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Proximal-Based Generative Modeling for Bayesian Inverse Problems
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Abstract

Score-based diffusion models demonstrate su-
perior performance in generative tasks but en-
counter fundamental bottlenecks in inverse prob-
lems due to the analytical intractability of the
time-dependent likelihood score. To bridge this
gap, we propose a novel proximal-based genera-
tive modeling (PGM) framework that rigorously
circumvents explicit likelihood evaluation. Our
framework is built upon a theoretical equivalence
between Gaussian convolution in diffusion pro-
cesses and Moreau-Yosida regularization in nons-
mooth optimization. This enables a new sampling
mechanism driven by the proposed Moreau score,
which admits a closed-form expression via proxi-
mal operators. Moreover, we introduce Moreau
score matching to learn the proximal operators
that rely solely on samples drawn from the prior
distribution. Theoretically, PGM eliminates the
early-stopping bias inherent in the score-based
diffusion model and achieves non-asymptotic con-
vergence. Experiments demonstrate that PGM
significantly surpasses state-of-the-art methods in
reconstruction quality and sampling time.

1. Introduction

Inverse problems entail the estimation of an unknown sig-
nal of interest, z € R?, from observed measurement data,
y € R™. These problems are ubiquitous in signal process-
ing (Tropp & Wright, 2010; Ma et al., 2018; Hu et al., 2020;
Zhang et al., 2023), computational imaging (Jin et al., 2017,
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Bertero et al., 2021; Daras et al., 2024), and communica-
tions (Soltani et al., 2019; Yu et al., 2022; Liu et al., 2024).
From a Bayesian perspective, solving an inverse problem is
equivalent to sampling from a posterior distribution of the
composite form (Mou et al., 2022; Renaud et al., 2025):

m(@) o exp {~U(@)} with U(=) = Bf, (@) +g(x), (1)

where 3 is a hyperparameter, f,(x) represents the data
fidelity derived from the likelihood p(y|x) and g(x) repre-
sents the prior derived from p(a) which may be nonsmooth.

To address the Bayesian inverse problem, two pri-
mary methodological paradigms have been developed:
optimization-based methods (Haber et al., 2000; Afonso
et al., 2010; Ye et al., 2019) and sampling-based methods
(Stuart, 2010; Knapik et al., 2011; Ehrhardt et al., 2024; Ja-
nati et al., 2025; Habring et al., 2026). Optimization-based
methods seek to reconstruct the unknown signal by identi-
fying the most likely one under the posterior distribution,
which leads to the maximum a posteriori (MAP) estimator.
Although optimization-based methods provide a single point
estimate, they do not capture the full structure of the pos-
terior distribution, and thus may fail to reflect uncertainty.
In contrast, sampling-based methods aim to generate a col-
lection of samples from the posterior distribution, enabling
principled uncertainty quantification.

Sampling from such complex, high-dimensional distribu-
tions remains a fundamental challenge (Welling & Teh,
2011; Xuetal., 2018; Song et al., 2020). Traditional Markov
chain Monte Carlo (MCMC) methods, such as the unad-
justed Langevin algorithm (ULA) (Durmus & Moulines,
2017) and the Metropolis-adjusted Langevin algorithm
(MALA) (Roberts & Tweedie, 1996), offer theoretical guar-
antees for smooth distributions (Ma et al., 2019). While re-
cent advances in proximal (Pereyra, 2016; Salim et al., 2019;
Pillai, 2024) and mirror Langevin dynamics (Hsieh et al.,
2018; Ahn & Chewi, 2021) have extended these capabili-
ties to nonsmooth settings, they rely on explicit knowledge
of the potential functions. In the literature, the traditional
approach of using hand-crafted, explicit priors is slowly
being replaced by rich, learned priors (Kingma & Welling,
2013; Goodfellow et al., 2014; Ho et al., 2020; Chung et al.,
2022a). Despite their strong ability to approximate complex
prior distributions, these learned implicit priors make it hard
to generate samples from the posterior distribution.
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Figure 1. A sketch map for PGM. Training phase: a proximal splitting is applied to provide an approximation of the Moreau score,
where a network is trained to learn the proximal operator in an unsupervised manner. Sampling phase: the traditional score function is
replaced by the Moreau score, which admits an explicit, smooth, and asymptotically equivalent formulation via proximal operators.

Recent years have witnessed considerable interest in leverag-
ing diffusion models as structural priors for solving inverse
problems (Chung et al., 2022a; Song et al., 2023a; Mardani
et al., 2023; Alkhouri et al., 2024; Chang et al., 2025; Zhang
et al., 2026; Habring et al., 2026; Yuan et al., 2026). The
emergence of score-based diffusion models has marked a
paradigm shift, demonstrating the ability to learn generative
models directly from data without requiring an explicit ana-
lytical form of the target density (Ho et al., 2020; Song et al.,
2020). By estimating the score function via denoising score
matching and simulating reverse-time stochastic differential
equations (SDEs), these methods have achieved state-of-the-
art performance in image generation (Dhariwal & Nichol,
2021; Rombach et al., 2022; Song et al., 2023a; Tolooshams
et al., 2025). Despite this success, applying diffusion mod-
els to Bayesian inverse problems remains challenging in
practice, due to the difficulty of accurately estimating the
time-dependent posterior score V log p;(x;|y) Meng &
Kabashima, 2022; Kawar et al., 2022). As a direct exten-
sion, conditional diffusion models explicitly train a score
network architecture sg(x4,t,y) to learn the conditional
score Vg logpi(x,|y) with paired training data (Saharia
et al., 2022a;b).

To enhance the generalizability and reduce training costs,
zero-shot methods modify the sampling trajectory to enforce
measurement consistency, without requiring any retraining
or fine-tuning of the score network parameters. Specifically,
by Bayes’ rule,

Vi logpi(xi) + Va log p(ylx:), (2)
log-likelihood

Valogp(xi|y) =

prior score

where the time-dependent log-likelihood V. log p(y|x:)
generally lacks a closed-form expression. Numerous studies
have focused on approximating this intractable term (Song
et al., 2023b; Yu et al., 2023; Li & Wang, 2025). For lin-
ear inverse problems, subspace and null-space projection
is applied to modify the sampling trajectory by forcing the
intermediate sample to directly satisfy the measurement con-
sistency (Lugmayr et al., 2022; Kawar et al., 2022; Wang
et al., 2022; Zirvi et al., 2025). For nonlinear inverse prob-
lems, a series of approximations on p(xg|x;) is applied
to obtain the time-dependent log-likelihood (Chung et al.,
2022a; Song et al., 2023b; Boys et al., 2023; Wu et al.,
2024a; Xu et al., 2025). However, these approximations
require expensive iterative computations during sampling
and lack theoretical convergence guarantees.

For Bayesian inverse problems, the primary objective is to
efficiently and accurately sample from the posterior distri-
bution 7 (). This goal does not necessarily require using
the time-dependent posterior score in the reverse-time SDE.
A natural and fundamental question therefore arises:

Can we construct an alternative score function that replaces
the time-dependent posterior score while still guaranteeing
correct sampling from the posterior distribution?

Motivated by proximal-based sampling methods, we de-
velop a new generative modeling paradigm, a novel
proximal-based generative modeling (PGM) framework,
that bypasses the computation of the intractable time-
dependent likelihood term.

Our contributions are threefold:
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* A novel framework of bridging optimization and
diffusion. We establish a rigorous theoretical con-
nection between the posterior score and the proposed
Moreau score. Leveraging this relationship, we intro-
duce a proximal-based generative modeling and de-
rive a new reverse-time SDE driven explicitly by the
Moreau score, which admits a closed-form expression
via proximal operators and can be evaluated efficiently.

* Unsupervised Moreau score matching. We introduce
Moreau score matching, a training objective that learns
the Moreau score for unknown priors in a completely
unsupervised manner. Once the proximal operator is
learned, it can be used as a pre-trained operator for
any sampling processes or further fine-tuning. This
allows us to perform posterior sampling via proximal
diffusion sampling, unifying score-based generative
modeling with proximal Langevin dynamics.

* Improved theoretical and experimental results. We
extend classical convergence results for diffusion mod-
els to the context of solving inverse problems. Notably,
our convergence guarantees are stronger, as they suc-
cessfully eliminate the early-stopping error based on
the properties of the Moreau approximation. Extensive
experiments demonstrate that PGM consistently out-
performs state-of-the-art methods in generation quality,
memory consumption, and sampling time.

2. Background
2.1. Score-Based Diffusion Models

We begin with a brief review of score-based diffusion mod-
els (Song et al., 2020). The forward process progressively
perturbs data into noise via Gaussian kernels, a transforma-
tion described by the SDE of the following form:

dz;” = a(t)z; dt + b(t)dB,, 3)

where B; denotes a standard Wiener process. The goal of
diffusion models is to learn the corresponding reverse SDE,
which takes the form

de; = {a(t)zf — b (t)V log pi(zy) } dt + b(t)dBy,
“)
where dB; is a reverse-time Wiener process and
V log pi(a;) is the score function. In practice, the score is
approximated by a neural network sg(x, t) with parameters
0, trained via denoising score matching (Vincent, 2011):

0" = argeminE [Hsa(mht) — Vlogpt($t|w0)||§] v (5)

where the expectation is taken over ¢t ~ U[0,T], xs ~
p(xi|xo), and &y ~ po(xp). Given a trained score model,
the reverse-time SDE is simulated with standard numerical
solvers (e.g., Euler—Maruyama) to generate samples.

2.2. Diffusion Models for Inverse Problems

Consider a given measurement y € R™ of the form
y=Alx)+¢§ (©)

where A : R — R™ denotes a forward measurement
operator, z € R? is an unknown signal, and £ ~ N(0, Jf[ )
is the additive Gaussian noise.

If A is a linear operator, it can be represented by a mea-
surement matrix A € R™*?, The forward model becomes
y = Ax + £. If A is a nonlinear function, the Jacobian
V. A(x) depends on the state . In nearly all practical sce-
narios, m < d (fewer measurements than pixels) or .4 has
a nontrivial null-space. The problem is severely ill-posed,
meaning the pseudo-inverse solution is either nonunique
or wildly unstable to noise. Therefore, a prior is usually
needed to constrain the solution.

Diffusion models can be adapted to solve such inverse prob-
lems by replacing the unconditional score in (4) with the
posterior score V log p;(x+|y). For notational convenience,
we denote 7y (x;) := pi(x¢|y) as the time-dependent con-
ditional distribution. As shown in (2), the posterior score
V log 7 () decomposes into a time-dependent prior score
V log p¢ () that can be efficiently estimated via denoising
score matching (5) and a time-dependent likelihood term

Vologp(yle) = [ pluleop(eoledzo, )

whose evaluation constitutes the main technical challenge.

Numerous studies have sought to approximate this in-
tractable time-dependent likelihood term (7). For Gaussian
linear inverse problems, diffusion posterior sampling (DPS)
(Chung et al., 2022a) adopts the likelihood approximation
p(yle) = N(Azo(x), 021), where & () denotes a pos-
terior mean estimator. However, this Dirac delta approxi-
mation of p(x|x;) fundamentally biases the sampling dis-
tribution, pulling it away from the true Bayesian posterior.
To obtain a better approximation, pseudoinverse-guided dif-
fusion models (IIGDM) (Song et al., 2023b) and Tweedie
moment projected diffusion (TMPD) (Boys et al., 2023)
leverage higher order information and obtain statistically
principled approximations. This term acts as a force vector,
gently pushing the unconditional SDE updates toward the
measurement manifold based on the residual error.

However, these DPS-family approaches require backprop-
agation through a pre-trained model, making it computa-
tionally demanding and memory intensive. Numerous more
advanced techniques such as plug-and-play methods, have
since emerged, which do not require backpropagation (Wang
et al., 2022; Zhu et al., 2023; Mardani et al., 2023; Wu et al.,
2024a; Dou et al., 2025; Zhang et al., 2025a). A detailed
discussion on recent works for solving inverse problems
with diffusion models is provided in Appendix A.
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2.3. Proximal Unadjusted Langevin Algorithm

Sampling algorithms play an increasingly important role
in tackling Bayesian inverse problems (1). Among them,
proximal methods provide a principled way to handle non-
smooth posterior potentials. In this subsection, we review
the proximal unadjusted Langevin algorithm (P-ULA) and
its connection to Moreau—Yosida regularization.

As the potential in (1) has a nonsmooth term g, we exploit
smoothing techniques from optimization theory to tackle
this challenge. For a proper, closed, convex function g :
R? — R U {+00}, its proximal operator is defined as:

1
Prox;‘(a:) = arg min {g(u) + ﬁHu - wQ} , ®

u€cRd

where A > 0 is a proximal parameter. The Moreau-Yosida
regularization (also known as Moreau envelope) (Durmus
et al., 2022) of ¢ is defined as:

o I
g(w)iréﬁg{g(u)‘ir%u w} ©)

It can be shown that the gradient of ¢* is connected to the
proximal operator via the relation

Vot (z) = A\ Ha - Prox;‘(w)). (10)

This relation enables the optimization of nonsmooth func-
tions with gradient-based methods, provided access to their
proximal operator. Further properties of the Moreau enve-
lope are detailed in Appendix C.

To handle a potentially nonsmooth term g, one can consider
its Moreau envelope ¢g* and the surrogate distribution

u—x 2
po(x) o< sup {po(U)eXP{”M}},
u€eR4

which is smooth for any A > 0 and converges to the original
target pg as A — 0. A standard sampling method for such
smooth surrogates is the P-ULA (Pereyra, 2016), which
iterates as follows:

Tht1 ::ck—i—éVlogp{}(a:k)—&-\/%Ek, (11

where § > 0 is the stepsize and &5, ~ N (0, I).

Although this approach provides a principled mechanism
for sampling from the target distribution 7 (), it requires
evaluating V log py), i.e., explicit access to the target density.
In many practical applications, however, one only has access
to samples from the target distribution of P-ULA. Notably,
from the perspective of score-based modeling, (11) can be
viewed as employing an alternative Moreau score function
V log p} () to replace the original score V log po ().

3. Proximal-Based Generative Modeling

In this section, we introduce a novel proximal-based gener-
ative modeling framework for inverse problems. Our core
idea is to substitute the traditional score function in the
reverse-time SDE with the Moreau score, thereby admitting
an explicit, smooth, and asymptotically equivalent formula-
tion.

3.1. Motivation: Moreau-Yosida—Gaussian Equivalence

To motivate our approach, we start with the VE-SDE for-
ward process defined in (3), which yields

x; = o + V/A(t) &,

where o ~ 7 and 7 is defined in (1). The corresponding
marginal density is

(@) o /Rd m(xo) exp {—

which means a Gaussian convolution of the target density.

StNN(()?I)v (12)

o — a4

D) }dwo, (13)

In parallel, we define the Moreau approximation of 7 as

7r)‘(:ct) o« sup {W(:Eo) exp {_HwO—th }} (14)

; .
xoERY 2>\(t)

The following lemma demonstrates that, for quadratic po-

tentials, these two constructions are equivalent.

Lemma 3.1. Let w(x) o< exp{—U(x)}, where U is a posi-
tive semidefinite quadratic function. Then for any A(t) > 0,
we have

T (@) o (). (15)

Lemma 3.1 provides an optimization perspective on Gaus-
sian noising: in the quadratic case, adding Gaussian noise
(convolution) is equivalent, up to a normalization constant,
to applying Moreau—Yosida regularization.

Inspired by this equivalence, we replace the traditional Stein
score V log () in the reverse-time dynamics with the
Moreau score V log 7 (). This yields the reverse SDE:

dei = { —b*(t)Viogm} (xi)} dt +b(t) dB;. (16)
Using (1) and (10), the Moreau score admits the closed form

Proxg(t) (xy) — ¢

Vlog () = O
where the proximal operator is defined by
Prox™® (3. — are mi lzo — @
roxX;; (%) = argmin {U(mo) + 7}
2o CRY 2A(t) (18)

|
— argmin { 87, (@) + glao) + 120 FI0Y,
xo R
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This constructs an alternative score function that replaces
the time-dependent posterior score while still guaranteeing
correct sampling from the posterior distribution. This pro-
vides the key intuition behind our approach and establishes
a direct connection to score-based diffusion models.

Under the inverse model (6), we have fy(x) =
—logp(y|x) and g(x) = —logp(x). Then the objective
in (18) can be reformulated as

A(t)

Prox;, " (x;) = arg max {log p(y|xo) + log p(xo|x:)}
xoER
= argmax log p(wola, y), (19)
xR

where the last equality follows from the conditional inde-
pendence of y and x; given x(. Substituting (19) into (17)
reveals a key advantage: in contrast to the conditional score
defined in (2), the proposed Moreau score avoids evaluating
the time-dependent likelihood term log p(y|x:).

We now quantify the discrepancy between the traditional
score V log 7 () and the Moreau score V log 7 (x;).

Proposition 3.2. Let x; be generated by (12), and let g
and y satisfy the inverse model (6).

(1) If the posterior p(xg|x:, y) is symmetric unimodal, then
Vlog mi(x;) = Vlog 7 (x¢).

(2) If fy is convex, then
HVIog (@) — VlOthA(wt)H <
In particular, if f,, is m-strongly convex, then

2d
[V log mi(x:) — Vlog i ()| < BmA2(t) + A(t)

Further, the discrepancy vanishes as 8 — oc.

Proposition 3.2 states that the Moreau score yields a com-
putationally tractable and well controlled approximation
to the traditional score. A generalized discussion of the
Moreau-Yosida-Gaussian equivalence and the properties of
the Moreau score is provided in Appendix D.

3.2. Moreau Score Matching

To sample from the target distribution 7 via the reverse
SDE (16), the Moreau score (17) is required. In this subsec-
tion, we introduce a Moreau score matching procedure to
compute this quantity.

Recall from (1) that U (x) = S fy(x) + g(x), where fy(x)
is derived from the likelihood and is assumed known for

any given measurement y. A standard proximal splitting for
Prox?ft) (x4) gives (Condat et al., 2023):

Proxg(t) (xy) =~ Prox;‘(t)(mt — BAO)V fy(xy)).  (20)
Since g is unknown, the proximal operator Proxg(t) is un-
available, which forces us to learn this operator from data
in an unsupervised mechanism. Notably, this only requires
samples generated from the prior p(xg) x exp {—g(xo)},
rather than the posterior 7w. A detailed characterization of
the proximal splitting is provided in Appendix E.2.

We now turn to the computation of the proximal operator
appearing in the Moreau score (17). As shown in (12), the
transition kernel is

. 2
Pl 2o) o< exp {—W} . @1)

Substituting (21) and prior p(x) into the definition of the
proximal operator in (8) yields

Prox;‘(t)(wt) = argmax p(xg|xs). (22)
xoER

This implies that the proximal operator is equivalent to
the maximum a posteriori (MAP) estimator of xy given
Gaussian corrupted observation x; (Fang et al., 2023).

From the viewpoint of Bayesian decision theory, the MAP
estimator is also obtained by minimizing the Bayes risk
under sharply concentrated loss functions. Concretely, let
do(xy, A(t)), which is parameterized by 6, be an estimator
of . For any ( > 0, we measure the discrepancy between
o and its estimator using the loss function:

diste(z,2') = 1 — N(z — 2';0,¢*I).

We proceed under the following regularity conditions:

Assumption 3.3 (Properties of potential). The function f,
is proper, closed, L-smooth, and m-strongly convex with
m > 0. The function g is convex with compact domain X.

We now present the optimality result, identifying the MAP
estimator as the minimizer of a specific Bayes risk.

Proposition 3.4. Under Assumption 3.3, let x; be generated
by (12). Consider the parameter 8* that minimizes the
limiting Bayes risk:

0" = argmin lim E [dist; (pg (¢, A(2)), x0)], (23)
0 ¢—0

where the expectation is taken over ¢t ~ U[0,T], g ~
exp{—g(xo)}, and x; ~ p(x¢|xo). Then, we have

Po-(x¢, \(t)) = argmax p(zo|x:) = Proxg“)(:ct)-
xoER?
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A detailed proof of Proposition 3.4 is provided in Appendix
E. Notably, Proposition 3.4 indicates that the proximal oper-
ator Proxg(t) (z¢) can be approximated with ¢~ (¢, A(%))
by solving the optimization problem (23).

Substituting this result back into the splitting (20), we obtain
an explicit, tractable formulation for the Moreau score:

Vlogm(m) ~ 2@ ﬁA(t)Avéf;,(m, A(t) — @

This enables the execution of reverse dynamics (16) to ef-
fectively generate samples from the target posterior 7(x) o
exp{—U(x)}. After training, the learned proximal opera-
tor ¢g« (1, A(t)) can be used as a pre-trained operator for
any sampling processes or further fine-tuning, following
the zero-shot posterior sampling paradigm like score-based
diffusion models. Further, it can also serve as a plug-and-
play prior, replacing classical mathematical denoisers in
optimization and sampling literature.

In Section 4, we will discuss the error between the tradi-
tional score and the Moreau score.
3.3. Generalized Proximal Diffusion Sampling

The above Moreau score (14) is based on the VE-SDE for-
ward process (12). To sample from (1), we extend the
Moreau score to a general forward process (3), and then
provide the proximal diffusion sampling process. Consider

Ty = ,u(t)ilio + a(t)ﬁt, €t ~ N(O, ]), (24)

) =exp{ | t als)ds).
o?(t) = /Ot b2(s)exp{2/:a(r)dr} ds.

We consider the reverse-time model

where

dzi = {a(t)xi — b*(t)Vieg ) (zf )} dt + b(t)dB,
(25)
where the generalized surrogate distribution is defined by

e x s {ateoyen {120 2O

o €Rd

and the time-varying parameter

t
AO = a*(0)/1(0) = [ ¥ (6)/i (s)ds,
0
Then the generalized Moreau score function is given by

p(t)Prox; ") (@ /(1)) — @

vlogﬂ-t)\(wt) = 0'2(t)

(26)

Algorithm 1 Proximal-Based Generative Modeling

Require: Realizations {()}Y: ~ exp{—g}, objective
fu» inverse temperature (3, proximal schedule \(¢), dif-
fusion schedule 4(t), learning schedule {Cgpoch }-

Ensure: Sample x ~ exp {— [3fy(x) + g(x)]}.

1: (Training Phase: Moreau Score Matching)
2: Initialize proximal network ¢g(x, \).
3: for Epoch = 1 to MaxEpoch do

4:  Sample xy ~ exp{—g(x)},t € U[0,T].

5:  Generate x;|zo ~ N(0, \(¢)I).

6:  Take stochastic gradient descent on (23).

7: end for

8: (Sampling Phase: Proximal Diffusion Sampling)

9: Initialize &y ~ pr.

10: for k =0to K do

11:  Calculate P, with (28) and coefficients with (29).

12:  Update &1 with (27).

13: end for

14: Return Sample € = T x .

Compared with the original Moreau score in (17), the gener-
alized expression in (26) involves a rescaling of the proximal
input by 1/4(t) and substitutes the denominator with o2 (t).

Following the splitting (20) and Proposition 3.4, we use
a proximal network ¢g(x:, A(t)) to approximate the real
proximal Prox;]\(t). The network parameter 6 is learned by
solving the optimization problem (23) via stochastic gradi-
ent descent, using samples drawn from ¢ ~ U[0, T, xq ~
exp{—g(xo)}, and ;|xo ~ N (0, A(t)]).

Substituting (26) into (25), the corresponding reverse pro-
cess is given by (RP) at the top of the next page. To nu-
merically simulate this process, we employ an exponential
interpolation discretization (Zhang & Chen, 2022), which
leads to the following proximal diffusion sampling iteration:

Tpt1 = a1, T + 02 1 Py + a3 €k, 27
where &, ~ N(0,1), 7, = T — ty,

Lk

(k)

> ’)\(Tk)> ;
(28)

Fie = do- (M(Tk)

and the coefficients

— BV (

aq K

_ Am)pme) _ Amke1)
FT T N () H(m1) (1 )

A(7Tk)

A(Th+1)

. 2
) 29

gk = w(Try1) VA Tr1 )y 1 —

A detailed analysis of the sampling process and discretiza-
tion error is provided in Appendix G. Finally, the complete
PGM framework is summarized in Algorithm 1.



Proximal-Based Generative Modeling for Bayesian Inverse Problems

GO
R

—
de;, =

4. Theoretical Results

In this section, we present quantitative bound on the
Wasserstein-1 distance between the target distribution and
the generated distribution induced by the proposed PGM.
We begin by stating our main assumptions.

Assumption 4.1. We assume the following conditions hold:

1. (Bounded schedule) The diffusion schedule u(t) €
[0,1] is nonincreasing and m, < |Vlogu(t)] <
M,, < 1/2. Moreover, A(t) € [0, 2] is nondecreas-
ingand 1 <my < |VlegA(t)| < M.

2. (Bounded stepsize) 6 := supy, {tk+1 — tr} < 00.

The first condition controls the growth of the coefficients in
(29) and is satisfied by practical SDEs (e.g., VE-SDE and
VP-SDE). The second condition provides a uniform upper
bound on the stepsize and the relation 7' < K4, which
helps control the discretization error. These assumptions are
standard for analyzing the convergence of diffusion models
(Lee et al., 2022; Li et al., 2024a; Xu et al., 2026).

Next, we first bound the discrepancy between the approxi-
mated Moreau score and the true score function.

Proposition 4.2. Under Assumptions 3.3, consider the dif-
fusion process (3). Denote

Tt Tt
P, =¢g- | — — LAV fy(—=), A(t) | . 30
= do- (5 - OV A0) . G0)
Then there exists M > 0 such that
)P —= M (1 + [[z])
vagm(wt)— £ 20 2a - O

Proposition 4.2 provides an upper bound on the score estima-
tion error, which consists of two components: the proximal
splitting error and the gap between the true score and the
Moreau score. Both of them can be bounded with standard
optimization techniques and the discrepancy from Proposi-
tion 3.2, respectively.

Let Law (&) = 7o Rk denote the distribution of &y in
(27), where &y ~ 7o = limy,o Law(x;”) and Ry
is the transition kernel associated with p(Zx|Zo). De-
fine the diameter of the constraint set as diam(X) =
sup {||x — «'| : @, x’ € X}. We then present the follow-
ing non-asymptotic convergence result.

Theorem 4.3. Under Assumption 3.3 and 4.1, for suffi-
ciently large T, there exist Dy, D5, D3 such that

Wi (Law(Z ), m) < Dy exp [-m,T]| + DM + D561/2,

Zj(t; — BA)V £y (mf> ,A(t)) } dt + b(t)dB;. (RP)

p(t)

Forward Diffusion Process Truncated Error

t=T

t >

Early-Stopping Error Score Diffusion Sampling
( J
Y

Proximal Diffusion Sampling
Figure 2. Sampling error decomposition.
where

Dy = W,(Vd + diam(X)),

.9
Dy = (1 + WA (dlam WMA)) Wi,

m)\—MM
diam?(X) M),
Dy=11 i (A i}
3 (+We)\ ( n — M, ))(Wf—FWH),

with some bounded constants W, Wy, W, Wy .

It is worth noting that the error W, (Law (& ), ) vanishes
asT — oo, M — 0, and § — 0. Consequently, Theorem
4.3 extends classical convergence results for diffusion mod-
els (De Bortoli, 2022; Khalafi et al., 2024; Li et al., 2024b)
to the context of solving inverse problems. Notably, our
convergence guarantees are stronger, as they eliminate the
early-stopping error of order O(1/€), which corresponds to
the deviation between the green coverage region ¢t € [e, 00)
and the blue arrow region t € [0,00) in Figure 2. It typ-
ically arises from partitioning the sampling interval into
[0, €] and [e, T'] to address nonsmoothness near t = 0. As ¢
approaches zero, the true score V log 7 () diverges, cre-
ating a singularity that must be avoided. In our framework,
this issue is naturally resolved by replacing the true score
with the well-defined Moreau score V log ) (x;).

Theorem 4.3 provides the convergence of Algorithm 1,
building a theoretical basis for the superior performance
in some scenarios. However, the theoretical results are
established mainly under convexity-type assumptions for
analytical tractability, whereas the real-world problems in-
volve more complex and generally nonconvex settings in
practical scenarios. In Section 5, we execute experiments
to validate our theoretical results with synthetic data and
show practical performance with real-world datasets when
assumptions are violated. In future work, we will extend
our PGM framework and theoretical results to more general
nonconvex settings.
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Figure 3. Sampling from truncated normal distribution. Score-based methods (a) DDPM and (b) Projected diffusion model fail to
handle constraint. Proximal-based methods (c) proximal Langevin and (d) PGM (Our) perform better. PGM achieves better feasibility

(inside-ratio= 98.45%) and optimality (peak at z = —0.02).

5. Experiments

In this section, we validate the practical performance of
PGM through two experiments. To highlight the signifi-
cance of the theoretical results, we test a toy example on
quadratic programming. Further, to validate practical per-
formance of PGM with real-world datasets, we apply PGM
to inverse problems across four image restoration tasks:
super-resolution, random inpainting, Gaussian deblurring,
and nonlinear deblurring. Models are trained on the FFHQ
(Kazemi & Sullivan, 2014), CelebA-HQ (Liu et al., 2015),
and LSUN-Bedroom (Yu et al., 2015) datasets.

Additional implementation details and extended results
are provided in Appendix B. Our code is available at
https://github.com/boyangzhang2000/PGM.

5.1. Toy Example: Quadratic Programming

Consider the constrained quadratic optimization problem:

: _ 1T T
min f(a:)—izc Az +b'x

st. zeX 2 {x:||z|s <7},

(32)

where A, b,r are hyperparameters. This corresponds to
sampling from 7(x) < exp {—Sf(x)} Ly ().

To illustrate PGM’s superiority in handling constraints, we
first visualize sampling from truncated Gaussian 7(x)
N(0,1)I;_q 1) where A = I,b = 0,r = 1. Under these
settings, both traditional score and Moreau score (26) can be
calculated explicitly. The methods for comparison include
DDPM (Ho et al., 2020) and projected diffusion model
(Christopher et al., 2024), together with proximal-based
methods such as proximal Langevin (Pereyra, 2016) and
PGM. Results are evaluated with feasibility, i.e., the propor-
tion of samples satisfying the constraint (inside-ratio), and
the optimality, i.e., the peak of the sampling distribution.

As shown in Figure 3, DDPM degrades in performance
significantly due to the early-stopping error (see Fig.2). Pro-
jected diffusion model disrupts the structure of distribu-
tion and causes peaks at the boundary {—1,1}. Proximal
Langevin has better convergent performance, yet suffers
from long mixing time. In contrast, PGM recovers the target

Table 1. Feasibility evaluation with various K.

10000 PGM samples, 5 = 10
K=0 K=1 K=5 K=10 K=2
0.00% 743% 9743% 99.61% 99.73%

Metric

Feasibility

Table 2. Optimality and feasibility evaluation with various 3.

10000 PGM samples, K = 10

Metric
=0 B=01 B=1 B=2 B=10
Optimality  0.2365  0.2094  0.0701  0.0438  0.0164
Feasibility 99.90% 99.88% 99.78% 99.66% 99.61%

fast and achieves better feasibility and optimality.

To validate the effect of Moreau score matching, we ran-
domly choose A, b, r and generate realizations uniformly
from X for training. In sampling processes, we vary the
number of iterations K and evaluate the feasibility rate.
Based on the results in Table 1, as K increases, the sample
distribution rapidly converges towards the constraint set,
and the feasibility rate ultimately approaches 1. This is
consistent with the convergence result in Theorem 4.3.

Further, we test the influence of the inverse temperature 3
and calculate the optimality gap, i.e., the difference between
the sample objective and the true optimum. Results in Table
2 indicate that as [ increases, the target distribution 7 ()
will concentrate around the optimal solution of the prob-
lem, which causes the samples to gradually approach the
constraint boundary and converge to the optimizer.

5.2. Memory and Sampling Efficiency

To demonstrate the efficiency of PGM, we monitored the
memory usage during the solution of an inverse problem,
and compared it with baseline methods. Table 3 reports
the memory usage for the FFHQ dataset. Although the
proposed PGM slightly increases the model size, it is signif-
icantly more efficient in terms of the memory usage because
it avoids backpropagation through the posterior mean esti-
mator. Moreover, PGM achieves a dramatic speedup in the
sampling time, completing in 4s compared to 36s for DPS,
representing a 9x improvement in speed.
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Table 3. Memory and sampling usage of different methods.

Table 5. Quantitative evaluation of samples for CelebA-HQ.

Dataset Method  # parameters Model size Total memory Sampling time
DPS 162,075,353 1953 MB 5369 MB 36s
DMPS 162,075,353 1953 MB 7168 MB 435
FFHQ PSLD 329,378,945 3969 MB 9485 MB 65s
ReSample 329,378,945 3969 MB 5009 MB 54s
PGM(Our) 221,673,987 2055 MB 4682 MB 4s

5.3. Quantitative Evaluation

We then present a comparative evaluation of human face re-
construction on the FFHQ and CelebA-HQ datasets. Results
are compared with state-of-the-art diffusion-based methods
including DPS (Chung et al., 2022a), manifold constrained
gradients (MCG) (Chung et al., 2022b), plug-and-play us-
ing ADMM (ADMM-PnP) (Ahmad et al., 2020), denois-
ing diffusion destoration models (DDRM) (Kawar et al.,
2022), diffusion model posterior sampling (DMPS) (Meng
& Kabashima, 2022), posterior sampling with latent diffu-
sion (PSLD) (Rout et al., 2023), and Resample (Song et al.,
2023a). The pixel level error (e.g., PSNR) and structure
error (including SSIM and LPIPS) are measured to show the
comparison results. For fair comparison, all methods use
similar network backbone and have similar memory usage.

The quantitative results on the FFHQ dataset, as presented
in Table 4, demonstrate the superior performance of PGM
across all three linear image restoration tasks. This con-
firms its excellent generalizability and robustness to differ-
ent types of image degradation problems. Further, PGM
achieves a superior trade-off between numerical fidelity and
perceptual similarity by simultaneously optimizing PSNR,
SSIM, and LPIPS.

Table 4. Quantitative evaluation of samples for FFHQ.

FFHQ Super resolution 4x Inpainting (random 70%) Gaussian deblurring
Method ~ PSNR1 SSIM{T LPIPS| PSNRT SSIMT LPIPS| PSNR{T SSIM?1 LPIPS |
DPS 2847 0793 0175 3232 0897 0106 2770 0774  0.169
MCG 2374 0673 0223 2480 0731 0.178 2533 0668 0371

ADMM-PnP  21.30 0.760 0.303 15.87 0.608 0.308 21.23 0.675 0.399
DDRM 27.51 0.753 0.257 24.97 0.680 0.287 26.51 0.702 0.299
DMPS 2721 0.766 0.181 28.17 0.814 0.150 26.04 0.699 0.227

Latent-DPS 24.65 0.609 0.344 27.08 0.727 0.270 25.98 0.704 0.258

PSLD-LDM  27.22 0.705 0.267 25.61 0.630 0.270 20.08 0.400 0.422

ReSample 28.90 0.804 0.164 31.34 0.890 0.099 28.73 0.794 0.201
PGM (Our) 29.82 0.956 0.158 3248 0.962 0.092 30.67 0.959 0.148

Results on the CelebA-HQ dataset in Table 5 further confirm
the superiority of PGM. It achieves consistent state-of-the-
art performance across all three restoration tasks, indicating
that its advantages are not data-specific but stem from funda-
mental strengths in the proposed proximal-based generative
modeling framework.

Consistent with previous results, the SSIM scores of PGM
on the FFHQ and CelebA-HQ datasets are exceptionally
high, i.e., all of the scores are above 0.95, approaching the
theoretical maximum of 1.0. This indicates that the restored
images are virtually indistinguishable from the ground truth

CelebA-HQ Super resolution 4x Inpainting (random 70%) Gaussian deblurring

Method ~ PSNRT SSIM{ LPIPS| PSNRT SSIMt LPIPS| PSNRT SSIM? LPIPS |
DPS 2841 0782 0173 3248 0899 0102 2836 0772 0175
MCG 2592 0740 0193 2953 0847 0134 1585 0536 0517

ADMM-PnP 2108 0.631 0.304 15.40 0.342 0.627 20.98 0.602 0.289
DDRM 29.49 0.817 0.151 27.69 0.798 0.166 26.88 0.747 0.193
DMPS 28.48 0.811 0.147 28.84 0.826 0.175 26.45 0.726 0.206

Latent-DPS 26.83 0.690 0.272 26.23 0.703 0.226 27.42 0.729 0.205

PSLD-LDM  27.61 0.704 0.209 27.07 0.689 0.260 24.21 0.548 0.323

ReSample 30.45 0.832 0.144 32.77 0.903 0.082 30.69 0.832 0.148

PGM (Our) 30.84 0.951 0.131 3341 0.960 0.076 3152 0.957 0.129

Measurement

Original

DPS Resample PGM

70% inpainting (random mask)

Figure 4. Visual samples for LSUN-Bedroom.

in terms of structural information—a crucial measure for
high-quality image restoration.

5.4. Visualizing Confirmation

To evaluate the cross-prior generalization capability of PGM,
we execute additional tests on the LSUN-Bedroom datasets.
Qualitative results on LSUN-Bedroom are displayed in Fig-
ure 4, visually confirming the model’s capability to generate
high-fidelity and natural-looking images.

6. Conclusion

In this paper, we have introduced PGM, a novel frame-
work that bridges proximal operators and generative model-
ing to address fundamental challenges in Bayesian inverse
problems. Built upon a theoretical equivalence between
Gaussian convolution and Moreau-Yosida regularization,
PGM enables a new pre-trained proximal diffusion sam-
pling mechanism driven by the proposed Moreau score.
We provide non-asymptotic convergence guarantees under
convexity and demonstrate state-of-the-art empirical perfor-
mance across multiple image restoration tasks. In summary,
PGM not only advances the theoretical understanding of
generative modeling but also offers a practical, efficient,
and highly effective tool for tackling inverse problems in
imaging and beyond.



Proximal-Based Generative Modeling for Bayesian Inverse Problems

Acknowledgements

The work of Boyang Zhang and Ya-Feng Liu was supported
in part by the National Key R&D Program of China under
Grant 2024YFA 1014203 and the National Natural Science
Foundation of China (NSFC) under Grant 12371314. The
work of Zhiguo Wang was supported in part by the NSFC
under Grant 12571503 and the Open Foundation of the
State Key Laboratory of Mathematical Sciences under Grant
SLMS-2025-KFKT-TD-02.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.

References

Afonso, M. V., Bioucas-Dias, J. M., and Figueiredo, M. A.
An augmented lagrangian approach to the constrained
optimization formulation of imaging inverse problems.
IEEE Transactions on Image Processing, 20(3):681-695,
2010.

Ahmad, R., Bouman, C. A., Buzzard, G. T., Chan, S., Liu, S.,
Reehorst, E. T., and Schniter, P. Plug-and-play methods
for magnetic resonance imaging: Using denoisers for
image recovery. IEEE Signal Processing Magazine, 37
(1):105-116, 2020.

Ahn, K. and Chewi, S. Efficient constrained sampling via
the mirror-langevin algorithm. Advances in Neural Infor-
mation Processing Systems, 34:28405-28418, 2021.

Alkhouri, I., Liang, S., Huang, C.-H., Dai, J., Qu, Q., Rav-
ishankar, S., and Wang, R. Sitcom: Step-wise triple-
consistent diffusion sampling for inverse problems. arXiv
preprint arXiv:2410.04479, 2024.

Benton, J., De Bortoli, V., Doucet, A., and Deligianni-
dis, G. Nearly d-linear convergence bounds for diffu-
sion models via stochastic localization. arXiv preprint
arXiv:2308.03686, 2023.

Bertero, M., Boccacci, P., and De Mol, C. Introduction to
Inverse Problems in Imaging. CRC Press, 2021.

Boys, B., Girolami, M., Pidstrigach, J., Reich, S., Mosca, A.,
and Akyildiz, O. D. Tweedie moment projected diffusions
for inverse problems. arXiv preprint arXiv:2310.06721,
2023.

Chang, J., Duan, C., Jiao, Y., Li, R., Yang, J. Z., and Yuan,
C. Provable diffusion posterior sampling for bayesian
inversion. arXiv preprint arXiv:2512.08022, 2025.

10

Chen, S., Chewi, S., Li, J,, Li, Y., Salim, A., and Zhang,
A. R. Sampling is as easy as learning the score: The-
ory for diffusion models with minimal data assumptions.
arXiv preprint arXiv:2209.11215, 2022.

Chen, S., Daras, G., and Dimakis, A. Restoration-
degradation beyond linear diffusions: A non-asymptotic
analysis for ddim-type samplers. In International Con-
ference on Machine Learning, pp. 4462-4484. PMLR,
2023.

Christopher, J. K., Baek, S., and Fioretto, N. Constrained
synthesis with projected diffusion models. Advances
in Neural Information Processing Systems, 37:89307—
89333, 2024.

Chung, H., Kim, J., McCann, M. T., Klasky, M. L., and Ye,
J. C. Diffusion posterior sampling for general noisy in-
verse problems. arXiv preprint arXiv:2209.14687, 2022a.

Chung, H., Sim, B., Ryu, D, and Ye, J. C. Improving
diffusion models for inverse problems using manifold
constraints. Advances in Neural Information Processing
Systems, 35:25683-25696, 2022b.

Condat, L., Kitahara, D., Contreras, A., and Hirabayashi, A.
Proximal splitting algorithms for convex optimization: A
tour of recent advances, with new twists. SIAM Review,
65(2):375-435, 2023.

Croitoru, F.-A., Hondru, V., Ionescu, R. T., and Shah, M.
Diffusion models in vision: A survey. [EEE Transac-
tions on Pattern Analysis and Machine Intelligence, 45
(9):10850-10869, 2023.

Daniel, T. and Tamar, A. Soft-introvae: Analyzing and
improving the introspective variational autoencoder. In
Proceedings of the IEEE/CVF Conference on Computer
Vision and Pattern Recognition, pp. 4391-4400, 2021.

Daras, G., Chung, H., Lai, C.-H., Mitsufuji, Y., Ye, J. C.,
Milanfar, P., Dimakis, A. G., and Delbracio, M. A survey
on diffusion models for inverse problems. arXiv preprint
arXiv:2410.00083, 2024.

De Bortoli, V. Convergence of denoising diffusion mod-
els under the manifold hypothesis. arXiv preprint
arXiv:2208.05314, 2022.

Del Moral, P. and Singh, S. S. Backward ito—ventzell and
stochastic interpolation formulae. Stochastic Processes
and their Applications, 154:197-250, 2022.

Dhariwal, P. and Nichol, A. Diffusion models beat gans
on image synthesis. Advances in Neural Information
Processing Systems, 34:8780-8794, 2021.



Proximal-Based Generative Modeling for Bayesian Inverse Problems

Dou, H., Li, Z., Du, J., Yang, L., Yao, W., and Deng, Y.
Hybrid regularization improves diffusion-based inverse
problem solving. In The Thirteenth International Confer-
ence on Learning Representations, 2025.

Durmus, A. and Moulines, E. Nonasymptotic convergence
analysis for the unadjusted langevin algorithm. The An-
nals of Applied Probability, 27(3):1551-1587, 2017.

Durmus, A., Moulines, E., and Pereyra, M. A proximal
markov chain monte carlo method for bayesian infer-
ence in imaging inverse problems: When langevin meets
moreau. SIAM Review, 64(4):991-1028, 2022.

Eckstein, J. and Bertsekas, D. P. On the douglas—rachford
splitting method and the proximal point algorithm for
maximal monotone operators. Mathematical Program-

ming, 55(1):293-318, 1992.

Efron, B. Tweedie’s formula and selection bias. Journal
of the American Statistical Association, 106(496):1602—
1614, 2011.

Ehrhardt, M. J., Kuger, L., and Schonlieb, C.-B. Proximal
langevin sampling with inexact proximal mapping. SIAM
Journal on Imaging Sciences, 17(3):1729-1760, 2024.

Fan, D., Meng, R., Xu, X,, Liu, Y., Nan, G., Feng, C., Han,
S., Gao, S., Xu, B., Niyato, D., et al. Generative diffusion
models for wireless networks: Fundamental, architecture,
and state-of-the-art. arXiv preprint arXiv:2507.16733,
2025.

Fang, Y., Wang, Z., Lu, Y., Zhang, Y., and Li, C. A deep-
onet joint neural tangent kernel hybrid framework for
physics-informed inverse source problems and robust im-
age reconstruction. arXiv preprint arXiv:2511.00338,
2025.

Fang, Z., Buchanan, S., and Sulam, J. What’s in a prior?
learned proximal networks for inverse problems. arXiv
preprint arXiv:2310.14344, 2023.

Fang, Z., Diaz, M., Buchanan, S., and Sulam, J. Beyond
scores: Proximal diffusion models. Advances in Neural
Information Processing Systems, 38:94483-94532, 2026.

Fontaine, X., De Bortoli, V., and Durmus, A. Convergence
rates and approximation results for sgd and its continuous-
time counterpart. In Conference on Learning Theory, pp.
1965-2058. PMLR, 2021.

Geyer, C. J. Practical markov chain monte carlo. Statistical
Science, pp. 473-483, 1992.

Goodfellow, I. J., Pouget-Abadie, J., Mirza, M., Xu, B.,
Warde-Farley, D., Ozair, S., Courville, A., and Bengio, Y.
Generative adversarial nets. Advances in Neural Informa-
tion Processing Systems, 27, 2014.

11

Gu, X., Yang, L., Sun, J., and Xu, Z. Optimal transport-
guided conditional score-based diffusion model. Ad-

vances in Neural Information Processing Systems, 36:
36540-36552, 2023.

Haber, E., Ascher, U. M., and Oldenburg, D. On optimiza-
tion techniques for solving nonlinear inverse problems.
Inverse Problems, 16(5):1263, 2000.

Habring, A., Falk, A., Zach, M., and Pock, T. Diffusion
at absolute zero: Langevin sampling using successive
moreau envelopes. SIAM Journal on Imaging Sciences,
19(1):35-77, 2026.

Ho, J., Jain, A., and Abbeel, P. Denoising diffusion proba-
bilistic models. Advances in Neural Information Process-
ing Systems, 33:6840-6851, 2020.

Ho, J., Saharia, C., Chan, W., Fleet, D. J., Norouzi, M.,
and Salimans, T. Cascaded diffusion models for high

fidelity image generation. Journal of Machine Learning
Research, 23(47):1-33, 2022.

Hsieh, Y.-P., Kavis, A., Rolland, P., and Cevher, V. Mirrored
langevin dynamics. Advances in Neural Information
Processing Systems, 31, 2018.

Hu, Q., Gao, F.,, Zhang, H., Jin, S., and Li, G. Y. Deep
learning for channel estimation: Interpretation, perfor-
mance, and comparison. IEEE Transactions on Wireless
Communications, 20(4):2398-2412, 2020.

It6, K. 109. stochastic integral. Proceedings of the Imperial
Academy, 20(8):519-524, 1944.

Janati, Y., Moulines, E., Olsson, J., and Oliviero-Durmus,
A. Bridging diffusion posterior sampling and monte carlo
methods: A survey. Philosophical Transactions of the
Royal Society A, 383(2299):20240331, 2025.

Jin, K. H., McCann, M. T., Froustey, E., and Unser, M.
Deep convolutional neural network for inverse problems
in imaging. IEEE Transactions on Image Processing, 26
(9):4509-4522, 2017.

Kawar, B., Elad, M., Ermon, S., and Song, J. Denoising
diffusion restoration models. Advances in Neural Infor-
mation Processing Systems, 35:23593-23606, 2022.

Kazemi, V. and Sullivan, J. One millisecond face alignment
with an ensemble of regression trees. In Proceedings of
the IEEE Conference on Computer Vision and Pattern
Recognition, pp. 1867-1874, 2014.

Khalafi, S., Ding, D., and Ribeiro, A. Constrained diffusion
models via dual training. Advances in Neural Information
Processing Systems, 37:26543-26576, 2024.



Proximal-Based Generative Modeling for Bayesian Inverse Problems

Kingma, D. P. and Welling, M. Auto-encoding variational
bayes. arXiv preprint arXiv:1312.6114, 2013.

Knapik, B. T., Van Der Vaart, A. W., and van Zanten, J. H.
Bayesian inverse problems with gaussian priors. The
Annals of Statistics, pp. 2626-2657, 2011.

LeCun, Y., Bottou, L., Bengio, Y., and Haffner, P. Gradient-
based learning applied to document recognition. Proceed-
ings of the IEEE, 86(11):2278-2324, 2002.

Lee, H., Lu, J., and Tan, Y. Convergence for score-based
generative modeling with polynomial complexity. Ad-
vances in Neural Information Processing Systems, 35:
22870-22882, 2022.

Li, G., Wei, Y., Chen, Y., and Chi, Y. Towards faster non-
asymptotic convergence for diffusion-based generative
models. arXiv preprint arXiv:2306.09251, 2023.

Li, G., Huang, Y., Efimov, T., Wei, Y., Chi, Y., and Chen, Y.
Accelerating convergence of score-based diffusion mod-
els, provably. arXiv preprint arXiv:2403.03852, 2024a.

Li, G., Wei, Y., Chen, Y., and Chi, Y. Towards non-
asymptotic convergence for diffusion-based generative
models. In The Twelfth International Conference on
Learning Representations, 2024b.

Li, J. and Wang, C. Efficient diffusion posterior sampling
for noisy inverse problems. SIAM Journal on Imaging
Sciences, 18(2):1468-1492, 2025.

Liu, Y.-F.,, Chang, T.-H., Hong, M., Wu, Z., So, A. M.-
C., Jorswieck, E. A., and Yu, W. A survey of recent
advances in optimization methods for wireless communi-

cations. IEEE Journal on Selected Areas in Communica-
tions, 2024.

Liu, Z., Luo, P., Wang, X., and Tang, X. Deep learning
face attributes in the wild. In Proceedings of the IEEE
International Conference on Computer Vision, pp. 3730-
3738, 2015.

Lugmayr, A., Danelljan, M., Romero, A., Yu, F., Timofte,
R., and Van Gool, L. Repaint: Inpainting using denoising
diffusion probabilistic models. In Proceedings of the
IEEE/CVF Conference on Computer Vision and Pattern
Recognition, pp. 11461-11471, 2022.

Ma, J., Zhang, S., Li, H., Gao, F., and Jin, S. Sparse bayesian
learning for the time-varying massive mimo channels:
Acquisition and tracking. IEEE Transactions on Commu-
nications, 67(3):1925-1938, 2018.

Ma, Y.-A., Chen, Y., Jin, C., Flammarion, N., and Jordan,
M. 1. Sampling can be faster than optimization. Pro-
ceedings of the National Academy of Sciences, 116(42):
20881-20885, 2019.

12

Mardani, M., Song, J., Kautz, J., and Vahdat, A. A varia-
tional perspective on solving inverse problems with diffu-
sion models. arXiv preprint arXiv:2305.04391, 2023.

Meng, X. and Kabashima, Y. Diffusion model based pos-
terior sampling for noisy linear inverse problems. arXiv
preprint arXiv:2211.12343, 2022.

Mou, W., Flammarion, N., Wainwright, M. J., and Bartlett,
P. L. An efficient sampling algorithm for non-smooth

composite potentials. Journal of Machine Learning Re-
search, 23(233):1-50, 2022.

Pereyra, M. Proximal markov chain monte carlo algorithms.
Statistics and Computing, 26(4):745-760, 2016.

Pillai, N. S. Optimal scaling for the proximal langevin algo-
rithm in high dimensions. Journal of Machine Learning
Research, 25(404):1-32, 2024.

Razavi, A., Van den Oord, A., and Vinyals, O. Generating
diverse high-fidelity images with vq-vae-2. Advances in
Neural Information Processing Systems, 32, 2019.

Renaud, M., De Bortoli, V., Leclaire, A., and Papadakis,
N. From stability of langevin diffusion to convergence

of proximal mcmc for non-log-concave sampling. arXiv
preprint arXiv:2505.14177, 2025.

Roberts, G. O. and Tweedie, R. L. Exponential convergence
of langevin distributions and their discrete approxima-
tions. Bernoulli, 2(4):341-363, 1996.

Rockafellar, R. T. Monotone operators and the proximal
point algorithm. SIAM Journal on Control and Optimiza-
tion, 14(5):877-898, 1976.

Rockafellar, R. T. and Wets, R. J. Variational Analysis.
Springer, 1998.

Rombach, R., Blattmann, A., Lorenz, D., Esser, P., and
Ommer, B. High-resolution image synthesis with latent
diffusion models. In Proceedings of the IEEE/CVF Con-
ference on Computer Vision and Pattern Recognition, pp.
10684-10695, 2022.

Rout, L., Raoof, N., Daras, G., Caramanis, C., Dimakis, A.,
and Shakkottai, S. Solving linear inverse problems prov-
ably via posterior sampling with latent diffusion models.
Advances in Neural Information Processing Systems, 36:

49960-49990, 2023.

Saharia, C., Chan, W., Chang, H., Lee, C., Ho, J., Salimans,
T., Fleet, D., and Norouzi, M. Palette: Image-to-image
diffusion models. In ACM SIGGRAPH 2022 Conference
Proceedings, pp. 1-10, 2022a.



Proximal-Based Generative Modeling for Bayesian Inverse Problems

Saharia, C., Ho, J., Chan, W., Salimans, T., Fleet, D. J.,
and Norouzi, M. Image super-resolution via iterative
refinement. /IEEE Transactions on Pattern Analysis and
Machine Intelligence, 45(4):4713-4726, 2022b.

Salim, A., Kovalev, D., and Richtarik, P. Stochastic proxi-
mal langevin algorithm: Potential splitting and nonasymp-
totic rates. Advances in Neural Information Processing
Systems, 32, 2019.

Solera-Rico, A., Sanmiguel Vila, C., Gémez-Lépez, M.,
Wang, Y., Almashjary, A., Dawson, S. T., and Vinuesa, R.
[-variational autoencoders and transformers for reduced-
order modelling of fluid flows. Nature Communications,
15(1):1361, 2024.

Soltani, M., Pourahmadi, V., Mirzaei, A., and Sheikhzadeh,
H. Deep learning-based channel estimation. /IEEE Com-
munications Letters, 23(4):652—-655, 2019.

Song, B., Kwon, S. M., Zhang, Z., Hu, X., Qu, Q., and
Shen, L. Solving inverse problems with latent diffu-
sion models via hard data consistency. arXiv preprint
arXiv:2307.08123, 2023a.

Song, J., Vahdat, A., Mardani, M., and Kautz, J.
Pseudoinverse-guided diffusion models for inverse prob-
lems. In International Conference on Learning Represen-
tations, 2023b.

Song, Y., Sohl-Dickstein, J., Kingma, D. P., Kumar, A., Er-
mon, S., and Poole, B. Score-based generative modeling
through stochastic differential equations. arXiv preprint
arXiv:2011.13456, 2020.

Stein, C. M. Estimation of the mean of a multivariate normal
distribution. The Annals of Statistics, pp. 1135-1151,
1981.

Stuart, A. M. Inverse problems: A bayesian perspective.
Acta Numerica, 19:451-559, 2010.

Tang, E., Guo, W., He, H., Song, S., Zhang, J., and Letaief,
K. B. Accurate and fast channel estimation for fluid
antenna systems with diffusion models. arXiv preprint
arXiv:2505.04930, 2025.

Tolooshams, B., Chandrashekar, A., Zirvi, R., Mammadov,
A., Yao, J., Wang, C., and Anandkumar, A. Equireg:
Equivariance regularized diffusion for inverse problems.
arXiv preprint arXiv:2505.22973, 2025.

Tran, P, Tran, A. T., Phung, Q., and Hoai, M. Explore image
deblurring via encoded blur kernel space. In Proceedings
of the IEEE/CVF conference on computer vision and
pattern recognition, pp. 11956-11965, 2021.

13

Tropp, J. A. and Wright, S. J. Computational methods for
sparse solution of linear inverse problems. Proceedings
of the IEEE, 98(6):948-958, 2010.

Vincent, P. A connection between score matching and de-
noising autoencoders. Neural Computation, 23(7):1661—
1674, 2011.

Wang, Y., Yu, J., and Zhang, J. Zero-shot image restora-
tion using denoising diffusion null-space model. arXiv
preprint arXiv:2212.00490, 2022.

Welling, M. and Teh, Y. W. Bayesian learning via stochastic
gradient langevin dynamics. In Proceedings of the 28th
International Conference on Machine Learning, pp. 681—
688, 2011.

Wu, H., He, L., Zhang, M., Chen, D., Luo, K., Luo, M.,
Zhou, J.-Z., Chen, H., and Lyv, J. Diffusion posterior prox-
imal sampling for image restoration. In Proceedings of
the 32nd ACM International Conference on Multimedia,
pp. 214-223, 2024a.

Wu, T., Chen, Z., He, D., Qian, L., Xu, Y., Tao, M., and
Zhang, W. Cddm: Channel denoising diffusion models
for wireless semantic communications. IEEE Transac-
tions on Wireless Communications, 23(9):11168-11183,
2024b.

Xu, P., Chen, J., Zou, D., and Gu, Q. Global convergence
of langevin dynamics based algorithms for nonconvex
optimization. Advances in Neural Information Processing
Systems, 31, 2018.

Xu, T., Cai, X., Zhang, X., Ge, X., He, D., Sun, M., Liu, J.,
Zhang, Y.-Q., Li, J., and Wang, Y. Rethinking diffusion
posterior sampling: From conditional score estimator to

maximizing a posterior. arXiv preprint arXiv:2501.18913,
2025.

Xu, X., Zhang, Z., Nakahira, Y., Qu, G., and Chi, Y. Polyno-
mial convergence of riemannian diffusion models. arXiv
preprint arXiv:2601.02499, 2026.

Ye, N., Roosta-Khorasani, F., and Cui, T. Optimization
methods for inverse problems. In 2017 MATRIX Annals,
pp. 121-140. Springer, 2019.

Yu, F, Seff, A., Zhang, Y., Song, S., Funkhouser, T., and
Xiao, J. Lsun: Construction of a large-scale image dataset
using deep learning with humans in the loop. arXiv
preprint arXiv:1506.03365, 2015.

Yu, J., Wang, Y., Zhao, C., Ghanem, B., and Zhang, J. Free-
dom: Training-free energy-guided conditional diffusion
model. In Proceedings of the IEEE/CVF International
Conference on Computer Vision, pp. 23174-23184, 2023.



Proximal-Based Generative Modeling for Bayesian Inverse Problems

Yu, W., Sohrabi, F.,, and Jiang, T. Role of deep learning in
wireless communications. /EEE BITS the Information
Theory Magazine, 2(2):56-72, 2022.

Yuan, Z., Li, J., and Liu, Z. Improving diffusion inverse
problem solving with structure consistency regularization.
In ICASSP 2026-2026 IEEE International Conference on
Acoustics, Speech and Signal Processing (ICASSP), pp.
11497-11501. IEEE, 2026.

Zhang, B., Chu, W., Berner, J., Meng, C., Anandkumar, A.,
and Song, Y. Improving diffusion inverse problem solving
with decoupled noise annealing. In Proceedings of the

Computer Vision and Pattern Recognition Conference, pp.
20895-20905, 2025a.

Zhang, B., Wang, Z., and Liu, Y.-F. A gradient guided dif-
fusion framework for chance constrained programming.
Advances in Neural Information Processing Systems, 38:
147692-147711, 2026.

Zhang, Q. and Chen, Y. Fast sampling of diffusion
models with exponential integrator. arXiv preprint
arXiv:2204.13902, 2022.

Zhang, S., Ning, X., Zheng, X., Shi, Q., Chang, T.-H., and
Luo, Z.-Q. A physics-based and data-driven approach for
localized statistical channel modeling. IEEE Transactions
on Wireless Communications, 23(6):5409-5424, 2023.

Zhang, Z., Li, X., Li, X., Shi, L., Wu, M., Tao, M.,
and Qu, Q. Generalization of diffusion models arises
with a balanced representation space. arXiv preprint
arXiv:2512.20963, 2025b.

Zhao, B., Xiao, X., Gan, G., Zhang, B., and Xia, S.-T. Main-
taining discrimination and fairness in class incremental
learning. In Proceedings of the IEEE/CVF Conference
on Computer Vision and Pattern Recognition, pp. 13208—
13217, 2020.

Zhou, X., Liang, L., Zhang, J., Jiang, P, Li, Y., and Jin,
S. Generative diffusion models for high dimensional
channel estimation. IEEE Transactions on Wireless Com-
munications, 2025.

Zhu, Y., Zhang, K., Liang, J., Cao, J., Wen, B., Timofte,
R., and Van Gool, L. Denoising diffusion models for
plug-and-play image restoration. In Proceedings of the
IEEE/CVF Conference on Computer Vision and Pattern
Recognition, pp. 1219-1229, 2023.

Zirvi, R., Tolooshams, B., et al. Diffusion state-guided
projected gradient for inverse problems. In International
Conference on Learning Representations, volume 2025,
pp- 31217-31242, 2025.

14



Proximal-Based Generative Modeling for Bayesian Inverse Problems

Outline of Appendices

The appendices are organized as follows:

(i) Appendix A provides complement related works and detailed discussions on limitations and future research directions
of this work.

(i) Appendix B presents more details of experiments, including detailed experimental setups and additional empirical
results of inverse problems.

(iii)) Appendix C provides necessary preliminaries on Moreau-Yosida regularization, and the application in the Moreau
approximation for nonsmooth log-concave densities.

(iv) Appendix D gives a characterization of Moreau- Yosida-Gaussian equivalence and a detailed proof of Lemma 3.1.
Further, a generalized Moreau score and the proof of asymptotic equivalence in Proposition 3.2 are provided.

(v) Appendix E derives the formulation of Moreau score matching in Proposition 3.4, and then provides a detailed
characterization for the score estimation error in Proposition 4.2.

(vi) Appendix F discusses the discretization schedule for the proximal diffusion sampling process, including Euler-
Maruyama and exponential interpolation.

(vii) Appendix G shows some dissipativity conditions on the forward process, reverse process, and tangent process, and
then provides the proof of Theorem 4.3.

A. Limitations and Future Works
A.1. Complement Related Works

Diffusion models for inverse problems. Recent years have seen growing interest in using diffusion models as powerful
structural priors for solving inverse problems, motivated by their success in high fidelity image generation (Dhariwal &
Nichol, 2021; Ho et al., 2022; Rombach et al., 2022; Li & Wang, 2025; Zhang et al., 2025b) and time-varying channel
modeling (Croitoru et al., 2023; Wu et al., 2024b; Zhou et al., 2025; Tang et al., 2025; Fan et al., 2025).

To solve an inverse problem, the goal is to sample from the posterior distribution p(x¢|y). According to Bayes’ theorem:

p(zoly) o< p(y|zo)p(xo)-

To implement this within the diffusion framework, we must modify the reverse process to sample from the conditional path
p(xo.1|y). For the reverse SDE, this means replacing the unconditional score V, log p;(x;) with the conditional score

Ve log Pt($t|y)~

In some early works, a conditional neural network architecture is explicitly trained to map the specific measurement y
directly to the clean image xo. They do this by learning the conditional score V, log p;(x;|y) directly from massive datasets

of paired training data (a:gb), y(i)). SR3 (Saharia et al., 2022b) and Palette (Saharia et al., 2022a) define the foundational
approach for supervised conditional diffusion. These models treat the inverse problem strictly as a supervised learning task.
Although highly effective for fixed tasks, these approaches require large task-specific paired datasets and retraining for each
new forward operator, limiting their flexibility and generalizability.

In recent works, people are seeking methods that require absolutely no retraining or fine-tuning of the diffusion model
parameters, called zero-shot posterior sampling. Instead, they mathematically modify the reverse sampling trajectory (either
through hard geometric projections or gradient-based score approximations) to force the generated sample to agree with the
measurement y.

For linear inverse problems, subspace and null-space projection is applied to modify the sampling trajectory by forcing the
intermediate sample to directly satisfy the measurement consistency. DDRM (Kawar et al., 2022) formulated one of the first
mathematically exact, non-heuristic solvers specifically targeting arbitrary linear inverse problems. It relies heavily on the
singular value decomposition (SVD) of the measurement matrix A = UXV T. DDNM (Wang et al., 2022) utilizes the Moore-
Penrose pseudoinverse A’ to decompose the data strictly into a range-space and a null-space x = AT Ax + (I — AT A)z.
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It enforces absolute data consistency by overwriting the range-space with the exact measurements, while retaining the
generative prior in the null space. DiffStateGrad (Zirvi et al., 2025) projected the measurement gradient onto a subspace that
is a low-rank approximation of an intermediate state of the diffusion process. As a module, it can be added to a wide range
of diffusion-based inverse solvers to improve the preservation of the diffusion process on the prior manifold and filter out
artifact-inducing components.

For nonlinear inverse problems, a series of approximations on the conditional score V, log p;(;|y) is applied to obtain an
explicit sampling process (Chung et al., 2022a; Song et al., 2023b; Boys et al., 2023; Wu et al., 2024a; Xu et al., 2025).
Applying Bayes’ rule at an intermediate timestep ¢, we can decompose this conditional score as (2). The unconditional score
is provided off-the-shelf by the pre-trained diffusion model sg (¢, t). Much of diffusion-based zero-shot nonlinear inverse
problem solvers is fundamentally dedicated to computing or approximating the second term V, log p(y|x;). Note that the
physical measurement y depends on the clean, uncorrupted signal xg via y = A(xg) + &£, not on the intermediate noisy
state ;. To compute the likelihood exactly, one must marginalize over all possible clean images

Vzlogp(ylz:) = /d p(ylao)p(xo|x: ) dag.
R

Here, p(y|xo) is known. However, p(xq|x;) is the true reverse transition distribution mapping a noisy image back to the
clean manifold. This distribution is highly complex, multimodal, and analytically intractable. Thus, the integral cannot be
computed directly.

A prominent class of approaches is posterior diffusion sampling, which focuses on estimating the time-dependent likelihood
score V4 log p(y|x:). Diffusion posterior sampling (DPS) (Chung et al., 2022a) addresses this challenge by combining dif-
fusion sampling with manifold constrained gradients (Chung et al., 2022b). This approach relies on a Laplace approximation
of the conditional likelihood:

pe(ylae) ~ N (Ado(xr), o21),

where & (x;) ~ E[xq|x;] is a posterior mean estimator with a structured network. Instead of relying purely on the mean,
TMPD (Boys et al., 2023) utilizes an extended Tweedie’s formula to estimate the full covariance matrix Cov|[xg|x;], which
involves calculating the complex Jacobian of the score function. The diffusion process is then projected such that it matches
the exact statistical moments of the true posterior at every step. Subsequent work of Resample (Song et al., 2023a) extended
this paradigm to latent diffusion models through a two-stage data consistency framework, incorporating data consistency by
solving an optimization problem during the reverse sampling process. Despite their strong empirical performance, most
existing methods require backpropagation through the posterior mean estimator at each sampling step, which leads to
substantial computational overhead and memory consumption.

Other categories to avoid calculation of the time-dependent conditional score V log p(y|x;) are plug-and-play (PnP) and
variational inference (VI). PnP algorithms adapt decades of classical convex optimization literature by substituting classical
math filters with diffusion models acting as regularizing denoisers. VI formalizes inverse problem solving from a purely
statistical perspective by minimizing the evidence lower bound (ELBO) of the true posterior. Both focus on solving specific
regularized optimization problems. DiffPIR (Zhu et al., 2023) bridges the gap between classical half-quadratic splitting
(HQS) optimization and DDPM prior for nonlinear inverse problems. It splits the MAP objective into two alternating
subproblems. The data-fidelity step solves the physics equation, while the prior step solves a regularized problem by
replacing the classical prior entirely with the unconditional DDPM estimation. RED-Diff (Mardani et al., 2023) constructs
an explicit regularized objective using a DDPM denoiser and performs joint gradient-based optimization. DAPS (Zhang
et al., 2025a) mathematically decouples the physical diffusion SDE timestep ¢ from an algorithmic annealing parameter. The
formulation becomes a sequence of relaxed inverse problems where the assumed measurement noise variance is gradually
reduced to zero completely independently of the SDE state, dynamically easing the strictness of data-consistency. EquiReg
(Tolooshams et al., 2025) further enforces physical symmetries, such as rotation or translation equivariance, during sampling.

Despite their success, most of these methods are based on traditional score matching. As a result, for nonsmooth priors in
the real world, these methods lack convergence guarantees and may degrade in performance for practical applications.

Proximal Langevin Algorithm. Classical posterior sampling has long been dominated by Markov chain Monte Carlo
(MCMC) methods. These approaches are most effective when the prior is conjugate to the likelihood or when the negative
log-density is smooth with Lipschitz continuous gradients (Geyer, 1992). Such assumptions are violated by many modern
imaging priors involving nonsmooth regularizers, including ¢, penalties or total variation norms.
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To address this limitation, proximal Langevin algorithms have been developed (Pereyra, 2016; Salim et al., 2019; Pillai,
2024). These methods constitute an important step toward bridging convex optimization and stochastic simulation by
replacing gradients with proximal mappings and Moreau—Yosida envelopes. This convex analytic machinery enables scalable
Bayesian inference for high-dimensional log-concave models that are not differentiable, thereby supporting uncertainty
quantification and sparse regression in settings previously accessible mainly through deterministic optimization.

However, existing proximal unadjusted Langevin algorithms still rely on explicit knowledge of the prior potential, which
restricts their applicability in imaging sciences. In parallel, the field has witnessed a shift away from hand-crafted regularizers
toward expressive learned priors, including variational autoencoders, generative adversarial networks, and diffusion models
(Kingma & Welling, 2013; Goodfellow et al., 2014; Ho et al., 2020; Chung et al., 2022a). Such implicit priors are accessible
only through samples or score networks, preventing the direct application of traditional Langevin or proximal MCMC
schemes that require analytic access to the underlying potential function.

Convergence of the diffusion model. The empirical success of diffusion models has motivated rigorous efforts to understand
their theoretical convergence properties (De Bortoli, 2022; Benton et al., 2023; Gu et al., 2023; Li et al., 2024a; Zhang
et al., 2026). For example, (Lee et al., 2022) provided the first polynomial convergence guarantee for smooth distributions
satisfying the log-Sobolev inequality. (Chen et al., 2022) accommodated a broad family of data distributions under the
assumption that the score functions along the entire forward process trajectory are Lipschitz. A non-asymptotic analysis for
the discretized probability flow ODE was derived by (Chen et al., 2023), establishing the first non-asymptotic convergence
guarantees. Further, (Li et al., 2023) developed a suite of non-asymptotic theory to understand the discrete-time data
generation process, demonstrating a faster convergence rate.

Despite their success, a fundamental limitation persists: an early-stopping mechanism is typically required to ensure
smoothness, which introduces a bias dependent on the stopping time. This early-stopping error corresponds to the deviation
between the reverse sampling time region ¢ € [e, o0) and the forward diffusion time region ¢ € [0, co0). It typically arises
from partitioning the sampling interval into [0, €] and [e, T'] to address nonsmoothness near ¢ = 0. As ¢ approaches zero, the
true score V log 7 (+) diverges, creating a singularity that must be avoided.

Currently, there are still limited convergence results for diffusion models in the context of solving inverse problems. In
(Song et al., 2023a), a variance induction result is provided for the stochastic resampling process. Further in (Li & Wang,
2025), a total variation distance error is characterized for the middle approximation processes. However, these results rely
heavily on strong assumptions, such as the Gaussian distribution or dirac posterior assumption.

A.2. Connections with Existing Algorithms
Connection with P-ULA (Pereyra, 2016). Consider a VE-SDE forward process with ;(t) = 1 and o(741) /0 (1) = 1—pp.,

the iteration (27) reduces to
T = (1= pr) Tr + puPr + V/ A(Tk) / A&k,

which recovers the P-ULA iteration in (11) up to a minor difference in the noise scaling. If we instead set o' (7j41)/0(7%) =
pi and consider the reverse-time ordinary differential equation associated with (16), then

Trp1 = (1 — pr)xr + prPr,

which can be interpreted as a generalized proximal point iteration (Rockafellar, 1976; Eckstein & Bertsekas, 1992).

Connection with DPS (Chung et al., 2022a). In the context of linear inverse problem (6) with A(x) = Az, suppose that
p(xo|xy) ~ N(£o(x:), A(¢)T) for some posterior mean estimator &o(x;) and b(¢) = 1, then DPS (Chung et al., 2022a)
takes the reverse SDE:

@y — &o() + MA() Va, fy(£o(21))

= B
dx; ) dt + dBg,
with a predefined weighting 7,. In contrast, PGM employs
x; — Prox}® (z — BA(t)V x _
Iz, t g (x4 )V fy ( t))dt B,

O

Compared with DPS, PGM avoids backpropagation through the posterior mean estimator & (), resulting in substantial
savings in memory usage and sampling time, which is confirmed by the experiments in Section 5.
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Connection with DiffPIR (Zhu et al., 2023). Both methods address Bayesian inverse problems with prior p o< exp{—g}
and likelihood exp{— f}, and both are related to proximal-type optimization ideas. However, the key difference lies in how
the optimization problem is approximated and solved. From an optimization viewpoint, the target problem is

min f(z) + g().

DiffPIR adopts a half-quadratic splitting strategy and considers the augmented problem

. 1 2
min f(®) +g(z) + m”w — z[I7,

)

which leads to the two subproblems
in gy llz — 2l + (2)
zp =argmin ——||z — @ z
k g pe 2)\//,& k g )
Tp1 = argmin f(z) + pol|e — zi %
To solve the first subproblem, DiffPIR further uses a first-order approximation
9(2) = g(x) + V() ' (2 — zp),
where the Stein score sg () is used to approximate V log p(x), equivalently —Vg(x). This approximation relies on the

smoothness of g, which does not hold in our nonsmooth setting. In contrast, PGM does not approximate the prior term g.
Instead, we linearize the likelihood term

fla) = fa) + V(@) (@ — ),

and apply a proximal-gradient step directly to the original problem:

[EREA

Tpt1 = argmwin V() (@ —zp) + g(®) + 2002

This leads to the proximal splitting

1
Ty = Prox;\/“ (:Bk — 3102 Vf(:ck)> .

n

We then learn a proximal network ¢g(x, \) to approximate Proxé‘ (x), which naturally accommodates nonsmooth priors.

Overall, while both methods are motivated by proximal optimization, DiffPIR approximates and solves a split formulation by
smoothing the prior subproblem, whereas PGM applies proximal gradient directly to the original objective and approximates
the proximal operator itself. This difference in the approximation and optimization strategy leads to two distinct frameworks,
suitable for different problem settings.

A.3. Limitations
Despite strong performance, PGM has some limitations:
* Training complexity: Learning proximal operators requires careful hyperparameter tuning.
* Network design: Network architectures could be more consistent with the proximal properties.

* Nonconvex priors: The theoretical guarantee is insufficient under nonconvex settings.

These limitations suggest directions for future work, including more efficient architectures and extensions to non-convex
settings.
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A.4. Future Works

While our framework shows promising results, several interesting directions remain for future research:

* Nonconvex priors: Our current theory primarily addresses convex priors. Extending the framework to handle
nonconvex priors through nonconvex proximal operators or other generalizations would significantly broaden its
applicability.

* Convergence rates: While we established convergence guarantees, deriving explicit convergence rates under more
general conditions and characterizing the dependence on the problem dimension would provide deeper theoretical
understanding.

B. More Details of Experiments
B.1. Experimental Setup

Parameters. Our PGM implementation uses the following default configurations:

* U-Net architecture: 128 hidden channels, 128 time-embedding dimension, 4 encoder blocks, and 4 decoder blocks.
e Training: AdamW optimizer, learning rate 104, weight decay 1075, batch size 8, and warm-up cosine scheduler.
* Regularization schedule: A(t) = exp(10t — 8).

* Proximal matching schedule: ((¢) = 10/t.

* Inverse temperature: 5 = 10.0.

e Number of steps: K = 100.

Our code is available at https://github.com/boyangzhang2000/PGM.

Network backbone. All baseline methods use the same pre-trained backbone ADM (Dhariwal & Nichol, 2021) to ensure a
fair comparison, which improves the U-Net architecture with time embedding, multi-head attention, and BigGAN residual
blocks for upsampling/downsampling. PGM uses a similar U-Net backbone for the proximal network, which adopts A
embedding and simpler CNN residual blocks.

Inverse problem settings. We apply PGM to inverse problems across four image restoration tasks: super-resolution, random
mask inpainting, Gaussian deblurring, and nonlinear deblurring (Tran et al., 2021). Models are trained on the MNIST
(LeCun et al., 2002), FFHQ (Kazemi & Sullivan, 2014), CelebA-HQ (Liu et al., 2015), LSUN-Bedroom (Yu et al., 2015),
and ImageNet-100 (Zhao et al., 2020) datasets. Various quantitative metrics are used for evaluation including learned
perceptual image patch similarity (LPIPS) distance, peak signal-to-noise-ratio (PSNR), and structural similarity index
(SSIM).

The experimental setup for different inverse problems is summarized in Table 6:

Table 6. Inverse problem configurations

Problem type Key parameters Values
Type random
Inpainting Mask ratio 0.7
Noise level 0.01/0.05
Scale factor 4x
Super-resolution Upsampling Bilinear
Noise level 0.01/0.05
Kernel size 61
Gaussian deblurring Sigma (o) 3.0

Noise level 0.01/0.05
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Baseline methods. Our proposed PGM framework is compared with state-of-the-art generative models: DPS (Chung et al.,
2022a), manifold constrained gradients (MCG) (Chung et al., 2022b), denoising diffusion destoration models (DDRM)
(Kawar et al., 2022), DDNM (Wang et al., 2022), diffusion model posterior sampling (DMPS) (Meng & Kabashima, 2022),
plug-and-play using ADMM (ADMM-PnP) (Ahmad et al., 2020), IIGDM (Song et al., 2023b), posterior sampling with
latent diffusion (PSLD) (Rout et al., 2023), Resample (Song et al., 2023a), Tweedie moment projected diffusion (TMPD)
(Boys et al., 2023), RED-diff (Mardani et al., 2023), DiffPIR (Zhu et al., 2023), SITCOM (Alkhouri et al., 2024), decoupled
annealing posterior sampling (DAPS) (Zhang et al., 2025a), diffusion state-guided projected gradient (DiftfStateGrad) (Zirvi
et al., 2025), and equivariance regularized (EquiReg) diffusion (Tolooshams et al., 2025).

B.2. Training Costs

As a kind of zero-shot posterior sampling method, PGM still follows the pre-trained prior paradigm. Once the proximal
operator is learned, it can be used as a pre-trained operator for any sampling processes or further fine-tuning. Though this
training is performed only once on prior samples and can be reused across different inverse problems, there is still necessity
to compare the training costs with pre-trained unconditional diffusion models. Some results on the runtime and NFEs of
ImageNet-100 dataset are shown in Table 7, where all baseline methods and PGM are tested on 4 NVIDIA A800 GPUs.

Table 7. Training and sampling costs comparison.

Method Model type Model size  Training time Sampling time NFEs
PGM(Ours) ProxNet (Our) 2055MB 51h32min 4s 100
DAPS 33s 1000
DiffStateGrad-DAPS  Pre-trained [4] 2108MB N/A 37s 1000
SITCOM 21s 600

Compared with the baseline methods, the main advantage of PGM is that it achieves substantially lower sampling time and
fewer NFEs while remaining competitive in the reconstruction quality. Although training the proximal operator requires
additional computations, this is a one-time cost. Once the proximal operator is learned, it can be used as a pre-trained
network for any optimization/sampling algorithms or further fine-tuning.

B.3. Additional Results on MNIST Inpainting

We evaluate PGM on the MNIST inpainting task. We compare with VAE-based methods, e.g., VQ-VAE-2 (Razavi et al.,
2019), S-IntroVAE (Daniel & Tamar, 2021), and 5-VAET (Solera-Rico et al., 2024), as well as diffusion models DDPM
(Ho et al., 2020) and DeepONet (Fang et al., 2025). Various quantitative metrics are used for evaluation, including peak
signal-to-noise-ratio (PSNR), structural similarity index (SSIM), and mean square error (MSE).

Table 8. Quantitative evaluation of samples for MNIST.

Method MNIST inpainting

PSNR+ SSIM{T MSE|
VAE (Kingma & Welling, 2013) 18.0573  0.6963  0.0477
VQ-VAE-2 (Razavi et al., 2019) 20.1591 0.7107  0.0211
S-IntroVAE (Daniel & Tamar, 2021) 21.6251 0.8703  0.0114
DDPM (Ho et al., 2020) 26.0319 0.9448  0.0090
B-VAET (Solera-Rico et al., 2024) 14.0290 0.4101 0.5788
DeepONet (Fang et al., 2025) 28.1062 0.9673  0.0085
PGM (Ours) 28.6867 0.9908  0.0048

Quantitative results in Table 8 show that PGM achieves the highest reconstruction fidelity across all evaluation metrics
(including PSNR, SSIM, and MSE), outperforming all the compared baselines. Specifically, PGM reaches a remarkably
high SSIM, implying that PGM has excellent structural and visual fidelity, and can perfectly reconstruct important visual
structure and texture information in the original images.
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Figure 5. Samples for MNIST (first line: original images, second line: measurements, third line: reconstructed images).

B.4. Additional Results on Human Face Reconstruction

Qualitative results on FFHQ and CelebA-HQ are displayed in Figures 6 and 7, respectively, visually confirming the model’s
capability to generate high-fidelity and natural-looking images.

Figure 6. Samples for FFHQ (first line: original images, second line: measurements, third line: reconstructed images).

Further, we provide the Pareto front to compare the trade-off between reconstruction quality and inference time. In Figure 8,
we show the least inference cost, measured by the number of neural function evaluations (NFEs), of various methods with a
fixed target reconstruction quality (PSNR) for the FFHQ Gaussian deblurring problem.

The experimental results indicate that, for a fixed PSNR target, the number of NFEs required by PGM is less than that
of other methods, and this difference becomes more pronounced as the PSNR increases. This suggests that, compared to
existing methods, PGM exhibits a better performance trade-off.

B.5. Additional Results on ImageNet-100

We further test performances on ImageNet-100 dataset and compare with recent works on diffusion-based inverse problems.
Some results are shown in Table 9. PSNR and LPIPS results are presented as mean + standard deviation over 100 fixed
validation images. Some results are shown below, where performances of baseline methods are taken from (Alkhouri et al.,
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Figure 7. Samples for CelebA-HQ (first line: original images, second line: measurements, third line: reconstructed images).
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Figure 8. Trade-off between reconstruction quality and inference time.

2024; Zhang et al., 2025a; Zirvi et al., 2025).

Based on the quantitative results on ImageNet-100, our proposed PGM achieves competitive performance across three
inverse problems. For super resolution and inpainting, PGM attains the highest PSNR while DiffStateGrad-DAPS obtains
the best LPIPS. For Gaussian deblurring, PGM obtains the best LPIPS and competitive PSNR. Overall, PGM demonstrates
strong reconstruction quality in terms of both distortion and perceptual similarity.

B.6. Additional Results on Nonlinear Deblurring

In our PGM framework, the only information about f required is its gradient V f; therefore, the method naturally extends to
nonlinear inverse problems. Since nonlinearity often leads to nonconvexity, the assumptions underlying Theorem 4.3 may
no longer hold in such settings. As a result, the current convergence theory is not directly applicable. Nevertheless, the
algorithm itself remains well-defined and can still be used in practice. To evaluate its behavior beyond the convex regime,
we add additional experiments on nonlinear inverse problems. We use the default setting and leverage the neural network
approximated forward model as described in (Tran et al., 2021) for nonlinear deblurring, i.c., fy(z) = 3|ly — Go(x)||*. All
Gaussian noise is added to the measurement domain with o = 0.05. Selected results are listed in Table 10.
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Table 9. Quantitative evaluation of samples for ImageNet-100.

ImageNet-100 Super Resolution 4x Inpainting Random 70% Gaussian Deblurring

Method PSNR? LPIPS| PSNR? LPIPS| PSNRt LPIPS|
PGM(Ours) 26.60+2.90 0.264+0.060 31.14+3.28 0.116+0.045 26.65+2.93 0.206+0.050
DPS 23.86+£0.34 0.357+0.069 24.26+0.42 0.326+0.034 21.86+0.45 0.362+0.034
DDNM 23.96+£0.89 0.475+0.044 29.22+0.55 0.191+0.048 28.06+0.52 0.278+0.089
DAPS 25.67£0.73  0.256+0.067 28.44+0.45 0.135+0.052 26.12+0.78 0.245+0.022
DiffStateGrad-DAPS  26.40+£3.44  0.229+0.057 29.78+4.17 0.107£0.037 25.87£3.56 0.243%0.075
SITCOM 26.35£1.21 0.232+0.038 29.60+0.78 0.127+0.039 27.40+0.45 0.236+0.039
Table 10. Quantitative evaluation of nonlinear deblurring.
Nonlinear Deblurring FFHQ ImageNet

Methods Type PSNR SSIM LPIPS PSNR SSIM LPIPS

PGM(Ours) 28.47 0.756 0.231 2639 0.727 0.280

DPS Pixel 2339 0.623 0278 2249 0591 0.306

RED-diff 30.86 0.795 0.160 30.07 0.754 0.211

DAPS 28.29 0.783 0.155 27.73 0.724  0.169

ReSample Latent 2824 0.742 0.185 2620 0.653 0.206

LatentDAPS 28.11 0.713  0.235 2534 0615 0314

The experimental results indicate that, although the performance of PGM is superior to that of the classical DPS, it is
inferior compared to the latest methods suitable for handling nonlinear inverse problems. This is caused by the first-order
approximation f(z) =~ f(xx) + Vf(z1) " (x — xx) in operator splitting. As nonlinear inverse problems often suffer from
severe nonconvexity, the performance of PGM may degrade. In future work, we will investigate how to extend PGM to
general nonconvex problems and explore its convergence results in such settings.

C. Properties of Moreau Approximation

C.1. Moreau-Yosida Regularization

Given a proper closed convex function f : R? — R U {400}, its Moreau-Yosida regularization (or Moreau envelope) with
parameter A > 0 is defined as:

1
@) = min { () + 55 Ju ol | (33)
And the proximal operator associated with f is:
1
Prox?(w) = argmin{f(u) + ||u—:c||2} (34)
weRd 2\

The Moreau envelope possesses several fundamental properties (for the proof, please refer to (Rockafellar & Wets, 1998)).

Lemma C.1 (Properties of Moreau envelope). Let f be proper, closed, and convex. For any A > 0, we have:

+ (Convergence) f*(x) — f(x)as A — 0F;

+ (Differentiability) f*(x) is convex and continuously differentiable with gradient

1
ka(m) = X(w — Prox;‘-(w)); (35)
* (Subdifferential) The point § (x — Prox?(az)) belongs to the subdifferential of f(u), i.e.,
1
u = Prox?(w) = —(x—u)€df(u); (36)

A
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* (L-smoothness) f*(x) has %-Lipschitz continuous gradient.

C.2. Moreau Approximation
Given a probability density 7(x) x exp{—f(x)}, its \-Moreau approximation is defined as:

1
7r)‘(:c) == sup {ﬂ(u)exp{—Hu—wHQ/Q)\}}, (37)
ucER4

where Z is the normalizing constant ensuring that 7* integrates to one.

The connection between this density approximation and the Moreau envelope follows directly from the definition in (37):

(@) scsupexnd 1) - g fu—alP f xexpf -t {w + illu - ol ) xeof-Pa} 6o

where the second proportionality follows from the monotonicity of the exponential function, and the last one uses the
definition of the Moreau—Yosida regularization. This shows that applying the Moreau approximation to a density  is
equivalent to applying the Moreau—Yosida regularization to its negative log-density.

Proposition C.2 (Properties of Moreau approximation). Let 7(z) oc exp{— f(z)}, where f : R — R U {+o0} is proper,
closed, and convex. For any A > 0, we have:

* (Convergence) 7*(x) — 7(x) point-wise as A — 0F;

« (Differentiability) 7*(z) is convex and continuously differentiable with log-gradient
1
Vgt (x) = X(Prox}\(w) —x); 39)
* (Subdifferential) The point %(Prox? (x) — x) belongs to the subdifferential of log 7(u), i.e.,
1
u = Prox}‘(w) = X(u —x) € dlog m(u); (40)

* (L-smoothness) 7 (z) has %-Lipschitz continuous log-gradient;

Proof. The convergence follows from the fact that the Gaussian kernel exp {—||u — @ /(2)) } converges to a Dirac delta
at ¢ as A — 07. Consequently,

lim 7 (@) = Va.
)\Lr(r)hw(w) m(x), x

From (38), we have () o< exp{—f*(z)}. By Lemma C.1, f* is continuously differentiable with gradient

Vix) = % (- Prox}(a:)) .

Therefore, 7 () = exp{— f*(x)}/Z, is continuously differentiable and its log-gradient

Viegnt(x) = =V f (@) = — (Prox}(z) — ).

> =

By the optimality condition of the proximal operator, we get
1
u= Prox}(w) — 0€I0f(u)+ X(u —x).
Since log m(u) = — f(u) + const, we have dlog m(u) = —0f(u). Thus,
1
u = Prox?(w) = X(u —x) € —0f(u) = dlogm(u).
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The gradient of f* is Lipschitz continuous with constant 1/}, i.e.,

1952 (@) ~ VW)l < ke~ yl.

Since Vlog m* = —V f*, the log-gradient of 7* is also 1/A-Lipschitz.

D. Moreau-Yosida-Gaussian Equivalence
D.1. Stein Score and Moreau Score

Firstly, we provide a detailed discussion comparing the Stein score V log 7;(x;) used in diffusion models and Moreau
score V log ).

In diffusion models, the classic Stein score is the gradient of the log-marginal density 7; of the forward process. By
Tweedie’s formula (Efron, 2011), it can be expressed in terms of the posterior mean:

u(t) Elaolz,] — @
20

Velogmi(xz;) =

where p(t) and o%(t) are the scale and noise variance of the forward transition. In contrast, the proposed Moreau score
replaces the conditionally expected clean image E[x(|x;] with the proximal operator of the negative log-prior U, yielding

A
w(t) ProxU(t)(f(;)) — @

o?(t)

v:z: IOg 771;\ (wt) =

However, the classic Stein score faces two fundamental challenges. First, due to the integral form of 7, it does not admit
a closed-form expression and therefore can only be learned approximately via denoising score matching in (5). Second,
for nonsmooth priors, the Stein score may not be well-defined. In contrast, the Moreau score is given explicitly by a
deterministic proximal operator, and it remains well-defined for any proper, closed, convex potential U.

From a Bayesian perspective, E[x|2:] is the posterior mean, whereas the proximal output Prox)[}(t)( f(g)) is the posterior
mode under the forward Gaussian likelihood. Hence the Stein score and the Moreau score differ precisely by the deviation
between the posterior mean and the posterior mode. When the potential U is quadratic, the mean and mode of the posterior
coincide, and the two scores become exactly equal (Lemma D.1). For general m—strongly convex U, Proposition D.4 bounds
the score discrepancy uniformly. Consequently, the Moreau score provides a principled, analytically tractable approximation
to the Stein score, with an error controlled by the curvature of the potential, while naturally handling nonsmooth priors that

are inaccessible to the classical formulation.

D.2. Proof of Lemma 3.1

In this subsection, we prove Lemma 3.1, which shows that convolving a quadratic-density distribution with a Gaussian
kernel is equivalent—up to a normalization constant—to applying the Moreau—Yosida regularization to its potential function.

The main idea comes from the similarity between Gaussian convolution and Moreau- Yosida regularization, both of which
involving quadratic Gaussian kernels. One key observation is that for quadratic potentials, the integration in convolution
can be replaced equivalently by the supremum via Laplace approximation, which typically yields the Moreau-Yosida
regularization.

Lemma D.1 (Moreau-Yosida—Gaussian equivalence). Let () o exp{—U(x)} be a probability density on R?, where
U(x) = " Az with A = 0. For any A > 0, the following two densities that are proportional to each other:

(i) Moreau approximation:

7 () o sup w(u) exp{—|lu—x|*/(2\)} « exp{—U*(x)}. 41)

ucRd
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(ii) Gaussian convolution:

mi(x) o< (mx N(0, M) () /]Rd m(u) exp{—|lu — z|*/(2)\)} du. 42)

Proof. Since U is quadratic, the function

1 2
we Uw) + o u— ]

is strictly convex and admits a unique minimizer

* . 1 2
u” = arg min {U(u)+2>\||u z|| }

u€ER?
The first-order optimality condition yields

VU(u") + %(u* —xz)=0.

Consider the convolution integral in (42). Using m(u) « exp{—U (u)}, we have

mie)x [ o]~ vt + gl | au @3)

Because U is quadratic, the exponent is itself a quadratic function of w and can be written exactly as
1 1
Uw) + gyllw —|* = U(w) + o5 llu —a|* + (u - u*) T (A+ A7) (u—u').
Substituting it into (43) gives

(o) xexp - (UG + gt = ol b [ es{-(uu) T4+ A D - )}

The remaining integral is Gaussian and depends only on A and A, hence it contributes a multiplicative constant that does not
depend on x. Therefore,

1
m(x) o exp{—q}gﬁgd [U(u) + ﬁ”u - ac||2] } .
By the definition of the Moreau—Yosida envelope,
UMx) = inf {U(u)+ i||u — z|?
ucRd 2\ ’

which, together with (41), implies
T () o< exp{—U*(x)} o< 7} (x).

This proves the claim. O

This lemma reveals a fundamental duality between variational and probabilistic smoothing techniques for Gaussian measures.
The Moreau—Yosida regularization, originating from nonsmooth optimization, performs a pointwise supremum that yields a
regularized potential U*. Gaussian convolution, a standard probabilistic operation, smooths the density by integrating with
a Gaussian kernel. This result provides a bridge between optimization and diffusion processes, enabling a new perspective
for nonsmooth sampling.
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D.3. Generalized Moreau Approximation

In this subsection, we also derive the Moreau-Yosida-Gaussian equivalence in the general context of diffusion models.

Consider the forward diffusion process:
dx;” = {a(t)x;” } dt + b(t)dB;, te€]0,7T],

where the marginal

mi () o /Rd W(mo)exp{—W} dzo,

u(t) = exp {/Ota(s)ds} , o(t) = /Ot b%(s) exp {Q/Sta(r)dr} ds.

The reverse process is also a diffusion process, running backwards in time and given by the reverse-time SDE:

with

dzi = {a(t)x; — b*(t)Viog m(x )} dt + b(t)dB,.

Define the time-varying regularization parameter

A(t) = o (8) /(1) = / b3 (s) /i35 ds,

M) o exp {—UW (,ﬁ;) } .

Using (39), the Moreau score is obtained by

the Moreau approximation is given by

p(t)Proxy! (25) —

o2(t)

Valogm (2,) =

(44)

(45)

(40)

47)

(48)

(49)

Compared with the original Moreau score in (17), the generalized expression in (49) involves a rescaling of the proximal

input by 1/u(t) and substitutes the denominator with o2 (t).

Proposition D.2. Let 7 < exp{—U(x)}, where U is a positive semidefinite quadratic function. Then the posterior score

V. log 7 () based on (45) coincides with the Moreau score in (49), namely,

Vi logmi(x:) = Vg log 7rt’\(oct).

Proof. Define the scaled energy
2 Yy
U(y) =U <> .
W) u(t)

Let y = pu(t)xo. Then dy = u(t)dxy, and the target density becomes

o) o exp{-Uen)) = exp{ -0 (2 ) | = expl-i(w)}

p(t

From the forward noising model (45), the marginal is given by

- 1 - 2
R R e = B

(50)

Hence 7, is obtained by convolving exp{—Ut} with the Gaussian kernel NV (0, o?(t)I). By Proposition D.1, such a Gaussian

convolution is equivalent to the Moreau—Yosida regularization of U; with parameter o2 (t), namely,
~ 2 t
() o exp{—Uf ( )(sct)} .
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We now relate this envelope to that of the original function U. For any 1 > 0 and A > 0, if h(y) = U(y/p), then the
scaling property of the Moreau envelope yields

-1 (5).

Applying this identity with h = Uy, i = p(t), and A\ = o%(t) gives

o (t) _ az(t)/y,(t)2< Lt > _ /\(t)<mt>
07 () = U —U . (51)
(@) 1(t) pu(t)

Substituting (51) into the previous expression (50) for 7 yields

(o) xexp{ 02O (L)} ocnda),

which implies equality of their score functions. O

D.4. Asymptotic Moreau-Yosida-Gaussian Equivalence

In this subsection, we provide some asymptotic error bounds between the true score and the Moreau score under non-
quadratic settings.

With Tweedie’s formula (Efron, 2011), we have

H(E [zo| 21, y] — 2

vm 1 - 5 52
og () o2 (1) (52)
where E [zg|x;, y] is the posterior mean. Recall that the Moreau score is given by
o2 .2 x;
\ pu(t)Prox; ®/u*® (m) — Ty
Velogn)(xy) = . (53)

o2(t)

Similar to (19), we can see that the proximal operator

20/ [ T p? ()% — zoll®
Prox;; mo) = al;goglgx exp § —U(xo) — 202(0) = ai%é%%x p(xTo|T:, y)

is the posterior mode. This reveals the connection between the true score and the Moreau score, and the difference can be

2 2
characterized by the deviation between the posterior mean E [z |z, y] and mode Proxy; ®)/u*®) (%)

Lemma D.3 (Deviation between mean and mode). Let 7(x) o exp {—U(z)} be a probability distribution on R%, with a
proper, closed, convex function U. Denote the mean of 7(x) as

r= D [ZC] = / mﬁ(m)da}, (54)
Rd
and the mode
u* = argmax {m(u)} . (55)
u€cRd

Then the following hold.
1. If w(x) is symmetric unimodal, e.g., U is symmetric convex, then we have
pn=u".

2. (Stein, 1981) If U is m-strongly convex, then we have

. 2d
I —ur <4/ —.
m
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The following proposition generalizes Lemma 3.1 to non-quadratic potentials and bounds the error between the true score
and the Moreau score, offering a general asymptotic analysis for the Moreau-Yosida-Gaussian equivalence and the proof of
Proposition 3.2.

Proposition D.4 (Asymptotic Moreau-Yosida-Gaussian equivalence). Consider the diffusion process in (44) with oy ~
m(x) o exp{—U(x)} and

mi(xy) = /Rd (o) pot (¢ |20 ) dxo,

where U = (f, + g with f, being m-strongly convex and g being convex. Let u(t), o2(t), and A(¢) be as defined in
Section 3. Then, for any ¢ > 0,

2d
fma?(t) + p*(t)

||Vlog7rt(a:t) - Vlogﬂ'i‘(ajt)n < ,u(t)\/

=0 (56)

In particular, as 5 — oo, we have
|V, log mi(x:) — Vg, log m ()| — 0.
Proof. By Tweedie’s formula, we have
Vg mi(x) = (u()Elao|zs, y) — 20) /0 (1)
Moreover, recall the Moreau score
Viogm (@) = (u(t)Proxp(") (y/pu(t)) — x1) /o? (t).
Thus,

I o (1) — ¥ o (o) = 255 Lol ]~ Proxi (s /(o). 67

Note that Proxé(t) (z+/p(t)) is the mode of the posterior p(xo|x+, y), from Bayes’ rule, we get

e —u(t)asOP}.

plaolas, y) o p(a:|ao, y)p(@oly) o pla|@o)m(xo) o exp {—U(-’Eo) 202(1)

Denote c¢(x) = U(x) + % Then ¢(x) is (Bm + Zi% )-strongly convex. Denote

p=Exo|lx,,y], u* =argmaxp(xo|z,,y).
xo R

Then from Lemma D.3, we have

* 2d B 2d
I~ ] < W—“@\/wmwm'

o2(t)

Substituting the above into the score error (57), we have

p(t)

||th logﬂ-t(azt) - vil:t IOg 7T15A(wt)|| = 02(t) ||l‘l’ - U*H < 58\/%2(;6%2(0’

or equivalently

1 2d
I — 1 A < —
IV, logmi(x:) — Vg, log i (x)]] < 20\ Bz £ A0
Further, as 3 — 0o, we have the error bound tends to 0 with rate O(3~1/2).

O

This proposition demonstrates that the Moreau—Yosida approximation serves as a provably accurate surrogate for the true
score in diffusion processes when the potential U contains a strongly convex likelihood term. The error bound quantifies
how the discrepancy depends on the diffusion parameters p(t), o(t), the strong convexity constant m, and the likelihood
weight /3. Crucially, as f — oo, the bound tends to zero, revealing an asymptotic equivalence between the traditional score
and the Moreau score.
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E. Moreau Score Matching
E.1. Learning of the Proximal Operator

If we have realizations { (a:(i) , Proxg(t) (:c(i))) }, then we can use a network to learn the proximal mapping through data.

Unfortunately, paired ground-truth do not exist in common settings, making supervised training infeasible. Instead, we
seek to train a proximal network using only i.i.d. samples from the unknown data distribution 7(x) o exp {—g(x)} in an
unsupervised way (Fang et al., 2023; 2026).

The key insight comes from the observation that the proximal operator is the maximum a posteriori (MAP) denoiser
for additive Gaussian noise. For @y ~ po(x) o exp{—g(xo)} and &; = o + VA& with & ~ N(0, 1), we have
Prox;\(a:t) = argmax,, p(xo|z;). Consider a loss function of the form Ey, o, [dist(xo, ¢(x;))]. If we use squared /o
distance, minimizing this loss will lead to the minimum mean square error (MMSE) estimator given by the mean of the
posterior p(xg|x;). However, our goal is to learn the mode of the posterior.

The core idea is to design a distance metric dist; that, in the limit ¢ — 0, it recovers the posterior mode (which equals
the proximal operator) as the minimizer of the expected loss. A key observation is that as { — 0, the Gaussian kernel
N (+;0,(?I) behaves like a Dirac delta function, which can be designed to forces ¢ to output the posterior mode for each
x;. In the following proposition, we will extend the proximal matching technique in (Fang et al., 2023) to general diffusion
processes, thereby obtaining a training loss to learn the proximal operator.

Proposition E.1. Suppose that U(z) = Bf,(z) + g(x), where f : R? — R is L-smooth and m-strongly convex, g : R? —
R is convex and dom(g) = X is compact, and 8 > 0. Denote xg ~ po(x) x exp{—g(xo)} and &; = xo + /(1)
where & ~ N(0,I). Let dist; (z, ') : R? x R — R be defined as

diste(z,@') =1 — N(xz — 2;0,¢%I), (>0, (58)
where N (z — x';0, (1) = W exp {—% } Consider the optimization problem

0 = argernin %g% EtNM[O,T]]EmUNpOEmt o~ (0,X(£)]) [distg ((]59 (.’I}t, )\(t)), a:o)] . 59)

Then, almost surely (i.e., for almost every x;, t),

Po- (1, (1)) = argmax p(xo|m:) = Prox)® (a,). (60)
moeRd

Proof. From the definition of dist¢(x, '), we have
lim B¢ 2.2, [distc(¢g(z¢, A1), )] = 1 — lim By o) 2, [N (Pa(@s, A(t)) — xo; 0, CQI)] .
¢—0 ¢—0

Using the law of the total expectation, we have

Etwo,w: [N(@o(xe, A(t)) — @030, (%1)] = BBy, 1By, ¢ [N (D0 (e, A1) — @05 0,C31)] .

We now analyze the inner conditional expectation. For fixed x;, ¢, define the function

FC(C) = E:co\:vt,t [N(C— w0705C21)] = RY N(C - $0;0,§21)p(m0|$t,t) dmo-

Since p(xg |y, t) o po(wo) exp { —|l@ — @o|?/(2A(t)) } and py is bounded, the product is integrable. Moreover, as { — 0,
the Gaussian kernel V(¢ — xg; 0, (21) tends to Dirac 6.(x). Then for almost every x; and for each ¢, there holds

lim F = .
lim F(e) = p(clar. 1)

In particular, for ¢ = ¢g (¢, A(t)), we have

lim Eag o, ¢ [N (o(@2, Alt)) — 2030, ¢*D)] = p(de(me, A1) |2+, 1).
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Since py is supported on a compact set X, it follows that N/ (x — x’; 0, ¢21) is bounded by its maximum at 0, and p(xo|x;, t)
is bounded. Hence, the integrand is uniformly bounded by an integrable function. By the dominated convergence theorem,
we have

%141)% Ewt,tEmo\mt,t [N(¢9(wtu )‘(t)) — x; 0, C2I)] = Emt,t %lil’(l) Emo\mt,t [N(d)B(wty )\(t)) — x; 0, C2I)] .
Combining the above results, we obtain
gli_%Et,:co,mt [distc (@o(Te, A(1), ®0)] = 1 — Et 2, [p(Po(xt, A(t))|T, 1)] -

Minimizing the left-hand side over measurable functions ¢ is equivalent to maximizing E; z, [p(de (@, A(t))|x¢, t)].
Since the expectation is over x;,t and ¢g (¢, A(t)) can be chosen pointwise, the optimum is achieved by choosing, for
each x4, t, po(xt, A(t)) to maximize p(pe(xt, A(t))|x+,t). Therefore,

Po- (@1, A(t)) = arg max p(xo|@y, 1).
xoERY

Recall that in Section 3, we give the equivalence between the posterior mode and proximal operator, i.e.,
arg max, cpa p(€o|s, t) = Prox;\(t)(azt). Then we obtain that

Po- (x4, A(t)) = Prox, " (z;).
This completes the proof. O
This proposition provides a principled training objective for learning proximal operators in an unsupervised manner, offering
a theoretical foundation for using neural networks to approximate proximal operators in iterative denoising algorithms.

E.2. Score Estimation Error

In this subsection, we provide a detailed characterization for the score estimation error, which will be used in the following
convergence analysis. The score estimation error is mainly composed of two components: proximal approximation error
and deviation between posterior mean and mode.

Note that in practice, obtaining realizations from the composite distribution is intractable. Here we assume that only
realizations from exp {—g(x)} can be obtained. As a consequence, we use the proximal splitting:

Prox;") (z) ~ Prox}®) (& — A(t) 8V f (). 61)

Next, we give the detailed error bound for this first-order approximation.

Proposition E.2 (Proximal splitting). Suppose Assumption 3.3 holds. For any « € X, define

u'(x) = Prongﬂ(a:) = arg min {6f(u) +g(u) + %Hu - a:||2} ,

ucRd (62)
i () = Prox)(e — A9V (@) = argmin { o) + 55 Ju— (2~ AT @)}
u€eR9
Then, for 5 > 2 and sufficiently small A\, we have
o) — )] < o (19 + 1) 63

In particular, as § — oo, the error bound tends to 0 at a rate of O(3 ’1).

Proof. By the first-order optimality condition for u*, there exists n € dg(u*) such that

BYf(u) +n+ (' — ) =0,
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which implies
u' —x=-A\gVf(u") - An. (64)

Equivalently, € — A8V f(u*) — u* € Adg(u*), and by the characterization of proximal maps in (36), we get
u* = Prox;‘(w — A8V f(u")).

On the other hand, by definition,
w = PrOX;]\(:B — A8V f(x)).

Since the proximal operator Prox2 is nonexpansive, we have

[u” —a™| < [[(® = ABVf(u?)) = (& = ABVf(2))|| = M|V f(u") = V()] (65)

Using the L-smoothness of f, we obtain
|[w* —a*| < ABL|Ju* — x||. (66)

We now bound ||u* — x||. Taking norms in (64) yields
[u” — | < ABIVF ()] + Allnl- (67)

Since g : R? — R is convex with a compact domain dom g = X, there exists a bounded constant L, such that g is
Lg-Lipschitz on X. For sufficiently large 5 > max {2, Ly}, we have ||n|| < . Moreover, by the L-smoothness of f, we
obtain

IV () <IVf(@)] + Llu" — . (68)

Combining (67) and (68), we get
[u” — x| <AB([Vf(x)| + Llluw" —|]) + AB.

Rearranging gives

(1= ABL)[lu" — || < AB(IVf(2)] +1).
For AL < 1, we get

. A8
[ — 2l < =57 (IV/ @)l +1). (69)
Substituting (69) into (66) gives
he —ar < 22L (@) + 1)
~1-\3L :

Choosing A < (23%/2L)~" ensures 1 — A\BL > 1/2, from which it follows that

4
lu* =@l < g2 (IVf@)] +1)-

The stated O(37!) rate is immediate. O

Then, we can combine the above results and obtain a total score estimation error bound, which corresponds to the results in
Proposition 4.2. The proof employs a two-step error decomposition: first, between the true score and the Moreau score
V log 7 (+); second, between the Moreau score and the network approximation v;. The first term is bounded using
Proposition D.4, which exploits the strong convexity of the posterior to control the distance between the posterior mean
and mode. The second term is bounded by the proximal splitting approximation in Proposition E.2, which leverages the
composite structure U = B f + g to approximate the full proximal operator.

Theorem E.3 (Score estimation error). Under Assumption 3.3, consider a given distribution 7(x) x exp {—U(x)} x
exp {—(Bfy + g)(x)} with « and y satisfying the inverse model (6). Let v; be the approximated score using a proximal
network ¢g- (4, A(t)) = ProxX® (z,), i.e.,

0o (25 — MOBLF(25).A0) — 21
v oG | 7
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Then, for any t € (0,7, we have

1 2d 4
[Vlogm(z:) — v < o) ( MHW+M(||Vf(w)||+1)> - (71

Further, there exists M = O(3~'/?) such that

M1+ ||z

9 o) - o < 2 L) -

Proof. Decompose the total score estimation error as
IV log mi(@:) — wil| < ||V log () — Vlogmy (a:)|| + |V og m' () — vy - (73)

Il 12
From Proposition D.4, we have
w(t) 2d

I < _— 74
0 ¢ () + #2(0) 7

For the error I, note that V log ) (z;) = (p(t)Proxg(t) (x¢/u(t)) — x¢)/o?(t). Using Proposition E.2 with the proximal
splitting approximation gives

p(t) 4
I < Ly 5z UV Tu@e/n) 1+ 1). 75)
Substituting (74) and (75) into (73), we obtain the score estimation error
1 2d 4
IV ogee) vl < s ( et o 5o (9@l + 1>> .

Further, we reformulate the above score estimation error as

1 2d 4
n(H)A(t) ( g LT IV fy (o) +1)>.

[V, log T () — v <

Sl

From the L-smoothness of f,,, we have

IV fy (@)l < L2t ]| + [V £ (0)]].

Suppose that 3 > 2, then we have

2d 4 2d IV/,(0)]
\/Tml(t)—'— /AL (IVfy(ze)| +1) < \/;—i- 2v/2 (th|| + ?IJ/> .

Denote C'y = max {2\/5,1/33 + 2\/§|vay(0)||} and M = C/+/p. Then we have

Cr  p(d)

M (1 + [[2)
VB 2 (H)A(L)

||Vfct 1Og Trt(xt) - Ut” < O'Z(t) )

(14 fl]l) <

where M = O(5~1/?).
O

Theorem E.3 provides a rigorous non-asymptotic error bound for the Moreau score approximation. It demonstrates that
the approximation v;—which combines a gradient step on f with a learned proximal operator for g—can approximate the
true score with an error that decays as O(3~'/2). This justifies the use of Moreau score for proximal diffusion sampling in
Bayesian inverse problems.

33



Proximal-Based Generative Modeling for Bayesian Inverse Problems

F. Discretization Schedule

To implement the reverse-time SDE (RP) in practice, we require a numerical discretization scheme. In this section, we
provide details of the exponential interpolation method used for proximal diffusion sampling.

F.1. Euler-Maruyama Discretization
Consider the following reverse process
dzi = {a(t)x; — b*(t)Viog m(x; )} dt + b(t)dBy, (76)

where dB; is a reverse-time Wiener process and V log 7; (x;~) is the score function. To generate samples from the reverse
dynamics, we use numerical integration for discretization.

Consider a sequence of stepsizes {Vx},_,; »anddenote tg = 0,41 = Z?ZO ~vj- Then the interpolation process of
Euler-Maruyama discretization on the interval ¢ € [ty, t;11] is defined by

dzf™ = {a(ty)zf™M — b2 (t),)Vlog me, (@) } dt + b(ty,)dB,.
The corresponding iteration form is given by
sﬁffﬁ =i+ {alt)@EM — b2 (t)Viog my, (@2M) } 4+ b(te) ARz, 2~ N(0,1).
After using the Moreau score in (49) to replace the traditional score in (76), the reverse process becomes

dei ={a(t)xi —b*(t)Viog m(xf )} dt + b(t)dB,

- { [a(t) n 322((?)] T — Wﬁox?w W) (;c(t;) } dt + b(t)dB,. 77)

This leads to the following interpolation process

V(T —t V(T — ti)(T — ¢t _ g M
dyE]M _ {_ |:a(T—tk;) + ( k):| gtE’k]M + ( k)u( k)Prox)(}(T tr) ( ytk dt+b(T—tk)dBt

o2(T — ty,) o2(T —ty,) (T —tx)
And the corresponding iteration form is given by:

] > ~ b2(tk?)/1‘(tk) o2(t W2 (t 'gtEM ytEM
ytb;i”l _ yiM e {a(tk)yko . Prox; (tr) /B (tk) M(;k) _ M(;k)

} + Vib(te)z,

() BR(tult) ooy (T
=(1—0ga(ty) — EM ZATRIPATE) Prox (te)/n=(tk) tk bt
< ka(t) ’Ykaz(tk)> Yy, Tk o2(tr) TOX ) + VEb(tr) 2.

Similarly, for the probability flow ODE, the iteration can be formulated as

b2 (ty) , b2 (ty) p(ts) > 2 yEM
_EM __ k _EM k)H\lE o (tr) /1’ (te) tr
Yipir = <1 — oga(ty) — Yk 202(tk)) Y, + FYki?UQ(tk) Prox, )/ (k M(krk) )

F.2. Exponential Interpolation

As Euler-Maruyama discretization approximates the drift and diffusion coefficients as constant in the SDEzs, it suffers from a
large discretization error and has poor numerical stability. To obtain a better convergence guarantee, here we consider the
exponential interpolation (Zhang & Chen, 2022).

A key observation is that the only nonlinear term with respect to x;~ in the reverse process (77) is the proximal operator.
Fixing it at time ¢ = ¢, will transform the reverse process into a linear SDE with time-dependent coefficients, which admits
explicit solutions.
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Proposition F.1 (Exponential interpolation). Consider the reverse SDE in (77), and define a sequence of stepsizes
{ Wt pmo,. x and to = 0,tx1 = Sk . For u(t), o2(t), and A(t) = o2(t)/p2(t) defined as in Section 3, the
interpolation process on the interval ¢ € ftk, ti+1] is given by

sB ) _ B V(T —t) BT V(T — t)u(T — t) NT—te) zf! B
dz; —{ {(T t)+_t)] T e Prox;; (M(T_tk)>}dt+b(T t)dB;. (78)

Moreover, the corresponding iteration form is given by

~ET
_ _ AT— Ly
thkil — al,kwil + 052,kPr0XU( i) <’U(Tti tk)) —+ a3,k€k7 (79)

where &, ~ N (0, 1) and

MT =ty 1) (T — tr41) AT — tg41)
= = (T —t R L 2V
B T T R G T
MT — tr41) (80)
e = u(T —t \NT — ¢ 1 2\ T kAL
a3k 1u’( k+1) ( k+1) )\(T — tk)
AT —t a8
Proof. For the interpolation process (78) on the interval ¢ € [t, t;41], denote P, = ProxU( —tr) (N(Tt"‘ tk)> and
b2(T —t) b2 (T — t)u(T —t)
t) = — T—1 — t) = P, t) =b(T —t).
o)== [atr— 0+ Zr= | a0 =R 0 =0T -
Then the interpolation process can be reformulated as
dzf! = {a(t)2]T + B(t)} dt +y(t)dB,t € [ty, tia] - 81)

This is a linear SDE and the exact solution at 741 can be expressed explicitly. Denote ®(¢, s) = exp { fst a(u)du}. Then
the solution to (81) can be written as

tht1 tre41
:Eiil = <I>(tk+17tk)zif;] +/ D(tr11,5)8(s)ds +/ D (t41,5)7(s)dBs . (82)
—_—— ) t
> tr tr
I J

To show the proposition, it suffices to calculate H, I, and .J in (82). In the following, we calculate them one by one. Firstly,
we calculate H. For simplicity, we denote the reverse time 7, = T' — ¢, and then

o)== [atr) + H3] 50 = F5AD R 20 =000

Note that dt = —dr, and as u increases from ¢, to t;1, 7 decreases from 7 to 751. Then we have

tr41 Tk
D(tgy1,tr) = exp {/ oz(u)du} = exp {/ ao(T — T)dT} . (83)
tr Tk+41

Asa(T —1)=— [a(r) + 222((:))} , by integration, the exponential term in (83) can be written as

/t:wl o(u)du = /7:1 - [Q(T) + 322((:))} dr = — /T:l a(r)dr — /7:1 322((7;)) dr 84)

Recall that yu(7) = exp { [ a(s)ds}. Then we have % log pu(7) = a(7), and then

/Tk+1 a(r)dr = log p(7k) — log pu(Tk+1) = log u’;j:i)l) : (85)
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Further, note that o2 ) [y (b ))2ds. Denote A(1) = [ (b ))2ds = o%(7)/u?(7). Then we have

Also, we have X' (1) = (b(7)/u(7))?, and then

LR N0 4
2 N ) A AT

So we have
/Tk b(r D) e log A(re) — Tog A(rps ) = log — %) (86)
e 02(7) ' o A7k 11)
Substituting (84), (85), and (86) into (83) yields
_ fetd ~ AMTrgr) (i) 0% (mhga)  plTr)
Dltitr, ) ‘eXp{/tk “(“)d“} TN um)  o2(m) mlmen) ®D

Next, we calculate the second term [ = ft“’l D (tg+1,)B(s)ds in (82). Similarly, for s € [tg,tr+1], we denote n =

T — s = p. Then we have
tht1 P
vt e { [ awau} —ewd [ ar-miny.
S Tk+1

/T:H T —n)dn = /T; - {a(n) + 3,22((77))} dn = — /ﬂ: a(n)dn — /T; 222((77)) dn

Similarly, we have

Note that

A(Thi1) (Tr41) _ 0% (Tie1)  plp)
Ap)  u(p) o%(p)  (The1)

©<tk+17 S) =

Substituting the above equation into I, we have

_ [ e — [ ) _mp) Bnlp) L ot , [ P p)
I_/tk P (ty+1,5)B(s)d _/m-+1 o2(p) p(trr1) o2(p) Prdp = (Ter1) Py /Tk+1 ) dp. (88)

Note that

P2 (p)0%(p) _ b*(p) Np) 4 ( 1 )
a*(p) 12 (p)A%(p)  A2(p) dp ’

TN Ap)

then by integration, we get

/:k ‘ﬂ(p)bz(p)dp:[k X(p)dp:{—lr - 1 (89)

i 04p) era A2(P) NP rer ATe1)  A7w)
Substituting the above into (88), we get
2 Tk 2 2 1 1
RCy Rl <p> wrien)  \Mmgn)  Alme)

Finally, we calculate the stochastic It6 integral of the third term J in (82). The variance of .J can be expressed as

Var(J) = / T O (tera, )7 (s)]2 ds.

tr
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Similarly, we have

- o BP0 (1) o, ot (Trn) 2 (p)b3(p)
@i, T =P = G ot ) = W) oi(p)

and further

/t @@= [ [@(tk%T—p)b(p)fdp:m / " “Eﬁ’(’;;”)dp

_ 0 (Th41) L1
a 1 (Tee1) (/\(Tk-i-l) /\(Tk)> .

For &, ~ N(0, 1), we have

_ 0 (41) I
' f(Th+1) \/A(Tkﬂ) )\(Tk)Sk' 91)

Combining (87), (90), and (91), we have

(7 th+1
:Egil :@(tkﬂ,tk):iil +/ @(tk+1,s),6(s)ds—|—/ D(trt1,8)7(s)dBs
t t
2 k 2 k 2 ©2)
_ 0 (k1) p() _pr, 0 (The1) 1 1 o (Tht1) 1 1
o?(7)  p(Tht1) (Tr41) AMTrt1) M) w(Trr1) \ AMTes1) A7)
Denote the coefficients
AT =ty 1) (T — thet1) MT —tg41)
= =u(T—t 1— ———=
a1k A(T 7 tk)N(T — tk) ) Qg k :u( k+1) )\(T — tk) )
AT = th41)
=u(T -t AT -t 1— — .
a3k ,LL( k?+1) ( k+1) )\(T — tk)
Then the corresponding iteration form is given by
—EI —EI AT —tx) jf[
T, = QREy, + agrProxg T w(T - tr) + oz i€, & ~N(0,1).

O

The exponential interpolation scheme provides an exact discretization of the reverse SDE with proximal operator. The
resulting iteration in (79) has a clear interpretation: it is a convex combination of the previous state 5:5 ! and the proximal
update plus appropriate noise. The coefficients oy x, @2 i, @3 1 depend only on the scheduling p(t) and A(t), making the
scheme easy to implement.

G. Convergence Results

In this section, we establish the main convergence result of the work, providing a comprehensive error analysis for the
proposed proximal diffusion sampling algorithm. Firstly, in subsection G.1, we show several quantitative controls on the
forward density ;. Next, we provide uniform second-moment bounds for the reverse diffusion processes with approximated
Moreau score in subsection G.2. Then, we analyze the tangent process associated with the reverse SDE in subsection G.3,
which quantifies how small perturbations propagate along the reverse-time dynamics. Finally, in subsection G.4, we present
the proof of Theorem 4.3, which establishes the non-asymptotic convergence of the proximal diffusion sampler.
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G.1. Properties of the Forward Process

In this subsection, we establish several technical bounds for the forward diffusion process that will be used to control the
growth of moments and to analyze the errors in the sampling phase.

Recall that the forward SDE is given by
dx;” = a(t)x; dt + b(t)d By, t e 0,7,

with deterministic coefficients

,u(t):exp{/ota(s)ds}, az(t):/OtbQ(s)exp{Q/:a(r)dr}ds.

We work under Assumptions 3.3 and 4.1. Denote diam(X’) the diameter of the manifold defined by diam(X') = sup{||z—yl|| :
x,y € X'}. We emphasize that the compact assumption on X’ encompasses not only all distributions which admit a continuous
density on a lower dimensional manifold but also all empirical densities.

Under Assumption 4.1, by directly restricting the log-gradient of x(¢) and A(¢), we can obtain simple expressions for the
ratio in the discrete iteration form, i.e.,

exp {yrma} < m <exp{yMx}, exp{yemu} < m < exp{ye M} (93)
The gradient can also be expressed as
|0uu(t)] < [0 log p(t)] < My, DeA(t) < Oplog A(t) < AM. 94
Further, we can conclude that both 1(¢) and A(¢) can be bounded, i.e.,
u(t) € [exp{—M,T},1], A(t) € [Aexp{—MxT},A|], Vtel0,T]. (95)

In order to show the stability and growth of the processes at hand, we need to control quantities related to the gradient and
Hessian of the log-density. For the target posterior 7(xg) o< exp{—U(xo)}, denote (m;);c[o, 7] as the density w.r.t. the
Lebesgue measure of the distribution of ;. Similarly, we suppose 7% to be an empirical version of 7, i.e.,

1
N _ * (k) k)
7r kaEIw , T .

And we denote (7} )tefo,] as the density w.r.t. the Lebesgue measure of the empirical version of distribution. Next we will
give the regularity of the forward density. We adopt the backbone of the proof in (De Bortoli, 2022) and extend it to more
general settings.

Lemma G.1 (Regularity of the forward density). Under Assumption 3.3, for every ¢ € [0, 7] and & € R? the following
inequalities hold.

1. (Control on the gradient)

(V9ogmi(x), @) < — |(|:t(t) N u(t)die;rgg\)f) )

2||ze||? 2u?(t)diam(X)? ©0)
\a! 2 2
|| Ogﬂ—t(wt)” = 0'4(t) 0'4(t)
2. (Control on the Hessian) For any y € RY,
202(t) — p?(t)diam(X)?
(9, V? log my()y) < — 22D =D o
204(t)
97

1 + diam(X)?
2
19 105 ()] < 20
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3. (Control on the time derivative)

(diam(X)2 + X)(diam(X) + ||z||)

10:V log my ()| < My, o6 (1) ’

(98)

where My, = 2(My +4M,) .

Proof. We prove each part in sequence.
Part (i): Control on the gradient.

We first show the dissipativity condition on the gradient, i.e., the inequalities in (96). For any ¢ € [0, 7] and x; € R? we
have

v Lo e[l — (a2 (20 (1)
S (@) = NkZ:l O .

And the gradient of log 7 is given by

— % L (@ — p(0)z®) exp[— [l — p(t)a®|?/(20%(1))] [@ro?(1)"?

Viegnl¥(x,) = 99
ogm; (x¢) 20 7N (@) 99)
Define the weights
exp[—llme — p®XF/ (202(1)] P
Wi = N 32 5 ) — Ly&y---5 4V
Yoy exp =@ — p(t)z D)2/ (20%(t))]
Then we have w;, > 0 and Eszl wy, = 1, and
N
Viog 7N (z,) = —%(mt — () Zwkm(k)). (100)
o (t) =
Taking the inner product of (100) with x; gives
N 1 2 W l=el> o) ) S e
vl ) = ———— — ut) ., < - ‘ : ‘ 101
(Vog (o) ) = = 2oy (el = ) (e 3w )) < = T5tis + S5 (e wia®)]. - cton

By the Cauchy-Schwarz inequality, we have

N N N
‘<xt,2wkm(k)>‘ < |l || HZwkw(k)H < ||| Zwka(k)H. (102)
k=1 k=1 k=1

Since X is bounded with diameter diam(X’), we have ||z(¥)|| < diam(X) for every k (after possibly translating X’ so that it
lies inside a ball of radius diam(X’) centered at the origin). Consequently,

N N
> willz™| < diam(X) Y " wy = diam(X). (103)
k=1 k=1

Substituting (102) and (103) into (101), we have

2ol p(t)diam () e ||

N _
(Viogm, (1), xs) < o2(t) o?(t)

(104)

Because the right-hand side does not depend on N, the same estimate holds for the limiting density 7; by letting N — +o0.
Next, we show the second inequality in (96). From the above equation (100), we obtain

1

||V1037TtN($t)|| = 027@)

Hact — () iwkx(k) H (105)
k=1
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Using the inequality ||a — b||? < 2||al|? 2, we have

N 5 N 2
e = () Y- wna® || < 2l + 222(0) | Y- wra® | (106)
k=1 k=1

Again by the convexity of the norm and the bound ||«(*)|| < diam(X’), we get

N N
HZwkw(k)H < ZwkHw(k)H < diam(X). (107)
k=1 k=1
Hence,
N 2
th —ul) Zwkm(k)H < 2|2 ||? + 242 () diam(X)2, (108)
=1

and consequently

2 < 2| |” | 24%(t)diam(X)

] N 109
Hv 0g Ty (wt) 0'4(t) 0'4(t) ( )
Again, letting N — 400 yields the same bound for 7.
Part (ii): Control on the Hessian.
We now prove the control on the Hessian V2 log ;. Denote 7 = ¥ (2mo?(t))%/2. Then we have
N
) (@) = (1/N) Y expl||z — u(t)z™|* /20 (1)). (110)
k=1
Hence, taking the gradient on (110), we have
N
Viogm' (@) = (-1/N) Y (= - M) exp[— ||z — p(t)e ™ |?/20° ()] /(0 (t) 7] (2)).
k=1
The Hessian can also be calculated as
N
_ 1 _
Vilog 7' () = — — ( +(1/N)Y (z - ) @ (z — p(t)2™) exp[—|l& — u(t)e™|?/20*(1)]/(* ()7 (=)
k=1
N
—(1/NH(Q (@ 2™ exp[—||@ — u(t)z™|?/20°(¢)])
k=1
N
© (Y@ — u()z®) expl—||lz - p(t)a™|?/20% (1)) /(0> ()7 (2))*.
k=1
(111)

Forany k € {0,1,..., N — 1}, denote ff = —(x — pu(t)x®)/o?(t) and e} = exp[—|| fF||?]. Substituting this into (111),
we have

N N N N N
Vlog 7 (z) = — f® ft’“ef/zeff - (Z ft’“ef/zef) ® (Z frei/ Y et
k=1
1 N
:—J +(1/2) Z fl)ekel ) Z efel.
7,k=1 k,j=1

In addition, using that for any £ € {1,2,..., N}, 2(®) € X we have
[Frs fth = u(t)ll2® — 29| /o*(t) < u(t)diam(X) /o (1).
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Therefore, we get that, for any x,

(@, V2 log ¥ ()x) < —(1 — pu(t)*diam(X)?/(20°(2)))/o” () ]| *.

Using the fact that X’ is compact and the strong law of large numbers, we have

2 —_
ylim Viog ! (w) = — 551

+ /Rd(w = plt)mo) ® ( — p(t)ao) expl—lx — p(t)mol*/(20°(t))] expl— | — pu(t)@ol*/ (20° (¢))]dm (o) d (o)
/(/Rd exp|—|lx — u(t)®o|1*/(20* (t)))dm(xo))*.

Hence, we get that limx_, 4 oo V2 log 7N (x) = V?log 74, and
(@, V2 log my(a)z) < —(1 — p(t)*diam(X)?/(20%(t))) /o (1) |||*.
Similarly, we can show
IV log pr(@0)l| < (1 + diam(X)2) /o (1),
Part (iii): Control on the time derivative.

Finally, in order to control the local error of the time discretization, we also need to control the time derivative of the gradient
in (98).

Note that for any = € R, 7V (z) = 7N (z)/(270%(t))%/? with

(@) = (1N) Y ef(@),  ef (@) = expl—llz — u(t)e™|?/(20%(1))].

M=

1

=~
Il

In what follows, we denote fF = logef forany k € {1,2,..., N}. For any = € R¢, we have
N
Oy log py (x Z off (@)ef () Y ef(x)
k=1

Taking the gradient in the above, we further have

N N
0,V log py) (z Zatak Z Z O f (@)Y [ (@)ef (x)/ Zef(w)
k=1 k=1
N
- Z Ouff @)V f (m)ef (x)e](x)/ Y ef (@)e] ()
k,j=1 kyj=1 (112)
N N
= Vfi@)ef(x)) ) ef (@)
k_11 N k=1 | | . |
+3 > @Ouff (@) = 0] (@) (VI (@) = VI (®))ef (x)el(x)) > ef ()e] ().
k,j=1 k,j=1
Note that for any x € RY,
Vik(@) = —( — pt)a™) /o (1).
Hence, using that p(t) < 1, we get
IVfE (@) = V] (@)] < p(t)diam(X)/0®(¢) < diam(X) /o (). (113)
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In addition, we have that, for any € R4

Ot (@) = 0,0%(1)/ (20" () & — ()™ | + Dyu(t) /o® () (&™), 2 — p(t)z™).
Combining the above result with Assumption 4.1, and note that 9,02 (t) = p?(t)OA(t) + 2u(t)Oepu(t) A (t), we get
\@ftk(a:) — 8tftj(a;)| < 0,0%(t)/ (204 (t)) (4||33||diam(X) + 2diam(X)2) + 6tu(t)/02(t) (2diam(X)||x|| + 2diam(2€)2)

< diam(X) (M + 2M,)\/o*(t) (2||z|| + diam(X)) + 2diam(X)M,, /o> (t) (||| + 2diam (X))

< (My,/o" (t))diam (X)) (diam (&) + ||z])),
B (114)
where My, = 2(My + 4M),)\. Therefore, combining (114) and the fact that x(t) < 1, we get that, for any = € R,

10V £ ()| < (My.e /o™ (t)) (diam(X) + |[z])). (115)

Substituting (113) and (115) into (112), we get that, for any 2 € R¢,

10:V log " () || < (My.¢/o™ (t))(diam(X) + [|]]) + (Myp.e/o°(¢))diam(X)? (diam(X) + || ]))

(My.1/a°(t)) (A + diam(X)?) (diam (X)) + [|])).
Using that limy 1 o 0;V log ¥ (x;) = 9,V log m;, we have
10,V log mi(@)[| < (My/0°(t)) (X + diam(X)?)(diam(X) + |]]).

O

This lemma provides crucial quantitative controls on the forward density 7, which is essential for establishing stability
of the reverse SDE. The time derivative bound controls how quickly the score changes with time, which is necessary for
analyzing the local truncation error of time discretization.

G.2. Properties of the Reverse Process

In order to control the error introduced by the discretization and the score estimation, we firstly obtain a uniform control of
the moments of the reverse processes.

Consider the reverse diffusion process:
= {a(t)x; — b*(t)Var logm(xf )} dt + b(t)dB,.

Replacing the score function as the Moreau score in (49) and using the proximal network ¢~ to approximate the proximal
term Proxy; O/ ( +/p(t)), we obtain the following SDE:

(L PO e P0u) :
o = { o+ 2] o - EMOp b e binaB, (116)

where \(t) = o%(t)/u?(t) and

Denote the approximated score

N(t)¢0* (Hw(t) - /\(t)ﬂva:f(:(:t)) )‘(t)) — &t
ve= TEONG a4
Then we have
7 ={alt)@5 —v*(t)v,} dt + b(t)dB,. (118)
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From Proposition F.1, the interpolation process on the interval ¢ € [t,tx+1] is given by

b2<Tt>] g BT = (T ~ )

dmff{{ (T =+ 57— ® o i Pk}dter(Tt)dBt,

where

—EI —EI
z;

Py, = ¢~ (H(T—tk) - MT - tk)ﬂvf(ﬁ)a MNT — tk)) .

And the corresponding iteration form is given by

_EI _EI

Zy,,, = a1p®y, + a2 kP + a3k, & ~N(0,1).
For simplicity, we denote a‘cf;] as Y, and then we have

Ykt1 = Q1 kY + @2, P + a3 k&, & ~ N(0,1). (119)

Denote the distribution of yj as 7, Ry, where we choose yo ~ 7 and Ry, the transition kernel associated with y|yo.
The following lemma provides uniform bounds for the second moments of &;~, y, and for the increment of the interpolant,
depending on the score estimation error introduced in Theorem E.3.

Lemma G.2 (Moment bounds for the reverse process). Under Assumption 3.3 and 4.1, let ;~ satisfy (118) and let y;, be
defined by (119) with yg ~ 7. Then the following hold

1. (Control of the approximated process) For sufficiently small M < 1/6, and for any ¢ € [0, T,

E[||2; |I!] < 12M (M + diam(X))? + 2)d. (120)

2. (Control of the sampling process) For any £ = 0,1, ..., K, we get
Elllyx[?] < Ry, := A+ B(1/A +4), (121)

where

1 , ]
(1 25) + @M + ) (1= ) exp (M6} My + exp {2M,8} My (22 + 1+ (2M + 1))

“2In2 8In2 41n2
M + diam(X))? - -
B —exp [M,0} My ‘;‘m( ) (1— 411?2)+exp{MN6}MWk(2n+)\)+/\MAd.

3. (Control on the interpolation process) For any k € 0,..., K — 1 and ¢ € [tg, t;11], we have
Ellzf — 2! |°] < (A" + B') i, (122)

where

2M + _
A = { 7 11’})2 - 277 exp {M,,6} My + exp {2M,,6} M3vx(2M? + 1+ (2M + n)/\)} Ry,

. 2 3 : 2
B exp { M0} My (M + diam(X)) + exp {205} M2 (2n + A)(M + diam(X))

R AMd.
41In2 n n + A

Proof. We prove the three estimates separately.
1. Control of the approximated process ;.

Let #;~ satisfy the following reverse-time SDE:
dé5 = {—a(T — )& + b*(T — tyop_, } dt + b(T — t)d By,
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where the approximated score

u(t)do- (25 — MND)BV o f(
EONG)

) A~

Uy =
By the results in (96), we have that for any ¢ € [0,T], E[||#;||?] < +occ. Hence, apply Itd’s lemma (Itd, 1944) to
f(x) = 3|z|?, we have
1 1 1
d(§||53ﬂ|2> = V(@) - daf + 5 Te(B(T — OV (@) dt = & - daj + 5 Te(b(T — 1)1t
d
& {—a(T —t)&; + V(T —t)vr— pdt + 25 - b(T —t)dB; + ibQ(T—t)dt (123)

= {—a( — )25 |12 + bX(T — t){(vr_y, & >+ng(T—t)}dt+b(T—t)<a7;f,dBt>.

Then ug = % and

Taking expectations on (123), we define u, = 1E[||&;||?].

du d
= {~alr - OBl P+ (T - OBl o8 + SRT -0 | (124
Now we bound the inner product term in (124). Denote 7 = T' — ¢, we have
(ve, @77) = (vr — Vogpr (&), ;) + (Vlogp-(2;), &)
From the result in Appendix E.2 and Theorem E.3, we have the score approximation error

M (1+ ).

[Va, logp(x:) — ve]| < #2(1)

Then, with Cauchy—Schwarz and results in (96), we have

(vr = Viogp- (i), ) < [lvr = Viogp-(&;7)| - [|l&7 ]
< MO+ [l27]) & < Ml&f || | M|z (125)
ST am I Teny e
" & 12 plr)diam ()] |
fey s T w(7)diam T
(Viogp, (&, ), &) < — 20r) 20 e I (126)
Summing (125) and (126), we have
. E2nls , 2|l
2(v,, 27 ) <2(M —1) ( ) +2(M + p(r )dlam(X))aT(T). 127)
Apply the inequality 2ab < a?n + b2/ with a = || ;|| /o (), b = (M + p(r)diam(X))/o(7), for any > 0, we get
: & | _ Iz )? 1 (M + p(r)diam(X))?
2(M + p(7)diam(X)) 2(7) <n 20 200) ) (128)
Substituting (128) into (127), we have
. [&f[|* 1 (M + p(r)diam(X))?
2v, &7 ) < (2M —2+1) 2(7) —1—5 2 (7) . (129)
Plug into du/dt in (124), we have
duy b2 (7) (M + p(r)diam(X))2 b2(7)  d ,
o7 < {Qa(T)ut +(2M —-2+n) 2(7) up + o0 2(7) + §b (T)} o)
B b2(7) (M + p(r)diam(X))2 8*(1)  d ,
= ((2M —24n) 2r) 2a(7)> ug + < 2 2(7) + ib (7')) .
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For simplicity, define

iong—aa PO\ (M p(r)dim(X))? () dy
At_ ((2M 2+’I’])0_2(T) 2 ( )),Bt ( 27’ 0_2(7)+2b ( ))
Then
N < Ao+ B, (131)
Note that
a(1)o?(r) _ Oun(r) A() _ dilogu(r) | —M,
b*(7) u(r) OA(T)  OglogA(T) = my
then we have )
A = ((QM —247n) §2(<:_)) - 2a(7)> < (2M =2+ n)my +2M,. (132)

We choose 2M +n < 1 — 2M,,/m, then we have A, < —m,. Applying Grénwall’s lemma (Fontaine et al., 2021), we
have

. 2 Y
< g + M, (M + diam(X))* + n/\d'
ma 2n

Further, for sufficiently small M such that M < 1/6, we choose n = 1/6, then A; < —1/2 and
ug < 6My(M + diam(X))? + \d. (133)
Substituting u; = $E[||&;[|%] into (133) gives
E[|2; |I*] < 12M(M + diam(X))? + 2)d.

2. Control of the sampling process y;.

Consider the iteration form
Y+l = 01k Ye + a2, P +az e, k=1,2,... K.

From the results in (129), we get

o < - SO

Recall the definition of v; in (117), we have

u(7) 1
(Vr, @) = 2(7) (Pr,xy) — m(wt,ajg. (134)
Substituting (134) into (129), we have
_o?(1) 1 2M +1n 5 1 (M + p(r)diam(X))?
<P771Bt> = TT)<UT’ 113t> + m<$t,$t> < 2/,6(7’) ”th + % Q/.L(T) . (135)

Next, for the norm of v, using the result in Theorem E.3 and Lemma G.1, we get

M2(1 + ||z,]])? IEAIE 202 (7)diam(X)2
[o: 1 <[[or — Vlogps (@[> + [V log pr ()P < ML NZl)” , 2llzel” 27 (r)diam(X)

7(r) o1(r) o4 (7) 136
(2M? + 2) |z ”2 n 2M? + 242 (7)diam(X)?
- ot(7) ' o4(7) '
And substituting v; as P, we have
s )P —m o (1) 5 2u(7) [l
T = = PT —_— PT’ . 137
el = N5t = LS IR = s (P + s (137)
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Then we have
(1) 202(7)
p2(7) w(T)
< (2M?2 +2) 12 + 2M?  2diam(X)?  (2M + n)o?(7) |2 + o?(1)(M + p(7)diam(X))? B [l ||?
= A7) () 3 () 13 (7) ' nu?(7) 13 ()
_(2M? 4 1) + (2M +n)o*(7) 5 (2M? + 2diam(X)?)  o2(7)(M + p(r)diam(X))?
= ||$t|| + B} + 2 .

13 (7) nu?(7)

1P = lo-* +

<P7'=$t> -

w2 (7)

(138)
Now, we compute the expectation of ||y 1|?. Since & is independent of y;, and has mean zero, we have

Elllyr+1] Z]E{Hal,kyk + ag k PLl*| + 03 4d (139)
=7 1 E[llyl*] + 201 ko2 kE[(Pr, yi)] + o3 1 E[|| Pel]] + o3 d.
Substituting (135) and (138) into (139), denote pux, = (T — tx), o = o(T — t1), we have the upper bound

2M +1n 1(M+ ukdiam(X))2> N

Ellyr+11I”] <ai hElllyell®] + 201 o2k ( o Efllyxll?] + ; 2ir

) (2M2 +14+ (2M + n)aiE N 2M? + 2diam(X)? N 03 (M + ppdiam(X))?

Ak [||yk||2] 2

" 1 g
2M + 2M? + 1+ (2M + n)o}
<{ati+ansan o, A% |y 21+
k

(M + diam(X))?  , [2M? + 2diam(X)? N o2 (M + diam(X))?

ay gy —— 2 4 (
nik 2k 13 nus

) + ag’kd

) + a;kd.

(140)
Under Assumption 4.1, we have

< exp {(M,, — Mx)v}

A
Hhit (1 - T:) < o exp {My i} (1 — exp {=My}) (141)

a2k =HE

A
sk =pr+1V Ae+14/1 — ;:1 < VAer1V/1 — exp {— My}

For ~y, < § < 21In2, we have

Lk 1= o, asp/pn < exp{Mud} My, of ) < AMyy. (142)

Substituting (142) into (140), we have

Ellyr+1]?] <{1

1 1 9 1
- OM +)(1— —— M, 8} M
o T oy kT M AN - ) exp (Mo} Myt

exp {2M,,6} M3~; (2M? + 1+ (2M + n)X) YE[ ||y |I*]+
Q- (M +diam(X))*

Vi +
(

1
4ln 27/6) €Xp {MM(S} M)\’Yk
MM + diam(X))?

n

exp {2M,,6} M3~} (2M2 + 2diam(X)? + > + AMydyy,.

Denote

1 _
A= (14 8?22) +(2M +n)(1 = ) exp (M0} My + exp {2M,8} My (2M2 + 1+ (2M +n)))

(M + diam(X))? (1 Vi
n

B =exp {M,6} My ~ 13

)+ exp {M,8} Myye(25 + A) + AMyd.
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Then we have
Elllye+10?] < (1 — A Elllyrl®] + B
By recursion, we have that, forany £ = 0,1,..., K,

Ellyxs1]®] < Ad+ B(1/A+4).
Note that the same result holds for (££),c(0,77-
3. Control on the interpolation process.

Note that from the definition of :Ef T we have

—EI —EI
n = Q1,4 Ty, +a27tk13,5k+a37tk£k, k}:l,Q,...,K.

Therefore,

Ellzf" - @£ | =E||l(a1s, — V3L + aza P, 2]+, d

(143)
=(ave, — 1’E[|Z5 7] + 2(one, — Doz E[(Py, &17)] + 03, Ell| Py, ] + o3, d.

From the former results in (135) and (138) , we have

1 (M + diam(X))?

T

(2M? +1) + (2M + n)ak]E[” P12 4 (2M? + 2diam(X)?) N MM + diam(X))Q.
12 1 U

Substituting (144) into (143), we get

_ 2M +n
EI EI
E[(-Ptmxtk >} S Q,Uk EHI tk || }

(144)
E[|| P, |I?] <

. . 2M + 2M? +1) + (2M + n)o}
Bllof — aE 2 < {(or — 1 + (010, ~ Doag, 220+ o, B LB oy
k

M + diam(X))? 2M? + 2diam(X)? MM + diam(X))?
t(orn — g | D | g, (A HamF) | SO+ diami0)
Nk I niy,

Similarly, denote 7 = ¢t — t;, < 7y < §, we have

_ MT —t)u(T —1t)
=T — i)l — 1) < exp{(M, — My)T}

agy, =pu(T —1t) <1 - )\(Tt)> < prexp{M,7} (1 —exp{—My7})

AT

(145)

) + ag,tkd.

Q1,ty,

a3 t, =H *t \/ *t 1* \/)\k_‘_l\/lfexp{ M)\T}

Further, we get

ary, <1-— Voo o/t < exp {Mu6} My, a3y, < AMyvyp. (146)

41In2
Therefore, substituting (146) and the result in (121) into (145), we have

2
_ Yi. 2M +n _
El2f! - 257 < {(41;2)2— g e (M0} My -+ oxp (21,8) MEECAE + 1+ (2M + )Y | Ry

M + diam(X))? 20 + \) (M + diam(X))?
= exp {M, 5}Mmﬂ+exp{2Mué}M§ﬁ( n+ A (X)°
41 2 n "

Denote

(41n2)2 41n2

exp {M,,6} My + exp {2M,,6} M3vp(2M? + 1 + (2M + n)X)} R

M + diam(X))? 21 + A\) (M + diam(X))?
B':—4Y§26Xp{M#5}M>\—( ; (X)) —|—exp{ZM#é}ME'yk(17 )( ; (X))

+ AM,d.

47



Proximal-Based Generative Modeling for Bayesian Inverse Problems

Then we have
Bl — &' |I”] < (A" + B') .

O

This lemma establishes uniform second-moment bounds for the reverse diffusion processes, which are crucial for proving
stability and convergence of discrete-time samplers. The bounds guarantee that the reverse process does not explode in
finite time, even when using an approximated score. Overall, these moment bounds are key technical tools for deriving

non-asymptotic convergence for proximal diffusion sampling algorithms.

G.3. Contraction of the Tangent Process

To control the error introduced by the discretization and score approximation, we analyze the tangent process associated with
the reverse SDE. This process quantifies how small perturbations in the initial condition propagate along the reverse-time

flow.

For the forward process dx;” = {a(t)x;"} dt + b(t)d By, denote 7o, = tlim Law(z;?). For any z € R and s,t €
— 00

[0,T7, s < t, denote the reverse process as
dys, = {fa(T —t)ys, + b*(T — t)Vlog ﬂT_t(ysft)} dt +b(T —t)dBy, Y5, =T
The approximated reverse process is defined by
dy?, = {—a(T — t)g%, + V*(T — tyop_¢ } dt + b(T — t)dB,, 92, ==,

where the approximated score

BT — ) o (s — MT — BV f (225) (T — 1) — 92,
o2(T — 1) '

Vr—t =

It can also be expressed as

dys, = {— [ (T —t)+ UQ(T_;] Yor + b (TU;(tT)“_(:tF)_ H PTt} dt +b(T — t)dB,

where \(t) = o2(t)/u?(t) and

NI - 98V I AT =)

5T
ys,t

Pro=oo (1t

From Proposition F.1, the interpolation process on the interval ¢ € [sy, tx1] is defined by

e V(T —-t)] , AT —t)u(T —1)
dyg, = {— { (T—t)+ JQ(Tt)} Yot (T — 1)

where s, = max {s, t; } and

Pu= g0 (s - NT - BV AT 1))

We introduce the tangent process

dVy?, = {—a(T — ) + b*(T — t)Vilogmr_¢(yZ,)} VyZ,dt,

where Vyg' ; = I. Then the bound on the approximation and discretization error relies on the following lemma.
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Lemma G.3 ((Del Moral & Singh, 2022)). Under Assumption 3.3, for any x € R and s,t € [0,T],s <t, we have

t e T
v ut= [ (VUli) Abu((E)eta)du (152)
where for any u € [sy, tp41] and (wy),e[s,4» the drift

b, (w) = — a(T — t)w + b*(T — t)Vlog s (w),
b3(T —t) AT — t)u(T —t) (153)
02(Tt)} vt gy Lr)

buw) =~ [T ~1)+

and Ab, (w) = b, (w) — b, (w).

Then our goal is to control Vy?, and Ab,((yT,)ie[s, 1)) for any x € R? and s,t € [0,T],s < t.
Lemma G.4. Under Assumption 3.3 and 4.1, for any s, ¢ € [0, 7] and =, ' € R?, denote

Fe T\ diam?(X) M)
my—M, )’ (154)
GKZE/Q—(TTL)\—MH)(T—f)eXp[M)\(T—E)].
Then we have
—t/2] t<t.
Ty | < 4 Pl ’ o 155
IVl {ep[—aK], oh (155)
and
epl—t/2 le—a', <%
Wi (05Q¢, O < _ 156
1(62Qt, 020 Q1) {exp[—GK} lo—a'|, >0 (156)

Proof. Firstly, we consider a simple case where the target distribution m = Jy, and then diam(X’) = 0. We will show that

Wi (02 Qi 00 Qe) < E [y, — yF4ll| < exp{—(mx = M)t} [l — /|| (157
Especially, when ¢t = T, the bound becomes
Wi (62Qr, 62 Q1) < 0, (158)
implying finite-time convergence.

Consider the backward process (yo‘ﬁt) with the associated semi-group (Qt)te[QT] and its associated tangent process
dVyy, = {—a(T — ) + (T — t)Vlegm(y¥,) } Vy§dt, Vy§,=1I.

Then, for any ¢ € [0, T], we have

1
lyE, — vl < / IVyglldr -l — 2], (159)
where z,. = rx + (1 — r)x’. Using the results in Lemma G.1, we have that, for any z,
202(t) — pi?(t)diam(X)? Bk
2 x 2 _
<Z, \% logﬂ-t(yO,t)z> < - 20’4(t) ||Z|| - 70'2(t) .
Then we have
2 x 2 b2(T B t) 2
(z, (—a(T =) +0X(T = )Viegmr—4(y$,)) z) < —a(T —t)[|z]* - m”zn
V(T —t) 2
=— T—t —_ .
(ar =0+ ZG=0 ) 1l
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And the evolution of |[Vyg,||* can be bounded by

d 9 bA(T —t) 9
ad T 12 < _ R Sl z |12
GIVU? < -2 (om0 + 00 ) 19

Integrating (160) from O to ¢ and using the initial condition Vyg, = I, we obtain
‘ v2(T —
Vsl < esp |2 [ (o= 9+ S0 Y
0
Denote 7 = T — t, and recall that u(7) = exp { f; a(s)ds}. We have 4 Jog p(7) = a(r), and then

T B . u(T)
/T_t a()dr = log u(T) —log (T — t) = log w(T —t)

(160)

(161)

Further, note that 02(7) = 4?(7) [ (b(s)/u(s))?ds. Denote A(t) = [ (b(s)/u(s))?ds = o*(7)/u?(7). Then we have

Also, we have X' (1) = (b(7)/u(7))?, and then

b2 (1) 1 b2 (1) _N(r) _d
o2(1t) A7) p2(r) A7) Elog)\(r).

So we have
AT)

TR
/ ———=dr =log \(T') —log A\(T' — t) = log T =0

7t 02(T)

Then with Assumption 4.1, we get

exp { /Ot (a(T 9+ I’Q(T'S)) ds} M=) T =)~ (ma — M)}

(T~ 3) XT)  p(T)

Substituting (162) into (161), we obtain

IVYg)I* < exp [—2 /Ot (a(T —5) + 322((?_?)) ds} < exp {—2(my — M,,)t},

and when t — T, |[Vyg [ — 0.

Substituting this into the tangent error (159), we obtain

1
Y5 — Yol < /0 IVygill dr - |z — || < exp{—(mx — M,)t} ||z —a'|.
By the definition of the 1-Wasserstein distance, we have

Wi(02Q1: 00 Q1) < E [[l9, — wsll| < exp {~(ma = M)} |l — /||
Especially, when ¢ = T', the bound becomes || VyF,||* < 0 and then

Wi(0aQr, 0w Qr) < E [uf, — wiol] < 0.

(162)

(163)

Hence, W1 (6.Q7, 6o Q1) = 0 for all z, =’ € R?, implying that 6, Q7 = 6 Q7. In particular, taking &’ ~ & and noting

that m = Jp is invariant under the forward-backward dynamics, we have
(SwQT =T.
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This holds for any x € R<,implying finite-time convergence.

Next, we will control the growth of the tangent process for a general target 7. For the tangent process
dVyy, = {—a(T — ) + (T — t)Vlegm(y¥,) } Vyi.dt, Vy§, =1,
using the results in Lemma G.1, we have that, for any z € &,

 202(t) — i2(t)diam(X)?
20 4

2P p2()diam(X)?] 2]
(t) '

I2]* = +

o2(t) 204(t)

(z,V?logm(y§,)z) <

Then we have
(z, (—a(T = t)I + b*(T — t)Vlog 7y t(yst)) z)

(T — )”ZH2 (T — t)p(T — t)diam(X)?| 2]

< —a(T —t)||z]* -

o2(T — 1) 204(T — 1)
B (T —t) 2T — t)u(T — t)diam(X)?
- <a(Tt)+02(T_t) - 2 T =5 )z||2.

And the evolution of |[Vyg,[|? can be bounded by

d w12 V(T —t) 3T —t)u*(T — t)diam(X)?
@”Vyo,tn < -2 (a‘(T - t) + O_Q(T — t) - 20’4(T — t) ) (164)
Integrating (164) from O to ¢ and using the initial condition Vyg, = I, we obtain
¢ V(T —s) V(T — s)p*(T — s)diam(X)?
xz |2
Vyg . |I” < exp [—2/0 (a(T —-s)+ 2T —s) 208 (T —3) ) ds} (165)
Note that
_ P_B) B LY _ N Poei)
(lnﬂ(t)) = a’(t)7 (ln )‘(t)) = Uz(t)7 A (t) = ,U,Q(t), <)\(t)> - _>\2(t) - 0'4(t) ’
then we have
¢ V(T —5) VT —s)p?(T — s)diam(X)?
/0 (a(T—s)—i— o2(T —s) 204(T — s) ) ds (166)
B diam?(x) 1 " w(TYN(T) diam?(X) [ 1 1
~{mene) + S () s (e )
Substituting 166 into (165), we have
e WMD)\ a1
IV <o |20 CSPs ) - o) (575 - 5|
w(T — ONT — 1)\ ? o 1 1
<("Cmr ) o [ (5 - 5 )|
diam?(X) Mt .
<exp[—2(my — M, )t] exp [mj\n(]’(_)t))\} = exp [-Gkt],
where G = 2(my — M,,) — diam®(X) My /A\(T — t). Note that as t — T, G may be negative. We denote
- _, (diam®(X) M,
et ()
then we have G ¢ > (my — M,,) > 1/2 when ¢ < f and then
IVyE 1 < exp[~t/2]. (167)
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When t > ¢, we have

V98,12 < oxp [—F/2] exp {—QIn (Zg - gig - 2) _ diam?(X) (A(Tl_ 5 - A(Tl_ 5
ot ) i)
< exp [~ /2] exp [~2(mx — M,)(t — B)] exp [diami(fT)M;)(t - ﬂ]
<exp {t/? + diam?(?ﬂf*ﬂ(T =1 cep (M (T — m] .

Denote

_ ., ( diam?(X) M,
=T\ =
! A ( my — My, ) 7

GK 15/27 (m)\ 7M/L) (T*E)eXp[M)\(Tfi)].
Combine (168) and (167), we have

o [exo[-t/2,  t<F,
- Xp [—GK], t> t.

Substituting (169) into the tangent error, we obtain

1 , _
' exp [—t/2][lx — 2|, t<t,
ro—yr | < VyZi|ldr-||lz— '] < -
e~ vl < [ 19wl ar- | n_ﬂmk@dw_fh ot
By the definition of the 1-Wasserstein distance, we have that, for any ¢ € [0, T
’ exp[-t/2] |z —a'|, t<{,
Wi (62 Q1, S <E[mfw]< L
1( Qt Qt) — ||y0,t yO,tH — {eXp [—GK] ||$ _ le, ¢ Z i

(168)

(169)

O

Lemma G.4 quantifies the norm of the tangent process and reveals the contractivity in the 1-Wasserstein distance, which is

crucial for proving the convergence of the reverse sampling process.

Our next goal is to control Ab,((y%,)se(s, 7)) forany @ € R and s,t € [0,T],s < ¢. Recall that for w = (w,)

we have
by (w) = — a(T — u)w, + b*(T — u)Vlog mr_y(wy),

b3(T — u) w b2 (T — u)u(T — u)

Bu(’lU):— a(T—U)+m u O’Q(T*u) Pk('wtk),
and Ab, (w) = b, (w) — b, (w). We introduce the intermediate drift functions that
b (w) = — a(T — wyw, + b*(T — u)Viog mr—_y (wy) = by (w)
b (w) = — a(T — t)w, + b*(T — t)vp_y(w,)
| b2(T —u) | b2 (T — u)u(T — u)
=_ _a(T*u)+702(T_ ] wy, + o2(T —u) Pr_,(w,)
] b2 (T —u) | b2 (T — u)u(T — u)
bg’) ('LU) _a(T — U) + m w,y, + 0'2(T — u) PT—tk (’U)u)
_ V(T — u) b2 (T — u)u(T — u) e
bgl) (w) _a(T —u)+ 2T —u)] wy, + 72T — u) Pr_y, (wy,) = by (w),
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where
Wy,

PT—u(wu) = ¢9* (u(T—u)

w(T —w)Pr_,, —w,
p2(T —uw)NT —w)

172)

vT—u(wu) =
The discrepancy between the ideal reverse drift b, and the discretized drift b, can be decomposed into three parts,
corresponding to score approximation B, proximal-time discretization By, and proximal-spatial discretization Bs, i.e.,

180, (w)|| < [[bEY (w) — b (w)]| + [[b (w) — b (w)| + b5 (w) — b (w)]] . (173)

u

B Bsy B3

The following lemma quantifies each part.

Lemma G.5. Under Assumption 3.3 and 4.1, for any s, u € [0, 7] and € R9, we have

E [||Abu (5% )veis )] < Woa + Wo oM + Was7,/ %, (174)

where
Wb,l = exp {M#T} [(1 + ﬁS\L + mA) v/ Ry + m,\Rp} + 5Gf (E\M,\ + m,\)

Wy = Mx(v/ R + 1) (175)
W3 = exp {M,T} M\(1+ A\BL)VA' + B'.
Proof. Term B;: score approximation error.
From the definition in (171), we have
15 (w) — b (w)|| = b*(T = w)||V 1og pr—u(wu) — vr—u(wy)]. (176)

Note that from the result in Appendix E.2 and Theorem E.3, we have the score approximation error

M (1 + [lwa])
|V log pr—u(wy) — vr—u(wy)| < T2 T—u) (177
Substituting (177) into the above (176), we have
Mb*(T — u)
bp(b —p? < — /(1 ull) - 17
16y, (w) — b, (w)]| < 2T —u) (L + [Jwal) (178)
Term Bs: proximal-time discretization error. Next, from the definition in (171), we have
b2(T — u)u(T — u)
||b1(1,2)(w) - bQ(L?)) (UJ)H = 0'2(T _ ’LL) HPT—u(wu) - PT—tk (wu)ll (179)
Denote A(s,w,) = mc=ni MNT — u)BVf(Hﬁju)) where s =T — wand s = T — t;. Then we have
1Pr—u(w,) — Pr_, (w,)| = |[Prox}"*) (A(s,wy)) — Prox ;") (A(sp, w))]- (180)

Let ps = Prox?(s) (A(s,wy)) and ps, = Prox?(s’“) (A(sk,w,)). By the optimality conditions of the proximal operator,

we have
Ds = A(s7wu) - )\(S)Vf(ps),
Ds, = A(skku) - )‘(sk)vf(psk)'

Taking difference, we have
Ds — Ps;, = (A(37 wu) - A(Skku)) - ()‘(S)vf(ps> - )‘(Sk)vf(pm))v
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and then

Ps — Ps;, + A(s) (Vf(pS) - vf(psk)) + (A(S) - /\(Sk))vf(pSk) = A(s,wy) — A(sg, wy).

Taking the inner product of (181) with p; — ps,, we have

(Ds = Py Ps = Psy,) + M) (VI (Ds) = VI(Dsr)s Ps — Psi) + (A(5) = A(sw) ) (V(Dsy.), Ps — Psy.)
= <A(Sa wu) - A(Skawu)vps - p8k>'

Since f is m-strongly convex, we have

<Vf(p5) - vf(psk))ps _p5k> Z m”ps _pSkHQ'

Applying (183) and the Cauchy—Schwarz inequality to (182) yields

1Ps = P, [l < (L4 A(s)m)[ps — s | < [[A(s, wu) = Alsk, wa)[| + [A(s) = Alsk)[ - [Vf (Psy) I

Next we bound || A(s, wy) — A(sg, w,)||. From the definition, we have
Ao~ Alsew) = (s = s ) =8 s () = 2e0vs (2 )|
= (55~ o) |

Taking norms and using the triangle inequality, we have

>

[A(s, wu) — A(sk, wu)|| <

ol |5 - 2 +m<s>—x<8k>|-Hw(

Wy,

1(s)

p(s)  ulsk)

Since f is L-smooth, we have

v (i)~ G| =2 s~ vt

Moreover, denote

)i

< ol (5 7))

Gy = max Vi(x)|.
= <o gy 1V @

Substituting (186) and (187) into (185), then we have

| A(s, ) — A(spow,)]| < llwal (1 + AL) (

From the optimality condition, we have V f(ps, ) = %, and then

[A sk, wa) | + [Psell _ llwll + [Ips, | + BGs
A(sk) = p(sk)A(sk) 0 Ask)

Since f is m-strongly convex, there exists a lower bound, and the proximal minimization problem satisfies

IVF(psy)ll <

1 2
f(psk) + m”p&c - A(Sk»'wU)H < f(A(sk, wu))

Since A(sy,w,,) is bounded, f(A(sk,w,)) is bounded. Therefore, ||ps, || is bounded, i.e.,
1Psi | < Rop.
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Thus, substituting (190) into (189), we obtain

|wull + Ry BGy

Vips, )| < . (191)
Combine (188) and (191) with (184) we have
7 1 1 A(s) [|w. || + R,
Ps — DPs,. || <||wy|| (1+ BAL ( —)—FBG (s —AS)—I—(l— )( + BG
e =puulf ol (AR ey = ey ) + 06 Qo =MD+ {5005 )\ gy P9
[wal (1+BAL) 3 |wall + R
<— 7 G A\M. = r G 1-— — .
VT 1) + BGAMy + T — 1) + BGy ) (1 —exp{—yxma})
Denote B B
G213 = (kuH (]. +my + 5)\.[/) + m)\Rp) exp {M#T} + 6Gf ()\MA + m)\) R
then we have
|ps — Ps, || < G237k (192)
Substituting (180) and (192) into (179), we obtain
V(T — (T - u)
2 3
{2 a0) b2 ()] < S G
Term B3: proximal-spatial discretization error.
For the last term in (171), we have
b(T = w)u(T — )
b6 (w) — b a0) | = = P, () — P, ()], (193)
and
|1Pr—i, (w.) = Pr_y, (wy,)]| = [Prox} ™) (A(sy, wy)) — Prox; ") (A(sy, wy,))]|
Let s, = T — tj, we will show that Ps, (w) is Lipschitz continuous with respect to w.
Since f is proper, closed, and convex, the proximal operator Prox;(s’“) is nonexpansive, i.e.,
| Prox;* (@) — Prox} Y (y)|| < |z — g, Ya,y.
Then we have
[Py, (wa) = Py, (wy,)[| < [[A(sk, wu) — Alsi, wy, )| (194)
For any wq, wo,
w; — w w w
A (e, w1) — Asi,ws)]| = H M8 (V1 () - vr ()
w(sk) (k) (k) (195)
1 w1 wo
< ——||lwy — wal| + A(s V( )—V( >H
gt =l e ea| o () =97 (525
By the L-smoothness of f, we have
— L
i) il g o
(k) (k) (k) (k)
Substituting (196) into (195), we have
A (st 1) — Alsp,wa)]| <~ + As)8—— ) [ws — wsl] < (1+ABL) exp (M, T} |wy —wsll.  (197)
- —_ —_ — X — .
ky, W1 EyW2)|| = M(Sk) k M(Sk) 1 2|l = p n 1 2
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Combine (194) and (196) with (193), we have

1669 o) 02 ) = Z L ) A ) < P T

Gs a|lwy, —wy, ||, (198)

where Gz 4 = (1+ ABL) exp {M,T}.
Combining the three terms.

Summing the three estimates, we obtain

1By (w) | <[[6{ (w) — b (w)]| + B (w) — b (w) ]| + 65 (w) — b (w))]

Mb*(T — u) b2 (T — u)u(T — u) b2(T — u)u(T — u)
= 0T —w) (14 ffewull) + o?(T —u) G + o?(T —u) Gaallwn = w| (199)
< (MAM + (1+ BAL + my) exp {M, T} vi) [|wal| + My (1 4+ ABL) exp {M, T} ||w, — wy, ||+
(BGf (E\M)\ + m)\) + m)\Rp exp {M#T}) Y + My M.
Recall that from Lemma G.2 and (121), (122), we have
E[||lw,|?* < Ry := Ad+ B (1/A+9),
7] < B = X + B(1/A +9) o00)
Elflwy — wy, |I7] < (A" + B) w,
where
_ ! (1—|— L )+(2M+77)(1— Tk Yexp { M0} My + exp {2M,,6} M3, (2M2+1—|—(2M—|—77)5\)
2In2 81n 2 41In2 " "
M + diam(X))? -
B = exp {M,8} My ‘sm( ) (1—4?32)+exp{MM6}M,\7k(277+)\)+)\M,\d,

(

o)~ amz OP {M,,8} My + exp {2M,, 6} M3y (2M? + 1 + (2M + n)X)} Ry,

M + diam(X))? 9+ N (M + diam( )2
s —. exp{Mué}M,\( + diam(t)) +exp{2MM5}M§7k(n+/\)( + diam(X))

4In2 n n

+ AM,\d.
Substituting (200) into (199), denote

Wp,1 = exp {MHT} [(1 + B;\L + m>\) v Ry + m,\Rp} + ﬂGf (E\M,\ + m,\)

Wyo = M,\(\/]:Tk—i— 1)
Wi = exp {M, T} Mx(1 + ABL)VA' + B/,

then we have
E [[|Aby (2 ,)veps, )] < Woayk + Wi oM + W am! >

O

Lemma G.5 establishes a bound on the expected norm of the drift difference Ab,, . It quantifies how three types of local
approximations contribute to the error in the drift of the interpolated reverse process. The bound reveals that the total local
drift error scales as O(M + 6'/2) with weights increasing as O(exp {T'}), which directly informs the choice of stepsize &
and score approximation accuracy M relative to the time length 7.

Compared with corresponding results in (De Bortoli, 2022), we obtain a tighter bound in (174) with the properties of
proximal operator. This eliminates the O(e~?) scaling factor associated with the early-stopping time ¢, building the
foundation for the strengthening of the convergence.
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G.4. Proof of Theorem 4.3

This subsection presents the complete proof of Theorem 4.3, which establishes the non-asymptotic convergence of the
proximal diffusion sampler.

For simplicity, we denote a’cf;l as Y, and then we have

Yrt1 = Q1 pYk + a2k Pr + asr€r, & ~N(0,1).
Denote the distribution of y; as m., Ry, where we choose yg ~ T, and Ry the transition kernel associated with the
conditional distribution of y|yo.

Our goal is to bound the Wasserstein-1 distance between 7, Ry (the output of the algorithm after K steps) and the target
m. Denote (Pt)te[o 7] as the semi-group associated with x;”, and (Qt)te[o 7] the semi-group associated with x; . We
decompose the error into two parts:

Wi (TooRi, ) < Wi (Too Ric, T Q1) + Wh (T Q7 T0), (201)

I Iz

where the first term I; corresponds to the discretization and score estimation error. The second term I corresponds to the
convergence of the continuous-time exact reverse process.

In contrast to existing convergence results in (De Bortoli, 2022; Li et al., 2023; 2024a), our framework eliminates the
early-stopping error in the convergence result, i.e., the third term /3 in the following decomposition:

Wi (TooRi, ) S Wi (Too Ric, T QT —c) + Wi (Mo Qr—e, TFPe) + Wi (7P, ) .

I I I

This error typically arises from partitioning the sampling interval into [0, €] and [e, T'] to address nonsmoothness near ¢ = 0.
As t approaches zero, the true score V log 7 () diverges, creating a singularity that must be avoided. In addition, one
cannot simply force e — 0, as the errors I; and 5 are related with € and tend to co as € — 0.

In our framework, this issue is naturally resolved by replacing the traditional score with the well-defined Moreau score
V log 7} (), leading to enhanced error bounds of ; and 1.

Proposition G.6. Under Assumption 3.3 and 4.1, we have

diam?(X) M
Wi (oo Ric, Moo Q) < (1 +exp [-Gg| A ! (lam()’\)) (C’{ el QM) , (202)
my — MH ’ ’
where
! 1/2 /
Cl,l = Wp17,' "~ + W, 01,2 = Wi,
and

W1 = exp {M,T} [(1 + BAL +my) VR + mAR,,} + BGy (AM + my)

Weyo = Mx(v/Ri +1)
W3 = exp {M,T} Mx(1+ ABL)VA' + B'.

Proof. Consider the reverse diffusion process:
daf = {a(t)xi — b*(t)Vas logm(x )} dt + b(t)dBy,
and the proximal diffusion sampling process:
Zpy1 = a1 kT + ok Py + as k€,
where &, ~ N(0,1), 7, = T — tg, Py, a1k, @2 i, and s i, are defined in (28) and (29), respectively.
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Recall that the proximal diffusion sampling process corresponds to the interpolation process on the interval ¢ € [t tgy1]:

dzf! = {— [ (T —t)+ bQ(T:?)] zf! + bz(Togg“_(f)‘ ) Pk} dt + b(T — t)dB.

From Lemma G.3, we have

o ~ @l = o 811 < [ 190 11800 (G )ect)ld

Combining this result and Lemma G.4, we have

o5 — &x] < / 17925 1 Abu (G o )ueorr))lldu + / 17525 1 Abu (G o) veio 1))l du

(203)
t ti
S/ exp [_t/2] ||AbU((QO,v)vE[O,T])Hdu +‘/7 €xXp [_GK] ”AbU((go,v)ve[O,T])”du’
0 I
where )
P -l (dlam (X)M,\> 7
my — M,J
GK = 5/27 (mA 7M[L) (T*E)eXp[M)\(Tfi)].
From the definition of Wasserstein-1 distance, we have
Wi(meo Ric, TooQr) <E || — Zx||] < (Fexp [~/2] + exp [~Gr] (tx — 1)) E [| Abu((F0,0)vefo.r))||] du
(204)
Then with Lemma G.5, we have
E [|Abu (42 )vers )] < Woavk + We oM + Wy, 371/ ; (205)
where
Wiy, = exp {M,T} {(1 + BAL 4+ my) /Ry, + mARp} + BGy (AM + m,)
Wy = Mx(v/ R +1)
W3 = exp {M, T} M\(1+ A\BL)VA' + B'.
Substituting (205) into (204), we have
Wi (oo Ric, Too Q) < (Fexp [—8/2] + exp [~G ] (T = 1)) E [[| Abu((Fo,0)veo,r)l|] du
< (Texp [~1/2) + exp [-Gi] (T = D) (€] 13/* + 1, M)
_; (diam*(X) M) 2
< (1 +exp [-Gr] AT (m/\_M# (Ci@ e 2M)
where C | and C1 , are defined in (202).
O

Next, we control the second term Wi (1o Q 1, 7).

Proposition G.7. Under Assumption 3.3 and 4.1, we have
W1 (7o Qr, ) < exp [-G x| (Vd + diam(X)) exp [—m,T],

where
Gk =1/2 = (mx — M) (T = t) exp [M(T' — 1)] .
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Proof. Note that 1 = 7 PrQr, with Lemma G.4, we have
Wi (Mo Qr, ) = Wi (e Qr, TPrQr) < exp [-G g ] Wi (7oe, TPr),
where G =t/2 — (mx — M) (T —t) exp [Mx(T — t)].
To control W (7o, mPr), we use a synchronous coupling, i.e. we set (Y;, Z;);c[o,] such that
dY; = a()Y,dt + b(t)dB,, dZ, = a(t)Z.dt + b(t)d By,
where (B )¢c[o,7] is a d-dimensional Brownian motion and Yy ~ 7, Zy ~ 7. We have that for any ¢ € [0,7], Z; ~ 7.

In addition, denoting u; = E[||Y; — Z;]|] for any ¢ € [0, T], we have

t
uy < ug exp {/ a(s)ds} = ugu(t).
0
Therefore, combining this result and above, we get that

Wi (oo Que s TPr—i,c) < exp [~G] plt)Wi(m, mo0) < exp [~G] (Vd + diam (X)) exp [=mytx]

Finally, we give our main convergence result, which corresponds to Theorem 4.3.

Theorem G.8. Under Assumption 3.3 and 4.1, let Law(Zy) = 7o Ry denote the distribution of &y in (27), where
Ty ~ Moo := lims_, oo Law(x;”) and Ry, is the transition kernel associated with p(&y|Zo). Define the diameter of the
constraint set as diam(X’) = sup {||j& — «’|| : @, 2’ € X'}. Suppose that

diam?(X)M
T>)\‘1<1am(]\)4A), B>2 M<1/6, §<2n2.
my — m

Then there exist D1, Dy, D3 such that

Wi (Law(Z ), m) < Dy exp [-m,T| + DM + D56/2,

where
Dy = W.(Vd + diam(X)),
diam?(X)M
Dy = (1 LWL (M()A>> W,
my — MIJ«
diam?(X) M),
Ds =11 N [l S iiata
3 ( +WeA ( my — M, Wy + W),
and

We = exp [—t/2 + (my — M,) (T —t) exp [M\(T —1)]],

Wy = (\/Z\d+B(1/A+6) +1> M,

W, = ((1 + BAL +my) /Ry + maR, + My (1 + ABL)VA + B/) dexp{M,T},
Wy = B6 (AMy + m) max |z <|w.| ||V f(@)].

Proof. From (201), the total sampling error is decomposed into two parts. From the result in Proposition G.6, we have

. 2
Iy = Wh(moo Ric, oo Q) < (1 +exp [~Gr] AT (dlam(X)M*» (G +CioM). (@06
my — MM ’ ’

Further, from Proposition G.7, we have

Iy = Wi (1o Qr, ) < exp [~Gr] (Vd + diam (X)) exp [-m, T . (207)
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Substituting (206) and (207) into (201), we obtain the final result:
Wi (Teo Ric, T) S (Moo Ri¢, Too Q1) + Wi (o Qr, ) < Dy exp [—m, T] + Do M + D352

O

This theorem establishes the main convergence result of the work, providing a comprehensive error analysis for the proposed
proximal diffusion sampling algorithm. It demonstrates that the total sampling error decays exponentially with the diffusion
horizon T, linearly with the score approximation error M, and as the square root of the maximum stepsize ¢.
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