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Abstract

We study in-context universal approximation and
compositional generalization in frozen softmax
Transformers as prompt-programmable compu-
tation. We prove in-context universality via in-
context emulation: a fixed-weight Transformer
emulates target computations specified by the
prompt and hence approximates a broad class
of continuous sequence-to-sequence functions.
Building on this view, we establish one-pass and
multi-pass composition theorems: prompts asso-
ciated with simple “subprograms” let the same
fixed Transformer execute their composition and
thereby synthesize more complex programs on-
the-fly. These results support a principled view of
prompts as programs and fixed-weight Transform-
ers as program interpreters. They also provide
concrete mechanisms by which GPT-style models
execute and assemble algorithms in context.

1 Introduction

We study the general-purpose behavior of foundation mod-
els through in-context algorithm emulation and composi-
tional generalization in frozen-weight softmax Transformers.
We prove two main results: (i) an in-context universal ap-
proximation theorem for softmax Transformers, and (ii) an
in-context function composition theorem showing prompt-
level program assembly and execution of the composite
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program in the same frozen model. These results support a
principled view of prompts as programs and Transformers
as program executors. We provide a concrete mechanism for
foundation models to both execute and assemble algorithms
in-context.

Foundation models (large pretrained Transformers) show
a striking generality: a single pretrained model does many
tasks through prompt changes alone, with no gradient up-
dates (Radford et al., 2019; Brown et al., 2020; Wei et al.,
2022; Chowdhery et al., 2023). The community often calls
this In-Context Learning (Brown et al., 2020; Min et al.,
2022), but the term conflates weight-space learning with
inference-time computation. Pretraining learns the model
weights. Let 6* denote the frozen weights after pretrain-
ing. Inference runs the fixed maps defined by 6* on prompt
inputs. Task specification therefore enters through the in-
put context, not through task-specific weight updates. The
prompt thus becomes the task interface. There is no explicit
learning at all.

To understand better, we define Transformer ICL as prompt-
conditioned computations and present a spectrum organized
by where the task procedure resides. This spectrum cap-
tures much of the observed general-purpose behavior of
foundation models (Figure 1):

e Parametric recall sits on one end. The prompt acts as
a query. The relevant skill or fact resides in 8*. Several
statistical analyses formalize this regime as fask identifica-
tion: the model matches the prompt to a latent pretrained
task and activates its predictor (Wies et al., 2023; Lin &
Lee, 2024).

* Amortized in-context inference sits in the middle. The
prompt supplies examples. The forward pass applies an
implicit inference rule encoded in 6*. Several analyses
formalize this regime as implicit inference: the model
treats the prompt as a dataset and implements an estima-
tor (e.g., implicit Bayes, least squares, or gradient-style
updates) (Xie et al., 2022; Garg et al., 2022; Akyiirek
et al., 2023; von Oswald et al., 2023; Bai et al., 2023; Li
et al., 2023).

¢ Prompt-programmed execution sits on the other end.
The prompt specifies a program: a procedure and a con-
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text layout for inputs, tokens that store intermediate re-
sults, and outputs. Several programmability constructions
formalize this regime as prompt-as-program (Giannou
et al., 2023; Qiu et al., 2025; Hu et al., 2026b).

The ultimate goal is to explain the full spectrum of general-
purpose behavior in Transformer foundation models. How-
ever, most existing ICL theory explains only the first two
regimes. It explains how a frozen model 6* retrieves pre-
trained knowledge (i.e., parametric recall) or applies a fixed
inference rule to in-context examples (i.e., amortized infer-
ence). In both cases, the procedure template remains fixed
in 6*. The prompt changes only the queried content or the
in-context data. So they explain generality only within a
task family. They do not explain prompt changes that spec-
ify new procedures under one fixed 6*. They also do not
explain prompt-level modular assembly of such procedures.
Consequently, they leave the pure prompt-programmed end
under-specified.”

To combat this, recent work makes progress toward the
prompt-programmed regime and formalizes prompt-as-
program behavior (Wang et al., 2023; Giannou et al., 2023;
Hu et al., 2025a; Qiu et al., 2025). However, most of them
takes an existential form and leave the constructions im-
plicit’. They do not yield a constructive, reusable prompt
compiler or modular composition guarantees for one frozen
softmax Transformer. Moreover, a shared limitation cuts
across these lines: many results replace softmax attention
with simplified surrogates (e.g., linear, ReLU or hardmax
attention) (von Oswald et al., 2023; Bai et al., 2023; Ahn
et al., 2023; Qiu et al., 2025). Collectively, these gaps leave
open systematic prompt programming of a frozen softmax
Transformer for diverse computations and their modular
assembly. We target this gap in this paper.

We now define our scope and problem setup. We study
in-context algorithm emulation and prompt-level function
composition in softmax Transformer models. An algorithm
induces one function or a composition of functions. We
work with target functions f € Fr, where F, contains L-
Lipschitz continuous sequence-to-sequence maps on a com-
pact domain C. Let Ty« denote the sequence-to-sequence

2A satisfactory theory of this prompt-programmed regime
should meet three requirements:
¢ It should use standard softmax attention.

* It should use one fixed set of model weights across tasks.

* It should provide a constructive and reusable prompt interface
for procedure programming and composition. Namely, an effec-
tive way to “instruct” the model to execute the desired proce-
dures (i.e., tasks or algorithms.)

Yet, existing theory satisfies only subsets as discussed above

(please also see Section A for more detailed discussion.)

>The only exception is (Giannou et al., 2023). It gives an
explicit construction and establishes a Turing-completeness-style
programmability result.

map computed by the frozen Transformer.*

* We formalize in-context algorithm emulation through
function realization. We study prompts (P, X) that in-
duce the frozen model Ty~ to implement a target function
f(X): Ty« (P, X) ~ f(X). This function-level view
gives a more general formulation of algorithm emula-
tion (Hu et al., 2026b). Moreover, it also implies in-
context universal approximation: after fixing the target
class and accuracy, one frozen Transformer approximates
any f € Fr, by changing only prompt P;.

* We formalize in-context compositional generalization as
a prompt-level construction that maps instructions for
subfunctions (e.g., Py, Py) to an instruction for the com-
posite function (e.g., Pyo ), so that the same frozen model
executes the composite program (algoritm + data) with
controlled error. This serve as the fundamental mecha-
nism for compositional generalization with fixed-weight
Transformers.

Contributions. Our contributions are three-fold:

* In-Context Universal Approximation. We prove that
one fixed softmax Transformer approximates every target
function in a broad Lipschitz sequence-to-sequence class
by changing only the prompt. Specifically, we show that
for any L-Lipschitz f on a compact domain, there exists
a specific prompt Py that induces the frozen model to
approximate f to arbitrary precision (Theorem 3.1 and
Theorem 3.2). This establishes prompt-programmable
universal approximation with one fixed softmax Trans-
former.

* General Prompt-Programmable Algorithm Emula-
tion. We develop an algorithm-emulation framework in
which the prompt encodes the target computation and
a frozen Transformer executes the encoded instruction.
This grounds the view of prompts as programs and fixed-
weight Transformers as program interpreters. Concretely,
our framework provides explicit prompt encodings for
feed-forward and multi-head attention layers, allowing
one fixed softmax Transformer to execute these prompt-
specified computations in context (Lemmas 3.1 and 3.4).

¢ In-Context Function Composition. We establish in-
context function composition mechanisms for assembling
subroutine prompts to execute composite functions in con-
text. This extends the view of prompts as programs from
single computations to program assembly. We analyze
two regimes: one-pass composition (Theorem 4.1), which

*To clarify more, a function specifies an input-output map.
An algorithm specifies a procedure for computing it. A program
encodes the procedure for a fixed executor. In our setting, the
prompt is the full input sequence. It contains an instruction block
Py and a data block X. The statement Ty~ (Pr, X) =~ f(X)
means that the frozen Transformer executes the instruction Py on
data X. Please see Section C for linear regression example.
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Figure 1. Spectrum of Prompt-Conditioned Computations. We organize general-purpose behaviors by where the task procedure
resides. (1) Parametric Recall and (2) Amortized Inference (blue/purple) rely on fixed tasks or estimators encoded in the frozen weights
0*, the prompt serves only as a query or dataset. In contrast, (3) Prompt-Programmed Execution (red) encodes the algorithm in the
prompt (P, X)), treating 0 as a program executor. We address the theoretical gap in (3) by providing constructive proofs for in-context

universal approximation and function composition.

executes an m-fold composition in one forward pass with
depth linear in m; and multi-pass (Theorem 4.2), which
reuses the same fixed-depth model across m calls to exe-
cute the composition iteratively.

Together, these results extend the scope of provable general-
purpose in-context learning. We move beyond the “attention-
implementable” algorithms of (Hu et al., 2026b) to broad
classes of continuous sequence-to-sequence functions, and
beyond single-task prompting to multi-step function com-
position. By showing how one frozen Transformer serves
as a universal and composable in-context approximator, our
work takes a step toward explaining the general-purpose
behavior of foundation models. This line of inquiry gives a
theoretical basis for viewing foundation models not only as
pattern-matching engines, but also as prompt-programmable
executors for broad classes of computations.

Organizations. Section 2 covers preliminaries. Section 3
demonstrates how the Prompt-Program Execution perspec-
tive leads to the in-context universality. Section 4 presents
two results of function composition. Section A summarizes
the theoretical results and contextualizes the contributions
to in-context learning in more detail. We include the related
work in Section B and detailed proofs in Section E.

Notations. We use N to denote the set of positive inte-
gers, and forn € N*, we let [n] :== {1,2,...,n}. We use
lowercase letters for vectors, and uppercase letters for ma-
trices. For X € R4xn X . denotes the i-th row, and X, ;.;
denotes the sub-matrix consisting of columns ¢ through j,
where i < jand 4,5 € [n]. We assume n > 2.5 We write

For n < 2, one can pad the sequence with dummy tokens
to length 3 and ignore the padded outputs to satisfy technical
requirements of (Hu et al., 2026a;b).

1, € R? for the all-ones vector. For X € R¥*" we de-
fine || X ||oo = max;c(q) je[n] | Xi;]- and || X ||, denotes the
entry-wise £, norm. We denote matrices concatenation [ 4]
as [A; BJ. Lastly, we denote an ¢-layer multi-head attention
as Attny, and an attention layer with a residual connection
as Attn™*(X) := X + Attn(X).

2 Preliminaries
In this section, we introduce the ideas we built on.
2.1 Attention and Feed-Forward Layer

This section introduces the components of Transformer we
consider in this paper.

We first define attention and the feed-Forward layers. For

T = [w1;22;...524) € RY, let o5(+) be the softmax func-
tion with inverse temperature 3
exp(Bx1) exp(Bzq)
os(z) = [ J. (D

N .
> =1 exp(B;) > =1 exp(Bz;)
Definition 2.1 (Attention Layer). Let X € R¥*" pe the
input sequence. We denote an H-head self-attention layer
Attn(-) as

H
Attn(X) =Y WE - WX -os(WiX) T WEX),
h=1
where og applies column-wise softmax as defined in (1),
Wh e Rioxdv Wil e RIWV*I and Wi, Wl e R4,
are weight matrices. We denote an {-layer multi-head atten-
tion as Attny. Finally, we denote an attention layer with a
residual connection as Attn"*(X) := X + Attn(X).

Definition 2.2 (Feed-Forward Layer). Let X € R*¥™ be the
input sequence. Then, we define a two-layer feed-forward



In-Context Universal Approximation, Compositional Generalization, and Algorithm Emulation

neural network as

FF(X) = Wy - ReLUW X + b1 1)) + bo1,)

where Wy € R™%4 W, € R gre weight matrices, and
by € R", by € RY are bias vectors.

2.2 Two Routes of Transformer Universal
Approximation

This work builds on two universal approximation routes for
softmax Transformers. We review them here. They provide
the surrogate approximators used later.

* Contextual Mapping. This route views attention as a
contextual map (Yun et al., 2020a; Kajitsuka & Sato,
2024; Hu et al., 2025a). Attention assigns each token a
code that depends on the whole sequence. A tokenwise
FFN then maps this code to the target output. Without
attention, a tokenwise FFN acts on each token separately.
It therefore does not capture global sequence dependence.

» Attention-as-Selector. This route views softmax atten-
tion through interpolation (Hu et al., 2026a). Softmax
acts as a selector over interpolation points. With a large
inverse temperature, it approximates hard selection. This
construction proves universal approximation with atten-
tion layers alone. It does not use feed-forward networks.

The two routes use different softmax regimes. The
contextual-mapping route uses finite 3. It stays away from
the hardmax limit. The selector route uses large 5. It
makes softmax close to hard selection. Section 3 turns both
surrogate constructions into in-context emulation results.
Other Transformer universal approximation results also ex-
ist. They require stronger assumptions than the compact-
domain setting used here (Takakura & Suzuki, 2023; Jiang
& Li, 2024). See Section B for a more detailed discussion.

Distance Metric for Universal Approximation. We use
an integrated distance between sequence-to-sequence maps.
Let1 < p < oo, and let || - ||, denote the entrywise £, matrix
norm. Let C C R%*™ be compact. For maps f1, fo : C —
RI*7 define

4(f1, f2) = ( /c 1/2(X) — LEOEAX)Y?. @)

Small d,,(f1, f2) means that the two maps have small aver-
age entrywise /,, error over C.

3 In-Context Universal Approximation

This section proves in-context universality with frozen
softmax-attention Transformers. We work over a compact
domain C C R%*"™ and a target family F, of L-Lipschitz
continuous sequence-to-sequence functions f : C — R4*",
Our goal is to construct one fixed-weight softmax Trans-
former T~ such that, for every target f € Fr, we are able
to construct a prompt Py satisfying

Ty-(Pr, X) = f(X),

forall X €C.

Thus the target function f changes through the prompt Py,
while the emulator T« stays fixed.

Our strategy is to reduce existing universal approximation
results to in-context emulation: given a target f € F,
construct a surrogate universal approximator A, encode
@ into an instruction Py, and show that one fixed-weight
softmax Transformer Ty~ emulates A4 , on input X. Thus,
T+ (Py, X) = Ay, (X) = f(X). Since the same emulator
Ty« works for every f € JFp, through its corresponding
prompt P, this gives in-context universal approximation.

We present two constructive proofs based on two different
universal approximation results:

* Section 3.2 follows this reduction through the Contextual
Mapping route (Kajitsuka & Sato, 2024).

* Section 3.3 follows this reduction through the Attention-
as-Selector route (Hu et al., 2026a).

3.1 Proof Strategy Overview

To prove the class-level statement, we fix an arbitrary target
f € Fr and an arbitrary input sequence X € C. Since
f and X are arbitrary, the same argument applies to every
f € Fr andevery X € C. For readability, we keep the norm
|| - || generic in this overview. The later theorem statements
specify the precise metric and input format.

* Step 1: Surrogate Approximator As,. Approximate
£ () with a sequence-to-sequence surrogate approximator
Ay, (+) and then realize it at X

[ Ag, (X)) = f(X) ] < esur ?3)
Surrogate Approximator ~ Target

* Step 2: In-Context Emulation of A, . Encode the
surrogate parameters ¢ into a prompt Py. Then prompt
the fixed-weight emulator Ty« with (Py, X) to emulate
the surrogate computation:

Prompt Program

sup || Ty (P, X) Ag, (X) ]

XeC N—_——
Emulator (Fixed-Weight Transformer)  Surrogate Approximator

< €Bmu- (4)

We call (Py, X) the “prompt program.” The P; part spec-
ifies the instruction associated with the target function f.
The X part specifies the data the function is applied to.

* Step 3: Error Reduction. Combine the surrogate ap-
proximation and the emulator approximation:

[Ag, (X) = F(X)]| < esur,
HT@* (Pf7 X) - A¢f (X)” < €Emu,
for any X € C. By triangle inequality, we obtain

||T9*(PfaX)_f(X)H geSur"_eEmw (5)
—— =~
Emulator Target

Since f and X are arbitrary, the same fixed emulator Ty«
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approximates every target in F, through the correspond-

ing prompt Py.
Equivalently, we may also view f(X) as the target com-
putation realized at X. Under this view, Py specifies the
computation, and X supplies the data. Thus, in-context
universal approximation also gives a prompt-programmable
algorithm-emulation interpretation (Hu et al., 2026b, Sec-
tion 4).

We realize this strategy with two distinct surrogate approx-
imators Ay f(-) from (Kajitsuka & Sato, 2024; Hu et al.,
2026a) and (Hu et al., 2026a) in Section 3.2 and Section 3.3,
respectively. In both routes, P; encodes the algorithm in-
struction, and a frozen Transformer executes the encoded
instruction on X to approximate the target function.

3.2 Attention-as-Contextual-Mapping Route

We now realize the reduction in Section 3.1 through the
contextual-mapping route (Yun et al., 2020a; Kajitsuka
& Sato, 2024; Hu et al., 2025a). Fix a compact domain
C C R¥™ and a target function f € Fr. To approximate
f in-context, we first construct a Transformer following
Kajitsuka & Sato (2024, Proposition 1, or Theorem D.1) as
the surrogate approximator in (3)

Ag, = FF5 0 Attn"* o FF,, (6)
and choose its parameters ¢ such that Ay, approximates f
on C. Here the surrogate architecture is fixed for the entire
F1. Only the surrogate parameters ¢y depend on the target
function f.

Then, we emulate this surrogate approximator As, with
an emulator 7Ty- in-context. Specifically, we encode the
surrogate parameters ¢ into a prompt Py and construct a
six-layer softmax-attention emulator Ty« = Attng such that
Tg*(Pf,X) =~ A¢f(X)
Here P stores the instruction for the target function f, and
X is the data on which the instruction is executed. The em-
ulator weights 6* are fixed after the surrogate architecture,
prompt shape, common norm bounds, and error budget are
fixed. They do not depend on f, X, or the surrogate param-
eters ¢¢. Thus, the task-specific information is carried by
the prompt Py, while the emulator Ty~ is shared across the
whole target family F7.. Only the prompt Py changes with
the target function f. Consequently, this route proves in-
context universal approximation by reducing Transformer
universal approximation to Transformer in-context emula-
tion:

Universal Approximation

Tg*(Pf,X) %A¢f(X) ~ f(X)

In-Context Emulation
Since f, X are arbitrary and the same emulator Ty« works
for every f € Fp through corresponding prompt P, this
gives in-context universal approximation by Transformer
in-context emulation.

We now define the weight encodings used to build Py, and
then prove that fixed attention layers executes the encoded
feed-forward and attention modules. Specifically, we want
the prompt P; to encode the surrogate weights. To do so,
we use one elementary encoding throughout this route.

Definition 3.1 (Token-Indexed Vector Encoding). Let X €
RI*"™ be the input sequence. Let w € R? be the weight
vector. Define the encoding function Enc : R — R24%" ¢
map the vector w to a length-n matrix later append below

X as
Enc(w) = O%Uw 11.uw

(n - 1) tw c RQan.
This encoding records both the value of a vector and its
token-indexed multiples. It allows fixed attention heads
to recover linear forms specified by encoded weights. We
use Definition 3.1 to turn the surrogate parameters ¢ into
prompt blocks. For the contextual-mapping route, these
parameters are the weights of FF, Attn"®, and FF,.

Emulating FF,, FFo. We first apply this encoding to feed-
forward networks (FFNs).

Definition 3.2 (FFN Weight Encoding for In-Context Emu-
lation). Consider a feed-forward layer

FF(X) = WoReLU(W1 X + by1,) ) + bo1,),
where W, € R™4 by € R", Wy € RY", and by €
R<. For each hidden dimension j € [r] and each output
dimension k € [d], define the augmented first-layer and
second-layer weight vectors

()], d+1 (W), r+1
aj = { (b); e R ¢ = (b e R"™,
encode them by Wéiﬂ)’j := Enc(a;) and ng?,k := Enc(cg),
and define the prompt block for FF by

1 1 2 2
Wr i= [Wep 5 s Wi, Wep s s Wi .

2(r(d+1)+d(r+1))xn

Definition 3.2 packages the two affine maps of an FFN into
one prompt block Wgp. In the surrogate A, ;= FF5 o
Attn®® o FF;, we apply this encoding twice, producing
WFFl and WFF2~

We first prove the in-context emulation of FF;. Since FF;
is followed by Attn"°® and FFs, the emulation must also
preserve the prompt blocks used by later layers. We denote
these preserved blocks by Z and call Z the flow-through
block. Then next Lemma 3.1 then shows that, the same two-
layer attention emulator approximates the FFN specified by
Wer and forwards Z. Changing Wer changes the executed
FFN, while the attention emulator weights remain fixed.

Lemma 3.1 (Prompt-Encoded FFN Emulation with
Flow-Through). Fix dimensions d,n,r,dz and bounds
Bx,Bz,Bw > 0. For any e > 0, there exists a two-
layer attention Attns such that the following holds. Let
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X € R¥" satisfy || X ||oo < Bx. Let Z € R¥2*" pe a
flow-through block containing a fixed I,, sub-block and sat-
isfying || Z||co < Bz. For any feed-forward layer FF with
hidden width r and prompt block Wy constructed from
Definition 3.2 with |Wrr||co < Bw, then

X
FF(X
||Attn2( Wer )— l: é ):| ||oo < €.
7

Proof Sketch. To approximate the first hidden layer of the
ReLU neural network in context, we use a one-layer multi-
head attention constructed from Corollary D.4.1. Moreover,
we use an attention head to flow through the unchanged
portion of input (flow-through component Z) to the next
layer. Please see Section E.1 for a detailed proof. O

Notably, the attention Attny’s weights depend only on the
fixed dimensions, bounds, and €;. They do not depend on
X, Z, or the particular emulation target feed-forward layer
FF.

For the second FFN FF5, no later prompt block needs to
be preserved. Thus we use the same FFN-emulation idea
without returning the flow-through block.

Lemma 3.2 (Prompt-Encoded FFN Emulation). Under the
same notation and assumptions of Lemma 3.1, for any es >
0, there exists a two-layer attention Attns such that

| Attns MiF}) ~FF(X)|| < 6.

Proof. Please see Section E.2 for a detailed proof. O

Together, Lemmas 3.1 and 3.2 let fixed attention execute
both FFNs in the surrogate Ay, : it executes FF; while
forwarding the remaining prompt blocks, and then executes
FF,.

Remark 3.1. While recent work shows that attention ap-
proximates FFNs (Hu et al., 2026a), it does not generalize
to in-context learning. The model must not merely approx-
imate one fixed FFN, but must allow the prompt to define
which FFN (hence target function) to emulate.

Emulating Attn™°s, Next, we show frozen attention emu-
lates single-head attention with a residual connection, i.e.,
Attn"°. We first encode the attention block of the surro-
gate. This is the multi-head attention analogue of Defini-
tion 3.2: the prompt stores the target attention weights, and
the fixed emulator executes the encoded attention opera-
tion. We begin by defining a row-vectorization convention,
and then package the weights of each attention head into a
prompt block.

Definition 3.3 (Vectorization of a Matrix). Given W €
RP*#, we define W € RP? such that for i € [p] and j € [s],
W (i_1ys4; = Wij. That is, we stack the row vectors of W
into a column vector.

Definition 3.4 (Multi-Head Attention Weight Encoding for
In-Context Emulation). Suppose the target attention has H
heads. For each head h € [H], let W}, W(g € R4xd gnd
Wi € R4 >4 be the weight matricesS. Then, we define the
weight encoding for each target head

wh = [Whe; W Wi ] € RACdntdv),

Wh — Enc(wh) c RQd(?dh—&-dv)Xn,
where Enc(-) is defined in Definition 3.1. Also, given an
input sequence X and an auxiliary block I, we use X, :=
[X; W1 ... ;WH: I] as the H-head attention-emulation
input.

We now emulate the residual-attention block in the surrogate
(6). For the contextual-mapping route, this block is single-
head attention Attn™® := X + Wy Xop(Wx X) T WoX).
Thus we use the single-head specialization of Definition 3.4
and write W, res as its weight encoding (Definition D.5
with H = 1). The next lemma shows that a fixed 2-layer
attention executes the residual-attention layer specified by
W aienres and preserves the flow-through block Z.

Lemma 3.3 (Prompt-Encoded Residual-Attention Emula-
tion with Flow-Through). Fix dimensions d,n,d;,,dz and
bounds Bx, Bz, By, Bxkgy > 0. For any €3 > 0, there
exists a two-layer attention Attns such that the following
holds. Let X € R™™ satisfy | X||« < Bx. Let Z €
R2X" pe a flow-through block satisfying || Z|« < Bgz.
Consider any single-head residual-attention layer
AttnRS(X) := X 4+ Wy Xog(Wr X) T WoX),

where Wi, Wo € R®WXd gnd Wy € R4
Let Waggres = Enc([Wy;Weo; Wy ]) and X, =
[X; Wagares; In] € REF2Qdtd)tn)xn . g115ying
Definition 3.4. Suppose  ||Waginres[loo < Bw,
IWicX oo [Wo X loo: [Wy X e < Bicqy- Then,

O ] [N

Proof Sketch. To propagate Z through the attention mod-
ule, we add an auxiliary head in each layer and exploit the
identity matrix I, in X,,. Concretely, we choose the value
projection to read Z, and the key/query projections to read
I,,. With an appropriate choice of g, the resulting attention
weights concentrate on the diagonal, so this head propagates
Z. See Section E.3 for a detailed proof. [

In-Context Universal Approximation. We now realize the
emulator Ty« with six-layer attention Attng by stacking the
three emulator modules in the same order as the surrogate
Ay, = FFp0 Attn® o FFy. The first two attention lay-
ers emulate FF; and forward the remaining prompt blocks
(Lemma 3.1). The next two layers emulate Attn™* and

SIf the target attention uses an output projection W2, we absorb
it into the value matrix and write W := WAW{. Otherwise, set
Wh .= wh.



In-Context Universal Approximation, Compositional Generalization, and Algorithm Emulation

forward the block needed by FFy (Lemma 3.3). The last
two layers emulate FF5 (Lemma 3.2). Thus a six-layer
attention emulator executes the full Transformer surrogate
in context. This yields an attention-only, in-context uni-
versal approximator for continuous sequence-to-sequence
functions.

Theorem 3.1 (In-Context Universality via Transformer-Sur-
rogate Emulation). Let C = [—b, b]™" C R¥*" be com-
pact, and let Fr, .= {f : C — C | Lip(f) < L} be a set
of L-Lipschitz continuous sequence-to-sequence functions.
Fix a deterministic p-separating positional encoding E,, €
RI*™ (Definition D.3). Then, for any € > 0, there exists a
fixed Transformer Ty~ = Attng such that, for every f € Fy,
there exists a prompt Py satisfying dp(Tp- p;, f) < ¢,
where Ty- p,(X) := Ty ([X + Eyp; Prl). Here Py follows
Definitions 3.2 and 3.4. The emulator weights 6* and the
prompt shape depend only on C, L, p,d,n, Ey, p, €, not on
for X. Only Py depend on f.

Proof. Please see Section E.4 for a detailed proof. O

Intuitively, the prompt Py stores information of the sur-
rogate Transformer FF5 o Attn®* o FFy. The frozen
model Ty~ then reads this prompt and executes the encoded
computation on X. Thus, this route shows that one fixed
softmax Transformer Ty« is capable of emulating another
Transformer Ay, in context. Since Ay, is well-established
sequence-to-sequence universal approximator (Kajitsuka &
Sato, 2024; Hu et al., 2025a), this establishes in-context
universal approximation with a fixed weight Transformer
Ty~. Moreover, Theorem 3.1 gives an explicit construction
of 0% and Py for any continuous f : R¥"™ — R¥*" on a
compact domain, see the following remark.

Remark 3.2 (Explicit Construction of Prompt Py). A
satisfactory theory of the prompt-programmable regime
should provide a constructive and reusable prompt in-
terface. Theorem 3.1 gives out the specific structure of
Pf.' the parameters of surrogate approximators are seri-
alized into token embeddings through the weight blocks
[WEF,; Watinres; In; Wrr,]. We further give the explicit
construction of Py that depends on function f at Section D.2
following (Hu et al., 2025b).

Prompt-Programmable In-Context Emulation. Theo-
rem 3.1 also implies a generic in-context algorithm-
emulation template. Once we encode a target computation
as a sequence-to-sequence map f, the prompt Py serves as
the instruction and X serves as the data. The emulator Ty~
weights fixed independently of both Py, X, then executes
the instructed computation on X.”

"We remark that, both Ty« , Py are constructive. Once we fix
the surrogate architecture, prompt shape, uniform bounds, and
error budget, the emulator weights 6* are fixed. They do not
depend on the target function f, the input X, or the surrogate
parameters ¢¢. Consequently, the emulator weights 6* do not

Corollary 3.1.1. Under the setup of Theorem 3.1, let
Ay(X) = FFy o Attn™® o FF (X + E,) be the fixed
surrogate approximator and Py be the prompt encoding
constructed from f. Suppose that, for every f € F, and
every X € C, ||Ag,(X) — f(X)|loo < €sur- Then, for any

€emu > 0, there exists a fixed Transformer Ty« = Attng
such that for every f € F and every X € C

Prompt Program

——
I To- (X3 Pf)) = f(X) lloo

Emulator (Fixed Transformer) — Target Algorithm f specified on data X

< €emu + Esur
~—

Emulator Approximation — Surrogate Approximation

Proof. By Equation (94) and triangle inequality, we com-
plete the proof. O

This template subsumes prompt-programmable in-context
algorithm emulation at the function-realization level. For
example, linear regression, gradient-style updates, and
attention-implementable procedures (Hu et al., 2026b) cor-
respond to particular choices of the map f and the encoded
instance X . This differs from task-specific-weight emula-
tion (Bai et al., 2023): here the emulator weights stay fixed,
and only the program prompt (Py, X) changes.

3.3 Attention-as-Selector Route

This section provides another Transformer in-context uni-
versal approximation guarantee. We realize the same re-
duction in Section 3.1 through the attention-as-selector
route (Hu et al., 2026a). This route uses an attention-only
surrogate, so it avoids the feed-forward emulation in Sec-
tion 3.2. Fix a compact domain C C R?*™ and a target
function f € F;. To approximate f in context, we first
choose a four-layer attention-only surrogate A, = Attng
from (Hu et al., 2026a) such that A4, (X) ~ f(X) on C.
Then, we encode ¢y into a prompt Py and construct one
fixed eight-layer attention emulator Ty~ = Attng such that
To-([X; Pr]) = Ay, (X). Since f € Fr and X € C are
arbitrary, the same fixed emulator 7Ty~ works for the whole
class f € F, through the corresponding prompt Py. This
gives in-context universal approximation through the selec-
tor route.

First we extend the single-head attention emulator
(Lemma 3.3) to the multi-head setting.

Lemma 3.4 (Prompt-Encoded Multi-Head Attention Emu-
lation). Fix dimensions d, m, H, dy, dy, a fixed inverse tem-
perature 3 > 0, and bounds Bx , By, Bkgv > 0. For any
€4 > 0, there exists a two-layer attention Attns such that
the following holds. Let X € R*™™ satisfy || X || < Bx.
Let Attn be any H-head attention layer in Definition 2.1,

depend on f, X, or the surrogate parameters ¢ . We construct Py
from f by encoding the surrogate parameters ¢ ¢. Thus Py plays
the role of the program, while X plays the role of the data.
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and X, the prompt encoding from Definition 3.4. Suppose
HWAttn”oo < Bw, Wl}éX”om HW5X”00’ HW\}/LXHOO <

Biqv forall h € [H]. Then
|Attng (X)) — Attn(X)|leo < €a.

Proof. Please see Section E.5 for a detailed proof. O

For intermediate layers, the emulator must also preserve the
prompt blocks used by later layers. We therefore use the
following flow-through version.

Lemma 3.5 (Prompt-Encoded Multi-Head Attention Emu-
lation with Flow-Through). Under the same assumptions as
Lemma 3.4, fix a flow-through dimension dz and a bound
Bz > 0. For any €5 > 0, there exists a two-layer attention
Attny such that the following holds. For any Z € R%2*"
satisfying || Z||s < Bz,

);P} - [A“‘;(X )} oo < €5

Proof. Please see Section E.6 for a detailed proof. O

||Attn2 [

We now construct the full emulator. The surrogate approxi-
mator Ay, now is a four-layers attention Attn,. We emulate
the first three layers by Lemma 3.5 and the fourth layer by
Lemma 3.4.

Definition 3.5 (Attention-Only Surrogate Weight Encod-
ing for In-Context Emulation). Fix the uniform four-layer
attention-only surrogate template from Theorem D.2. For
each f € Fp, let Ay, := Attng, , o Attng, , o Attng, , o
Attng, | with ¢y = (¢5.1, 052, 05,3, Or.4) be the parame-
ter choice in this fixed template. For each layer i € [4], let
H; denote the number of heads. For each h € [H;), let W}
be the weight encoding of the h-th head in the i-th layer,
following the format of W" in Definition 3.4 with sequence
length n + 1. Define the weight encoding of Ay, as

Wi = Wi ;WiH L],

Pr = Wy 15 Wo g 0: Wy 35 Wo, 4
For input sequence X € R, define the selector-route
prompt program as [X,; Py] where

Q.
Y

X 0d><1
Xo=| In  Opyp| € RUTFDX(HD),
len 1

In-Context Universal Approximation. The next theorem
states that a fixed Transformer Ty» = Attng is an in-
context universal approximator for continuous sequence-
to-sequence functions.

Theorem 3.2 (In-Context Universality via Attention-Only
Surrogate Emulation). LetC = [—b, b]**™ C RY*™ be com-
pact, and let Fr, := {f : C — C | Lip,(f) < L} be a
set of L-Lipschitz continuous sequence-to-sequence func-
tions. Then, for any € > 0, there exists a fixed Transformer
Ty« = Attng such that, for every f € F, there exists a
prompt Py satisfying

dp(TG*,vaf) S €, T@*,Pf(X) = TO*([Xa;Pf]):,l:na

where Py, X, follow Definition 3.5. The emulator weights
0* and the prompt shape depend only on C, L, p,d,n, €, not
on f or X. Only Py depends on f.

Remark 3.3 (Explicit Construction of Prompt Py). Again,
we recall the reusable and constructive prompt interface
proposed in the introduction. Theorem 3.2 provides the
reusable instruction format Py. Py encodes the weights
of surrogate approximator Attny. In Section D.3, given a
target function f, we restate the explicit weight construction
provided by Hu et al. (2026a).

Prompt-Programmable In-Context Emulation. Theo-
rem 3.2 also implies a generic in-context algorithm-
emulation template for attention-only models. Once we
encode a target computation as a sequence-to-sequence map
f, the prompt P serves as the instruction and X, serves as
the augmented data. The emulator 7y«, with weights fixed
independently of f and X, then executes the instructed
computation on X,. The same constructivity as in Corol-
lary 3.1.1 applies: T~ is fixed after we fix the surrogate ar-
chitecture, prompt shape, uniform bounds, and error budget,
while P is constructed from f by encoding the surrogate
parameters.

Corollary 3.2.1. Under the setup of Theorem 3.2, fix
€surs €omu > 0 and set € := €gyr + €omu. Then there exists a
fixed eight-layer softmax-attention emulator Ty~ = Attng
such that, for every f € Fp, the prompt encoding Py con-
structed from f as in Theorem 3.2 satisfies, for every X € C,

Prompt Program
——
|| Tg*( [Xa; Pf] ):,1:n -

Emulator (Fixed Transformer)

f(X) [

——
Target Algorithm f specified on data X

< €emu + €sur = €.
~— ~—
Emulator Approximation — Surrogate Approximation
Proof. Please see Section E.8 for a detailed proof. O

This template gives the attention-only counterpart of Corol-
lary 3.1.1. The first route stores an FFN-attention-FFN pro-
gram in Py, while the second (this) route stores a four-layer
attention-only program in Py. In both routes, the emulator
weights stay fixed, and only the program prompt changes
with the target computation.

We also summarize the emulators 7y« complexity in Sec-
tion C. The attention-only route requires a larger embedding
dimension and head count. This is because surrogate atten-
tion requires larger model complexity to achieve universal
approximation.

4 In-Context Function Composition

Section 3 shows that one fixed softmax Transformer exe-
cutes a broad class of prompt-encoded functions. We now
show that the same mechanism also supports in-context func-
tion composition. Given subroutine prompts Py, , ..., Py,
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we construct a composite prompt that makes a frozen Trans-
former execute f,, © f,n_1 © -+ o f1. This turns in-context
universality into prompt-level program assembly. Specif-
ically, we consider two practical scenarios for the use of
language models:

* One-Pass Composition: One prompt contains all sub-
routine instructions, and a deeper frozen Transformer
executes the full composition in one forward pass.

* Multi-Pass Composition: We prompt the frozen model
iteratively. Each call supplies one subroutine instruction,
and the same fixed-depth Transformer is reused across
turns.

These two mechanisms capture basic forms of in-context
compositional generalization with Transformers: the
prompts specify the subroutines, the frozen Transformer
execute, and composition happens through prompt assem-
bly and intermediate-state passing.

4.1 One-Pass Composition

One-pass composition models a single-call LLM workflow.
In practice, a user gives a full multi-step instruction in one
prompt, and the model returns the final output in one forward
pass. For example, the prompt may ask the model to apply
one rule, then another rule, and then report the final answer.
We formalize this workflow as one-pass in-context function
composition. Please see Figure 3 for illustration.

Theorem 4.1 (One-Pass In-Context Composition). Let C =
[=b,b]4*™ C R¥*" and let Ff, := {f : C — C | Lip(f) <
L}. Fixm € N*. Then, for any ¢ > 0, there exists a fixed-
weight Transformer Ty« = Attng,, such that the following
holds. For every fi1,..., fm € Fr, there exist prompts
Py, ..., Py, in the format of Definition 3.5. Define the
target composition function and the composite prompt as
9= fm o fm-1 00 f1 and Py := [P; Pryi--- 3 Py, ).
Then, the induced map Tp+ p,(X) = Tp-([ )155 Di:d,1:n sat-
isfies
dp(T9*7pg,g) <e

The emulator weights 6* and the composite prompt shape
depend only on C, L,p,d,n, m,€, noton fy,..., fm, or X.
Only the prompt entries in Py depend on the subroutines

fla"'vfm~

Proof. Please see Section E.9 for a detailed proof. O

This gives a basic mechanism for in-context compositional
generalization: the prompt assembles simple subprograms
Py, ..., Py into one composite program, and the frozen
Transformer executes the assembled program on X. The
depth grows linearly with the number of composed subrou-
tines in this one-pass construction. Thus one-pass composi-
tion executes the full program in a single forward pass, but
it pays for longer compositions with greater depth.

4.2 Multi-Pass In-Context Composition

Re-prompting models a multi-turn LLM workflow. In prac-
tice, a user may ask the model to complete one step, then
feed the output into the next prompt. Each call uses the same
model, but the instruction changes from step to step. We
formalize this workflow as reprompting in-context function
composition. Please see Figure 4 for illustration.

Theorem 4.2 (Multi-Pass In-Context Composition). Let
C = [-b,b)™" c R¥", and let Fr, := {f : C — C |
Lip(f) < L}. Fixm € NT. Then, for any ¢ > 0, there
exists a fixed-weight Transformer Ty~ = Attng such that
the following holds. For every f1,...,fm € FL, there
exist prompts Py, ..., Py inthe format of Definition 3.5.
For every X € C, define the exact trajectory c; and the
re-prompted trajectory c; recursively by:

co(X) =X, X):=filc-1(X)), i€[m]
Ei*[l(X) Oax1
co(X) =X, c(X):=Tp-(| o, 0"1“]):71:7“
Py,

fori € [m)]. Then, for every i € [m],

dp(G,¢) <e.
The emulator weights 0* and the prompt shape depend
only on C,L,p,d,n,m,€, not on f1,..., fm or X. Only
the prompt entries { Py, }ie[m] depend on the subroutines

fla"'afm~

Proof. Please see Section E.10 for a detailed proof. O

This gives the multi-pass counterpart of in-context com-
positional generalization. The same frozen Transformer
executes each subprogram, passes its output to the next
call, and builds the composite computation across turns.
Compared with one-pass composition, multi-pass keeps the
model depth fixed and pays through the number of model
calls.

Comparison with Existing Works. Xiong et al. (2025)
characterize Transformers as parallel processors that execute
independent tasks in one prompt. In contrast, many algorith-
mic workflows involve sequential composition: the output
of one subroutine becomes the input to the next. Our results
target this sequential regime by establishing in-context func-
tion composition. Technically, Xiong et al. (2025) rely on
the ReLU-Transformer framework of Bai et al. (2023) and
define tasks through input-output datasets. Our results ap-
ply to standard softmax Transformers and use prompts that
encode program-like instructions, such as rules, code, and
algorithmic specifications. Our weight encoding provides
a formal abstraction of such program descriptions. Thus,
while Xiong et al. (2025) emphasize parallel multi-task be-
havior, our results show how a frozen softmax Transformer
composes prompt-encoded subprograms in context.

Concluding Discussions. Please see Section A
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A Conclusion and Discussion

Section 3 and Section 4 establish two capabilities of one frozen softmax Transformer.

 Section 3 proves prompt-programmable in-context universal approximation. Fix the compact domain, target class, and
accuracy. One frozen Transformer model approximates every f € JF, by changing only P;. Here P; specifies the
computation, and X supplies the data.

* Section 4 proves prompt-level composition. Namely, prompts for subroutines (i.e., Py, ..., Py, ) are assembled so
the frozen Transformer executes their function composition either through one-pass composition with depth growth or
through multi-pass with fixed depth.

We now place these results within existing ICL theory. Recall the spectrum Figure 1. Existing ICL theory largely explains
two regimes: parametric recall and amortized in-context inference. In both regimes, the procedure template lies in the frozen
weights. The prompt selects content or supplies examples. Our results address the prompt-programmed regime. Here the
prompt carries the target computation, and the frozen model executes it. To make this distinction precise, we state three
desiderata for a general-purpose in-context theory of prompt-programmed execution:

1. Standard Softmax Attention (D1). The theory studies ordinary softmax attention. It does not replace attention with
linearized, hardmax, or otherwise simplified attention dynamics.

2. One Frozen Model Across Targets (D2). The theory fixes one model 6* across target computations. Prompts carry
target-specific information. The model weights remain fixed.

3. Explicit Prompt Interface (D3). The theory gives a target-to-prompt rule f — Py. It also gives a modular rule for
assembling prompts for composite functions.

We use these desiderata to compare three strands of ICL theory. This comparison identifies which part of prompt-conditioned
computation each strand explains.

Notation. We write Ty for the sequence-to-sequence map of the Transformer with parameters 6. Given an instruction
P and an input X, write Typ(P, X) for the model output on the concatenated input (P, X). For a fixed prompt P, write
TgJD(X) = TQ(P7X).

Statistical-Learning/Pattern-Matching Analyses. These works study a fixed learned predictor Ty (-) and analyze general-
ization and/or behavior under assumptions on a distribution over tasks, inputs, or prompts, often in stylized ICL settings (Li
et al., 2023; Garg et al., 2022; Ahuja & Lopez-Paz, 2023; Bhattamishra et al., 2024). They emphasize the distributional
generalization of the learned mapping rather than programmable re-targeting across a broad function family. As a result,
they do not target the prompt-programmed form of (D2)-(D3): they do not exhibit one fixed 8* that re-targets across a
broad function class through Py. They also do not give an explicit target-to-prompt rule f — P;. Moreover, for analytic
tractability, some mechanistic analyses adopt simplified attention models (e.g., linear self-attention (von Oswald et al., 2023;
Ahn et al., 2023)), so they address (D1) only partially.

Task-Specific ICL as Forward-Pass Algorithm Execution. This line formalizes in-context learning as algorithm execution
in the forward pass. Typically, these works place the target algorithm in task-specific weights. The prompt supplies instances,
such as training examples or datasets, rather than a program description (Bai et al., 2023; Akytirek et al., 2023; von Oswald
et al., 2023; Cheng et al., 2024). Formally, their guarantees often take the form

Valgorithma, 30, st Ty, (D,z) =~ a(D,x),

where D denotes the in-context data/examples. Because 6, varies with a, this framework violates (D2). It also omits (D3):
its prompts serve as data containers, not as program encodings with a reusable compiler interface. Moreover, many proofs
again simplify attention, so those proofs address (D1) only partially (von Oswald et al., 2023; Bai et al., 2023).

Expressivity, Turing Completeness, and Prompting. Another line studies the computational power of Transformers.
Expressivity and Turing-completeness results show that Transformers represent rich function classes or simulate computation
(Pérez et al., 2021; Wang et al., 2023; Qiu et al., 2025; Jiang et al., 2025; Li & Wang, 2025). These results make important
progress on general computation. However, their interface differs from ours. Many results use autoregressive generation,
CoT steps, growing context length, or discrete string computation. They do not establish the continuous prompt-programmed
approximation statement studied here:

%, Vf, 3Py st Ty (P, X) = f(X).
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Thus, they do not address (D2) in the same sense: one fixed model changes target computations through prompts over a
broad continuous function class. They also do not address (D3) in our sense: they do not give a reusable compiler f — Py
for continuous sequence-to-sequence maps, nor a modular rule that assembles Py and P, into a prompt for g o f. Some of
these results replace softmax attention with hardmax or other variants, and therefore leave (D1) open (Pérez et al., 2021; Qiu
et al., 2025). This quantifier order explains why computational expressivity alone does not imply prompt-programmable
in-context approximation.

Where Our Results Fit? Our results meet all three desiderata. We operate with standard softmax attention (D1). We
fix a single model 6* and show that prompts Py steer the model to realize broad function classes f € F7, (D2). We also
provide an explicit prompt interface through surrogate weight encodings (D3). For compositional generalization, we provide
mechanisms to assemble a composite prompt from subfunction prompts and controls error propagation. Thus, our results
shed light on prompt-programmable computations in Transformers beyond fixed inference rules, task-specific weights, and
nonconstructive expressivity.

B Related Work

From In-Context Algorithm Execution to Prompt-Programmed Emulation. Much of ICL theory starts from a fixed
inference rule. The prompt supplies examples or data, and the Transformer applies an estimator in the forward pass. Prior
works show that Transformers implement or approximate least squares, gradient descent, preconditioned gradient descent,
algorithm selection, and related learning rules (Akytirek et al., 2023; von Oswald et al., 2023; Bai et al., 2023; Ahn et al.,
2023; Li et al., 2023; Cheng et al., 2024; Wu et al., 2025). In these works, the weights encode the procedure, while the
prompt supplies the data.

A second line makes the program more explicit. Giannou et al. (2023) encode programs in input tokens and execute them with
looped Transformers. Qiu et al. (2025) prove a Turing-completeness result for prompting. Closest to us, Hu et al. (2026b)
give a minimal softmax-attention construction for fixed-weight in-context algorithm emulation. Their construction uses
prompt-induced query-key margins to make one frozen Transformer follow an encoded attention computation. This gives a
“one fixed model for many programs” mechanism for attention-implementable algorithms. Our work keeps the fixed-weight
and softmax setting. It extends the scope from attention-implementable algorithms to continuous sequence-to-sequence
functions, and from one prompt program to prompt-level composition.

From Example-Conditioned ICL to In-Context Universal Approximation. Another line asks whether one Transformer
supports many functions in context. Here the context acts as data. Li et al. (2025) study the example-conditioned regime.
Their prompt supplies input-output examples. A fixed Transformer then recovers coefficients over universal features through
a Lasso-like computation. Thus, the prompt identifies a target function from examples. It does not provide an explicit
procedure for the target function. Furuya et al. (2025) study continuous in-context mappings where the context appears
as a token distribution, and prove universality even when the number of context tokens varies. These works develop
approximation theory for example-conditioned or context-conditioned prediction. In contrast, we establish a different form
of in-context universal approximation. Our full prompt may also contain data examples through X. But these examples
play a different role. They are inputs to the computation, not the mechanism that specifies the target function. The target
computation is specified by P;. One frozen softmax Transformer reads P, and executes the encoded computation on
X. Thus, this shifts in-context universal approximation from function identification to program execution. It also makes
composition natural: prompts for simple maps become reusable blocks for prompts of composite maps.

Prompting, Prefix Tuning, and Function Encoding. A neighboring line studies how prompts or prefixes encode target
functions more directly. Wang et al. (2023) study universality and limitations of prompt tuning. Petrov et al. (2024b)
show that a pretrained Transformer becomes a universal approximator when one tunes the prefix. Their construction treats
attention as kernel interpolation. The prefix stores reference inputs and target values (u;, f(u;)), and the model interpolates
from these values at the query. Hu et al. (2025a) sharpen this direction by proving universality, capacity, and efficiency
results for prompt tuning in simple Transformer architectures. Petrov et al. (2024a) extend this idea to fully recurrent models.
Recent work also studies memory limitations of prompt tuning: Meyer et al. (2025) show that the information stored by a
prompt has intrinsic limits, even as the context length grows.

This line is close in spirit because it changes the prompt or prefix while keeping the model fixed. It already shows that
prompts carry rich function information. In contrast to this work, the interface differs. Their prompt or prefix acts as
task-specific side information, often as trainable prompt tokens or an interpolation table. Our prompt acts as a program
encoding for a surrogate computation. For a composite target g o f, an interpolation-table prompt typically stores values of
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g o f. It does not assemble Py and P, as reusable subprograms. Our composition theorem does.

From Multi-Task Superposition to Sequential Composition. Xiong et al. (2025) study pretrained Transformers under
mixed-task demonstrations. A single prompt contains examples from several tasks, and the model performs several in-context
tasks in one inference call. Their theory builds on the ReLU-Transformer framework of Bai et al. (2023). They provide
a parallel mechanism for performing multi-tasking ICL in superposition. In contrast, our composition theorem studies a
sequential mechanism for provably composing sub-tasks sequentially. Each subroutine consumes the output of the previous
subroutine. The prompt supplies procedure descriptions, such as rules, code, or algorithmic specifications. Our weight
encoding abstracts this program text.

Recent chain-of-thought theory gives another view of serial computation (Merrill & Sabharwal, 2024; Li et al., 2024;
Huang et al., 2025). These works study how generated intermediate tokens increase Transformer expressivity or length
generalization. Their analyses focus on formal languages, circuit complexity, or synthetic state-tracking tasks. Our results
give a continuous-function counterpart. Prompts specify reusable subroutines, and one frozen softmax Transformer executes
their composition either in one completion or through re-prompting.

Transformer Universal Approximation and the Two Routes. The theory of Transformer universal approximation property
(UAP) first develops through the contextual-mapping view. Yun et al. (2020a) prove that standard Transformers approximate
continuous permutation-equivariant sequence-to-sequence functions on compact domains. With positional encodings, their
results also extend the result beyond permutation equivariance. Kajitsuka & Sato (2024) refine this view by analyzing
softmax attention directly. They show that one softmax-attention layer with low-rank weights gives a contextual map, while
one-layer hardmax attention does not. This reduces the depth needed in UAP constructions. In the same vein, Hu et al.
(2025a) show that single-head, single-layer softmax attention with any-rank weight matrices gives a contextual map in their
UAP construction. They also characterize a width-depth tradeoff in the FFN part of the construction.

A second route views softmax attention as interpolation. Hu et al. (2026a) use large inverse temperature so that softmax acts
as a near-argmax selector over interpolation points. This gives universal approximation with attention layers alone. Other
recent works broaden Transformer UAP theory. Liu et al. (2026) prove UAP for single-layer, single-head self-attention and
cross-attention with minimal attached structures. Cheng et al. (2026) give a unified framework for UAP in transformer-type
architectures. These works show when a Transformer class contains an approximator with target-dependent weights. In
contrast, our work adds a prompt-programming layer. We encode those target-dependent weights into a prompt and use
one frozen emulator to execute the encoded computations. Consequently, this allows use to study in-context univeral
approximation and in-context composition generalization.

Approximation Rates and Other Expressivity Results. Several works derive quantitative rates under stronger structural
assumptions. Takakura & Suzuki (2023) study sequence-to-sequence functions on infinite-length inputs. They assume a shift-
invariant input distribution and shift-equivariant targets with mixed or anisotropic smoothness. Jiang & Li (2024) establish
Jackson-type approximation rates for single-layer, single-head Transformers under measured-complexity assumptions on
the target function. Other works study related expressivity questions, including sparse Transformers (Yun et al., 2020b),
probabilistic Transformers (Kratsios, 2023), attention-matrix limitations (Bhojanapalli et al., 2020), expressive flexibility of
self-attention matrices (Likhosherstov et al., 2023), variable creation in self-attention (Edelman et al., 2022), and finite-
precision output accessibility (Meyer et al., 2026). These results complement our work. They study what Transformer
architectures represent or generate. We study how one fixed softmax Transformer changes the represented computation
through the prompt.
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C Notation and Complexity Tables, Illustration Figures and Function-Algorithm-Program

Relation

C.1 Notation and Complexity Tables

Table 1. Notations and Symbols

Notation

Description

a
A

A,
A:,z
A.

51

Lowercase letters for vectors
Uppercase letters for matrices

i-th row of A

i-th column of A

Sub-matrix of columns 7 through j
d dimensional all-ones vector

Set of real numbers
Set of positive integers
[n] :={1,2,...,n}
Compact domain

Token dimension
Length of input sequence
Number of attention heads

X:[xl,...
T;

, T

Matrix of input sequence
¢-th token (column) of X

]2
X1
1 X 1o

dp(f1, f2)

{5 norm of x
Entry-wise £, norm of X
[ X oo = max; ; | Xi;]

(Jo 1£1(X) = fo(X)[[2dX) 7

1 {condition}

The indicator

o5
ReLU
FF
Attny
Attnl,k
Attnl(_};c)
Attnl_’k
Attnftes

Softmax with inverse temperature 3

ReLU activation

Feed-forward layer

[-layer attention

The k-th layer of an [-layer attention

The h-th head of the k-th layer from an [-layer attention
The k-th [-layer attention

Attention with a residual connection

C.2 TIllustration Figures
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Table 2. Attention Emulator Complexity in Theorems 3.1 and 3.2. We report the worst-case model complexity as a function of the
granularity g (see Section D.2 for definition.) Here d is the token dimension and n is the sequence length of the input X € R4*™. We
write efow for the flow-through error (see (80) for definition). The scaling is similar to prior universal approximation results (Yun et al.,
2020a; Kajitsuka & Sato, 2024; Hu et al., 2026a). We remark such exponential dependence reflects the generality of the continuous
function class. Please see (Yun et al., 2020a, Section 4.4) for relevant discussion.

Theorem 3.1 Theorem 3.2
Context length n (independent of error) n + 1 (independent of error)
Embedding dimension O(dg®) O(dng?m)
Head count O(g™ /n) O(g?m)
Softmax sharpness (3)  Flow-through heads require ((log n 4 log = );  Same as Theorem 3.1.
task heads inherit the target-attention S.
Prompt Program Frozen Emulator Surrogatg\ Approximator Input
(PfaX) TG*(Pf7X) A¢f(X) Output
Input sequence X Attng(Py, X) A Transformer
in Theorem 3.1 in Theorem 3.1
Weight encoding or (_)r F(X)
P: of Attng(Py, X) An Attention Module
¢+ of surrogate , .
. in Theorem 3.2 in Theorem 3.2
approximator Ay,

Figure 2. In-Context Universal Approximation Overview (Section 3). Our construction takes three steps. Step 1. We use a surrogate
approximator A, ; to approximate f at X (see (3)). In Theorem 3.1, it’s a Transformer. In Theorem 3.2, it’s an attention block. Step 2. We
approximate surrogate Ay, by another frozen Transformer Ty« called emulator. Specifically, we encode the weights ¢ of the surrogate

into Py. The frozen emulator Ty+ receives (Py, X ), and executes the encoded computation on the input data as Ty~ (Py, X ) = A\¢> +(X).

Its output realizes either an emulated Transformer surrogate FF5o0Attn®* o FF, (X)) or an emulated attention surrogate Attny(X). Step
3. Chain the above two steps we approximate the target function as in (5). The weights of the emulator Ty« stay fixed across functions.
Only the instruction Py changes with f. Since this procedure holds for all f € Fp, it is indeed in-context universal approximation.

Input sequence X f1(X) f20 f1(X) Fm_10---0f1(X) gllﬁ;;t

Input instructions

Instruction Py, Frozen Frozen Frozen | Approximates
Attn&l sz Attng7m_1 AttH&m
Py,
Instruction Pr,, Py, Py, Py, fm o0 fi(X)

Figure 3. Illustration of the Construction in Theorem 4.1. Consider a function composition of length m, realized at X. We prepare
the sequence X and instructions Ps,, ..., Py, as initial inputs. For ¢ € [m], Py, encodes the computation instruction required to
implement f;. An 8m-layer attention emulator Attns,, processes these inputs in a single forward pass. Attng,, consists of m eight-layer
attention, written as Attng ,, o - - - o Attng 1. The block Attng ; uses the instruction Py, to update the current data from ¢;—1(X) to
an approximation of ¢;(X). Also, Attns ; propagates Py, ..., Py,,. Thus, the full composition fm, o --- o fi(X) is realized in one
forward pass.
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co(X) =X fi(eo(X)) ’ =| a(X) ‘ fa(er (X)) } ‘ fm(em—1(X)) = | em(X)
Approximates Approximates
Same Fixed Emulator Same Fixed Emulator Same Fixed Emulator
(X)) =X Attng(¢o(X), Pf,) a1(X) Attng(¢1(X), Pr,) e Attng(€m—1(X), Py,,) B (X)
Input Instruction Instruction Instruction
Output Py, for f1 Py, for fa Py, for fm

Figure 4. Tllustration of the Construction in Theorem 4.2 . Consider a function composition of length m, realized at X . For ¢ € [m], the
top row shows the target composition ¢; (X ) = fi(ci—1(X)), starting from co(X ) = X. The bottom row shows its approximation ¢; (X).
We obtain ¢; (X') by prompting the emulator with ¢;_1 (X) and the instruction Py,. Py, encodes the computation required to implement
fi. The emulator reads Py,, executes the computation on ¢;_1(X), and outputs ¢; (X ). Repeating this procedure for i = 1,...,m
realizes the full composition by re-prompting a single frozen emulator.
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C.3 Functions, Algorithms, and Programs

We now clarify the relation among function, algorithm, and program. A function specifies an input-output map. An algorithm
specifies a procedure for computing this map. A program encodes the procedure for a fixed executor. An algorithm may
induce one function or a composition of functions. This paper studies guarantees at the function level. Thus, our results
apply to any procedure that realizes the same input-output map.

In our setting, a prompt is the full input sequence to the frozen Transformer. It contains an instruction part and a data part.
We write these two parts as (P, X). The block Py specifies the target computation. The block X supplies the data. Thus,
Ty (Py, X) ~ f(X) means that the frozen Transformer Tp+ executes the instruction Py on the data X

We illustrate the distinction with linear regression. Let D = {(z;, y;) }?, be a training set, and let 2.5t be a test point. The
algorithm fits a linear coefficient from D and predicts at z.t. We describe this computation by two maps. The first map
sends the dataset to an estimator

fest(D) = w(D),
where @(D) denotes the estimated coefficient. The second map sends the estimator and the test point to a prediction
fprcd(ﬁjv ﬂftcst) = l‘;l;st@'
Their composition gives the final prediction
fpred(fest (D), est)-

Different algorithms may realize the estimator map fey; differently:

* Gradient Descent. Define the one-step update
fstep,p(w) = w —nVL(w; D).
Starting from wy, T-step estimator gives
fan(D) = feep,p(wo).

Here soth,D denotes the T'-fold composition of fsep -
* Closed-Form Estimator. Let Xp and yp denote the design matrix and response vector from D. Assume X g Xpis

invertible. Define

fer(D) = (X5 Xp) * XByp.

Both fop and for produce a coefficient for fi,r.q. This example separates the three roles used throughout the paper. A
function describes input-output behavior. An algorithm describes how to compute this behavior. A prompt program Py gives
the algorithm instruction and data to the frozen Transformer. Section 3 studies how a prompt specifies a target computation.
Section 4 studies how simple prompted computations chain together.

20



In-Context Universal Approximation, Compositional Generalization, and Algorithm Emulation

D Supplementary Theoretical Backgrounds

This section includes some known results we build on.

D.1 Universal Approximation of Transformer and Attention-Only Model

We state the universal approximation result from (Kajitsuka & Sato, 2024; Hu et al., 2025a; 2026a).

Theorem D.1 (Transformers Universal Approximation, Theorem B.1 of (Hu et al., 2025a)). Let T denote the class of
two-layer Transformers with self-attention and positional encoding:

To = {g : R>" 5 RP™ | g(X) = FFy 0 Attn®* o FF (X + E,), E, € R¥*"},

where FF1, FFy and Attn™®® are feed-forward neural network layers and a single-head self-attention layer as defined in
Definitions 2.1 and 2.2, respectively. For 1 < p < oo, let distance d,(-,-) be defined as in (2). Then, for any continuous
function f defined on a compact domain C € R*", and e, > 0, there exists a Transformer g € T3 such that

dp(f7 g) < €.

Theorem D.2 (Sequence-to-Sequence Universal Approximation of Multi-Head Softmax Attention, Theorem G.1 of (Hu
etal., 2026a)). Let1 < p < co. Let C C R¥*™ be a compact domain of input sequences. Let f : C — R¥*"™ be a continuous
sequence-to-sequence function. Let X, € RUAATDX0H1) be the augmented input

X Ogx1
X, = I, Onxil € R(d+n+1)><(n+1).
len 1

Then, for any e > 0, there exists a network Ay, composed of four multi-head attention layers such that the induced

sequence-to-sequence function /~1¢f (X) = Ay, (Xa): 1m0 satisfies
dp(A¢f,f) S €.

D.2 Explicit Weight Construction of Theorem D.1 Given Function f

In this section, we make the construction behind Theorem D.1 explicit and prepare the two ingredients for the proof of
Theorem 3.1:

* Sections D.2.1 to D.2.3: an explicit construction of the Transformer universal approximator in Theorem D.1, i.e.,
FF5 o Attn®® o FF, (X + Ep). This construction follows (Hu et al., 2025b, Theorems G.1 and G.2);

* Section D.2.4: a uniform finite-grid version of this construction. This allows us to choose one surrogate architecture, one
prompt shape, and common weight bounds for all target functions in the class.

These ingredients are handy for later parts in Section E.4 to prove Theorem 3.1.8

The surrogate Transformer in Theorem D.1 has the form

FF5 0 Attn®® o FF;.

Res

Thus the input first passes through a feed-forward layer FF1, then through one residual self-attention layer Attn™®, and

finally through a second feed-forward layer FF5.

We describe these three pieces separately. In Section D.2.1 and Section D.2.3, we give the explicit constructions of FF; and
FF,, respectively. In Section D.2.2, we give the construction of Attn®es, Finally, in Section D.2.4, we extract the finite-grid
consequence needed later: after the target class and accuracy are fixed, the surrogate dimensions, prompt shape, and relevant
bounds can be fixed uniformly, while only the encoded weights depend on the target function.

8 Although the construction is established in (Hu et al., 2025b), we restate the needed parts here to make our in-context construction
self-contained and explicit.
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D.2.1 GRID POINTS ON INPUT DOMAIN AND FF{ CONSTRUCTION

Let C := [—b, b]?*" be the compact domain. They first discretize the compact domain by forming a uniform grid with
granularity g

1
T, =—b+ 5{0,1,...,%9},
and
Gy = {C eRY™ | Vi [d],j € [n], Ciyj €Ty}

That is, the number of elements in G, is (2bg + 1)dn,

Then, for the input sequence X € R¥*™, they define the following R — R function to map each entry of X to discrete
values

—b, z< —=b
b1 —b<z< b4l
quant(z) = )
b, h— 1L <2
g

They extend quant,, to an entry-wise map quant?*"(X) : R**" — R4" by
quanth”(X)ij = quant,(X;;) foralli€ [d], j € [n].

That is, the function quantgxn maps X to the grid points defined by G,,.

Next, for X € R4*™ \ [—b, b]4*", they define the following R — R function to indicate out-of-domain inputs

—2b, z< b
penalty(z) = < 0, z € [=b,b]
—2b, z>b.

Again, they extend the penalty function to an entry-wise map penaltde”(X ) @ RéXn 5 RIX" where they apply
penalty(z) in an entry-wise manner.

Lastly, they let B € R4*™ be a matrix with all entries equal to b, and they define h; : R¥*"™ — RI*" by

hi(X) = quant?*"™(X) + B+dn - penalty? ™ (X) @)

(A) B)

To implement (7), they design the following functions to approximate (7). In addition, these functions are implementable
with a feed-forward layer. Thus, they encode the weights of these functions into the first feed-forward layer to form the
explicit construction of FF.

For the first term in (A) of (7), they design

bg—1
~ 1 z t z t
fl(Z) = —b + - t=§_bg(ReLU(5 — @) — ReLU(E — @ — 1)), (8)

where § > 0 determines how quickly each summand goes from 0 to 1, and then they design

oz b

b
5) - ReLU(—% —3-D). O

) — ReLU(§ - g ~ 1))+ b- (ReLU(

ST~

f1(z) = fi(z) = b- (ReLU(

STERN
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For term (B), they design

z—0b
0

—z-=0
5 1)).

—z—b

]

z—0b

]

fo(2) = —2b(ReLU(Z-—) + ReLU( — 1)) — 2b(ReLU( ) + ReLU( (10)

Then, they implement (7) by encoding the weights of (9) and (10) into the following feed-forward neural network FF

FF; = Wi -ReLUWy 1 - X +b111,)) + by o1},

where
1 1
iy gy X
Wl 1 bl 1 0
W= |0 b= [ W= W W w] b= |, aD
.d d dxd(4bg+8 .
wéf %} xd(4bg+8) 0
N—— N—— dx1
d(4bg+8)xd d(4bg+8)x 1
and they set
'% 0 0 0 [0 % 0 0] 0 0 0 %'
5 00 0 0 5 0 0 000 3
% 0 0 0 0 % 0 0 0 0 0 %
1 0 0 0 0 1 0 0 000 1
L 00 0 0 L o 0 000 L
1 2 d
wit =11 ¢ g of Wii=1lo 1 o 0 C Wi =0 0 o 1, a2
—% 0 0 0 0 —% 0 0 0 0 0 —%
-< 00 0 0 -3 0 0 000 —3
% 0 0 0 0 % 0 0 0 0 0 %
00 0 0 5 0 0 00 0 3
—% 0 0 0 0 —% 0 0 0 0 0 —%
-3 0 0 0] 0 -3 0 0] 0 00 — =]
(4bg+8)xd (4bg+8)xd (4bg+8) xd
with
_ 5 }
)
b
b1
b ' 1
, 0T,
fgfi+@
=l (13)
i
o
b
b _q
i
o
b
—3- 1
“b
o
b
[ 51
N———
(4bg+8)x 1

That is, Wl(? has all-zero columns except for the i-th column. The entries are 1/4 in the rows corresponding to ReLU(% — )
terms in (9) and (10), and —1/4 in the rows corresponding to ReLU(—§ — -) terms.
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Then, for all i € [d], they construct Wl(zz) as

W) = @ g1 _1 L1y p b —b —2dn —2bdn —2bdn —2bdn] .
1,2 i [g g g g }
dx1 1x (4bg+8)

That is, Wl(zz) has only one non-zero row i.
D.2.2 CONTEXTUAL-MAPPING ATTENTION CONSTRUCTION

Next, to prepare for the construction of the attention layer, we need to describe the properties of the output from term (A) in
(7). For this purpose, we restate two helper definitions from (Hu et al., 2025b).

Definition D.1 (Vocabulary, Definition G.1 of (Hu et al., 2025b)). For each i € [N|, define the i-th vocabulary set by
V= | ) X8 crY,
ke(n]
and define the whole vocabulary set by
V=) VW cRr
1€[N]

Definition D.2 (Tokenwise Separateness, Definition G.2 of (Hu et al., 2025b)). Let X, ..., X(N) ¢ RIX" pe embeddings.
We say that XV ..., X(N) are tokenwise (Yimin, Ymax, €)-Separated if the following three conditions hold:

(i) Foranyi € [N]and k € [n], X:(fk)Hg > Ymin-

(ii) Foranyi € [N] and k € [n], X;(,ik)”2 < Vmax-

(iii) Foranyi,j € [N]and k,l € [n], le(le # X:(’Jl') holds, then ||X(Zk) - X:(’]l')||2 > €.

Note that when only conditions (ii) and (iii) hold, we denote this as (7, €)-separateness. Moreover, if only condition (iii)
holds, we denote it as (€)-separateness.

They use G/ to denote the set of all possible output sequences from term (A) in (7). Also, let ng be
ég ={GeG,|G.i#G.; forall i,j € [n] and i # j}.

By construction, Ejg is finite, and the sequences in §g are tokenwise (1/g, 2bVd, 1 /g)-separated.
Besides, let V be the set of all tokens from g}. Since QNQ is finite, V) is also finite.

Again, to prepare for the construction of the attention layer, we restate a helper lemma from (Park et al., 2021).

Lemma D.1 (Lemma 13 of (Park et al., 2021)). For any finite subset X C R%, there exists at least one unit vector v € R?
such that

1 8
Vol =2l < Jul(@—a)] < Jlz -2’2 (14)
|X12V 7d

forany x,x’' € X.

Since V is a finite set, by Lemma D.1, there exists at least one unit vector u € R? such that (14) holds for any two tokens
from V.

Now, we restate their construction of the attention layer.

1. We state the dimension first. They let Wy, W, Wy € R**4 and W, € R4*5,

2. Then, set the rank of the weight matrices to be p. Any choice of p that satisfies 1 < p < min{d, s} works.
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. Next, for each i € [p], pick vectors a;, b; € R® such that

dk
lai bil = (VI +1)'——,
€Ymin

where they set kK = (41lnn) /3. Also, € = Ymin = 1/g here.

. Then, for each i € [p], choose u;,w; € R< to be unit vectors. Moreover, they require that there be at least one index
i* € [p] such that u;« = u and w;+ = u. For [p] \ {i*}, any unit vector in R? works.

. Then, they construct the key and query weight matrices as follows

P P
Wy = Zaiuj ER™ Wo = Zbiw;— € R*4,

i=1 i=1
. Next, for each i € [p], pick an arbitrary non-zero vector ¢; € R® and o; € R4, except for o1, where they set 01 = u.
Then, they construct the value weight matrix as

P

Wy = ZCiOiT S RSXd.
i=1

. Finally, they require Wy, to satisfy the following constraint

€

[Wocillz =

(15)

)
4 max

where € = 1/g and ymax = 2b,/g. They provide one explicit way to achieve (15). For each i € [p], they pick a vector
d; € R? such that

€

dillg = ——
ldill: = 4 e

with the same € = 1/g and yax = 2b,/g. Then, they construct
P
Wo = ZdiCiT S Rdxs.
i=1

This completes the construction of the attention layer.

D.2.3 BuUMP FUNCTION AND FFy5 CONSTRUCTION

Regarding the construction of FF5, they first consider a fixed Ce Gvg, and they define

U = Attn"™*(C0),

where Attn®® is the single-head attention with a residual connection, specified by the weight matrices constructed in the
previous steps.

Additionally, they define

S = Attn® o FF, (X).

For a fixed C, they define ho : RYX™ — RIX", where

hQ(S)ij = f(C — B)ij . ]lUij:Sij for all 7 € [d],] S [n},

and f is the target function.

Then, they use a bump function bumpy, : R4*™ — R4*" to achieve the indicator in hy:

bumpR(S’)ij = ReLU(RFF(SU — UZJ) — 1) — 2RGLU(RFF(S” - Uij)) + RGLU(RFF(SU - Uz ) + 1),
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and they choose Rpp to scale like Rpr = O(exp(6408(bg)***2d?Inn)). This bump function is implementable by a
feed-forward layer.

Next, for a fixed C' and U = Attn"**(C), they use part of FF to implement h,. Specifically, they construct

_RFF 0 0 0 _RFF . Ull
Rpp 0 0 0 —Rpp -Up1 — 1
Rpp 0 0 0 —Rpp - U1 +1
0 Rpr O 0 —Rpp - Uay
0 RFF 0 0 _RFF . U21 -1
0 R 0 0 —Rpp - U1 + 1
0 0 RFF 0 —RFF : U31
0 0  Rpp 0 —Rpp - U1 — 1
0 0  Rpp 0 —Rpp - Uz +1
0 0 0 Rer —Rpr - Upl
0 0 0 Rer —Rpp-Ug1 — 1
0 0 0 --+ Rpp —Rpp -Us1 +1
Wi = | : L b= :
RFF 0 0 0 _RFF : Uln
Ryp 0 0 0 —Rpp - Uy, — 1
R O 0 0 —Rpp - Upp +1
0 Rpr O 0 —Rpp - Uy,
0 Rpr O 0 —Rpp - Uy — 1
0 Rpp 0 0 —Rpp - Usp + 1
0 0 RFF 0 _RFF : U3n
0 0 RFF 0 _RFF . USn -1
0 0 Rprp 0 —Rpp - Usy, +1
0 0 0 - Rpp —Rpp - Ugp — 1
| O 0 0 -+ Rpp] | —Rrr - Ugp + 1]
3dnxd 3dn
That is, they repeat the first 3d rows of Wl(i) for n times.
Then, they construct Wég to be
Wy =Wy - Wy,
—_——
dx3dn
where
—2f(C - B)11 f(C—B)1y f(C—B) 0 0
W'y = : : : : 3 SN
0 0 —2f(C - B)an f(C—B)an f(C—B)an
dn x3dn
and
Wo =1[Is I, - Ii].
dxdn
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Note that the above construction is for a specific C, so it stacks the construction for all C' € §g to obtain the final FF5

FFy(S) := Way - ReLU(Wa - S 4 bp 1)),

where
1 1
W22’1 b%,l
W3, b2,1 ) 5 ¢
Wop=| |, boa=|" |, Wao=[Wiy W3y, - Wi, (16)
.Q2 (1.2 dX3dnqz
Wi by
—— ~——
3dnga Xd 3dngs x1

and they set g2 = (2bg)?" /(n!). That is, they set by » as a zero vector.

This completes the construction of the entire network.

Remark D.1. In the constructions (11) and (16), the dimensions of the feed-forward weight matrices depend on the size
of the compact domain and the discretization granularity. Thus, achieving a prescribed uniform approximation accuracy
requiring finer granularity g or larger domain size b. This leads to a larger hidden width. Hence, the matrix dimensions
(and therefore their weight encodings) vary across target functions. This appears to challenge the “one fixed model across
tasks” interpretation, since a fixed model requires a fixed shape of input weight encoding. However, for smaller matrices, we
are always able to pad them with zeros

— — wi] - [b
Wy = [Wa  Ogxil, Wl[ 1], bl[ 1}

~— O'de O'Fx 1
dx (r+7) —— ——
(r4+7)xd (r4+7)x1

where 7 € NT. Then, by Definition 2.2, the padded network realizes the same map as the original one
Wy - ReLU(W1 X + by 1) + byl] = Wy - ReLUWL X + by1)) + boL] .

Also, our approximation technique is applicable to these zero-padded weights. This resolves the shape mismatch whenever a
common finite architecture width 7 is fixed in advance.

D.2.4 A UNIFORM FINITE-GRID CONSEQUENCE

So far the construction is target-specific: the output layer stores the grid values of the target function. For the in-context
theorem, we need a stronger form. After fixing the target class and the approximation accuracy, the surrogate architecture,
prompt shape, and weight bounds must be chosen uniformly over all targets. We now isolate this consequence.

Since the setup considered in this paper includes positional encoding F,,. We introduce below definition to ensure above
stated constructions hold with E,,.

Definition D.3 (Separating Positional Encoding). Let C = [—b, b|**". We say that E,, € R*™ is p-separating on C if

inf min [|(X + Ep).illec = p,
inf, min [[(X + Ep)illo 2 p

and

i i . g5 — . >
Inf min [(X + Bp)i = (X 4 Bp).llo = o,

for some p > 0.

Such an encoding exists. For example, fix one row index 7 € [d] and choose the entries (Ep)y1,. .., (Ep)rn so that
(Ep)ril = 26+ 0, 1Byl — (Ep)egl = 26+ p, (i 4 J).

Then both inequalities in Definition D.3 hold for every X € C.

Then, we show that such p-separating F,, does not disrupt the quantization steps.
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Lemma D.2 (Quantized Separation). Let C = [—b,b]**", and let E, be p-separating on C. Let D := C + E,. Let
mg: D — RI*™ be an entrywise quantization map satisfying

Y = 7g(Y)]loo < gt forall Y €D.
If g1 < p/A4, then for every X € C and every i # j,
17g(X + Ep).illc = 3p/4,

and
||7Tg(X + Ep):,i - 71'g(X + Ep):,j”oo > p/2.

In particular, the quantized sequences used by the contextual-mapping construction are tokenwise separated with constants
depending only on p, d, and the enclosing box.

Proof. Forevery X € Candi € [n],
179(X + Ep).illoo
> X +Ep).illoe — | X+ Ep — (X + Ep) oo (By reverse triangle inequality )
zp—g"
> 3p/A. (97" < p/4)

For any X € C and i # j, we have

(By E,, being p-separating and ||Y — 7y (Y)[|oo < g7 ")

||7T9(X +Ep).i — 7Tg(X + Ep):,j”oo
= ||((X + Ep):,i - (X + Ep):yj) + (Wg(X + Ep):,i - (X + Ep):,i) + ((X + Ep):,j - 7Tg(X + Ep):,j)”oo
> ||(X + Ep):,i - (X + Ep):,jHoo - ||7Tg(X + Ep):,i - (X + Ep):,iHoo - H(X + Ep):,j - 71'g(X + Ep):,j|

(By reverse triangle incquulity)
)

oo

1 —1

>p—g —4g (By E,, being p-separating and [|Y — 74 (Y )[|oo < g~
> p/2. (Byg~' < p/4)
This completes the proof. O

We now package the finite-grid part of the construction into a uniform statement. The proposition below is the only property
of Section D.2 needed later to choose a common surrogate template for all targets.

Proposition D.1 (Uniform Bounded Transformer Approximation of Finite-Grid Maps). Let C = [—b,b]?*", and let E,,
be p-separating on C. Let D :=C + E, Fix 1 < p < ooand M,n > 0. Let 7y : D — G, be an entrywise finite-grid
quantization map with finite image G, := 74(D) and mesh size at most g1, such that

1Y —7y(Y)|oo < g™, forall Y €D.
Assume g=' < p/4, and define H 4 vr be the class of grid-value maps
Horr i ={F:D = R¥>™" | F(Y) = Ury(v)s 0vlloe < M forallv € Gy}
Then there exists a (‘Ta-type) Transformer
By(Y) = FFa,4 0 Attny™ o FFy 4(Y),
with dimensions depending only on
D,g,M,p,d,n,n,

such that, for every F' € Hy 1, there exists a parameter choice ¢ satisfying

( /D 1By (¥) — F(Y)[2dY) /> <

Moreover, all weights in ¢p, and hence their encoded prompt blocks, are bounded by constants depending only on
D7gaMap7d7n7T], noton F.
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Proof. Choose b > 0 such that

D C Q:=[-b,b™*"
We apply the explicit construction of Section D.2 on the fixed symmetric box Q and then restrict the resulting approximation
to D.

First, the FF'; construction in Equations (7) to (10) implements the shifted quantization code used by the construction. On
D C Q, the penalty term vanishes. Thus the FF; weights depend only on the fixed box Q, the grid granularity g, and the
quantization parameter . They do not depend on F.

Second, by Lemma D.2, every sequence in G, has distinct token columns. Hence the contextual-mapping attention
construction stated above applies to this finite set. It gives a single softmax attention layer whose output codes separate the
finitely many quantized sequences in G,. Once G, and the softmax sharpness parameter 3 are fixed, the attention dimensions
and weights are fixed independently of F.

Third, the FF5 bump-function construction leading to Equation (16) maps each separated code to the prescribed grid value
a,. The only F'-dependent entries appear in the output coefficients a,,. Since

lavl|oe < M, veGy,

these entries are uniformly bounded over F' € H, ar.

Choose § > 0 sufficiently small and choose 5 and Rpp sufficiently large so that the finite-grid approximation error on D is
at most 7). These choices depend only on

C,Ep,p,9,M,p,d,n,mn,

not on F'.

Therefore,
( /D 1By, (V) — F(Y)|[2dY)VP < 1.

All dimensions are fixed because Q, G4, and the construction parameters are fixed. Since Q is chosen from D, these
dimensions depend only on D, p, g, M, p, d, n,n. If a realization uses fewer hidden units, the zero-padding argument in
Remark D.1 embeds it into the common template without changing the realized map. Thus the template dimensions, prompt
shape, and weight bounds are uniform over F' € H4 a.

This completes the proof. O
D.3 Explicit Weight Construction of Theorem D.2 Given Function f

In this subsection, we isolate the explicit weight construction behind Theorem D.2. The construction follows (Hu et al.,
2026a, Theorem G.1). We use it later in the proof of Theorem 3.2.

The proof of (Hu et al., 2026a, Theorem G.1) has two steps. First, it builds a two-hidden-layer ReLLU grid network. Second,
it converts this ReLU network into a four-layer attention-only Transformer. We spell out the first step below because it
shows exactly where the target function enters the weights. For the second step, we use the attention-only conversion in the
proof of (Hu et al., 2026a, Theorem G.1).

Input Quantization. Let
C = [—b,p]"

and set N := dn. We identify each X € C with a vector z = vec(X) € [—b, b]" using a fixed vectorization order. Fix an
integer g > 2 and a margin parameter § € (0, 1). Define the one-dimensional grid

(2r—-1)

Iy:={-b+ b | € [g]}.
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Define the product grid
Gy = I‘év .

The grid spacing equals 2b/g, so every x € [—b, bV lies within /., distance b/g of some grid point in G,. Let
g :C— Gy

be the standard nearest-center quantization map, with ties broken by a fixed rule. Then

| X — 75 (X)|loo < b/g, forall X €C.

We now construct grid gates. Each gate checks whether X lies in the grid cell around one grid point v € G,.

Layer 1: Bump Functions. For each grid point v € G, and each coordinate i € [IV], introduce four ReLU units

hii(@) = ReLU (5, + %(1 - 2u)),

i (w) = ReLU(%xi + %(1 - %vi)%
hyi(x) = ReLU(—<-; + %(1 + Zu),
Fa(e) = ReLU(~ Ly 4 £(1 =5+ uy)).

Define

wv,i(m) = hjz(a:) - Ejz(a:) + h;z(a:) - E;z(x) -1,

N
R,(z) := Z Pyi ().

These units depend only on b, g, d, d, n and the grid point v. They do not depend on the target function.

The function %, ; has the following elementary properties:

0 <pi(z) <1, forallze [~bb",
Yy i(x) =1, if |z; —v| < (1-0)b/g,
Yoi(x) =0, if|z; — v > b/g.

Thus, v, ; acts as a softened interval indicator for the i-th coordinate.

Layer 2: Grid Gating. For each v € G, introduce one ReLU unit
Uy s(x) := ReLU(R,(z) — N + 1).
Since 0 < 9, ; < 1, we have
0 <uys(x) <1.
Moreover,

ups(z) =1, if ja; —v;] < (1 —39)b/g foreveryi € [N],
Uy s(x) =0, if |z; —v;| > b/g for some i € [N].

Thus u, s acts as a softened indicator for the grid cell around v.
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Transition Set. The ReL.U gates act like grid-cell indicators, but they cannot jump discontinuously at grid-cell boundaries.
Hence they may be ambiguous near the boundaries. We collect all such ambiguous inputs into one small set.

Define the one-dimensional grid-cell boundaries
2rb
Ty = {—b—l—? |r=0,1,...,9}.

Define the transition set
Bs :=={X € C|3ie[N], 3t € T, such that |z; — t| < b/g}.
Thus B; contains exactly the inputs whose some coordinate lies within §b/g of a grid-cell boundary.
For X € C\ B;, every coordinate lies safely inside one grid cell. Hence exactly one grid gate turns on:
U, (x),5(r) =1, uys(x) =0 forallve G, \ {m(X)}.
Therefore, the ReLU grid network matches the grid-value map exactly outside 5.

The set By is a union of finitely many thin slabs. Hence there exists a constant C,q < oo, depending only on b, g, d, n, such
that

|B§| < Chpqf.
This volume bound lets us make the total L,, error small by choosing ¢ small.

Network Size. The construction uses two ReLU hidden layers. Layer 1 has 4N|G,| ReLU units. Layer 2 has |G,| ReLU
units. The output layer is linear and uses the coefficients {a, }.eg, -

Uniform Attention-Only Conversion. We use the following consequence of the proof of (Hu et al., 2026a, Theorem G.1).
If a two-hidden-layer ReLLU grid template has fixed dimensions and all its weights are bounded by a constant Bgrer,u,
then, for any conversion accuracy 7. > 0, the proof of (Hu et al., 2026a, Theorem G.1) gives a four-layer attention-only
Transformer template

By := Attng, o Attng, o Attng, o Attng,, ¢ = (¢1, P2, 3, Pa),

with fixed layer dimensions, fixed sequence length, fixed head numbers, fixed head dimensions, and fixed inverse temper-
atures. The template and a uniform attention-weight bound depend only on the ReLU template, Brer,u, and 7,¢¢. They
do not depend on the particular grid-value map F'. If a realization uses fewer heads, zero-padding embeds it into the fixed
template without changing the realized map. This gives a fixed prompt shape for the encoded attention weights.
Proposition D.2 (Uniform Bounded Attention-Only Approximation of Finite-Grid Maps). Let C = [—b, b]¥*™ C R*x™,
Fix an integer g > 2, 1 < p < oo, and M,n > 0. Let G4 and 7wy : C — G, be the standard finite-grid quantization map
above. Define Hy vr be the class of grid-value maps

Horr :={F:C—R™" | F(X) = Ury(x)s l@lloo < M forallv € Gy}

Set m := n + 1 and define

X 0d><1
Xa = In On><1 S R(dﬂ—n-&—l)xm.
01><n 1

Then there exists a four-layer attention-only Transformer
B¢, = Attn¢4 o Attn¢3 o Attn¢2 o Attn¢1, ¢ = (¢1, b3, @3, ¢4>,

with fixed layer dimensions, fixed sequence length m, fixed head numbers, fixed head dimensions, fixed inverse temperatures,
and fixed prompt shape, such that, for every F' € Mg v, there exists a parameter choice ¢p = (¢r 1, ..., Pr4) satisfying

( /C 1B (Xo).1n — F(X)|2AX)17 < .

Moreover, all weights in ¢, and hence their encoded prompt blocks W, 1, ..., W, 4 from Definition 3.5, are bounded
by constants depending only on b, g, M, p,d, n,n not on F.
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Proof. Let N := dn and fix an arbitrary F' € H,4 »s. By the definition of H4 57, there exist coefficients {av}vegg C Raxn
such that

F(X):aﬂg(X)a ||av||oo§Ma Uegg~

We use the two-hidden-layer ReLU grid network from this subsection:

Rpgs(X) = Z Ayty 5(vec(X)).
vEG,

The hidden-layer weights depend only on
b’ g? 6’ d’ n?
not on F'. The target map F enters only through the output coefficients {a, }veg, -

For every X € C, we have

1R rg.5(X) e = 1| D avtn s(vee(X)) oo
vEG,
< Z lay ] oo |tw,s (vec(X))] (By triangle inequality )
vEGy
< G,|M, (17

where the last line is by ||ay||cc < M and 0 < u, 5 < 1.

Also, for every X € C, we have

1F(X)loo = llar, x)lleo (By defnitinio of Hg,r)
< M. (18)

Outside the transition set 35, exactly one grid gate turns on. Hence

Rpgs(X) = Z AUy, 5(vee(X))

vEG,
= Qr,(X) (By Urg(x),6 = 1 and uy 5 = 0 for v # mg(X))
=F(X), XeC\Bs. (By FI(X) = ax,(x))

On the transition set 35, we use the uniform bound

[1RF,g,s(X) = F(X)|loo < [[RF,g,s(X)|[oc + [[F(X)loo (By triangle inequality )
<|Gy|M + M (By Equations (17) and (18))
= (|Gg| + 1) M. (19)

Therefore,

(/ |RFg,5(X) — F(X)|2dX)Y?
C

= ([ 1Rrgs(X) - FO)pax) (By Rrs = FonC\ B5)
Bs

< (/B (NP R g,5(X) = F(X)]|o0)PdX)!/? (By [ All, < N'/7|[A]l)
s

< NYP(|G,| + 1) M|Bs|/? (By Equation (19))

< Nl/P(\gg| + 1>M(de5)1/p. (By |Bs| < Chvad)
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Choose § € (0, 1) such that
NYP(|Gg| + 1) M (Cpad)/? < /2.
This choice depends only on
b,g, M,p,d,n,n,

not on F'. Then

([ 1Rrg() = FEO0X) 7 < 2.

We next check the uniform ReLU weight bound. The hidden-layer weights contain only the constants from the gate
construction, so they depend only on

b, g,0,d,n.
The output-layer weights equal the coefficients {a, },cg, . and

llav]|oo < M, wveg,.

Hence all weights in the ReLU grid network have a common bound

BreLu < 00
depending only on

b,g,M,p,d,n,n,

not on F'.

Apply the uniform attention-only conversion paragraph above to this fixed bounded ReLU template with conversion accuracy
1/2. Then there exists a fixed four-layer attention-only Transformer

Bd) = Attn¢4 o Attn¢3 ] Attn¢2 o Attn¢1, qb = (¢1, qbg, (]537 ¢4)7

with fixed layer dimensions, fixed sequence length n + 1, fixed head numbers, fixed head dimensions, fixed inverse
temperatures, and fixed prompt shape. Moreover, for this F', there exists

Or = (0F1, OF2, PF,3, OF4),

such that
([ 1Bor (X} 100 = Rreg s(X)l0X) 7 < 2
The conversion gives a common attention-weight bound
Battn < 00
depending only on
b,g,M,p,d,n,n,

not on F'.

Now combine the ReLU grid approximation with the attention-only conversion:
([ 1Boe (X100 = a0 7
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< (/c |1Bgr(Xa):1:n — RF,g,g(X)Hng)l/p + (/c |RF.g,6(X) — F(X)Hf)dX)l/p (By Minkowski inequality )
<n/2+n/2 (By the two bounds above)

It remains to check the prompt-shape and prompt-boundedness claims. The attention-only template has fixed layer
dimensions and fixed head numbers. Therefore, Definition 3.5 gives prompt blocks

W¢F’17 ceey W¢F’4,

with fixed shape. Also, Definition 3.5 builds these prompt blocks from the head encodings in Definition 3.4. Each head
encoding stacks attention weights and their token-indexed multiples 0, 1, ..., m — 1. Thus, for each layer i € [4], there
exists a constant Bp < oo such that

||W¢F’i||oo <Bp, 1€ [4] (By |¢F|loc < Battn and fixed m)
The constant Bp depends only on
b,g,M,p,d,n,n,
not on F'.

Since I’ € H 4 pr was arbitrary, the same fixed attention-only template works for every I’ € H, js through its corresponding
parameter choice ¢ . This completes the proof. O

D.4 In-Context Emulation

We state the approximation of a single-head self-attention from (Hu et al., 2026b).
Definition D.4 (Vectorization, Definition 4.1 of (Hu et al., 2026b)). For any matrix W € RP*S, we define W := vec(W) €
RP* such that W ;_1)sy; = Wij foralli € [p] and j € [s].

Definition D.5 (Input Prompt for In-Context Emulation of Attention, Definition 4.2 of (Hu et al., 2026b)). Let X € R4*"
be the input sequence, and let Wi ,Wq € R*d Wy, € RV X4 pe the weight matrices of the target attention head to be
emulated. Define the vectorizations

Wy = vec(Wi) € R¥" | W, = vec(Wg) € R¥"| W, = vec(Wy) € R*V,

and w = [EK;EQ; Wyl e R4Rdn+dv) \where w is the concatenation ofEK,EQ,EV. Finally, define the extended
input X,, for the in-context emulation of the attention head specified by Wi, Wq, Wy as

X
Xy = | Wi with W= |00 Lrw Zow oo (0= 1wl o podatay)xn,

Theorem D.3 (In-Context Emulation of Attention, Theorem 4.1 of (Hu et al., 2026b)). Let X € R ™ be an input sequence,
and let Wi € R¥*4 W, € R&X4 Wy, € R ¥4 be the weight matrices of the target attention head we wish to emulate
in-context. Assume |WikX| oo, [WoX||oo, [WvX|leo < Brgv with Bkgy > 0. Then, for any €. > 0, there exists a

two-layer attention network - a multi-head attention layer Attn followed by a single-head attention layer Attng - such that
|Attng o Attn(X,) — Wy X - o5(WkX) TWoX)|e < €,
where X, is the prompt defined in Definition D.5.

D.5 In-Context Approximation of Truncated Linear Model

We first introduce the truncated linear function and the truncated linear model.

Definition D.6 (Truncated Linear Function, Definition B.1 of Hu et al. (2026b)). We define the truncated linear function as
follows:

a z<a,
Range, ;j(z) ={z a<z<b,.
b b<ux.
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Intuitively, the truncated linear function is a segment of a linear function, with the output value ranging from a to b.

Definition D.7 (Truncated Linear Model). Define a truncated linear model as Range, (w'z +t), wherew € R is a
learnable weight and t € R is a bias.

Then, we restate the in-context approximation of the truncated linear model from Hu et al. (2026b).

Theorem D.4 (Multi-Head Attention Approximates Truncated Linear Models In Context, Theorem B.1 of (Hu et al., 2026b)).
Let X € R¥X™ be the input. Fix real numbers a < b, and let the truncation operator Range, 3 (+) follow Definition D.6.
Let ws denote the linear coefficient of the in-context truncated linear model. Define W as

0-ws l-wg -+ (n—1) ws
u)S wS ... wS

W L |: c RQan

5 1= .

For a precision parameter p > n with e = O(1/p), number of head H = p/(n — 2) there exists a single-layer, H-head
attention Attn with a linear transformation A : R&*" — RGHMX1 gych that Attn o A : R¥*™ — R% X" sarisfies, for
any i € [n],

b—
[[Attn o A( [W{J )ei — Range, ) (U)::L‘i)ea oo < max{lal, [b]} - €0 + (71_72(;}[
finite-3 softmax error N——

interpolation error

Here e; is the one-hot vector with a 1 at position k;-th index and 0 elsewhere, and

ki

ki = G(k;) € [do], with k; = argmin (—2x;rwi — 2 + Lo + Zk) -k,
ke{0,1,--- ,p—1}

where G : [p| — [d,] denotes any set-to-constant function sending each selected interpolation index k; into an appropriate
integer k; € [do] fori € [n].

Proof. For completeness, we restate the necessary step for later modifications. Define A : R¥*" — RB4+m)xn for the
input sequence X as

X

awrm [ ] [X] e o] = [in] cnssne
N—_—— N—_—— I,
token-wise linear positional encoding

Thus, A is a token-wise linear layer augmented with positional encoding. It applies a linear projection to each token and
then adds a unique per-token bias. Please refer to the original proof for the remaining details. O

We extend the above theorem as follows to prepare for the later proof in Section E.1 for Lemma 3.1.

Corollary D.4.1 (Extension of Theorem D.4 to Multiple Truncated Linear Models In Context). Let X € R**™ be the input.
Fix real numbers a < b, and let the truncation operator Rangey, ) (-) follow Definition D.6. For j € [l], let w; denote the
linear coefficient of the j-th in-context truncated linear model. Define W; as

W 0-w; 1-w; -+ (n—1) w, c R2dxn
wj o wj e w; ’

where j € [l]. For a precision parameter p > n with e = O(1/p), number of head H = p/(n — 2) there exists a single-layer,
H-head attention Attn such thar Attnb) : REAAT2D+n)xn _ Rdoxn surisfies for any i € [n] and j € [I],

X
Wi
1| Wa b—a
HAttnm( . )ei — Range[a’b] (w;xi)ezi oo < max{|al, [b]} - €0 + m
. finite-B softmax error N——
Wl interpolation error
L,
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Here €. is the one-hot vector with a 1 at position k;-th index and O elsewhere, and

ki = G(kz) S [do], with kz = argmin (—2$1Twz — 2151‘ + ZO + Zk) . k},
ke{0,1,---,p—1}

where G : [p] — [d,] denotes any set-to-constant function sending each selected interpolation index k; into an appropriate
integer k; € [d,) fori € [n].
Proof. Modify the affine linear map A in the original proof to a linear one A; : R(4(1+20+n)xn _y RBd+n)xn guch that

X X
W1 Wl
WQ Id 0d><(2dl+n) W2 X St
Ay .| = |Vax@d@-1)+d) T2d Oax@da-—s+ny) | - | . | = [Wi e RBd+n)xn
. 0n><d(2l+1) In . In
W, Wi
._In_ _In_

That is, A; picks out W;.

Since the input already contains I,,, the linear transformation A; is just a linear projection instead of an affine map used to
add I,, to the output. We combine A; with the linear projection of the key, query, and value matrices of attention, denoted as
Attnll,

Then, we follow the same proof of Theorem D.4 to complete the proof. [
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E Proofs of Main Text
E.1 Proof of Lemma 3.1

Lemma E.1 (Lemma 3.1 Restated: Prompt-Encoded FFN Emulation with Flow-Through). Let X € R%*" be the input
sequence. Consider a feed-forward layer FF defined in Definition 2.2. Let Wrr be the weight encoding defined in
Definition 3.2. Let Z € RY2*™ be a matrix containing an identity matrix I,, with n < dz. We assume || X||o <
Bx, |[Wrrl|loo < Bw, ||Z||oo < Bz for Bx, By, Bz > 0. Then, for any €1 > 0, there exists a two-layer attention Attns
such that

X
FF(X
||Attn2( Wer )* |: ( ):| ||oo < €.
Z
Proof. The proof consists of three steps:

e Step 1. We rewrite Wyx; 4+ by as an inner product by augmenting each token, and we fix a truncation range using
(Bx, By ) to obtain ReLU activation.

* Step 2. We apply Corollary D.4.1 and sum over j € [r] to obtain an in-context approximation of the first hidden layer of
the ReLU neural network h; := ReLU(Wyx; + b1). We further use extra heads to achieve the flow-through operation.

* Step 3. We repeat the same in-context construction for the affine map Wah; + be (with another augmentation), then we
propagate the step-1 error through W.

For the convenience of presentation, we use Attng o o Attns g to denote the two layers of Attns.
Step 1. As in Definition 2.2, the feed-forward layer is defined as
FF(X) = WoReLU(W, X + b11)) + by,

where W, € R™%4 b, € R", W, € R¥*7_and by € RY.

For proof simplicity, we absorb biases in FF by augmenting each token with a constant coordinate. For each token ¢ € [n],
define the augmented input °

Ti= [9311} eRM™ X .= []fgr} € R@+Dxn, (20)

For each hidden row j € [r] in W7, define a; same as Definition 3.2

=[] ex

Then a; Z; = (Wh);,.2;+ (b1);. Later proof we sum over j € [r] to recover the first practivation in FFN: > al

. EE e, =
J vl
Wix; + by. Here e; is the one-hot vector with only j-th entry equal to 1 and zero entries elsewhere.

Same for W, € R¥X", for each output row k € [d], define

Now we move to determine the bound for |a;r Z;|. One needs such bound so we know how to choose the truncated range a, b
of Range, ;(+) in Corollary D.4.1 to create the ReLU activation.

We use elementwise || - || 0. Hence for u, v € R™ we have |uTv| < m||u]|so|[v]los. With ||2;]|ce < Bx. ||Fillee < Bx :=

max{Bx, 1}, and |la;|« < Bw, we get for all 4, j,

ja] @l < (d + Dllagllocl|Fi oo < (d+1)Bx B

The extra row 1,) can be absorbed into Wrr. Specifically, we abuse the notation of WF(IF) ; by redefining nglF)l of Definition 3.2 to

. 1 1 ... 1
have an extra one row 1) on top of the matrix Wé? L= [0ar Tag o (n=1)-ap ] € RGIFIxn,
; ar ar o af
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Define
By :=(d+ 1)§XBW.
Then Range[O’Bl](a;rfi) = ReLU(a;'—EZ-) for all 7, j.

Step 2: Approximate the Hidden Activation ReL.U(W;z; + b;) In-Context. For each j € [r], we form WF(lF) ; follows
Definition 3.2: ‘

WA, = Bae(ay) = |00 T (7 ) e

By Corollary D.4.1, with a = 0 and b = By, for each j € [r] there exists an attention module Attn[zj_ ]1 using H; heads such
that for all 7 € [n],

X
1
Wi

B,

< Bieg + m

oo

HAmgf_ V(| CEE )i — Rangeyg ,(a) 3i)e;

Here Attn[i ]1 denotes a group of heads inside the first attention Attng ;.

Define

I
At =5 Atenl).
j=1

Since the groups Attn[zj_ ]1 write to disjoint hidden coordinates through one-hot vector e;, summing over j € [r] yields one
multi-head attention module that satisfies

X
1

Wi,
1)

Wé%r \,,_ [ReLUWizs + 1)

Wity O(2d(r+1)+dz)

By

T 1)

HAttng_if( } H <mn with n;:= Bjeg+
o0

2
Wit o
Z

This completes the in-context approximation of the first hidden layer of FF.

However, the output of (21) doesn’t contain the weight of W5 in FF and the flow-through component Z. We need to

construct another attention module to flow the weight encoding blocks [WF(ZF)J, SR ng? 4+ Z) for later-layer use.

In this theorem, Z contains I,,. We hence decompose Z into Z = [Z1, I,, Z3]. We use one head to copy I,,, another head to

flow [Wk(ﬂiﬂ),l, Sy WF(ZF) 4> Z1], and another head to flow Z,. We briefly state the construction of such attention here, and
defer the details to the proof of Lemma 3.3 in Section E.3.

 Attention for Exact Copy of /,,. In Section E.3, we show there exists an attention layer that exactly copies the identity
matrix I,, (see Equations (37) to (44)).
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* Attention for Flow-Through Operation. Furthermore, there also exists an attention layer that approximates the
flow-through operation (see Equations (45) to (48)).

Combining these three attentions into one multi-head attention Attngf)lw we have

X
. _ _
W[ e
: WFF,10ﬁ2(In)
ww :
Attnflov (| TEEr ) = 2 22
= (@ 1) = AW s, (1) @)
. 7 Zlaﬁz(ln)
:2) I,
ng‘F,d L ZQUB2(In) ]
L Z -
The error is, by (73),
-
W
e Orsn
: (2)
W,
HAttnﬂow( Wi, ) o H <n-max{Bz, By} (n—1) n (23)
2.1 2 - : >Te ZyDW Q77— —: Tlow-
W]:S‘F),l (2) oo 652 + (’I’L - ]')
. FF.d
@) g
Wer 4
L Z -

Define the first attention layer by
Attng; == AttnyS 4+ Attnio.
Combining (21) with (23), there exists an attention layer Attns_; such that

ReLU(Wlmi + bl)

2
X (ngF),l)iai
HAttnz.l( Wep | )i — 5 H < max{n1, Nfow }-
VA 2 o0
(Wagh a):.
Z.;

©

Step 3: Second-Layer Attention for WoReLU(Wix; + by) + ba. We write h; := ReLU(Wix; + by) and denote }Azi eR"
as the output of the ReLU-approximation heads from Step 2. We construct Attns.o to implement the in-context affine map

on input h;.
Denote the output of the first-layer Attns.; as Uinpye and define the ideal input as Usgea:

o~ ~

h h
2 2
WIE“F),lgﬁz (1) WIE‘F)l
Uinput = ’ Uideal := :
2 2
WF(F),dUBQ (In) WF(‘F),d
Zog,(In) Z
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From (23), we have

n—1

||Uinput - Uidcal”oc < nmaX{BW7 BZ}m =: Mfow- (24)
Then, combining Lemma E.11 and (24), with X = Uj,pu¢ and X = Uideal, We have
||Attn2-2(Uinput) - Attn2—2(Uideal)||oc S Lnﬂowa (25)

where the exact Lipschitz constant is in Lemma E.11.

Following Step 2, we implement b, by augmenting the hidden state with a constant 1. Define the augmented hidden vector

}VLZ' = |j};1l:| S RT+1.

Now we bound the linear model to choose the truncation range [a, b] properly. From Step 1 we have ||h;||~ < Bi, and from
(21) we have ||h; — h;||co < 1. Hence

[hillso < By +m and  |[hilleo < max{By +m,1} =: By.

For each k € [d], define ¢, := [(Wg);:; (b2)k] € R, so cgﬁz = (Wah; + by),. With elementwise | - [|oo and
leklloo < Bw,

lef hil < (r + Dlleklloollilloo < (r+1)Bw B

Set
By := (r + 1)Bw By.
Apply Corollary D.4.1 with dimension (r + 1), [ = d, and [a, b] = [—Ba, B2] to the input U;qea1. We obtain a multi-head
attention module Attnsy .o using Ho heads per output coordinate such that for all i € [n],
Wahi + b) 2B,
Att -Uiea-i_( 20T B2 < =B — 26
[|Attng o (Uideal):, { 0, oo < M2, M2 2€0 + =2, (26)
For each i € [n],
[Wa(hi = hi)llse < 7|[Walloo i — hillss < rBwmi. (27)
Using triangle inequality and (25), (26), (27), we get for all ¢ € [n],
X
HAttng_Q o Attng_l( WFF ):,i - |:(W2hz + b2):| H
Z Odz o0
§|‘Attn2—2(Uinput):,i - Atth—Q(Uideal):,i loo
ot - ]| [
04, o 04, o
< Lngow + m2 + rBwn. (28)

Finally, as in Step 2, we construct extra heads into Attns_o that copy the Z block into the last dz coordinates of the output
in (28). Following from (22), the Z-block approximation after two-layer attention equals

Zloﬁl (In)052 (In)
In b

Z2051 (In)052 (In)
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where I,, can be exactly copied.
We invoke the two-layer flow analysis (see (70)-(79)). For any €1 > 0, choose (1, 32 as in (79). Then

et

HZ{LQ} (051 (In)os, (In) — In) ‘ <2+ 5. (29)
0 z
Combined with (28), we finally have
X 2
HAttn2_2 o Attno1 (| Wrr|) — [FF(X)] H < max {Lnﬂow +m2 + rBwm, 261 + i}
z Z e Bz
Choose parameters so that the right-hand side is at most €;. This completes the proof. O

E.2 Proof of Lemma 3.2

Lemma E.2 (Lemma 3.2 Restated: In-Context Emulation of Feed-Forward Layer). Under the same notation and assumptions
of Lemma 3.1, for any €5 > 0, there exists a two-layer self-attention Attng such that

| At M;}) —FF(X)|| < €.

Proof. We follow the proof of Lemma 3.1 and keep the same constructions and notation for the two attention layers. The
only change is that we remove the auxiliary heads that copy Z.

After this removal, the two-layer attention output contains only the FF(X) block. Hence, the final error bound contains
only the F'F approximation error terms and does not include any Z-flow term. Therefore, for any €5, by choosing proper
parameters, we obtain

X
| Attns {WFJ) “FF(X) | < Liliow + 12 + 1B < ca.

This completes the proof. O

E.3 Proof of Lemma 3.3

Lemma E.3 (Lemma 3.3 Restated: In-Context Emulation of Single-Head Attention with a Residual Connection and
a Flow-Through Component). Let X € R¥*™ be an input sequence. Let Attn®® pe a single-head attention with
a residual connection, as introduced in Definition 2.1. Let X, ¢ R(d42dQdn+d)+n)xn ho the prompt from Defini-
tion 3.4 with H = 1, and the free parameter dy = d. Let Z € R42*". Assume | X||c < Bx,|Z|loc < Bz and
Wk X0, [WoX ||, [Wv X |loo < Brgv for some Bx, Bz, Bkgy > 0. Then, for any €3 > 0, there exists a two-layer
self-attention Attns such that

B ] [N

Proof. We first simplify the notation of the input dimension to keep our proof clean. We define d, := (d + 2d(2d, +d) + n)
and express the input dimension as

Xp

Z

~——
(dp+dz)xn

Also, we use Attng o o Attng g to denote the two layers of Attns.
Then, we first present our high-level proof sketch. Our proof consists of three major steps:

41



In-Context Universal Approximation, Compositional Generalization, and Algorithm Emulation

* Step 1. In this part of our proof, our goal is to construct an Attny ; such that

Attn(X,)
X I,
Attng_l( [ Zp:| ) ~ A s (30)
N—— X
(dp+dz)xn
((2dnp+d)+n+dz+d)xn

where Attn is the first layer emulator from Theorem D.3, and the (2d;, + d) dimension follows from the proof of
Theorem D.3 in Hu et al. (2026b). We achieve this by incorporating the first-layer emulator heads into Attns_;.

Next, to propagate Z through Attn,.;, we add an auxiliary head to exploit the identity I, in X,,. Concretely, we choose
the value projection to read Z, and the key/query projections to read I,,. With an appropriate choice of 3, the resulting
softmax scores concentrate on the diagonal, so this head simulates Z - I,, and thus propagates Z. We propagate X with
the same technique.

* Step 2. In this part of our proof, our goal is to construct an Attns o such that

€1y

Attng.p o Attng i ( F;p} ) ~ {X * AttnSZO Attn(X,) )

(derz)Xn

where Attng is the second-layer emulator from Theorem D.3. We achieve the full emulator by incorporating the second-
layer emulator head into Attns.o. Also, we propagate X, Z with the same technique as in Attno 1 (utilize the identity),
and route them to the desired row with output projection Wy. Summing all heads gives us the residual connection.

* Step 3. In this part of our proof, we analyze the error between

Xp]) - [X + Attng o Attn(Xp)} - {AttnRes(X )] .

Attnso 0 Atth—l( |: A 7 Z

There are two source of error. The first one comes from simulating identity /,, with softmax scores. The other one comes
from attention emulation. The first part of error is bounded by the error from diagonal terms, and this can be controlled by
a large enough /3. The second part of error (emulation error) is controlled by Theorem D.3. With these two parts being
controlled, we complete the proof.

Step 1. To achieve (30), we construct Attn,.q to be an (H + 3)-head attention. The first H heads reconstruct Attn(X,).
The (H + 1)-th head outputs the middle I,,, and the (H + 2)-th head outputs the approximation of Z. The last 1 head
outputs an approximation of X.

To keep our proof clear, we denote the h-th head from Attns_; as Attng_ll) and the weight matrices from the h-th head as
W{fK, WﬁQ, Wlhy and W1h,0~
Now we construct the heads in Attng ;.

We construct the weight matrices of the first H heads as follows:

Isa, +d
Wo = OOd"X@d”d) (32)
z X (2dp+d)
Odx (2dy, +d)
((2dn+d)+n+dz+d)x (2d,+d)
Wiy = Wl 0@a,+ayxdz] 33)
(2dp+d)x(dp+dz)
Wik = Wi Oainyxds] (34)
(d+1)x (dp+dz)
Wi = [Wg Owt1yxds]: (35)
(d+1) % (dp+dz)
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where W[, Wg and W"} denote the weight matrices of the first-layer emulator, and their dimensions follow from the proof
of Theorem D.3, and we set dy — d.

The construction provides us with

(X,] X
Wiy Zp = W O@dytdyxdz] - {Zp] = Wk X, (By (33))
~—— N~ (2dp+d)xdp dpxn
(2dh+d)><(dp+dz) (dp+dz)xn (2dh+d)><(dp+dz) (dp+dz)><n h D D
[X,] X
Wi - Zp = Wik Oat+1)xds] - [Zp} = Wi - X, (By (34))
~—— ~—~— (d4+1)xdp dpxn
(d+1)x (dp+dz) (dp+dz)xn (d4+1)x(dp+dz) (dy+dg)xn p dp
[X,] X
wh . Pl = [WE Ogsr)xdy, |- { p} = Wk X, . By (35)
1,Q  Z | [ Q Y(d+1)x z] 7 Q 5 P ( )
(d+1)x (dp+dz) (dpv—&-dz)Xn (d4+1)x(dp+dz) (dpv+dz)><n (d+1)xd, dpxn

Thus, for h € [H|, we have

h X X, X X
Attné_l)([ p:|) = Wlh,o . W1h7V |: ZP:| : Uﬁn((Wlh,K |: Zp:| )Twlth |: Zp:|)

A
Iz, +d
0,
— 0 x (2dp+d) . W&Xp 03, ((WI@XP)TWCSXP) (By (32))
dz % (2dp+d)
Oax (2d,+d) (2dn+d)xn ~—

((2dp+d)+n+dz+d)x (2dp+d)
h h Tk
Wy Xp - op, (W Xp) WQXP)
= Onxn (By matrix multiplication)
Odz xXn
Odxn

((2dp+d)+n+dz+d)xn

where (3}, denotes the temperature of the h-th head in the first-layer emulator.

Then, we have

H
X
> a7
h=1
H
Zh:l W3Xp ) Uﬁh((WII}Xp)TWg;Xp)
— Onxn
Odz Xn
0d><n
Attn(X,)
On n
= 0, X>< . (36)
zXn
den
—_——
((2dh+d)+n+dz+d)><n

Secondly, we construct the weight matrices of the (H + 1)-th head of Attng as

W = [Ouxd  Onx2ddnta)y In Onxdy), 37)

’I‘LX(dp+dz)

43



In-Context Universal Approximation, Compositional Generalization, and Algorithm Emulation

WIS = [0uxd  Onxoddn+a) Mnxn  Onxd,], (38)
’I’L><(dp+dz)
Wf\;rl = [Onxa Onx2d@dntd) Anxn Onxdz] (39)

nX(derdz)

O2dp+d)xn
L,
Odzxn
den

wligt = , (40)
N———
((th,+d)+’n+dz +d) Xn

where
1

M = 3 In(A), for some 5, > 0, (41)
1

and In(-) denotes the element-wise log. Also, we define

A=1-a),+ gJ, for some 0 < a < 1, (42)
n
1 11 --- 1
1 1 1 ...
Je= || 1A= . (43)
L S——— N .ol
1 1xn 1 1 1
~~ R ———
nx nxn
and A1 is
1
Al = L——2 g

X X
Wi Wi
L Z ] 7‘L><(dp+dz) Z
(dp+dz)><’ﬂ
[ X ] X
Win Win \
WlH(;rl I, = [OnXd 0n><2d(2dh+d) Myxn Onxdz] I, = Mpxn (B)' (38)>
7 7L><(dp+dz) A
L .
(dp—‘rdz))(’n
[ X ] X
Win _ Win _
W{:I\j_l In = [OnXd 0n><2d(2dh+d) An>1<n OnXdz] I'n, = An>1<na (B}’ (39))
7 nx(dp+dz) Z
L .
(dp+dz)xn

such that
X X
(vl | v
=0p; (I’I’—LFM)
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=o0p,(M)

and each entry in og, (M) is

exp{ﬁl . ﬁ—llln(l —a+ %)}

g (M)“: :l—Ol—l-g,
A 1 1 o n
exp{ﬁl e In(1 — a)} +n- exp{ﬂl N ln(g)}
exp{ﬁl . éln(%)} a
UB(M)ZJ = 1 1 N == g
exp{ﬁl -4 In(1 - a)} +n- exp{,@’l 5 ln(g)}
Thus,
Q@
o, (M)=(1-ao)l,, + ﬁ‘] = A,
and
X X X
witwit [ on it [ rovig [ 2]
O(2d,+d)xn O(2dn+d)xn 0(2d,+d)xn
In —1 In In
= CATTA = I, =
Oden 7)?7_1/ Odzxn Odzxn
den den 0d><'n
where the last equality follows from (40).
Thirdly, we construct the weight matrices of the (H + 2)-th head as follows:
O2dp+d)xdz
0
H+2 . nxdy
Wl o Idz
Odxdy
———
((2dp+d)+n+dz+d)xdz
W{?JQ = [Odzxd,, Idz]
N——
dz x(dp+dz)
Wlff]?Qv W1{IQ+2 = [Onxd On><2d(2dh,+d) I Onxdz] .
’I’L><(dp+dz)
The construction provides us with
X X
H+2
Wt ] = buma,_m] [§] =2
dz x(dp+dz) —~— dzxn
(dp+dz)xn
F T
VVin I/Viﬂ
WlHEQ L | = [Onxd  Onx2d@dn+d) In Onxds] - I, =1,
L Z ] ’nX(dp+dz) L Z ]
(dp+dz)Xn
v e
I/Vin VVi“
Wl{fgz I, = [Onxd 0n><2d(2dh+d) I Onxdz] : I, =1Ip.
Z TLX(dp—‘rdz) Z
L~ L~
(dp+dz)><n
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(By I, M =I,M = M)

(By (1) and (41))

(By (1) and (41))

(44)

(45)

(40)

(47)

(By (46))

(By (47))

(By (47))
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Thus, we have

X X X P
At} ( [ Zp}) =Wig® Wi { Zp] o { Zp] ) Wigt { Zpb

O(2dn+d)xdz

. Onxdy T
= I, N Z, 052((1n) In)

dzxXn )
OdXdz nxn

~—_——
((th +d) +n+dz -‘rd) Xdz

02dy +d)xn

On Xn
- . 48
Zos, (L) (48)

den

N——’
((2dn+d)+n+dz+d)xn

Lastly, we construct the weight matrices of the (H + 3)-th head as follows:

0(2d), +d)xd

Onxd
wlig? = X 49
1,0 Odz xd “9)
Iq
(S —
((2dp+d)+n+dz+d)xd
W = [Is Ogxza@dp+d) Odxn  Odxdy] (50)
dX(derdz)
Wf[—é—B’Wfé_g = [Onxd 0n><2d(2dh+d) I Onxdz] . (29
nX(dp+dz)
The construction provides us with
[ X ] X
Wi Wi
Wi Im = [Is Ouax2d2dp+d) Odxn Odxdy]" Im = X (By (50))
VA dx (dp+dz) A dxn
(dp+dz)X7L
-] F v
I/Vin VViﬂ
WlH;(r‘g ja [Onxd  Onxod@dy+d) In Onxdz] - I =1, (By (47))
L Z ] nX(dp+dz) L Z |
(dp+dz)xn
e oy
I/Vin VVin
wiis? = [Onxd  Onxod@dntd) In Onxdy] - I = I,. (By (47))
A nX(dp+dz) 7
L < ] L < |
(dp+dz)><’n

Thus, we have

H X ! X Y
Att11§_1+3)( [ Zp:|) _ 11?{53 . WlHVw}B {Zp] .Jﬁg((WfI;rB {ZP])TWEJS [ P})
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0(2dp+d)xd |

= Dnxd - X051 In)
Odzxd ;f’ —_———
1, xXn nxn

—_——
((2dn+d)+n+dz+d)xd

0(2dh+d)><n
Onxn

= . 52

Odzxn ( )

L XUBS (In) 1

—_—
((2dp+d)+n+dz+d)xn

Finally, all of the heads from Attny_; give us

H
Attnq ( {é”] )= > Attnd)( ﬁ”] )+ AttnSET( {Xp] )+ AttnSIT( [X”} )+ Attn{TT( [Xp} )
h=1

Z A Z
Attnm (Xp) O(2dh+d) xn 0(2d;,,+d) xn 0(2dh+d) xmn
_ Onxn + I, + Onxn + Onxn
Odz)(n Oden Z0ﬂ2(ln) Odz)(n
Odxn Odxn Odxn Xo-ﬁs(]n)

((2dp+d)+n+dz+d)xn  ((2dp+d)+nt+dz+d)xn  ((2dp+d)+n+dz+d)xn  ((2dp+d)+n+dz+d)xn
(By (36), (44), (48) and (52))
At (X,)
I,
Zog,(In)
Xop,(In)

((2dp+d)+n+dz+d)xn

Step 2. To achieve (31), we construct Attns.o as a three-head attention layer. The first head reconstructs Attng o Attn(Xp).
The second head outputs an approximation of Z. The third head outputs an approximation of X to the first row block.

Summing these three heads realizes the residual connection and the flow-through component.
Again, to keep our proof clear, we denote the h-th head from Attnsy_ 5 as Attngf) and the weight matrices from the h-th head
as WQ}fK, W;Q, W2h,v and W2h70.

We construct the first head of Attng.o as

Wio = |:Od£d><d:| (53)
Lazxd]
(d+dz)xd
Wiy = [Wy Oaxn Odxay Odxd] (54)
dx ((2dp+d)+n+dz+d)
Wik = Wi Oaxn Oaxas Odxad] (55)
dn % ((2dp+d)+n+dz+d)
Wio=[W8 Oixn Oaxd, Odxd], (56)
dp % ((2dp+d)+n+dz+d)

where the dimensions of Wi, W¢, and Wy, follow from the proof of Theorem D.3, and we set dy — d.
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The construction provides us with

[Attn(X,)] [Attn(X,)]
I I
1 n - s n o s )
Wiy Zog, (L) | — (W Odxn Odxaz Odxd Zos, (1) = K//‘-f/ Attn(X,)
_XU,33(I71)_ dx((2dp+d)+n+dz+d) _Xaﬁg(ln)_ dx(2dp+d) (2dp+d)xn
N————’
((2dp+d)+n+dz+d)xn
[Attn(X,)] [Attn(X,)]
1 I s I s
W ke Z%:(In) = [Wi Oaxn Odaxd, Odxd] ZJB:(I,L) = Wy -Attn(X,)
Xog, (1) dn X ((2dn+d)+n+dz+d) Xog, () dpx(2dn+d) (2dp+d)xn
((2dp+d)+n+dz+d)xn
[Attn(X,)] Attn(X,)
1 . I ,
1 n — S n — S .
Wa0 Zos (L) | = (W& Oaxn Odxd, Odxd Zoa (L) = W5 -Attn(X,).
| Xop, (In) ] dn X ((2dp+d)+n+dz+d) Xog,(I,) dpx (2dp+d) (2dn+d)xn

((2dp+d)+n+dz+d)xn

Thus, we have

Attn(X,)
1) I
Attng o ( Zou () )
XO'BS(I’VL)
Attn(X,) Attn(X,) Attn(X)p)
B 1 . 1 In ) 1 In T 1 In
_W2*O W2’V ZO’,@2(In) JB((WQ’K ZUBQ(IN) ) 2.Q ZUBz(In) )
Xog,(In) Xog,(In) Xog,(In)
= los dXd] W Atm(X,,) - 05 (WicAttn(X,,)) T W Attn(X,))
zZ
—— dxn nxn
(d+dz)xd

(W Attn(X,) - o (Wi Attn(X,)) "W Attn(X),))
Odz Xn

_ [Attng o Attn(X,)
o Odz Xn ’

where 3 denotes the softmax temperature of the first layer emulator in Theorem D.3.

Next, we construct the second head of Attns.o as

Wio = {Ogdz}
z

~——
(d4+dz)xdz

W3y = [Oayx@dp+d) Odzxn Lay Odyxd]

dz X ((th+d)+n+dz +d)

WQQK = [OnX(Qd;,,+d) In Onxdz Onxd]

)

nx ((2dh +d) +n+dz -‘rd)

W3 o= [Onx@dn+ad) In Onxdz Onxa,

nx ((2dp+d)+n+dz+d)
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(By (54))

(By (55))

(By (56))

(By (53))

(57)

(58)

(59)

(60)

(61)
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such that
[Attn(X,)] Attn(X))
1 I
2 n _ n -
W27V ZJB2(In) o [Odzx(2dh+d) Ody xn Idz Odzxd] ZUﬁg(In) - d g O.ﬁQ(“In)
Xogs, (1) dz x((2dn+d)+n+dz+d) Xog, (1) ZX1 pxn
L i
((2dn+d)+n+dz+d)xn
[Attn(X,)] [Attn(X,)]
2 In In
WQ,K ZO_,B2 (In) = [Onx (2dp+d) In Onxdz 0’n><d] ZO’[_}Q (In) — In
| Xop, (In) ] nx ((2dp+d)+n+dz+d) | Xog, (1))
((2dp+d)+n+dz+d)xn
[Attn(X,)] [Attn(X,)]
1 I
2 n n
WQ,Q Za-ﬂ2 (In) = [O"X(th-i-d) I, Onxdy Onxd] ZO’BZ (In) =1,.
| Xop, (In) | nx ((2dn+d)+n+dz+d) | Xog, (1))

—_—
((2dp+d)+n+dz+d)xn

Thus, we have

Attn(X,)
2 In
>\ Un
Xog,(In)
Attn(X,) Attn(X;) Attn(X,)
I, I, In
:W2270.W22’V ZG’ﬂ2(In) .O.B4((W22’K Zo—ﬁz(-[n) )T 227Q ZUﬁz(In) )

Xaﬂz(ln) Xaﬁa(ln) X053(1n>

_ [Of}xdz] Zop, (1) - 05, (IT 1)
dz N N——

dzxn nxn
(d+dz)xdz

= |0 (5000t

(d+dz)xn

Thirdly, we construct the third head of Attns o as

1
3 d
Wao = [Odzxd]

——
(d+dz)xd

Wzg,v = [Oax2dy+d) Odxn Oaxay 1ld]

dx ((2dh+d)+’n+dz +d)

WQS,K = [OnX(Qd;,,er) In Onxdz Onxd]

nx ((2dh +d)+n+dz -‘rd)

W237Q = [Onx@dp+d) In Onxdy Onxdl,

nXx((2dp+d)+n+dz+d)
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(By (539))

(By (60))

(By (60))

(By (58))

(62)

(63)

(64)

(65)

(66)



In-Context Universal Approximation, Compositional Generalization, and Algorithm Emulation

such that
[Attn(X,)] Attn(X,)
I I
3 n _ n B v
W5y Zog,(I) | — [Oax@dr+a) Oaxn Oixa, L] Zos, (I,) —\dX,U/ag(In) (By (64))
| Xop, (In) | dx ((2dp+d)+n+dz+d) Xog, (1) xXn o o ¥m
((2dn+d)+n+dz+d)xn
[Attn(X,)] [Attn(X,)]
I I
3 n o " /
WQ,K ZU/BQ(ITL) = [Onx(Qd,de) I, Onxdz Onxd} ZU[32<In) I, (B) (65))
Xop,(In) nx((2dp+d)+n+dz+d) Xop,(I,)
- - L J
((2dp+d)+n+dz+d)xn
[Attn(X,)] [Attn(X,)]
I I
3 n _ n B |
Wz’Q ZJgQ(In) o [O"X(Qd""'d) I Onxdy O”Xd} ZUﬁQ(In) =I,. (B} (66))
Xog,(In) nx ((2dn+d)+n+dz+d) Xog, (1)
- - L .
((2dp+d)+n+dz+d)xn
Thus, we have
Attn
Attn$)(
22 Zo 52
Xaﬁs
Attn( Attn(X,) Attn(X,)
I I
_ 3 3 A 3 n T 3 n
=W50 Wiy Zag( ) Uﬁs((W2,K Zog, (I,) ) 2,Q Zos, () )
X053(I ) XUBg(In) XUBS(In)
I
- |:Odzd><d:| 'M'?ﬂsﬂﬁnl (By (63))
N—— dxn nxn
(d+dz)xd
= {X%(()én): ﬁ5(1n)] 67)
ZzXn
(d+dz)><’n

Finally, all of the heads from Attny o give us
Attn(X,)

I,
Aenzall 70, (1,)
Xog,(In)

Attn(X,)
I
=Y Attnd")( n
Z 22U Z05,(1,) |
Xaﬁs (In)
|:Attns oAttn(Xp)} n |: Odxn :| + |:XU/53 (I,”)O'[js (In)
Odzxn 2052(In)054(1n)
(d+dz)><n (d+dz)><n (d+dz)><’n
_ {Xags(ln)ogs (I,) + Attng o Attn(Xp)}
ZJﬁQ(In)0B4(In)

(d+dz)><’n

(By (57), (62) and (67))

Odz Xn
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Step 3. In this part of our proof, our goal is to compute the error between the outputs of Attns o o Attny.; and the target.
Specifically, we compute

, T
| Attna. OAttnz_l([X”}) _ {X + Wy X - og(WkX) WQX)} e

Z Z
.y [ Xop,(In)0s,(I,) + Attng o Attn(X X +WyX-os(WgX) T WoX) I
I Zop, (In)op,(In) Z =
| [ Xos,(1,)os, (In) + Attng o Attn (X, X + Attns o Attn(X,) H
- Zaﬁz (I )0,34 (I ) >

o [X + AttnsZO Attn(Xp)] _ [X + WX o (Z(WKX) WQX)} e (By riangle inequality)
_ i [Xos(In)os, (In) — |
=I | Z0p, Un)”&;( n) = ”OO te (By Theorem D.3)
< 12 (@5, (In)os, (In) - n>||oo + 11X (08, (1) 08, (In) = L)oo + e, (68)

and (68) follows from the triangle inequality.

In the following proof, we treat the two error terms associated with X and Z using identical computations. We analyze the
one associated with Z to demonstrate our procedure and provide the result of the one associated with X directly.

To proceed with our proof, we define

Ey =0p,(1,) — In,
Ey :=0p,(1) — In,

such that

08, (In)0'54 (In) - I,
=FE,-Ey+ E| + E. (69)

Thus, we have

1Z(0p,(In)op,(In) — In)lleo

=[|Z(Er - E2 + E1 + Eb) |l (By (69))
< | ZE1Es|oo + || ZE || oo + | Z B2l oo, (70)
=(I) =(IT) =(I11)

where the last line follows from triangle inequality.

As a result, our goal is to bound each of (I),(II) and (/II), and then aggregate the results to obtain the error bound
associated with Z. We treat term (/) and term (I11) with identical computation, and our analysis of term (I) relies on the
results from (I7) and (I17).

We start with the term (I7). To bound the term (1), we analyze each entry (4, j) from (I1)

|(ZE1)ij|
< Z | Zik| - |(E1) k,‘]| (By triangle incquality)
< Z 12100 | Bl (BY |Zit] < 1 Z1oc and [(B1)s| < | B loc)
k=1
=n|Z]|ool| Er o
< nBz| E1llco. (By [1Z]| < Bz)
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Therefore, nBz || E1 ||~ bounds every entry from (I7) and gives us
(1) < nBz| E1 co- (71)

To further analyze (71), we examine each entry from E. By definition, F; has all diagonal entries equal to the same value,
and similarly for off-diagonal entries. Therefore, to examine each entry from E;, we consider two cases: the diagonal and
off-diagonal entries. We start with the diagonal ones.

|(E1)uil

= [(o8,(In) = In)il
eP2 L . .
= |m — 1| (By the definition of og(-). i.e. (1))
—(n-1)

=l mon
B (n—1)

ef2 4+ (n—1)

Concerning off-diagonal terms, we have

= |eﬁ2 n (ln ) -0 (By the definition of o'5(-). i.e. (1))
1
- |652 +(n71)|
_ 1
CeP2 4 (n—1)
(n—1)
eb2 4 (n —1)

= [(0p,(In) — In)jj!-

Therefore, the magnitudes of all E; entries are no greater than the diagonal ones, and we obtain

(n—1)
1Bl < =5 Fye— (72)
As aresult,
n(n — 1)Byz
U < B3 1) (73)

where (73) follows from (71) and (72).

Next, we treat term (/1) with the same proof steps as those for (17), and we have

n(n —1)By
II1) = | ZEs|| 0 < 2= 22 74
( ) || 2” = €B4+(’I’L—1) ( )
As for term (I), we analyze each entry (i, j) from (1)
(ZE\E2)5
< Z | Zik| - |(E1 E2) k5] (By triangle inequality )
k=1
n
<D 120l Er Bl (BY |Zis] < |Z]|o0 and |(B1B2)is| < || B B2 o)
k=1
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=n|Z|| o0 | E1 B2l oo
< nBz||E1E2||oo- (By | Z||ls < Bz)

Therefore, nBz || E1 E||« bounds every entry from (I) and gives us
(I) < nBz||E1E2||0o- (75)

To further analyze (75), we examine each entry from E; Es

[(EvE2)i4
n
< Z |(E1)ik] - |(E2)kj| (By triangle inequalily)
k=1
< Z 1B [[oc 1 B2l 0o (By [(E1)ik| < || Erlloo and [(E2)k;| < [ Ezl|oo)
k=1
(n—1) (n—1)
<n- . . By (72
SRy (n—1) Pt (n—1) (By (72))
The above bound on |(E4 E5),;| holds for all (4, j). Therefore, we have
(n—1) (n—1)
E1Es|le <7 - . , 76
H 1 2” >n eﬁ2+(n—1) 654_’_(”_1) (76)
and
n(n—1) n(n —1)
1)< Bz . 77
(D) < Bz P2+ (n—1) e+ (n—1) 77)
where (77) follows from (75) and (76).
Combining the analysis results of (I), (IT), and (I1T), we have
(I)+ (II)+ (II1)
n(n —1) n(n —1) n(n —1)Byz n(n — 1)Byz
< By - . 78
=77 b2+ (n—1) eba+(n—1) efPo+(n—1) ePr+(n—-1) (78)
from (1) from (I7) from (I11)
and (78) follows from (73), (74) and (77).
For any €1 > 0, we take
n
B2, B84 > ln<(n - 1)(32,:1 - 1)>, (79)
then we have
(IT) <4,
(II1) <%,
and
(1)
n(n—1) n(n —1)
<By- -
=P ek (n—1) ePi+(n—1)
-1 -1
< By- nin—1) : nin—1) (By (79))

(- 1)(BzZ -1 +n—-1) (n-1Bz2 1)+ (n—1)
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€& €
p— B [ —
2"B, By
_a
=5,
Thus,
&
1Z(08,(In)op,(In) — I)|leo < 261 + B, (80)

As for the error associated with X, we treat the error using the same analysis steps as those for Z. For any €3 > 0, we take

63765 2 h’l((’l’L - 1)(BX% - 1))7

and we have

-2

N €
1X (05, (In)og (In) = Dllos < 26+ 2= (81)
X
Finally, we have

lloo

. T
||Attn2_2 ° Attng_l( |:Xp:|) B |:X + WvX O’ﬁ(Z(WKX) WQX)

Z
G G
<26 + 26 + = + =2 +te,. (By (68). (80) and (81))
Bz  Bx
Since we are able to make each e arbitrarily small, this completes the proof. O

E.4 Proof of Theorem 3.1

We obtain Theorem 3.1 by stacking the three emulator modules in the same order as the surrogate Ay, = FFo oAttnRoFF;.
In order to do that, we need the next lemma to ensure controlled error propagation.

Lemma E.4 (Uniform Bounded Surrogate Template). Let 1 < p < oo and L > 0. Let C = [—b, b]**"™ C R¥*™ be compact,
and let Fr, := {f : C — C | Lip(f) < L} be a set of L-Lipschitz continuous sequence-to-sequence functions on C. Fix
€sur > 0 and a p-separating positional encoding E,, € R¥*™ (Definition D.3). Then there exists a fixed surrogate template

Ay(X) = FFy 0 Attn"* o FF, (X + E,),
with fixed dimensions and fixed prompt shape such that, for every f € Fi, there exists ¢y satisfying
dp(Ag,, f) < €sur-

Moreover, the corresponding encoded prompt blocks Wrw,, Wrr,, Warinres and all intermediate quantities required by
Lemmas 3.1 to 3.3

X+ Ep, FF14,(X+Ep), Attng® oFFy, (X + Ep),
WkFF14,(X + E,), WoFFi4, (X +E,), WyFFy4 (X +E,),

are uniformly bounded over f € Fr and X € C. In addition, All constants in these bounds, as well as the template
dimensions and prompt shape, depend only on C, L, p,d,n, E,, €sur, not on f.

Proof of Lemma E.4. Let N := dn and define the shifted domain

D:=C+E,.
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The surrogate takes X + F, as input. Thus, we first rewrite the target function on this shifted domain. For each f € Fr,
define

Then f : D — C. Since C = [—b,b]?*", we have
||f(Y)Hoo <b, (By f(Y)ecC=][-b, ])J(/Xn)

forall Y € D.

Moreover, shifting the input by E,, does not change distances. Hence, for any Y, Y’ € D,

IFOY) = FOY oo = £ (Y = Bp) = F(Y' = Ep)lloc (By Equation (82))
SLIY - Ep) = (Y = Bp)ls (By Lip,(f) < L)
=LY = Y| - (Cancel the same shift E,)

Thus f is also L-Lipschitz on D.

We now approximate f in two steps. First, we approximate f by a function that is constant on each grid cell. Then we
approximate this grid-value function by a fixed Transformer surrogate.

Choose a grid granularity g large enough so that
gt <p/a, 2D|MPNYPLGT! < eg/3. (83)

Such a choice exists because both left-hand sides go to zero as g — oo.

Let g4 : D — G, be the finite-grid quantization map in Proposition D.1. Thus
|V —7y(YV)||oo < g%, forall Y eD.
For each grid point v € G, choose one representative Y,, € D such that
me(Yy) = v.

This is possible because G, = 7,4 (D).
Define

ay = f(Yy), Frg(Y):= g (v)- (84)

Thus I ; assigns one fixed value to each grid cell.

Recall from Proposition D.1 that H, 7 is the class of grid-value maps
Hons = {F:D =R | F(Y) = ar, (v, [lavloc < M forallv € Gy}
Then Fy , € Hgp. Indeed, for every v € G,
lavlloo = 11(Yo)lloo (By Equation (34))

<b. (By f(D) C C = [~b,b]"*")

We next bound the error between f and F ,. Fix any Y € D and write v = 7,4(Y"). Then

||Ff,g(y) - f(Y)Hoo = ||.f(Yv) - f(y)lloo (B\ Equation (84) and v = W(Y )
< LY, =Yl (By Lip, (f) < /)
< L(HYU = Voo + |lv — YHoo) (B\ triangle inequality )
= L(HY'U - 7T.‘](}/U>||O0 + HWg(Y> - YHOO) (B) v = u/( - m/(y )
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<2Lg™", (85)
where the last line is by definition of ().
Now convert the pointwise £, bound into a pointwise £,, bound:
1F7g(Y) = F()llp < NYP(Fpg(Y) = F(V)lloo (By N = dn and [|Al|, < N'/7[|A]|)
<oN'PLg! (By Equation (85))
Therefore,
(/ | Fq(Y) — f(Y)Hng)l/p < (/ (2N1/pLg_1)de)1/p (By the pointwise bound above)
D D
= 2|D|1/pN1/pL971 (The integrand is constant in Y)
< 6sur/3a (86)

where the last line is by the choice of g in Equation (83).

We now approximate the grid-value function F'r 4 by a Transformer surrogate. Apply Proposition D.1 with M = b and
1 = 2€sur/3. Since Ft 4 € H,g4p, there exists a parameter choice ¢ ¢ in a fixed 7>-type template

By, (Y) = FFy4, 0 Attng® o FFy 4 (V)

such that
([ 1Bos (V) = Fry(0) ) 7 < 260/ @
D

Moreover, by Proposition D.1, the dimensions of By, the prompt shape, and all surrogate weights are bounded by constants
independent of f.

We now return to the original input variable X . Define
Ay, (X) = By, (X + ).
Then
dp(Ag,, f) = (/ By, (X + Ep) — f(X)Hng)l/p (By the definition of A, and d,,)
c

= (/D By, (Y) — f(Y)Hng)l/p (By the change of variables Y = X + EJ,)

<( / |Bg, (Y) = Fyg(YV)[[2dY)/? + ( / [Frg(Y) = F(Y)|2dY)!/? (By Minkowski inequality)
D D
< 2€5ur/3 + €sur/3 (By Equations (86) and (87))
= €sur-
This proves the surrogate approximation claim.

It remains to verify the uniform boundedness claims. We check the required bounds one by one.

* By Proposition D.1, all weights in FFy 4., Attngfes, and FF; 4, are bounded uniformly over f € F. The prompt blocks
are built by stacking these weights and their token-indexed multiples 0, 1, ..., n — 1. Therefore, there exists Bp < 0o

such that

IWEE, loos  [[WER,lloos  [[Wagtnres||oo < Bp.

* Next, since D = C + E,, is compact, there exists Bx < oo such that

|X + Eplloc < Bx, forall X eC.
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* The map FF; 4, has fixed dimensions and uniformly bounded weights. Its input X + F), is also uniformly bounded.
Hence there exists B; < oo such that

[FF1,6,(X + Ep)lloc < By, forall fe Fp, X €C. (88)

* Similarly, the matrices Wy, Wg, Wy in Attngfs have fixed dimensions and uniformly bounded entries. Combining this
with Equation (88), there exists Bx gy < oo such that

Pf —

IWkFF1 4, (X + Ep)|oc < Brav,

IWQFF1 6, (X + Ep)lloc < Brav,
f

[WyEF14,(X + Ep)llec < Brgv-

* Finally, let
Zf(X) = FFl,ti’f (X + Ep)~
Every entry of a softmax matrix lies in [0, 1]. Therefore,
JACD (25 (X)) oo = [1Z7(0) + Wy Z4(X)os (Wi Z(X)) T WoZs (X))l
<NZ¢(X)||oo + Wy Z5 (X)O'g((WKZf(X))TWQZf(X))HOO (By triangle inequality)
< By +nBggv

=: Battn,
where the third line is by Equation (88), |Wy Z;(X)| s« < Brgv. and softmax entries lie in [0, 1].
Thus
|Attng® o FFy 4, (X + Ep)lco < Battn

uniformly over f € Fr and X € C.
Combining the bounds above, the encoded prompt blocks and all intermediate quantities required by Lemmas 3.1 to 3.3 are
uniformly bounded over f € F;, and X € C. All constants depend only on
C? L7p7 d? n’ Ep7 p7 65111'7

and not on f. This completes the proof. O
Now we are ready for our main proof.

Theorem E.1 (Theorem 3.1 Restated: In-Context Universality via Transformer-Surrogate Emulation). Let C = [—b, b]*" C
RIX" be compact, and let Fr, .= {f : C — C | Lip,.(f) < L} be a set of L-Lipschitz continuous sequence-to-sequence
Sunctions. Fix a deterministic p-separating positional encoding E,, € R (Definition D.3). Then, for any € > 0, there
exists a fixed six-layer softmax-attention emulator Ty~ = Attng such that, for every f € Fy, there exists a prompt
Pf = [WFFI ) WAttnRes? In; WFFz] satisfying

dp(Tg*ypf,f) <€, where Tg*’pf (X) = Tg*([X +Ep;Pf]).

The emulator weights 8* and the prompt shape depend only on C, L,p,d,n, E,, p, €, not on f or X. Only the prompt
entries depend on f.

Proof. Let N := dn. Choose €gyr, €ornu > 0 such that
€sur T €emu < €. (89)

The emulation guarantees used in this proof are pointwise £, bounds, while the theorem is stated in the integrated d,, metric.
We therefore choose the pointwise tolerance so that its d,, contribution is at most €¢pmy. Define

€emu-pt +— |C|_1/pN_1/p6emu- (90)
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Apply Lemma E.4 with accuracy eg,;. Then there exists a fixed surrogate template
Ag(X) =FFa40 Attng®™ o FFy 4(X + E,),
with fixed dimensions and fixed prompt shape such that, for every f € Fi, there exists ¢ ¢ satisfying
dp(A¢f»f) < €sur-

Moreover, Lemma E.4 gives common bounds for the encoded prompt blocks and all intermediate quantities required by
Lemmas 3.1 to 3.3, uniformly over f € F and X € C.

For each f € Fp, let
Pf = [VVFF1 N WAttnRes y In; WFFZ]
be the prompt associated with ¢ ;. The fixed emulator executes the three surrogate modules in the order

FF;, Attn®*, FF,.

We first define the exact intermediate states of the surrogate computations. These are the states obtained by executing the
surrogate modules exactly. They serve as reference states for tracking the error of the stacked emulators:

ij— Ep FF17¢f (X + EP)
f i f W g tiee
YO (X) = WAttnRes 5 Yl (X) = I 5
I n
" 1%
Wer, Fi

and

_ [Attng® o FFy 4 (X + Ep)

Y4 () W
2

LY (X) = A, (X).

We now prepare the bookkeeping step for error propagation. The emulator Lemmas 3.1 to 3.3 control each module when
its input is the exact state produced by the previous surrogate module. In the stacked emulator, however, the next module
receives an approximate state. We therefore need a fixed region where these approximate states are still close to the exact
states.

First collect all exact intermediate states:
S ={Y/(X):feF, XeC}, S:={V/(X):feF, XecC}.

By Lemma E.4, both sets are bounded. Thus all exact states that can appear in the proof lie inside a common bounded
region.

For any set S, define the distance from Y to S by
distoo (Y, S) := élég Y — 5 oo-
This is the smallest /., distance from Y to any point in S.
Define the safety regions
K1 :={Y 1 distoo (Y, 81) <1}, Ka:={Y : distoo (Y, S2) < 1}.

Thus KC; contains all points within distance 1 of the exact state set S;. In particular, if an approximate state is within £,
error at most 1 of its exact state, then it lies in /C;.

We next note that each /C; is compact. Indeed, dist (-, S;) is continuous, so K; is closed. Also, since S; is bounded, every
point within distance 1 of S; is bounded. Hence K; is closed and bounded, and therefore compact in finite dimension.
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These compact sets are used only to control later error amplification. After the later emulator maps are fixed, they are finite
softmax-attention networks with fixed finite weights. Hence they are continuously differentiable, and so they have finite
Lipschitz constants on the compact sets K1 and /Cs.

Finally, define the local tolerance

Eemu-pt = mln{la 6emu-pt}-

The cap by 1 has only one purpose: it ensures that the approximate intermediate states remain inside the safety regions XC;
and K. Since

Eemu—pt S €emu-pt
proving a pointwise emulator error bound with €cpy-pt, 1S stronger than the bound needed for the final d,, estimate.

We choose the three two-layer emulators from back to front, because errors from earlier emulators are passed through the
later fixed maps.

* FFy; Emulator. We first choose the terminal FFN emulator, which emulates the last surrogate module FF5. Set

€3 = ““T“pt )

By Lemma 3.2 and the common bounds from Lemma E.4, there exists a fixed two-layer attention Attnsy 3 such that, for
every f € Fr and X €C,

Attng®® o FFy 4 (X + Ep)

Att
[[Attng 5( Wn,

)_Atﬁf(X)Hoo < €.

Let Lyp, > 1 be a Lipschitz constant of this fixed map on K,.

o Attn"° Emulator. Next we choose the middle emulator, which emulates the residual-attention module and forwards the
prompt block needed by FF,. Set

Eemu—pt
= 92
€= 3 Ler, 92)

By Lemma 3.3 and the common bounds from Lemma E.4, there exists a fixed two-layer attention Attns o such that, for
every f € Fr and X € C,

FF1 4, (X + E,)
W acinRes ) Attng® o FFy 4, (X + E,)
In WFFQ
Wrr,

||Att11212( ||oo S €3.

Let Lagn > 1 be a Lipschitz constant of this fixed map on ;.

* FF; Emulator. Finally we choose the first emulator, which emulates FF'; and forwards the prompt blocks needed by the
later modules. Set

gemu-pt
€ 1= —omupt (93)
Y7 3LawnLrr,

By Lemma 3.1 and the common bounds from Lemma E.4, there exists a fixed two-layer attention Attny ; such that, for
every f € Fr and X € C,

X+ E
W P FF17¢f (X + Ep)
F W Atentes
||Attn2,1( VVAttnReS ) - I " ||oo < €.
I, W”
WFF2 FF,
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We stack the three emulator modules as

Ty« = Attn273 o Attng,g o Attng’l

N—— N——
FF2 Emulator  AttpRes Emulator FF1 Emulator

The weights of T~ are fixed because each two-layer emulator is chosen using only the common dimensions, common
bounds, and error tolerances.

We now track how errors propagate through the stack. The un-hatted variables are the exact intermediate states defined
above. The hatted variables are the actual states produced by the stacked emulators. This distinction is needed because
each emulator lemma is stated for an exact input, while in the stack the next emulator receives the previous emulator’s
approximate output.

Fix f € Fr and X € C. For readability, write
Yi(X) =Y/ (X), i=0,1,2,3.
Define the actual stacked states
Yo(X) = Yo(X),  ¥i(X) = Attng 1 (Vo(X)),
and
Ya(X) i= Attna (Vi (X)),  Ya(X) := Attng 3(Y2(X)).
The goal is to bound ||V3(X) — Y3(X)||os, because Y3(X) = Ty« p,(X) and Y3(X) = Ay, (X).
First,
IV1(X) = Yi(X)[loo < €1 (By Lemma 3.1)

Since €1 < €emu-pt < 1, we have 571 (X) € K;. Hence,

[V2(X) — Ya(X)|| oo = [|Attnz 2(Y1(X)) — Ya(X)l (By definition of ¥2)
< | Attng 5(Y1(X)) — Attng 2(¥3 (X))l|oo + [[Attng 2(¥3 (X)) = Y2(X) oo
< LAtthi}l (X) -Y (X)Hoo + €3 (By Lipschitzness on Ky and Lemma 3.3)
< Lagn€r + €3. (By the bound on Y; (X) - Yi(X))

By the choices of €; and €3,

Eemu-pt gernu—pt .
LAtin — Latin By Equations (92) and (93
Attn€1 T €3 Att 3LawnLrrs | 3Lpr, (By Equations (92) and (93))
_ 2Eemu—pt
3Lyr,
S ]- (B) Emnu—pt S 1 and /‘FF2 2 l)
Thus Y5(X) € K. Finally,
[V3(X) — Y3(X)|loo = [|Attng,s(Ya(X)) — Y3(X)]|s (By definition of V&)
< [|Attng 3(Ya(X)) — Attng 3(Ya(X)) oo + [ Attng 5(Ya(X)) = Y3(X) oo
< Ly, H?Q(X) —Y2(X)||oo + €2 (By Lipschitzness on K and Lemma 3.2)
< Lyp,(Lagtn€er + €3) + €2 (By the bound on ?72(‘\7) — Yg(ﬂ\’))
Ecmuf t gcmu— t Ecmuf t .
= Lpr, (Lattn D P P By Equat 91) to (93
FF, (LAtt 3Latnlery | 3L, 3 (By Equations (91) to (93))
= Eemu—pt

60



In-Context Universal Approximation, Compositional Generalization, and Algorithm Emulation

< €omu-pt- (By definition of Eemu-pt)
Therefore,
sup [Tox,pp (X) — Ap, (X)loc < €emu-pt, (94)
Xe

by Y3(X) = Tp- p, (X) and Y3(X) = Ay, (X)

‘We now convert the pointwise emulator error into the d,, metric:

dy(Tpe py Ag,) = ( /C [ Tor py (X) — Ag, (X)[2dX)/7

< ( / (NYP|Tpe p, (X) = Ag, (X)]|oo)PdX) /P (By N = dnand ||All, < N'?||A]l«)
C

< |CIYPNYPemupt (By Equation (94))

= €emu) (95)

where the last line is by Equation (90).
By triangle inequality,
dp(Ta*,vaf) < dP(T9*7vaA¢f) + dP(A¢f’ f)
< €emu + €sur (By Equation (95) and Lemma E.4)
€. (By Equation (89))

VAN

Since f € Fr, was arbitrary, the same fixed emulator Ty~ works for every target function through its corresponding prompt
Py. The emulator weights and prompt shape depend only on the fixed surrogate dimensions, common bounds, and error
budget. By Lemma E.4, these depend only on

C7 L7p7 d7 n, E;IH P, €,
noton f, X, or ¢¢. This completes the proof. O
E.5 Proof of Lemma 3.4

We state a helper lemma from (Hu et al., 2026b).
Lemma E.5 (Attention Preceded by a Linear Transformation Is Still an Attention, Lemma B.3 of (Hu et al., 2026b)).
Let Wy ,Wq € R&*d T, € RVX and Wo € RY0X be the weight matrices of a single-head attention Attn. Let

A R s RIXM po g linear transformation. Then, Attn o A is still an attention.

For completeness, we restate the proof.
Proof. Let D € R¥™ denote any input. Then, we have

Attno A(D) = Wo - Wy AD - 05(Wx AD) T (WgAD)),

and this is a new attention mechanism with parameters W A, Wg A and Wy A. O
Lemma E.6 (Lemma 3.4 Restated: In-Context Emulation of Multi-Head Attention). Let X € R¥*™ be the input se-
quence. For any €4 > 0, there exists a two-layer attention Attny such that, for any H-head target attention Attn
satisfying Definition 2.1, with the prompt X,, defined as in Definition 3.4, and for each head h € [H), with assumptions
[WEX || o, HW5X”00’ (W X||oo < Brqv for some Bxgv > 0, we have

[[Attng (X,) — Attn(X)|leo < €4.

Proof. We modify the proof of the single-head emulation theorem from Hu et al. (2026b).
We use Attn") to label the h-th head from the target Attn, and we use W}, W5, Wi for the weight matrices in Attn ™).

The proof consists of 4 steps. We first write out the details of the weight encoding of target Attn for later use. Then we use
the first layer of Attns to reconstruct the key, query, and value matrices of Attn from the input weight encoding. Thirdly, we
use the second layer of Attny to assemble the reconstructed matrices into the attention form. Finally, we compute the error.

For the convenience of presentation, we denote Attns as Attns.o o Attng .
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Step 1: Weight Encoding. For the convenience of presentation, we define

k= (Wg).; € RY,

i (96)
g = (Wg).; €RY, 07
v = (W) €RY, (98)
and we define the vectorizations of the weight matrices by Definition 3.3
ky a; vy
k3 @ v}
Wh=| |, Wh=1|.1] Wp=].
k3, i, Vi,
N—— N——
ddp x1 ddp x1 ddy x 1
Also, we define the concatenation
- kjil/ -
h
kd}?
wh, T
wh = | W | = : (99)
h
Wy, q%{ L
U1
v, |
d(2dh +dy ) x1
To keep our proof clean, we define d,» = d(2dy, + dy).
We define W, Wayin, to be
0-wh 1-wh 2-wh - (n—-1)-wh
ho._
W = wh wh o wh ) (100)
2dwh Xn
Wl
W2
Wattn = : (101)
WH
——
(Zhiy 2d,n)xn
Thus, our input prompt is
X
Xp = WAttn (102)
I,
—_——

(d+25:1 2d,n +n)xn

Step 2: Reconstruction of Target K Q" V". Again, for the convenience of presentation, we define

K'=wg - X, Q"=whX V=W X
dp xd AxXn d dy xd
3 nXd v
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In this part, our goal is to build approximators for the target K, Q", V" from the input prompt via Attny.;.

We note that each row of K", Q" V" has the inner product form: (k)T X, (¢%)T X, (/") T X. Therefore, we construct
Attny 1 by applying Theorem D.4 to each row separately, and Attns 1 consists of the heads from Theorem D.4.

We state our parameter choices for Theorem D.4 to approximate each row. Firstly, we note that the inner products
(kM) T2y, (¢) T2, and (v1) T2,., over all i € [dy,],m € [dy] and r € [n], are bounded by =Bk v, so we define ay, and by,
to be

an = = Brqv < min{(k") ", (a/) 2, (o],) ),
bh = BKQV Z ?lnf?}g{(kil)—rxra (qzh)TxT7 (UZL)T‘,I;T}'

That is, aj, and by, denote the lower/upper bound of the inner products in the h-th head of Attn.

Next, for any €y > 0, we choose the number of heads H p, in Theorem D.4 to be

7. 2bn —an)

Eo(n— 2) -‘7

such that the interpolation error in Theorem D.4 is no more than . Also, the precision parameter in Theorem D.4 is
pp, = (n — 2)Hp, and pp, > n for sufficiently small €.

Here H), denotes the number of heads we use for each row of K", Q" and V". Since K", Q" each has dj, rows and V"
has dy rows, we need a total of Hy(2d;, 4+ dy ) heads to approximate the h-th head of the target Attn. As a result, we use

Zle H 1(2dy, + dy ) heads in total to approximate all the key, query, and value matrices from Attn.

Thus, we view Attns.; as groups of H},-head attentions, and we label each group as Attng_’f . Here h € [H] still identifies
the h-th head of our target Attn, and j € [2d), + dy/] identifies the rows in K", Q" and V.

Finally, all H, » heads in Theorem D.4 require a shared linear mapping A : R4*" — R(B4+n)x" Here, we construct this
common mapping with head-specific ones Aj; : R(4+32500 2d, ) xn _y R(Bd+n)xn ] |abels the heads in Attno., and

thus h € [Zthl Hy (2d), + dy)]. We use A; to project the input to the required dimension REd+n)xn and to select the

target kI, ¢! or v!* to approximate the desired linear transformation (k) " X, (¢")" X or (v}) T X.

To that end, we construct Aﬁ to be

I 0 0 . 0 n
0 d d;f“’f OdXd“’ff de Ia Ouxspr 2a,,  Oaxn
A~ — dxd h ddee dxn 0 - 0 103
Wt 2(1“,[ xd h Qd“’e Xn | s ( )
Odxd  Odxd,, S;  Odxn 0 0w b
0n><d 0n><dwe Onxdwl{ In nxd XY=t 2dyn "
(3d-+) x (d+ 2y, +n) (d42duw,+n)x (d+>F_; 2d n+n)
where
B H
t(h) = Zh A <oy
h=1
with

h
Api= Y Hi(2d; +dy), Ao :=0.
=1

Thus, £(h) € [H] identifies the target head in Attn.
We define F as

FTL = [O2dw£><(g,1 Idez O2deX(CH7<£)]7 (104)

2dw, XCH
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with
14
Coi= > 2dyn, Coi=0.
h=1

Thus, F; picks out the W, from Wagn.
We define S5, as

S5 = [Oaxagi—1) Ta Oax(dy,—dj)], (105)
dxdwz
where
~ h— Xo—
j(h) = [—="=] € [2dg + dy]
H,

Thus, S; picks out k:f, qf or vf from W,.

Then, we have

X
Az - | Wattn
I,
Is Odxd,, Odxd,, Odx
we we " Iq dez}Hﬂ 2d_ 1 Odxn X
Oaxa S5 Oixdy, Oaxn| | o
= : - | 024, xd W O2d,,, xn | - Wattn
Odxd  Odxd,, S;  Odxn 0. 0 I 7
0 0 0 I nxd T3 2d " "
nxd nXduw, nXdw, n ' N—_——
H
(d+2duw,+n) x (d+F_, 2d, 5 +n) (d+>F_  2d, n+n)xn

(3d+n) x (d+2dw£ +n)
(By (103) and (102))

Is Odxd,, Odxd,, Odxn X
Oixa S5 Odxd,, Oa
_ X h X G, L B Woagn By matrix multiplication
0 0 S 0 h i
dxd dxdwﬁ h dxn I
- n

Onxd Onxdw 071,><de In

(d-§—2dwz +n)xn
(3d+n) x (d+2dw, +n)
I X
(S5 Odxdu,] - Fy - Waten
_ w , 106
[Oaxd,, 53] Fj - Wastn (106)
L In
(3d+n)xn
and (106) follows from matrix multiplication.
F5 - Wagtn in (106) expands as
Wi
Wo
Fr - Wagtn = [Ogdw xCoo1 124y, Ogdw X(CH_CZ)] . (By (104) and (101))
2y, X Crr Wy
——
CaXn
= W, . (F,—] selects Wy from Hﬂ\m.)

Zdwexn
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Then, [S;, OddeJ - F5 - Wagen in (106) expands as

(S5 Oaxd,,] - We

— [5; Oddee]. O-we 1-wg 2-wp -+ (m—1) wy (By (100)
Wy Wy Wy cee Wy
dX2dw, 2de n
)
= [0 . S;ng 1- S;ng 2- S;ng (n—1)- S;L’LUg] . (By matrix multiplication)

dxn

55wy expands as
- K -
ky

Siwe = [Oaxd(i—1) La Odx(dy,—dj)] - (By (105) and (99))

dxduw, ngg

duwy X1

£ .
kS, when j € [dy]
. (S5 selects kf, q;_g, or v§_o4, from we)

=<4 when j € [2dy] \ [dy]
when j € [2d; + dy] \ [2d]

Thus, acting A; on our input yields

X
Az | Wattn
I,
X
0 ¢ £
ofj 1-lkj (n—le)'kj , Ce[H], je€ld]
kj kj k].
I,
(3d+n)xn
X
I s e D A I 2N CD
= G-a,  L—d, b,
I,
(3d+n)xn
X
O.Ulf 1-’U£ e n—l'Ug .
Vimade V2, ( z) im2de) L e[H], jE[2de+dy]\ [2d(]
Vj_24, Vj—2d, T Vi—2d,
I,
(3d+n)xn
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To keep our following proof clean, we define

y4

&= (2dy+dy), & =0.

h=1

Then, for each £ € [H] and j € [dy], by Theorem D.4, there exists an Hy-head attention Attny_; such that

(3d+n)xn
X €
0
| Attme; (A7 | Wasen | )i = e6”) - (6) Tailloe < max{lacl, bel} - eo + -
In N——
Eax1l
Eax1

Thus, we have

X

€

| Attme (A |Wasen ) = e - ()X oo < max{lacl, bel} - o + 3,
In N—_——

e x1 1xn

Euxn

and

0d1 Xn

X

dy :
€
I Attng (A7 - | Waen |)— | K | [l < max{|ag\,\bg|}~eo+§0.
j=1 :

n

EHX” Odvxn
———

EaxXn

Similarly, together with Q¢ and V¥, we have

0d1 Xn

2dg+dy X K*

€
|0 Attng (A | Wan )~ | @ | lloe < max{lagl, [bel} -0+ 5
j=1

Eaxn

Finally, we have

H 2de+dv X Vi H 1
| Z Z Attng (A7 - |Wastn | ) — | © | o €0 Z(max{|ag|, |bel} + 5)-
=1 j=1 1, Kh =1
S xn Qh
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By Lemma E.5, Attny ; o Aﬁ is still an attention, so we define
0,5
Attny? = Attng j o A;.

Then, we have
CE1]

H 2dy+dy X V! H 1
0, .
1> > At (| Wawn|)— | - ||ocSGOZ(maX{\aé|’|be|}+§)-
=1 =1

I, Kh (=1
EaXn Qh

For the convenience of the following presentation, we define

_(Kl)’_
@'y
vty H 2dg+dy X
= Z Z Attné:jl( WAttn )7
(KHY =1 j=1 I,
@7y
(VA ]
1 1
€i=coy_ (max{lagl, be} + 5).
=1

Step 3: Assemble the Approximated Maps. In this part of our proof, our goal is to reconstruct the attention mechanism
(VMY o, ((K™))T(Q™)') from the approximated maps via Attna .

To that end, we construct Attnoo as an H-head attention, with each head recovering one of the heads (Vh)’ .
o5, (K")T(Q")). We label the h-th head in Attn,, as Attn'"), and we use W3 e, W o, Wiy, for the weight

matrices in Attngfz).

Specifically, we construct the h-th head in Attns o as

W2h7K = [0g,xa, -+ dan Odyxdn Odyxay -+ Odpxdy s
dpX&n

Wio = [0a,xa, * Odyxdy 1lan Odyxay -+ Odyxady],
dpX&H

W2h7\/ = [0dyxd; “* Odyxdn Odyxdn lay -+ Odyxdy] -
dv X&u

The construction provides us with

(K1) (K1)
(Kh)’ (Kh)’
h h\’ _ h\/ _ hy/
WQ,K . (Qh) = [Odthl Idh Odthh Odthv Odthv] . (Qh) = (K ) )
/ / ——
(V ) dp xEx (V ) dp Xn
[(VHY ] (VA ]
———
EgXn
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-(Kl)/_ '(Kl)/'
Kh / (Kh !
Wgh,Q . (QZ)’ = [Odpxdi ~** Odyxdn ldap Odpxdy -+ Odyxay]- (Q:)' = (Q"Y,
/ / N—
(V ) dthH (V ) dh><n
(Vi ] (VA ]
——
g Xn
(K1) (K1)
Kh ! Kh /
WQh,V . (Qh)l = [Odv xdy Odv Xdp 0dv><dh Idv Odv de] . (Qh)l = (Vh)/ .
(Vh)/ dv><§H (Vh)/ dy Xn
[(VHY ] (VA ]
———
Ea Xn
Thus, our h-th head of Attng.s is
h
Attng'y = (V") a5, (")) T(Q")) .
——
dy Xn nxn
Then, all of the heads from Attns .o give us
h
Z Attny') = Z(W)’ co, (K"))T(@Q")).
h=1
Step 4: Error Bound. To bound the error, we compute
H H
1Y (V™ o, ((K")) Z 08, (K" Q")l|so
h=1 h=1
H
< Z ||(Vh)/ . Ugh(((Kh)/)T(Qh)/) —vh. 0B, ((Kh)TQh)HOO (By triangle inequality)
h=1

For each ||[(V") - o5, (K™))T(Q")) — VI - ap, (K") T Q")| ., we utilize the error analysis from the proof of Hu et al.
(2026b, Theorem 4.1). That is, for 0 < € < 2, we have

(V™) - o8, (K™Y Q™)) = V- 05, (K") T Q") |0 < €+ nBrqve,
where

n(1-3)
" Brdn(2Bkqv + 1)

0 < € < min{l }.
Thus, we have

H

H
Z 2o, (KM)) (@) = V" - 06, (K") TQM) oo < D (€+nBrqve).

h=1

Since we are able to make ¢ and € arbitrarily small, we complete the proof. O
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E.6 Proof of Lemma 3.5

Corollary E.1.1 (Lemma 3.5 Restated: In-Context Emulation of Multi-Head Attention with Flow-Through Component).
Let Z € R42*™ be any matrix satisfying || Z||oo < By, for some By > 0. Then, with the same assumption as Lemma 3.4,
for any €5 > 0, there exists a two-layer self-attention Attns such that

jsena(| 7))~ (M5 e <

Proof. For the convenience of presentation, we denote the two-layer attention Attns as Attns.o o Attng ;1 to distinguish the
layers.

Then, our proof consists of three major steps.

Step 1. In this part of our proof, we construct the first layer Attn, ;. We follow the proof strategy of Lemma 3.3. That is,
the heads in Attns.; consist of three parts. In the first part, we incorporate the first-layer emulator from Lemma 3.4 into
Attns ;. Such a technique can be found from (32) to (36). Secondly, we construct an auxiliary head to flow through the
identity I,, from the input. Such a technique can be found from (37) to (44). Thirdly, we construct another auxiliary head to
flow through the Z from the input. Such a technique can be found from (45) to (48).

With the above construction, we can have the following output from the first layer Attns g

Attny 1 (Xp)

Attng_l( |: Zp:|) = p In(I ) s (107)
08, Un

where Attn), ; denotes the first layer of the emulator from Lemma 3.4. 3, is the Softmax temperature in the Z-copying
auxiliary head (This temperature is up to our choice).

Step 2. In this part of our proof, we construct the second layer Attns 5. Again, the heads in this layer consist of two parts.
In the first part, we incorporate the second layer of the emulator from Lemma 3.4 into Attns . The technique can be found
from (53) to (57). Secondly, we build an auxiliary head to flow-through the Z component by utilizing the intermediate
identity. Such a technique can be found from (58) to (62). With the above construction, we can have the following output
from the second layer

senal [ 7)) = | ottt

where Attn) ; denotes the full emulator from Lemma 3.4. Again, 3, is the Softmax temperature in the Z-copying auxiliary
head (This temperature is up to our choice).

Step 3. In this step, we perform the error analysis between the model output and our target

jacena(| 7)) - |25 1

! !/
< || Attng( [)ép:|) - {Attn%(Xp)] lloo =+ |l [Attn%(Xp)} - {Att%(X)} Iloo (By triangle inequality)
Attn) (X)) ] {Attn’ (X, )]
< 2\p — 2\*p o + € By (107) and Lemma 3.4
N H [Z0ﬂ2(ln)aﬂ4(ln) Z H * ( : )
n(n —1) n(n —1) n(n —1)Byz n(n —1)Byz :
< Byz- . . By (78
=P ey (n—1) ePit(n—1) e+ (n—1) eﬂ4+(n—1)+64 (By (78))
For any €; > 0, by choosing 2, 84 as in (79), we have
X, Attn(X) g
Since we are able to make each ¢ arbitrarily small, we complete the proof. O
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E.7 Proof of Theorem 3.2

Lemma E.7 (Uniform Bounded Attention-Only Surrogate Template). Let 1 < p < oo and L > 0. Let C = [—b, b|**" C
RI*" and let Fr, := {f : C — C | Lip(f) < L}. Fix egyr > 0. Then there exists a fixed four-layer attention-only surrogate
template

Ay = Attng, o Attng, o Attng, o Attng,, ¢ = (¢1, P2, P3, Pa),

with fixed layer dimensions, fixed sequence length n + 1, fixed head numbers, fixed head dimensions, fixed inverse
temperatures, and fixed prompt shape such that, for every f € Fy, there exists ¢ satisfying

dp((A¢f):,1:nu f) S €Esur;

Moreover, the encoded prompt blocks Wy, 1,..., Wy, 4 from Definition 3.5, and all intermediate quantities required by
Lemmas 3.4 and 3.5, are uniformly bounded over f € Fy, and X € C. All constants in these bounds, as well as the template
dimensions and prompt shape, depend only on C, L, p, d,n, €5y, not on f or X.

Proof of Lemma E.7. Let N := dn. Choose an integer g > 2 large enough so that
21C|"/PNYPLb/g < €qu /3.
Let G, and 7, : C — G4 be the standard finite-grid quantization map from Section D.3. Then

IX = my(X) o <b/g, X €C. (108)

For each v € G, choose X, € C such that
mg(X,y) = .

This is possible because G, = 7, (C).
Fix f € F1,. Define

a, = f(Xy), vegy,
Frg(X) = an,x)-

Recall
Hont i={F :C—= R | F(X) = ar,(x), |lavllsc <M forallv e Gy}
Then Fy 4 € Hg4 3 from Proposition D.2, since

||av||oo = ”f(Xu)Hoo <b.

For any X € C, write v = my(X). Then

[1F,9(X) = f(X)loo = [1f(Xo) = f(X)

< L)Xy — X|oo (By Lip(f) < L)
<L Xy = 0]|oo + v — X|0) (By triangle inequality)
= L(|| Xy — mg(Xo)[loo + (179 (X) — X|lo0) (By v = my(X,) = mg(X))
<2Lb/y, (109)

where the last line is by Equation (108).

Hence
dp(Frg, f) = ( /C 1Fyo(X) — F(X)||2dX)7

70



In-Context Universal Approximation, Compositional Generalization, and Algorithm Emulation

< (/C(Nl/””Ff,g(X) — f(X)]|oo)PdX) VP (By [|A]l, < NV7||Al|s)
< |C|MPNYP . 2Lb/g (By Equation (109) and [ d.X = [C])
< €sur/3. (By the choice of .(/)

Apply Proposition D.2 with M = b and n = 2€4,,/3. Since Fs, € H,p, there exists a parameter choice ¢ in a fixed
four-layer attention-only template A, such that

dp((A¢f):,1:n7 Fﬁg) < 2¢€5u:/3,

Therefore,

dp((Ap, ) 1ms ) < dp((Agy )1, Frg) + dp(Frg, f) (By triangle inequality)
< 26sur/?) + 6sur/3

= €sur-

It remains to check the uniform boundedness claims.

* By Proposition D.2, the four-layer attention-only template has fixed dimensions, fixed head numbers, fixed head
dimensions, fixed inverse temperatures, fixed prompt shape, and uniformly bounded weights over f € Fr. Hence the
encoded prompt blocks from Definition 3.5 are uniformly bounded, because each block only stacks these weights and
their token-indexed multiples.

s Also, X, is uniformly bounded because X € [—b,b]4*™ and X, only appends zeros and an identity block. Since the
template has fixed dimensions and uniformly bounded weights, each surrogate attention layer maps uniformly bounded
inputs to uniformly bounded outputs. Indeed, every softmax matrix has entries in [0, 1], and each layer has only finitely
many heads. Iterating this argument over the four fixed layers shows that all intermediate surrogate states are uniformly
bounded over f € F and X € C.

* Finally, the key, query, and value matrices in the surrogate layers have fixed dimensions and uniformly bounded entries.
Since the corresponding layer inputs are uniformly bounded, all K/Q/V products required by Lemmas 3.4 and 3.5 are
uniformly bounded. The flow-through blocks are concatenations of later prompt blocks, so they are uniformly bounded as
well.

All constants depend only on
C? L)p7 d7 n’ esura

because g is chosen only from these quantities and Proposition D.2 gives uniform bounds after b, g, M = b, p, d, n, €5y, are
fixed. They do not depend on f or X. This completes the proof. [
Theorem E.2 (Theorem 3.2 Restated: In-Context Universality via Attention-Only Surrogate Emulation). Let C =
[—b, b]9*™ C RI¥*™ be compact, and let Fr, := {f : C — C | Lip(f) < L} be a set of L-Lipschitz continuous sequence-to-
sequence functions. Then, for any € > 0, there exists a fixed eight-layer softmax-attention emulator Tp« = Attn® such that,
forevery f € Fy, there exists a prompt Py := [Wy, 13 W, 0; Wy, 35 Wy 4] (Definition 3.5) satisfying

dp(fe*,mef) S €, Tv@*,Pf (X) = TG*([XG; Pf]):,l:n7

where X, follows Definition 3.5. The emulator weights 0* and the prompt shape depend only on C, L, p,d, n, €, not on f or
X. Only the prompt entries depend on f.

Proof of Theorem 3.2. Let N := dn. Choose €gyy, €emu > 0 such that
6SUI‘ + Eemu S €.

The emulation Lemmas 3.4 and 3.5 give pointwise £, bounds, while the theorem uses the d,, metric. We therefore choose
the pointwise tolerance so that its contribution to d,, is at most €epy:

N —1 —1
6emu—pt U |C| /pN /peemu .
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Apply Lemma E.7 with accuracy eg,;. Then there exists a fixed four-layer attention-only surrogate template
Ay = Attng, o Attng, o Attng, o Attng,, ¢ = (¢1, P2, P3, P4),
with fixed dimensions and fixed prompt shape such that, for every f € Fi, there exists ¢ ¢ satisfying
dp(Ap,, f) < sy Ag, (X) = Ay, (Xa):1m- (110)
Moreover, Lemma E.7 gives the common bounds required by Lemmas 3.4 and 3.5, uniformly over f € F; and X € C.
For each f € Fy, let
Pr =W, 15 We .2 We, 3 Wo, a
be the prompt from Definition 3.5. Write
A= Attng g, ,, i€ [4].

We first define the exact intermediate states of the four-layer surrogate. These are the states that would appear if we executed
the encoded surrogate exactly:

i (X) 1= [Xa; W, 13 Wos 25 W, 53 W, 4],
Vi (X) o= [Ar(Xa); W, 25 W, 35 W, 4],
Y3 (X) 1= [Ag 0 Ay(Xa); We, 3 We, al,
Vi (X) 1= [A5 0 Ay 0 Ay (X,); Wy, 4],
V{(X) = Ago Az 0 Ay 0 A1(X.).

The first three states still contain the prompt blocks needed by later surrogate layers. The last state is the surrogate output.

We next prepare the bookkeeping step for error propagation. Each emulator lemma controls one module on the exact input
to that module. In the stacked emulator, however, later modules receive approximate states. We therefore define small safety
regions around the exact states.

Fori = 1,2, 3, define

S ={Y/(X): feF,, XecC},
K ={Y: Slgg 1Y — Slloo < €emupt -

By Lemma E.7, the sets S; are bounded. Hence each /C; is bounded. Since the distance-to-a-set map is continuous, each /C;
is also closed. Therefore, each /C; is compact.

We choose the four two-layer emulators from back to front. This order matters: an error made by an early emulator passes
through all later emulators. Therefore, we first fix the later emulators and then scale the earlier tolerances by their Lipschitz
constants.

* Step 1: Choose the Fourth-Layer Emulator. Apply Lemma 3.4 to the fourth surrogate layer with tolerance
€4 1= €cmu-pt/4-
This gives a fixed two-layer attention emulator 4 such that, for every f € F and X € C,
14 (Y3 (X)) = Y (X)]|oo < €. (111)
After fixing E4, choose a Lipschitz constant L, > 1 of E4 on 3.
» Step 2: Choose the Third-Layer Emulator. Apply Lemma 3.5 to the third surrogate layer with tolerance

L Eemu-pt
n3 == AL,
This gives a fixed two-layer attention emulator F’3 such that, for every f € F, and X € C,
1Bs (Y3 (X)) = Y (X)]|oo < ns- (112)

After fixing F3, choose a Lipschitz constant Lg > 1 of E5 on ICs.
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* Step 3: Choose the Second-Layer Emulator. Apply Lemma 3.5 to the second surrogate layer with tolerance

— €emu-pt
T AL,
This gives a fixed two-layer attention emulator F5 such that, for every f € F, and X € C,
1E2(Y{ (X)) = Y (X)|oe < m2. (113)

After fixing Fs, choose a Lipschitz constant Ly > 1 of F5 on ;.
¢ Step 4: Choose the First-Layer Emulator. Apply Lemma 3.5 to the first surrogate layer with tolerance

6emu-pt
m:

T ALoLsly’
This gives a fixed two-layer attention emulator E; such that, for every f € F and X € C,
121 (v5 (X)) = ¥{ (X) oo < 1. (114)

Stack the four two-layer emulators:
T@* = E4 OE3 o E2 OEl.

This is an eight-layer attention emulator. Its weights are fixed because each F; uses only the fixed dimensions, common
bounds, and error budgets above. These quantities do not depend on f or X.

We now track the stacked error. Fix arbitrary f € Fr, and X € C. For readability, write
Yi(X):=Y/(X), i=0,1,2,3,4.

Define the actual emulator states by

Yo(X) 1= Yo(X),

Yi(X) = B1(Yo(X)),
Ya(X) = B (Y1(X)),
%(X) = EB(?2(X))7
Ya(X) == Ea(V3(X)).

The goal is to bound || Y;(X) — Y3(X)||so. This compares the stacked emulator output with the exact surrogate output.
* First, the first emulator gives
1Y1(X) = Y1(X)[loo <m (By Equation (114))
S €cmu»pt' <By /_) /‘;;. /‘L 2 l>
Hence fﬁ(X) e K.
¢ Next,
1Y2(X) = Y2(X)loe = [[E2(Y1(X)) = Y2(X)loo
X)) — E»

< ||E2(§A/1( ) Y1(X) oo + [|E2(Y1(X)) = Ya(X) oo (By triangle inequality)

< L2||i}1 (X) = Y1(X)||oo + m2 (By Lipschitzness on Ky and Equation (113))

< Lom + 12

— Zezl;lf: + Zein;zz (By the definitions of 7; and 1]2)
€emu-pt

= ot 115
20514 (115)

< €emu-pt - (By Ls, Ly > l)

Hence Y5(X) € Ks.
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 Similarly,

I¥3(X) = Ya(X) oo = [ Ea(Ya(X)) = Ya(X)|oc

< [|B3(Ya(X)) — B3 (Ya(X)) oo + [ B5(Y2(X)) = V3(X)||s

(By triangle inequality )

<Ls ||i>2(X) —Y2(X)||oo + 13 (By Lipschitzness on K, and Equation (112))

6emu—pt 6emu—pt
<Ly 9LsLs | 4L,
_ 3€emu-pt
4Ly
S Eemu—pt'

Hence Y3(X) € Ks.

* Finally,

[Yi(X) = Ya(X) oo = [|1EL(Y3(X)) — Ya(X)]l

< |E4(Ya(X)) = Ea(Ya(X)) oo + [|Ea(Y3(X)) = Ya(X) oo

(By Equation (115) and the definition of 773)

(116)

(By L1 2 l)

(By triangle inequality)

< L4||1//\E3(X) -Y; (X) ||Oo + €4 (By Lipschitzness on sz and the choice of E|)

36emu-pt €emu-pt
<Ly- +
=g, 4

= €emu-pt-

Since slicing the first n columns cannot increase the entrywise £, norm, we obtain

sup || Tp+.p, (X) — Ag, (X)]loo < €cmupt-
Xec

We now convert this pointwise £, emulator error into the d,, metric:

d(Toepy Ag,) = ( /C [ Toe py (X) — Ay, (X)[2dX)1/7

< (V71T i, (3) = Aoy () o)
S |C|1/pN1/p€emu—pt
= €emu-

By triangle inequality,

dp(fe*,mef) < dp(fe*,PfWg(bf) + dp("z(ﬁfvf)

< €emu T Esur

IN |

€.

(By Equation (116) and €4 = €emupt /4)

(117)

(118)

(By [l All, < NV/7[|A]l)

(By (117))

(By the definition of fcmu—m)

(By Equations (110) and (1 18))

(By the choice of €syr and ('m..l.)

Since f € F, was arbitrary, the same fixed emulator Ty~ works for every target function through its corresponding prompt

Py. By Lemma E.7, the emulator weights and prompt shape depend only on
C7 L7p7 d? n? 67

not on f or X. This completes the proof.
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E.8 Proof of Corollary 3.2.1

We first need a helper lemma, a pointwise version of Lemma E.7.

Lemma E.8 (Uniform Bounded Pointwise Attention-Only Surrogate Template). Let 1 < p < oo and L > 0. Let
C = [-b,b]¥*" C R and let F, := {f : C — C | Lip(f) < L}. Fix €xuy > 0. Then there exists a fixed four-layer
attention-only surrogate template

A¢ = Attn47¢4 o Attn37¢3 o Attn27¢2 o Attnl,¢1,

with fixed layer dimensions, fixed sequence length n + 1, fixed head numbers, fixed head dimensions, fixed inverse
temperatures, and fixed prompt shape such that, for every f € Fp, there exists ¢ satisfying

sup HA¢f (Xa):,lzn - f(X)”P < €sur-
XecC

Moreover, the encoded prompt blocks Wy, 1,..., Wy, 4 from Definition 3.5, and all intermediate quantities required by
Lemmas 3.4 and 3.5, are uniformly bounded over f € F1, and X € C. All constants in these bounds, as well as the template
dimensions and prompt shape, depend only on C, L, p, d, n, €syy, not on f or X.

Proof of Lemma E.8. The proof follows the proof of Lemma E.7. The only change is the approximation guarantee used for
the attention-only surrogate.

By (Hu et al., 2026a, Theorem G.1 and its proof), the four-layer attention-only surrogate can be chosen to satisfy the
pointwise bound

sup HA¢f (Xa):,lzn - f(X)”p < €sur-
XecC

Also, by the same uniformity argument as in Lemma E.7, the template and bounds can be chosen uniformly over f € Fy..
Thus the surrogate dimensions, head numbers, head dimensions, inverse temperatures, and prompt shape are fixed for the
whole class F7,. All other bounds’ and constants’ properties follow straightforwardly. [

Now we are ready for the main proof.

Corollary E.2.1 (Corollary 3.2.1 Restated: Point-Wise In-Context Universal Approximation). Under the same fixed
architecture Ty, function class Fr, and boundedness conditions as in Theorem 3.2, let Py be the prompt encoding
constructed from f in Theorem 3.2. Then, for any € > 0, and every f € Fr, we have

Xa
}S(lgé |T9*(|:Pf:| ):,l:n - f(X)”P S €.

Proof. Let N := dn. Choose

€ €
€ == € ot —m T
sur 27 emu-pt QNl/p

Step 1: Use Pointwise Surrogate and Emulate It In-Context. By Lemma E.8, there exists a fixed four-layer attention-only
surrogate template A, such that, for every f € Fp, there exists ¢ satisfying

sup HA¢f (Xa):,l:n - f(X)HP S €sur- (1]9)
XecC
Define
g¢f (X) = A¢f (Xa):,lzn-
Encode ¢; into
Pp = {Wo; 1 W, 2: We, 35 Wo, 4

as in Definition 3.5.
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The uniform boundedness part of Lemma E.8 gives the common bounds needed by Lemmas 3.4 and 3.5. Hence the
pointwise emulator estimate from the proof of Theorem 3.2 applies with tolerance €cmy.pt. Therefore, there exists a fixed
eight-layer softmax-attention emulator Ty« = Attng such that, for every f € Fr,

i

sup || T+ ( PJ )otin — Ag s (X)]loo < €omupt- (120)

Xec

Step 2: Combine Errors. Fix any f € 7, and X € C. Then

Xa
o[ 2] = 100N,

X, ~ ~ . . .

< || T+ ( P, )it — A¢f X)p + ||A¢,f (X) = X, (By triangle inequality)
Xa A A T )

< 8Ty (|2 = Ay (e 1, () = £ (By 1071, < N7 )ar].0)
< Nl/Peemu_pt + €sur (By (120) and (119))
— N/, € € . the choices of ,
=N-/P SN1/P + 2 (B) the choices of €cmu-pt and €sur)

= €.

Since this bound holds for every X € C, we obtain
Xaq
sup [Z0-([ 3 o = SO0 <
Xec f

Since f € F1, was arbitrary, the same fixed emulator Ty~ works for every target function through its corresponding prompt
Py. The dependence of Ty~ and the prompt shape follows from Lemma E.8 and Theorem 3.2: they depend only on
C,L,p,d,n,e, noton f or X. This completes the proof. O

E.9 Proof of Theorem 4.1

We first introduce a helper lemma.

Lemma E.9 (Pointwise In-Context Universal Approximation with Flow-Through). Let C = [—b,b]4*" C R¥™", and let
Fr:={f:C—C|Lip(f) < L}. Fixdy > 0and Bz > 0. Then, for any € > 0, there exists a fixed-weight Transformer
Thow = Attng such that the following holds. For every f € Fr, there exists a prompt Py such that, for every X € C and
every Z € R42x(+1) satisfying || Z|| oo < Bgz,

X f(X) 0rzl><1
ow ¢ In On
T3 (| Pr|) - ol <e
Z 01><n 1
Z

where [X,; Py] is the input format from Definition 3.5. Moreover, the prompt shape and a uniform bound on || P¢||« depend
onlyonC,L,p,d,n,dz,Bz,¢ noton f, X, or Z.

Proof of Lemma E.9. Let

Mg :=n+ 1,
Dy,:=d+n+1,

L In On><1
I, = {om 1 }

Nouwt := (Do + dz)my,.
Choose €gur, €omu > 0 such that

€sur T €emu < €.
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Define

-1/p
Nout €emu;

€pt -

€safe 1= min{1, ey }.

Define the lifted target class
Fri={f:C—[=b,b]"™™ | f(X)=[f(X),0ax1], f € FL}.
For any f € Fr, and any X, X’ € C, the lifted target satisfies

)l <0,
170 = FX e = 1) = (X)) e

S LIX = X'o.
Thus F7, is uniformly bounded and L-Lipschitz.

Apply the pointwise selector-route construction used in Corollary 3.2.1 to the lifted class F7. Equivalently, apply the proof
of Lemma E.8 with output shape d x m, instead of d x n. The construction only changes the output coefficient blocks, and
these coefficients remain bounded by b. Hence there exists a fixed four-layer attention-only surrogate template such that, for
every f € Fp, there exists a parameter choice ¢ = (¢f.1, b2, ¢f,3, Pfa) With

Aqsf = Ay40A30A50 Al, A; = Attn¢f1i, 1€ [4}7

and

sup || Ay, (Xa) = F(X)p < €sur- (121)

Xec
Moreover, the same uniform construction fixes the prompt shape and all bounds required by Lemmas 3.4 and 3.5. These
fixed quantities depend only on C, L, p, d, n, €5y, not on f or X.
Fix f € Fr, and define its selector-route prompt as

Pri=[Wop 15 Wo 2 Wo ;3 W, al-

Now fix X € Cand Z € R¥2*™a with || Z||o, < Bz.

Define the exact flow states

(X,2) =]

(X, Z) = [A1(Xo); W¢f 2 W, 33 Ws, 45 Z],
Y3(X, Z) = [Ag 0 A1 (Xa); We, 85 W, 45 2],

(X, Z) = [AsoAzoAl( a)i We, a3 2],

(X Z) [A¢f( mmZ]

The first three transitions emulate A, A5, A3 and flow the later prompt blocks together with Z. For these transitions, use
Lemma 3.5. For the fourth transition, use Lemma 3.5 to emulate A4 and flow Z. In addition, add fixed identity-copy heads
that read the I,,,, subblock inside Wy, 4 and write it to the output'®. The row location of this I,,,, subblock is fixed by
the prompt format, so these heads do not depend on f, X, or Z. All added heads use disjoint output rows, so they do not
interfere with the surrogate-emulation heads.

For i € [3], define the exact-state sets
S ={Y (X, Z)| f € FL, X €C, | Z|x < Bz}

!0This is a harmless extension of Lemma 3.5: the same two-layer construction already copies the identity subblock internally to route
the flow-through block. We add output heads with disjoint output rows to expose this copied identity block in the final output.

77



In-Context Universal Approximation, Compositional Generalization, and Algorithm Emulation

The uniform surrogate bounds, the uniform prompt bounds, and || Z||,, < Bz imply that Sy, S2, S3 are bounded. Define the
safety regions

Ki :={Y | inf ||V — 5o < €sate}, i€ [3]
(Y] ot Y = Slloo < ate} i €03
Each IC; is compact. After a fixed emulator block is chosen, it has a finite Lipschitz constant on the corresponding compact
safety region.
We choose the four two-layer emulator blocks from back to front.

* Fourth Layer. Choose a two-layer emulator E4 for the fourth transition with tolerance

€safe
Uress 74 .
Then, for every f, X, Z as above,
1EA(Y5" (X, 2)) = Y (X, Z) oo < - (122)

Let L4 > 1 be a Lipschitz constant of F, on K3.

* Third Layer. Choose a two-layer emulator F5 for the third transition with tolerance

.__ Csafe
ns3: AL,
Then, for every f, X, Z as above,
1B3(Ys" ™ (X, Z)) = Y5°(X, Z) |0 < 13- (123)

Let L3 > 1 be a Lipschitz constant of F5 on Ks.

* Second Layer. Choose a two-layer emulator Fs for the second transition with tolerance

L €safe
2T ALy
Then, for every f, X, Z as above,
[ E2(Y"(X, Z)) = Yo' ™ (X, Z) || <72 (124)

Let Ly > 1 be a Lipschitz constant of F5 on K.

¢ First Layer. Choose a two-layer emulator £ for the first transition with tolerance

L €safe
N Ao LsL,
Then, for every f, X, Z as above,
1B (Y™ (X, Z)) = Y(X, Z) [los < . (125)

Stack the four emulator blocks as
T .= Fy 0 B30 By 0 Fy.

This is an eight-layer attention emulator. Its weights depend only on the fixed dimensions, common bounds, Bz, and the
error budget.

‘We now track the stacked error. Write

Y; =YX, Z), i=0,1,2,3,4.
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Define the actual emulator states

~

Yo =Y,
Y1 = Ei(Yo),
Y = By (1),
Ys = E3(Ya),
Y, := Ey(Ys).
First,
Y1 = Yillow <m

< €safe-
Hence }/}1 € K1. Next,
V2 = Yalloo = [[E2(Y1) — Y2 oo
<NE2 (Y1) = E2(Y1)loo + (| E2(Y1) — Yal| o

< Lol|Ys = Yilloo + 72
< Lom + 12

- €safe
9Lsl,
< Esafe-

Hence )Afg € Ko. Similarly,
Vs = Valloo = [ E3(Y2) — Yalloo
< ||B3(Y2) — E3(Y2) oo + || E3(Y2) — Y3loo
< La||Va — Yal|oo + 73

€safe €safe
<Ls-
= 3 9L, L, | 4L,
o 3€safe
4Ly
S €safe-
Hence }73 € Ks. Finally,
14 = Yalloo = [ Ea(Ys) = Yaloo

< || E+(Y3) — Ba(Ys)loo + [|Ea(Y3) — Yilloo
< LyllYs = Y3loo + 14

(By Equation (125))

(By triangle inequzllity)

(By Lipschitzness on Ky and Equation (124))

(By the definitions of 71, r/g)

(By triangle inequality)

(By Lipschitzness on K5 and Equation (123))

(By triangle inequalily)

(By Lipschitzness on 3 and Equation (122))

3€safe €safe
< Ly-
=7y, 4
= €safe- (126)
Since
R X A¢f (Xa)
Yy=T8(| P ), Ya=| In, |,
VA VA
Equation (126) gives
. X, A¢f (Xa)
||T *OW( Pf ) - Imu ||oo < €gafe S €pt- (127)
Z Z
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Therefore,
. X, Ag (Xa)
1T (| Pr|) = | Ima | llp
A Z
1/ q Xq A¢f (Xa) )
SNowt 1T62 (| Pr{) = | Ima | Il (By [IM]lp < Noul | M)
Z Z
< Nollffept (By Equation (127))
= €emu- (By the definition of e,n>
Also,
Ay, (Xa) F(X)
[ S e O P
Z 7
= ||A¢f (Xa) — f(X)Hp (The I, and Z blocks cancel )
< €sur- (By Equation (121))
Combining the two bounds gives
R F(X)
ITo>C| Pr|) = | Tma | llp
7 Z
< €emu Tt Esur (By triangle inequality )
<e.
Finally,
_(X) f(IX) gdx 1
I _ n nx1
ga 01><n 1
Z

Since f, X, and Z are arbitrary, this proves the uniform claim. The construction uses only the fixed quantities
C,L,p,d,n,dz, Bz, e. This completes the proof. O

Now we are ready for the main proof.

Theorem E.3 (Theorem 4.1 Restated: One-Pass In-Context Composition). Let C = [—b,b]?*" C R¥*" and let 1, = {f :
C — C | Lip(f) < L}. Fixm € N*. Then, for any € > 0, there exists a fixed-weight Transformer Ty~ = Attng,, such that
the following holds. For every f1,..., fm € Fr, there exist prompts Py, ..., Py in the format of Definition 3.5. Define
the target composition function and the composite prompt as g = fu, © frn—10---0 f1 and Py := [Py, ; Py,;- -+ ; Py, -
Then, the induced map Tg*,pg (X) =Tp (] )Ig'“‘ D1:a,1:n satisfies

g

dp(TQ*,ngg) <e

The emulator weights 0* and the composite prompt shape depend only on C, L, p,d,n,m,€, noton f1,..., fm, or X. Only
the prompt entries in Py depend on the subroutines f1,. .., fm.

Proof of Theorem 4.1. Let N := dn. For any U € C, write U,, for the augmented input in Definition 3.5 with U in place of
X.

Step 1: Choose the Final Pointwise Error Budget. We first choose a pointwise ¢, error that implies the desired d,, error:
€y i= [C|TYPNTYPe,

Indeed, if the final output has pointwise ¢ error at most e, then its d,, error is at most e.
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Step 2: Construct the Stage Emulators from Back to Front. We choose the emulators in reverse order. This accounts for
how later stages amplify errors made by earlier stages.

Last Stage. Define

N 1= €pt/M.

Apply Lemma E.9 with dz = 0, Bz = 1, and tolerance 7,,. This gives a fixed eight-layer emulator E,,, such that, for

every fm, € Fr, there exists a prompt Py, , satisfying, for every U € C,

[ Em ([Ua; Py,,]) = fn(U)allp < 0
Thus, for every U € C,

1Em([Ua; Py, 1) = fn(U)alloo < -
If m > 2, define

Sm—l = {[U(L;me] U e C7 fm € ]:L}a
Koy = (Y s inf Y = Sl < i)

(By | Alloo < [IAllp)

By Lemma E.9, the prompts P, have fixed shape and a uniform entrywise bound. Hence K,,,_; is compact. After fixing

FE,, choose a Lipschitz constant L,,, > 1 of E,,, on KC,;,_1.

Earlier Stages. Fori = m — 1,...,1, suppose that we have already fixed
Eit1,....En, Lit1,..., Ly,
and the prompt maps
fi=Py, j=i+1,...,m.

Define the later-stage amplification factor

m
Ri= ][ Lj
j=i+1
and set
. ot
;i - mR;’

For any fit1,..., fm € Fr, define the remaining-prompt block
Z; = [PfH»I; e ;me]'
The prompt bounds from the later stages give a constant Bz ; < oo such that

1Zilloo < Bz.

Apply Lemma E.9 with flow-through dimension equal to the row dimension of Z;, bound Bz ;, and tolerance n;. This
gives a fixed eight-layer emulator F; such that, for every f; € Fp, there exists a prompt Py, satisfying, for every U € C

and every such Z;,

12 gf - [F50 1 <.

K3
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Thus,

U, '
i )= 5] e < (By 4]l < |4

»)

If 7 > 2, define
Sifl = {[Uzﬁpfi;"' ;me] : U€C7 fiw"ufm E—FL}7
Kioi:={Y: Sei‘rslif,l 1Y — S|loc < €pt}-

The distance-to-a-set map is continuous, so K;_; is closed. The uniform bounds imply that K;_; is bounded. Since the
ambient space is finite-dimensional, /;_1 is compact. After fixing E;, choose a Lipschitz constant L; > 1 of E; on
’Ci—1~11

Repeating this construction gives fixed emulators
Ey, ... En
and prompt maps
fi— P, i€[m].
Define the full one-pass emulator
Ty« = FE,oFE,_10---0F;.
Then Ty~ = Attng,,.

Step 3: Track the Exact and Approximate Trajectories. Fix arbitrary f1,..., f,,, € Fr and X € C. Define the exact
composition trajectory

co(X) :
Cl(X) :

X,
filcio1(X)), i€ [m].
Since each f; maps C to C, we have

¢(X)el, ieml.
Define

g::Cm:fmofmflo"'oflv
Py = [Pp; Py 5 Py, .

The exact state after stage ¢ contains the exact current data and the remaining prompts:
Yi(X) == [ci(X)a; Pppri--- 3 Py, i=0,1,...,m,

where no prompt block appears when ¢ = m. The actual state comes from running the fixed emulators:

Define the stage error

ei(X) = [|[Vi(X) = Yi(X) -

Since E; is a fixed finite softmax-attention map, it is smooth. Thus it has a finite Lipschitz constant on the compact set K;_1. Choose
such a constant and enlarge it if necessary so that L; > 1.
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Step 4: Prove the Stage Error Bound by Induction. We prove that the final state satisfies

em(X) S ept-

* Single-Stage Case. If m = 1, then
e1(X) = [Y1(X) = Y1(X)lloo

<m (By the choice of E|)
= €pt- (By m = ept/m and m = l)
Hence the claim holds.
¢ Base Case. Now assume m > 2. Fort =1,...,m — 1, recall
m
Ri = H Lj.
j=i+1

The quantity R; records how much the later stages can amplify an error made at stage ¢. We first prove that, for every
i=1,....,m—1,
iept

For: =1,
e1(X) = [[Y1(X) = Y1 (X))o
<m (By the choice of E1)
Ept

= 2 By the definition of 7
le ( ’ /I)

Thus the claim holds for 7 = 1. Moreover,
€1 (X) < €pt

because R; > 1. Hence fﬁ(X) e K.
* Induction Step. Suppose the claim holds for + — 1, where 2 < ¢ < m — 1. Then

ei-1(X) < e,
because 1 —1 < m — 1 and R;_1 > 1. Hence }A’i_l(X) € KC;_1. Therefore,

ei(X) = | Ei(Yie1(X)) = Yi(X) | o

< VB (Fi1 (X)) = (Vi1 (X)) oo + [ Ea(Yio1 (X)) = ¥i(X) e (By triangle inequality)
< Liei,l(X) + 1 (By Lipschitzness on &C;_1 and the choice of E,)
,— 1
<L;- w +n; (By the induction hypothesis)
mR;_q
,— 1
=1L;- (Zle_)jlpt + T:Lp};l (By the definition of 7;)
(i — Dept €pt
= L . B / R,‘ = L,B,
! mLle + le ( y ! )
_ (IL — 1)€pt + €pt
mRZ mRi
- iﬁpt
- meL' '

Thus the claim holds for 7. Also,
€; (X) S 6pt7

because i < m — 1 and R; > 1. Hence }Z(X ) € K;, and the induction continues.
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 Last Stage. It remains to handle the last stage. Since }A/m_l (X) € Kyu—1, we have

em(X) = ||Em(?mfl(X)) = Y (X) o

<N EBm (Yim—1(X)) = Epy,(Yi—1(X)loo + [[Em (Yim—1(X)) — Yo (X) ]| 0o (By triangle inequality )
< Lmem_l(X) + (By Lipschitzness on /C,,, —1 and the choice of E,,)
-1
<L, - M + St (By the bound for €, —1 and 1y = €pt/m)
mL,, m
= Ept'

Since Y;,, (X) = ¢ (X)a = 9(X)a, slicing the first d rows and first n columns gives
1To+.p, (X) = 9(X)lloo < €

Step 5: Convert the Pointwise Bound to the d,, Metric. We now integrate the pointwise error:

(T 9) = ( /C [Toe p, (X) — g(X)||2dX) /P
< (/C<N”P||Te*,pg(X> — 9(X)||o0)PdX)1/P (By |A]l, < NY?||Alls)

< |C'|1/p]\]1/p6pt

= €. (By the definition of e,n>

Step 6: Check Fixedness. All emulators F, ..., E,, become fixed after we fix
C,L,p,d,n,m,e.

Hence Ty- also becomes fixed after these quantities are fixed. It does not depend on f1, ..., f;, or X. Only the prompt
entries in Py depend on the subroutines. This completes the proof. O

E.10 Proof of Theorem 4.2

Theorem E.4 (Theorem 4.2 Restated: Re-Prompting In-Context Composition). Let C = [—b,b]™*" C R*", and let
Fr:={f:C—C|Lip(f) < L}. Fixm € N*. Then, for any € > 0, there exists a fixed-weight Transformer Tp- = Attng
such that the following holds. For every fi, ..., fm € Fi, there exist prompts Py, , ..., Py, in the format of Definition 3.5.
For every X € C, define For every X € C, define the exact trajectory c; and the re-prompted trajectory ¢; recursively by:

Co(X) = X, CZ(X) = fi(Ci_l(X)), RS [m],
Ci—1(X) Oax1

OlI:n 0n1><1‘|):,1:n7 1€ [m]

i

(X)) =X, G(X) =Ty

Then, for every i € [m),
dp(¢,¢) <e.

The emulator weights 6* and the prompt shape depend only on C, L, p,d,n, m, €, noton f1, ..., fn, or X. Only the prompt
entries { Py, }ic[m) depend on the subroutines f1, ..., fm.

Proof of Theorem 4.2. Let N := dn. For any U € R¥*" write U, for the augmented input in Definition 3.5 with U in
place of X.
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Step 1: Choose Error Budget and Safety Domain. We first choose a pointwise ¢, error that implies the desired d,, error:
Ept 1= lc|~Y/P N~ /P,

The exact states stay in C, because each f; maps C to C. The approximate states may leave C by a small amount. Thus, we
introduce the auxiliary box

Cy :=[-b—ep,b+ ept]dxn.
Let Il¢ : C+ — C denote the entrywise clipping map onto C. Then, for every U,V € C,,
[Me (@) =Te(V)lloo <IU = Voo
Also, forevery V € C,

(V) = V.

Step 2: Extend the Subroutines to Safety Domain. For each f; € F, define
fiU) == fi(Tle (U)), Uely.
Then f; : C, — C C C,. Moreover, for every U,V € Cy,
1£:(U) = fi(V)lloe = [ fi(Me(U)) = fi(Te (V)|
< LHe(U) = He (V)| oo (By Lip(f:) < L)
< LHU — V||OO. (By nonexpansiveness of Ig)
Thus each f; belongs to the L-Lipschitz class on C.

Step 3: Choose One Fixed Re-Prompting Emulator. Define

m—1
S 1= *.
k=0
Choose the one-step tolerance
N = €pt/Sm.

Apply Corollary 3.2.1 on the domain C;. with tolerance 7. This gives one fixed eight-layer Transformer Tp» = Attng such
that, for every f;, there exists a prompt Py, satisfying, for every U € C,

U, =
(T[]t = RO < (128)
Thus, forevery U € C.,
HTQ*( Us ):,1:n - sz(U)Hoo <. (By [Alloo < H“Hw)
Py,

Step 4: Track Re-Prompting Error. Fix arbitrary f1,..., f,, € Fr and X € C. Define

Co(X) = X,
Ci(X) = fi<ci*1(X))’ (XS [mL

and
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Define

For i € [m)], define

and set Sy := 0. Then

We prove that, forevery : = 0,1, ...

¢ Base Case. For i = 0,

Also,

a(X) = T ( [a-}D(X )

i

“] )e1ims i € [m].

ei(X) :==[e(X) — ¢i(X) oo, 1=0,1,...,m.
i—1
Si= Y LK,

k=0

S; =14+ LS;_1, ’LE[m}

7m?
ei(X) <nSi,  G(X) €Cy.
eo(X) = [[co(X) = co(X)lloc =150 = 0.
c(X)=XecCccy.

* Induction Step. Suppose the claim holds for i — 1. Then ¢;_1(X) € C, so the one-step emulator guarantee applies to

¢;—1(X). Therefore,

}):,m — fi@1(X))lloo + 1fi(Cim1(X)) = filcim1(X)) oo (By wiangle inequality)

ei(X) = [6(X) = ci(X) [l
= 0[] = s (Ol
Ci—1(X)a
<o (|*3Y
<n+1fie(@-1(X))) = filci—1(X))lloo
<n+ LlHe(¢-1(X)) — cim1(X) [
=n+ L|e(c;i—1(X)) — e (ci—1(X)) oo
<n+ L|ci-1(X) — ci—1(X)]lo
=n+ Le;—1(X)
<n+LnSi
:7751
Since ¢;(X) € C and
ei(X) <nS;
<nSm
= €pt,
we have
[0 e < () o + ) = ()]
S b+6pt.
Hence
/C\Z(X) €C+.

Thus the induction continues.
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Step 5: Convert Pointwise Bound to d,, Metric. For every i € [m], Step 4 gives

€; (X) S ’1751‘
< 1Sm

= €pt-

Hence, for every i € [m)],

dp(Cr i) = (/C I6:(X) = ei(X) |5 dX)H P
< (/(Nl/pHa'(X) = ¢i(X)loc)? dX)/P (By [[All, < N'7[A]l)
c
<[C|M/PNYPey

=€. (By the definition of €yt )

Step 6: Check Fixedness. The auxiliary box C depends only on C, p, d, n, m, €. The one-step tolerance 7 depends only on
L,m, €. Therefore, the fixed emulator T~ depends only on

C,L,p,d,n,m,e.

It does not depend on f1, ..., fm, or X. Only the prompt entries { Py, } ;<[] depend on the subroutines. This completes the
proof. O
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E.11 Lipschitzness of Self-Attention

We state a helper lemma from Edelman et al. (2022). This lemma provides the Lipschitzness of a single-head self-attention.

Lemma E.10 (Lemma A.14 of Edelman et al. (2022)). For any single-head self-attention Attn specified by W, Wo, Wy €
R4, for all X, X € R¥*™ such that || X ||2,00, || X ||l2.00 < 1L,

JAttn(X) — Attn(X) 2.0 < [Willa (1 + 4 WEWo 21X = X o cc.

In the following, we utilize the above lemma to derive the Lipschitzness of multi-head self-attention with an inverse
temperature 3.

Lemma E.11 (Lipschitzness of One-Layer Self-Attention). Let Attn be an H-head self-attention. Let C &€ RIX™ be a
compact domain, and let X, X € C denote two input sequences. We assume || X || oo, || X||oo < Bx. Then, we have

JAttn(X) — Attn(X)] < LIX — X|w,
where
H
L= V- |[WiW|a(1 +4BdBX (W) TW]2)-
h=1
Proof. We start with the norm we want to bound

[Attn(X) — Attn(X)| o

H H
=Y W WEX - op(WiX) T WEX) =" Wh WX - o(WhX) T WEX)| (By Definition 2.1)
h=1 h=1
H ~
< Z W - wix - 05((WI’QX)TW5X) —-Wh-whx . O’ﬁ((W;é-X) WQ )||C>O (By triangle inequality)
h=1
H A AN ~
< D IWE WX o (WX) TWEX) = WE - WEX - o(WEX)TWEX)l2,00, (129)
h=1

and (129) holds since || - |loo < | - ||2,00-

Then, our goal is to bound each term in (129) with Lemma E.10. For that purpose, we define R = VdB x, and
1 PN 1~
X' = RS X' = 7% (Wh) = BRWf, (WS) =RW},, (W) =RW,
such that || X'||2,c0, ||)A(’||2,OO < 1. Also, (129) becomes

Z”WO P Xop(WeX)TWEX) = Wh - Wi Xa (Wi X)TWEX) 2,00
h=1
H
= W (W) X o (W) X) T (W) X') = W - (W) X (W) X') T (W) X')
h=1

T

< Y IWEWEY (L + 41 (W) T (WEY [2)1X" = X |2,00 (By Lemma E.10)
h=1

T

= > IWEWE o (1 + 48R?(|(Wie) TW2)I1X = XJ2,00
h=1

H
< Y VAIWEWE2(1 + 48dBX (W) "W)X = X oo- (By [|X — X[|2,00 < V- [| X — X]|)
h=1

This completes the proof. O
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Lemma E.12 (Bounded Output Range of Self-Attention). Let Attn be an H-head self-attention. Let C € R¥*"™ be a
compact domain, and let X € C denote the input sequence. We assume || X || < Bx. Then, we have

H
[Attn(X) oo < ndBx > [WEW s
h=1

Proof. For the convenience of our presentation, we write the A-th head of Attn as

AttnM(X) = Wh - WhX - SM(X), S"(X) = os(WEX) WHX).

Then, we start with the norm we want to bound

[ At (X)|oo = || ZAttn Xloo

H
Z HAttn X)) oo- (By traingle inequzllity)

For each head h € [H], we have

A" (X)]| oo = [WEWEX - S™(X)|oc
< || WEWPX oo 15" (X)|so- (130)

Since every entry of a softmax output lies in [0, 1], it follows that
15" (X) ]l < 1.

Also, we have

< d|WEW|oo - Bx. (By [| Xl < Bx)

IWEWE X oo < dIWEW ool X |

Therefore,

AL ™ (X) oo < 0l WEWEX oIS (X) |oc (By (130)
<n- d|WEWE | Bx -1
= ndBx |[WEWE| -

Summing over all heads yields

H
IAtn(X) oo < D [|Attn™ (X))o
h=1

H
<> ndBx|[WEW | oo
h=1

This completes the proof. O

Lemma E.13 (Lipschitzness of {-Layer Self-Attention). Let Attn, be an (-layer self-attention. Let C € RI*"™ be a compact
domain, and let X, X € C denote two input sequences. We assume || X ||oc, | X||oc < Bx. Then, we have

L
| Ateng (X) — Attne (%)l < ([T Z0IX = Xee.

r=1
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where
H,
Ly =Y VA[[WroWlyll2(1+48dB7_1 (W) "W o).
h=1
and
r—1 H;
B,y = (H ci)Bx, c¢= ”dz ”thOthVHOO
i=1 h=1
Proof. We set up our notation first. For the convenience of presentation, we denote the r-th layer of attention as
Hy
Attng,(X) =Y Attnf) (X),
h=1

and

Attnf!) (X) = W Wiy X - SHX),  SHX) =os(XTM!X), MP = (W) W,
Then, our proof consists of three major steps. We prove the bounded output range of each layer, the Lipschitz constant of
each layer, and the final ¢-layer Lipschitz constant.

Step 1. Bounded Output Range of Each Layer. By Lemma E.12, we know that the first layer has a bound on its output

Hy
IAttnes (X)]|oo < ndBx Y WL oWy |loo-
h=1

This makes sure the input to the second layer satisfies the assumption of Lemma E.12 again. Then, by Lemma E.12, we have

H1 H2
1Attng2 0 Attne (X)loo < nd- (ndBx Y [IWLo Wiy llso) - (D IIW3 o Wa'y llso)
h=1 h=1

H2 Hl
= (ndY_ [WaoWsylleo) - (nd Y [WioWiy |loo) - Bx-
h=1 h=1

To keep our proof clean, for r € [¢], we define

H, r
cr = ndZHWﬁOWﬁVHm, B, = (Hci)'BX
h=1 i=1

Then, by induction, for r € [¢], we have

|Attng., o Attng 1y 0 -+ 0 Attne1 (X)|e < By. (131)

This proves the bounded output range of each layer.
Step 2. Lipschitz Constant of Each Layer. Next, we derive the Lipschitz constant of each layer on the set it actually sees.
For r € [{], let U,, U, denote two input sequences to the r-th layer. Then, if
||Ur||ooa HﬁrHoo < B,_q, (BO = BX);
by Lemma E.11, we have
|Attne, (U) — Attng (U)o < Lel|Ur = Up oo, (132)

where

H,
Ly =Y VA[[WroWlyll2(1+48dB7_1 (W) "W ll2).
h=1

This gives the Lipschitz constant of each layer on the bounded set it actually receives.
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Step 3. /-Layer Lipschitz Constant. Finally, we derive the Lipschitz constant for the /-layer attention.
We start with peeling the /-layer difference from the top
| Attng(X) — Attng (X))o

= ||Attngg o Attng. 1) 0 --- 0 Attngy (X) — Attngg o Attngp_1yo0---o Attng_l()?)Hoo

< Le”Attng_(efl) 0---0 Attng.l(X) — Attng_(eil) 0:--0 Attng_l()?)Hoo. <By (132)}
Now peel the next layer

||Attn4_(g,1) o---0Attng; (X) - Attng_(z,l) 0--+0 Attng_l()?)Hoo
< Ly q||Attng g9y 0 - 0 Attng (X) — Attng_gyo0---0 Attng (X)) so- (By (132))

Substituting back gives
[[Attng(X) — Attng()A()Hoo < LyLg1||Attng gy 0 -~ 0 Attng 1 (X) — Attngy_gy0---0 Attng.l()?)Hoo.

Continuing this peeling all the way down to the input yields

4
[Attng(X) — Attng(X)[loo < (J] Zo)IX = X]co-

r=1
This completes the proof. O
F Extension to Chain-of-Thought Setting

This section discusses a possible extension from re-prompting to CoT-style execution. The only new step is to internalize
the user action in Theorem 4.2. Instead of externally supplying Py, at round ¢, a selector head retrieves Py, from stored
subroutine prompts. After this selection step, the executor from Theorem 4.2 runs unchanged.

Let Py € RP*™ denote the prompt format used by the executor. For each subroutine f;, write
Py, = [Pi,l pi,n] , Dpij €RP

Let s; € R™ be the i-th stage tag, and let ¢; € R™ be the j-th column tag. The CoT input increases the hidden dimension to
store these tags and increases the context length to store all subprompt columns.

At step ¢, the full input has the form
Ut = I:‘/t M r Zt] .

Here V; is the active block, M stores all subprompt columns, 7 is a dummy token, and Z; is the scratchpad block.

The active block is
Vi = ['Ut,l Ut,n] ,
where

Tt,j

UVt = O |7 qt = s¢, j € [n].
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Here x; ; is the j-th column of the current state X;. The vector a; ; € RP” is the j-th column of the active prompt slot
A = [at,l . at,n] c RPX™,

The selector will fill A; with Pf,. The stage tag q; = s records the current subroutine index. The column tag c; records the
active column index.

The memory block stores all subprompt columns:

M = [U1,1 Um,n] ;

where

wp= ||, ieml kel

The tag s, identifies the stored subroutine. The tag c;, identifies the stored column.

The dummy token is

S oo
I

oL o
3 3

S

_ o O

It gives non-active tokens a zero-value target for the selector head.

We now define the selector head. The selector writes only into the active prompt-slot rows. All unlisted projections are zero.
Choose fixed projections such that

qt Si
1 1 1
W= |ci|, WiEwke=|ck|, Wy uik=pir
0 0
For the dummy token, choose
Om
Wighr = 10, |, Wif'r=o0.
1
For memory tokens, choose
Om
Wi = | 0n |
C
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where C' > 2 is fixed. Thus memory tokens attend to the dummy token and receive zero from this selector head.

For an active token v, ;, the score to memory token u; j, is

(ngelvm)T(Wfflum) = (g, s3) + (¢, cr)-

Since g; = s, this score is uniquely maximized at (¢, k) = (¢, j). Hence, for large enough softmax inverse temperature 3,
the selector retrieves the value p; ; and writes it into the active prompt slot aij ;j A Pr,j. Running this for all j € [n] gives

A; ~ Pft‘

After selection, the active rows contain

A; P ft .
Thus the executor from Theorem 4.2 runs unchanged on the active block. It reads only the X; rows and the active prompt-slot
rows. All other rows and all non-active tokens form the flow-through block. Therefore,

Xt-l—l ~ ft(Xt)

It remains to update the stage tag. Let S,,, € R™*"™ be the fixed shift matrix satisfying
SmSt = St41-

A second fixed head writes only into the active stage-tag rows. Choose projections so that active tokens attend to themselves
through their column tags:

ctr ctr ctr
WQ v =¢j, Wgveg=cr, Wyiver = Snq.

The score is maximized when k& = j. Thus this head writes .5,,,¢; into the stage-tag rows of each active token. For memory
tokens, use the same dummy-token trick as above, so this head writes zero to them. Hence the next active block contains

qt41 = Smqt = St+1-
The selector weights stay fixed. Only the stage tag changes, so the same selector retrieves Py, , at the next step.

Overall, one step maps
Ut = [‘/;5 M r Zt} — Ut+1 = [‘/;H“l M r Zt+1} .

The next active block contains X 1, the updated stage tag g;1, and an active prompt slot for the next round.

This gives a block-by-block CoT-style execution. Each CoT unit is an n-token block, so the executor remains a sequence-to-
sequence map on RZX™,
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Head sweep on k=4 Function Composition
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1 2 3 4 6 8
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Figure 5. Head Sweep on Prompted Function Composition. Each function is a tokenwise 2-layer ReLU MLP f; : R16x16 _, R16x16
with hidden width 8. We sample a fixed library of 50 functions, and encode each function’s true parameters as a prompt block stacked
below X. We train a shared executor on 4-function compositions. The full order space has 50* = 6,250,000 compositions. We split it
into disjoint train/test pools with 4,375,000 and 1,875,000 possible orders, and sample 20,000 training and 5,000 test examples. The
executor uses depth 2 with hidden dimension 96. For training, we set dropout 0.1, AdamW with learning rate 5 x 10~* and weight decay
1072, batch size 128, and train for 30 epochs. We sweep the number of heads over {1,2,3,4,6,8} and report the best test MSE over 5
random seeds. The shaded region shows one standard deviation. We observe trained model achieve low mse error, and the error decrease
as number head increase.

G Experimental Studies

We provide a proof-of-concept experiment below. The goal is to verify: (i) Transformer reads the weight encoding to
approximate the target function; (ii) When multiple prompts provided, Transformer performs function composition; and (iii)
The error dependency on head complexity.

Model. The executor is a shared Transformer that maps the prompted input X, to the predicted output. In the head-sweep
experiment, we use a 2-layer Transformer, with hidden dimension=96, and FFN hidden size 192. We sweep the number of
heads over {1,2,3,4,6,8}.

Data. Each primitive function is a tokenwise 2-layer ReLU MLP f; : R16x16 — R16%16 yith hidden width 8. We sample a
fixed library of 50 such functions. For each primitive f;, we serialize its true parameters into a prompt block and stack this
block below the input X in the feature dimension. The target task is 4-function composition, f;, o fi, o fi, o fi, (X). With
repetition allowed, the full composition space contains 50 = 6,250,000 possible orders. We split this space into disjoint
train and test pools with 4,375,000 and 1,875,000 possible orders, respectively, and then sample 20,000 training examples
and 5,000 test examples from these pools. Thus, evaluation is performed on held-out composition orders.

Training and Evaluation. We train the Transformer executor with AdamW, learning rate 5 X 1074, weight decay 1073,
dropout 0.1, batch size 128, and 30 epochs, and report the best test MSE averaged over 5 random seeds {0,1,2,3,4}. We
use mean squared error (MSE) as the training loss and evaluation metric:

B d n

MSE = ﬁ Z Z Z(ffb,i,t —Ypi0)?,

b=1 i=1 t=1
where d = n = 16 in our setting.

Results. Figure 5 shows that the executor achieves low test MSE on held-out composition orders. This verifies (i) that the
Transformer reads the prompt-encoded weights to approximate the target function, and (ii) that when multiple prompt blocks
are provided, it performs function composition rather than memorizing a small set of seen orders. Moreover, test MSE
decreases as the number of heads increases and then saturates. This verifies (iii) that approximation error improves with
model complexity.
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