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Abstract

Learning rate configuration is a fundamental as-
pect of modern deep learning. The prevailing
practice of applying a uniform learning rate across
all layers overlooks the structural heterogeneity
of Transformers, potentially limiting their effec-
tiveness as the backbone of Large Language Mod-
els (LLMs). In this paper, we introduce Layer-
wise Learning Rate (LLR), an adaptive scheme
that assigns distinct learning rates to individual
Transformer layers. Our method is grounded in
Heavy-Tailed Self-Regularization (HT-SR) theory,
which characterizes the empirical spectral den-
sity (ESD) of weight correlation matrices to quan-
tify heavy-tailedness. Layers with weaker heavy-
tailedness are assigned larger learning rates to ac-
celerate their training, while layers with stronger
heavy-tailedness receive smaller learning rates.
By tailoring learning rates in this manner, LLR
promotes balanced training across layers, lead-
ing to faster convergence and improved gener-
alization. Extensive experiments across archi-
tectures (from LLaMa to GPT-nano), optimiz-
ers (AdamW and Muon), and parameter scales
(60M-3B, up to 100B tokens) demonstrate that
LLR achieves up to 1.5x training speedup and
outperforms baselines, notably raising average
zero-shot accuracy from 47.09% to 49.02% for
1B models and from 48.58% to 50.61% for 3B
models. A key advantage of LLR is its low tuning
overhead: it transfers nearly optimal LR settings
directly from the uniform baseline. Code is avail-
able at https://github.com/hed-ucas/Layer-wise-
Learning-Rate.
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1. Introduction

Learning rate (LR) configuration is a cornerstone in mod-
ern deep learning, shaping both the convergence dynamics
of training and the generalization ability of the resulting
models (LeCun et al., 2015). Despite the rapid evolution of
the LLM era—including the rise of Transformers (Vaswani
et al., 2017), self-supervised learning (Radford et al., 2018),
chain-of-thought reasoning (Wei et al., 2022), and RLHF
(Ouyang et al., 2022)—the predominant LR strategy has
remained essentially unchanged: applying a single LR value
across all layers, which we refer to as the Uniform LR.

This paradigm, however, was originally developed for
architectures with relatively homogeneous designs, such
as multi-layer perceptrons (MLPs) and convolutional neural
networks (CNNs). We contend that it does not adequately
capture the structural heterogeneity of Transformer-based
LLMs, thereby constraining their convergence and
potentially their final performance. Specifically, recent
studies highlight the architectural heterogeneity of
Transformers, where the Hessian spectra differ substantially
across layer types (Zhang et al., 2024a; Wang et al., 2025;
He et al., 2025). These findings suggest that applying
a single uniform LR might be inherently suboptimal,
motivating the need for layerwise learning-rate strategies
that explicitly account for such architectural heterogeneity
in Transformer-based LLMs.

Research endeavors have explored the layerwise LR. For
instance, the ratio between the weight norm and gradient
norm of each layer has been used to set layerwise LRs, with
the goal of stabilizing large-batch training in CNNs (You
et al., 2017) and BERT (You et al., 2019). More recently,
Wang et al. (2025) identified sharpness disparities across
Transformer modules and introduced a fixed layer-wise LR
schedule determined via grid search. However, our prelimi-
nary evaluation in Figure 1 shows that these approaches are
highly sensitive to LR tuning: their improvements emerge
only when compared against the uniform baseline at its
suboptimal LR, while they often underperform the uniform
baseline when the latter is tuned to its optimal LR. This
leaves an open research question: Does a principled layer-
wise LR scheme exist that can outperform the uniform LR
even at its optimal LR?

To this end, we propose Layerwise Learning Rate (LLR)
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Figure 1. Learning rate sensitivity of different layerwise LR methods on LLaMa-60M, LLaMa-135M and Nano-GPT pre-training. Across
all methods, data points failing to converge, resulting in excessively high perplexity values (exceeding the axis limits), are denoted by a

double dash (“=").
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Figure 2. Left: Mean PL,_Alpha_Hil1 value comparison (more balanced is preferred) between Uniform LR and LLR, with LLaMa-1B
on FineWeb; Middle: Training loss curves of LLaMa-1B and LLaMa-3B under the AdamW optimizer; Right: Layerwise learning
rate schedules when combining LLR with cosine decay scheduler. Performance comparison: LLR (Base LR=5e-4) obtains Perplexity
(J) =9.59 and Q-A Acc. (1) =49.02%; Uni form (LR=5e-4) obtains Perplexity=9.77 and Acc.=47.09%, while Uni form (LR=2.5e-3)

degrades to Perplexity=30.56.

for LLMs—an effective layerwise LR allocation strategy,
grounded in Heavy-Tailed Self-Regularization (HT-SR) the-
ory (Martin & Mahoney, 2019), that promotes balanced
training across layers. LLR periodically measures the de-
gree of heavy-tailedness in each layer’s weight spectrum
and assigns larger LRs to layers that are less heavy-tailed,
while allocating smaller LRs to those exhibiting stronger
heavy-tailedness. The underlying principle is drawn from
HT-SR theory, which posits that layers with stronger heavy-
tailedness are already better trained than those with weaker
heavy-tailedness. Consequently, assigning larger LRs to
the latter accelerates their training, thereby promoting more
balanced progress across layers.

More concretely, LLR periodically computes the Em-
pirical Spectral Density (ESD) across all layers, per-
forms Power-Law (PL) fitting, and updates the cor-
responding PL_Alpha_Hill metrics. Layers with
higher PL,_Alpha_Hill values—typically embedding
and FFN components—are assigned proportionally larger
LRs, whereas layers with lower PI,_Alpha_Hill val-
ues—such as attention modules—receive smaller LRs. This
metric-to-map allocation scheme enables adaptive layerwise
LR adjustment directly driven by spectral statistics, ensur-
ing robust performance gains without extra hyperparameter-
tuning burden. Our main contributions are as follows:

©® We propose Layerwise Learning Rate (LLR), grounded
by HT-SR theory, which enables dynamic assignment of
LRs across layers within LLMs during training, promoting
balanced training across layers.

@ Extensive experiments on various architectures, includ-
ing LLaMa to GPT-nano, optimizers with AdamW and
Muon, from 60M to 3B, show that LLR yields up to a
1.5x% training speedup (Figure 8). Under the same train-
ing token budget, LLR further surpasses existing layerwise
approaches by a clear margin (Table 2 to Table 4).

® A key advantage of LLR is its low tuning overhead: it
inherits nearly optimal LR settings directly from the stan-
dard uniform LR (Figure 1), thereby lowering the practical
barrier to adoption.

2. Related Work

Layerwise Learning Rate. Although a uniform LR is the
standard in deep network training, recent work has inves-
tigated layerwise LR allocation to improve optimization
efficiency (Pan et al., 2024; Zhang et al., 2024b). LARS
(You et al., 2017) and LAMB (You et al., 2019) scale LRs
by the gradient-to-weight norm ratio, but as they were not
designed for LLMs, they provide only marginal gains and
demand additional tuning. Wang et al. (2025) introduced a
blockwise LR allocation method that leverages sharpness
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disparities to accelerate pretraining, though it relies on ex-
haustive grid search. Complementarily, Hayou & Liu (2025)
observed a dependence of optimal embedding-layer LRs on
vocabulary size, suggesting distinct scaling rules across com-
ponents. The closest related work is TempBalance (Zhou
et al., 2023), which adapts HT-SR to adjust learning rates
at the layer level for improved optimization. However, its
applicability is restricted to CNNs and fine-tuning scenarios
with limited data volume.

HT-SR theory for LLM. HT-SR theory describes a sta-
tistical phenomenon in which the weights of well-trained
neural networks exhibit strong correlations, giving rise
to heavy-tailed patterns in the ESD of Layerwise weight
matrices (Mahoney & Martin, 2019; Martin et al.,
2021). Empirical evidence shows that, across various
stages of training—whether at the early, intermediate,
or final phase—different components of LLMs (Embed,
Attention, FFN) display distinct heavy-tailed structures
in their ESDs (Couillet & Liao, 2022; Kothapalli et al., 2025;
Ba et al., 2022). Building on this observation, numerous
studies have sought to balance these heavy-tailed character-
istics through applications of HT-SR, including model se-
lection (Mahoney & Martin, 2019; Martin et al., 2021; Yang
et al., 2023), module-wise adaptive training (Zhou et al.,
2023), LLM pruning (Lu et al., 2024), and module-wise
weight-decay allocation (He et al., 2025), achieving notable
improvements in large-scale model training. However, it
remains unclear if HT-SR can be utilized for layerwise LR
designing for LLM pre-training.

3. Methodology

In this section, we revisit the HT-SR theory and outline
the key metrics that underpin our analytical framework.
Subsequently, we investigate the spectral characteristics of
weights in LLM pretraining tasks, and, informed by these
findings, we introduce the LLR algorithm, which utilizes
the HT-SR theory to deliver substantial improvements in
pretraining performance.

3.1. HT-SR Theory

The HT-SR framework offers a systematic approach to char-
acterizing the ESD of weight matrices in neural networks.
Observations from prior work indicate that well-trained
models tend to display ESDs with pronounced heavy-tails
which is closely linked to higher training quality. Several
studies have further revealed that, in LLMs, parameters
that are well-optimized and those insufficiently trained can
coexist throughout the entire training process, and such
heterogeneity can significantly affect overall model perfor-
mance (Zhou et al., 2023; He et al., 2025; Lu et al., 2024).
Building upon this theoretical basis, we employ the HT-SR
metric to measure the degree of spectral tail heaviness, ap-
plying lower LRs to layers with pronounced heavy-tail

characteristics (e.g., Att.q, Att.k) and higher LRs to
those with weaker heavy-tails (e.g., FEFN components,
Embedding), thereby promoting balanced optimization
across layers to enhance generalization and overall effec-
tiveness (see Figure 2). The extent of heavy-tailedness is
determined quantitatively by fitting a power law (PL) to
the ESD and using the resulting PL exponent («) as the
measurement criterion.

We consider a network comprising /V layers, each associated
with a weight matrix {W;}£_, of shape n x m (n < m).
For each layer, the ESD is computed from the eigenvalues
of the correlation matrix X; = I/Vl—r W;. Formally, the ESD
is defined as ESD(z) = + "7 §(z — 0;), where ()
denotes the Dirac delta function and o; are the singular
values. We model the ESD by PL distribution of the form:

p()‘> X AT, Amin < A < Amax 1)

where p(\) represents the eigenvalue density within the
specified range, and « serves as a quantitative measure of
the heavy-tailedness of the spectrum. We visualize the ESD
distributions and the corresponding PL fits in Figure 13 of
Appendix C. The PL exponent « is estimated using the Hill
estimator (Zhou et al., 2023; Liu et al., 2024). Let {\;}";
denote the eigenvalues sorted in ascending order. The Hill
estimator is given by:

k

k An—it1
i=1n PV

PL_Alpha_Hill =1+ 2)

where the parameter k controls the lower cutoff in the fit-
ting process. In all experiments, we set k = 7, thereby
estimating the slope using the largest half of the eigenvalues
(Detailed study of PL fitting method refer to Appendix B,
Figure 10). In short, in the context of LLMs, a smaller o
indicates higher trainability of the corresponding weight
matrix.

3.2. Layerwise Learning Rate for LLMs (LLR)

Based on the P1,_Alpha_Hil1 characteristics in Section
3.1, we propose a Layerwise LR (LLR) allocation method.
LLR calculates the PL,_Alpha_Hill values of all layers,
assigning larger LRs to those with higher values and smaller
LRs to those with lower values (see Figure 3). The mapping
from PL_Alpha_Hill values to per-layer LRs follows
the bounded scaling function:

fr(i) =n- (SE—Ta(s= 1) +1) 3
T T

where 7 is the global LR, and (1, s) define the range of
scaling ratios applied to . o is the PL_Alpha Hill
value of layer i at step T' € {0,,21, ..., t,qaz }» With £ de-
notes the interval for calculating PL,_Alpha_Hill and
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Figure 3. The bars denote the Learning Rate, and the line indicates the PL_Alpha Hill.

Given the imbalanced layerwise

PL_Alpha_Hill of LLaMa-60M, LLR assigns lower LR to layers with lower PL_Alpha_Hill.

Embedding Gains of LLR LR Switching Schemes Impact of LLR Phase Duration

—_ e = Soft Switch == Hard Switch 154 [ Perplexity —@- Extra Time Cost (%)} 9
35 1 = _
0.002 S
> 2 = 073 083 083 083 | 3
% ~ =17 LO)
£ g g A 2
£ 2 g
5 s 1 = . ) - s
o & 0.001 L " ~
2 16 o 3g
5 &

.
L T
15 1 o1 Fo
0 r r r r T
15 T T T T ; ; : : : & 0 5 o 0
0.0001 0.0005 0.001 0.005 0 1k 3k 4 sk Uniform LLI?{/“ Acti 20;:}1 Ag/t 100%
Learning Rate Step ctive Phase Ratio

Figure 4. Left: Embedding gains of LLR compared to baselines across different LRs with LLaMa-135M. “LLR-unembed” denotes the
ablation variant without the tailored spectral-based adjustment for Embedding layer; Middle: Illustration of hard (perplexity = 17.18)
versus soft (perplexity = 17.03) LR switching schemes with LLaMa-135M; Right: Impact of LLR phase duration on perplexity and extra
time cost with LLaMa-135M. The computation time for Uniform is 4.51 H100 hours.

tmaz the total training steps. While o/:}”" and o7*% are the
minimum and maximum PL,_Alpha_Hill values among
all layers at step 7. Formula (3) guarantees that the ad-
justed global LR, fr(¢), remains within [, sn] as a scaled
variant of 7. Let o' and f%.(:) denote the LRs at step
t € {0,1,2,...,tmaz } under a cosine decay scheduler, cor-
responding to the global learning rate n and the layer-wise
value fr(4), respectively.

To effectively adapt the HT-SR theory to LLMs, we intro-
duce three tailored designs targeting the unique characteris-
tics of Transformer architectures:

Tailored Embedding Treatment.  Considering the
Embedding (and Output_Head) layer’s persistently
high PL_Alpha_Hill values across all training stages
(refer to Figure 2 (Left) and Figure 14 of Appendix C), we
fix its LR at the scaling function’s upper bound s7, follow-
ing Wang et al. (2025). This design is crucial to prevent the
under-adaptation of the scaling function (Formula 3) that
would otherwise occur. Figure 4 (Left) validates this ap-
proach: our tailored strategy yields significant performance
gains compared to the “LLR-unembed” variant, ensuring
that these critical layers receive sufficient updates.

Soft Layer-wise LR Switch. Traditional methods typically

employ a “Hard Switch” that instantaneously shifts the LR
n' to a target value f%.(4), often causing detrimental “LR
spikes” (as visualized in the red dashed line in Figure 4
(Middle)). To mitigate this, we propose a Soft Switch mech-
anism. Instead of an abrupt change, we linearly increase the
current LR 7! over a window of t5¢cn < t steps towards
the target LR f%+t”'Witc’L (i) calculated at step ¢ + tswitch-
This “look-ahead” smoothing strategy eliminates spikes,
thereby enhancing training stability. In our implementation,
we set towiten = 0.5t = 50 (approximately 2.6M tokens)
by default (Detailed study refer to Appendix B, Figure 11).

Efficient Active Phase. We observe that the layer-wise
PL_Alpha_Hill statistics tend to stabilize after process-
ing approximately the first 20% of training tokens (as shown
in Figure 5). Based on this finding, we restrict the compu-
tationally expensive layer-wise LR updates to this initial
20% phase. Figure 4 (Right) demonstrates that this strat-
egy maintains comparable performance to full-time updates
while drastically reducing computational overhead, making
LLR highly efficient for large-scale pre-training.

We provide the details of LLR in Algorithm 1. By appropri-
ately constraining dominant components, LLR establishes
an adaptive and robust framework for layerwise LR alloca-
tion in LLM training.
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Figure 5. Evolution of PL._Alpha_Hil1 for different parameter groups when training LLaMa-135M with LLR (perplexity = 17.03) and
Uniform (perplexity = 17.86). The curves are computed every 100 training steps.

Algorithm 1 LLR

Input: Global LR 7, number
tmae, interval ¢ of using LLR,
ratio s, switching steps tswitch,
1¢p, layer’s PL_Alpha_Hill at
{0,£,2, ..., tymas }
fort + 0 tot,,., do
if mod(t,t) = 0 then
Step 1: Compute - for all layers using fomula (2);
Step 2: Calculate the target global LR fr () using
o and scaling function (3) bounded by 7 and sn;
Step 3 (Soft Switch): Linearly transition layer ¢’s
LR from its current value to fr.***i*<" (i) over the
next tsuitch Steps to avoid spikes;
Step 4: Follow the cosine decay scheduler with
global LR fr(i) starting from fit*site" (4) until
t+1t;
end if
end for

of training steps
maximum scaling
and o refers to
update step T €

3.3. Layer-wise PL_Alpha Hill Dynamics

In this section, we investigate how LLR influences the op-
timization dynamics of different parameter groups, we an-
alyze the evolution of the PL_Alpha_Hill in LLaMa-
135M. Figure 5 shows the PI,_Alpha_Hill for each ma-
jor parameter group when training with LLR (perplexity
= 17.03) and Uniform (perplexity = 17.86). We com-
pute PL_Alpha_Hill every 100 update steps. Several
trends are evident from the figure.@® The Attention pa-
rameters (Att.q, Att.k, Att.v, Att.o) consistently
exhibit smaller PL_Alpha_Hill, whereas the FFN pa-
rameters (FFN.gate, FFN.up, FFN.down) maintain
larger PL_Alpha_Hil1l throughout training. @ The

PL_Alpha_Hill of all parameter groups change sub-
stantially during the early phase of training (approximately
the first 20% of update steps). This pronounced varia-
tion highlights the importance of periodically updating the
layer-wise LRs, rather than keeping them fixed over time.
® Compared with Uniform, LLR markedly reduces the
PL_Alpha_Hill across all parameter groups. This re-
duction correlates with the improved perplexity achieved by
LLR, suggesting that better control of PL_Alpha_Hill
contributes directly to the enhanced training performance.
For more detailed analysis of PL_Alpha_Hill about
LLR and Uniform, please refer to Appendix C.

4. Empirical results

In this section, we begin by presenting the complete ex-
perimental setup (Section 4.1), followed by a comparison
between LLR and several baselines (Section 4.2). Finally,
we demonstrate the effectiveness of LLR across fine-tuning
tasks, diverse model architectures, and various optimizers.

4.1. Experimental setup

Models and Datasets. We perform a comprehensive exper-
imental study encompassing pre-training, zero-shot evalu-
ation, and fine-tuning over a diverse range of model archi-
tectures and parameter scales. (i) Pre-training. Models are
pre-trained on the FineWeb dataset (Penedo et al., 2024)
under Chinchilla scaling law (Hoffmann et al., 2022). We
evaluate two categories of models: LL.aMa-based architec-
tures (60M, 135M, 350M, 1B and 3B) and the GPT-nano
architecture (135M). This design supports systematic eval-
uation of scalability and architectural generalization. (ii)
Zero-shot Commonsense Reasoning Evaluation. Follow-
ing pre-training, we evaluate the emergent reasoning capa-
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Table 1. Hyperparameters used in pre-training experiments. LLR-s denotes the (1, s) parameter setting in LLR.

Model Size Tokens LARS-LR/WD LAMB-LR/WD Sharpness-LR/WD AdamW/LLR-LR/WD LLR-s
60M 1.5B 0.001/1e-6 0.05/0.1 0.0005/0.1 0.001/0.1 5
135M 3B 0.001/1e-6 0.05/0.1 0.0001/0.1 0.001/0.1 5
350M 7B 0.001/1e-6 0.01/0.1 0.0001/0.1 0.001/0.1 5

1B 20B 0.001/1e-6 0.01/0.1 0.0001/0.1 0.0005/0.1 5

Table 2. (Main result). Comparison with LLR and all baselines on pre-training various sizes of LL.aMa models on FineWeb dataset.
Validation perplexity ({) is reported. All baselines are carefully tuned.

Model Size Uniform LARS LAMB Sharpness LLR
(Youetal.,2017) (Youetal.,, 2019) (Wang et al., 2025)

60M 21.94 52.52 23.53 23.28 20.30

135M 17.86 32.78 18.59 18.54 17.03

350M 12.96 19.04 14.56 14.91 12.71

1B 9.77 11.81 10.68 9.77 9.59

Table 3. (Zero-shot results of commonsense-reasoning tasks in Table 2). Zero-shot evaluation results (1) on seven commonsense
reasoning benchmarks using the LLaMa-1B model pretrained with different methods.

Method OBQA Winogrande ARC-c ARC-e Hellaswag SIQA PIQA Avg.
Uniform 28.0 55.01 30.72  66.50 39.29 40.38  69.75 47.09
LARS 24.0 52.25 27.05  58.71 33.36 38.18 6736 42.99
LAMB 24.6 50.59 29.27 6237 36.45 3930 68.01 44.37
Sharpness  26.0 53.59 30.80  67.72 39.36 40.89 7040 46.97
LLR 29.6 56.67 34.64 70.46 40.53 40.79 70.46 49.02

bilities of the LLaMa-1B and LLaMa-3B checkpoints. This
is conducted via zero-shot inference on a comprehensive
benchmark suite of seven unseen commonsense reasoning
tasks: PIQA (Bisk et al., 2020), SIQA (Sap et al., 2019),
HellaSwag (Zellers et al., 2019), WinoGrande (Sakaguchi
etal., 2021), ARC-c (Clark et al., 2018), ARC-e (Clark et al.,
2018), and OBQA (Mihaylov et al., 2018). The evaluation
utilizes the standard prompts provided by the Im-evaluation-
harness to quantify out-of-data performance. (iii) Fine-
tuning. We fine-tune Llama-3.2-1B on the Commonsense
Reasoning benchmark (Hu et al., 2023), which comprises
the seven downstream tasks described above, enabling a
direct comparison under a parameter-efficient adaptation
setting.

Baselines. We compare with four representative methods:
(i) Uniform: Based on standard AdamW (Loshchilov &
Hutter, 2017) or Muon (Liu et al., 2025) optimizers, applies
the same learning rate to all layers without any layer-wise
differentiation; (ii) LARS (You et al., 2017): A first-moment-
based optimizer that assigns per-layer learning rates propor-
tional to the ratio of weight to gradient norms; (iii) LAMB
(You et al., 2019): A second-moment-based adaptive opti-
mization algorithm that scales learning rates in a layer-wise
manner according to weight norms to ensure training sta-
bility; (iv) Sharpness (Wang et al., 2025): Determines
a fixed learning rate ratio across different layers via grid
search based on sharpness information, without providing

an automatic adjustment mechanism.

Hyperparameters. The detailed hyperparameter settings
for all model sizes are summarized in Table 1 and Table 11
in Section A. All models are trained with gradient clipping
at 1.0 and a cosine learning rate schedule, with 10% of
the training tokens used for learning rate warmup. We
conduct grid search over learning rates {0.00001, 0.00005,
0.0001, 0.0005, 0.001, 0.005} as shown in Figure 1. The
best configuration for each scale are reported in the Table
the corresponding (1, s) parameter settings are also detailed
in the tables. LLR is performed every 5.2M tokens (100
update steps) throughout all experiments (Detailed study
refer to Appendix B, Figure 11).

4.2. LLM Pre-training

In this section, we present the experimental results for
LLR and all baselines across architectures (from LLaMa
to GPT-nano), optimizers (AdamW and Muon), and pa-
rameter scales (60M—-3B), followed by a comprehensive
comparison between Uniform and LLR.

4.2.1. RESULTS UNDER CHINCHILLA SCALING LAW

Table 2 presents the effectiveness of LLR and all baselines
on the pre-training of LLaMa models with varying param-
eter scales (60M, 135M, 350M, and 1B) on the FineWeb
dataset under chinchilla scaling law.



One LR Doesn’t Fit All: Heavy-Tail Guided Layerwise Learning Rates for LLMs

Table 4. (Large-scale experiments). Valid perplexity () and zero-shot evaluation results (1) using the LLaMa-1B/3B model pretrained

with 100B/30B tokens.

Task Method  Valid-Perplexity OBQA Winogrande ARC-C ARC-E Hellaswag SIQA PIQA  Avg.
LLaMa-3B Uniform 9.02 274 55.56 33.36 70.16 4231 39.92 7133 48.58
at 30B tokens LLR 8.86 294 59.04 34.39 72.43 43.81 42.68 72.52 50.61
LLaMa-1B Uniform 8.70 30.8 57.93 37.37 73.4 44.48 41.71 7242 51.16
at 100B tokens LLR 8.67 32.2 60.38 38.4 72.35 45.24 4142 73.01 51.86
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Figure 6. Training dynamics of LLaMa-350M with the AdamW optimizer over 20B tokens: training loss and zero-shot accuracy evaluated
every 1,000 steps, including the average performance across eight downstream tasks. Figure 7 follows the same setting.

Observations in Table 2. @ Superior and consistent
gains across all baselines. Across all evaluated model sizes,
LLR surpasses both the Uniform baseline and the adaptive
learning rate methods (LARS, LAMB, Sharpness). This
consistent superiority over baselines demonstrates our ap-
proach’s robustness for LLM pre-training. @ Scalability to
Larger Models. The superiority of LLR is consistently ob-
served from the smallest (60M) to the largest (1B) LLaMa
models, achieving performance gains even at the billion-
parameter scale.

Furthermore, our experiments reveal that existing methods,
originally designed for architectures without Attention
components, such as LARS and LAMB, do not yield optimal
results for LLMs. This may be attributed to their lack of
consideration for the distinct characteristics and optimiza-
tion requirements of Attention and FFN layers within
transformer architectures.

Zero-shot Results in Table 3. We evaluate the pretrained
LLaMa-1B models, based on the checkpoints obtained from
the pretraining experiments in Table 2, on 7 zero-shot com-
monsense reasoning tasks with lm-eval-harness un-
der its default prompt configuration. As shown in Table 3,
LLR achieves the best performance on all 7 benchmarks,
boosting average accuracy from 47.09% to 49.02%. This
confirms that pretraining gains effectively transfer to down-
stream reasoning tasks.

LLaMa-3B with 30B tokens. For the large-scale LLaMa-

3B experiment trained on 30B tokens, LLR consistently
improves downstream zero-shot generalization. It outper-
forms the Uniform baseline on all 7 tasks and raises the
average accuracy from 48.58% to 50.61%, demonstrating
the effectiveness of layer-wise learning rate allocation at
larger training scales.

4.2.2. RESULTS BEYOND CHINCHILLA SCALING LAW

3x chinchilla: LLaMa-350M with 20B tokens. Figure
6 and Figure 7 show training dynamics for LLaMa-350M
under different optimizers over 20B tokens. LLR outper-
forms Uniform in terms of final average zero-shot accuracy:
under AdamW, the accuracy improves from 44.50% with
Uniform to 46.03% with LLR, and under Muon, it increases
from 45.53% to 47.08%. Meanwhile, LLR also achieves
slightly lower valid perplexity, reducing the loss from 11.29
to 11.05 with AdamW and from 11.28 to 11.08 with Muon.
These results suggest that LLR can substantially enhance
the model’s generalization capability on downstream
zero-shot tasks under both optimization settings.

5x chinchilla: LLaMa-1B with 100B tokens. To validate
the effectiveness of LLR under extended training, we scaled
the pre-training of LLaMa-1B from 20B to 100B tokens
(Table 4). The results demonstrate that LL.R maintains con-
sistent performance gains even with a larger token budget.
It outperforms the Uniform baseline in 5/7 tasks, improving
the average zero-shot accuracy from 51.16% to 51.86%.
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Table 5. Performance comparison with Layer-wise LR allocation methods. Training Performance of Different Optimization Methods

across LLaMa Models of Varying Scales.

Model Size  Adami Adammini Mup—-AdamW CompleteP-AdamW LLR with Muo—Adami LLR
MW (Zhang et al, 2024b)  (Yang & Hu, 2020)  (Dey et al., 2025) upmadan

60M 21.94 21.85 24.52 24.26 22.54 20.30

135M 17.86 17.72 18.46 18.15 17.54 17.03

350M 12.96 13.04 13.56 13.42 13.28 12.71

4.2.3. MORE RELATED BASELINES

Adammini, mup and CompleteP. Table 5 shows LLR
achieves the best results across all three LLaMa sizes, out-
performing Adammini and other variants. This indicates
that, compared with related layer-wise learning rate allo-
cation strategies such as Adammini, Mup-AdamW, and
CompleteP-AdamW, LLR achieves more consistent and scal-
able performance gains across different model sizes.

Table 6. Performance comparison with HT-SR based methods.
We compare LLR against Alphadecay ((He et al., 2025)) and
Tempbalance ((Zhou et al., 2023)) across 60M and 135M pa-
rameter scales.

Model Siize Uniform Alphadecay Tempbalance LLR
60M 21.92 21.58 21.54 20.3
135M 17.86 17.35 17.19 17.03

Alphadecay and Tempbalance. To isolate the con-
tribution of our LLM-specific architectural designs, we
benchmark LLR against two other approaches rooted in
the same HT-SR theory: Alphadecay (He et al., 2025),
which applies HT-SR to modulate weight decay, and
Tempbalance (Zhou et al., 2023), which targets accel-
eration for simpler architectures like ResNet. As presented
in Table 6, LLR achieves significantly lower perplexity com-
pared to both baselines across different model scales (60M
and 135M). This performance gap is instructive: while
Alphadecay and Tempbalance share the theoretical
underpinnings, they lack the tailored adaptations for the
Transformer architecture. These results empirically validate
our hypothesis that the specific designs introduced in Figure
4 (e.g., [Tailored regularization for embedding layers,
Soft layer-wise LR switch]) are essential for effectively
translating the HT-SR theory into the LLM regime.

4.2.4. MORE BENEFITS FROM LLR

LLR demonstrates that * one LR doesn’t fit all > and pro-
vides a substantial acceleration in model training.

Performance of uniform LR at the scaling upper bound.
Table 7 presents the validation perplexity of different model
sizes using AdamW optimizers with a uniform LR across
all layers set to match the maximum Layerwise LR (upper
bound) determined by LLR. Compared with the results in
Table 2 and Table 7, LLR consistently outperforms both
the upper bound and lower bound of uniform LR scaling

across different optimizers and model sizes. These findings
confirm that a uniform LR configuration is inherently
suboptimal, whereas the proposed layer-wise LR strategy
enables a more effective utilization of the capabilities of
different optimizers.

Table 7. (Up bound of LR scaling). Validation perplexity ({) of
AdamW with a uniform LR equal to s times that in Uniform of
Table 2, matching the maximum LR from LLR’s scaling method.

Model Size 60M 135M 350M 1B
LR (Upbound) 0.005 0.005 0.005 0.0025
Uniform-Upbound 6828 70.81 5696 30.56
LLR 20.30 17.03 12.71 9.59
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Figure 8. Training loss for the LLaMa-135M and LLaMa-350M
model, comparing Uniform (3B/7B and 4.5B/10.5B tokens)
against LLR (3B/7B tokens). The experiments employ AdamW
under two different learning rates.

Speedup. Figure 8 presents the training loss curves for
LLaMa-135M and LLaMa-350M model during pre-training,
comparing LLR with Uniform across two learning rates.
Across all configurations, LLR consistently achieves lower
training loss with 3B/7B tokens compared to Uniform
with the same number of training tokens, highlighting its
effectiveness in accelerating convergence. Furthermore,
LLR attains performance comparable to or better than that
of Uniform at 4.5B/10.5B tokens, corresponding to an
approximate 1.5x speedup.
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Table 8. (Finetuning tasks). Finetuning results from the Commonsense Reasoning dataset using L1ama-3.2-1B.

Llama-3.2-1B  OBQA Winogrande #ARC-c ARC-e Hellaswag SIQA PIQA CSQA Avg.
Un-tuned 24.6 59.91 35.75 68.31 44.98 41.66 7437 5520 50.60
Uniform 25.0 64.80 38.82 68.14 45.29 47.54 7225 61.67 5294

LLR 254 65.02 38.64  68.64 45.49 46.54 76.25 62.67 53.58
. Mean accuracy OpenBookQA WinoGrande ARC-Challenge
3},LaMzn—BSUM with Muon and 20B tokens 048 0.26 0.56 0.29
g > 043 > 021 > 054 > 025
w29 ] ] £ £
£ § g g g
E < o3 < o6 < 051 <020
24
T A Y 02 on 0 o1
Number l)fS[eps o 10k 20k 30k 40k 0 10k 20k 30k 40k 0 10k 20k 30k 40k 0 10k 20k 30k 40k
Training step Training step Training step Training step
oo ARC-Easy e BoolQ . HellaSwag o Social IQA e PIQA
> _oss 0w o3 _oet
39 < 046 < 0.29 < 0.36 < 0.58
025 037 0.25 033 053
0 10k 20k 30k 40k 0 10k 20k 30k 40k o 10k 20k 30k 40k 0 10k 20k 30k 40k 0 10k 20k 30k 40k
Training step Training step Training step Training step Training step
[ Uniform ~ —e— LLR |

Figure 7. Training dynamics of LLaMa-350M with the Muon optimizer over 20B tokens.

4.3. More Analysis

In this section, we evaluate the downstream gains of all
methods on finetuning tasks and the proposed LLR across
more model architecture and optimizer to demonstrate its
generality and robustness.

Finetuning Results. We evaluate all methods on finetuning
tasks using Llama—-3.2-1B from the Commonsense Rea-
soning dataset. As shown in Table 8, LLR achieves the best
performance on 6/8 tasks. These results demonstrate that
LLR is not only effective in the pretraining stage but also
generalizes well to finetuning scenarios.

Table 9. (GPT-nano Evaluation). Performance comparison of
LLR and all baselines on GPT-nano trained on the FineWeb dataset.
Validation perplexity ({) is reported.

Method

LLR
20.53

LARS
31.59

LAMB
74.24

Uniform

22.16

Sharpness

24.28

Perplexity

Results of GPT-nano. We evaluate the proposed LLR
on GPT-nano, as shown in Table 9. The comparison in-
cludes LARS, LAMB, Sharpness, Uniform (AdamW),
and LLR. The results demonstrate that LLR achieves the
lowest validation perplexity, significantly outperforming all
baseline methods. This further confirms the robustness and
broad applicability of our approach across different model
architectures.

Results with Muon Optimizer. We investigate whether the
proposed LLR can consistently improve performance when
paired with optimizers beyond AdamW. Specifically, Figure
7 and Table 10 presents results on various LLaMa model

sizes trained with the Muon optimizer on the FineWeb
dataset. Across all model scales, LLR delivers lower valida-
tion perplexity than Uniform, indicating that our method
complements alternative optimizers like Muon, as its ben-
efits stem from the spectral characteristics of the weight
matrices rather than specific algorithmic mechanics.

Table 10. (Pretraining with Muon). Performance comparison on
various sizes of LLaMa models trained with the Muon optimizer
on the FineWeb dataset. Validation perplexity ({) is reported. The
reported LR is {LR for Muon part} and the {LR for AdamW part}
is one-tenth of {LR for Muon part}.

LR 0.05 0.01 0.005 0.001

LLaMa-60M  Uniform 20.02 1949 21.07 3232
LLR 19.76 17.70 19.03 23.56

LR 0.05 0.01 0.005 0.001

LLaMa-135M  Uniform 1994 16.51 1697 24.78
LLR 19.24 16.29 16.00 18.24

5. Conclusion

We introduced LLR, a layer-wise learning rate adjustment
strategy that leverages PL_Alpha_Hill during LLM
training. Across diverse setups, including different model
architectures, multiple optimizers, and varying parameter
scales, LLR consistently delivers lower perplexity and bet-
ter downstream performance than existing baselines, while
maintaining robustness to variations in training configura-
tions. Moreover, LLR accelerates convergence by up to 1.5x
across multiple optimizers. More importantly, it inherits
near-optimal learning rate settings from standard uniform
LR, minimizing tuning overhead and enabling easy integra-
tion into existing pipelines.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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Appendix

A. Details of Experiments

This section provides detailed configurations for both pre-
training and finetuning experiments. In Table 11 and Ta-
ble 12, we present the architectural parameters of LLaMa
models and the learning rate and weight decay settings for
different methods of Nano-GPT.

Table 11. Hyperparameters of LLaMa models used in this paper.

LLaMa-Size 60M 135M 350M 1B 3B
Hidden 768 768 1024 2048 2688
Intermediate 2048 2048 2736 5461 7680

Heads 6 12 16 32 32

Layers 6 12 24 24 28
Batch Size 512 512 512 512 512
Sequence Length 1024 1024 1024 1024 1024

Table 12. Learning Rate and Weight Decay used for different
methods in pretraining GPT-nano on FineWeb dataset.

Method Uniform LARS LAMB Sharpness LLR
Learning Rate le-3 5e-3 Se-2 le-4 le-3
Weight Decay 0.1 le-6 0.1 0.1 0.1

B. Ablation experiments

This section presents ablation experiments evaluating the
effects of different LR scheduling strategies, metrics, and
related factors.

Repeat Experiments. Table 13 provides a comparison of
several LR scheduling strategies, evaluated through repeated
experiments with different random seeds. The dependent
t-test results further substantiate these findings, with statisti-
cally significant p-values supporting the superiority of LLR
over all other optimizers.

Table 13. (Dependent t-test results on FineWeb with LLaMa-
135M using the AdamW optimizer). Each method is evaluated
over six repeated experiments with random seeds {5, 6, 7, 8, 9, 10},
and compared against LLR using a dependent t-test. Perplexity
is reported as mean =+ standard deviation. The resulting p-values
correspond to comparisons with LLR.

Method  Uniform  LARS LAMB  Sharpness LLR
Perplexit 17.79 17.07 33.06 18.58 18.84
Tplexity (£0.05) (£0.04) (£0.42) (£0.15) (£0.25)
P-value 1.0e-10 1.9¢-9 6.3e-7 9.3e-6

Table 14. (Inver projection of LLR). Effect of Inverting the LLR
Projection on Model Perplexity.

Model Uniform Random LLR-inv LLR
135M 17.86 17.97 27.18 17.03
350M 12.96 13.12 20.98 12.71

1B 9.77 9.82 15.64 9.59

12

Inver projection of LLR. Table 14 evaluates the effect of re-
versing the projection used in LLR. Across different model
scales, LLR achieves the lowest PPL, outperforming Uni-
form and substantially outperforming LLR-inv. In con-
trast, LLR-1inv leads to clear performance degradation, in-
dicating that the original LLR projection is properly aligned
and critical for model performance.

Table 15. (Attention-only Structure). Validation Perplexity of
the Attention-only 135M Model under Different LRs.

Only-Att 0.001 0.0008 0.0005 0.0003
Uniform 22.80 23.23 24.8 27.98
LLR 22.23 2231 23.27 24.62

Attention-only Structure. Table 15 evaluates a modified
135M architecture from Table 11, where FFN modules are
removed and only attention blocks are retained, to assess
LLR on a more homogeneous structure. Across all learning
rates, LLR consistently achieves lower PPL than Uniform,
reducing PPL from 22.80 to 22.23, 23.23 to 22.31, 24.80 to
23.27, and 27.98 to 24.62. These results indicate that LLR
remains effective even in homogeneous attention-only
architectures.

WSD scheduler. Table 16 reports the validation PPL of
LLaMa-60M, 135M, and 350M trained with the WSD sched-
uler. LLR consistently outperforms the Uniform baseline,
reducing PPL from 21.73 to 21.01, 17.64 to 17.16, and 13.06
to 12.81, respectively. This indicates that LLR remains effec-
tive across different model scales under the WSD scheduler.

Table 16. (WSD scheduler). Validation Perplexity under the WSD
Scheduler across Different Model Scales.

WSD 60M 135M 350M
LR 0.001 0.001 0.0006
Uniform 21.73 17.64 13.06
LLR 21.01 1716 1281

Table 17. (ViT-Tiny). Top-1 Accuracy of ViT-Tiny under Different
Training Methods.

LLR
68.51

Uniform

67.42

Backbone/Dataset Metric

ViT-Tiny/Imagenet-1K  Top-11

ViT-Tiny. Table 17 compares the Top-1 accuracy of ViT-
Tiny trained with Uniform and LLR. LLR achieves a higher
accuracy than Uniform, improving Top-1 accuracy from
67.42% to 68.51%, indicating that LLR provides better opti-
mization performance for ViT-Tiny.

Varying LR assignment functions. We examine the per-
formance of PL_Alpha_Hill with different LR assign-
ment functions, which determine the allocation ratios of
LR across different modules. Table 18 presents the results



One LR Doesn’t Fit All: Heavy-Tail Guided Layerwise Learning Rates for LLMs

Uniform SpectralNorm FrobeniusNorm GradNorm [ PL Alpha Hill

22.00
? 21.00 ;‘:j
= B
& 20,00 &
19.00
(a) LLaMa-60M (b) LLaMa-135M
Figure 9. (Varying HT-SR metrics). Comparing

PL_Alpha_Hill with multiple metrics under different
learning rate settings. The value on the top of each bar indicates
the difference from the leftmost bar in each plot and the same
processing is applied in Figure 10, Figure 11 and Figure 12.

obtained by different assignment functions: Uniform, Lin-
ear, Sqrt and Log2. Among these, Linear achieves the best
results across all LR settings, showing a notable advantage
over other methods.

Table 18. (Varying LR assignment functions). Results of using
different LR assignment functions under different LR settings. All
experiments are conducted on LLaMa-60M.

LR Uniform Linear (Ours) Sqrt  Log2
0.001 17.86 17.02 17.16 17.14
0.0005 19.47 17.55 1794 17.86

e Sqrt:
. Vag
fe(@) = TllLit,
T Zj:l \V o
* Log2:
) log, (!
ft(z) _ 2( t)

=7
% Zj:l log, ()

Here, 7 denotes the initial LR, of is PL_Alpha Hill of
the module ¢ at step ¢, and L is the total number of model
layers.

Varying HT-SR metrics. To investigate the effect of dif-
ferent learning rate scheduling metrics on model perfor-
mance, we conducted ablation studies comparing these
methods with LLLaMa-60M and LLaMa-135M. While prior
work has primarily explored Uniform scheduling and
GradNorm as representative metrics, our study addition-
ally evaluates PL_Alpha_Hill, FrobeniusNorm, and
SpectralNorm under identical training settings. Re-
sults in Figure 9 show that, PL_Alpha_Hi1ll consistently
achieves the lowest validation perplexity (lower is better),
highlighting its effectiveness over other evaluated metrics.

Varying PL fitting methods. In our proposed framework,
the HT-SR metric PL_Alpha_Hil1 is derived through
PL fitting, and the choice of fitting method can affect final
training effectiveness. To assess this impact, we evaluate
Goodness—-of-fit (Alstott et al., 2014; Martin et al.,
2021; Clauset et al., 2009), Fix-finger (Yang et al,,
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Figure 10. (Varying PL fitting methods). Analysis of three
PL fitting methods—Goodness-of-fit, Fix-finger, and
Median—across LLaMa-60M and LLaMa-135M.
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Figure 11. (Varying PL fitting gaps). PL fitting is conducted at
varying gaps across training steps to evaluate the trade-off between
performance. Bars represent validation perplexity (lower is better).
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Figure 12. (Hyperparameter study on (1,s)). Results of a
hyperparameter search for (1, s) across LLaMa-60M and LLaMa-
135M on the FineWeb dataset. The bar plots display validation
perplexity (lower is better).

2023), and Median (Zhou et al., 2023) under identical
experimental conditions in Figure 10. Across all tested
experiments, Median maintains competitive or superior
training performance compared to the other two approaches,
making it the preferred choice for PL fitting within our
method.

Varying PL fitting gaps. To evaluate the effect of PL fitting
frequency on model performance, we compare different up-
date gaps under identical experimental conditions in Figure
11. Across all tests, our method achieves stable performance
across all gap settings, consistently outperforming the uni-
form baseline. Even when the fitting interval is as large
as 500 training steps, the method maintains competitive
perplexity, demonstrating robustness. These results justify
using a larger fitting gap in practice to balance performance.
Hyperparameter study on (1, s). Figure 12 demonstrates
that LLR, with (1, s) settings of (1, 2), (1, 3), (1, 4) and (1,
5), consistently surpasses the Uniform baseline across all
experiments, with stable gains across schedules, highlight-
ing its robustness and insensitivity to reasonable variations
in s.
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Figure 13. Comparison of ESD distributions across layers of
LLaMa-135M under different training methods (LLR: Perplex-
ity=17.03 vs. Uniform: Perplexity=17.86). Attention-related
layers (e.g., att.q, att.k) exhibit notably heavier spectral tails in
contrast to FEN-associated layers. Our method systematically bal-
ances the heavy-tailed properties across layers by appropriately
configuring layer-wise LR, thereby enhancing overall model per-
formance.

C. Spectral Feature Analysis of LLR

To understand the structural impact of our proposed method
on the model weights, we analyze the ESD plot of the layer-
wise correlation matrices. Figure 13 presents a comparative
visualization of the spectral distributions for the LLaMa-
135M model trained with LLR versus the Uniform baseline.

The plots illustrate the distribution of eigenvalues on a log-
log scale, where the slope of the tail relates to the PL ex-
ponent o. A smaller « indicates a "heavier” tail, which is
theoretically associated with better generalization capabili-
ties in deep networks.

Comparing the two methods, we observe distinct spectral
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Figure 14. Evolution of PL_Alpha_Hill distributions from
weights of LLaMa-135M components across iterations during
pre-training on the Fineweb dataset, trained by AdamW with uni-
form LR.

behaviors:

* Layer Heterogeneity: Attention-related layers (e.g.,
att.Q, att.K) naturally exhibit heavier tails com-
pared to FFN layers, suggesting different intrinsic reg-
ularization needs.

¢ Effect of LLR: The LLR method (shown in red) sys-
tematically shifts the spectral distributions compared
to the Uniform baseline (shown in blue). For in-
stance, in the att .V layer, LLR results in a heavier
tail (o = 1.68) compared to Uniform (o = 2.01).

This modulation of spectral shapes demonstrates that LLR
does not merely scale the weights but fundamentally alters
the optimization trajectory, leading to a weight configuration
that generalizes better (Perplexity: 17.03) than the Uniform
approach (Perplexity: 17.86).

We further examine the evolution of spectral features across
different components during the pre-training phase.

As illustrated in Figure 14, there is a significant heterogene-
ity in the PL_Alpha_Hill values among different layers.
Specifically, attention-related components (e.g., Att . q/Xk,
Att .v/o) consistently exhibit lower PL,_Alpha_Hill
values compared to FFN layers and Embeddings through-
out the training iterations (from ¢ = 1 to ¢ = 5200). This
persistent disparity indicates that different components have
distinct capacities and learning dynamics, thereby justifying
the necessity of the LLR strategy to assign layer-specific
learning rates rather than a uniform global learning rate.
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Table 19. Performance and Layer-wise Alpha Stability of LLR

under Different LRs.
Model LR 0.002 0.001 0.0007 0.0005 0.0003
13sm  Uniform 18.1(0.32) 17.9(033) 18.8(0.34) 19.6(0.35) 22.1(037)
* LLR 17.5(0.28)  17.0(0.25) 17.3(0.32) 17.6(0.30)  18.5(0.27)
LR 0.001 0.0008 0.0006 0.0004 0.0002
5o Uniform  13.0(030) 1290029) 132(0.28) 13.6(030) 14.6(0.32)

LLR 12.7(0.28)  12.6(0.27) 12.8(0.25) 13.3(0.29) 13.6(0.30)

To analyze the effect of LLR on the inter-layer variability
of alpha values, Table 19 report both PPL and the standard
deviation of alpha across layers. Across all LR settings,
LLR consistently achieves lower PPL and smaller layer-
wise alpha standard deviations than Uniform, demonstrating
improved performance, stability, and robustness. For larger-
scale models, LLR also reduces PPL from 9.77 to 9.60
and alpha standard deviation from 0.28 to 0.25 on LLaMa-
1B(refer to Table 2), and reduces PPL from 9.02 to 8.86 and
alpha standard deviation from 0.29 to 0.26 on LLaMa-3B
(refer to Table 4).
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