptible to data contamination. In severe
cases, contaminated models may even reproduce evalua-
tion questions verbatim on widely used benchmarks such as
MATH500 (Hendrycks et al., 2021; Lightman et al., 2024),
casting doubt on whether their outputs reflect genuine rea-
soning or mere memorization (Wu et al., 2026). To address
this issue, prior research has established a diverse body of
work, ranging from contamination detection (Karamolegkou
et al., 2023; Mattern et al., 2023; Li, 2023; Deng et al., 2024;
Ranaldi et al., 2024; Tu et al., 2024; Liu et al., 2024; Xu
et al., 2024; Shi et al., 2024; Golchin & Surdeanu, 2024;
Zhang et al., 2025a; Fu et al., 2025; Xu et al., 2025; Wu
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et al., 2026; Hou et al., 2025) to the construction of leakage-
free benchmarks (Jain et al., 2025; White et al., 2025; Chen
et al., 2025; Wu et al., 2026), as well as strategies to en-
hance the reliability of evaluation performance (Dong et al.,
2024; Hou et al., 2025). From a broader perspective, data
contamination is closely tied to the way models acquire and
use knowledge (Cao et al., 2024), naturally connecting to
the question of how training data shapes model behavior.
This line of work has been studied through data attribution
methods, including influence functions (Koh & Liang, 2017)
and their extensions (Pruthi et al., 2020; Kwon et al., 2024).
These works typically trace model predictions or losses
back to specific training examples. However, the underly-
ing mechanism of contaminated reasoning remains poorly
understood, hindering the separation of generalization from
memorization and limiting principled mitigation. This pa-
per diverges from prior works by providing a mechanistic
investigation to shed light on how contaminated reasoning
manifests internally.

6. Conclusion
In this paper, we present a comprehensive mechanistic inves-
tigation of reasoning behaviors under data contamination.
We first identify a mutual information decay phenomenon
to characterize contaminated reasoning. To interpret this
observation, we analyze leakage-induced mechanism shifts,
revealing a narrowing geometry characterized by eigenspec-
trum concentration in representations, a low-dimensional
computation regime, and a structured decay of singular val-
ues in the whitened space, which together provide a coherent
explanation for the observed mutual information decay, ver-
ified by experimental evidence. Finally, we demonstrate the
practical utility of our analysis through a reasoning restora-
tion study. Overall, our work moves beyond output-level
observations and underscores the critical importance of a
mechanistic perspective in both understanding and mitigat-
ing leakage-induced LLM reasoning. An important direc-
tion for future work is to extend our framework beyond the
mathematical domain in this study, including other forms of
reasoning and more diverse task distributions.
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A. Data Synthesis
We construct a synthetic arithmetic reasoning dataset MSCalc with exactly controlled chain-of-thought length, following a
procedure inspired by RandomCalculation (Wu et al., 2026), but with stronger guarantees on correctness, controllability,
and interpretability.

We define a reasoning step as one atomic arithmetic operation. Specifically, the following operations are counted as one step
each: (1) Binary operations: addition (+), subtraction (−), multiplication (×), and division (÷); (2) Unary power operations
applied only to numeric leaves: squaring (n2) and cubing (n3).

To avoid ambiguity and parsing issues, power operations are restricted to numeric constants only and are never applied to
composite expressions. As a result, expressions such as (a+ b)

2 or chained powers like n32 never occur.

Given a target number of reasoning steps K, we generate an arithmetic expression whose evaluation requires exactly K
atomic steps. This is achieved via a recursive construction:

1. Base case (K = 0): Generate a single integer constant, which requires no reasoning step.

2. Unary case (K = 1): Optionally generate a numeric power expression n2 or n3, consuming exactly one step.

3. Recursive binary case (K ≥ 1):

• Select a binary operator from {+,−,×,÷}, cosuming one step.
• Randomly split the remaining K − 1 steps between the left and right sub-expressions.
• Recursively generate both sub-expressions with the assigned step budgets.

This construction guarantees that the total number of atomic operations is exactly K. The final expression is rendered
using standard mathematical notation. All intermediate and final values are computed using exact rational arithmetic via
fraction representations, rather than floating-point numbers. This ensures: (1) No numerical approximation errors; (2) Exact
simplification of fractions; (3) Deterministic and verifiable results. During generation, division-by-zero is explicitly avoided.
After constructing an expression, its final value is verified.

Along with each expression, we programmatically record the full sequence of intermediate reasoning steps. Each step
corresponds to exactly one atomic operation and is stored as a symbolic equality. The following invariants are strictly
enforced: (1) The number of recorded steps equals the target step count K; (2) The value produced at each step matches the
exact symbolic computation; (3) The value in the final step exactly equals the value of the full expression. Any sample
violating these conditions is discarded and regenerated. To control difficulty and numerical scale, we optionally enforce a
constraint on the final result, requiring it to lie within a predefined range (e.g., [−10000, 10000]). Samples falling outside
this range are rejected.

The final dataset thus comprises triplets of (problem, answer, step-by-step derivation), where both the answer and the trace
are guaranteed to be mathematically correct by construction, without relying on any language model. A sample of the
synthetic dataset is shown in Figure 10.

Problem: Evaluate this LaTeX numerical expression:
$(66^2 + (197 - (\frac{373248}{64})))$

Answer: -1279

Steps:

Step 1: 66^2 = 4356

Step 2: \frac{373248}{64} = 5832

Step 3: 197 - 5832 = -5635

Step 4: 4356 + (-5635) = -1279

Figure 10. An example of the synthetic dataset.
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B. Theoretical Proof
B.1. Proof of Relative Truncation Error Equation

Proof. Let Ã ∈ RN×d denote the centered activation matrix of a module, and let νN denote the covariance normalization
factor. We define

CA =
1

νN
Ã

⊤
Ã = UΛU⊤, (19)

where U = [u1, . . . ,ud] is an orthonormal basis of eigenvectors and Λ = diag (λ1, . . . , λd) with λ1 ≥ · · ·λd ≥ 0.
We write Uk = [u1, . . . ,uk] for the top-k eigenvectors and U⊥ = [uk+1, . . . ,ud] for the remaining ones, so that
U = [Uk,U⊥]. The centered output of the linear module is

Ỹ = ÃW , (20)

and its low-rank approximation induced by the principal subspace is

Ỹ k = ÃkW = ÃUkU
⊤
k W . (21)

The residual between the full output and its truncated version can be written as

Ỹ − Ỹ k = Ã
(
I −UkU

⊤
k

)
W = ÃU⊥U

⊤
⊥W . (22)

We now compute the squared Frobenius norm of this residual:∥∥∥Ỹ − Ỹ k

∥∥∥2
F
= tr

[(
Ỹ − Ỹ k

)⊤ (
Ỹ − Ỹ k

)]
= tr

[
W⊤U⊥U

⊤
⊥Ã

⊤
ÃU⊥U

⊤
⊥W

]
. (23)

By the definition in Equation (19), Ã
⊤
Ã = νNCA. Using the eigendecomposition of CA, we obtain

U⊤
⊥Ã

⊤
ÃU⊥ = νNU⊤

⊥CAU⊥ = νNU⊤
⊥UΛU⊤U⊥ = νN diag (λk+1, . . . , λd) . (24)

Consequently,

U⊥U
⊤
⊥Ã

⊤
ÃU⊥U

⊤
⊥ = νNU⊥U

⊤
⊥CAU⊥U

⊤
⊥ = νNU⊥ diag (λk+1, . . . , λd)U

⊤
⊥. (25)

Substituting Equation (25) into Equation (23) yields∥∥∥Ỹ − Ỹ k

∥∥∥2
F
= νN tr

[
W⊤U⊥ diag (λk+1, . . . , λd)U

⊤
⊥W

]
. (26)

Using the cyclic property of the trace,

tr
[
W⊤U⊥ diag (λk+1, . . . , λd)U

⊤
⊥W

]
=

d∑
i=k+1

λi

∥∥∥W⊤ui

∥∥∥2 , (27)

so we obtain ∥∥∥Ỹ − Ỹ k

∥∥∥2
F
= νN

d∑
i=k+1

λi

∥∥∥W⊤ui

∥∥∥2 . (28)

The squared norm of the full output can be written analogously as∥∥∥Ỹ ∥∥∥2
F
= tr

[
Ỹ

⊤
Ỹ
]
= νN tr

[
W⊤CAW

]
= νN tr

[
W⊤UΛU⊤W

]
= νN

d∑
j=1

λj

∥∥∥W⊤uj

∥∥∥2 . (29)

Combining the above results and assuming
∥∥∥Ỹ ∥∥∥2

F
> 0, the relative truncation error is∥∥∥Ỹ − Ỹ k

∥∥∥2
F∥∥∥Ỹ ∥∥∥2

F

=

∑d
i=k+1 λi

∥∥∥W⊤ui

∥∥∥2∑d
j=1 λj

∥∥∥W⊤uj

∥∥∥2 , (30)

which matches the expression used in the main text.
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B.2. Proof of Mutual Information Subspace Alignment

Proof. To establish the Mutual Information Subspace Alignment (MISA), we begin by decomposing the activation into two
components, corresponding to the principal computation subspace and its complement:

A = µ+ZkU
⊤
k +Z⊥U

⊤
⊥, Zk = ÃUk, Z⊥ = ÃU⊥, Ak = µ+ZkU

⊤
k . (31)

Throughout this proof, A, G, Y , Zk, and Z⊥ denote token-level random row vectors. Their empirical realizations constitute
the rows of corresponding matrices in the main text. Under the Gaussian approximation, we assume that (A,G) is jointly
Gaussian. Since Zk and Z⊥ are linear transformations of A, (Zk,Z⊥,G) is also jointly Gaussian. Since U = [Uk,U⊥]
is orthogonal, the mapping between A and (Zk,Z⊥) is bijective. Moreover, the mapping between Ak and Zk is also
bijective, with Zk = (Ak − µ)Uk. Therefore, by the invariance and chain rule of mutual information,

I (A;G) = I (Zk,Z⊥;G) = I (Zk;G) + I (Z⊥;G|Zk) = I (Ak;G) + I (Z⊥;G|Zk) . (32)

Therefore, the gap is exactly
I (A;G)− I (Ak;G) = I (Z⊥;G|Zk) . (33)

Under the low-dimensional computation mechanism, the centered module output Ỹ can be well approximated by the output
induced by projecting the activation onto the active computation subspace. Formally,

ϵ̄k =
E
[
∥Ỹ − Ỹ k∥2

]
E
[
∥Ỹ ∥2

] ≤ δ. (34)

The consistently small empirical relative truncation errors across samples motivate the assumption ϵ̄k ≤ δ for some
sufficiently small δ > 0. We assume that the gradient can be represented as G = g (Y ), where g (·) denote the gradient
mapping with respect to the module output. Setting Y k = Ỹ k + µY , we define

D = G− g (Y k) , (35)
m = E [D | Zk] , (36)

RG = D −m = G− E [G | Zk] . (37)

Since (Z⊥,G,Zk) is jointly Gaussian, the residuals Z̄⊥ = Z⊥ −E [Z⊥ | Zk] and RG are independent of Zk. Therefore,

CZ⊥G|Zk
= E

[
Z̄

⊤
⊥RG | Zk

]
= E

[
Z̄

⊤
⊥RG

]
. (38)

Applying Jensen’s inequality and the Cauchy-Schwarz inequality yields∥∥∥E [Z̄⊤
⊥RG

]∥∥∥
F
≤ E

[
∥Z̄⊥∥ ∥RG∥

]
, (39)

E
[
∥Z̄⊥∥ ∥RG∥

]
≤
√
E
[
∥Z̄⊥∥2

]√
E [∥RG∥2], (40)∥∥CZ⊥G|Zk

∥∥
F
≤
√
E
[
∥Z̄⊥∥2

]√
E [∥RG∥2], (41)

E
[
∥RG∥2

]
≤ E

[
∥D∥2

]
. (42)

Assume that the gradient mapping g (·) is L-Lipschitz continuous. Then the residual term is bounded by the forward
approximation error, yielding

E
[
∥RG∥2

]
≤ E

[
∥D∥2

]
= E

[
∥G− g (Y k)∥2

]
≤ L2E

[
∥Y − Y k∥2

]
= L2E

[
∥Ỹ − Ỹ k∥2

]
.

(43)

Using Inequality (34), we obtain

E
[
∥RG∥2

]
≤ L2E

[
∥Ỹ − Ỹ k∥2

]
≤ L2δE

[
∥Ỹ ∥2

]
. (44)
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Assuming that there exist finite constants B1, B2 independent of δ, such that 0 < E
[
∥Ỹ ∥2

]
≤ B1, E

[
∥Z̄⊥∥2

]
≤ B2, we

obtain the key cross-covariance bound

∥∥CZ⊥G|Zk

∥∥
F
≤ L

√
δ · E

[
∥Ỹ ∥2

]
· E
[
∥Z̄⊥∥2

]
≤ L

√
B1B2

√
δ = C1

√
δ. (45)

Under the jointly Gaussian assumption, and under the assumption that the conditional covariance matrices CZ⊥|Zk
and

CG|Zk
are positive definite and well-conditioned, the conditional mutual information takes the canonical-correlation form

I (Z⊥;G|Zk) = −1

2
log det

(
I −KK⊤

)
, (46)

where
K = C

−1/2
Z⊥|Zk

CZ⊥G|Zk
C

−1/2
G|Zk

. (47)

Since the eigenvalues of CZ⊥|Zk
and CG|Zk

are bounded away from zero and infinity, applying the inequality ∥PQS∥F ≤
∥P ∥2 ∥Q∥F ∥S∥2 gives

∥K∥F ≤ γ∥CZ⊥G|Zk
∥F . (48)

Substituting the covariance bound from Inequality (45) yields

∥K∥F ≤ C2

√
δ. (49)

When δ is sufficiently small, there exists a fixed constant q < 1 such that

∥K∥22 ≤ ∥K∥2F ≤ C2
2δ ≤ q < 1. (50)

Since M = KK⊤ is positive semidefinite with ∥M∥2 = ∥K∥22 ≤ q < 1, using the inequality

− log det (I −M) ≤ 1

1− ∥M∥2
tr (M) , (51)

we obtain the upper bound

−1

2
log det

(
I −KK⊤

)
≤ 1

2 (1− q)
∥K∥2F ≤ C3δ. (52)

Thus, we obtain

I (Z⊥;G|Zk) = −1

2
log det

(
I −KK⊤

)
≤ C3δ. (53)

Therefore, if the truncation error satisfies ϵ̄k ≤ δ for a sufficiently small δ, then

0 ≤ I (A;G)− I (Ak;G) ≤ C3δ. (54)

For sufficiently small δ, we obtain
I (A;G) ≈ I (Ak;G) . (55)

Since Ak = µ+ZkU
⊤
k is a bijective transformation of Zk on the principal subspace,

I (Ak;G) = I (Zk;G) . (56)

Consequently, the Mutual Information Subspace Alignment holds:

I (A;G) ≈ I (Ak;G) = I (Zk;G) . (57)

That is, the mutual information is effectively captured by the principal computation subspace.
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B.3. Proof of Mutual Information Inequality

Proof. Assume that (Zk,G) is jointly Gaussian and that the involved covariance matrices are nonsingular. The mutual
information I(Zk;G) can then be expressed as

I (Zk;G) =
1

2
log

det (CZk
) det (CG)

det (C)
, (58)

where

C =

(
CZk

CZkG

CGZk
CG

)
. (59)

Using the Schur complement property for the determinant of a block matrix, we have

det (C) = det (CG) det
(
CZk

−CZkGC−1
G CGZk

)
. (60)

Substituting this into Equation (58) gives

I (Zk;G) =
1

2
log

det (CZk
)

det
(
CZk

−CZkGC−1
G CGZk

) = −1

2
log det

(
I −C−1

Zk
CZkGC−1

G CGZk

)
. (61)

Based on the definition in Section 3.4.1, we perform the singular value decomposition (SVD) of R, yielding

R = C
− 1

2

Zk
CZkGC

− 1
2

G = PSQ⊤, (62)

where S = diag (ρ1, ρ2, . . . , ρr), r = min (k, dG), and the singular values are arranged in nonincreasing order:

ρ1 ≥ ρ2 ≥ · · · ≥ ρr. (63)

In this context, these singular values correspond to the canonical correlation coefficients. Consequently, they are naturally
bounded within the interval [0, 1). Note that the matrix M = C−1

Zk
CZkGC−1

G CGZk
is similar to RR⊤:

C
1
2

Zk
MC

− 1
2

Zk
= C

− 1
2

Zk
CZkGC−1

G CGZk
C

− 1
2

Zk
= RR⊤. (64)

Since similar matrices share the same eigenvalues, the eigenvalules of M are the eigenvalues of RR⊤, which are the
squared singular values ρ2i . Consequently, the eigenvalues of I −M are 1− ρ2i . Recalling that the determinant of a matrix
is the product of its eigenvalues, the mutual information can be rewritten as

I (Zk;G) = −1

2
log

r∏
i=1

(
1− ρ2i

)
= −1

2

r∑
i=1

log
(
1− ρ2i

)
. (65)

This result shows that the mutual information is entirely captured by the singular values of R.

Let
f (ρ) = −1

2
log
(
1− ρ2

)
. (66)

The function is strictly increasing on [0, 1). The SVPO condition in Section 3.4.1 implies f
(
ρ
(l)
i

)
≤ f

(
ρ
(c)
i

)
for all i,

with a strict inequality holding for at least one index j. This yields a strict inequality in the sum, giving

I(l) (Zk;G) < I(c) (Zk;G) . (67)

Hence, the mutual information of leaked data is strictly lower than that of clean data.
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C. Experimental Results
C.1. Mutual Information Decay

Figures 11 to 33 present the mutual information decay results across additional settings. We consistently observe that on
contaminated models, mutual information is lower for leaked data compared to clean data; in contrast, for base models, the
mutual information remains indistinguishable between the two data types.
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Figure 11. Mutual information of Qwen2.5-1.5B-Instruct on GSM8K. mlp.gate proj: (11a,11b); mlp.down proj: (11c, 11d).

0 10 20
Layer

0.0005

0.0010

M
ut

ua
l I

nf
or

m
at

io
n Clean

Leaked

(a) self attn.q proj

0 10 20
Layer

0.000

0.001

0.002

0.003

M
ut

ua
l I

nf
or

m
at

io
n Clean

Leaked

(b) self attn.k proj

0 10 20
Layer

0.000

0.002

0.004

0.006

M
ut

ua
l I

nf
or

m
at

io
n Clean

Leaked

(c) self attn.v proj

0 10 20
Layer

0.000

0.005

0.010

0.015

M
ut

ua
l I

nf
or

m
at

io
n

Clean
Leaked

(d) self attn.o proj

Figure 12. Mutual information of original Qwen2.5-1.5B-Instruct on GSM8K (Attention modules).
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Figure 13. Mutual information of contaminated Qwen2.5-1.5B-Instruct on GSM8K (Attention modules).
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Figure 14. Mutual information of original Qwen2.5-1.5B-Instruct on MSCalc (MLP modules).
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Figure 15. Mutual information of contaminated Qwen2.5-1.5B-Instruct on MSCalc (MLP modules).
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Figure 16. Mutual information of original Qwen2.5-1.5B-Instruct on MSCalc (Attention modules).
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Figure 17. Mutual information of contaminated Qwen2.5-1.5B-Instruct on MSCalc (Attention modules).
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Figure 18. Mutual information of original Qwen2.5-7B-Instruct on GSM8K (MLP modules).
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Figure 19. Mutual information of contaminated Qwen2.5-7B-Instruct on GSM8K (MLP modules).
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Figure 20. Mutual information of original Qwen2.5-7B-Instruct on GSM8K (Attention modules).
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Figure 21. Mutual information of contaminated Qwen2.5-7B-Instruct on GSM8K (Attention modules).
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Figure 22. Mutual information of original Qwen2.5-7B-Instruct on MSCalc (MLP modules).
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Figure 23. Mutual information of contaminated Qwen2.5-7B-Instruct on MSCalc (MLP modules).
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Figure 24. Mutual information of original Qwen2.5-7B-Instruct on MSCalc (Attention modules).
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Figure 25. Mutual information of contaminated Qwen2.5-7B-Instruct on MSCalc (Attention modules).
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Figure 26. Mutual information of original Llama3.1-8B-Instruct on GSM8K (MLP modules).
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Figure 27. Mutual information of contaminated Llama3.1-8B-Instruct on GSM8K (MLP modules).
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Figure 28. Mutual information of original Llama3.1-8B-Instruct on GSM8K (Attention modules).
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Figure 29. Mutual information of contaminated Llama3.1-8B-Instruct on GSM8K (Attention modules).
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Figure 30. Mutual information of original Llama3.1-8B-Instruct on MSCalc (MLP modules).
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Figure 31. Mutual information of contaminated Llama3.1-8B-Instruct on MSCalc (MLP modules).

0 10 20 30
Layer

0.000

0.005

0.010

0.015

M
ut

ua
l I

nf
or

m
at

io
n Clean

Leaked

(a) self attn.q proj

0 10 20 30
Layer

0.000

0.002

0.004

0.006

M
ut

ua
l I

nf
or

m
at

io
n Clean

Leaked

(b) self attn.k proj

0 10 20 30
Layer

0.0

0.1

0.2

0.3

M
ut

ua
l I

nf
or

m
at

io
n Clean

Leaked

(c) self attn.v proj

0 10 20 30
Layer

0.0

2.5

5.0

7.5

10.0

M
ut

ua
l I

nf
or

m
at

io
n Clean

Leaked

(d) self attn.o proj

Figure 32. Mutual information of original Llama3.1-8B-Instruct on MSCalc (Attention modules).
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Figure 33. Mutual information of contaminated Llama3.1-8B-Instruct on MSCalc (Attention modules).
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C.2. Eigenspectrum Concentration

Figures 34 to 42 show the eigenspectrum concentration across the remaining configurations. Since multiple weight
matrices within the same layer share identical inputs, we present results for a representative set of projections, specifically:
mlp.up proj, mlp.down proj, self attn.q proj, and self attn.o proj.
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Figure 34. The ECI results for base models and contaminated models (mlp.down proj).
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Figure 35. The ECI results for base models and contaminated models (self attn.q proj).
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Figure 36. The ECI results for base models and contaminated models (self attn.o proj).
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Figure 37. The ECI results for base models and contaminated models on MSCalc (mlp.up proj).
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Figure 38. The ECI results for base models and contaminated models on MSCalc (mlp.down proj).
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Figure 39. The ECI results for base models and contaminated models on MSCalc (self attn.q proj).
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Figure 40. The ECI results for base models and contaminated models on MSCalc (self attn.o proj).
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Figure 41. The ECI results for Llama3.1-8B-Instruct (mlp).
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Figure 42. The ECI results for Llama3.1-8B-Instruct (self attn).
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C.3. Low-dimensional Computation

Figures 43 to 50 present the RTE for additional settings. The contaminated model exhibits a lower RTE than the base model.
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Figure 43. RTE of Qwen2.5-7B-Instruct (mlp.gate proj).
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Figure 44. RTE of Qwen2.5-7B-Instruct (self attn.q proj).
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Figure 45. RTE of Qwen2.5-1.5B-Instruct (mlp.up proj).
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Figure 46. RTE of Qwen2.5-1.5B-Instruct (mlp.gate proj).
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Figure 47. RTE of Qwen2.5-1.5B-Instruct (self attn.q proj).

10 20 30
RTE (%)

0

5

10

15

20

25

La
ye

r

(a) k = 32

0 5 10 15
RTE (%)

0

5

10

15

20

25

La
ye

r

(b) k = 64

0 10 20
RTE (%)

0

5

10

15

20

25

La
ye

r

(c) k = 32

0 5 10
RTE (%)

0

5

10

15

20

25

La
ye

r

(d) k = 64

Base Contaminated

Figure 48. RTE analysis for Qwen2.5-1.5B-Instruct on MSCalc. mlp.up proj: (48a, 48b); self attn.q proj: (48c, 48d).
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Figure 49. RTE analysis for Qwen2.5-7B-Instruct on MSCalc. mlp.up proj: (49a, 49b); self attn.q proj: (49c, 49d).
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Figure 50. RTE analysis for Llama3.1-8B-Instruct on GSM8K. mlp.up proj: (50a, 50b); self attn.q proj: (50c, 50d).
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C.4. From Spectral Concentration to Low-Dimensional Regime

Tables 3 to 5 summarize the norm analysis results across various configurations. These results consistently demonstrate that
the weight matrices do not significantly amplify tail eigenvectors.

The causal relationship between spectral concentration and low-dimensional computation is further validated across other
settings in Figures 51 to 70. As expected, flattening the spectrum increases RTE, while sharpening it decreases RTE,
confirming that spectral concentration drives low-dimensional computation.

Table 3. Norm ratios of mapped tail eigenvectors to principal eigenvectors on MSCalc (Qwen2.5-7B-Instruct).

MODELS METRICS
k

8 16 32 64

BASE
Rworst 1.74 1.72 1.67 1.61
Rmed 0.94 0.94 0.95 0.97

CONTAMINATED
Rworst 1.48 1.48 1.48 1.38
Rmed 0.95 0.95 0.97 0.99

Table 4. Norm ratios of mapped tail eigenvectors to principal eigenvectors (Qwen2.5-1.5B-Instruct).

MODELS METRICS
GSM8K MSCALC

k k
8 16 32 64 8 16 32 64

BASE
Rworst 1.89 1.89 1.89 1.89 1.60 1.60 1.60 1.60
Rmed 1.03 1.02 1.02 1.02 1.04 1.03 1.02 1.02

CONTAMINATED
Rworst 1.65 1.65 1.65 1.65 1.21 1.22 1.22 1.22
Rmed 1.03 1.03 1.02 1.03 1.01 1.02 1.03 1.04

Table 5. Norm ratios of mapped tail eigenvectors to principal eigenvectors (Llama3.1-8B-Instruct).

MODELS METRICS
GSM8K MSCALC

k k
8 16 32 64 8 16 32 64

BASE
Rworst 1.35 1.37 1.39 1.39 1.31 1.35 1.37 1.37
Rmed 0.92 0.94 0.96 0.99 0.93 0.95 0.96 0.99

CONTAMINATED
Rworst 1.38 1.41 1.42 1.32 1.29 1.34 1.36 1.34
Rmed 0.96 0.97 0.98 1.01 0.97 0.98 1.00 1.02
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Figure 51. Causal effects for Qwen2.5-7B-Instruct (mlp.up proj). τ = ±0.3
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Figure 52. Causal effects for Qwen2.5-7B-Instruct (mlp.gate proj). τ = ±0.5

0 10 20
Layer

10

0

10

R
TE

 (%
)

(a) k = 32

0 10 20
Layer

5

0

5

R
TE

 (%
)

(b) k = 64

0 10 20
Layer

1

0

1

R
TE

 (%
)

(c) k = 128

Flatten (mean) Sharpen (mean)

Figure 53. Causal effects for Qwen2.5-7B-Instruct (mlp.gate proj). τ = ±0.3
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Figure 54. Causal effects for Qwen2.5-7B-Instruct (self attn.q proj). τ = ±0.5
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Figure 55. Causal effects for Qwen2.5-1.5B-Instruct (mlp.up proj). τ = ±0.5
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Figure 56. Causal effects for Qwen2.5-1.5B-Instruct (mlp.up proj). τ = ±0.3
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Figure 57. Causal effects for Qwen2.5-1.5B-Instruct (mlp.gate proj). τ = ±0.5
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Figure 58. Causal effects for Qwen2.5-1.5B-Instruct (mlp.gate proj). τ = ±0.3

31



A Narrowing Geometry in Contaminated Reasoning

0 10 20
Layer

20

0

20

R
TE

 (%
)

(a) k = 32

0 10 20
Layer

10

0

10

R
TE

 (%
)

(b) k = 64

0 10 20
Layer

2

0

2

R
TE

 (%
)

(c) k = 128

Flatten (mean) Sharpen (mean)

Figure 59. Causal effects for Qwen2.5-1.5B-Instruct (self attn.q proj). τ = ±0.5
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Figure 60. Causal effects for Qwen2.5-7B-Instruct (mlp.up proj) on MSCalc. τ = ±0.5
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Figure 61. Causal effects for Qwen2.5-7B-Instruct (mlp.up proj) on MSCalc. τ = ±0.3
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Figure 62. Causal effects for Qwen2.5-7B-Instruct (mlp.gate proj) on MSCalc. τ = ±0.5
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Figure 63. Causal effects for Qwen2.5-7B-Instruct (mlp.gate proj) on MSCalc. τ = ±0.3
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Figure 64. Causal effects for Qwen2.5-7B-Instruct (self attn.q proj) on MSCalc. τ = ±0.5
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Figure 65. Causal effects for Qwen2.5-1.5B-Instruct (mlp.up proj) on MSCalc. τ = ±0.5
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Figure 66. Causal effects for Qwen2.5-1.5B-Instruct (mlp.up proj) on MSCalc. τ = ±0.3
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Figure 67. Causal effects for Qwen2.5-1.5B-Instruct (mlp.gate proj) on MSCalc. τ = ±0.5
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Figure 68. Causal effects for Qwen2.5-1.5B-Instruct (mlp.gate proj) on MSCalc. τ = ±0.3
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Figure 69. Causal effects for Qwen2.5-1.5B-Instruct (self attn.q proj) on MSCalc. τ = ±0.5
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Figure 70. Causal effects for Llama3.1-8B-Instruct. τ = ±0.5
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C.5. Validation of Theoretical Conditions for Mutual Information Decay

Figures 71 to 82 present the MISA results across additional settings. These consistent findings validate that raw mutual
information is primarily confined within an active computational subspace.

As illustrated in Figures 83 to 88, the cross-covariance norm for leaked data is consistently lower than that of clean data.
Figures 89 to 93 compare the average centered gradient norms. The lower norm observed on leaked versus clean data
substantiate the gradient shrinkage occurring on optimized leaked samples.

Figures 94 and 95 show the results for the SVPO condition, where we observe a consistent structural decay of the singular
value spectrum in the whitened space.
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Figure 71. MISA validation of Qwen2.5-7B-Instruct on GSM8K (self attn.q proj).
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Figure 72. MISA validation of Qwen2.5-1.5B-Instruct on GSM8K (mlp.up proj).
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Figure 73. MISA validation of Qwen2.5-1.5B-Instruct on GSM8K (mlp.gate proj).
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Figure 74. MISA validation of Qwen2.5-1.5B-Instruct on GSM8K (self attn.q proj).

0.0000 0.0025 0.0050
Raw

0.000

0.002

0.004

A
lig

ne
d

Perfect Identity
5% error band

(a) Clean Data

0.0000 0.0002 0.0004
Raw

0.0000

0.0002

0.0004

A
lig

ne
d

Perfect Identity
5% error band

(b) Leaked Data

Figure 75. MISA validation of Qwen2.5-7B-Instruct on MSCalc (mlp.up proj).
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Figure 76. MISA validation of Qwen2.5-7B-Instruct on MSCalc (mlp.gate proj).
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Figure 77. MISA validation of Qwen2.5-7B-Instruct on MSCalc (self attn.q proj).
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Figure 78. MISA validation of Qwen2.5-1.5B-Instruct on MSCalc (mlp.up proj).
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Figure 79. MISA validation of Qwen2.5-1.5B-Instruct on MSCalc (mlp.gate proj).
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Figure 80. MISA validation of Qwen2.5-1.5B-Instruct on MSCalc (self attn.q proj).
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Figure 81. MISA validation of Llama3.1-8B-Instruct (mlp.up proj).
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Figure 82. MISA validation of Llama3.1-8B-Instruct (self attn.q proj).
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Figure 83. Norms of cross-covariance matrices for leaked data and clean data on GSM8K (mlp.gate proj).
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Figure 84. Norms of cross-covariance matrices for leaked data and clean data on GSM8K (self attn.q proj).
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Figure 85. Norms of cross-covariance matrices for leaked data and clean data on MSCalc (mlp.up proj).
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Figure 86. Norms of cross-covariance matrices for leaked data and clean data on MSCalc (mlp.gate proj).
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Figure 87. Norms of cross-covariance matrices for leaked data and clean data on MSCalc (self attn.q proj).
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Figure 88. Norms of cross-covariance matrices for leaked data and clean data (Llama3.1-8B-Instruct).
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Figure 89. Norms of the average centered weight gradient for leaked data and clean data on GSM8K (Qwen2.5-7B-Instruct).
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Figure 90. Norms of the average centered weight gradient for leaked data and clean data on GSM8K (Qwen2.5-1.5B-Instruct).
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Figure 91. Norms of the average centered weight gradient for leaked data and clean data on MSCalc (Qwen2.5-7B-Instruct).
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Figure 92. Norms of the average centered weight gradient for leaked data and clean data on MSCalc (Qwen2.5-1.5B-Instruct).
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Figure 93. Norms of the average centered weight gradient for leaked data and clean data (Llama3.1-8B-Instruct).

0 5 10 15 20 25
Layer

0

1

2

3

4

M
in

im
um

 G
ap

 (×
10

−
3
)

Global Minimum

(a) Qwen2.5-1.5B-Instruct

0 5 10 15 20 25
Layer

0.0

0.5

1.0

1.5

2.0

M
in

im
um

 G
ap

 (×
10

−
3
)

Global Minimum

(b) Qwen2.5-7B-Instruct

Figure 94. The layer-wise minimum gap between the spectra of clean and leaked data on MSCalc (mlp.up proj).
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Figure 95. The layer-wise minimum gap between the spectra of clean and leaked data for Llama3.1-8B-Instruct (mlp.up proj).
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C.6. Reasoning Restoration

In this section, we briefly introduce two baseline methods for contamination mitigation evaluation in large language models
(LLMs): TED (Trustworthy Evaluation via output Distribution) (Dong et al., 2024) and LNE-Blocking (Hou et al., 2025).

TED is a sampling-based method designed to reduce the influence of memorized test data on LLM evaluation. The method
operates by sampling multiple outputs from the model for a given prompt, computing edit distance between each sampled
output and the greedy-decoded output, filtering out samples whose edit distance falls below a threshold, and finally removing
duplicates among the remaining samples.

LNE-Blocking is a framework that adaptively restores a model’s true performance under data contamination. It consists
of two key components: (1) Length Normalized Entropy (LNE), which estimates the contamination level of the model on
a given prompt by computing the entropy of the token probability distribution during greedy decoding; and (2) Blocking
operation, which suppresses the token with the highest probability at certain positions, thereby forcing the model to generate
alternative tokens and reducing reliance on memorized content.

Intervention results for other settings are reported in Tables 6 and 7. Our method consistently enables the contaminated
model to achieve the highest consistency with the base model.

Table 6. Results of reasoning restoration on MSCalc.

MODELS STRATEGY RESTOR. (↑) RETAIN (↑) AVG. (↑)

QWEN-1.5B

CONT. 0.00 100.00 50.00
SAMPLING 14.45 97.71 56.08

TED 37.34 97.70 67.52
LNE-B. 39.76 99.24 69.50

TSS (OURS) 46.98 99.24 73.11

QWEN-7B

CONT. 0.00 100.00 50.00
SAMPLING 13.54 99.22 56.38

TED 37.50 98.46 67.98
LNE-B. 38.54 96.18 67.36

TSS (OURS) 55.20 99.22 77.21

Table 7. Results of reasoning restoration of Llama3.1-8B-Instruct.

DATASET STRATEGY RESTOR. (↑) RETAIN (↑) AVG. (↑)

GSM8K

CONT. 0.00 100.00 50.00
SAMPLING 7.69 91.37 49.53

TED 15.38 88.48 51.93
LNE-B. 30.76 89.92 60.34

TSS (OURS) 53.84 94.24 74.04

MSCALC

CONT. 0.00 100.00 50.00
SAMPLING 2.70 100.00 51.35

TED 8.11 99.43 53.77
LNE-B. 64.86 95.42 80.14

TSS (OURS) 70.26 100.00 85.13
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