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Abstract

Large language models exhibit complementary
reasoning errors: on the same instance, one model
may succeed with a particular decomposition
while another fails. We propose Collaborative
Reasoning (CORE), a training-time collaboration
framework that converts peer success into a learn-
ing signal via a cross-teaching protocol. Each
problem is solved in two stages: a cold round of
independent sampling, followed by a contexted
rescue round in which failed models receive a
hint extracted from a successful peer. CORE op-
timizes a combined reward that balances (i) cor-
rectness, (ii) a lightweight DPP-inspired diversity
term to reduce error overlap, and (iii) an explicit
rescue bonus for successful recovery. We evalu-
ate CORE in low-data regimes across GSM8K,
MATH, AIME, and GPQA. With only 1,000 train-
ing examples, a pair of small open-source models
(3B+4B) reaches 99.54% oracle Team Pass@2
on GSM8K and 92.08% on MATH, compared
to 82.50% and 74.82% for single-model train-
ing. On harder datasets, the same pair reaches
77.34% oracle Team Pass@2 on GPQA (trained
on 348 examples) and 79.65% on AIME (trained
on 792 examples), using a training-time budget of
at most 1536 context tokens and 3072 generated
tokens. A three-model non-oracle AIME evalu-
ation further closes most of the oracle-selection
gap (81.20% majority vote vs. 82.60% oracle
Team Pass@2). Overall, these results show that
training-time collaboration can reliably convert
model complementarity into large gains without
scaling model size.
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Figure 1. CORE: Collaborative Reasoning via Cross Teaching
Training.

1. Introduction
Large language models (LLMs) can solve many multi-step
reasoning problems when prompted to produce interme-
diate steps (chain-of-thought; Wei et al. 2022). However,
even strong models exhibit systematic and complementary
failures: different architectures, pretraining mixes, and post-
training pipelines lead to distinct error modes on the same
dataset. In practice, ensembles and multi-agent prompting
exploit this diversity at inference time (e.g., self-consistency
Wang et al. 2023, ranking-and-fusion Jiang et al. 2023, and
debate-style interactions Irving et al. 2018). A natural next
question is whether we can push this complementarity into
training so that models become better collaborators.

Most recent gains in LLM reasoning come from inference-
time scaffolding (more samples, search, or multi-agent
prompting), which increases compute but does not change
the underlying policy (Wang et al., 2023; Yao et al., 2023a;
Du et al., 2024). These methods often break under corre-
lated failure: if a model misses a key insight, additional
samples and even additional agents can converge to the
same wrong plan; more generally, ensemble gains are lim-
ited when member errors are correlated (Dietterich, 2000;
Kuncheva & Whitaker, 2003a). Training-time collabora-
tion is challenging due to sparse correctness supervision
(motivating process-level feedback), multi-model credit as-
signment, and the risk of diversity collapse through mutual
imitation or agreement-style training (Lightman et al., 2024;
Foerster et al., 2018; Hinton et al., 2015; Zhang et al., 2018).

1

ar
X

iv
:2

60
1.

21
60

0v
2 

 [
cs

.A
I]

  3
 A

ug
 2

02
6

https://arxiv.org/abs/2601.21600v2


CORE: Collaborative Reasoning via Cross Teaching

This motivates a reinforcement learning (RL) view: we must
jointly optimize (i) exploitation for correctness, (ii) explo-
ration for complementary traces that reduce overlap, and
(iii) rescue-specific reward on peer-disagreement cases.

We propose Collaborative Reasoning (CORE) (Figure 1),
an algorithm for training multiple LLMs to collaborate on
reasoning tasks. CORE is built around a simple micro-
round protocol: (1) in a cold round, each model samples
several independent solution traces; (2) if at least one model
succeeds, we extract out a successful trace as hint; and (3)
in a contexted round, each model resamples with hint, and
models that previously failed are eligible for an explicit res-
cue bonus when they recover. The key intuition is that ”peer
success” provides a targeted supervision signal precisely on
the instances where one model needs help.

Our goal is not only to improve single-model accuracy but
also to reduce error overlap between collaborators, thereby
increasing the probability that at least one model solves a
problem. We operationalize this with an explore–exploit
reward design. Exploitation rewards correctness (with op-
tional partial credit), while exploration rewards encourage
diverse reasoning traces using a greedy Determinantal Point
Process (DPP) approximation. Our key contributions are
three-fold:

1. We propose Collaborative Reasoning (CORE), a novel
algorithm to jointly train N LLM policies with a two-
round protocol–a cold round of independent sampling
followed by a contexted rescue round where failed mod-
els learn from hints extracted from successful peers,
with hint dropout to improve robustness.

2. We propose a combined reward that simultaneously
optimizes (i) correctness, (ii) exploration-exploitation
of complementary traces (reducing correlated failures),
and (iii) an explicit rescue bonus to incentivize success-
ful recovery on peer-disagreement.

3. Extensive empirical analysis that show across GSM8K,
MATH, AIME, GPQA, and MedMCQA, CORE con-
sistently improves collaborative performance, achiev-
ing 99.54% Oracle Team Pass@2 on GSM8K and
strong gains on harder benchmarks (e.g., 92.08% on
MATH, 79.65% on AIME, and 77.34% on GPQA),
while training on no more than 1,000 examples.

2. Related Work
Reasoning via prompting, search, and inference-time en-
sembling. Prompting methods elicit intermediate reason-
ing traces, most notably chain-of-thought (Wei et al., 2022),
and can be strengthened with decompositional prompt-
ing such as least-to-most (Zhou et al., 2023). Sampling-
based inference improvements like self-consistency (Wang

et al., 2023) reduce variance by aggregating multiple traces,
while search-based frameworks explicitly explore reasoning
branches (e.g., tree-of-thought (Yao et al., 2023a)). Other
lines interleave reasoning with actions or external tools (e.g.,
ReAct (Yao et al., 2023b)). Model combination methods fur-
ther improve accuracy by selecting or fusing candidate gen-
erations (e.g., ranking-and-fusion in LLM-Blender (Jiang
et al., 2023)). In contrast, CORE moves collaboration into
training: peer successes become an on-policy learning sig-
nal (via hints + rescue), rather than only an inference-time
aggregation trick.

Reinforcement learning and preference optimization for
LLM post-training. Alignment and post-training com-
monly rely on RLHF-style objectives (Ouyang et al., 2022)
or preference optimization such as DPO (Rafailov et al.,
2023). For reasoning-focused post-training, group-based
policy optimization (e.g., GRPO) has shown strong empir-
ical performance (Shao et al., 2024), and recent work pro-
poses more stable variants such as sequence-level clipping
(GSPO) (Zheng et al., 2025) and smooth, token-adaptive
trust-region control (SAPO) (Gao et al., 2025). Prior work
has also applied preference optimization directly to chain-of-
thought traces to improve mathematical reasoning (Lahlou
et al., 2025). CORE is largely orthogonal to these optimizer
choices: we contribute a multi-model data collection pro-
tocol at training time itself and reward shaping aimed at
reducing correlated failures.

Diversity, exploration, and reducing correlated failures.
Diversity is a classic lever for improving ensemble per-
formance and reducing error correlation (Dietterich, 2000;
Kuncheva & Whitaker, 2003b). In sequence generation, di-
verse decoding procedures such as Diverse Beam Search en-
courage exploration of multiple modes (Vijayakumar et al.,
2016). Determinantal point processes (DPPs) provide a
principled repulsive model for selecting diverse subsets
(Kulesza & Taskar, 2012). The recent work SD-E2 (Mishra
et al., 2026) explores diverse reasoning traces within a sin-
gle small model. Building on these ideas, we introduce a
lightweight greedy approximation (DPP-lite) over hybrid
semantic/structural distances between reasoning traces, and
use it as an explicit exploration reward to reduce overlap be-
tween collaborators rather than merely diversifying outputs
at inference time.

Multi-agent and multi-model collaboration. Multi-
agent prompting and debate-style protocols can improve
factuality and reasoning at inference time by having multi-
ple instances interact (Irving et al., 2018; Du et al., 2023).
Systems work has also proposed general multi-agent or-
chestration frameworks (e.g., CAMEL (Li et al., 2023) and
AutoGen (Wu et al., 2023)) that coordinate role-based col-
laboration, tool use, and iterative refinement. Closer to our
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Figure 2. CORE training. In ROUND A, each model samples K independent traces. If any trace succeeds, the best one is used as teacher
context for ROUND B, where models resample with explore–exploit rewards and a rescue bonus for successful recoveries.

setting, MALT trains a sequential generator–verifier–refiner
pipeline using trajectory expansion and value-style credit as-
signment (Motwani et al., 2025), while MAPoRL co-trains
multiple LLMs with multi-agent RL and verifier rewards
over multi-turn discussions (Park et al., 2025). CORE dif-
fers in its training signal: peer success on the same instance
is compressed into a hint for failed collaborators, and the res-
cue reward explicitly optimizes recovery on disagreement
cases. Thus, CORE is not an inference-time discussion
protocol or a fixed role pipeline; it is an on-policy cross-
teaching protocol that reshapes the collaborators’ policies
during post-training.

Collaborative learning, distillation, and self-training
with rationales. Knowledge distillation and peer learn-
ing transfer information across models by matching outputs
or training on teacher-generated data (Hinton et al., 2015;
Zhang et al., 2018; Furlanello et al., 2018). For reasoning,
prior work also leverages rationales as supervision via boot-
strapping loops (STaR) (Zelikman et al., 2022) or distilling
step-by-step solutions (Hsieh et al., 2023). CORE differs in
two key ways: (i) peer supervision is generated on-policy
and instance-conditioned (only when a peer succeeds on the

same example), and (ii) learning is explicitly targeted to the
disagreement set via rescue bonuses.

3. Problem Formulation
Let D = {(x, y∗)} denote a dataset of reasoning prob-
lems. We train a set of N autoregressive policies {πθi}Ni=1.
A reasoning trace τ is a generated token sequence (in-
cluding intermediate steps) and induces a final answer via
an extraction function Ans(τ). We define correctness as
I[Ans(τ) = y∗].

Team success. A cooperative objective is to maximize the
probability that at least one model solves a problem:

max
θ1,...,θN

E(x,y∗)∼D

[
I
[
∃i s.t. Ans(τi) = y∗

]]
, (1)

where τi ∼ πθi(· | x). This objective is sparse and does
not indicate how to credit individual traces or encourage
complementary reasoning. We therefore optimize a dense,
per-trace surrogate reward.

For each problem x, models first sample a cold set of traces,
then optionally resample in a context-conditioned rescue
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round using a hint derived from a successful peer. Rescue
traces are explicitly rewarded, steering learning toward in-
stances where one model can help another. This turns collab-
oration from an inference-time heuristic into a training-time
objective aligned with Equation (1).

4. Method
For each training problem x, CORE collects traces in two
micro-rounds.

ROUND A (cold). Each model i samples K traces inde-
pendently: {τAi,k}Kk=1 ∼ πθi(· | x). We compute rewards
for all sampled traces and identify whether the model suc-
ceeded: si = maxk I[Ans(τAi,k) = y∗].

Teacher context construction. If any model succeeds in
ROUND A, we select the highest-reward correct trace and
build a teacher context c with a length budget L tokens.

ROUND B (contexted rescue). Each model samples K ′

additional traces conditioned on the context with hint
dropout: with probability phint the model sees c, otherwise
it sees the original prompt. A ROUND B trace is marked
as rescue-eligible only when the model failed in ROUND A
(si = 0) and the hint is provided.

4.1. Reward Design

Exploitation reward. For a trace τ we compute

Ret(τ) = I[Ans(τ) = y∗] + αPl(Ans(τ), y∗), (2)

where Pl(·, ·) ∈ [0, 1] is a lightweight overlap-based partial
score and α ∈ [0, 1] downweights partial credit (default
α = 0.3).

Exploration reward (DPP-lite). Given the set of traces
for a single problem, we construct a diverse subset S with a
greedy DPP approximation. For any trace τ /∈ S, we define

Ree(τ) = max
(
0, min

τ ′∈S
d(τ, τ ′)− δ

)
, (3)

where d is a hybrid semantic/structural distance. Traces in
S receive zero exploration reward.

Rescue bonus. If a model fails in ROUND A but produces
a correct trace in ROUND B with the hint provided, we add
a fixed rescue bonus rteach.

Combined reward. We define a binary rescue indicator
z(τ) ∈ {0, 1}. The combined reward is

R(τ) = w1Ret(τ)+w2Ree(τ)+rteachz(τ)+Raux(τ). (4)

Auxiliary rewards. We optionally include a trace-
accuracy bonus and a cross-model complementarity term:

Raux(τ
r
i,k) = λta I[Ans(τ ri,k) = y∗] (1− ρr(x))

+ λcm Rcross(τ
r
i,k),

(5)

where r ∈ {A,B}, KA = K, KB = K ′, and ρr(x) =
1

NKr

∑
j,k′ I[Ans(τ rj,k′) = y∗] is the fraction of correct

traces for problem x in round r. The factor (1 − ρr(x))
upweights correct traces on harder or borderline instances
where few traces succeed, acting as a soft curriculum around
the disagreement boundary where cross-teaching is most
useful. The complementarity term is secondary and is
quality-gated below to avoid rewarding arbitrary diversity
from poor traces.

Optional cross-model complementarity reward. We de-
fine a quality gate qrj = I

[
maxk′ Ret(τ

r
j,k′) ≥ η

]
. For a

trace τ ri,k,

Rcross(τ
r
i,k) = qrj ·max

(
0, min

k′
d(τ ri,k, τ

r
j,k′)− δcm

)
.

(6)
In the main experiments we enable this term with a small
weight (late-stage default λcm = 0.1) and ablate it in Ap-
pendix J; setting λcm = 0 recovers the simpler exploit–
explore–rescue objective.

Policy optimization objective. Following group-based
RL for LLMs (Shao et al., 2024), we normalize rewards
across all traces sampled for the same problem instance:

A(τ) =
R(τ)− µ

σ + ϵ
, µ, σ computed over traces for x.

(7)
This normalization stabilizes optimization and ensures that
relative trace quality, rather than absolute reward scale,
drives learning. Traces from ROUND B (contexted rescue)
are included in the update with a configurable weight λB

(default 0.8), allowing the policy to learn from rescue be-
havior while keeping the cold-round signal dominant and
preventing over-reliance on hints. The CORE training archi-
tecture is shown in Figure 2. The collaborative component
of CORE is loss-agnostic: collaboration enters exclusively
through (i) micro-round and (ii) reward construction, and
can be combined with any of the group based policy gradient
optimization objectives.

4.2. Decomposition Theorem for Collaboration Gain

Our evaluation emphasizes team success—whether any col-
laborator solves a problem. For two models, team success
admits a simple decomposition that clarifies what our col-
laboration objective optimizes and why reducing overlap
matters.

4
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Algorithm 1 CORE

Require: Models M1,M2 with policies πθ1 , πθ2 ; dataset
D

1: for epoch e = 1 to E do
2: for problem (x, y∗) ∈ D do
3: ROUND A: sample K traces per model; compute

rewards; mark successes s1, s2
4: if s1 ∨ s2 then
5: build teacher context c from best successful

trace
6: else
7: c← ∅
8: end if
9: ROUND B: sample K ′ traces per model with hint

dropout; add rescue bonus if applicable
10: compute group-normalized advantages and update

θ1, θ2 with chosen policy loss
11: end for
12: end for

Theorem 4.1 (Collaboration gain equals complementary
correctness). Let C1, C2 ∈ {0, 1} indicate whether models
1 and 2 solve an instance, and let T = I[C1∨C2] denote the
team-success indicator. Define accuracies pi = P(Ci = 1)
and joint success p12 = P(C1 = 1, C2 = 1). Then

P(T = 1) = p1 + p2 − p12. (8)

Assume without loss of generality that p2 ≥ p1. Then the
collaboration gain over the best single model, ∆ ≜ P(T =
1)− p2, equals

∆ = P(C1 = 1, C2 = 0). (9)

Proof. Equation (8) follows from inclusion–exclusion:

P(C1 ∨ C2) = P(C1) + P(C2)− P(C1 ∧ C2). (10)

For Equation (9),

∆ = (p1 + p2 − p12)− p2

= p1 − p12

= P(C1 = 1)

− P(C1 = 1, C2 = 1)

= P(C1 = 1, C2 = 0).

(11)

Remark 4.2 (Limits of collaboration gain). Since ∆ =
P(C1 = 1, C2 = 0), it is bounded as

0 ≤ ∆ ≤ min{p1, 1− p2}. (12)

Thus, even perfect collaboration cannot exceed the weaker
model’s marginal accuracy p1, nor can it exceed the stronger
model’s error rate 1− p2.

Implications for training. Theorem 4.1 implies that beat-
ing the best single model requires increasing complemen-
tary correctness–the weaker model must be right where the
stronger one is wrong (i.e., lower success overlap p12 for
fixed p1). CORE targets this by promoting diverse traces via
DPP-lite exploration and focusing learning on disagreement
cases through the rescue signal.

5. Experiments
We study two collaborating small language model pairs,
constraining the combined parameter count to at most
∼7B, to test whether CORE’s collaboration gains persist
beyond weak baselines and extend to stronger reasoning-
tuned models. Specifically, we consider: (1) a Qwen in-
struct pair, Qwen2.5-3B-Instruct (Team, 2024) and
Qwen3-4B-Instruct (Yang et al., 2025), chosen to en-
able direct comparison with the SD-E2 state-of-the-art base-
line (Mishra et al., 2026); and (2) a compact reasoning
pair, Phi-4-mini-reasoning (Xu et al., 2025) and
Ministral-3-3B-Reasoning (Liu et al., 2026). We
report training-time collaboration with cold test-time eval-
uation (no inference-time hints); all models use parameter-
efficient LoRA (Hu et al., 2022). Unless otherwise stated,
team metrics are oracle Team Pass@K and are used to mea-
sure error overlap; we also include non-oracle majority-vote
and agreement-gated selection results for the 3-model AIME
setting.

Each training step comprises two micro-rounds: ROUND
A (cold), where each model samples K independent traces
from the original prompt, and ROUND B (contexted), where
each model samples K ′ traces with max token budget of
3072 while optionally conditioning on a teacher context ex-
tracted from the best successful peer trace in ROUND A. For
training, we use batch size=4. To improve robustness, we
apply hint dropout with probability phint, so ROUND B in-
terleaves contexted and non-contexted rollouts. The teacher
context is the peer trace’s correct strategy block (i.e., the
strategy giving outcome same as the ground truth) inserted
verbatim as context; we cap it to a fixed budget (default
1536 tokens, via a lightweight estimate) and truncate any ex-
cess. We remove explicit answer lines/tags from the teacher
context to prevent answer leakage; truncation-related failure
modes are analyzed in Section 7 and Appendix A.1.

All experiments optimize the combined reward. Crucially,
we enable the cross-model complementarity term Rcross
with a small non-zero weight (default late-stage wcross =
0.1), and we ablate it in Appendix J. We use K = 2, K ′ = 1,
phint = 0.75 and include the rescue bonus for successful
ROUND B recovery. Our exploration and cross-model re-
wards depend on a hybrid distance d(τ, τ ′) between traces.
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We implement:

d(τ, τ ′) = λemb

(
1− cos

(
e(τ), e(τ ′)

))
+ λstruct

(
1− Jaccard

(
op(τ), op(τ ′)

))
.

(13)

where e(τ) is a sentence embedding of the trace and
op(τ) is a set of extracted operation signatures. We
use the Sentence-Transformers embedding model
sentence-transformers/all-MiniLM-L6-v2
(Reimers & Gurevych, 2019; Reimers & community, 2020;
Wang et al., 2020) for e(·), and extract operations via
simple regex triggers for algebraic/arithmetic and reasoning
operators (e.g., addition/multiplication, simplification,
substitution, case analysis). Default weights are λemb = 0.6
and λstruct = 0.4. Full extraction rules are provided in
Appendix A.1.

5.1. Datasets and Baselines

Datasets. We evaluate on four reasoning benchmarks
spanning arithmetic, formal mathematics, contest-style prob-
lem solving, and scientific QA: GSM8K (Cobbe et al., 2021),
MATH (Hendrycks et al., 2021), AIME, and GPQA (Rein
et al., 2024). Training follows a low-data regime: each
run trains on at most 1,000 examples (and fewer when
the dataset is smaller). For GSM8K, we use the standard
train/test split and report results on the official test set. For
MATH, AIME, and GPQA, we construct an 80:20 train–test
split and report results on the resulting test sets (MATH:
2,500; AIME: 193; GPQA main: 90).

Baselines. We compare CORE against three classes of
baselines:

1. Base (off-the-shelf): We evaluate the pretrained mod-
els without CORE training. To separate collaboration
gains from merely using two models, we also report a
base-pair oracle: run both base models independently
under the same Pass@K budget and count an instance
correct if either model succeeds.

2. SD-E2: We compare against SD-E2 (Mishra et al.,
2026), a strong diverse-exploration baseline for small-
model reasoning. For the Qwen setting, we match
their setup using Qwen2.5-3B-Instruct and
Qwen3-4B-Instruct. We also report SD-E2 + Or-
acle, which combines the two SD-E2 models (trained
independently) and counts an instance correct if either
model succeeds.

3. SD-E2 at 7B–8B scale: To contextualize scale un-
der our ∼7B total-parameter budget, Appendix D
reports SD-E2 results for 7B–8B single mod-
els: Qwen-2.5-7B-Instruct (Team, 2024),

Phi-Small-8K-Instruct (Abdin et al., 2024),
and Ministral-3-8B-Reasoning (Liu et al.,
2026).

5.2. Evaluation metrics

We perform all evaluation within a token budget of 4096
max tokens. We evaluate both individual reasoning per-
formance and the collaborative benefits of training-time
cross-teaching. For each model, Pass@K measures whether
at least one of K sampled solution traces is correct. In par-
ticular, Pass@1 uses a single trace (greedy or single-sample
decoding), while Pass@2 samples two traces per model un-
der stochastic decoding and counts an instance as solved
if either trace is correct. We report Pass@1 and Pass@2
to capture both deterministic performance and robustness
under limited sampling. Team Pass@K extends Pass@K
to collaborators: an instance is counted as solved if any
model produces a correct solution among its K traces. This
is an oracle metric (it assumes perfect selection among can-
didates) and therefore should be read as an upper bound and
a direct diagnostic of error overlap. To estimate deployable
performance without oracle access, we also evaluate two
simple non-oracle selectors in the 3-model AIME setting:
majority vote, which returns the most frequent extracted
answer, and agreement-gated selection, which returns the
unanimous answer when all models agree and otherwise
falls back to majority vote.

6. Results and Analysis
Table 1, Table 2 summarizes results for the
Qwen-2.5-3B-instruct, Qwen-3-4B-instruct,
Phi-4-mini-reasoning (Xu et al., 2025) and
Ministral-3-3B-Reasoning (Liu et al., 2026)
collaboration pair under three settings: Base (off-the-shelf),
SD-E2 training, and CORE training. Across all four
benchmarks, CORE yields consistent improvements in
both individual performance (Pass@1/Pass@2) and team
success, indicating gains beyond simply using two models
at test time.

In Table 1 it can be observed that On GSM8K, CORE
lifts the two models from ∼55% Base Pass@1 to 91.62%
and 92.49% Pass@1, and from ∼56–57% Base Pass@2 to
92.95% and 93.33% Pass@2 (Table 1). Using inclusion–
exclusion with the per-model Pass@2 values in Table 1,
the estimated probability that both are correct is p12 ≈
92.95+ 93.33− 99.54 = 86.74%, leaving ≈ 12.80% mass
where exactly one model succeeds. This complementary-
correctness region is precisely what enables near-ceiling
team reliability without requiring either member to be near-
perfect.

A similar pattern holds on MATH: Team Pass@2 is 80.80%,
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Table 1. Qwen pair results across datasets (Pass@1/Pass@2). We report Base, SD-E2 (Mishra et al., 2026), and CORE for Qwen2.5-
3B-Instruct and Qwen3-4B-Instruct.

Model GSM8K MATH AIME GPQA

Pass@1 Pass@2 Pass@1 Pass@2 Pass@1 Pass@2 Pass@1 Pass@2

Base

Qwen2.5-3B-Instruct 54.66 56.30 32.40 38.10 6.74 7.50 4.20 5.90
Qwen3-4B-Instruct 55.32 57.10 33.55 39.40 7.04 7.80 4.55 6.25
Qwen2.5-3B + Qwen3-4B + Oracle 57.10 60.05 35.80 41.95 7.90 9.20 5.35 7.10

SD-E2

Qwen2.5-3B-Instruct 82.03 84.55 56.40 59.85 13.28 14.85 8.10 9.70
Qwen3-4B-Instruct 82.50 85.05 57.10 60.40 13.30 14.90 8.55 10.10
Qwen2.5-3B + Qwen3-4B + Oracle 85.02 87.20 59.30 63.10 17.14 17.90 10.20 11.95

CORE

Qwen2.5-3B-Instruct 91.62 92.95 70.56 71.96 15.70 16.82 11.90 13.05
Qwen3-4B-Instruct 92.49 93.33 71.65 72.52 16.10 17.04 10.75 12.10
Qwen2.5-3B + Qwen3-4B (Team) 99.10 99.54 79.40 80.80 19.50 20.45 16.25 17.80

Table 2. Pass@1/Pass@2 across datasets (GSM8K/MATH/AIME/GPQA). Values are Pass@1 (single-sample) and Pass@2 (two
samples).

Model GSM8K MATH AIME GPQA

Pass@1 Pass@2 Pass@1 Pass@2 Pass@1 Pass@2 Pass@1 Pass@2

Base

Phi-4-mini-reasoning 72.40 78.10 57.04 68.16 11.91 16.58 10.35 12.23
Ministral-3-3B-Reasoning 70.95 76.70 54.21 64.44 10.18 14.86 9.14 11.20
Phi-4-mini + Ministral-3-3B + Oracle 74.85 80.20 59.25 70.70 13.02 17.92 11.86 14.03

SD-E2

Phi-4-mini-reasoning 80.60 84.35 69.68 73.82 53.92 57.58 46.35 50.23
Ministral-3-3B-Reasoning 79.10 83.40 67.25 73.15 49.00 55.42 42.13 44.38
Phi-4-mini + Ministral-3-3B + Oracle 83.25 85.50 71.85 77.70 54.42 60.19 48.12 55.26

CORE

Phi-4-mini-reasoning 90.14 91.10 85.24 90.01 68.16 76.64 67.76 75.26
Ministral-3-3B-Reasoning 89.25 90.23 83.72 89.12 67.15 75.90 65.58 74.82

Phi-4-mini + Ministral-3-3B 95.72 96.72 88.42 92.08 71.42 79.65 70.18 77.34

compared to 71.96% and 72.52% for the individual models.
Equivalently, only 19.20% of problems remain unsolved
by both collaborators under a two-sample budget, which
is a substantially lower both-wrong mass than the SD-E2

oracle (36.90%) and the Base oracle (58.05%). On GPQA,
Team Pass@2 improves from 11.95% (SD-E2 oracle) and
7.10% (Base oracle) to 17.80% (CORE team), indicating
that cross-teaching still yields meaningful complementarity
even in knowledge-heavy settings.

Although CORE improves both individual and team per-
formance on AIME/GPQA, these domains remain far from
saturated for the Qwen pair, as also reflected in the compari-
son in Figure 3. On AIME, Team Pass@2 improves from
9.20% (Base oracle) and 17.90% (SD-E2 oracle) to 20.45%
(CoRe team), suggesting that many failures require longer-

horizon insight than is consistently transferred through a
truncated teacher context.

In Table 2 it can be observed that the pair of
Phi-4-mini-reasoning (Xu et al., 2025) and
Ministral-3-3B-Reasoning (Liu et al., 2026) starts
stronger than the Qwen models and hence benefit substan-
tially from post-training. The Base oracle pair provides only
modest gains over the stronger Base model (e.g., GSM8K
Pass@2: 80.20% vs. 78.10%; MATH Pass@2: 70.70% vs.
68.16%), indicating that off-the-shelf diversity is limited.
SD-E2 improves both competence and the oracle pair (e.g.,
MATH Pass@2 oracle: 77.70%), but CORE yields substan-
tially larger gains (MATH Team Pass@2: 92.08%). Thus,
we argue that cross-teaching changes the learned policies
in a way that increases the probability that at least one
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Table 3. Non-oracle selection on AIME. The 3-model team uses
Phi-4-mini-reasoning, Ministral-3-3B-Reasoning, and Ministral-3-
8B-Reasoning.

Selection strategy AIME Pass@2

Best single model 78.45
Agreement-gated team 80.40
Majority-vote team 81.20
Oracle Team Pass@2 82.60

model succeeds, rather than merely exploiting pre-existing
diversity.

Across all datasets, CORE improves Pass@2 for both mem-
bers and the team (Table 2). For example, Team Pass@2
improves from 85.50% (SD-E2 oracle) to 96.72% (CoRe
team) on GSM8K, from 77.70% to 92.08% on MATH, and
from 55.26% to 77.34% on GPQA, as also summarized vi-
sually in Figure 4. These improvements indicate that CORE
increases the probability mass on correct solution modes
under stochastic decoding, not only the best trace under
deterministic decoding.

6.1. Non-oracle selection

Because Team Pass@K is an oracle upper bound, we addi-
tionally evaluate deployable selection on a 3-model AIME
team, where majority voting is meaningful. Table 3 shows
that majority vote captures most of the oracle gain: the gap
between oracle Team Pass@2 and majority vote is only 1.40
percentage points. Agreement-gated selection is slightly
more conservative but remains above the best single model.
These results suggest that CORE not only increases the
chance that a correct answer exists among candidates, but
also makes agreement a more useful confidence signal by
reducing correlated failure.

6.2. Collaboration Help via Cross Teaching

CORE improves team success primarily by reducing cor-
related failures and increasing complementary correctness
between collaborators under a fixed sampling budget. A
direct diagnostic is the both-wrong probability 1 − pteam
under a fixed Pass@K protocol. On the strong pair (Table 2,
Pass@2), Team accuracy implies that only 3.28% (GSM8K),
7.92% (MATH), 20.35% (AIME), and 22.66% (GPQA) of
instances remain unsolved by both models. These reduc-
tions in correlated failure relative to SD-E2 are the most
direct driver of oracle team improvements.

Training curves (Figure 5, 6, 7, 8) show steady reward
improvement on GSM8K, MATH, AIME and GPQA, with
faster stabilization on arithmetic and slower, noisier progress
on scientific QA. This is consistent with cross-teaching con-
centrating learning signal on high-value disagreement cases
where one model can provide a useful solution pattern or

Figure 3. Base/SD-E2 oracle baselines vs. the CORE team for the
Qwen2.5-3B + Qwen3-4B pair.

Figure 4. Base/SD-E2 oracle baselines vs. the CORE team for the
Phi-4-mini + Ministral-3-3B pair.

missing step for its partner. Within-instance exploration
(DPP-lite) mitigates mode collapse among a model’s sam-
pled traces, while the cross-model complementarity term
Rcross explicitly discourages redundant high-quality traces
across collaborators. Together, these incentives reshape the
solution distribution so that success mass is spread across
different reasoning modes, explaining why CORE can out-
perform compute-matched oracle baselines formed from
independently trained pairs (Tables 1 and 2) rather than
merely benefiting from naive ensembling.

7. Error Analysis
We analyze remaining failures through two lenses: (1) task-
intrinsic reasoning difficulty (where both models fail re-
gardless of collaboration), and (2) collaboration-specific
failure modes (where cross-teaching could help but fails
due to hint selection, truncation, or brittleness).

A common failure pattern is early-step correctness followed
by drift: both models choose the right plan but make a sign
error, lose a factor, or mis-handle fractions/percentages mid-
way. These errors are hard for a peer hint to repair if the
hint does not explicitly highlight the fragile transformation.
AIME amplifies this issue: many problems require a single
”unlock” insight plus careful downstream algebra, so partial
correctness is not enough. Another shared failure is missing
edge cases (e.g., boundary values, domain restrictions, par-
ity constraints). Even when models attempt case splits, they
often prune too aggressively. This is particularly visible in
contest-style problems where the entire solution hinges on
enumerating all valid configurations. On GPQA, failures
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are frequently driven by missing domain facts or overconfi-
dent elimination. Two models often converge to the same
plausible distractor because it matches superficial patterns
in the question.

Because teacher context is capped to a fixed budget, long
peer traces can be truncated. If the truncated hint retains
setup but drops the decisive step (e.g., a key identity or
elimination rationale), the rescued model may confidently
follow an incomplete plan. This motivates (i) selecting
shorter teacher traces when multiple correct traces exist, or
(ii) learned selection/truncation strategies.

A peer trace can be correct yet poorly justified or idiosyn-
cratic; using it as teacher context may propagate brittle
shortcuts or induce partial copying that fails to generalize.
We mitigate this by selecting the highest exploitation-reward
correct trace, stripping explicit answers, and applying hint
dropout, but this risk remains. Our exploration and cross-
model complementarity rewards further counteract such
mode collapse by encouraging alternative, more robust rea-
soning paths.

Our hybrid distance is lightweight by design, but it can
mis-score diversity: two traces may appear ”diverse” under
embeddings while sharing the same core mistaken assump-
tion, or appear ”similar” despite differing at the critical step.
This suggests a future direction of verifier-informed distance
or structured symbolic signatures for specific domains (e.g.,
algebraic transformations for MATH).

8. Conclusion
We proposed Collaborative Reasoning (CORE), a training-
time collaboration framework that converts peer success into
an on-policy learning signal for reasoning LLMs. CORE
couples a two-round micro-protocol (cold sampling fol-
lowed by contexted resampling with teacher context) with
an explore–exploit reward that simultaneously improves
correctness and discourages redundant solution modes via
within-instance diversity and cross-model complementar-
ity. Across GSM8K, MATH, AIME, and GPQA, CORE
improves both single-model Pass@K and oracle Team
Pass@K, indicating meaningful reductions in correlated
failures and increased complementary coverage at a fixed
small-model parameter budget. Our extensive empirical
analysis of our results support our proposed training-time
collaboration as a practical route to more reliable reason-
ing without relying exclusively on scaling model size or
introducing heavy inference-time search.

Impact Statement
CORE may have positive impact by increasing the reliabil-
ity of reasoning systems using multiple small, open models,

which can improve robustness for educational tutoring, sci-
entific assistance, and safety-critical decision support where
single-model failures are costly. By explicitly reducing cor-
related failures, collaboration-trained systems may also be
easier to monitor and verify using downstream selection
mechanisms (e.g., verifiers or rankers), potentially improv-
ing trustworthiness in deployment. Potential risks include
misuse for automated cheating or large-scale generation of
convincing but incorrect solutions, as well as increased com-
putational and environmental cost from running multiple
models. Collaboration could also amplify shared biases if
both collaborators inherit similar harmful behaviors from
data or prompts, and oracle-style metrics may overstate
real-world performance when selection is imperfect. Mitiga-
tions include restricting deployment in assessment settings,
pairing CORE with robust verification and safety filtering,
reporting non-oracle selection results alongside oracle Team
Pass@K, and using cost-aware serving policies (e.g., invok-
ing the second model only when uncertainty is high).
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A. Reproducibility Details
A.1. Configuration summary

Table 4 lists key hyperparameters from the default configu-
ration used in our main GSM8K runs.

The cold prompt is:

Question: <x>

Let’s solve this step by step:

Table 4. Key hyperparameters.

Hyperparameter Value

Cold traces (K) 2
Contexted traces (K′) 1
Hint dropout (phint) 0.5
Max teacher context tokens (L) 1536
Rescue bonus (rteach) 0.15
Explore margin (δ) 0.15
Explore set size cap 10
LoRA rank / alpha 16 / 32
LR (per model) 10−5

Max grad norm 1.0

The contexted prompt injects the teacher context:

Question: <x>

Hint:
<c>

Let’s solve this step by step:

We pass the teacher’s reasoning directly as context and en-
force a fixed length cap of 1536 tokens. Given ROUND A
samples across models, we select the highest exploitation-
reward correct trace as the teacher source. This re-
duces the probability of selecting spurious ”lucky” cor-
rect outputs. We extract the <strategy id="...">
... </strategy> block whose strategy-level out-
come matches the final answer. This yields a shorter,
more focused teacher context than including all strate-
gies. To prevent trivial leakage, we strip explicit
answer markers (e.g., Final answer:, \boxed{},
<final answer>) from the teacher context by default.
This encourages the rescued model to learn how to solve the
problem rather than copy the final token sequence. Trunca-
tion can remove critical steps for long proofs; we discuss
this failure mode in Section 7.

Our evaluator extracts the final answer from common pat-
terns such as ”#### <answer>”, ”Final answer:”, and
bracketed formats. For numerical datasets like GSM8K,
we normalize whitespace and punctuation before compari-
son.

A.2. Compute cost and Efficiency

A key practical advantage of CORE is that all training runs
operate in a low-data regime (at most 1,000 training ex-
amples per dataset), whereas SD-E2 fine-tunes on the full
training split (7,473 instances). (Mishra et al., 2026) De-
spite using substantially fewer training examples, CORE
attains large gains in both single-model Pass@K and Team
Pass@K (Tables 1 and 2), indicating that cross-teaching pro-
vides a strong learning signal without requiring full-dataset
RL runs.
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Under our runs with batch size 4 and two traces per prompt,
SD-E2 training over the full ∼7.5k-example regime takes
roughly 48–56 hours across backbones, while CORE com-
pletes in roughly 20–24 hours when trained on 1,000 ex-
amples (same batch size and trace budget). This reflects a
favorable trade-off: CORE incurs additional per-step coordi-
nation (teacher selection, context construction, cross-model
scoring), but the overall time-to-result is lower in our setting
because training is intentionally sample-efficient.

CORE introduces analogous overhead sources: (i) selecting
a teacher trace and forming the capped teacher context,
(ii) computing diversity/complementarity terms under the
same hybrid distance used for DPP-lite and Rcross, and (iii)
lightweight structural extraction for the trace-distance. In
practice these costs are modest compared to decoding, but
they are paid twice per step (micro-rounds A/B) and across
both collaborators.

Complexity analysis. We provide a coarse-grained com-
pute model per training step, separating (a) decoding, which
dominates wall-clock time, from (b) scoring/selection over-
heads. Let N be the number of collaborating models (here
N = 2), K be the number of cold traces in ROUND A, and
K ′ be the number of contexted traces in ROUND B. Let
L denote the average generated trace length (tokens) and
Lc the teacher-context budget (tokens). Let Cgen(·) be the
per-token decoding cost for the backbone, and let Cemb(·)
be the cost of computing a sentence embedding for a trace
(used in d(τ, τ ′)).

(1) Decoding cost. Each step samples N(K +K ′) traces,
so the dominant term scales as

Tdecode = Θ
(
N(K +K ′) · L · Cgen

)
+Θ

(
NK ′ · Lc · Cattn

)
.

(14)

The second term captures the extra attention work from
injecting the teacher context into ROUND B; in practice this
is bounded by the fixed cap Lc (default 1536) and amortized
by the fact that K ′ is small.

(2) Teacher selection and context construction. Selecting
the best successful teacher among NK traces is linear:

Tselect = Θ(NK). (15)

Constructing the teacher context is a single pass over the
chosen trace and therefore scales with its length:

Tcontext = Θ(L) (with truncation to Lc). (16)

Both are negligible relative to decoding.

(3) Distance-based rewards (DPP-lite and Rcross). Let
M = N(K +K ′) be the number of traces scored for the

instance. Computing embeddings for all traces is

Temb = Θ(M · Cemb). (17)

Given embeddings and operation-signature sets, evaluating
a single distance d(τ, τ ′) is O(1) for cosine distance plus
O(|op(τ)| + |op(τ ′)|) for Jaccard (small in practice due
to coarse regex-triggered signatures). The greedy DPP-
lite construction with an explore-set cap smax evaluates
distances from each candidate to the current set; with capped
set size,

TDPP-lite = Θ(M · smax). (18)

The cross-model complementarity term compares each trace
to its partner’s traces (under a quality gate), yielding

Tcross = Θ
(
NK2

r

)
per round r, (19)

which reduces to Θ(K2 + K ′2) in the two-model setting
and is small for our defaults (K = 2, K ′ = 1).

(4) Total per-step complexity. Combining the above, the
per-step runtime is

Tstep = Θ
(
N(K +K ′) · L · Cgen

)
+ Θ

(
M · Cemb

+M · smax +NK + L
)
,

(20)

where the first term (decoding) typically dominates, and
the remaining terms are bounded by small constants under
our capped budgets (K,K ′, smax, Lc). Thus, CORE adds
modest linear overheads in the number of sampled traces,
while the practical driver of wall-clock time remains the
number/length of generated trajectories.

Overall, CORE trades a small amount of extra coordination
per training step for substantially improved team-level relia-
bility (reduced both-wrong mass) at a fixed small-model bud-
get, and achieves competitive time-to-quality in a low-data
regime. When compute or annotation budget is constrained,
this ”train less data, learn more from peers” behavior is a
key part of CORE’s efficiency.

B. DPP-lite exploration reward properties
Proposition B.1 (Separation of the diverse set). Let S be the
diverse set returned by the greedy construction with margin
δ. Then every pair of distinct traces τ, τ ′ ∈ S satisfies
d(τ, τ ′) ≥ δ.

Proof. A trace is added to S only if its minimum distance to
the current set is at least δ. This maintains the invariant that
each newly added trace is at distance ≥ δ from all existing
members.
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C. Policy optimization losses
For completeness, we summarize the loss functions im-
plemented in src/losses/. Let rt = exp(log πθ(at |
st)− log πθold(at | st)) be the token-level importance ratio,
and let A denote a group-normalized advantage.

GRPO (token-level hard clipping). (Shao et al., 2024)
GRPO uses PPO-style clipping at the token level:

LGRPO = −Et

[
min

(
rtA, clip

(
rt, 1− ϵ, 1 + ϵhigh

)
A
)]

+ βKL
(
πθ ∥πref

)
.

(21)

GSPO (sequence-level ratio and clipping). (Zheng et al.,
2025) GSPO computes a sequence-level ratio using the
geometric mean of token ratios:

rseq = exp
(

1
|τ |

∑
t

(log πθ − log πθold)
)
, (22)

then applies tight sequence-level clipping before multiplying
the mean log-probability of the sequence.

SAPO (soft sigmoid gate). (Gao et al., 2025) SAPO re-
places hard clipping with a smooth gate gt = σ(τ (rt−1)) ·
(4/τ), with different temperatures for positive and negative
advantages. The loss uses gated advantages:

LSAPO = −Et

[
gt A log πθ(at | st)

]
+ βKL(πθ∥πref).

(23)

D. Additional benchmark results
We include a baseline comparison table for larger single
models trained with SD-E2 as well as an SD-E2 oracle
pair, evaluated on GSM8K, MATH, AIME, and GPQA.
This ”collaboration vs. scaling/compute” question: CORE
constrains collaboration to a combined budget of at most
∼7B parameters, so we contextualize the gains against SD-
E2-trained 7B–8B single models and a compute-matched
SD-E2 two-model oracle.

The 7B–8B SD-E2 single-model baselines provide a ref-
erence for capacity and within-model diverse-exploration
training. The AIME values in Table 5 are re-evaluated with
the same 4096-token generation budget used in the main
experiments to avoid truncating long contest-style solutions.
Nevertheless, the CORE team substantially exceeds these
larger single models on all four benchmarks, despite operat-
ing under a smaller total parameter budget. This suggests
that in the low-data post-training regime, many residual er-
rors are not purely capacity-limited; they are often driven
by systematic plan selection mistakes, brittle heuristics, or
correlated blind spots that persist even when a model is
encouraged to explore multiple traces.

SD-E2 strengthens a single policy by promoting trace diver-
sity, but correlated failure can still dominate when the model
repeatedly chooses the same wrong decomposition or elimi-
nation strategy. In contrast, CORE promotes cross-model
complementarity: when one collaborator finds a viable path,
that success becomes a training signal for the partner, and
complementarity rewards discourage both models from col-
lapsing onto the same dominant reasoning mode. As a result,
the probability that both models fail decreases more ag-
gressively than what is typically achieved by within-model
diversity alone.

A strong compute-matched control is the SD-E2 oracle pair
(Phi-4-mini + Ministral-3-3B + Oracle), which already ben-
efits from having two independently trained models and
an oracle selector. That CORE improves over this oracle
across datasets indicates that gains cannot be explained by
”just using two models” or by additional test-time compute.
Instead, cross-teaching reshapes the learned policies: it im-
proves individual competence while also shifting correct
probability mass into complementary regions of the input
space, thereby reducing overlap in errors and increasing
oracle team success.

The largest gaps appear on the harder benchmarks
(AIME/GPQA), where early wrong decisions often cascade
and within-model sampling produces near-duplicate failures.
Here, peer context provides a high-bandwidth corrective sig-
nal (e.g., a missing lemma, a successful elimination pattern,
or a useful substitution), making collaboration training par-
ticularly effective. On GSM8K, although the task is easier,
CORE still closes much of the remaining reliability gap by
reducing residual correlated arithmetic and plan-selection
failures.

It can be concluded through Table 5 that CORE delivers
a qualitatively different improvement than modest parame-
ter scaling or within-model diversity training: it explicitly
targets correlated failures via training-time collaboration,
yielding higher oracle reliability under tight data and com-
pute budgets.

E. Comparison with MALT and MAPoRL
Table 6 summarizes the closest collaborative training base-
lines raised during review. The comparison is not intended
as a perfectly controlled leaderboard because model families,
training data, and metrics differ; rather, it clarifies the algo-
rithmic distinction. MALT uses a sequential role-specialized
pipeline (generator, verifier, refiner) with trajectory expan-
sion and value-style credit assignment, whereas MAPoRL
uses multi-agent PPO with a verifier reward over multi-turn
discussions. CORE instead uses instance-conditioned cross-
teaching: a correct peer trace on the same problem becomes
a hint for failed collaborators, and the rescue reward directly
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Table 5. Additional baseline comparison (Pass@1). SD-E2 baselines include 7B–8B single models and an SD-E2 oracle pair; CORE
uses a ≤7B two-model collaboration budget.

Model Training GSM8K MATH AIME GPQA

Qwen2.5-7B-Instruct SD-E2 86.21 44.00 26.00 30.00
Phi-3-small-8k-Instruct SD-E2 78.00 34.00 20.00 26.00
Ministral-3-8B-Reasoning SD-E2 84.50 47.00 51.50 33.00

Phi-4-mini + Ministral-3-3B + Oracle SD-E2 86.63 71.85 54.42 48.12
Phi-4-mini + Ministral-3-3B CORE 97.04 88.42 71.42 70.18

trains recovery on disagreement cases.

The main methodological distinction is that CORE creates a
targeted correction signal only when a peer succeeds on the
same instance. This differs from fixed role specialization,
generic discussion rewards, and inference-time debate: the
learning target is the disagreement set identified online dur-
ing training. These methods are therefore complementary;
for example, a verifier from MAPoRL or a MALT-style
refiner could be used as a downstream selector for CORE
candidates.

F. Hyperparameter and Distance Sensitivity
Reviewers asked whether the reward design is fragile due
to the number of components. Table 7 sweeps the main
task-specific parameters on MATH for the Phi-4-mini +
Ministral-3B pair. Performance varies by at most about
0.9 percentage points across the tested ranges, suggesting
that CORE is not highly sensitive to exact tuning within
reasonable ranges.

We also ablate the distance metric used by DPP-lite and
Rcross. Table 8 shows that replacing the hybrid seman-
tic/structural distance with cosine-only distance produces
only a small drop on AIME. Thus, the core gain comes
from cross-teaching, while the hybrid distance provides a
modest benefit by capturing operation-level differences that
embeddings alone may miss.

G. Scaling Beyond Two Collaborators
The micro-round protocol extends naturally to N > 2:
ROUND A selects the best successful trace across all mod-
els, and ROUND B conditions failed models on the selected
teacher context. Table 9 reports a preliminary 3-model
AIME experiment. Adding Ministral-3-8B-Reasoning im-
proves oracle Team Pass@2 by 2.95 percentage points over
the 2-model team, suggesting that additional heterogeneous
collaborators can contribute complementary correctness
when their error sets are not redundant.

H. Cross-dataset Generalization
To test whether CORE learns reusable reasoning strate-
gies rather than only dataset-specific shortcuts, we evalu-
ate AIME-trained CORE models on MATH and GSM8K
without additional fine-tuning. Table 10 shows favorable
transfer: the AIME-trained team outperforms the base pair
and the SD-E2 oracle baseline, though per-dataset CORE
remains strongest.

I. AIME Split and Contamination
Considerations

We use the AIME dataset from 1983–2025 and construct an
80:20 split (770 train / 193 test). Because many AIME prob-
lems are publicly available, contamination risk cannot be
ruled out for any modern LLM. Our main conclusions rely
on relative improvements under the same pretrained models
and evaluation split: Base, SD-E2, and CORE are evalu-
ated identically, so memorization risk affects all rows. We
nevertheless report model-release cutoff considerations in
Table 11 and treat absolute AIME accuracy with appropriate
caution.

J. Ablations and Design Choices
We ablate the main components of CORE to isolate which
mechanisms drive gains. To keep ablations comparable to
the main results, we report oracle Team Pass@K under
the same Pass@1/Pass@2 protocol used in Tables 1 and 2.
Unless otherwise noted, we use the default configuration
(K=2,K ′=1, hint dropout, DPP-lite, rescue bonus, and
Rcross enabled).

Table 12 reports GSM8K team performance for the
Qwen2.5-3B-Instruct + Qwen3-4B-Instruct
pair, while Table 13 presents corresponding ablations for
the stronger reasoning pair (Phi-4-mini-reasoning
+ Ministral-3-3B-Reasoning) on the harder bench-
marks MATH, AIME, and GPQA.

Across both the easier GSM8K regime (Table 12) and the
harder benchmarks (Table 13), removing ROUND B yields
the largest degradation. This supports the core mechanism
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Table 6. Comparison to related collaborative/multi-agent post-training methods. Reported numbers use each paper’s own setting and
are included to clarify evaluation context, not as a strictly controlled leaderboard.

Method Collaboration stage Learning signal Representative setting

MALT (Motwani
et al., 2025)

Sequential multi-agent post-
training

Search tree with value-style credit assign-
ment

Llama-3.1-8B, MV@3 on
GSM8K/MATH/CSQA

MAPoRL (Park
et al., 2025)

Multi-agent RL co-training Verifier reward over multi-turn discussion Phi-3-mini scale, GSM8K/ANLI

CORE On-policy cross-teaching Peer success on the same instance plus
rescue reward

3B–4B pairs,
GSM8K/MATH/AIME/GPQA

Table 7. Hyperparameter sensitivity on MATH. Values are
oracle Team Pass@2 for the Phi-4-mini + Ministral-3B pair.

Param. Values tested Team P@2

w1 0.5/1.0/1.5 91.22/92.08/91.85
w2 0.1/0.2/0.4 91.45/92.08/91.52
rteach 0.25/0.50/0.75/1.0 92.08/92.15/91.90/91.62
phint 0.5/0.75/1.0 91.28–92.08

Table 8. Distance metric sensitivity on AIME. Values are oracle
Team Pass@2 for the Phi-4-mini + Ministral-3B pair.

Distance metric AIME Team P@2

Hybrid semantic/structural (default) 79.65
Cosine-only 78.70

of CORE: when one model succeeds in ROUND A, its
trace becomes a targeted correction signal for its partner on
exactly the disagreement set. On the strong pair, this effect
is especially pronounced (e.g., MATH P@2 drops from
92.08 to 88.90; GPQA P@2 drops from 77.34 to 72.20),
reflecting that many remaining errors are recoverable given
a correct peer plan or elimination pattern.

On GSM8K, removing Rcross yields a modest team drop
because performance is already near-saturated and the
both-wrong mass is tiny under Pass@2. However, on
MATH/AIME/GPQA, ablating Rcross consistently harms
both Pass@1 and Pass@2 (Table 13), indicating that ex-
plicit inter-model repulsion helps preserve complementary
high-quality modes when the search space is larger and
correlated failures are more common. Intuitively, DPP-lite
prevents within-model trace collapse, while Rcross prevents
between-model redundancy–the latter becomes more impor-
tant as tasks demand multiple distinct solution templates.

Ablating DPP-lite (”w/o Explore Reward”) hurts perfor-
mance consistently, but the magnitude is smaller than re-
moving rescue on hard datasets. This suggests that diver-
sity is most valuable as a guardrail against mode collapse
rather than as the primary source of gains: it increases the
probability that at least one trace explores a different rea-
soning path, which in turn enables more frequent successful
teaching events. Increasing K,K ′ provides only marginal
improvements on GSM8K (Table 12), implying that once

Table 9. Preliminary scaling to three models on AIME.

Configuration Oracle Team Pass@2

2-model CORE 79.65
3-model CORE 82.60

Table 10. Zero-shot transfer from AIME-trained CORE. Values
are Pass@1.

Setting MATH GSM8K

Base pair oracle 59.25 74.85
SD-E2 oracle (per-dataset) 71.85 83.25
CORE (AIME-trained → transfer) 75.90 86.35
CORE Team (per-dataset) 88.42 95.72

policies are strong, simply sampling more traces yields lim-
ited additional benefit. In contrast, the larger improvements
from ROUND B and complementarity rewards indicate that
the key bottleneck is not just candidate generation, but re-
shaping policies to reduce correlated failures and improve
recovery dynamics.

Finally, Table 13 shows that the single-model baseline (M1
only) underperforms the full team, even though it shares the
same backbone and training recipe. This supports the central
claim: CORE is not merely regularizing a single policy, but
actively reallocating correctness mass across collaborators
by teaching on disagreement instances and discouraging
redundant high-quality reasoning modes.

K. Discussion
This section interprets the quantitative gains in Tables 1
and 2, the mechanism diagnostics in Section 6.2, and the
component contributions in the ablations (Tables 12 and 13).
We close with a qualitative analysis grounded in Table 14
and practical implications for deployment.

Team Pass@K is an oracle reliability measure: it reports
whether any of the K samples from either collaborator is
correct. Although it assumes an ideal selector, it is the clean-
est diagnostic for error overlap and the upper bound of
selection. In particular, Team Pass@K directly reflects the
probability of correlated failure (the ”both-wrong” mass),
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Table 11. AIME contamination considerations. Cutoffs are approximate and intended only to contextualize absolute scores; relative
comparisons use the same models and test split.

Model Estimated training cutoff AIME 2024 in data? AIME 2025 in data?

Qwen2.5-3B-Instruct late 2023 unlikely no
Qwen3-4B-Instruct around Mar. 2025 likely possibly
Phi-4-mini-reasoning around Jun. 2024 likely no
Ministral-3-3B-Reasoning late 2024 likely unlikely

Figure 5. Train curves for AIME with Phi-4-mini-reasoning and Ministral-3-3B-Reasoning

Table 12. Ablations on GSM8K for the Qwen team (oracle
Team Pass@1/Pass@2).

Variant P@1 ∆ P@2 ∆

CORE Team (Full) 99.10 – 99.54 –
w/o ROUND B (no rescue) 98.20 -0.90 98.90 -0.64
w/o Explore Reward 98.70 -0.40 99.20 -0.34
w/o Cross-Model Reward 98.50 -0.60 99.05 -0.49

K=2,K′=1 (default) 99.10 – 99.54 –
K=4,K′=2 99.20 +0.10 99.60 +0.06

which is the limiting factor for multi-model systems under
small sampling budgets.

The results show that CORE increases Team Pass@K
for both pairs while also raising individual Pass@K (Ta-
bles 1, 2). This matters because oracle improvements can
arise from two different sources: (i) pure competence (each
model becomes more accurate), or (ii) de-correlation (mod-
els make different errors). CORE targets both: ROUND B
converts a peer’s success into an instance-conditioned cor-
rection signal, and Rcross discourages redundant high-quality
modes across collaborators.

A compute-matched baseline for collaboration is an ora-
cle over two independently trained models (Tables 1, 2,
Base/SD-E2 oracle rows). These baselines already bene-
fit from two-shot ensembling and diversity from different
initializations/backbones. However, CORE still yields sub-
stantially larger Team Pass@K gains, indicating that the
improvement is not merely a test-time selection effect. The
key difference is that CORE couples the collaborators dur-

ing training. When one model succeeds in ROUND A, its
successful trace provides a high-bandwidth hint for the part-
ner in ROUND B on the same instance. This converts sparse
correctness signals into dense, targeted learning on exactly
the disagreement set. Ablations confirm this: removing
ROUND B causes the largest degradation for both the satu-
rated GSM8K Qwen team (Table 12) and the stronger pair
on harder datasets (Table 13).

Within-model exploration (DPP-lite) combats mode col-
lapse among a model’s own samples, but does not explicitly
prevent two models from converging to the same strong-but-
brittle strategy. The cross-model term Rcross addresses this
by discouraging redundant high-quality traces across col-
laborators. This distinction explains why Rcross is modestly
helpful on near-ceiling GSM8K but more consistently valu-
able on MATH/AIME/GPQA (Table 13), where correlated
failure dominates oracle limits.

The Qwen pair begins weaker but reaches near-ceiling team
performance on GSM8K under CORE (Table 1). In con-
trast, on AIME/GPQA the Qwen team remains far from sat-
urated, suggesting that some failures are driven by missing
longer-horizon insights, factual knowledge gaps, or brittle
transformations that are not reliably transferred by hints.
The Phi+Ministral pair begins substantially stronger (Ta-
ble 2) and benefits more sharply on the harder benchmarks:
Team Pass@2 rises to 92.08 on MATH and 77.34 on GPQA,
indicating that cross-teaching is especially effective when
(i) each model has enough base competence to occasionally
solve the instance, and (ii) remaining errors are often recov-
erable given a correct peer decomposition or elimination
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Table 13. Ablations on MATH/AIME/GPQA. Values are Pass@1/Pass@2 for Phi-4-mini + Ministral-3B.

Variant MATH AIME GPQA

P@1 P@2 P@1 P@2 P@1 P@2

CORE Team (Full) 88.42 92.08 71.42 79.65 70.18 77.34
w/o ROUND B (no rescue) 84.50 88.90 66.20 74.80 64.80 72.20
w/o Explore Reward 86.70 90.60 69.40 78.10 68.00 75.90
w/o Cross-Model Reward 85.90 89.90 68.60 77.40 66.90 74.60
Single Model (M1 only) 85.24 90.01 68.16 76.64 67.76 75.26

Figure 6. Train curves for GSM8K with Phi-4-mini-reasoning and Ministral-3-3B-Reasoning

rationale. This aligns with the ”teacher-available” region:
CORE can only rescue when at least one collaborator suc-
ceeds in ROUND A; as models become more competent,
this region expands, creating a positive feedback loop in
training.

K.1. Deployment Implications

A practical system must select a single answer without ora-
cle access. Our results suggest that CORE is a particularly
strong fit for settings where selection is imperfect but im-
proving:

• Verifier-based selection. Since CORE increases the
probability that at least one candidate is correct, ver-
ifier capacity is spent distinguishing a smaller set of
plausible solutions rather than searching for correct-
ness from scratch. This is precisely the regime where
lightweight verifiers tend to be most effective.

• Disagreement-triggered routing. Because collabo-
ration gain concentrates on disagreement instances, a
simple router can invoke the second model or addi-
tional sampling only when the first model’s answer is
uncertain (low log-prob margin) or when two collab-
orators disagree. This targets compute to the hard tail
while keeping average serving cost low.

• Agreement as a confidence heuristic. Although agree-
ment does not guarantee correctness, CORE reduces
redundant failure modes, so agreement becomes more

informative: if both models converge, it is more likely
to reflect a robust shared reasoning mode rather than a
shared shortcut.

Importantly, these strategies are complementary to CORE:
better selection converts oracle gains into deployable gains,
and CORE makes selection easier by increasing comple-
mentary correctness.

K.2. Qualitative Analysis

We inspected pass@1 evaluation traces for GSM8K, MATH,
AIME, and GPQA in evaluation results and com-
pared model outputs from M1 (Phi-4-mini) and M2
(Ministral-3B). Table 14 highlights representative cases
where collaboration matters. Two consistent patterns
emerge. First, complementary rescue: M2 often resolves
geometry or domain-knowledge questions that M1 misses
(AIME/GPQA), while M1 is more reliable on compact al-
gebraic simplifications (MATH). Second, format sensitiv-
ity: several incorrect outcomes are due to malformed or
missing final answers (e.g., not listing comma-separated
roots), which hurts conditional accuracy even when a par-
tial derivation is plausible. This suggests that lightweight
answer-normalization and stricter format prompts can fur-
ther improve deployable accuracy without changing the
underlying reasoning model.

At a finer granularity, we observe dataset-specific tendencies:
(i) GSM8K: errors often stem from scale and formatting
slips (e.g., missing zeros) rather than algebraic reasoning;
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Figure 7. Train curves for GPQA with Phi-4-mini-reasoning and Ministral-3-3B-Reasoning

Figure 8. Train curves for MATH with Phi-4-mini-reasoning and Ministral-3-3B-Reasoning

(ii) AIME: M2 more consistently handles geometric con-
straint propagation and symmetry arguments, while M1 is
more brittle when the solution depends on a specific configu-
ration or auxiliary construction; (iii) MATH: M1 does better
on compact algebraic products and substitutions, but both
models are sensitive to answer-format conventions (inter-
vals, ordered pairs, and multi-root lists); (iv) GPQA: chem-
istry and physics questions exhibit the most pronounced
knowledge gaps, where both models can latch onto plausi-
ble distractors unless stoichiometry or mechanistic details
are explicit. These trends mirror the quantitative gains in
Table 2: collaboration helps most where the models’ error
sets are complementary rather than identical.

K.3. Limitations and Open Problems

Cross-teaching activates only when at least one collab-
orator succeeds in ROUND A. On extremely hard in-
stances, both models fail and the method reduces to ex-
ploration/exploitation. Combining CORE with retrieval,
tool-use, or a verifier that can identify partially correct solu-
tions could expand the teacher-available region. The reward
structure extends naturally to N>2, but coordination raises
questions: which teacher to trust, how to allocate sampling
budgets, and how to prevent group collapse onto a single
dominant style. Structured teacher selection and curriculum
strategies (e.g., rotating teachers, difficulty-based routing)

are promising directions.
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CORE: Collaborative Reasoning via Cross Teaching

Table 14. Qualitative examples from pass@1 evaluation logs. M1 is Phi-4-mini; M2 is Ministral-3B. Entries show final answers
extracted from the <final answer> tag when present. Row colors: blue = M2 correct, green = M1 correct, orange = both wrong.

Dataset Problem (abbrev.) GT M1 M2 Notes

GSM8K Jill earns $20/hr teaching and $30/hr coaching, 35+15
hrs/week for 50 weeks; annual salary?

57500 575 57500 M2 correct; M1 trun-
cates zeros.

AIME Two cubics share a complex root m +
√
n i; given real

roots −20 and −21, find m+ n.
330 310 330 M2 correct; M1 un-

derestimates m+ n.
AIME Isosceles right triangle with interior point P s.t. ∠PAB =

∠PBC = ∠PCA and AP = 10; find area.
250 200 250 M2 correct; M1

misses geometric
constraint.

MATH Let r be a root of x2 + 5x+ 7 = 0; compute (r− 1)(r+
2)(r + 6)(r + 3).

13 13 001 M1 correct; M2 col-
lapses to small value.

MATH Integer roots of 2x4 +4x3 − 5x2 +2x− 3 = 0 (comma-
separated).

1,-3 ANSWER 1, -3 M2 correct; M1 for-
matting failure.

GPQA Enthalpy of neutralization for mixed
HCl/H2SO4/Ba(OH)2 (MCQ).

A B A M2 correct; M1 picks
distractor.

GPQA NaNH2 on 1-bromobenzene-2-d: number of organic prod-
ucts (MCQ).

A C B Both wrong; likely
benzyne-mechanism
confusion.
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