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Abstract

Federated Quantile Regression (FQR) has
emerged as a powerful modelling paradigm for
estimating conditional quantiles, offering a more
comprehensive understanding of response distri-
butions than standard conditional mean regres-
sion. However, achieving communication ef-
ficiency and optimal statistical guarantees for
FQR remains challenging, particularly due to
the nonsmooth nature of quantile loss functions
and the presence of heterogeneously structured
data, where each local agent trains its conditional
quantile models with distinct sets of features. In
this paper, we propose a data-driven, one-shot
weighted ensemble estimator for FQR that incor-
porates scalable weighting schemes to effectively
leverage the partially observed features at each
local agent, thereby enjoying both communica-
tion efficiency and estimation optimality. The-
oretically, we present a unified analysis of the
proposed learning procedure, establishing that
the resulting estimator exhibits asymptotic nor-
mality and attains uniformly minimum variance.
Furthermore, we investigate the estimator’s sensi-
tivity to perturbations introduced by local agents
and derive conditions under which the estimator
achieves stability and enjoys strong out-of-sample
generalization. Extensive simulations and real
data analysis under various scenarios validate the
asymptotic normality of our estimator and demon-
strate its superior estimation accuracy and uni-
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form convergence compared to several baseline
methods across a range of quantile levels.

1. Introduction

Federated Learning (FL) is a powerful machine learning
paradigm that aims to learn a consensus model while keep-
ing data distributed across multiple agents. The model is
trained without transmitting local data over the network,
thereby preserving privacy while leveraging information
from participating agents to enhance estimation accuracy
(Fraboni et al., 2023). Classical approaches to FL typically
focus on modelling the conditional mean of the response
given covariates of interest under the assumption of ho-
mogeneous covariate effects. However, the assumption of
homogeneous covariate effects is often not applicable in
settings where the relationship between the response and co-
variates is inherently heterogeneous: covariate effects may
vary significantly across different quantile levels (Wang
etal., 2012; He et al., 2023). Moreover, in many scientific
applications (e.g., hydrological (Weerts et al., 2011), so-
ciological (Yang et al., 2012), and medical (Huang et al.,
2017)), when the goal is to explain the extreme behaviour
of a particular variable, the lower and upper quantiles of
the conditional response distribution are often of greater
interest than the mean, as they yield more succinct and in-
terpretable conclusions. To capture heterogeneous covariate
effects, Quantile Regression (QR) has been developed as
a powerful alternative for estimating conditional quantiles
of the response. In addition to capturing heterogeneity, QR
provides a robustness guarantee to outliers and remains ef-
fective under skewed or heavy-tailed response distributions
without requiring correct specification of the likelihood func-
tion (Koenker, 2005). These advantages make QR highly
compatible with FL, where data typically originates from
diverse, distributed sources, which leads to a modelling
paradigm of Federated Quantile Regression (Huang et al.,
2020; Shi et al., 2025; Shen et al., 2023; Tan et al., 2022).

Despite the promising theoretical and practical performance
of FQR, the existing literature for FQR has largely focused
on consistency, communication complexity, and algorith-
mic development (Shi et al., 2025; Wang & Lian, 2023;
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Mirzaeifard et al., 2025; Wang & Lian, 2020; Wang et al.,
2021). While these works provide optimal point estimators,
they fall short in quantifying uncertainty or addressing the
practical challenge of inference on the effects of covari-
ates in the conditional quantile function. We argue that a
statistical guarantee is essential in FQR, particularly given
that the training samples could be collected from diverse
sources in FL (Ghosh et al., 2019; Tan et al., 2022). This is
mainly because of its critical importance in measuring the
uncertainty associated with the estimate in applications, as
opposed to relying on a single-point estimate. Insight into
the asymptotic distribution of the estimates provides a foun-
dation for making more informed decisions by quantifying
the uncertainty of the estimate. Meanwhile, implementing
an estimate without verifying its sensitivity to perturba-
tions can be risky. In many real-world operational settings,
estimates must be carefully evaluated before deployment.
Therefore, the focus is not only on obtaining optimal esti-
mates but, more importantly, on assessing their associated
statistical stability and generalization. This motivates the
primary research objective of the paper to investigate the
statistical guarantee of the FQR estimates.

1.1. Main Contribution

In this paper, we investigate statistical guarantees, particu-
larly asymptotic distribution, stability and out-of-sample per-
formance for FQR estimates, focusing on heterogeneously
structured data environments in which local agents train QR
models using distinct subsets of features. Such heterogene-
ity arises from both practical constraints and task-specific
considerations. In the former case, agents may perform local
model selection to enhance predictive performance (Wang
et al., 2024). In the latter, limitations related to feasibility,
privacy-preserving requirements, and resource constraints
restrict the set of accessible covariates for each agent (Cheng
et al., 2023) (We refer the reader to related work for further
details.). To the best of our knowledge, this is the first work
to consider FQR in this setting. We emphasize that this
heterogeneous structure poses significant challenges, rep-
resenting a marked departure from the standard FL setting,
where all agents operate on an identical feature set. To ad-
dress these challenges, we propose a data-driven, one-shot
weighted ensemble estimator for FQR, which incorporates
scalable weighting schemes to effectively leverage the par-
tially observed feature sets across agents. We establish
theoretical properties where the proposed estimator enjoys
strong statistical guarantees and demonstrate its empirical
effectiveness through comprehensive numerical experiments
across a range of settings. Our main contributions are sum-
marized as follows.

1. We propose a communication-efficient weighted en-
semble estimator for federated QR, designed for het-

erogeneous data environments where local agents train
QR models on distinct feature subsets.

2. Theoretically, we do a rigorous analysis of the pro-
posed method, showing that the resulting estimator
exhibits asymptotic normality under any weighting
scheme and attains uniformly minimum variance with
the proposed optimal weighting. We further develop a
foundational stability concept to assess the estimator’s
sensitivity to perturbations from local agents and estab-
lish that the proposed estimator achieves stability and
enjoys strong out-of-sample generalization.

3. Numerical experiments demonstrate that the proposed
weighted ensemble estimator outperforms several base-
line methods in prediction accuracy and uniform con-
vergence across various quantile levels.

1.2. Related Work

This paper is motivated by the significance of QR in feder-
ated learning applications and the practical need to handle
heterogeneous, structured data settings for distributed esti-
mation and inference. In this section, we review lines of
work most closely related to this paper.

Statistical inference for FQR. Statistical inference for FQR
is widely recognized as an important yet challenging task.
This challenge arises from the decentralized feature of data
in FL (McMabhan et al., 2016), rendering existing method-
ologies inapplicable. Some algorithms have been proposed
to be compatible with distributed architectures (Jordan et al.,
2019; Fan et al., 2023), but they are not applicable to FQR
due to their requirements on the loss function, typically
assuming strong convexity and twice differentiability with
Lipschitz-continuous second derivatives. To address the
challenges posed by the nonsmooth loss function, one line of
research focuses on a smoothing technique to make the loss
function convex and differentiable. Specifically, Tan et al.
(2022) leverages a double-smoothing approach to achieve
optimal inference in distributed quantile regression. How-
ever, such a technique could cause smoothing bias, primar-
ily affecting the estimation, especially in the heterogeneous
structured data setting (Fernandes et al., 2021; He et al.,
2023). An alternative approach employs meta-analysis tech-
niques that average estimates from separate data sources to
obtain synthesized estimators of QR coefficients. Although
it offers the advantage of communication efficiency, it re-
quires stringent scaling to achieve the desired theoretical
guarantees. Furthermore, Jordan et al. (2019) highlighted
that a stringent constraint on the number of sources is im-
posed to ensure the optimal convergence rate: the number of
agents is assumed to be far fewer than the total sample size.
This paper avoids the limitations of smoothing techniques
and the stringent constraints in the context of FQR, enabling
distributed estimation with optimal statistical guarantees.
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The core innovation of the proposed approach lies in es-
timating the FQR coefficients, using a one-shot weighted
ensemble method that leverages the information of observed
features at each local agent. Notably, the proposed estima-
tor relaxes the stringent constraint on the number of agents
while preserving communication efficiency, requiring only
a single round of communication.

Heterogeneous structured data. The heterogeneous struc-
tured data we investigate is motivated by practical con-
straints and a series of studies addressing similar data across
a broad range of applications without necessarily being
referred to by this name, including decentralized clinical
trials (DCT) (De Jong et al., 2022), structured missing data
(Cheng et al., 2023), model aggregation (Le & Clarke, 2022;
Ding et al., 2022), and selective inference (Wang et al.,
2024). Specifically, motivated by the need to adjust the
model selection process, Wang et al. (2024) developed a
selective inference tool to infer the effects of selected vari-
ables on conditional quantile functions, aiming to ensure
reliable inference post-selection. For model aggregation,
Ding et al. (2022) introduced the concept of ‘multiviews’
and proposed a new method for supervised learning with
multiple sets of features, which is particularly important in
biology and medicine, where experts from different back-
grounds have their perspectives on the selection of variables.
However, a major difference between this line of work and
ours is that most estimators are trained using the same set of
observations, while ours is trained on each agent’s own data,
with only final outputs shared. We emphasize that the decen-
tralized nature of the data in this paper presents additional
challenges in theoretical and methodological development,
particularly in quantifying correlations and developing a
feasible estimator that accommodates this decentralization,
such as determining and obtaining the necessary statistics
for aggregating the final output. A complementary work
by Cheng et al. (2023) proposed a method for collabora-
tively learning least squares estimates for agents, where each
agent observes a different subset of features due to miss-
ingness. While similar in setting, we develop an estimator
that considers broader practical constraints and task-specific
considerations, making our approach adaptive and scalable.

2. Preliminaries

In this section, we introduce the preliminaries and notation
that will be used throughout the paper.

Quantile Regression. Let 2 € R? be a d-dimensional co-
variate vector and y € R a scalar response variable. We
aim to estimate the 7-th conditional quantile of y given x
at a pre-specified quantile level 7 € (0,1), focusing on
the linear QR model of Q,(y | ) = z'B*(1), where
Br(r) = (B (7),...,B5(r))T € R?is a vector of un-
known parameters. Let p,(u) = u{7 — I(u < 0)} denote

the non-differentiable check loss function, where I(-) de-
notes the usual indicator function. Given the distribution
function of y, 8*(7) can be obtained by solving

B*(r) = argmink [p,(y — " B(7))] .
BER?

Suppose we consider M agents, each with an identical
sample size n for simplicity. Let {(zim,Yi.m)}7, de-
note n independent and identically distributed (i.i.d) sam-
ples from agent m, Vm € [1,M]. We further define
N = nM, Y, = (yl,ma-“ayn,m)T e R, Xy, =
(ml,m, . ,J?n,m)—r € R*x4,

Heterogeneous Structured Data. We consider an FL prob-
lem with heterogeneous structured data, where each agent
observes or selects only a subset of the full feature due to
data collection constraints or selective biases. Each agent’s
data is assumed to follow the linear QR model. To mathe-
matically formalize this feature-wise data partitioning and
operationalize the ideas of Cheng et al. (2023), we intro-
duce a permutation matrix II,, € R%*? for each agent
m € {1,---, M}. Specifically, define

Iy, = [, mh_ ],

where II,,,, € R4m >4 extracts the observed features (co-
variates) and II,,_ € R(d=dm)xd the unobserved ones
for agent m. Let ¥ be the covarince matrix of z; ., i.e.,
E(2im;,,) = X. Given a sample (2; m,yim) € R* x R,
the covariate vector is decomposed as

T xi,m+
Tim = Hm |: :| 5

Ti,m—

where T = Ipizim € R and 2, =
Ip—zim € R4—dm represent the observed and unobserved
features, respectively, along with the associated response
Yi,m and corresponding marginal covariance

St = E [@im4 2]y ] = My BT

which can be estimated from local data. We emphasize that
this decomposition plays a central role in the design of the
learning algorithms proposed in later sections, which rely
solely on observed covariates while preserving the global
inference objective.

For notational simplicity, for any vector v € R?, we de-
fine the projections v,,+ := Il,,4v and v,,— = I, _v.
These definitions extend analogously to matrix-valued nota-
tion, and we further define that, for any matrix A € R4¥9,
suppose

Am+ = Hm+AH;—Z+, Am, = HmfAH;zf,
Apt =10, ATl Ay = Hm_Al_I,T,H_.

m—"

For a positive semi-definite matrix A, we define the A-norm
of a vector z € R?% as ||z]|a := /{2, Az). In addition,
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for any two positive semi-definite matrices A and B, we
write A > B to denote that A — B is positive semi-definite.
Table 3 in the Appendix summarizes the notations adopted
throughout the paper.

3. Methodology

The key challenge in designing an estimator for our set-
ting lies in effectively integrating partially observed feature
information to ensure statistical optimality, while maintain-
ing high communication efficiency. On the communication
side, efficiency becomes particularly critical in large-scale
networks with numerous local data-collecting entities, es-
pecially under bandwidth constraints. To enable scalability,
it is important to minimize the number of communication
rounds and offload computationally intensive tasks to lo-
cal machines without compromising statistical accuracy.
Regarding statistical optimality, we argue that a desirable
method should not only ensure asymptotic consistency with
respect to the ground truth, but more importantly, minimize
the prediction error on any test sample with partial features
x4 = 1,4 = observed by agent m. To address the afore-
mentioned challenges, we propose a data-driven one-shot
estimation procedure consisting of three steps.

Step 1: Local estimation. Each local agent learns its
own estimate based on the subset of features it observes or
selects. Correspondingly, the local QR estimator at agent m
is defined as

~ 1 n
Bn(r) = argmin § =" pr (Y — 2y BT }
) 5m<r>emd{n¢=1 ( s Bm(7))
(D

where z; ;= Il 25 m € R9m denotes the observed
feature vector for the mth agent.

Step 2: Weighted ensemble estimation. FEach agent
then transmits its estimate Bm(r) to a central server. The
central server aggregates the collection of local estimates
{Bm (7)}M_, by solving a weighted optimization problem
that accounts for the heterogeneous structured data across
agents (see Section 3.1). This aggregation yields a global es-
timator 3 (7), which integrates information from all agents
while respecting their partial feature access.

Step 3: Model distribution. Finally, the central server
distributes the global estimator B (7) and its appropriately
transformed versions T}, 3 (7) to each agent. The specific
form of the transformation operator 7, is provided in Sec-
tion 3.1. These agent-specific transformations enable each
node to make predictions using only its locally observed
features, while still benefiting from the information encoded
in the full feature space.

Remark 3.1. We emphasize that the communication cost
depends solely on the local dimension d; and does not scale

with n, d, or m, thereby ensuring efficiency. Specifically, in
the first communication round, agent ¢ transmits 2dl2 + d;
scalars to the central server, and in the second round, the
server returns the updated local parameter vector of size
d;. Consequently, the total per-agent communication cost is
2d? +2d;. Table 1 in Section 5 summarizes the computation
cost under different methods.

3.1. Weighted Ensemble Estimation

Prediction error. The primary objective is to design an
estimator, 3(7), that utilizes partially observed data to min-
imize the full-feature prediction error on a fresh sample
x; € R<:

B |({os B — (o057 (00) | = 107) = )l

We are also interested in obtaining an estimator, S,,(7),
which minimize the partial-feature prediction error on a
fresh sample ; ,,+ = IL,;,+-2; ,, for agent m:

E |:<<zi,m+a B\m(T» - <$i,m7 B*(T»)z]
o R G W AT

where the second term |3, (7)||2,  represents the irre-
ducible error due to unobserved features. Here, I',,,— =
Ym— — Yz z;wmi is the Schur complement, and 7,
is a linear transformation matrix defined as

T, = [Idm AilB] 1L,
where A and B are the weighted Hessian and covariance
matrix defined as follows,

A=E[fe, . 012 ms)Tiimt+ my] »
B:=E [f{i,m (O|xi,7n+)$i,m+xiT,7rz—] :

We emphasize that the operator T, plays a pivotal role
in the estimation process. Specifically, T,,8*(7) provides
the best possible predictor for agent m compared with the
naive approach of using the subvector, I1,,,+ 8*(7), which
simply selects the coefficients corresponding to the observed
features. In contrast, T, 3*(7) accounts for the correlations
among all features, thereby improving prediction accuracy.
The scalar term f¢, . (0 | 2,4 ) denotes the conditional
density of the error &, ,,,(7) at zero, given the observed
feature vector x; ,,,+, and reflects the local concentration of
noise around the 7th quantile.

Estimates aggregation. We now present a weighted em-
pirical risk minimization problem that is used to aggre-
gate the local estimates to obtain a global estimator. Let

W, € RIm*dm be a symmetric, positive definite weight
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matrix for agent m = 1, ..., M, and denote the collection
of weight matrices by Q(W) := {Wm}%zl. The global
estimator 3(7) := S(7;Q(W)) is obtained by solving the
following optimization problem:

~

B(r; QW) =:

arg min f: H5m+(7) + (A7 B)Bm (1) — Bm(T)H2

B(1) m=1 Wi

@)

A local estimator for agent m is then defined as f3,, () :=
Tp(1; Q(W)). Applying the first-order optimality condi-

tion, B(7) admits the following closed-form expression:

M -1 /M
B(r QW) = <Z T, Wme> (Z T, WmBm(r)> :
m=1 m=1

~ 3)
It can be shown that S(7; Q(W)) is a consistent and asymp-
totically unbiased estimator of the true parameter 5*(7),
regardless of the specific choice of weight matrices (see
Lemma 4.4). Furthermore, we will show the existence of
an optimal weight matrix W* such that the corresponding
estimator 3 (7; Q(W™)) achieves the minimum asymptotic
variance among all estimators of the form 3 (1;Q(W)). The
detailed procedure is summarized in Algorithm 1.

Algorithm 1 One-shot Weighted Ensemble Estimation with
Uniformly Minimum Variance

1: Input: Given M agents, each possessing a local train-

ing dataset {(Zi m+ Yim) } iy
2: for min1l,--- M do

3:  Compute
Bn(T) = gl(fg)rgﬂi%g% iy e Wism — @ B(T))
4:  Compute

~ 1< - 2
Vi = p Zmi)m+m;—m+ (T — IYim — mszrﬁm(T) < 0})
i=1

5. Compute

Em = %ZZL:I [féi,m (0|55i,m+)x'im+x2m+]

Transmit 3, (1), ‘A/m, ﬁm to coordinating server

7: end for

8: Central server constructs ﬁ/\m = ﬁm (f/m)
m=1,...,.M R

9: Central server obtain a global estimator 395W(7)

through formula (3), and each local agent output
BgSW(T) = Tmﬁosw (T)

=)

—1
R, for

Remark 3.2. We particularly emphasize that, compared with
Cheng et al. (2023)’s work, which considers a quadratic loss
for each local agent, the quantile loss used in our framework
introduces substantial computational challenges in Algo-
rithm 1. Because no closed-form expression exists for the
local quantile estimator, Step 3 requires solving a linear

programming problem, whereas Cheng et al. (2023)’s esti-
mator can be computed directly via a closed-form solution.
Furthermore, obtaining an estimate of the optimal weight
matrix W,y in Step 8 requires estimating the conditional
density fe, . (0| @i m+), a step unnecessary in Cheng et al.
(2023)’s framework.

4. Theoretical Properties

In this section, we first establish the asymptotic normality
of the proposed estimator 3 (73 Q(W)) and derive the opti-
mal weight matrix that minimizes its asymptotic variance.
We then introduce a consistent estimator for this optimal
weight matrix to enable practical implementation. Finally,
we analyze the generalization performance of the proposed
estimator based on the notion of stability.

Assumption 4.1 (Feature assumption). z; ,, ~ N (0,%),
fore=1,...,.nym=1,..., M.

Assumption 4.2 (Structural coverage). The collection of
all M agents jointly spans the entire feature space.

Assumption 4.3 (Well-definedness). Let f (. | i m+) be
the conditional density function of the noise &; ., given
Zi,m+- Assume that this density function is continuous at
0and fe, . (0| 2jmq) > f > 0 for some constant f. For
each ¢ and m, Pr (& m <0 | Tim+) = T, almost surely,
where 7 € (0, 1).

Assumptions 4.1-4.3 are widely acknowledged as a regu-
larity condition in the literature (Cheng et al., 2023; Wu
et al., 2020; Xie et al., 2024). In particular, Assumption
4.1, which is also required for the least square estimation
in the same settings (Cheng et al., 2023), is mild in the
federated learning literature for enabling valid statistical
inference. The structural assumption 4.2 ensures that the
full covariance matrix X can be recovered from the collec-
tion {¥,,+ }2_,. Assumption 4.3 imposes the conditions
that are critical for ensuring the existence of a well-defined
asymptotic variance. This assumption imposes a conditional
quantile restriction in the local model, which is a standard
assumption in quantile regression.

Lemma 4.4 (Asymptotic consistency). Suppose Assump-
tions 4.1, 4.2, and 4.3 hold. Then for any collection of
positive definite weighting matrices Q(W) := {W,,, }M_ |
where each W, € R Xdm form =1,..., M, the aggre-
gated estimator B(7; QW)), defined in Eq. (2), is asymp-
totically consistent. That is, B(T; QW) & B*(7).
Theorem 4.5 (Asymptotic normality). Under Assumptions
4.1, 4.2,and 4.3, the aggregated estimator B(T; QW) is
asymptotically normal:

Vi (Blr (W) = 5(n) % N (0,C(@W))),

where the asymptotic covariance matrix of C(Q(W)) is
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given by
M
cEOW))=a6"" <Z T,IWmWZ,lIWme> G,
m=1

where G = 2%21 T W, Ty, and

Wi =Elfe,... 012 m4)Tims @ i ] - Vi )
E[fﬁi,m (0|xi,m+)mi,m+xzm+]v 5

Vin = E[(@i,m+ (T = I[Yiim — T4y T B* (1) < 0)))
(6)

. (J,‘Zm_,’_(T $Z»,,L+Tmﬁ*(7-) < O]))] (7)

Moreover, for any positive definite weight matrices Q(W),
the asymptotic covariance satisfies

: (ZTTW* )1.(8)

We highlight that the asymptotic normality result estab-
lished in Theorem 4.5 holds for any weighting matrices
Q(W), underscoring the scalability of the proposed esti-
mator. Moreover, we identify a specific optimal W* as
in (4) that minimizes the asymptotic covariance, thereby
enhancing the efficiency of the estimator. Notably, The-
orem 4.5 holds without stringent conditions typically re-
quired in meta-analysis (Jordan et al., 2019), which often
limit agent number M to be much smaller than v/N.
Remark 4.6. Note that Theorem 4.5 is derived under the
Gaussian feature assumption. While there exists potential to
extend the proposed estimator to non-Gaussian settings, the
main challenge in applying Theorem 4.5 lies in constructing
the optimal weights, which in their explicit form depend
on the unknown density function and parameter 8*. As a
starting point, we impose Gaussian assumptions to keep the
setting analytically tractable and provide a thorough theo-
retical analysis. Nevertheless, we empirically evaluate the
performance of the proposed method under a sub-Gaussian
setting in Appendix A.l. The results demonstrate both the
potential for extending our framework beyond the Gaussian
setting and the good performance of our method relative to
other methods. This highlights the broader applicability of
the proposed methodology.

- I[yi,m -

CQW)) = (8

4.1. Uniformly Minimum Variance Estimation

In this section, we propose a consistent estimator of
{WxM_. for practical implementation.

Lemma 4.7 (Consistent estimator). Under the assumptions
as Theorem 4.5, define

~

Vi =

1 — _ 2
ﬁ Z xi,m+x;,rm+ (7— -1 |:yi7m - miT,m+/6m(T) < O:|) ,
=1

n

~ 1
Ry, = ﬁ Z f&:,m (0|1‘i,m+)xi,m+$;’fm+-

=1

—~ ~ ~ \—1 ~
We have that W,,, :== R,, (Vm> R, is a consistent esti-
mator of WJ,.

With these consistent estimators { Wm}m 1> we define
the one-shot weighted ensemble estimator with minimum
asymptotic variance (OSW) for the global and local estima-
tors as

BOSN(r) = B (i (W),
BV (r) i= T (rs2 (W) -

Theorem 4.8 (Uniformly minimum variance estimator). Un-
der Assumptions 4.1, 4.2,and 4.3, the global OSW estimator
BOSW( ) and local OSW estimator BOSW( ) are asymptot-
ically normal:

©))

Vi (BOSW () = 8(r)) % N0, CUW™))),

Vi (B0 () -

Corollary 4.9. Under Assumptions 4.1, 4.2,and 4.3, the
OSW estimator satisfies:

o) -5, = 00 (5

Tmﬁ*(T)) 2 N0, T C(QUW )T .

Note that, for any mth agent, the local estimator Bm(T),
defined in (1), satisfies

Vit (Bn(7) = T (1)) 5 N (0.W)

As Wt = T,,C(QUW*))T,", the OSW local estimator
has smaller asymptotic variance. Moreover, BSLSW(T) lever-
ages the heterogeneous structure of each agent, thereby
improving partial-feature prediction accuracy. This also
highlights the benefit of tailoring the global estimator via
the transformation 75, for localized inference. The pro-
posed OSW global estimator 3°5W (7) reduces the overall
prediction error across all features, while achieving the opti-
mal estimation error convergence rate (Salehkaleybar et al.,
2021).

4.2. Generalization via Agent-dependent Stability

In this section, we establish a generalization bound for the
proposed estimator based on the notion of algorithmic stabil-
ity. Stability-based analyses are commonly used in statisti-
cal learning theory to derive upper bounds on generalization
error, thereby ensuring out-of-sample performance.
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In classical settings, stability is typically defined with re-
spect to perturbations in individual data points. However,
this notion of stability does not directly apply in the FL
setting, where each model is trained on agent-specific lo-
cal data. To address this challenge, we define an agent-
dependent stability notion tailored to FL by quantifying the
effect of removing an entire agent’s data. This adapts the
sample-dependent stability concept from Bousquet & Elisse-
eff (2002) and Wu et al. (2020) to our federated framework.

Definition 4.10 (Agent-dependent stability). Let Z,, denote
the dataset held by agent m, and Z := {Z1,..., Zy } the
collection of all agent datasets. An FL algorithm A4 is said to
be agent-dependent p-stable with respect to a loss function
¢(+),if forallm = 1,..., M and any data point z,

Ez.: [6(Az,2) = l(Azm, 2)] <

where Z\™ denotes the training dataset with data from agent
m removed and redistributed to the remaining M — 1 agents
with the same missing structure.

This definition captures the sensitivity of the estimator to the
removal of any single agent, which is particularly relevant to
practical FL scenarios involving potential network outages,
agent dropout due to constraints such as budget limitations
or expired agreements, and poor local data quality. It also
extends to settings where the learning algorithm operates
under limited communication bandwidth.

Lemma 4.11. The proposed Algorithm 1 satisfies agent-
dependent stability with ;. = O (ﬁ) where N = Mn is

the total number of samples.

This stability result allows us to derive an out-of-sample gen-
eralization guarantee for our one-shot weighted ensemble
estimator.

Theorem 4.12 (Out-of-sample generalization bound). Un-
der Assumptions 4.1, 4.2, , 4.3 and at least m’ > 2
agents have the same features, with quantile loss function
() = p-(+), we have

E [( (B\OSW(T), Z)} —% iz (BOSW(T), Zk) =0y (%)
k=1

These bounds show that the OSW estimator generalizes
well to unobserved data and achieves the optimal estimation
error convergence rate and the optimal generalization error
convergence rate, which is consistent with the results in the
single joint learning literature (Salehkaleybar et al., 2021).

5. Numerical Experiments

In this section, we evaluate the performance of the pro-
posed estimator through simulations under various settings
designed to illustrate the practical performance of our meth-
ods. We consider a data-generating process of the form:

Y = XB*(7) + =, where X € R"* is a matrix of covari-
ates drawn from a multivariate normal distribution (0, X2),
and = := (&, -+, &,) represents the global noise vector.
The performance is evaluated in terms of mean squared
prediction error (MSPE) to assess out-of-sample perfor-
mance. We further validate the asymptotic normality of our
estimator by examining the convergence of its empirical
distribution moments.

Settings and baseline approaches. We evaluate the per-
formance across three quantile levels {0.2,0.5,0.8} with
4 different settings of the noise term: &; is generated
from (a) standard normal N (0, 1), (b) heteroscedastic nor-
mal NV(0, (2 + 0.1X;1)?), (c) exponential Exp(1), (d) t-
distribution ¢(5), and (e) Cauchy distribution. We compare
the proposed one-shot weighted ensemble estimator (OSW)
with the following baselines: (a) Naive-Local, which uses
local estimates independently, (b) Naive One-shot Feder-
ated Learning (Naive-OSFL), which averages these local
estimates, (c) Centralized, which uses a single machine to
concentrate all data without missing features, providing an
optimal baseline across algorithms, (d) UW-OSW, which
replaces each W,,, with diagonal elements that are 1 and
the remaining elements that follow a standard normal distri-
bution to verify the optimality of W,,, within the algorithm
framework, (f) DA-OSW, which examines the role of 7,
by substituting it with (14, ,0).

—8— 0SW (1=02)
Naive-OSFL (t=0.2)
~e— Naive-Local (1=0.2) 500 {
—&— UW-0SW (1=02)
~o— DA-OSW (1=0.2)
—e— Centralized (t=0.2)

~&— OSW (1=0.5)
Naive-OSFL (1=0.5)
o Naive-Local (t=0.5)
~8— UW-OSW (1=0.5)
~8— DA-OSW (1=0.5)
e Centralized (1=0.5)

Mean Sq. Pred. Err.
Mean Sq. Pred. Err.

.\.\'\.

1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
number of samples (n) number of samples (n)
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—&— Naive-Local (1=0.8)
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number of samples (n)

Figure 1. Mean squared prediction error under Cauchy distribution.

Due to space limitations, we present results only for the
Cauchy distributed noise setting. The results are shown in
Figure 1, which empirically demonstrate the superior per-
formance of the proposed method, along with the uniform
convergence compared to baselines across different quantile
levels. As the sample size increases, all approaches show the
expected reduction in prediction error; however, the OSW
method remains competitive with the centralized method
and consistently achieves the lowest prediction error in all
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Table 1. Computation cost for agent m under different methods

Methods Communication cost Methods Communication cost
Naive-Local —— Centralized ——
Naive-OSFL O(d;) DA-OSW O(d?)
UW-OSW O(df) OSW O(df)

Table 2. Mean Squared Prediction Error (MSPE) for different sample sizes in real data(t = 0.5)

n Naive-OSFL  Naive-Local OSW DA-OSW UW-OSW Centralized
10 4442.90 6257.72 8.13 7321.50 5324.31 5.46
20 16.86 2312.25 8.10 5321.89 3210.45 5.20
30 432.72 5540.64 8.10 3291.26 1565.36 4.68
350 42.76 844.46 6.50 623.45 98.72 3.28
450 23.01 518.64 4.59 320.08 69.17 2.14
500 44.42 575.89 4.40 198.76 54.69 2.03

settings. In contrast, the other baseline methods exhibit
limited improvement once the sample size exceeds 1000.
In addition, as shown in Figure 2, the empirical mean and
variance of the estimates converge to their theoretical val-
ues as the sample size increases, supporting the asymptotic
normality of the estimator.

Mean Error
Variance Error

0
1000 2000 3000 4000 5000 1000 2000 3000 4000 5000
number of samples (n) number of samples (n)

Figure 2. Convergence of the empirical mean and variance under
the Cauchy distribution.

We emphasize that consistent findings are observed for vari-
ous noise settings as previously mentioned, further demon-
strating uniform performance guarantees and, particularly,
the robustness against outliers and heavy-tailed noise. We
refer readers to Appendix A for details on the setup and
completed results of simulation experiments (Appendix
A.2 - AS5), particularly the sensitivity analysis under non-
Gaussian settings and related discussion (Appendix A.1).

Remark 5.1. We highlight that most existing FQR methods
are developed for the setting where all agents operate on
a common feature space and estimate the same parameter
vector. In contrast, our work considers a heterogeneous
structured setting, where agents observe different subsets of
covariates. As a result, local estimators are trained on in-
compatible feature spaces and cannot be directly aggregated
using standard FQR procedures. For this reason, applying
existing FQR methods in their original form is not aligned
with our problem formulation. However, in our current ex-

periments, we include the centralized quantile regression as
a strong reference benchmark, since it uses all data and the
full feature space for each agent. Our method achieves com-
parable performance to this benchmark, indicating that the
proposed aggregation procedure effectively recovers much
of the full-data performance despite feature heterogeneity.

6. Practical Implementation

In this section, we evaluate the practical performance of
the proposed estimator using the California Housing dataset
(https://lib.stat.cmu.edu/), which contains 1990 U.S. Census
data on housing districts. We investigate how the MSPE
varies with the local sample size n. For the FQR model,
we consider quantile levels of 7 = 0.2, 0.5, 0.8. Details of
the real data analysis setup and results of 7 = 0.2, 0.8 are
provided in Appendix A.8.

The results with 7 = 0.5 are summarized in Table 2, show-
ing that the proposed algorithm consistently achieves the
best performance compared to other methods by attaining
the lowest MSPE, while remaining competitive with the
centralized approach. MSPE decreases as n increases, pro-
viding empirical support for the theoretical guarantees estab-
lished in our work. This also demonstrates the adaptability
of the proposed method to diverse data-generating processes,
as well as its robustness in real-data applications.

7. Conclusion and Future Work

This paper presents a unified framework for federated quan-
tile regression, tackling challenges from heterogeneous fea-
tures and nonsmooth loss functions. The proposed one-shot
weighted ensemble estimator avoids iterative communica-
tion while maintaining statistical efficiency. We showed
that the proposed estimator is asymptotically normal, stable,



One-Shot Weighted Ensemble Estimation for Federated Quantile Regression

and offers strong generalization guarantees. QR handles
heavy-tailed or skewed distributions well, and our method
retains this robustness in federated settings.

Note that the current theory is limited by the Gaussian fea-
ture assumption. We emphasize, however, that establishing
the theoretical guarantee, e.g., asymptotic normality of the
learned parameters, and the determination of optimal weight
matrix W7, remains technically challenging even under
Gaussian features: unlike least squares, the local quantile
regression estimator does not admit a closed-form expres-
sion, and the nonsmoothness of the quantile loss further
complicates the analysis. Our results, therefore, require new
techniques, such as Bahadur linear representation, beyond
those used for federated mean regression. To the best of
our knowledge, our work is the first to investigate federated
quantile regression with such heterogeneous structured fea-
tures. Therefore, as a starting point, we impose a Gaussian
feature assumption to keep the setting analytically tractable.
Nonetheless, we empirically evaluate the performance of the
proposed method under a sub-Gaussian setting in Appendix
A.1 and discuss related technical challenges. We leave the
rigorous analysis under this more general setting for future
work.
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Table 3. Notations

Notations Meaning

T quantile level

Yi,m i-th observed response for agent m

T mts Tim— local observed and unobserved features for agent m
B*(7) true parameters

B (1) local QR estimator for agent m

B (m; QW) global estimator

N,n total and local sample size

M number of agents

Yoty Zm— observed and unobserved covariance for agent m
11, permutation matrix for agent m

s, 1L — extract observed and unobserved features (covariates) for agent m

The Appendix is organized as follows. Section A details the experimental setup and reports the complete results of the
simulations and real data analysis. Section B contains the proofs of the main theoretical results presented in the paper.

A. Full Experiments

All experiments were conducted on a Windows machine equipped with an i7-12700H (2.30 GHz) CPU, an NVIDIA 3070Ti
GPU, and 32 GB of RAM. We consider a federated setting with M/ = 40 agents, each observing a subset of d = 40 features.
Across different experiments, we set the sample size per agent to n = 100, 1000, 2000, 5000. The data is generated via
the linear regression model Y = X3*(7) + =, , where X € R"*? is generated from N(0,X), and = := (&1,...,&,) .
Among the 40 agents, 10 observe random subsets of 30 features, while the remaining 30 observe random subsets of 25
features. To construct the covariance matrix X, we sample d eigenvalues from the uniform distribution on [0, 1], randomly
amplify three of them by a factor of 30, and set ¥ = WAW T, where A is the diagonal matrix of eigenvalues and W is a
random orthogonal matrix. Figure 3 displays the heatmap of this covariance matrix. The noise term &; is generated under
four scenarios: &; is generated from (a) homoscedastic normal A/(0, 1), (b) heteroscedastic normal N (0, (2 + O.lXil)Q), (©)
exponential Exp(1), and (d) ¢t-distribution ¢(5).

Denote 3(1) € R be a vector generated d elements from N(0,10). For each quantile level 7, we shift 3(7) € R?
such that noise term ¢ satisfying P(§; < 0 | X;) = 7 to generate true coefficient 5*(7). Specifically, we consider
the following scenarios, (a) Homoscedastic normal: 3*(7) = B(7) + ®~!(7)e1, (b) Heteroscedastic normal: 3*(7) =
B(7) + 207 (7)e1 + 0.18~1(7)ea, (c) Exponential: 5*(7) = B(7) + Fy} (T)er, and (d) t: B*(7) = B(7) + 5F, " (7)e1.
where @ is the cumulative distribution function (CDF) of the standard normal distribution, Fi., and F} denote the CDFs of
the exponential and ¢ distributions, respectively, and e, is the standard basis vector in R? with the ¢th element being one
and all the other elements being zero. All methods are evaluated on a held-out test agent with access to all 40 features.
Experiments are repeated across quantile levels 7 = 0.2,0.5, and 0.8.

Throughout the numerical experiments, the density f¢, . (0 | 2,4 ) is estimated using a one-dimensional kernel density
estimator based on the residuals 7; ;= Yi.m — €, Bm (7). Specifically,

~ 1 <&
ffm,m (0 | Ii7m+) = W ZK (Ti,m/hm);
moi=1

where K (-) is the Gaussian kernel, K (u) = (2m)~*/? exp (—u?/2). For the bandwidth h,,,, we adopt Silverman’s rule of

thumb h,,, = 1.06&T7mnfnl/ 5, where &,. ,, is the sample standard deviation of {Ti.m}?:p and n is the sample size for agent
m.

A.1. Generalization Beyond Gaussian Feature Assumptions: Sensitivity Analysis and Discussion

As discussed in Remark 4.6, the current theory relies on the Gaussian feature assumption. Relaxing this assumption would
be both valuable and novel, but it also poses significant technical challenges, particularly in establishing strong theoretical

11
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Figure 3. The heatmap of the covariance matrix 3.

guarantees and deriving optimal weight estimators: Many theoretical properties and independence structures that hold
under Gaussianity may no longer be valid in non-Gaussian settings. For instance, extending the framework to sub-Gaussian
designs introduces new technical challenges, as several simplifications enabled by Gaussianity break down.

We next examine the sensitivity of our approach to this assumption by conducting experiments on non-Gaussian data. In the
subsequent simulation study, we assume the features are distributed according to the ¢ and exponential distributions, and we
set the quantile level at 7 = 0.5 for the FQR model. The results are reported in Tables 4 and 5, corresponding to the ¢ and
exponential distributions, respectively.

Table 4. MSPE under different sample sizes when data is generated from the ¢ distribution.

N Naive-OSFL  Naive-Local OSW

500 86.91 534.96 17.21
1,000 91.95 510.86 9.18
2,000 86.17 495.26 2.92
5,000 87.48 499.84 2.06

Table 5. MSPE under different sample sizes when data is generated from the exponential distribution.

N Naive-OSFL  Naive-Local OSW

500 149.05 508.40 45.89
1,000 125.39 518.92 30.19
2,000 127.73 512.78 24.03
5,000 123.99 510.27 21.40

The tables show that our proposed algorithm (OSW) consistently attains the lowest MSPE, with performance improving as
sample size increases, demonstrating both adaptability to diverse data-generating processes and robustness in estimation.

These preliminary results suggest that our method may generalize well beyond the Gaussian assumption of features. To
relax the Gaussianity assumption, a feasible direction is to leverage tools such as linear projection techniques, matrix
concentration inequalities, and uniform laws of large numbers to develop appropriate corrections and establish rigorous
theoretical guarantees. We acknowledge the novelty and importance of this extension and leave it for future research.

A.2. Homoscedastic Normal Distribution

In this section, we present results for the classical symmetric case—the normal distribution, where &; ,,, ~ N (0,1). The
results are shown in Figure 4 and Figures 5. Figure 4 demonstrate superior performance of the proposed method under
this setting, along with the uniform convergence compared to baselines across different quantile levels. As the sample size
increases, all approaches show the expected reduction in prediction error; however, the OSW method remains competitive

12
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with the centralized method and consistently achieves the lowest prediction error across different quantile levels. In contrast,
the other baseline methods exhibit limited improvement once the sample size exceeds 1000. The performance of the obtained
estimators with 7 = 0.5 shows lower variance, while extreme quantiles (7 = 0.2, 0.8) provide richer distributional insights
at the cost of increased estimation variability.

To validate the asymptotic normality of the proposed estimator B\OSW(T), we present the mean and variance of estimation
errors, defined as BOSW (1) — 8*(7), in Figure 5. The horizontal axis represents the sample size n, while the vertical axis
shows the mean (left) and variance (right) of the estimation error. As n increases, both the mean and variance decrease,
empirically confirming our asymptotic normality results.
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Figure 4. Mean squared prediction error under a homoscedastic normal distribution.
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Figure 5. Convergence of the empirical mean and variance under a homoscedastic normal distribution.

A.3. Heteroscedastic Normal Distribution

Figures 6 and 7 illustrate the performance of our proposed estimator under a heteroscedastic normal distribution, where
& ~ N(0, (24 0.1X;1)?). The results further demonstrate the superior performance of the proposed method in terms of
prediction accuracy compared to other baseline methods.
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Figure 6. Mean squared prediction error under heteroscedastic normal distribution.

A.4. Exponential Distribution

Figure 8 and Figure 9 present the results under exponential distribution across different quantile levels.

A.S. Student-t Distribution
Figure 10 and Figure 11 present the results under the #(5) distribution across different quantile levels.
To summarize, all of these results consistently demonstrate superior prediction performance of our proposed method across

various noise settings and quantile levels. The proposed method exhibits robustness to outliers and heavy-tailed noise

13



One-Shot Weighted Ensemble Estimation for Federated Quantile Regression

2.5
350 4 -7 (=02
—— (1=0.5)
— (t=0.8)
2.0 300
. S 250
5 £
[ o
& 15 @ 2001
3 5
] -2 1504
= I}
1.0 >
100
50 4
0.5 4
ol —————
2000 3000 2000 5000 1000 2000 3000 4000 5000

1000

number of samples (n)

number of samples (n)

Figure 7. Convergence of the empirical mean and variance under heteroscedastic normal distribution.
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Figure 10. Mean squared prediction error under ¢(5) distribution.
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Figure 11. Convergence of the empirical mean and variance under ¢(5) distribution.

distributions. Notably, our proposed method remains competitive with the centralized method.
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A.6. The Local Computational Cost

The local computational cost for agent m is
O (Kon (nd2, + d5,) + n,)

which scales linearly with the local sample size n and quadratically with the local feature dimension d,,, under the typical
regime n > d,,. Specifically, in Step 3 of Algorithm 1, we solve the local quantile regression using QuantReq in
statsmodels, implemented via iteratively reweighted least squares. If the algorithm takes /<, iterations, then the cost of
Step 3is O (Km (ndfn + dfn)) , since each iteration requires forming the weighted least-squares quantities and solving a
dm X dp, linear system. In Step 5 of Algorithm 1, the density estimator is one-dimensional and computed from the n local
residuals. Forming the residuals and computing V;,, cost O(nd,,), kernel density evaluation costs O(n), and constructing

Ry =21y, ‘]?g (0| Zi,m+) Tiymt-x] . costs O(nd2, ). Hence, the total cost of Step 5 is O(nd2,).

A.7. Bandwidth Sensitivity

Here we provide relevant experiments on the sensitivity of bandwidth in kernel density estimation, as shown in Table 6.

Table 6. Impact of bandwidth and sample size on MSPE under ¢-distributed errors with 7 = 0.5, M = 40, and a Gaussian kernel

h\n 100 500 2000 5000

0.001 100.979 20.151 6.538 1.434
0.010 100.979 20.151 6.538 1.454
0.100 100.979 20.151 6.538 1.454
1 100.979 20.151 6.538 1.434
5 100.979 20.151 6.538 1.434

Table 6 presents a sensitivity analysis of MSPE with respect to sample size n and kernel bandwidth h. The MSPE decreases
sharply as n increases, indicating that larger samples substantially improve prediction accuracy. In contrast, for a fixed n,
the MSPE is almost unchanged across different bandwidth values. This suggests that the method is not sensitive to the
choice of bandwidth A and is mainly affected by the sample size.

A.8. Real Data Analysis: California housing prices

The California Housing dataset (https://lib.stat.cmu.edu/) contains 1990 U.S. Census data on housing districts, including
median income, average number of rooms, occupancy, and geographic coordinates. This dataset is widely used as a
benchmark in statistics and machine learning for testing new methodologies. Our study includes 20 agents, where the
first 10 lack the first dimension, and the remaining 10 lack seven dimensions. For the FQR model, we set the quantile
level to 7 = 0.2, 0.5, 0.8, and the results are summarized below, showing that our algorithm consistently achieves the best
performance compared to other methods and remains competitive with the centralized method.

Table 7. Mean Squared Prediction Error (MSPE) for different sample sizes in real data (7 = 0.2)

n Naive-OSFL  Naive-Local OSW DA-OSW UW-OSW Centralized

10 1891.69 6257.71 8.10  4346.21 368.42 541
20 12.51 3750.04 8.10 1560.21 3210.45 5.20
30 432.72 5540.64 810  3218.72 1239.43 4.61
350 439.30 1687.57 8.10 573.21 84.26 3.30
450 21.05 487.95 4.49 287.62 66.45 2.18
500 21.06 557.38 3.89 163.43 50.67 2.08
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Table 8. Mean Squared Prediction Error (MSPE) for different sample sizes in real data(t = 0.5)

n Naive-OSFL  Naive-Local OSW DA-OSW UW-OSW Centralized

10 4442.90 6257.72 8.13  7321.50 5324.31 5.46
20 16.86 2312.25 8.10  5321.89 3210.45 5.20
30 432.72 5540.64 810  3291.26 1565.36 4.68
350 42.76 844.46 6.50 623.45 98.72 3.28
450 23.01 518.64 4.59 320.08 69.17 2.14
500 44.42 575.89 4.40 198.76 54.69 2.03

Table 9. Mean Squared Prediction Error (MSPE) for different sample sizes in real data(t = 0.8)

n Naive-OSFL  Naive-Local OSW DA-OSW UW-OSW Centralized

10 4106.56 2243.31 8.06  3278.56 4326.78 5.34
20 54.72 13260.42 8.05 2654.21 3769.08 5.06
30 234.03 7299.73 8.05 1856.23 827.36 4.51
350 80.73 1076.19 6.68 467.24 56.45 3.45
450 67.86 912.26 6.17 187.48 31.85 2.11
500 44.85 579.21 5.29 164.36 23.19 1.99

B. Theoretical Proofs

B.1. Proofs for Lemma 4.4

Proof. Let B*(t) = [B%(7) T, 8~ (1) T]T € R? be the global parameter vector. The response variable is generated as:
Y =X[Bi(r)+ X B (1) +E,

where the error term =, satisfies the quantile condition @, (2| X, X_) = 0. Recall that the quantile loss function is given
by pr(u) = u(r — I(u < 0)), and the local QR estimator for agent m is:

/Bm(T) = arg min@m(ﬁ(T))a where Q\m(ﬂ(T)) = %ZPT (yi,m - (xi,m—&-)—rﬂ(T)) .

B(T)ERY
Note that the expected loss function has the form S, (7) = argmin®,,(8(7)), where Q.. (8(7)) =
B(T)ER?
E [pr(yi;m — 2,4 B(7))]. Substituting y; ,, with the true model yields that
Qu(B(7)) = E [pr (21 (B1(7) = B(T)) + 21 B2 () +&)] - (10)
The first-order condition for minimization (10) requires:
OQm (B(T « x
) B [ (2T (337) = B + L 1)+ 6) ims] =0, an
where ¢, (u) = 7 — I(u < 0).Because z; are Gaussian random vectors, it follows that @; ,,— = S 57 %y +

Vims Vim ~ N(0,T;_), where ', =3, — ZZ-TiZ;rlEii is the Schur complement. Let &; 4 = & + v;.,,», 8% (7), this
illustrates the specific relationship between the local model and the global model. Under the assumption 4.3, after Taylor
expansion of the probability term and simplification, we obtain

E [fe . (01T m ) Timt @)y (BL(T) = B(T) + S 528 (1))] = 0. (12)

The local optimal parameter is then given by

B (1) = B(7) + (B [fer s Oim)2ims 20 ) E [fe o (01 )i m s 3] ] B2(7). (13)
A-1B
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Define the projection matrix:
Ty = [la,, A7'B|IL,,

where:

* A=E|[fe,, (012ims+)Tim+x, ] is the weighted Hessian matrix,
* B=E]|fe,.. (O|mi,m+)xi7m+xzm_} is the weighted covariance matrix,

e II,, is a feature permutation matrix.

Under the Assumption 4.1, by the Glivenko-Cantelli theorem, the sample loss function converges uniformly to the expected
loss function, we have

sup 0. (14)

B(7)

%ZPT (yi,m — .’L‘Ierﬁ(T)) - Qm(ﬁ(T))

As the expected loss function Q.,, (3(7)) is strictly convex at 57, (7) (since the Hessian matrix A > 0), the existence of a
unique minimum exists. According to the limit theorem, we have Gy, (1) 2 Ty, * (7).

Convergence in probability follows from the uniform law of large numbers under standard regularity conditions. Substituting
back into 3(7; Q(W)), we can apply the continuous mapping theorem to derive that

R M -1 /M
B(r; W) = (Z T,IWme) (Z T;Wmémv))
m=1 m=1

M M
L (Z T;Wme> <Z TJWmeB*(T)> = p (7).

m=1 m=1

B.2. Proof for Theorem 4.5

Proof. Note that the expected loss function is given by

B (1) = argmin@y, (B(7)), where Qu(B(7)) =t E [pr(yim — 2y B(7))]

B(T)ER?

where the local parameter vector 375, (1) € R%" connects to a global parameter vector 3*(7) € R¢ through a m-dependent
projection matrix 7},, € R%=*4 which can be formalized as

B (1) =Tnf*(1), Vme{l,...,M}.

The local model’s error term, capturing the deviation between observed responses and their conditional quantile predictions,
is formally defined as:

gi,m(T) =Yiom — mI,n+ﬁ,*,L(T),

and the local QR estimator for agent m is obtained as

Bn(r) = argmin@n(8(r)),  where Gu(B(r) =t + 3" pr (v — (i) TH(7).
i=1

BERE

For each observation m, define the weighted residual 7; ,,,(8m (7)) = T — I[Yim — (Tim+)  Bm(7) < 0]. The first
derivative of the loss function is:

Sn,m(Bm(T)) = W = _% in,m+7’i,m(ﬁm(7))-
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Setting the derivative equal to zero, we obtain the equation that the estimator Bm (7) must satisfy:
1 n
o D iy Tim (B (7)) = 0.
i=1

Expanding the first-order derivative around the true parameter 57, (7) using a Taylor series, we get:

Orim(5(7))

% ; xi,erri,m( ~m ~ — Z Ty m+7'2 m ﬂ* Z T m+ ﬂm ﬁ; (T)) aﬁm(T)

i=1

Since Bm( ) satisfies L El 1 Tiom T4, m(ﬁm( )) = 0, this simplifies to

8Tl TVL

aﬂm qu'zm-i-rzm ﬁ*( ))

Z Zit (B (T) = B (7))

. Ori,m :n T
We next compute the expectations of %&D and r; (B2, (7).

As B%,() is the true parameter for the 7-th quantile, E[r; ,,,(8%,(7))] = 0, %ﬁ(;gﬂ) — fe; 1 (024, m+ )T m+» Where

fe;.n (0|25 m+ ) is the density of the error term &; ,,, at O given x; ,. Under assumption 4.2, working conditional on the
design Fx = o{x; m+ }1—; and using Knight’s identity, we obtain the stochastic linearization

0= Spnm(Bn(7)) = Anm (Bm(T) = B (7)) + Tms (15)
where
L l - ari,m(ﬂ;}(T)) - l . ] ) T
Ann 1=~ ;E&m [ﬂ o ‘fx} = = ; Feom(O | Timt) Tome ) s (16)

Pnm = 0p ([ Bm(7) = B (7)) +0p(n~"/%)  (given Fx).

Thus, the expectation is taken only over the label noise in the Jacobian evaluated at the fixed point 3}, ; we do not take an

m ’
expectation of the entire first-order condition. A conditional LLN yields

Amm = Am + Op(1)7 Am =E [fﬁi,m (lei7m+)’xi7m+xz7ﬂ+] : (17)
Combining (15)-(17) gives the Bahadur representation
A G — B2 = 53 o (8°(7)) + 0y (n1/2). (18)
m n Pt s ) D
Equivalently, keeping the random Jacobian leads to
- 1 <&
Vi (B (1) = B (1) = AL, (\/ﬁ Z”fi,m+7“i,m(ﬁ*(f))> +0p(1).
i=1

Since A, 1 — A;' = 0,(1), Slutsky’s theorem implies the same \/n-limit if A,, ,, is replaced by A,,. Hence, the

n,m
randomness induced by the noise is fully preserved; the impact of ¢; ,,, on the Jacobian is 0,(1) and absorbed in the

remainder. This implies that

\f(ﬂm( )_Bm(T)) [ [féq m(0|xz m+)x7 m+zz m+ Zzz m+7"zm ( ))

18



One-Shot Weighted Ensemble Estimation for Federated Quantile Regression

By the Central Limit Theorem (CLT), as the sample size n approaches infinity, the distribution of the sample mean converges
to a normal distribution. For our case:

Vn <izxi,m+ri,m(3m(7'))> 4, N(0, Vi),

where V;,, = Var(z; yy+7i,m/ B, (7)) is the variance of @; 147 m (85, (7)). Therefore,

V(B (1) = B (1)) L N(0,9). (19)

The covariance matrix 1, can be calculated using the following formula:

1 —1
Ym = [E[fgzm (O|xi,m+)mi,m+x;,m+u Vi - [E[f&,m (O|xi7m+)xiﬂn+x2m+]] .
Specifically, V;,, = Var(z; y+7i,mB5, (7)) can be written as:
Vin = Bl(@im+i,m (B3, (1) (@imeim (B (7))) T]-

Noting that 7., (85, (7)) = T — I[Ysm — & 1y B (T) < 0], we have r; (8, (7))? = 7(1 — 7). Finally, the covariance
matrix 1y, is expressed as

Y =7(1—7) [E[f&,m(0\$i,m+)$i,m+$zm+]]71 iy [Elfein (0|$i,m+)$i,m+$zm+]]il :

We proceed to show C(W7y, -+, Wy) = C* under general feature distribution P and W}, := 1,.!. Based on the form
~ -1 ~
Bl QW) = (fo:l T Wme) (Zﬂf:l T Wmﬁm(T)), it follows that

Vi (Bl W) = (1)) ~ N(O,C(Wa,-- W), 20)
where

M -1 M M -1
CWy,---, Wy) = (Z T,IWme> : (Z T,IWMW,;*WWTW) - (Z T;Wme> :
m=1 m=1 m=1

Under the oracle weighting configuration W,,, = W , we attain the theoretical minimum asymptotic covariance bound.
The resultant covariance structure simplifies to:

-1
C(Wa, -+ W) = (ZTTW* > : @1)

establishing the pivotal semi-definite inequality requiring verification:

M -1
C(Wy, -+ W) = (Z T;Wme> =C*. (22)

m=1

To establish this ordering, we introduce the key matrix decomposition:

TTW_%

TIWxT,, T W Ty, }
T W Wm

1 T
T W
Hm = [TTW T To W W W, T, ] =0

TT W, Wi

where the outer product formulation explicitly guarantees positive semi-definiteness. Aggregating these components yields:

iH _ c1 M T W T
T e Ta Wl Yoy T Wan (W) ™ Wi T

m=1

= 0.

m=1
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The Schur complement analysis of this block matrix yields:

M m -1
0=<C - (Z T;Wme> (Z T;megglwmzfm>
m=1

m=1

M
X (Z T;Wme> =t Cc(Wy,..., W)~

m=1

O
B.3. Proof of Lemma 4.7
Proof. Slutsky’s theorem can be applied to show Wm Ei W, where
— P N I
Wi =Rn (Vi) Ron.
Note that
S i Pims it p
m+ — n pa . m+>
1 ¢ P T
g Z f& m lez m+)xz m+L; er} — [E[féi,m (0|$i,m+)xi,m+xi,m+u .
In addition,
1 — T T = 2
= > i@l (7= T [ = 2L Bn(r) < 0])
n
i=1
implies that
1 & . 2
=3 il (71 [Yim = 2] Bn(7) < 0]) B El@ims 71 (B3, () @t i (B (1)) T
i=1
O

B.4. Proof of Theorem 4.8

Proof. We first prove asymptotic normality of v/7(3%Y () — B(7)) % N(0, C(Q((W*))). We point out that Theorem
4.5 is not directly applicable, as we use estimated weights that reuse the training data. Note that the estimator can be
decomposed as:

y ]
Vi (BOSW@)—MT))—(Z TWme> (Z W (B (7) = Tmﬁ*(T))>- 23)

With the asymptotic normality established for /7(B (7) — Tp8* (7)) in Eq. (19), Slutsky’s theorem and continuous
mapping theorem, we can conclude that \/n(3°SW (1) — 8*(7)) % N(0, C(QW™*))).

Applying the delta method to the mapping By, (7) — T}, 3*(7), which maps from R to R%", immediately yields the
asymptotic normality of 395W (7) based on 3(7; (W)). It remains to verify the inequality 7,,,C*T,} < W1,

To this end, observe that the difference W~ — T,,C*T,| corresponds to the Schur complement of the block matrix

Wl
H = [ 7T c*m—l]'
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Hence, it suffices to show that [/ = 0. Using the identity

(g

we rewrite H as

- Wyt T Wyt T
Sl ST T L Th o LW T
The right-hand side is clearly positive semidefinite since it can be expressed as a Gram matrix:
x—1 w— L T
W . W = 0.
TT sz TT W’m

This completes the proof.
O

B.5. Proof of Corollary 4.9

Proof. According to \/E(BOSW(T) - B(T)) 4 N(0, C(©(W™*))), we can directly get

~ 1
(OF] *
ooy - 5] = 0 ()

O

B.6. Proof of Theorem 4.12

Proof. When agent m is removed from the distributed system, its n samples Z,,, are uniformly redistributed to m’ compatible
agents (Assumption (4.2)). Each compatible agent j € I, receives An = - samples, updating its local sample size to

1
n; = 1+m71

Here, Z,,, denotes the set of data on the deleted agent and I,,, denotes the set of compatible agents.

The original local estimator on agent j, before removal, admits the Bahadur representation
B 1 B n B
Bi(r) = B;(r) + -D;" D wigy (1= Hyiy < (i) B (1)}) +0p(n71?),
i=1

where D; = E [fy|X(ziT’jJrB;(T))o:i’j_s_xZH} =f- E[xiyj+xzj+] (Assumption (4.3)). After redistributing An samples,
the updated estimator becomes

B;ew( ) =85 (1) (Z iy (1= Hyij < (ffi,j+)T5;(7)})>
(JZ kit (1= Hywy < (Ik,j+)Tﬂ;(7)})> + 0,(n1/?).

The discrepancy between the original and updated estimators on compatible agents j € I, is characterized by

Bi(r) - Biev(r) = (1‘> 12% (r = I{-}) —fD 5N g (r— ) o, (n2), (24

n
kez®

A
(A4) 5

21



One-Shot Weighted Ensemble Estimation for Federated Quantile Regression

where Z ](-k) contains An = n; — n = -7 independent samples.

For (A), we have

11 1
:n_(l)_n'm'+120(nm'>' )
n\l+ s

Here, we define

Za=Y wije rij(B(r)), where 7 ;(85(r) =7 —1I[yi; — (wi,4)  Bi(r) <0].

i=1

Since samples are independently and identically distributed, we know that the mean E[r; ;(8;(7))] = 0 and the variance
Var(Zs) =n-E [mi,j+x;{j+ «Var(r; ; (85 (7)) | zij4)] =n-t(1—71)- E[mi1j+x;tj+]. Therefore, by the Central Limit
Theorem:

1 d
EZA = NO,7(1—71) -E[xj+x;+]).
Therefore, the order of the original sum is:
Za = 0p(V/n). (26)
Bringing equations (25), (26) into (24), we have
1 1 1 1 1
(A) = P D; Za=0 - - D; -Op(v/n), 27
J

where the spectral norm of Dj_1 is bounded (i.e., HDJ-_1 lop = O(1)).

For (B), define the random variable for the new sample as

An
Zo =Y gl (Br), ke Z,
k=1

n

—— independent samples.

where Z](k) contains An = n; —n=

Since the samples are independently and identically distributed, we know that the mean E[ry, ;(55(7))] = 0 and the variance
Var(Zy,) = An - E [z; j1a] 5, - Var(r; (85 (7)) | 2ij4)] = An - 7(1 = 7) - E[z; j4 2, ]. Therefore, by the Central Limit
Theorem, we have that

1 d T
Zp = NO,7(1 = 7) - Elz; j+2; 14 ])-
T 2 B NO (= 7) Bl )
Therefore, the order of the original sum is:
Z, = Op(V An). (28)
Bringing equation (28) into (24), we have
(B)—inlz —o(-L).p'.0 (vV/n) (29)
N n; i ok nm/’ J VI

Combining the orders of (A) and (B), we have
18;(m) = B3 (DIl < A + 1B + 0p(n~17%) = Op(n™12) + Op(n™1/2) + 0y (n™1?),

then ) )
18;(7) = B3 ()]l = Op(n™17?).
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The global perturbation induced by removing agent m propagates through the aggregated estimator as

M
Ag :B\OSW( ) — BOSW( ) (Z TTW T ) Z TT ( ) — BneW( ))

m=1 JE€L,

Here BOS w (7')\m denotes the aggregation parameter obtained by training with all observations after deleting the data of
the mth agent and reassigning it, as shown in Definition 4.10. Then, combining the spectral paradigm of the inverse of the
global aggregation matrix with the summation term, we have

14, < (Z TJWme) NS W) - )| -

m=1 JjEL,

[ Z%:l Ty W Tonllop < MCs. Tt follows that

Under the spectral norm control [[Wjllopy < Ci, [Tl < \/1+\|2;Ll+zmi||gp < (5, then we have

> TW — ()| <m! - Cr-Ca - Op(nY2) = O, (n~V/2).
JEL,
Then, we derive
1Al < 375 Z 18;() = B (1)]| = Op(N~1/2).
JEL,

Leveraging the Lipschitz continuity of the quantile loss p,, the stability of the global estimator satisfies

pr(y — 2T BV (1)) = pr(y — 2T BOSW ()N ™)| <l - Al < Cu- Op(N7V2),
yielding the stability constant bound

j(m) < Ca- Op(N"Y2) = 0,(N"V2),  pi = maxju(m) = O,(N~V/2).

Decompose the generalization error as

R(BOSW (1)) — R(BO5W (1))
_ R(BOSW(T)) - ﬁdis(B\OSW(T))

Stability Term

+ Ras (B (1)) — E(Rais(BOSY (1)) + B(Ras (525 (1)) — R(BOSY (7)) .

Statistical Error

For stability term, let D = R(BOSW(T)) - Edis(B\OSW (7)). Here

E[D] = E[R(B°Y (1)) — Rais(BO5Y ()]
= % > Elp-(y—(2) T B0V (1) — prly — ()T BOW (1) V)] < .

i=1
Applying a block-wise McDiarmid inequality, we obtain

2
P(D - E[D] > t) < exp (—m%(/ﬂ)) .
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Then
P (RO () - R3O () 2 +1) < emp (- 2.
m - (p?)
_ ot : . .
Let 0 = exp ( ) ), solving for ¢ yields:

m u? - ln(l/é).

Substituting p = O,(N~1/2), we get:

m-N~1-1n(1/4§) In(1/4)
o). )

Then, with probability at least 1 — §, we have that

n

R(BOSW(T)) B ﬁdis(BOSW(T)) < Op(nfl/Q) L0 < 1n(1/6)) )

For the statistical error term, we define Dy = Ruis (395 (7)) — E(Ruis(B°SW (7)) and Dy = E(Rgis(B3°5W (1)) —
R(BOSW (1))

For D5, according to the definition of stability and the linear nature of expectation, one has

N
Dy = E[Rais(BSY (7))] — R(BOS™ (r) Z [€BOSY (r)\, 2) = £(BOSY (7). 2)] .

Since the difference between 3°5W (7)\™ and B (7) is guaranteed by parameter estimation consistency (||§ OSW (r)\m _
BOSW ()| = Op(n~1/?)), combined with the Lipschitz continuity of the loss function:

E[((BO5W (1)\™, 2) — £4(BOW (1), 2)] < Cy - E[[| B0V (r)\™ — BOSW (1)]]] = O(n~ /).

Therefore,

Dy = E[Rgis(BO5Y (7)) = R(BOSY (1)) = O(n~"/2).
For D, according to the central limit theorem, we have
Dy = 0(n~/?).

Then 1
Ras(BOY (7)) = R(B°Y (1)) = O, <> = 0,(n™17?).

Combining both terms yields the final convergence rate:

R(FOSW (1)) = R(BOSW (1) = Opln™112) + Opln™ V%) = Oy(n~112),
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