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Abstract

In multi-view clustering (MVC), conventional an-
chor learning based models implicitly assume a
uniform distribution of anchors across clusters,
which could lead to inferior representation, espe-
cially when clusters vary significantly in size, as
larger clusters require more anchors so as to ade-
quately capture their intrinsic structural complex-
ity. To alleviate this, we design a method termed
FCFMVC that explicitly encourages proportional
anchor allocation. To be specific, we transfer an-
chor allocation to discrete sample-cluster learning
via bipartite graph bridge, and then backpropagate
cluster state consisting of size and dispersion de-
gree to guide anchor assignment. This allows the
model to integrate cluster cardinality awareness
and structural compactness directly into anchor
distribution. On the other hand, we regard anchors
as pseudo-samples, introduce an anchor-cluster in-
dicator matrix on each view, and directly constrain
the number of anchors assigned to each cluster
within a tolerance margin. These two paths are fur-
ther coupled through anchor-sample label align-
ment, and collaboratively facilitate anchor gener-
ation from fine-grained (anchor-level) to coarse-
grained (cluster-level) structures. Besides, the
entire optimization operation with linear time and
space cost makes FCFMVC well-scalable to large-
scale tasks. Experiments on datasets with diverse
scales confirm the effectiveness of our FCFMVC.

1. Introduction

Multi-view clustering (MVC) has been widely recognized
as an effective paradigm for exploiting the complementarity
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across diverse feature spaces to enhance clustering perfor-
mance (Guo et al., 2024; Gu et al., 2024; Yu et al., 2024a;
Xu et al., 2024). Among various MVC approaches, anchor
learning based methods are increasingly prevalent owing to
their robustness and ability to handle high-dimensional data
(Qin et al., 2025; Shu et al., 2023; Chen et al., 2025a), and
are employed in multiple fields, such as personalized adver-
tising, social media discovery, etc (Li et al., 2024b; He et al.,
2023; Lu & Feng, 2023). These methods typically construct
the bipartite graph between samples and anchors to depict
pairwise similarity, where anchors serve as representative
prototypes that capture the underlying data structure (Li
et al., 2023b; Yu et al., 2024b; Cui et al., 2023).
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Figure 1. Ilustration of Large Clusters and Small Clusters. The
green and pink clusters contain 50 and 15 points, respectively.
Large cluster: large size and low compactness (i.e., green cluster in
(a)), or small size and high dispersion (pink cluster in (a)). Small
cluster: Large size and high compactness (green cluster in (b)), or
small size and low dispersion (pink cluster in (b)).

Despite notable success, a critical limitation is that they im-
plicitly assume a uniform distribution of anchors across clus-
ters, which could lead to insufficient detail extraction, since
it overlooks cluster intrinsic characteristics. A larger cluster
(as illustrated in Fig. 1), with its greater internal diversity
and structural complexity, naturally requires more anchors
so as to adequately capture its characteristics. Conversely,
a compact, small cluster may be over-provisioned with an-
chors, introducing redundant computations and weakening
the focus on meaningful patterns. This uniform anchor allo-
cation mechanism not only degrades the quality of cluster
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Figure 2. Framework of FCEMVC. It transfers anchor allocation to sample-cluster learning via bipartite graph bridge, and thereby
reflects cluster state into anchor learning. Beyond that, it introduces anchor-cluster learning, and dynamically regulates the number of
anchors per cluster per view via proportion constraint learning. The bridge further links anchor-clusters and sample-clusters, guaranteeing
anchor-sample label alignment. Consequently, these two pathways are coupled together to collaboratively guide anchor assignment.

representation but also undermines the fairness of clustering
outcomes, as larger clusters are systematically disadvan-
taged in capturing their intrinsic complexity.

To alleviate this issue, we give a fine-to-coarse fairness-
informed MVC method, FCFMVC, to explicitly encour-
age anchor allocation to adapt to cluster state. Its overall
framework is presented in Fig. 2. Specifically, we design
a discrete optimization pathway that transfers anchor dis-
tribution supervision to the sample-cluster assignment via
bipartite graph bridge, and then backpropagates cluster state
consisting of size and intrinsic structural variation to guide
anchor assignment. This enables the model to be aware of
both cluster cardinality and intra-cluster compactness dur-
ing anchor learning. On the other hand, we treat anchors
as pseudo-samples and introduce per-view anchor-cluster
indicator matrix. Through explicit constraints with toler-
ance margins, we directly regulate the proportion of anchors
assigned to each cluster on each view. Then, we formulate
a unified objective that jointly optimizes a consistency loss
linking sample-clusters and anchor-clusters, thereby guar-
anteeing anchor-sample label alignment across views. Ac-
cordingly, these two pathways are collaboratively coupled,
and create a feedback loop to guide anchor assignment from
fine-grained (anchor-level) to coarse-grained (cluster-level)
structures. Subsequently, the entire optimization pipeline is
designed to operate with linear time and space complexity,
which ensures the scalability of FCFMVC to large-scale
scenes. To validate the effectiveness, we organize experi-
ments on datasets with diverse scales. Results show that

our FCFMVC delivers competitive clustering performance.
Briefly, the contributions in this work include

1. We propose a multi-view clustering method named
FCFMVC that introduces a dual-path cluster composition-
aware mechanism to facilitate anchor allocation.

2. We develop an optimization pipeline with linear cost,
which makes FCFMVC well-scalable to large-scale scenes.
3. We conduct extensive experiments on datasets spanning
multiple scales to illustrate the effectiveness of FCFMVC.

2. Related Work

Multi-view clustering is a widely adopted paradigm for
scalable and efficient data representation, typically by con-
structing one or more bipartite graph(s) connecting samples
and anchors (Zhao et al., 2024b; Fu et al., 2025; He et al.,
2025; Ji & Feng, 2025; Du et al., 2024). Recent advances
in this area have focused on improving anchor selection,
representation, and assignment to enhance clustering per-
formance. For instance, Peng et al. (2025) integrate prior
semantic coherence across views into anchor learning to
improve its discriminability, while Li et al. (2023c) rear-
range anchors through cross-view graph matching to boost
its robustness against incomplete components. Feng et al.
(2025) further extend anchor representation into a tensor
space to capture high-order correlations. Unlike them, Zhao
et al. (2024a) embed feature selection directly into anchor
graph to refine feature set for more efficient graph factor-
ization. Wang et al. (2025a) leverage attention mechanisms
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to dynamically merge anchor graphs so as to focus on the
most relevant information. Lao et al. (2024) jointly learn
a diverse set of bipartite graphs to extract exclusive and
consensus view structures, which enhances the flexibility of
anchor-based representations. Moreover, Du et al. (2025)
design an anchor-based deep unfolding network to itera-
tively refine cluster assignment. Long et al. (2025) integrate
a low-frequency operator into predefined anchor graphs
constructed by kernels to exploit intra-view sample smooth-
ness. Li et al. (2024a) introduce tensorized label learning
on anchor graphs, reducing label space complexity while
preserving distinctive information. Qin et al. (2024) develop
a consensus anchor learning to accelerate optimization. De-
spite achieving notable advances from various perspectives,
these methods usually operate under uniform anchor alloca-
tion, which may lead to insufficient representation for larger
clusters and undermine fairness in final clustering outcomes.

3. Methodology

Anchor learning based MVC can be basically formulated as

min ZHX — AL} + ©(Z0, Z) o
v=1

st AJA, =1,,Z,>0,Z]1,, =1,

vy L, 2

where X, € R&*" A, € R&*™and Z,, € R™*" denote
the data matrix, anchor matrix and bipartite graph on view
v, respectively. d,,, m and n denote the data dimension, the
number of anchors and samples, respectively. ® denotes
certain fusion strategies, and aims to merge all Z, as a
consensus graph Z € R™*" to aggregate view information.
Then, the clustering results can be obtained by performing
spectral partitioning on Z.

To achieve more rational anchor allocation, we attempt to
reflect cluster state into the anchor learning process. Consid-
ering that clustering results are derived from the consensus
graph Z , which indicates that Z encodes cluster-aware in-
formation, we skip the fusion stage, and choose to directly
learn Z via anchors. Accordingly, we devise the loss as

i Lo (A, Z) = ZHX —AZ%

ot 2)
st AJA, =1,,Z>0,Z"1,, =1,,.

Then, with the sample-sample similarity Z T Z, we intro-
duce a sample-cluster indicator matrix F € R"** where k
denotes the number of clusters to directly generate cluster

labels. Consequently, we devise the loss as
max £ (Z,F) = Tr (F'Z" ZF)
Z.F (3)

st.Z>0,2"1, =1,,Fc {0,1}* F1, = 1,

where F plays a role in grouping n samples into k clusters.

Afterwards, we quantitatively characterize cluster state via
two complementary metrics derived from F. Especially, we
have that F T F is a diagonal matrix, where its j-th diagonal
element corresponds to the number of samples in cluster
7. Furthermore, to assess the distributional properties of
clusters, we introduce the coefficient of variation to quantify
the dispersion degree of each cluster relative to its central
position, thereby providing a scale-invariant indicator of
internal consistency. Therefore, we devise the loss as

F'F Ik 7\’
in Lo (F) = ||—— — =& g
npe £ () ‘ n kz( u)
s.t. F e {0, 1}"*’“,F1k =1,,
e e X 4)
o o 9¢ _ 2 _
where 2 = £ 30, 7, ey = @Ziecj dic;» 02, =

— pe;)? die, = llzi—cjlly ¢ =

> ec, Zi- Zi denotes the i-th column of Z. The no-

1 ;
ne; 1€Cj (dz,C]
1
ncj

tation C; denotes cluster j. nc, denotes the number of sam-
ples in cluster j, i.e., cluster size. c; denotes the centroid of
cluster j in similarity space.

Serving as a bridge, Z enables the backpropagation of
cluster-level characteristics containing cardinality and com-
pactness into the learning of anchor matrix A.,. This mecha-
nism ensures that anchor representations are informed by the
underlying cluster structure, thereby promoting consistency
between anchor distribution and cluster properties.

On the other hand, anchors can be regarded as pseudo sam-
ples, and accordingly anchor-clusters should be consistent
with sample-clusters. We introduce an anchor-cluster indi-
cator matrix G, € R™** on each view to group anchors.
Subsequently, we can transform G, into sample-cluster
space via Z' G, € R™** to align with F. Thus, we devise
the loss as

oy L3(Z,F,G,)

V 2
=>_|F-27G.|;
v=1

st.Z>0,Z2"1,, =1,,Fc {0,1}"<k,
Fl, =1,,G, € {0,1}™* G,1j = 1,,,

&)

where G, partitions m anchors on view v into k clusters.

Further, since each column sum of G, reflects the number
of anchors assigned to the corresponding cluster, we can
bound its column sum within a tolerance margin. This en-
ables adaptive fluctuation in anchor allocation, allowing the
distribution of anchors to respond to cluster characteristics.
Hence, we devise the loss as

5> [max( 16 140)’

v=1j=1

min L4 (G
G

v
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_ T . 2
+ max <0, Lo 1m[GU]”> ]
k m
sit. G, € {0,1}™*% G 1 = 1, (6)

where 0 < 0 < 1 is a predefined constant.

Integrating the above, we devise the final loss function as

min = Lo — ML1 + ALy + A3L3 + ALy

A,ZF,G,
st. AJ/A,=1,,2>0,2"1,,=1,,F1,=1,, (D
F c{0,1}"** G, € {0,1}™** G, 1, = 1,,

4. Optimization

We solve the multi-variable task (7) via alternating updates.

A, Sub-problem: With Z, G, and F fixed, the problem (7)
reduces to
min ,CQ. (8)

ATA,=I,,
Owing to view independence, we can transform (8) into

min

2
ATA,=1, 1% = A2 ®

Expanding F'-norm via trace operation, we further have

max

Tr (X,ZTA)).
ATA,=1,,

(10)

The optimal A, is UV . U and V are the SVD of X, Z .

Z Sub-problem: With A, G, and F fixed, the problem (7)
reduces to

min

Z>0,ZT1,,=1, Lo— ML+ AsLs. (11)
We then reformulate it into the following trace form:
\4
mzinz Tr(Z'Z - 2X ] A,Z - 2):FG| Z)
(12)

14
~MTx (FTZ'ZF) + X3 ) Tr (Z2'G,G, Z)
v=1
st.Z>0,Z2"1,, =1,.

To address this problem, we first establish Theorem 1.
Theorem 1. For any F € {0, 1}"*F satisfying F1;, = 1,,,

we have Tr (FTSF) = Ele Y aeT 2over, Sab, where
T: € {1,2,---,n} denotes the set of row indices corre-

sponding to the non-zero entries in the i-th column of F.

Building upon the results in Theorem 1, we further derive
the following theorem:

Theorem 2. For Z > 0,,, satisfying Z'1,, = 1,, we
have that maximizing Tr (FTZTZF) on 7 is equivalent to

maXZ (Z P+ 2 Z

aeT:\{j}

),Vj €T,  (13)

wherei € {1,2,--- kY and J*_, T, = {1,2,--- ,n}.
Remark 1. Each sub-problem involves only one column Z. ;
and depends linearly on the remaining columns in the same
block T;, rendering it well-suited for alternating updates.

Given Theorem 2 and the column-wise nature of the con-
straints on Z, we can update Z column by column. Conse-
quently, we convert (12) to the following equivalent form:

1 T
Iéllnz ((v A1) m+)\32GG )z

v=1
(14)
| DM Y ZL+NH | 2y
a€C:\{j}
st.Z.;>0,2] 1, =1,

where D =Y""_ XTA,,H=FY"_ G/.
Before solving this problem, we give the following theorem:

Theorem 3. For G, € {0, 1}"™*¥ satisfying G, 1}, = 1,,,
if either the scalar a # 0 or b # 0, then we have that the
matrix al,, + b Zl/:l G,/ G, is non-zero.

Note that the regularization hyper-parameters are typically
non-zero. With Theorem 3, we have that (14) is a quadratic
programming problem, and accordingly can be solved using
off-the-shelf software packages.

Remark 2. Even if A3 is set to 0 and the term (V — A1) I,
+A3 21‘;/:1 GUG,—'; reduces to a zero matrix, (14) can still
be readily solved, as it simplifies to a standard linear pro-
gramming problem.

Remark 3. Instead of directly constructing the term
Zadi\{j} Z:Ta for each Z. ;, we first pre-compute a com-
mon summation y . Z:Ta forall Z. ; in the same cluster,
and then subtract current Z. ; from it, which effectively
avoids repeated summations across the cluster members.
Following the update of Z. ;, the pre-commuted summation
is efficiently revised by adding the difference between the
new and previous values of Z. ; for next Z. ; optimization.

G, Sub-problem: With A,, Z and F fixed, the problem
(7) reduces to

min A3Ls + ALy

G, €{0,1}m*F Gylp=1m (3)
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With view independence, we equivalently convert (15) into

k T
. 2 1m[Gv],Z
%1?A3’|F—ZTGU||F+)‘4;f<m) (16)

S.t. GU c {0, l}kavalk = 1m»

where f(z) = max (0,2 — %)2 + max (0, % - x)z.

Given the discreteness of feasible regions, we can optimize
(15) via row-wise scanning using binary learning. Specially,
for the j-th row of G, (i.e., anchor j), we pick out the case
where the loss decrease is the most significant, and then set
the value at this position to 1 while setting other elements
in this row to 0. That is, for anchor j, we assign it to the
cluster that yields the most substantial reduction in the loss.

To quantify the loss change, we have the following theorem:

Theorem 4. For any anchor j € {1,2,--- ,m} on view
v € {1,2,---,V}, when reassigning it from cluster c to

cluster I, the change in HF ~-7Z'G, Hj, is equal to
Acgp =22, (Z), +Rc—Ry), (7D
where R=F —ZTG,,.

Note that for any ¢ ¢ {c, [}, the cluster components main-
tain unchanged. Therefore, we have that the change in

Sk Lf (%) is equal to

Ao = f (hc - 1) _Fho)+f (m + 1) ~F (),
m m
(1)
where he = % Zyil (Golies i = % 2111 (Goly -

With Theorem 4 and (18), thus, when reassigning anchor j
from cluster c to cluster /, the loss change in (16) is

Azg = )\3Azgf + )\4Agvm. (19)

Then, we traverse | € {1,2,--- , k} to find [* corresponding
to the maximal loss reduction by

I* = arg mlin Ag, (20)

and accordingly update [G,];. = 0 and [G,] ;. = 1.

Remark 4. A positive value of A, indicates loss increase

while a negative value indicates loss decrease. Therefore, in
(20), the operation is to take arg min rather than arg max.

Remark 5. Once one row scanning is completed, it needs
to update R and the cluster size proportions h. and hj«
in preparation for the next row scanning, as G,, has been
modified. Specifically, the update rules are given by R.. j« <
R. ;- — Z;':: andR. .+~ R. . + Z;'::; hpx < hp« + % and
he < he — £

Algorithm 1 Pipeline of Updating G,
Input: F, Z, G,
Output: Updated G,

1: forj =1 to m do

2: ¢ < the index such that [G,]; . =1

3: forl=1 to kdo

4: Compute the loss change A, via (19)

5. end for

6:  Set self-assignment loss to zero, A4 (c) - 0

7: Find I* = argminjeqy,. 1y Az

8: Update [Gy],.: 10, [Gyl: 01

9: Update R.j+ + R+ —Z],, Ri. < R+ Z],
Update hy« <= hye + =, he < he — =

10: end for

Algorithm 1 outlines the pipeline of updating G.,,.

F Sub-problem: With A, Z and G, fixed, the problem
(7) reduces to
i =MLy + AL + A3Ls.

Fe{071}£21£F1k:1n o1 Axke F Asks 2D

Inspired by the strategies tackling (16), we address this prob-

lem by reallocating each sample j € {1,2,--- ,n} from
cluster r to cluster ¢ to identify the maximal loss reduction.

With Theorem 1, we can derive that the change in £ equals

Afz = 2ZT,] ( Z Z;7a — Z Z:,a>- (22)

a€Cy a€Cr,a#j

By virtue of trace transformation and element-wise expan-
sion, we have that the change in £3 equals

174 1%
Apy =2 [ZT Z Gv] -2 [ZT Z Gv] . (23)
gr v=1

v=1 gt

.
Then, for the term H ¥ — %

2
in Lo, its change equals
F

2 (nct —ne, + 1)
3 .

Ay = (24)

n

N2
For the term Zle (% — %) in L4, we have the fol-
lowing theorem:

Theorem 5. For any sample j € {1,2,--- ,n}, when
reallocating it from cluster r to cluster t, the change in

2
1 k agc, ol .
it (Tcz — ﬁ) is equal to

(k1) (83 + 33) —2A,A, — 2% (d,ﬁr + d,ﬁt)
k2

Acv = )
(25)
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Algorithm 2 Pipeline of Updating F
Input: F, Z, G,

OQutput: Updated F

forr=1to k do

1:

2. C.=¢C, R

3: forg=1 to thesize of C, do

4: Jj=0Cr(q) ,

5: Compute ZZ via (26)

6: fort =1 torkdo

7 Ct via (26)

8: Compute Atf via (27)

9: end for

10: Atf (’I“) +~0

11: t* = argmingegy . gy Des

12: Update Fj, : 1 =0, Fj- : 01

13: Update n¢, < n¢, — 1, ne,, < ne,. +1

14: Update Q — @ + 1L (ﬁr + ﬁt*)

15: Update ; c’ — U,C’ , T ¢4
HE,. ) HCyx ue,,

16: Update cluster members C,., Cy~

17: Update Sp1(r) < Spi(r) —dje,

18: Update SDo 7") — SDQ(T') — d?,CT’

(
19: Update SDl(t ) — SDl(t*> + dj Cyxs
(

20: Update Spo t*) — SDQ(t*) + dj Cpe
21: Update Sc(r) < Sc(r) — Z. 5,

22: Update Sc(t*) < Sc(t*) + Z. ;.

23:  end for

24: end for

25: Update Ci. d%
26: Compute < e

Vi € {altered clusters}
Vz € {altered clusters}, <

~ ’

o o ac Oc,.
where d, = £ — ,dp = 2 - 58 A= F=

I uc H Key He,.

/ ’
T g
Zer and At = — 2 €= denotes the cluster state
He 'U'Ct Hey He,.

after sample reallocating while & denotes the state before

O-ct
cy

sample reallocating. Likewise f0

Remark 6. After reallocating sample j from cluster r to
cluster t, the cluster components undergo changes. Ac-
cordingly, it becomes necessary to recalculate the cluster
centroids (c,, c;) and the intra-cluster similarity distances
(dic,,dpc,,Vi € Cp,Vp € Ci). Updating all d; ¢, and
dy ¢, requires O(n¢, + ne,) computational cost. That is,
each reallocation incurs O(ne, + nc,) cost. Therefore,
scanning sample j totally takes O(n) cost, and a complete
round of sample scanning takes O(n?) cost.

Remark 7. To alleviate the excessive computational burden,
we leverage a block coordinate descent inspired strategy by
treating the cluster centroids as fixed throughout the sample
scanning phase. Only after finishing a complete round of

sample scanning, we recalculate all centroids and similarity
distances for the clusters with altered member compositions
for the next scanning round. Accordingly, we can derive

oe B \/né (Ziecr\{j} d?c) - (Ziecr\{j} dz‘,c,>2

r

e, Yiee\ (i} dic
iy (Z a2, +d? ) (Yicc, dic +d'c)2
O—ét B Cy i€Ct 1,Ct 3,Ct i€Cy Y1,Ce 7,Ct
He, Yice, dic, +djc, ’
(26)

where ng = nc, — 1 andng, = ne, + 1.
Therefore, we can derive the change in loss (21) as

Asz = _)\1Afz + /\2 (Asi + Ac'u) + A?)Afzg~ (27)

With t* = argmin; A, we update F]‘r,» =0and Fj- = 1.

Remark 8. We can construct y ;. d CT andy ;e dic,,
and then subtract dj ¢, and d;c, from these two terms re-
spectively to equivalently generate Ziecr\{j} dzZC,‘ and
ZiECT\{j} dic,, which avoids redundant repeated sum-
mations for different j. With the updated summation set
{>aec, Z..}F_, established in the optimization of Z, we
can update F further through partition-wise optimization
during the row-wise optimization process.

Algorithm 2 outlines the pipeline of updating F, where
Spi(r) = Ziec,‘ dic,» Sp2(r) = Ziecr dzz,cr’
Spi(t*) = Ziect* dic,. Spa(t) = Zz’ect* dzz,ct* >
Se(r) = Zaecr Z.,,and S¢(t*) = Zaect* Z.,.

At this stage, based on the derived update rules, we sum-
marize the solution pipeline for (7), as presented in Algo-
rithm 3, where L., and L., denote the loss values at
the previous and current optimization steps, respectively.

Algorithm 3 The proposed FCFMVC

Input: Multi-view data {X,}”_,, number of clusters k,
number of anchors m, parameters A1, A2, A3, Ag

Output: Clustering labelsy € {1,...,k}"

Initialize: A,,,Z,G,,F

1: repeat

2:  Update A, by (10)

3:  Update Z by (14)

4:  Update G, by Algorithm 1
5. Update F by Algorithm 2
6
7

cuntil (Lprey — Lewrr) /| Lpres] < le —5
: Extract clustering labels from F: y; = j where F;; = 1

Regarding its complexity, we have the following theorem:

Theorem 6. The proposed method achieves linear time
and space complexity with respect to the sample size, and
accordingly is suitable for large-scale scenarios.
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Table 1. Clustering Result Comparison. Top-2 results are marked in red and blue, respectively.

Dataset MSGL UOVSC PFSC SFMC PGSC ORTF FMAC LTBL HOMGC DGF MFSA UDBG TTDM Ours
ACC(%)
FORETYP  75.53 84.51 66.99 50.67 37.05 3193 7837 65.67 73.62 69.42  71.32 78.39 80.42  82.79
CITSER 22.65 25.30 2492 21.83 23.15 2192 48.63  44.56 52.46 3234 29.78 42.45 3474  49.58
NUSWINE  28.60 13.46 12.74 2828  37.05 15.91 11.70 2743 26.52 31.52 1943 28.13 2545  38.62
NUECTEN 23.72 24.35 22.02 2281 2357 12.14 2244  24.67 21.54 1842 19.72 24.28 21.17  25.13
YTFATEN 76.29 - - 55.80 - 15.09 72.93 - - 67.72 71.11 63.86 68.93  78.29
YTFSFLF 22.78 - - - - 14.46 23.98 - - 19.42 20.24 26.80 1732  26.32
NMI(%)
FORETYP  53.58 62.56 4775  36.02 2.64 11.46 5144 3243 34.28 4726  39.53 55.43 46.83  63.42
CITSER 2.40 3.93 4.53 6.49 1.59 5.34 27.07 6.37 5.72 7.33 8.32 18.38 17.83 2493
NUSWINE 1.63 10.29 6.94 1.19 2.64 11.23 6.31 5.38 4.32 7.51 10.51 3.89 9.72 11.08
NUECTEN 3.11 10.93 1.90 1.54 2.55 8.08 11.02 7.23 10.32 11.16 6.62 10.07 8.74 11.12
YTFATEN 81.69 - - 77.46 - 8.77 79.58 - - 61.37 6241 72.84 5576  83.21
YTFSFLF 1.86 - - - - 11.14 21.78 - - 20.21 19.38 8.13 16.79  23.67
PURITY (%)
FORETYP 73.41 84.51 67.56 50.67 38.07 37.48 78.76  45.62 49.51 6243  67.12 78.39 59.46  81.23
CITSER 22.80 26.84 26.12  24.67 2329 2198 52.00 34.82 31.63 4231 39.21 42.60 4726 45.87
NUSWINE 29.11 33.04 31.82 28091 38.07 28.77 31.18 27.72 26.31 2472 28.24 29.47 27.57 39.58
NUECTEN  24.38 31.27 2401 2292 2385 23.08 3325 2649 24.52 29.71 3432 30.57 28.46 34.16
YTFATEN 77.82 - - 74.10 - 19.41 78.94 - - 66.37 62.75 68.87 65.82  80.18
YTFSFLF 26.84 - - - - 26.62 33.13 - - 3198 31.57 27.21 3324 34.02
FSCORE(%)
FORETYP 61.18 72.55 61.89 52.08 43.18 27.09 6397 4557 48.26 39.73  36.12 64.73 33.67 72.17
CITSER 29.97 25.41 25.84 29.82 2934 2821 36.70  37.36 38.92 31.12 3587 31.10 29.78  40.24
NUSWINE  26.16 9.10 9.73 2596  43.18 15.09 9.25 14.51 15.32 1143  10.73 25.84 8.76 37.86
NUECTEN 24.36 20.70 20.18 25.87 22.75 11.98 17.16 2147 22.32 1892 1797 23.26 20.24  22.18
YTFATEN 68.87 - - 61.25 - 12.65 70.47 - - 68.92 66.13 50.25 66.84  70.83
YTFSFLF 15.83 - - - - 14.85 9.80 - - 10.11 10.92 16.32 9.27 16.05
Table 2. Multi-view Datasets Used in Experiments MSGL MSGL
uovsc uovsc
i m— psc ]
Dataset SN VN Dimension CN pose = PGSC ]
ORTF ] ORTF
S — FMACE
FORETYP 523 3 9/9/9 4 HOL’\;(B:I; —— HOLJgCI& =
—

CITSER 3312 4 3312/3312/3312/3703 6 o= o=
NUSWINE 4095 5  128/64/73/225/144 33 ibac ? tbs %
NUECTEN 6251 5 226/129/65/74/145 19 Ours Ours
YTFATEN 38654 4 640/944/512/576 10 0 ! 0 !

YTFSFLF 101499 5 647/64/64/838/512 31 (a) FORETYP (b) CITSER

5. Experiments

To evaluate the clustering performance of FCFMVC, we
conduct extensive experiments on six benchmark datasets.
Their key characteristics are summarized in Table 2 where
SN, VN, CN denote the number of samples, views and clus-
ters, respectively. Then, the following thirteen algorithms
are selected as baseline competitors for comparative analy-
sis: MSGL (Kang et al., 2022), UOVSC (Tang et al., 2023),
PFSC (Lv et al., 2021), SEMC (Li et al., 2022), PGSC (Wu
et al., 2023), ORTF (Li et al., 2023a), FMAC (Wang et al.,
2022), LTBL (Chen et al., 2023), HOMGC (Chen et al.,
2024), DGF (Liang et al., 2024b), MFSA (Mei et al., 2025),
UDBG (Fang et al., 2024), TTDM (Wang et al., 2025b).
Their brief introduction is provided in Appendix Section K.

Figure 3. Memory Usage Comparison

5.1. Clustering Results and Discussions
From the clustering results in Table 1, we can draw that

(1) Our FCFMVC delivers favorable results across multiple
datasets. For instance, on YTFATEN, it achieves the best re-
sults, and maintains a stable top-two ranking on FORETYP,
NUSWINE, and YTFSFLF. These results collectively verify
the effectiveness of FCFMVC in handling MVC problems.

(2) Several baselines, such as UOVSC, PFSC, SFMC, PGSC,
LTBL, etc, fail to run on large-scale datasets YTFATEN and
YTFSFLT. In contrast, our FCFMVC not only operates
properly on all datasets but also delivers competitive results,
which underscores its broader applicability and scalability.
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Figure 4. Time Usage Comparison

(3) FCFMVC yields somewhat inferior performance, such
as on datasets CITSER and NUECTEN, possibly because
the bipartite graph, while promoting view consistency, may
over-smooth subtle yet discriminative sample—anchor rela-
tionships, accordingly diminishing structural distinctions.

5.2. Time and Space Usage Comparison

To demonstrate its resource-friendliness, we record the mem-
ory consumption and running time, as illustrated in Fig. 3
and 4. Evidently, our method incurs relatively low memory
overhead and achieves favorable execution efficiency, which
confirms that our method is efficient in tackling MVC tasks.

5.4. Convergence and Sensitivity

Fig. 5 and 6 depict the loss evolution and performance vari-
ation, respectively. As seen, the loss value declines consis-
tently until reaching a steady level, while the performance
curve fluctuates within a narrow range, which demonstrates
that our devised method is convergent and relatively robust.
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More observations are provided in Appendix Section L.

Table 3. Ablation Results

2 4 6 8 10 12
Number of Iterations

(a) FORETYP

5}

w
@
=)

14

2 3 4 5 6 7 8
Number of Iterations

(b) CITSER

-

Metric  Ablation DA-1 DA-2 DA-3 DA-4 DA-5 DA-6
WOB 68.21 40.26 27.35 19.63 6943 17.68

8 0OSC 7532 4553 35.63 2274 72.87 21.63
< OAC 73.67 46.72 3276 20.83 7534 22.57
Ours 82.79 49.58 38.62 25.13 7829 26.32

WOB 48.73 1652 7.67 8.54 7136 15.84

E 0OSC 5746 18.87 8.93 8.85 77.93 19.26
Z OAC 5437 1956 819 897 7531 17.86
Ours 6342 2493 11.08 11.12 83.21 23.67

- WOB 62.57 30.63 2847 2583 61.63 2574
E OSC 7172 37.54 3278 27.63 70.67 2835
&) OAC 7452 3928 39.71 2726 7438 27.82
A~ Ours 81.23 4587 39.58 34.16 80.18 34.02
o WOB 63.57 29.58 2892 1476 61.78 10.13
% 0OSC 66.48 3274 30.16 16.83 64.82 12.74
8 OAC 66.17 3637 3273 1539 66.11 11.97
o Ours 72.17 4024 37.86 22.18 70.83 16.05

5.3. Ablation Study

Table 3 presents the ablation study results, where OSC,
OAC, WOB denote the configurations with only sample-
cluster learning, only anchor-cluster learning, without both
of them, respectively. DA-1~DA-6 refer to the datasets
listed in Table 2. One can observe that both learning com-
ponents collaboratively facilitate clustering performance,
validating their complementary roles and joint contributions.

Figure 5. Convergence Curve

ACC(%)

107! 10° 10" 10% 10*

(b) CITSER

35
102 107! 10° 10! 10% 10* 107 102

(a) FORETYP

Figure 6. Sensitivity Curve

6. Limitations and Concluding Remarks

In this work, we design a multi-view clustering approach
termed FCFMVC to guide anchor allocation from anchor-
level to cluster-level structures. Despite its effectiveness,
FCFMVC involves hyper-parameters, which somewhat lim-
its its practicality. Accordingly, developing a parameter-free
variant will extend its applicability. Furthermore, it assumes
full view completeness, failing to handle incomplete sce-
narios where partial view data is missing. This narrows its
usability in real-world scenes with imperfect data collection.
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Appendix
A. Symbols

For greater clarity in the following complexity analyses and algorithmic derivations, we collate critical notations and their
corresponding descriptions, as detailed in Table 4.

Table 4. List of Symbols and Their Descriptions

Symbol Size Description
n Scalar Sample size
k Scalar Cluster size
m Scalar Anchor size
dy Scalar Data dimension on view v
\%4 Scalar View size
C; - Cluster ¢
ne; Scalar Number of samples in C;
C; m x 1 Centroiod of cluster j
dic; Scalar Similarity distance from sample i to C;
pe; Scalar Mean of similarity distance within cluster j
agj Scalar  Variance of similarity distance within cluster j
z Scalar : Zle sz
h; Scalar Ly (Gl
%: Scalar Cluster state before sample reassignment
Zf;j: Scalar Cluster state after sample reassignment
A, dy Xm Anchor matrix on view v
Z mXxn Bipartite graph
F nxk Sample-to-cluster indicator matrix
G, mx k Anchor-to-cluster indicator matrix on view v
D nxm SVUX[A,
H n X m F Zlle G,
R nxk F-7Z'G,

B. Proof of Theorem 1

Proof. We begin by deriving an explicit expression for the entries of the matrix product F ' SF. For any p,q € {1,2,--- ,k},
the (p, ¢) entry satisfies
(F'SF) = Z Z S Fog =Y Y FupSapFig. (28)
a=1b=1 a=1b=1

Recall that the trace of a square matrix is defined as the sum of its diagonal entries. Applying this definition to the matrix
F " SF yields

k k
Tr (F'SF) = Z (FTSF) Z Z Z FiSap Fpi. (29)
i=1 i=1 a=1b=1
Let 7; = {a C {1,2,--- ,n} | F,; = 1} be the set of row indices corresponding to the nonzero (i.e., unit) entries in the

i-th column of F. Since F is a binary matrix satisfying F1, = 1,,, each row of F contains exactly one non-zero entry.
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Consequently, the product Fy,; Fy; # 0 if and only if both a and b belong to 7;. Therefore, we can derive

r(F'SF) = Z > > Sabe (30)

i=1a€T; beT;

C. Proof of Theorem 2
Proof. By applying Theorem 1, we can obtain

k
maxTr (FTZ7ZF) & maxy > > [277Z] . 31

i=1 a€T; beT;

Using the definition of matrix multiplication, we have [Z" Z]q, = Z.,Z. ;. Substituting this into the above expression

yields
E

maxTr (FTZ'ZF) & max) > Z/,Z.. (32)

i=1 a€T; beT;

This expression shows that the original maximization is equivalent to maximizing, for each subset 7;, the sum of all pairwise
inner products among the columns of Z indexed by 7;. That is, it equivalently requires maximizing the sum of Z:TaZ:,b on
each 7;. Consequently, the problem decouples across the disjoint column subsets,

max Tr (FTZTZF) £ max Z Z Z:TaZ;J,, i=1,2,-- k. (33)
z Z.m a€T; beT;

We now analyze the double sum structure by partitioning the index pairs (a,b) € T; x T;. We can decompose
>wet Yover .42 into four components,

DD TLZw=) D BlZw+ Y, Y ZLZo+)d, Y LhZo+ Y Y. ZLZy (4

a€T; beT; a=j b=j a€T\{j} b=j a=j beTi\{j} a€Ti\{j} beT:\{5}

By symmetry of the inner product and the summation indices, we have that the second and third terms are equal,

SN Yzl zy=> > Z!.zZ, (35)

a€Ti\{j} b=Jj a=j beT:\{j}

Therefore, the optimization over Z. 7; transforms to

maXZZZTZb@maXZZZTZb-FQ > Nz, Zy, VieT (36)

Ti GET; bET; 7Y a=j b=j a€T:\{j} b=J

Since {7;}¥_, are pairwise disjoint and satisfy Zle |7:| = n where |7;| denotes the size of set 7;, we can equivalently
transform the global maximization to independent per-column problems,

max Tr (F'Z'ZF) maXZT Z.;+2 Y 272, maxZ (z”— +2 Y Z. >
a€Ti\{j} a€Ti\{j} (37
ViET; i=1,2,--,k,

which reveals that the original trace maximization decouples into independent (but block-coupled) quadratic sub-problems.

O
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D. Proof of Theorem 3

Proof. Denote E = al,,, + bzvvzl G,G/. Given G, € {0,1}™** and G,1; = 1,,, we have [G,G, ];; = 1. Hence,
the diagonal elements satisfy
Eii =a-+ bV. (38)

For E to be the zero matrix, all its diagonal and off-diagonal entries must vanish. Setting the diagonal entries to zero yields

a = —bV. (39)
For non-diagonal elements F;; (z # j), we have
14 v
Ej=a-[Tnli;+b)» [G.G/],; = > [G.G,],;- (40)
v=1 v=1
Thus, E;; = 0 indicates
b=0, or ZV: [GUGI]U =0. (41)
v=1

e If b = 0, then according to Eq. (39) we have a = 0, which is conflict with the given conditions that a and b are not both
Zero.

o If ZL/—1 [Gq,GUT] =0, then for all v, [GUGI] .. = 0. This indicates that anchor 7 and anchor j are divided into
= ij ij

different clusters for all ¢ # j in every view. However, since the number of clusters & is less than the number of anchors

m, we can obtain that in each view, at least one cluster contains at least two anchors. Consequently, there exist distinct

indices ¢ # j such that [GUGI ] i # 0, contradicting the requirement that all off-diagonal sums vanish.

Therefore, under the stated conditions, the matrix al,,, + b ZL/ZI GvGI is always non-zero.

E. Proof of Theorem 4

Proof. Using square expansion property of the Frobenius norm, we can obtain
IF-2Z7G,|% = |27 G|} - 2(F, 2" G,) +n, 42)

which suggests that the change in ||F — Z'T G, Hi, is primarily driven by Z T G, since both Z and F are held fixed during
the optimization of G,,.

Denote p; = ZI:, i.e., the transpose of the i-th row of Z. Then, we have Z' = [p;,p2, -, Pm). Combined with
Gy = |[Gu]y 3 [Goly. s [Gv]m,;} , We can get
ZTGU = Zpi : [G1;]i7; . (43)
i=1

When reassigning anchor j from cluster ¢ to cluster I, only two entries of G,, changes. Specially, [G,] e transitions from
1t0 0, [G,] ;u transitions from O to 1, while all other entries maintain unchanged. Therefore, we have that the change in
Z'G,is

A=p;-(er—e), (44)
where e; and e, are k-dimensional standard basis vectors.

On the basis of this, we can derive
[F— (Z7G,+A) L - [F—ZTG, || = A} - 2(F —ZTG,, A). (45)

14
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Combined with the fact that || AB||% < ||A||% - ||B||% where the equality holds if and only if A or B is a rank-1 matrix, we

can obtain
IA[% = sl - ller — ecll* = 2[|py]|*.

Besides, for the inner-product term (F — ZTGU, A), via element-wise expansion, we have

n k
F-27G,A) =33 (Fyy—[27Gu],,) - (- (e —e0)y)

q=1g=1

where p} and (e; — e.), denote the g-th and g-th component of p; and (e; — e.), respectively.

Since
1, g=1
(el - ec)g = _]-7 g==c
0, otherwise,
we can get

F-27G,.A) = [(Fu- 276, ) ot - (R [27G0),)

Therefore, we have

(F-27G.A)=p] ([F-2'G.],~[F-27G.] ).

Combining Eqs. (45), (46) and (50), and recalling that p; = Z;:, we can obtain the change in HF —

AZQf :2||Z]7||2 - 2Z]7 ([F - ZTGU]:,Z - [F - ZTGU] :,C)

:2ZJ7 (ZI + [F - ZTGU]:,C - [F - ZTGU} :,l) :

F. Proof of Theorem 5

Proof. To establish Theorem 5, we first let

and then we have

For each cluster j, we define two cluster-wise summary statistics,

Dl =) dic;, D2=7 dic

i€Cy 1€Cy

In conjunction with the meaning of ¢, and agj, we can obtain

Dl; D2, 2
C;, — —, Op —= ——— — .
He; ne, » YCj ne, IU’CJ

Based on this, we can further obtain

(46)

(47)

(48)

(49)

(50)

(G

(52)

(53)

(54)

(55)

(56)
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Kindly note that in practice D1, is greater than 0. D1, = 0, i.e., ||z; — ¢;|| = 0 for any ¢ € C;, indicates that all samples in
cluster j are located at the centroid, which is almost never occurs in a continuous space.

When reassigning sample j from cluster r to cluster ¢, it needs to update c,., d; ¢, , ¢; and d; ¢, since the centroids are
changed. Accordingly, we have

by # b, by # by, b, = by (Vp & {r,1}) (57)
and
_ 1 _ 1
Vo= |t Y bp| =0+ [0 b))+ (6 = b)), (58)
pg{rt}

where b,. denotes the state before moving the sample while /. denotes the state after moving the sample.

Define
Ap=b.—b,, Ay=b,—b, g:#, (59)

and then, we have -
V=b+¢. (60)

Denote

1<a foe. a\2 1<
R=— i~ = " (b-1b)) 61
(e -t) =i @

and after moving the sample, we have

1|, _ _
Ro= o |0 =)+ (0 =0)"+ > (¥ -b)°. (62)
pE{r.t}
Note that for any p ¢ {r,t}, we have B B
b —b,=b—b,+& (63)

Therefore, combined with Egs. (59), (60) and (63), we can get

R':% (B+E—br_£r)2+(B'i‘g_bt_&t)z—"_ Z (B_bp+€)2 : (64)

pg{rt}

Denote current deviation d; = bh— b;. Then, we have

(6+£—br—&)2

Il
—
1S9
£

4
"~

|

)

L
~—
[V}

2 ~\2
(b+e—b-A) = (d+e-4), (65)
(b—b,+€)" = (dy + &)*.
Combining Egs. (61), (64) and (65) yields
/ _ 1 N 2 2 N 2 2
R -R= (dr—i—f—AT) —dr+(dt+§—At) —d+g:t} ~a)|. (66)
P T

For the difference terms, we have
(4 +¢- &) —d?= (6~ A)(2d, + € A,),
(4 +¢- ﬁt) — 2= (6~ A)(2dy + € — Ay), ©7)
(dp +€)° —dy = £(2d, + ).

16
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Note that
k k k ~ B k
S dy=Ydy—do—dy, Y dy=> (b—b,) =kb—> b, =0, 68)
p¢{r,t} p=1 p=1 p=1 =1

and therefore we can get

> dy=—d, —ds. (69)
pE{r.t}
Accordingly, we have
> £Q2dy+8) = €R(~dy —di) + (k- 2)¢]. (70)

pE{rt}

Combined with Egs. (66), (67) and (70), we can get

R—R=1 (€~ A)@d +&~B)+ (€~ B)2di+6~R) +E[(h -6~ 2d, +a)]]. (D)

Denote N N N N N
A= (5 - AT)(QdT + g - AT) = 2d7§ - 2d7'A7' + 52 - 2§A7 + sz

Ap = (€= Do) (2d; + € — Ay) = 2d,6 — 24, Ay + €2 — 267, + A7, (72)
B = ¢[(k—2)¢ —2(dy + dy)] = (k — 2)&* — 2d,.£ — 2d4¢,

and then we have

Ap+ A+ B=A2+ A7 - 24,8, - 24,8, + ke - 2¢ (B, + &,). (73)
In conjunction with £ = ET:& , we have
N N2
(8 +4)
ke = (74)
k
Therefore, we can get
- N2
2 A LA (AT + At)
ke? =26 (B, +8,) = —~———. (75)
Combined with Eqs. (71), (72), (73) and (75), we can get
N N2
—~ —~ Ar + At —~ —~
Aw=R —R=1 A$+A§—( ) —2<dTAT+tht)
k
(76)
1 ~ —~ ~ o~ ~ ~
-5 ((k: — (Az + Af) “9AA, — 2% (drAT + tht)) .
(whered, =b—b,, dy=b—b;, b= 25:1 bj, bj= %, A, =b.—b,, A;=0b,— b Itrequires calculating

b;. and b; since b; has already been given for j = 1,2,--- , k.)

The centroids do undergo a change upon sample movement, and accordingly the d; ¢, values corresponding to all samples in
this cluster will change. Each time a sample is moved, the cost associated with precise updating is relatively high. To this
end, we first treat the centroids as fixed entities in the current scan, and then update all centroids synchronously prior to the
next round of scanning. That is, after a complete round of sample scanning, we recalculate all centroids for all clusters with
altered member compositions in preparation for the next scanning round. Consequently, after movement, we have

ne =ne, —1, ng, =mne, +1,
D1, =D1, —djc,, D2, =D2. —d;., (77)
D1y = D1y +djc,, D2;=D2+d5,.

17
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For any p ¢ {r,t}, note that the sample composition of cluster p remains unaltered. Consequently, the aggregated statistics
D1,, D2, and the cluster size nc, retain their original values, and accordingly can be directly reused in subsequent
calculations.

In conjunction with Eq. (56), we can get
\/ne, D2, — (D1;)?

b, = D1/ ;b=

\/ne, D2 — (D1;)?
D1}

(78)

On the basis of this, combining Eqs. (52), (54), (77), we can obtain the standard-deviation-to-mean ratio following the
sample reassignment, as shown in Eq. (26).

ocC. = 2
Then, combining Egs. (76) and (78), we can derive the specific change A, in % 25:1 ( ¢ %) .

He;

G. Proof of Theorem 6

Proof. Computational Complexity: The computational overhead mainly stems from the updates of A, Z, G, and F.
During the update of A, building the term X, Z " needs O(d,nm) cost. The SVD of X, Z " needs O(d,m?). Combined
with the fact n is usually largely greater than m, therefore, the update of A, needs O(d,nm) cost.

During the update of Z, building D and H takes O(ndm) and O(mkV +nkm) respectively, where d = 21‘}/:1 d,,. Building

szl G,G/ takes O(m?kV). Each column of Z is successfully transformed into a quadratic programming problem,
and accordingly can be solved within O(m?). Instead of directly building Zaeci\{j} ZIa for each Z. ;, we can build

> ace, Zra for all Z. ; in the same cluster, and then subtract current Z. ; from it. Accordingly, the cost is O(mnc, ). Building
Zle >ace, L., needs Zle O(mne, ), i.e. O(mn). (When optimizing other j in the same cluster, we can construct the
term -, e (5} Z., by first utilizing (Y, .0 Z.,) 2., +Z] .piarea toupdate (3, o Z,) and then performing

5 iprevious 5 :
*Jprevious

(Ywee, Z2',) — 2. where jprevious denotes the previous j in the same cluster. For example, suppose cluster i = 2

consists of samples ivlir?:g, 7}. Denote Sum = Y4, L1y = 21 + 23+ 25 + Z,. When optimizing Z. ;, we utilize
Sum — Z.1) to construct Dacca i) Z.,. Then, with updated Z. jupdarca, we update Sym = (Sum — Z.)) + Z:lupdated.
During optimizing Z. 3, we subtract Z:T3 from the updated S, to construct Zaeci\ U} Z:Ta. With updated Z. gupdated, We
update S, = (Sum — ng) + ngupdated to serve for the optimization of Z. 5. ) Consequently, we have that it totally

takes O(ndm + nkm + m?kV + m>n + mn) to update Z. In practice, the cluster size k is generally smaller than the data
dimension d, and the sample size n is largely greater than the view size V. Therefore, the cost of updating Z can simplify to
O(ndm + m3n).

During the update of G, building R needs O(nmk) cost. Computing the value of function f needs O(m) cost. Updating
R and the cluster size proportions h. and h;~ needs O(m) and constant costs, respectively. Correspondingly, scanning one
row needs O(nmk) cost. Since R is reusable and only needs to update certain columns, we have that the update of G,,
needs at most O(nm?k) computational cost.

During the update of F', when scanning each row, rather than building ZaEC,.,a £ Z. , directly, we first build Za€C7. Z.,,
and then subtract Z. ; from it, which takes O(mnec,) cost. Building all >, .. Z., with 7 = 1 ~ k needs O(mn).
(Note that Zaecr Z., with r = 1 ~ k are applicable during the process of scanning all rows.) Building As, needs
O(m + mng, + mne,). Therefore, after scanning a row, building Ay, totally takes O(mk + mn). Then, building
Z" szl G, needs O(mkV +mnk), and accordingly building A, needs O(mkV +mnk). Due to only involving scalar,
building A4; needs constant cost. During the building of A, we first build ", cc, dic,and ), ec, d?,c,.» and then construct

’

:,CT and Z?t , which takes O(mnc, ) and O(mnc, ), respectively. Therefore, building all :,CT withr =1 ~ k needs O(mn)
Cr Cy Cr
cost. All Z,%T are applicable during optimization. Kindly note that during scanning each row, the established Zaect Z..,

Al ZUV:1 Gy, ne,, Ziect dic, and Zz‘ect dfvct with t = 1 ~ k are reusable, and only needs simple addition or subtraction
operation to adapt to the new state. During scanning each row, therefore, it totally needs O(mk + mn + mkV + mnk)
cost. Based on this, we have that updating F takes O(mkn + mn + mkV + mnk) cost. Usually, the view size V' is largely

18
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smaller than the sample size n. Therefore, the update of F needs O(mkn) cost.

In conjunction with the above analysis, we can obtain that the overall computational cost is O(dnm + m>n + nm?k). Due
to the fact that the anchor size m and the cluster size k are largely smaller than the sample size n and that the data dimension
d is a constant and irrelevant to n, we have that the computational complexity of our proposed algorithm is O(n), i.e., linear
to the sample size.

Space Complexity: The space overhead mainly stems from the storage of variables A, Z, G, and F. During the update of
A, building the product X, Z " needs O(d,m) space cost, and generating its SVD needs O(d,m + m?). Combined with
the size of A, € R%*™ therefore, the update of A, needs O(d,m + m?) space cost.

During the update of Z, building D, H and szl G, G, needs O(nmV), O(mkV + nm) and O(mV) space costs,
respectively. Building Y .o Z, with i = 1 ~ k needs O(mk). Therefore, the space cost about updating Z is
O(nmV +mkV).

During the update of G, building R needs O(nk). Since the value of function f is a scalar, we have that updating G,
needs O(nk) space cost.

During the update of F, building >, Z., withr = 1 ~ k and zZ" 23:1 G, needs O(mk) and O(mkV + nk),
respectively. Building ;.. dic, and >, . d?,cr needs O(mk) and O(mk), respectively. Therefore, updating F needs
O(mkV + nk) space cost.

Based on the above analysis, we have that the overall space cost is O(dm + m?V + nmV + mkV + nk). Since d is not
relevant to n, and m and k are largely smaller than n, we can obtain that the space complexity of the proposed algorithm is

O(n).
O

H. Derivation Steps

In this section, we provide more detailed derivation steps for addressing the problem (7). Its explicit expression is given as
follows:

v ) FIF L0 1<./oc &\°
3 TrpT j
A > IXy — AVZI — M Tr (FTZTZF) + X H — - +7€Z(uc- —ﬂ) +
v=1 F j=1 J
v vV ok T 2 T 2 79)
T 2 1m[Gv].,j 1+6 1-6 1m[Gv],j
A3§HF—Z GUHF—i-/\ZL;;[maX(O, - - + max { 0, T -
st A A, =1,,Z2>0,Z"1, =1, F €{0,1}"* F1;, = 1,,, G, € {0,1}"* G, 1), = L.
H.1. A, Sub-problem
The problem concerning A, is
v
min X, —A,Z 2
RO 12 50
st.AJA, =1,

In practice, view data are independent of each other, and accordingly anchors on different views are also mutually independent
of each other. Therefore, Eq. (80) equivalently becomes

in || X, — A,Z|>
IRIUHH v v ”F

(81)
st.AJA, =1,
Combined with || X, — AUZ||§7 =Tr (X, X, —2X,Z"A] +Z"Z), we have
: 2 TAT
min Xy — AJZ| 7 & H}&XTI“ (X,Z'A,). (82)
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Denote UV T as the SVD of X, Z T, and then we have
max Tr (X,ZTA)) & max Tr (VIA US). (83)

Noting that VT AT U is orthogonal and that the diagonal elements of 3 are non-negative, we have

TAT
<
max T (V'AUX) <Tr (%), (84)
where equality is attained if and only if VT A U is an identity matrix. Accordingly, A, is equal to UV T,

H.2. Z Sub-problem

The problem concerning Z is

14 14
min Y X, — AvZIfE — 2 Tr (FTZ27ZF) + X3 ) ||F - 27 G

v=1 v=1 (85)
s.t. Z > 0, ZTlm = 1n~
For the first term Zl/zl IX, — AUZ||§,, utilizing trance operation we can obtain
v v v
i X, — AJZ|; i Tr (X, X, —2X,A,Z+Z"A]A,Z i Tr(Z'Z -2X,A,Z), (86
mZmZJIII IIF@mZmZ_‘: (XX, - 2X]AZ+ZTA] )®m£n§ r( s ALZ), (86)
where ZTAIAUZ = 7" Z holds since AIAU =1,,.
For E:};l HF -7Z'G, Hi, similarly, we have
v ) 4 %
: T . T T T T . T T T
mzlnz_; |[F-ZTG.|, < mzlnz_:lTr (F'F-2FG,Z+Z2'G,G,Z) & mZmZ:lTr (2'G,G,Z-2FG,Z).
87)

Minimizing the trace is equivalent to minimizing each diagonal element. Through trace element-wise minimization, we
equivalently transform Eqgs. (86) and (87) respectively as

\4
minZ; V1,2, ; 2 (Z XUTAU> Z., (88)
»J j,5

v=1
and

|4 \4
%{%?zjj (Z GUGUT> Z.; -2 (FZGI)

v=1 v=1

Z. ;. (89)

Ty

Then, for the term Tr (FTZTZF), in conjunction with Theorem 2, we can equivalently transform the problem
ming — Tr (FTZTZF) as
r%;ip—zsz:,j -2 Y z!zZ;
a€Ci\{j}

(90)

Therefore, the problem (85) reduces to

v v v
win zZ; ((V —A) Lo+ A3 ) GUGJ> Z.; 2 (Z XUTAU> +hY | Z.,+ s <FZ Gj) Z.
v=1 v=1 g, acCi\{j} v=1 g
st.Z.;>0,2 1, =1

oD
Combined with Theorem 3, we have (V — A1) L,, + A3 Z:};l G,G, is a non-zero matrix. (The regularization hyper-
parameter A3 is generally not set to zero.) As a result, Eq. (91) is a quadratic programming problem, and can be easily
solved using off-the-shelf software packages.
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H.3. G, Sub-problem

The problem concerning G, is

vV k T 2 T 2
mlGol; 1496 1-6 1,,[G].;
s L 1F =270 (33 [ (0 208 ) (0150 2l

v=1 v=1 j=1

st. G, € {0,1}™*% G,1, =1,

92)
In conjunction with the view independence, Eq. (92) is equivalently transformed as
k T 2 T 2
. T 2 1m[Gv].,j 1+ 1) 1-96 1m[G’v}.,j
min X3 ||[F—Z' Gy + A ; [max (O, e + max ( 0, i ©3)

s.t. Gy, € {0, l}ka7Gu1k = 1,,.

Keeping the assignment of other anchors unchanged, we calculate the variation of the objective function when reassigning
anchor j from cluster c to cluster /.

Denote the size proportion of current (anchor) cluster as h;,
1 m
72 iy G=12 k. (94)
m

When anchor j is moved from cluster c to cluster [, the new proportions are

1 1
h’C:hC—E, hfzhﬂra. 95)
Define 5 9
1+90 1-96
f(z) = max (0, T — Z) + max (07 % 33) : (96)

Since other (anchor) clusters maintain unchanged, we have that the change in the term
o ; 2 T 2] .
Sk [max (0, InlGuly _ 174"5) + max (0, 1= M) ] is

Jj=1 m m

Bgum = SO+ 1) = $00) = f(0) = (e 22} = £ )+ £ (o) = 7). o)

Combined with Egs. (93), (97) and Theorem 4, therefore, we can derive that when moving anchor j from cluster c to [, the
objective change about G, is
Azg = )\SAzgf + )\4Ag'um~ (93)

After finding
I* = arg mlin Ag, (99)

we move anchor j from cluster c to cluster [*, and accordingly set [Gv]jc =0and [G,],;. = 1.

Jl*
Besides, denote the term F — ZT G, in Eq. (51) as R. To prepare for the movement of the next anchor, since F and Z are
given and G, has been updated, we need to update R.. Specially, combined with

[Gyl..: 10 and [Gy]..: 01, (100)

jc U=

we can update R by

R.;- +R.;-—Z/

J.oand R« R +Z]. (101)

Then, the proportions h;- and h, are updated accordingly via Eq. (95).
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H.4. F Sub-problem

The problem concerning F is

min —\ Tr (FTZ"ZF) + X\,
F

EJ&
n

2 \%
A F-77G,|°
R S L =N P,

v=1

(e

s.t. F e {0, 1}”*’“,F1k =1,.

tw\QI

Observing that the constraints are imposed on the rows of F', we can optimize F row by row. Besides, the rows of F are
one-hot vectors, and thus we can pick the cluster that maximizes the decrease in the objective function to assign to the
sample.

Suppose sample j currently belongs to cluster r; we consider moving it to cluster ¢ # r.

Let S = ZTZ. Then, we have Tr (F'SF) = Tr (F ' Z " ZF). Combined with Theorem 1, we have

Tr (F'SF) = Z 3> San, (103)

i=1 a€C; beC;
which can be seen measuring the total sum of intra-cluster similarities.

For (sample) cluster r, after removing sample j, we have that the similarity lost is twice the sum of similarities between j
and all other samples in cluster 7 (since S is symmetric), plus the subtraction of S}, (self-similarity). Specially, we have that

the new similarity sum of cluster r is
Y Sa (104)

acCr\{7} beC-\{sj}

The previous similarity sum can be equivalently expressed as

S0 Sa+2 D S+ S (105)

aeCr\{5} beCr\{5} a€Cr\{j}
Therefore, the change in intra-cluster similarity for cluster r can be characterized as

Ar=2 Y S.,+S) (106)
a€Cr,a#j

For cluster ¢, after adding sample j, its similarity sum becomes
DD Saw+2) Saj+Sj (107)
a€Cy beCy acCy

(where C; refers to the set of cluster members before the movement.)

> Sa (108)

a€Cy beCy

Its previous similarity sum is

Therefore, for cluster ¢, the similarity change is

Ay =2 Si+ S (109)

a€Cy

Combined with Egs. (106) and (109), we have that after moving sample j from cluster r into cluster ¢, the change of
Tr (FTSF) is

Ar=Ar=2>8,;-2 Y  Sa (110)

a€Cy a€Cr,a#j
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It indicates that removing sample j from cluster 7 reduces the intra-cluster similarity by 2 €Crrati Sq; while adding j
into cluster ¢ increases the similarity by 2 Zaect Saj-

Therefore, for the objective Tr (FTZTZF) , the change is

Ape=2) z)2;-2 Y z]z;, (111)

a€Cy a€Cr,a#j

where z, denotes the a-th column of Z.

I

2
T . . . .
For the term H E_F _ L/l in conjunction with the one-hot property of F, we have
F

F'F = diag (nc,,--- ,nc,) - (112)

Therefore, we can obtain

F'F L) < 12
Y ne 2 (113)
n kg “ n k
=1
Accordingly, aft i le j from cluster  to cluster £, the change in || F2F — L |
ccordingly, after moving sample j from cluster r to cluster ¢, the change in || =— — 3 FlS
AL — ne, +1 1 2+ ne, — 1 l 2 ne, l 2_ ”Cr_l 2_2(nct—ncT—|—1) (114)
s n k n k n k n k) n2 '
(where C,. and C; refer to the set of cluster members before the movement.)
For the term Zl/zl ’F — ZTGUH; via F-norm expansion, we have
|F—2Z7G,|[2 =Te(FTF) - 2Tx (F'Z2"G,) + Tr (G]ZZ'G,). (115)

During optimizing F, both Z and G.,, are given. Besides, Tr(F ' F') is a constant equal to n. Therefore, we have

14 14
min Y [|[F = 27 G, & min —2Tx <FTZTZGU>. (116)

v=1 v=1

Through element-wise expansion for the trace, we have

Tr (FTZT iG> = iijJ

v=1 i=1 j=1

|4
DY Gv] . (117
v=1

Ji

Combined with the 0-1 feature of F, therefore, we have that after moving sample j from cluster r to cluster ¢, the change in
1% T 2 .
Y=t [F=2Z7G [} ds

v=1 v=1 jt

1% 1%
jr
In conjunction with Egs. (111), (114), (76) and (118), we can obtain the total change in objective loss (102),
Atf = A (Asi‘i‘Acu)‘i’)\SAfzg*)\lAfp (119)

Then, we set F;, = 0 and Fj;+ = 1 where t* = argmin; Asy.
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Figure 7. Multi-view Illustration of Cluster Distribution

I. Multi-view Illustration

In multi-view scenarios, the same one cluster may exhibit distinct distributional characteristics across views. As illustrated in
Fig. 7, the sizes of green cluster, pink cluster, light brown cluster, and blue cluster are 20, 15, 13, and 8, respectively. In view
1 and view 3, the green cluster is highly compact, and accordingly requires a small number of anchors to represent itself
(despite its larger cluster size). In contrast, in view 2, the green cluster is relatively dispersed, and requires more anchors.
Similarly, the blue cluster in view 1 and view 2 requires fewer anchors, while in view 3, it becomes more scattered and needs
more anchors (despite its smaller cluster size) for adequate representation. Due to the diverse distribution characteristics,
the uniform anchor allocation paradigm could fail to capture the subtle structural variations of different clusters, thereby
degrading the discriminative power of anchor representations and leading to suboptimal clustering performance.

J. Supplementary Related Work

In tackling MVC problems, besides anchor based technologies, graph, kernel, subspace, neural network methods have been
widely investigated. For example, Guan et al. (2025b) learn graph structure and clustering labels jointly in a free similarity
metric manner, and adjust the graph connectivity via local density to avoid overly sparse or dense connections. Wang et al.
(2024) extract diverse aspects of multi-view data by picking out the most informative kernels at various scales, and utilize a
dynamical partition scheme to identify the clustering across scales. Yu et al. (2025) enhance the discriminative power of
subspace by imposing sparsity and low-rank constraints on the bipartite graph, and leverage a consensus mechanism to
capture the underlying cluster structure consistently across views. Jin et al. (2023) employ a cross-view alignment strategy
to mitigate prototype distortion, and extract supervised signals by maximizing cross-view intersection matching to regulate
correspondence building. To handle streaming view data, Zhu et al. (2026b) design a mining module to determine the
informative view, and update clustering assignments by dynamically calibrating view contributions. Huang et al. (2026)
learn a domain discriminator to differentiate view-related distributions and a feature extractor to modulate the discriminator,
and utilize adversarial agreement to maintain view invariance. Wang et al. (2026b) devise a Gaussian distribution based
probabilistic framework to decrease the uncertainty in estimating missing entries, and utilize a completion module to
rearrange view importance. Unlike single-consistency schemes, Jin et al. (2025) introduce a dual distribution guidance
consisting of intra-view consistency and cross-view consistency to enhance the view imputation quality. Wang et al. (2026a)
maximize structural pattern similarity across views through bipartite matching to build sample-level correspondences, and
utilize matching weights for adaptive aggregation while maintaining view intrinsic structure. Inspired by contrastive learning
attracting similar samples while repelling dissimilar ones, Guan et al. (2025a) develop a long-range component to extract
global interactions and a short-range unit to attend to local regions. Zhu et al. (2026a) match broad category-level patterns
with local semantics to reveal distinct semantic categories, and exploit a cross-attention strategy to extract the connections
between local and global features. Under entirely unknown view-to-view correspondences, Dong et al. (2026) employ a
graph matching subnetwork to establish node alignment via a consensus objective learning, and optimize label generation
and alignment collaboratively to reinforce each other. Yu et al. (2023) construct a common representative-point space by
permutation transformation learning to enhance semantic correspondence, and learn a shared graph across views to build
unified representation. Instead of matrix-based subspace expression, Huang et al. (2024) introduce tensor-derived subspace
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learning to extract view high-order representations, and make use of a semantics-maintaining regularizer to preserve cluster
structure characteristics. Liang et al. (2024a) design an expectation-based learning paradigm to avoid constructing the full
kernel matrix, and leverage the expectation-maximization strategy to derive optimal kernel combination weights. In addition
to the above works, several other works like (Zhang et al., 2025a; Liao et al., 2025; Li et al., 2025; Zhang et al., 2025c; Ma
et al., 2024; Liao et al., 2023; Chen et al., 2025b; Zhang et al., 2025b; Liu et al., 2025) have also been carefully explored.
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Figure 8. Memory Usage Comparison on the Remaining Four Datasets

K. An Introduction of Competitors

MSGL: This method designs a structured graph learning to progressively build affinity graphs across views, and incorporates
neighbor assignment and graph regularization into subspace learning to enhance the stability.

UOVSC: This method develops a joint-optimization framework to simultaneously learn similarity matrix and cluster labels
in one step, and eliminates the spectral embedding and subsequent discretization.

PFSC: This method integrates multiple partition on different views into a partition by view weight learning, and utilizes
partition-level fusion to increase clustering robustness.

SFMC: This method creates a parameter-free graph fusion approach to efficiently combine multiple views, and employs
anchor-based graph construction to achieve scalability.

PGSC: This method establishes pure affinity graphs without extra constraints like low-rank to learn a shared subspace
representation, and utilizes graph consistency to filter out redundant noise.

ORTF: This method extracts high-order inter-view correlations via non-negative tensor factorization, and utilizes orthogonal
constraints to strengthen the discriminability of learned representations.

FMAC: This method introduces second order matching relationships to rearrange anchors, and builds anchor correspondences
before information fusion to guarantee cross-view consistency.

LTBL: This method presents a low-rank tensor-driven proximity learning to model within-view and cross-view relationships,
and employs tensor decomposition to retain high-dimensional structural information.

HOMGGC: This method devises homophily principles to refine graph structures, and leverages dynamic graph adjustment to
enhance intra-cluster connectivity and clustering performance.

DGF: This method proposes a multi-graph learning to model consistent patterns and inconsistent noise, and exploits
inter-view commonalities and view-specific unique properties to support comprehensive graph construction.

MFSA: This method combines feature selection and anchor graph factorization to extract informative representations, and
utilizes word bag strategy to decrease feature redundancy.

UDBG: This method establishes a single optimization procedure to learn a unified anchor graph, and embeds graph
generation and cluster learning to decrease the cumulative errors of separate two-stage processes.

TTDM: This method captures intricate inter-view dependencies and intra-view structural patterns via tensorized tri-factor
decomposition, and leverages the high-dimensional nature of tensor data to promote cluster structure discovery.
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L. Other Memory Usage

Fig. 8 presents the memory usage on the remaining four datasets. Combined with Fig. 3, one can observe that our method
still incurs relatively less memory cost, even when evaluated on large-scale datasets YTFATEN and YTFSFLF. Besides,
methods MSGL and FMAC yield marginally lower memory consumption in certain scenarios. Possible reasons could be that
MSGL constructs sparse graph to represent inter-sample relationships and thereby avoid the cost of maintaining multiple
view-specific graphs; FMAC employs a local strategy to approximate the data manifold and accordingly circumvents
pairwise similarity calculations. Despite resource-saving, they usually neglect the anchor allocation, degrading the diversity
and discriminability of the final clustering representations.

Moreover, for Fig. 4, UOVSC, SFMC, FMAC and UDBG exhibit slight efficiency gains in some cases, potentially because
UOVSC integrates subspace clustering pipelines into the optimization process, significantly reducing iteration overhead;
SFMC adopts a lightweight matrix factorization with simple view co-regularization, avoiding the heavy refinement;
FMAC adopts fixed anchor sampling and closed-form membership assignment to circumvent the need for iterative anchor
optimization; and UDBG leverages precomputed view-wise measures and performs clustering via fast graph merging without
solving costly global optimizations. Despite these time-saving designs, such approaches usually depend on oversimplified
assumptions regarding view consistency or utilize fixed similarity fusion strategies, which may limit their ability to capture
complex multi-view structures, resulting in compromised clustering results.
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Figure 9. Convergence Curve on the Remaining Four Datasets

M. Other Convergence

Fig. 9 exhibits the loss evolution on the other four datasets. As observed, the loss is gradually decreasing and eventually
reaches to a stable state, demonstrating that our method is convergent.

N. Other Sensitivity

Fig. 10 presents the performance variation on the other four datasets. One can see that the performance exhibits minor
fluctuations, which illustrates that our method is relatively robust.
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Figure 10. Sensitivity Curve on the Remaining Four Datasets
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