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Abstract. While InfoNCE underlies modern contrastive learning, its geometric mechanisms remain
under-characterized beyond the canonical alignment—uniformity decomposition. We develop a measure-
theoretic framework in which representation measures evolve on a fixed embedding manifold. In the
large-batch limit, we prove value and gradient consistency, linking the stochastic objective to explicit
deterministic energy landscapes and revealing a geometric bifurcation between unimodal and symmetric
multimodal regimes. In the unimodal case, the intrinsic energy is strictly convex and admits a unique
Gibbs equilibrium, showing that entropy acts as a tie-breaker within the aligned basin. In the multimodal
case, the intrinsic geometry becomes cross-coupled and contains a persistent negative symmetric divergence
term: each modality’s marginal reshapes the effective landscape of the other, allowing strong pairwise
alignment to coexist with a persistent modality gap. Controlled synthetic experiments and analyses
of pretrained CLIP representations support these predictions. Overall, our results shift the analytical
lens from pointwise discrimination to population geometry, showing that pairwise alignment alone is
insufficient to control cross-modal marginal structure.

1 Introduction

InfoNCE-based contrastive learning is a central objective in self-supervised and multimodal representation
learning (Oord et al., 2018; Radford et al., 2021; Jia et al., 2021), yet its representational geometry remains
poorly understood. In multimodal systems such as CLIP, training can achieve strong pairwise alignment while
the modality marginals remain separated, an empirically observed phenomenon known as the modality gap
(Liang et al., 2022; Levi and Gilboa, 2025), for which a mechanistic explanation is still lacking. Even in the
unimodal setting, it remains unclear what population-level energy InfoNCE induces and how its geometry
should be understood beyond the alignment—uniformity view (Wang and Isola, 2020). This raises a key
geometric question for representation learning: why does matching positive pairs fail to match the induced
population distributions? More broadly, what population energies do unimodal and symmetric multimodal
InfoNCE induce, and what equilibria does their geometry favor?

Existing theory still lacks a first-principles account of these questions. Density-ratio analyses characterize
the optimal critic as pointwise mutual information (Gutmann and Hyvérinen, 2010; Oord et al., 2018), but do
not directly describe the deterministic descent directions induced by the softmax denominator or how these
directions reshape the induced representations. The alignment—uniformity view (Wang and Isola, 2020) clarifies
important asymptotic trade-offs, but leaves open what population structure the InfoNCE objective itself favors.
Identifiability results offer recovery guarantees under explicit generative assumptions (Zimmermann et al., 2021;
Liu et al., 2026), addressing what is learnable in principle rather than the objective-induced geometry of the
learned marginals. This lack of a geometric account is particularly consequential in multimodal settings, where
the symmetric InfoNCE objective is formally an average of two directional terms, yet its induced geometry is
not merely the simple average of their individual geometries.

We therefore adopt a measure-theoretic viewpoint that makes the population geometry of InfoNCE explicit
(see Fig. 1 for an illustration). In the canonical feature normalization setting, we regard the embedding space
Z as a fixed compact manifold equipped with a volume measure u. Encoders push data distributions forward
onto Z, thereby inducing both representation laws and positive-pair laws directly in the embedding space.
Under the exponential similarity kernel, the InfoNCE denominator converges, in the large-batch limit, to a
population partition field: a kernel-averaged functional of the current representation law that determines the
softmax gradient. We show that stochastic InfoNCE is consistent with a closed-form deterministic energy over
representation measures, both in value and in gradient. This passage from finite-batch objectives to population
energies allows us to separate intrinsic geometric effects from parametrization or training artifacts.

*Please cite the ICML 2026 version: https://openreview.net/forum?id=X9VtjdB1lQw; see App. H for a summary of the notation
and expository updates in this preprint version. Code available at: https://github.com/YichaoCail/InfoNCE_Geometry.
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Figure 1: A unified analytical pipeline for contrastive learning geometry. Starting from stochastic InfoNCE losses, the
large-batch limit yields deterministic parametric energies, which in turn lift to intrinsic landscapes over representation
densities. At this intrinsic level, the geometry bifurcates: in the unimodal case, the landscape is strictly convex, yielding
a Gibbs equilibrium; multimodally, a negative symmetric KL coupling induces barrier-driven coordinate responses and
can sustain structural separation. The landscape visualizations are illustrative schematics.

From this intrinsic view, unimodal and symmetric multimodal contrastive learning exhibit a fundamental
geometric bifurcation. In the unimodal regime, the intrinsic population energy is strictly convex and admits
a unique Gibbs equilibrium: at low temperature, mass concentrates in highly aligned regions, while entropy
controls dispersion within those regions. This reframes “uniformity” (Wang and Isola, 2020) not as a global
force opposing alignment, but as entropy-driven spreading inside the alignment basin. In contrast, symmetric
multimodal InfoNCE induces a cross-coupled geometry: heterogeneous modalities can define different conditional
laws and hence different alignment fields, producing a negative symmetric divergence coupling between their
marginals. Rather than reducing to a shared unimodal-style equilibrium, each modality enters the effective
landscape of the other through a density-dependent barrier, yielding barrier-driven coordinate geometry. Exact
marginal coincidence therefore requires additional compatibility between the two directional structures; absent
such compatibility, the cross-coupled geometry can sustain a persistent modality gap even when pairwise
alignment is strong.

These intrinsic results are not merely formal: under suitable encoder expressivity, the corresponding
parametric problems inherit these intrinsic concentration and barrier structures up to controllable KDE
mismatch, linking the population-level theory back to encoder parametrizations. We validate the resulting
predictions through controlled synthetic experiments and measurements on pretrained CLIP representations.
The results show that strong retrieval performance can coexist with a measurable modality gap, and that
weakening cross-modal compatibility systematically enlarges this gap even when category-level semantics are
preserved. Together, these findings suggest that the modality gap is not merely a failure of pairwise alignment,
but reflects a population-level geometric effect; reducing it may therefore require controlling cross-modal
divergence beyond positive-pair matching alone.

Controbutions. Our main contributions are: (i) large-batch value- and gradient-consistency results connecting
stochastic InfoNCE to deterministic population energies; (ii) a characterization of the intrinsic unimodal
InfoNCE geometry as a strictly convex population energy with a unique Gibbs equilibrium, together with a
reinterpretation of “uniformity” as entropy-driven dispersion within the alignment basin; (iii) a derivation of the
multimodal bifurcation, in which a negative symmetric divergence coupling induces barrier-driven coordinate
geometry and can sustain a modality gap under conditional heterogeneity; (iv) synthetic and real-data evidence
supporting these predictions through controlled experiments and measurements on pretrained OpenCLIP
models across CNN- and ViT-based backbones.

2 Problem Setup

We introduce the population-level objects used throughout the analysis for unimodal and symmetric multimodal
InfoNCE. For ease of reference, Tab. 1 summarizes the principal notations used throughout the paper.

Data, encoders, and induced laws. Let P(S) denote the set of probability measures on a measurable
space S. In the unimodal setting, r,, € P(X x X) governs positive observational pairs (x,X), typically two
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views of the same underlying example. We assume that its two X-marginals coincide, and denote the common
marginal by px. In the multimodal setting, rmm € P(X X )) governs positive cross-modal pairs (x,y), where
X and Y are measurable sample spaces; we write px and py for its X- and Y-marginals.

We consider two families of measurable encoders fg: X — Z, 60 € ©, and g4 : V — Z, ¢ € ®, with compact
parameter spaces © and ¢, where Z C R™ is a common representation space. We model Z as a Riemannian
manifold (e.g., S*~1) equipped with a non-atomic Riemannian volume measure u. These encoders induce the
pushforward laws

40 = (fo)upx,  Too := (fo X fo)prum, Qo= (98)#Py,  Tog = (fo X 9¢)# mm-
Here, gg and g4 are the encoded marginal laws, while mg9 and mg4 are the encoded positive-pair laws.

InfoNCE objectives in contrastive learning. We consider InfoNCE objectives based on a symmetric
bounded measurable similarity function sim : Z x Z — R satisfying sim(z,w) = sim(w, z), and define the
exponential kernel

kir(z,w) := exp(sim(z,w)/7), (1)

where 7 > 0 is the temperature. The unimodal and multimodal objectives are defined as follows.
(i) Unimodal objective. For a training batch B composed of a positive pair (x,X) ~ Ty, and N negative

samples {x j-vzl i Px, the expected finite-N InfoNCE objective is'

LNCE,N(Q) = EB — log

(2)

(o). fo(%) ] .
ke (fo(x), fo(%)) + 301 - (fo(x), fo(x]))

(ii) Symmetric multimodal objective. Given a cross-modal positive pair (X,y) ~ rmm and negatives

v} j-vzl i Dy, define the expected directional objective

Ly n(0,0) = Es,., [ log ke (fo(%), 96(y)) ] |

R (fg(X), g(b(Y)) + ZjV:1 Rr (fQ(x)vg¢(yz))

where B,y = {X,y,¥!,..., ¥~} Define LL 5 v (0,6) analogously by swapping modalities. The symmetric
multimodal InfoNCE objective is

Lsym,n (0,0) = 5 (Lxdp,n (0, 9) + LXCp v (6,6)). (3)

Population partition fields and smoothed densities. At the population level, the InfoNCE denominator
induces kernel-averaged fields on Z. We use these fields to define the corresponding smoothed representation
densities. To normalize them, we impose the following condition.

Assumption 2.1 (Constant kernel volume). The representation space Z is compact with u(Z) < co. For
each 7 > 0, there exists V(1) € (0, 00) such that

/ZKT(Z, w) p(dw) = V(1) for all z € Z. (4)

Remark 2.1 (When Asm. 2.1 holds). A sufficient condition for Asm. 2.1 is that Z is a compact homogeneous
Riemannian manifold, p is its invariant volume measure, and &, is isotropic, i.e., depends only on geodesic
distance. In that case, Vi(7, z) := [ £, (2, w) pu(dw) is independent of z, so Asm. 2.1 holds exactly.

Definition 2.1 (Population partition fields). Given representation laws gy and gy, define the population
partition fields

Ty - (2) Z:/ZIQT(Z,’LU)Qg(dw), Ly -(2) ::/ZHT(Z,w) gs(dw).

1For analytical clarity, we use an iid negative-sampling formulation. Extending the formal large-batch argument to dependent
in-batch negatives requires additional sampling assumptions and is not considered here.
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Definition 2.2 (Kernel-smoothed representation density). Under Asm. 2.1, define the kernel-smoothed
representation densities pg -, gg,r : £ — (0,00) by

ore)i= L parte) =

By symmetry of k,; and Asm. 2.1, both densities integrate to one with respect to p. Equivalently, pg -(2) 1(dz)
and gy -(2) u(dz) are the kernel-smoothed probability measures on Z.

Remark 2.2 (Finite-7 smoothing and positivity). For any 7 > 0, jg,, is a kernel smoothing of ¢y via I'g ;. In
particular, it defines a p-density even when gy is singular with respect to p. If k-(z,w) is continuous and
strictly positive on Z x Z, then pg , is continuous and strictly positive on Z; the same holds for gy .

Here, 'y -(2) is the population negative-partition field associated with a query at z, while gy is the
corresponding kernel-smoothed density of gg at scale 7. For i.i.d. negative representation variables w; ~ gg,
+ Zjvzl k. (z,w;) is a Monte Carlo estimator of I'g ,(z); analogously, 'y , arises when negatives are drawn
from g4. These population fields, or equivalently their normalized densities under Asm. 2.1, are the quantities
that enter the large-batch parametric energies and pointwise gradient limits developed in the following sections.

3 Unimodal InfoNCE: Convex Geometry and Gibbs Equilibrium

This section develops the unimodal baseline that underlies the later multimodal bifurcation. We first show
that, in the large-batch regime, unimodal InfoNCE admits an explicit deterministic energy limit depending on
6 only through the induced laws (gg, mgg) on Z and Z x Z. Proofs for all formal statements in this section are
deferred to App. C.

3.1 Large-Batch Deterministic Energy
We begin by identifying the population-level energy arising as the large-batch limit of unimodal InfoNCE.

The resulting closed-form parametric energy J,(6) has a gradient that matches the InfoNCE gradient up to
vanishing error as N — co.

Assumption 3.1 (Optimization regularity). Assume the following conditions hold:
(i) (Encoder regularity). For every x € X, the map 6 — fy(x) is C! on O, and its parameter Jacobian is
uniformly bounded:?

SuPgee SUPxex [|J0fo(X)]op < 00

(ii) (Similarity regularity). The similarity function sim is C' on an open neighborhood of Z x Z, and its input
gradient is uniformly bounded on Z x Z:

SUP(z,w)eZx 2 | Vsim(z, w)|| < oo.

Remark 3.1 (Optimization stability). Asm. 3.1 ensures that InfoNCE gradients remain uniformly controlled
over O, which is needed to justify exchanging the large-batch limit with differentiation. Further discussion and
the formal uniform bounds are given in App. A.1 and Lem. B.1.

For fixed 7, the normalized finite-N negative partition sum concentrates around the population partition
field I'g » from Def. 2.1. This yields a closed-form population energy with value and gradient consistency in the
large-batch limit.

Definition 3.1 (Alignment potential field). Let mgg € P(Z x Z) be the encoded positive-pair law with
first marginal g9 € P(Z). By disintegration, there exists a measurable family of probability measures
{vo,2}.ez C P(Z) such that

Too(dz, dw) = go(d2) vp,- (dw)

as measures on Z X Z. We define the alignment potential field by

Up(2) :== —/Zsirn(z,w) v »(dw), go-a.e. z. (5)

2Throughout , || - || denotes the £2 norm for vectors unless specified; || - |lop denotes the induced operator norm for linear maps.
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Definition 3.2 (Unimodal parametric energy). Fix 7 > 0. Let pg . be the kernel-smoothed p-density from
Def. 2.2, and let Uy be the alignment potential field from Def. 3.1. Define the unimodal parametric energy
Jr 0 = Rby

7)1+ [ U2 ao(ds) = Hosim(ao. o). ()

where H,sim(q, p) := — [;log p(z) q(dz) denotes the cross-entropy of the probability measure ¢ € P(Z) against
a strictly positive den51ty D

Theorem 3.1 (Large-batch unimodal consistency). Consider the unimodal InfoNCE objective Lxcg, n(0) in
Eq. (2) and the parametric energy J,(0) in Def. 3.2. Assume Asms. 2.1 and 3.1. Then for any fized T > 0 and
00O, as N — 00,

|£NCE,N(9) — j-,—( ) log(NV )| — 0, HVGENCE,N(H) — VQJT(Q)H — 0.

Thm. 3.1 shows that, at each fixed parameter value, the expected finite-N InfoNCE objective and its gradient
converge to the deterministic energy J, and its gradient, up to the additive constant log (N Vi (T)) in value.
Thus, the partition field I'g ;, or equivalently the smoothed density jg -, determines the pointwise large-batch
energy and gradient limit.

3.2 Intrinsic Free Energy and Gibbs Equilibrium

The parametric energy J, () is generally nonconvex in 6, since the map 6 — (gg, mgg) is implicit. To isolate
the intrinsic geometry, we fix a potential field U on Z and optimize directly over distributions on Z. This
yields a strictly convex free-energy functional with a unique Gibbs equilibrium. In the low-temperature regime,
J- approaches this intrinsic landscape up to a controllable KDE mismatch.

Definition 3.3 (Intrinsic unimodal energy). Fix 7 > 0 and a Borel measurable potential U : Z — R that is
bounded below p-a.e. Let

Du(2) = {p=0: [ o) utdn) =1},

We define the intrinsic unimodal energy F, ¢ : D, (Z) — (—o0, +00] by

1
Fewlo)i= 7 [ UG utde) - ), (7)
where H(p) := — fz p(z logp (z) u(dz) is the differential entropy of u-density p. We adopt 0log0 := 0, and set

Frulp) = +oo 1f either [, U(z)p(z) p(dz) or [, p(z)log p(z) pu(dz) equals +oc.

Proposition 3.1 (Unique Gibbs equilibrium). Assume Z is compact with u(Z) < co. Fiz 7 > 0 and let
U : Z — R be Borel measurable and bounded below ji-a.e. Then, F, is strictly convex on its effective domain
and has the unique minimizer

pie) = SO g [ (-T2 uga) ®)

Proposition 3.2 (Low-temperature concentration). In the setting of Prop. 3.1, fit 0 > 0 and define

W7 = {z €Z2:U(z) < essinfU+a}.
o

Then, as 7 — 0%, the Gibbs measure p*(2) u(dz) concentrates on W7 in the sense that, for every open O D W?,
Jz\0P*(2) p(d2) — 0.

In the unimodal regime, the intrinsic landscape admits a unique Gibbs equilibrium for each 7, and as
7— 07, the equilibrium concentrates on near-minimizers of the alignment potential U. Prop. 3.2 formalizes this
low-temperature concentration, while Fig. 3a illustrates it by tracking the mass inside a fixed near-minimizer
region as 7 decreases.
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Connecting back to J;: sharp kernels control KDE mismatch. To connect the intrinsic geometry
back to the parametric energy, we consider a sharp-kernel regime in which the kernel-smoothed density gy, -
approximates the induced representation density pg.

Assumption 3.2 (Sharp diagonal peak). Assume Asm. 2.1. Let dz(-,-) denote the geodesic distance on
Z. There exist constants r > 0 and 0 < m; < mgy < oo such that for all z € Z and all w € Z satisfying
dZ (Z7 ’U)) <r,

—madz(z,w)? < sim(z,w) — sim(z, 2) < —midz(z,w)?, and argmaxsim(z,w) = {2}, z € Z. (9)
wEZ
Remark 3.2. Geometrically, Asm. 3.2 forces the normalized kernel mass to concentrate within an O(y/7)
geodesic neighborhood of the diagonal; see App. A.2 for discussion. As a result, g - acts as a local smoothing
of pg, which is quantified in the low-temperature regime by Lem. B.3.

Theorem 3.2 (Low-temperature unimodal energy consistency). Assume Asms. 2.1, 3.1 and 3.2. Fixz 0 € ©
and assume gy < | with a strictly positive, continuous density py, i.e., inf,cz pg(z) > Py > 0.3 Define the

KDFE mismatch 61((?6(7') = ||po,r — polloc- Then there exists 79(8) > 0 such that

(9)
17,(0) — Fran(po)] < 230D yg <o),

Py
and in particular, as T — 0%, |7;(0) — Fr.u,(pe)| — 0.

Uniformity as a tie-breaker. Thm. 3.2 bridges the intrinsic analysis back to the parametric objective: in
the sharp-kernel regime, the parametric energy J,(6) is close to the intrinsic energy F; y, (pg) up to the KDE
mismatch between pg - and pg. If the encoder family is expressive enough to realize the relevant intrinsic
Gibbs equilibrium at the best attainable potential level, then minimizers of 7, inherit the same ground-state
concentration behavior. Within an aligned basin where Uy is already near-minimized, the remaining degree of
freedom is how probability mass is distributed, and the entropy term in Eq. (7) selects the most internally
dispersed near-optimal configuration. This is the sense in which “uniformity” emerges. Cor. E.1 formalizes the
expressivity condition and the resulting parametric inheritance; see App. E.1 for extended formal statements.

1w Punchline 1 (Unimodal InfoNCE geometry). The defining feature of unimodal contrastive learning is
structural cohesion. Because the modality evaluates its cross-entropy against its own smoothed density field,
the intrinsic energy is strictly convex. Alignment determines the ground-state basin, while entropy selects a
unique, internally dispersed equilibrium within it (see Fig. 2a).

4 Symmetric Multimodal InfoNCE: Divergence-Coupled Geometry

We analyze the symmetric multimodal InfoNCE objective used in CLIP-style training (Eq. (3)). Unlike the
unimodal setting, the geometry is cross-coupled: each modality induces the effective field seen by the other.
This coupling yields a qualitatively different geometry and can sustain a population-level modality gap. Proofs
for all formal statements in this section are deferred to App. D.

4.1 Cross-Coupled Multimodal Deterministic Energy

We now identify the deterministic population energy arising as the large-batch limit of symmetric multimodal
InfoNCE. As in the unimodal case, the expected finite-N objective matches a closed-form parametric energy up
to an additive large-batch constant in value, with pointwise gradient consistency. The difference is cross-coupling:
each modality evaluates its cross-entropy against the other modality’s kernel-smoothed density field.

Assumption 4.1 (Multimodal optimization regularity). In multimodal contrastive learning, assume Asm. 3.1
holds for both encoder families {fg}oco and {gs}scs, uniformly over © x &.

Remark 4.1. Under Asm. 4.1, the symmetric InfoNCE objective has a uniformly bounded joint gradient over
© x ®, which is needed to exchange the large-batch limit with differentiation in the multimodal consistency
proof. See Lem. B.2.

3See App. A.3 for a detailed discussion on the strict positivity assumption and the role of density floors.
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Definition 4.1 (Directional alignment potential fields). Let mpy denote the encoded positive-pair law on
Z x Z with marginals ¢p and g,. By disintegration, there exist measurable families of probability measures

{1/9(2572}262 and {I/¢97w}wez such that
Tog(dz, dw) = qo(dz) vge, . (dw) = g4 (dw) vge,w(d2),

as measures on Z X Z. Define the directional alignment potential fields
Upsg(2) == —/ sim(z, w) vgg, - (dw), ge-a.e. z, Ugsg(w) := —/ sim(z, w) vgg w(dz), gs-a.e. w.
z z

Definition 4.2 (Symmetric multimodal parametric energy). Fix 7 > 0. Recall the kernel-smoothed pu-densities
Po.r, Por from Def. 2.2. Define the directional multimodal energies by

1 1
Tr0.0) 1= 1 [ Unole) 0(d2) = Holans o) T76.0) =~ [ Upeolw) o) = Holass o).

and the symmetric multimodal parametric energy by

TI0,6) = 5 (T2(0.6) + TI(6,0)). (10)

Remark 4.2 (Directional asymmetry). Although both directions are induced by the same pair law 7y, the two
regular conditional laws vgg . and vgg ., need not coincide. Consequently, Uy, and Ug.s need not coincide:
there is no single unimodal-style potential field unless an additional compatibility condition is imposed on the
conditional laws.

Theorem 4.1 (Large-batch multimodal consistency). Consider the symmetric multimodal InfoNCE objective
Lsym,n(0,0) in Eq. (3) and the energy J2Y™ (0, ¢) in Def. 4.2. Assume Asms. 2.1 and J.1. Then, for any fized
7>0and (0,¢) €O x ®, as N — oo,

|£Sym,N(07 ¢) - j‘rsym(e? ¢) - log(NVH(T))‘ — 0, HV(G,QB)‘CSym,N(aa qb) - v(9,¢)‘-77'sym(97 (b)” — 0.

Remark 4.3. Since the additive log(N VH(T)) is constant in (6, ¢), Thm. 4.1 shows that, at each fixed parameter
value, the expected finite-N symmetric InfoNCE objective and its gradient converge to J5V™ and its gradient,
respectively, up to this additive constant in value. Unlike the unimodal case, the limiting energy is cross-coupled:
each modality evaluates its cross-entropy against the other’s smoothed density field.

4.2 Cross-Modal Divergence Coupling and Barrier-Driven Coordinate Geometry

We lift it to an intrinsic functional over modality densities on Z. Relative to the unimodal free energy, the
key new term is a megative symmetric divergence coupling. This coupling persists at fixed temperature and
qualitatively changes the coordinate-wise geometry.

Definition 4.3 (Intrinsic multimodal energy). Fix 7 > 0 and let Uy,2,Us,1 : Z — R be fixed bounded Borel
measurable potential fields. Fix density floors p , p, > 0 satisfying p, 1(2) < 1, and define

Dmgi(z) = {p €DL(Z)NL>¥(k) : p = p, M—a.e.}.
For (p1,p2) € Dy, (Z) x Duu.p, (Z), define the intrinsic multimodal energy by

FF (p1,02) = 2 (Frvya(p1) + Frou., (p2)) — DRI (o1, p2), (11)

where Uy o := (U2, Uzs1), Fru,., and Fry,., are the unimodal free energies from Eq. (7), and

2

m 1 .
D™ (p1, p2) = 5 (Dxr(p1llp2) + Dxr(pellpr)).  with  Dxr(p1llp2) ::/Zm(Z) logp B

2

Remark 4.4. The constraint p; > p,isa technical device that rules out degenerate —oo energies and makes the
coordinate-wise geometry explicit. See App. A.3 for a discussion.
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Figure 2: Schematic comparison of the intrinsic unimodal and multimodal geometries. (a) In the unimodal problem,
alignment and entropy define a free energy with a unique Gibbs equilibrium, p} ;; e~Y/7 whose mass increasingly
concentrates near low-potential regions as 7 | 0. (b) In the multimodal problem, the peer density enters the effective
potential through Vijo = Ui.2/7 + log p2 (and symmetrically for V5)1), so regions of high peer density act as barriers.
Coordinate-wise minimizing sequences can therefore respond by concentrating mass in low-effective-potential regions
away from the peer density, leading to barrier-driven structural separation rather than a single Gibbs equilibrium.

Proposition 4.1 (Barrier coordinate geometry and extremal convergence). Assume Z is compact with
w(Z) < oo, and let .F:,S}{i , be asin Def. 4.3. Fiz py € Dyp (Z) and define

1
Vipa(z) == ;sz(z) + log pa(2).

Then, the coordinate map p; — .FTS’%“LZ (p1,p2) is concave on D#’B1 (Z2), and its infimum is approached by
densities that place the excess mass Méi) =1-p, w(Z) on approzimate minimizers of Vyo while leaving only

the floor P, elsewhere. An analogous statement for Me(,%) =1-p, w(Z) holds when optimizing in py with py

fized, with effective potential field Vo)1 (2) := LUs.1(2) + log p1(2). (The explicit extremal construction is given
in App. D.2.)

Remark 4.5 (Barrier-driven coordinate geometry). Unlike the intrinsic unimodal Gibbs-like free energy, the
multimodal functional does not admit Gibbs-type coordinate minimization. The term log py enters Vijp =
%Upg +log p2 as an occupied-mass barrier: regions where modality 2 already assigns high density become more
expensive for modality 1, whereas low-density regions of modality 2 are comparatively favored, subject to the
alignment potential. Hence the coordinate infimum is approached by extremal rather than Gibbs-like densities:
after maintaining the density floor, modality 1 can approach the infimum by concentrating its excess mass near
minimizers of V|, and symmetrically for modality 2. This coordinate-wise avoidance of occupied high-density
regions, together with alignment-dependent basin selection, yields a winner-take-all-like extremal geometry.

Theorem 4.2 (Low-temperature multimodal energy consistency). Assume Asms. 2.1, 3.2 and 4.1. Fiz any

(0,0) € © X @, and assume qg <K i, gy <K p with continuous densities pyg, py bounded below: inf.cz pg(z) >
. 0 . ~ .

p, >0, infoez py(z) > py>0. Let El((d)e(T) = [|pg,r — polloo and El(jll(T) = ||pg,r — polloc- Then, there exists
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Figure 3: Numerical evaluation of population-geometric predictions and large-batch approximation. (a) In the unimodal
setting, the Gibbs equilibrium concentrates increasingly on low-potential regions as 7 | 0. (b) In the multimodal setting,
the two representation marginals remain separated, with the gap increasing under stronger cross-modal incompatibility.
(¢)—(d) Finite-negative InfoNCE gradients approach a large-batch reference as the number of negatives N increases:
gradient alignment improves while relative gradient error decreases; Results for the cosine (spherical regime) and RBF
(compact Euclidean regime) similarity functions, showing mean + standard deviation over 20 seeds.

The limit 7 — 0T controls only the KDE mismatches, driving p. , — p.; it does not remove the divergence
term Df&m (po, py)- Because this term enters Def. 4.3 with a negative sign, it remains an explicit separation-
inducing contribution as the KDE mismatch vanishes. Fig. 3b illustrates the associated marginal separation
under increasing levels of cross-modal pairing misalignment.

Parametric inheritance under model expressivity. Combining Thm. 4.2 with the barrier coordinate
geometry in Prop. 4.1 yields a coordinate-wise parametric inheritance statement: under a suitable model-
expressivity condition and with one peer encoder fixed, minimizers of the parametric energy concentrate their
excess mass near minimizers of the corresponding effective barrier potential. Cor. E.2 formalizes this condition
and establishes the symmetric coordinate-wise inheritance result; see App. E.2 for the extended statements.

15> Punchline 2 (Multimodal InfoNCE geometry). Symmetric multimodal InfoNCE is pairwise attractive
yet population-level repulsive. While individual cross-modal pairs align, the cross-coupled geometry can
make each modality’s marginal act as a repulsive population barrier against the other. In the analyzed
regime, this provides a natural geometric mechanism by which a modality gap can persist (see Fig. 2b).

5 Experiments

We test the theory at two levels. First, controlled numerical experiments isolate the core mechanisms predicted
by the analysis: large-batch gradient consistency, unimodal Gibbs-type concentration, and structural modality
gap under controlled cross-modal misalignment. Second, on MS-COCO (Lin et al., 2014), we test whether
the same signatures appear in pretrained CLIP-like models, and whether weakening image—text compatibility
systematically enlarges the representational modality gap.

Large-batch gradient consistency. We first test the large-batch consistency predicted by Thm. 3.1. On a
synthetic Gaussian-mixture dataset, we compare finite-batch InfoNCE gradients with a high-fidelity large-batch
reference under both a spherical cosine regime and a compact Euclidean RBF regime. We vary the number of
negatives N and report two diagnostics: gradient alignment with the reference and relative gradient error. As
shown in Figs. 3¢ and 3d, agreement with the large-batch reference improves steadily as N increases in both
regimes: alignment rises, while relative error falls toward zero. This matches the consistency prediction of
Thm. 3.1 and suggests that the large-batch gradient approximation can already be accurate at moderate N in
these controlled settings. Full experimental details are deferred to App. F.1.

Unimodal equilibrium and low-7 concentration. We next test the intrinsic unimodal picture from § 3.
On a smooth two-well potential on S?, we optimize a particle-based surrogate of F, ;; and compare the resulting
particle distribution with the Gibbs law p* o exp(—U/7) across temperatures. As shown in Fig. 4, the trained
particles closely follow the Gibbs trend: at high temperature, both remain diffuse, while at low temperature,
both concentrate near the wells. This visual agreement is quantitatively summarized by the cap-mass trend
in Fig. 3a, which increases monotonically as 7 decreases for both the Gibbs baseline and the trained particle
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Figure 4: Unimodal potential landscape on S? and distributions across 7. Left: the two-well potential U, with minima
centers m; and my marked. Right: Gibbs samples (blue) and trained particles (orange) for several temperatures 7. At

high temperature, both distributions remain diffuse due to the stronger role of entropy; as 7 decreases, both concentrate
around the low-energy wells.
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Figure 5: Joint-angle coupling under controlled misalignment. Each plot shows a histogram of joint angles (a1, a2)
for omis € {0,0.1,...,0.4}. When onis = 0, the coupling is sharply concentrated near the diagonal, indicating near-
deterministic pairwise alignment. As omis T, the diagonal band broadens and deforms, revealing a noisier cross-modal
coupling while preserving the coarse latent modes.

system. Together, these results support the Gibbs-equilibrium and low-temperature concentration picture of
the intrinsic theory. Further experimental details are deferred to App. F.2.

Structural modality gap under controlled misalignment. We next test the central multimodal prediction
from § 4 by examining how controlled conditional heterogeneity affects marginal coincidence. We construct
a latent-angle experiment in which both modalities share the same underlying semantic variable, while one
modality is perturbed by controlled angular misalignment noise op,;5. We train symmetric CLIP-style linear
encoders on S' and examine both the learned joint coupling and the induced marginal discrepancy. As shown
in Fig. 5, increasing op,;s progressively broadens and deforms the diagonal coupling structure, indicating
weaker cross-modal alignment despite preserved coarse latent structure. This is accompanied by the increasing
marginal discrepancy reported in Fig. 3b. Together, these results are consistent with the theoretical picture that
cross-modal heterogeneity can sustain a persistent structural modality gap. Further details are in App. F.3.

MS-COCO studies with pretrained OpenCLIP models. We finally test whether the multimodal
mechanism appears in realistic image-text representations on MS-COCO. In an observational study, we
evaluate frozen OpenCLIP checkpoints on val2017 using average Recall@l together with two geometric
diagnostics, the centroid gap ||y — prl|| and the energy distance between image and text marginals. As shown
in Fig. 6a, stronger retrieval does not necessarily imply a smaller modality gap: models with similar AvgR@1
can exhibit substantially different centroid and energy gaps. We then perform a controlled intervention on
train2017 by replacing each caption, with probability p, by a caption from another image sharing at least one
COCO category, thereby preserving coarse semantic relatedness while weakening instance-level correspondence.
In Fig. 6b, increasing p consistently degrades retrieval and enlarges the centroid gap for both RN50 and
ViT-B-16. Together, these results support the prediction that modality gap is not reducible to retrieval quality
alone, and that weakening conditional compatibility systematically pushes the image and text marginals further
apart. Further details are deferred to App. F.4.

6 Related Work

Contrastive objectives and population geometry. InfoNCE is an instance of noise-contrastive density-
ratio estimation, contrasting positives with negatives from a background marginal through softmax normalization
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Figure 6: MS-COCO evaluation of the modality-gap mechanism. (a) On frozen OpenCLIP checkpoints, retrieval quality
and cross-modal geometric agreement are related but not equivalent. (b) Controlled same-category corruption: Even
a semantically plausible weakening of instance-level correspondence systematically enlarges the modality gap while
degrading retrieval.

(Gutmann and Hyvérinen, 2010; Mnih and Teh, 2012; Oord et al., 2018). It is often used as a scalable surrogate
for mutual-information criteria (Poole et al., 2019; Tschannen et al., 2020), though recent work argues it
is better viewed as learning structured density ratios than as an accurate MI estimator (Ryu et al., 2026).
A related lens studies population landscapes induced by contrastive objectives, notably through alignment—
uniformity on hyperspherical embeddings (Wang and Isola, 2020; Wang and Liu, 2021; Chen et al., 2021; Betser
et al., 2026); other analyses show such objectives can admit multiple, sometimes trivial, minimizers, with
optimization implicitly selecting structured solutions (Calder and Lee, 2025). We instead prove large-batch
gradient consistency and derive deterministic energy landscapes for representations on compact manifolds.

Training dynamics and learning theory. A distinct line of theory studies contrastive learning under
stylized data or generative assumptions. Some analyses track feature or weight dynamics under imperfections
such as misalignment, imbalance, or augmentation-induced variation, explaining suppression, robustness, or
the effects of filtering and pruning (Sun et al., 2025; Liao et al., 2026). Others develop learning-theoretic
guarantees under latent-class or multi-view models, and analyze how negative sampling and objective variants
affect transfer (Saunshi et al., 2019, 2022; Chuang et al., 2020; Tian et al., 2020; HaoChen and Ma, 2023;
Ji et al., 2023); recent CLIP-style analyses further characterize optimal similarity structure and motivate
refined objectives (Uesaka et al., 2025; Yoshida et al., 2025). We do not track weight dynamics under a specific
latent model, but characterize InfoNCE’s population geometry via large-batch energy limits and variational
functionals.

Multimodal representation alignment and modality gap. Empirical work shows that CLIP-style
alignment can coexist with a persistent modality gap (Liang et al., 2022; Shi et al., 2023; Levi and Gilboa,
2025; Betser et al., 2025), and recent methods seek to control it through adapters, alternative losses, or
explicit regularizers. Yi et al. (2025) shows that unconstrained or cone-constrained optima close the gap,
while dimension collapse into distinct hyperplanes leaves a gap equal to their smallest angle; Yin et al. (2026)
augment InfoNCE with a kernel-estimated Cauchy—Schwarz divergence to align modality distributions, including
unpaired settings; and pairwise sigmoid objectives likewise indicate that cross-modal coupling is sensitive
to objective design (Zhai et al., 2023). We provide a geometric mechanism: symmetric InfoNCE induces
cross-modal coupling in which each modality’s density shapes the other’s effective field via a persistent negative
symmetric divergence term, providing an objective-level mechanism that can sustain a modality gap.

Identifiability in contrastive learning. A complementary line of work asks when contrastive objectives
recover latent generative factors under data-generating assumptions. In nonlinear ICA, auxiliary variables such
as temporal nonstationarity enable source recovery up to component-wise transformations (Hyvarinen and
Morioka, 2016). For invertible-mixing models, global optima can invert the generator up to linear ambiguities,
often orthogonal transformations on hyperspherical latents (Zimmermann et al., 2021; Liu et al., 2026). Multi-
view models separating invariant content from view-varying style admit recovery of the invariant block up
to an invertible mapping (Von Kiigelgen et al., 2021; Cai et al., 2024); in multimodal settings with distinct
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generative mechanisms, contrastive learning further block-identifies shared factors under nontrivial dependencies
(Daunhawer et al., 2023). Broader causal analyses with partial observability and data-misalignment formulations
also establish identifiability of shared semantics up to smooth bijections (Yao et al., 2024; Cai et al., 2025). We
analyze objective-induced population geometry that standard identifiability analyses do not explain.

7 Conclusion

We developed a population-energy view of InfoNCE that exposes a geometric bifurcation in unimodal and
symmetric multimodal contrastive learning. In the unimodal regime, intrinsic energy is convex and Gibbs-like,
with entropy selecting an internally dispersed equilibrium within the aligned basin. In the multimodal regime,
conditional heterogeneity gives rise to a negative symmetric divergence coupling that provides an explicit
separation-inducing contribution and can sustain a persistent modality gap. These results show that pairwise
alignment alone is not sufficient to control cross-modal marginal structure and motivate objectives that explicitly
regulate cross-modal divergence. More broadly, our analysis suggests that multimodal contrastive learning
should be understood not only through matched pairs, but through the coupled population geometry of
representation marginals. This shift from pointwise matching to population geometry provides a framework for
analyzing and designing future representation-learning objectives. See App. G for further discussion.
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Table 1: Core notations used throughout the paper.

Spaces, Measures, Encoders and Laws

X,y Observation spaces; in the unimodal case both views lie in X.

ZCR" Common representation space, equipped with a non-atomic Riemannian volume
measure fi.

P(S) Set of probability measures on a measurable space S.

D.(2) Set of probability densities on Z w.r.t. p.

Tum € P(X X X) Unimodal positive-pair law governing (x, X).

mm € P(X X ) Multimodal positive-pair law governing (X,y).

Dx, Dy Marginal data laws on X and )Y, respectively.

0,0 Compact parameter spaces of the encoder families.

fo: X = Z Encoder for the first modality.

g : Y = Z Encoder for the second modality.

qo := (fo)#px Encoded marginal law induced by fs.

Go = (9¢)#Dy Encoded marginal law induced by ge.

oo := (fo X fo)#Tum Encoded unimodal positive-pair law.

oo = (fo X G¢)#Tmm Encoded multimodal positive-pair law.

InfoNCE Objectives and Kernel Quantities

N e Ny Number of negatives in the InfoNCE denominator.

sim(z, w) Symmetric similarity function on Z x Z.

kr(z,w) = exp (sim(z, ’LU)/T) Exponential similarity kernel at temperature 7 > 0.

Vi (1) Kernel volume constant under Asm. 2.1.

Lnce,n(6) Expected finite-N unimodal InfoNCE objective.

Lsym,n (0, 9) Expected finite-N symmetric multimodal InfoNCE objective.

LY e n(0,0), LXCp n(0,0)  Expected finite-N directional multimodal InfoNCE objectives for x +y and y » x.
Tor, T+ Population partition fields at 7, induced by ¢s and gy, respectively.

Po,7s P, v Kernel-smoothed densities at 7, induced by ¢s and gy, respectively.

Unimodal Geometry

Vo, - Conditional law of the positive partner given encoded query z under mgg.

Upg: Z—R Unimodal alignment potential field; equivalently, Up(z) is the negative conditional
expected similarity at z.

Hsim(q, p) Cross-entropy of a probability measure ¢ against a positive density p.

H(p) Differential entropy of density p.

JI-(0) Unimodal parametric energy arising in the pointwise large-batch limit.

Fru(p) Intrinsic unimodal free-energy functional over densities p.

Multimodal Geometry

Vog, Conditional law of the ¢-encoded partner given z under mge.

Vg6 ,w Conditional law of the #-encoded partner given w under 7mg4.

Ugs4(2), Upso(w) Directional alignment potentials seen by 6 against ¢, and conversely.
Y0, ¢) Directional multimodal parametric energy for x — y.
VT (9,0) Directional multimodal parametric energy for y + x.

TSm0, $) Symmetric multimodal parametric energy.

Ui,2:= (U1s2,U2s1) Pair of directional potentials in the intrinsic multimodal functional.

.7-'7573{?1112 (p1,p2) Intrinsic symmetric multimodal energy.

Dxw(p1llp2) Kullback—Leibler divergence.

DiyLm(pl, p2) Symmetric KL divergence, 1 (Dxkw(p1]|p2) + Dxw(p2||p1)).

p,>0 Density floor used to define the feasible class Dy, (2).

Dup(2) Floored density class {p € Du(Z) N L>(u) : p > p p-a.e.}.

Vi2(2) Effective barrier potential for modality 1 given modality 2, 2U1.2(2) + log p2(2).

(=
Va1 (2) Effective barrier potential for modality 2 given modality 1, LUs.1(2) + log p1(z).
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A Interpretation of Assumptions

A.1 On the Optimization Regularity Conditions

We argue that the regularity conditions in Asm. 3.1 are compatible with standard practice in representation
learning. We instantiate these conditions in two dominant geometric regimes: the spherical regime used
in modern contrastive learning (e.g., SimCLR (Chen et al., 2020), CLIP (Radford et al., 2021)) and the
Euclidean regime common in classical kernel methods. Both admit the generalized exponential form k., (z,w) :=

exp(sim(z, w)/7).

o Spherical regime (von Mises—Fisher kernel). Representations are constrained to the hypersphere S4~1 via /£,
normalization, and the similarity function is the cosine similarity sim(z, w) = (z, w):

£ (2 w) == exp<<z’w>> , z,w e S (12)
T
e FEuclidean regime (RBF kernel). The representations lie in a compact subset of R”, and the similarity
function is the negative squared Euclidean distance sim(z,w) = —||z — wl|?:
a2
"‘f(frbf)(z’ w) = exp (_sz”) . (13)
T

On a generic compact subset of R™, this example satisfies the boundedness and smoothness requirements
used in Asm. 3.1, but it does not, in general, satisfy the constant kernel-volume condition in Asm. 2.1
because boundary effects make V.(z) := [, f,(z,w)u(dw) depend on z. The condition holds exactly
on homogeneous boundaryless domains, such as a flat torus with periodic distance/measure, or after an
appropriate boundary-corrected normalization. If Asm. 2.1 is relaxed, the large-batch denominator still
converges to the population partition field I'y ;; however, the clean identity I'y ; = Vi.(7)pq,+ is replaced by
a position-dependent normalization. This introduces additional boundary-volume correction terms, e.g., an
effective potential contribution 7log V;(z), but does not change the large-batch consistency mechanism or
the central population-field interpretation.

Encoder regularity. Condition Asm. 3.1(i) requires that for each x, the map 6 — fp(x) is C* and that its
parameter Jacobian is uniformly bounded: supgcg supyecy ||Jofo(x)||op < 00. For standard neural encoders
built from differentiable primitives (e.g., linear maps, convolutions, normalization layers) and smooth activations
(e.g., GELU (Hendrycks, 2016), SiLU (Elfwing et al., 2018)), the map 0 + fy(x) is C* (or at least piecewise
C', which suffices for almost-everywhere analysis). In practice, uniform Jacobian control is promoted by
explicit Lipschitz constraints (e.g., spectral normalization, which bounds layer operator norms and hence the
network Jacobian via composition (Miyato et al., 2018)) together with standard norm-regularizing training
choices such as weight decay (Loshchilov and Hutter, 2019; Zhang et al., 2019). Accordingly, we interpret
compactness of © as a mild localization assumption: although the ambient parameter space is RP, successful
training typically keeps iterates within a bounded region (often formalized as “SGD iterates belong to a ball” in
stability analyses (Lei and Ying, 2020)). One may therefore restrict the analysis to a sufficiently large compact
subset © containing the training trajectory, or equivalently consider projected updates onto O as standard
in constrained optimization (Boyd and Vandenberghe, 2004).

Similarity regularity. Condition Asm. 3.1(ii) requires that sim is C! on an open neighborhood of Z x Z
and that sup(, ,)ezx z | Vsim(z, w)|| < co. In the spherical regime, sim(z, w) = (z,w) is C*° on R? x R?, with
IV sim(z, w)|| = ||w] and ||V,sim(z,w)|| = ||z||. Since ||z|| = ||w| = 1, these are uniformly bounded by 1. In
the Euclidean regime, sim(z,w) = —||z — w||? is also C* with gradients scaling linearly with distance. Thus,
provided Z is compact (e.g., via bounded activations like tanh or explicit clipping), |Vsim|| remains uniformly
bounded on Z x Z.

sim(z,w)
yw) € [exp(=1/7), exp(1/7)].
For the RBF regime on a compact domain with diameter D = diam(Z), we have Iig—rbf)(z, w) € [exp(—D?/7),1].
Crucially, in both cases, the kernel is bounded away from zero for each fixed 7 > 0, ensuring that the logarithmic

loss terms are well-defined and Lipschitz continuous.

Boundedness of the kernel. For any fixed 7 > 0, the exponential kernel x,(z, w) = exp( ) is strictly

positive and bounded. For the spherical regime, (z,w) € [—1,1] implies K(Tvmf)(z
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A.2 Interpretation of the Sharp Diagonal Peak Regime

Geometric Interpretation. Asm. 3.2 is a uniform non-degeneracy condition on the similarity function
sim(z,w) near the diagonal w = z. The inequalities in Eq. (9) state that for each anchor z, the function
w +— sim(z, w) has an isolated maximizer at w = z and admits a locally quadratic upper and lower envelope
in geodesic distance. For the exponential kernel x.(z,w) = exp(sim(z, w)/7), this condition implies that the
normalized kernel

Fr(z,w) = fir (2, W)
Sy S e Ty

places asymptotically most of its mass within an O(y/7) geodesic neighborhood of z as 7 | 0. Intuitively,
K(z,-) behaves like a Gaussian bump of bandwidth /7 centered at z. As a result, the partition field
Lo.-(2) = [ kr(2,w) go(dw) probes only a local neighborhood of z when 7 is small, and the smoothed density
po,r =To.+/Vi(T) becomes a controlled local smoothing of py.

Examples. For the RBF similarity sim(z,w) = —|z — w]||?, Eq. (9) holds with equality, so the sharp-diagonal
condition in Asm. 3.2 is satisfied locally. This statement concerns the local quadratic peak condition only. The
separate constant-volume condition in Asm. 2.1 holds exactly for the RBF kernel on homogeneous boundaryless
geometries, such as a flat torus with periodic distance/measure, but not on a generic compact Euclidean subset
without boundary correction. On the hypersphere with cosine similarity, 1 — (2, w) =< dgn—1(z,w)? for nearby
points, and the vMF kernel is isotropic on a compact homogeneous manifold, so both the local sharp-peak
behavior and the constant-volume condition hold exactly.

A.3 On Density Floors and Positivity of the Effective Laws

Several parts of our analysis involve logarithms of representation densities (e.g., cross-entropies and KIL-type
terms). In the unimodal intrinsic problem, this is benign: no pointwise density floor is required, and the
Gibbs minimizer is strictly positive whenever the potential is finite. In the multimodal intrinsic problem,
however, the objective subtracts a symmetric KL-type divergence, creating an explicit “barrier” mechanism;
without positivity constraints, the variational problem becomes ill-posed. This section explains why (i) the
parametric large-batch objective is automatically interior due to smoothing, and (ii) the intrinsic density floor
is a techmnically convenient proxy for that interior regime.

Smoothed densities. In the large-batch expansion, the quantities that appear are the kernel-smoothed
p-densities pg -, Py, from Def. 2.2, not the raw pushforwards gg, g,. Because the exponential kernel satisfies
kr(z,w) = exp(sim(z, w)/ T) > 0 pointwise, we have for every 7 > 0 and every probability measure gg,

1

po.r(2) = Vo(r)

/ kr(z,w) go(dw) > 0, z € Z,

z

and analogously for jg4 . Moreover, when k. is continuous (as in our standing setting), jg - is continuous on
compact Z and therefore attains a strictly positive minimum

meg,r = Izrélg ﬁ@,‘r(’z) > 01
and similarly mg , > 0. Thus all log-terms appearing in the parametric energy are well-defined at finite
temperature. Importantly, my » depends on (0, 7) and we do not assume a uniform lower bound over © (or
© x ® in the multimodal case).

From raw parametric densities to smoothed densities. When we compare 7, () to intrinsic functionals
expressed in terms of an unsmoothed density pg := dgg/du (when gp < 1), the relevant discrepancy is the KDE
bias between fg,; and pg. Under the hypothesis used in Thm. 3.2, namely inf.cz po(z) > p, > 0, whenever
Hﬁ@,‘r - P9||oo < %897 we have

ﬁ@,‘r(z) > %B@’ z € Z.
The sharp-peak smoothing lemma (Lem. B.3) guarantees this condition for all sufficiently small 7 under its

stated hypotheses. Thus, in the low-temperature comparison the assumed floor on the raw density transfers to
the corresponding smoothed density.
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Density floor in multimodal analysis. In the multimodal formulation (Def. 4.3), we restrict (p1, p2) to

DM&(Z) = {p EDU(Z)NL®(1):p>p, u—a.e.},

for fixed p , p, > 0 satisfying p, u(2) < 1, € {1,2}. This floor serves two roles.

(i) Well-posedness under negative symmetric divergence. Because the multimodal functional contains a
negative symmetric divergence coupling, allowing densities to vanish can make the objective unbounded below.
Indeed, if p1 = 0 on a set A with u(A) > 0 while p2 > 0 on A, then Dky,(p2|lp1) = +oo and hence the negative
symmetric divergence term drives }"TSyUml . (p1, p2) = —oo. The floor p; > p, prevents this degeneracy and makes
the coordinate variational problem well-defined. Equivalently, one may view the constraint as a hard version of
the standard “interior” condition used to keep log-barrier objectives finite.

(ii) Transparent coordinate geometry. With the floor, we can decompose

m@)=p, +m)  m) >0, /Z m(2)pdz) = MY =1- p u(2),

and analogously for ps. This isolates a fixed “background” mass from an “excess” budget Méi), making the
extremal coordinate behavior in Prop. 4.1 quantitatively explicit. In this sense, the density floor is not an
arbitrary restriction: it is the simplest device that (a) mirrors the intrinsic interiority of the parametrically
smoothed quantities at finite 7, and (b) exposes the barrier-driven extremal coordinate mechanism in closed
form.

B Lemmas
B.1 Uniform Gradient Bounds for InfoNCE Objectives

In this section, we prove uniform gradient bounds for unimodal and multimodal InfoNCE objectives, which are
used in the large-batch gradient-consistency proofs of Thms. 3.1 and 4.1.

B.1.1 Unimodal Optimization Stability

Lemma B.1 (Uniform unimodal gradient bound). Assume Asm. 3.1. Fiz any temperature 7 > 0 and any
batch size N € Ni. Then the unimodal InfoNCE objective defined in Eq. (2) has a uniformly bounded gradient
over the parameter space ©. Formally, there exists a constant C(1) < 0o such that |VoLncr,n(0)]] < C(7),
uniformly for all § € ©.

= Proof intuition. This proof establishes that the InfoNCE gradients cannot explode, providing a
uniform upper bound that is strictly independent of the number of negative samples N. The intuition rests
on two core mechanisms: (i) Because the representation manifold is compact and both the encoder and
similarity functions are sufficiently smooth with bounded Jacobians, the chain rule guarantees that the
gradient of any single pairwise similarity score is inherently bounded. (ii) The gradient of the log-partition
denominator simplifies to a softmax-weighted sum of the pairwise gradients. Because this is a convex
combination, the aggregated gradient norm cannot exceed the maximum norm of the individual bounded
gradients. Consequently, increasing the number of negatives does not by itself cause the gradient bound to
grow with V.

Proof. Step 1: Bounding components in the loss. Since Z is compact, the product Z x Z is compact.
By Asm. 3.1(ii), sim is C* on an open neighborhood of Z x Z, so Vsim is continuous on Z x Z and hence
attains its maximum norm on this compact set. For a fixed 7 > 0, define the temperature-dependent similarity
sensitivity bound

Csim(7) ;== sup
(z,w)EZXZ

1 1
Vizw) <7_sim(z,'w)> H = ;( s)ug Z | Vsim(z, w)| < oo. (14)
Z,w)eEZ X

Next, by Asm. 3.1(i), the encoder Jacobian is uniformly bounded:

Co = sup sup || Jg fo(z)|op < 0. (15)
0O reXx
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For any z,z’ € X, write z = fp(z) and w = fy(2’), and denote the corresponding pairwise parameter gradient
by
1.
ap(z,w) := Vg [ —sim(z,w) | .
T
By the chain rule,

T

-
1 1
ag(z,w) =V, (sim(z, w)) Jofo(x) + Vay (sim(&w)) Jofo(z").
T T
Therefore, by the triangle inequality and sub-multiplicativity,

lao(z, )l < [ 92 Zsim(z, w) | 1o o) lop + [V Zsim(z, ) 190 fo 5" o
< 2C5im (7)Co.

(16)

Thus, the parameter gradient of any pairwise similarity term is uniformly bounded.
Step 2: Gradient of the finite-batch partition function. Fix an anchor z = fy(x), a positive v = fp(),
and negatives {w;}_,. Define the contrastive set

C(z) = {v} U {u;} L.
The gradient of the log-partition function
logZp(z) = log Z eXp(snn(z,w))
weC(z) T

is given by the softmax-weighted sum of the inner gradients (see e.g. Boyd and Vandenberghe, 2004, p. 74).
Since kr(z, w) = exp(sim(z,w)/7) > 0, we may differentiate log Zp and write

VologZp(z) = Y os(w)Velogr,(z,w)= Y  op(w)ag(z,w), (17)
weC(z) weC(z)
where
op(w) := Kz w) satisfies og(w) >0, Z op(w) = 1.
ZB(Z) weC(z)

Therefore, using Eq. (16),

IVologZs(z)[| < D on(w)|as(z w)|
weCl(z)

§2Csim(7—)c® Z O'B(’LU) (18)
weC(z)

= QCSim(T)C@.
Step 3: Bounding the loss gradient. For a fixed batch B and anchor z = fp(x), define the per-batch loss

(g(0) == —log kr(z,v) +log Zp(2),
where v = fp(Z) is the positive match. Since Vglog k,(z,v) = ap(z,v),
Vols(0) = —ap(z,v) + Vo log Zg(2).
By the triangle inequality and Egs. (16) and (18),
IVols(0)|| < llan(z,0)[| + [[Volog Zp(2)|| < 4Csim(7)Ce. (19)
Finally, the expected finite-N objective is

Lnce,n(0) = Eglls(0)].
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Since ¢ is differentiable in 6 by Asm. 3.1 for each B and ||Vglp(0)|| < 4Csin(7)Co provides an integrable
dominating function, we may differentiate under the expectation, obtaining

VoLnce,n(0) = Eg[Volp(0)].
Taking norms and applying Jensen’s inequality yields
IVoLnce,n(0)] < Es[[[Vals(0)]|] < 4Csim(T)Co.

Thus, for each fixed 7 > 0 and any N € N, the gradient of the unimodal InfoNCE objective defined in Eq. (2)
is uniformly bounded over © by C(7) := 4Cim(7)Co. O
B.1.2 Multimodal Optimization Stability

Lemma B.2 (Uniform multimodal gradient bound). Assume Asm. 4.1. Fiz any 7 > 0 and any N € N,.
Then the symmetric multimodal InfoNCE objective Lsym n(0, @) defined in Eq. (3) has a uniformly bounded
joint gradient over ©® x ®. Formally, there exists a constant C( ) < oo such that

IV9.0)Lsymn(0,9)| < C(7),  V(0,¢) € O x .

1= Proof intuition. The proof extends the unimodal bound to the joint parameter space (©,®). For
either direction, the softmax-weighted denominator is a convex combination of uniformly bounded pairwise
gradients, so the partial gradients with respect to both encoder parameters remain uniformly bounded
independently of N. The joint gradient is obtained by concatenating the two parameter blocks, and averaging
the two directions preserves a uniform bound.

Proof. Step 1: Uniform bounds on components. We retain the similarity sensitivity bound Cgp,(7) from
Eq. (14). For the encoders, define

Co := SUP sup || Jo fo(x )HOP < o0, Cp := sup sup ||J¢g<¢>(i‘/)H0p < o0,
OzeX PEDP yey

which are finite by Asm. 4.1. Define the global encoder constant
Conc := max{Cg,Cs}.

Consider a generic cross-modal representation pair z = fg(x) and w = g4(y). The gradient of log - (2, w) with
respect to the joint parameter vector (6, ¢) splits into block components. By the chain rule and Eq. (14), the
partial gradients satisfy

HVG IOg ISJT(Z,’LU)H S Csim(T)CG § Csim('r)ccnca qub IOg KT(Za w)” § Csim(T)C<1> S Csim(T)Ccnc~ (20)

Step 2: Bounding directional partial derivatives. Consider a fixed batch realization B consisting of a
positive pair (z,y) and N negative keys {yj j=1, with the analogous construction in the reverse direction. The
symmetric per-batch loss is the average of the two directional losses:

lsym(B) = 5 (€o.4(B) + £4.0(B)).

By the triangle inequality,
IV 0.6)lsymll < 51V (0.6)00-0ll + 31V (0.0) 0]l

We first analyze the forward component fg.4. Here, 2 serves as the anchor, y as the positive key, and
{yj ", as the negative keys:

losg = —log k- (fo(), 96(y)) +10g(/£7(f9 +Z/‘GT fo(), 94 yﬂ))

The joint gradient vector is the concatenation
— T T \"
Vio.6)lo-0 = (Vﬁfew V¢€9»¢)
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We bound the two parameter blocks separately. Let

Co = {96 (W)} U{gs(¥))}111,

and denote the softmax weight assigned to any v € Cy by o(v).
(i) Gradient with respect to 0 (anchor sensitivity). In this direction, 6 governs only the anchor fy(z); the
keys in Cy are fixed with respect to 6. Thus,

v0£0»¢ = -V IOg Kr (f0($)79¢(y)) + Z U(U)vﬁ IOg Kr (fg(fﬂ),v).

UEC¢

Applying the triangle inequality and the uniform sensitivity bound in Eq. (20),

IVolo.oll < 1IVologr-(fo(x), go)) | + Y o(v)[|Velogrr(fo(x),v)]|
vECy
< Csim(T)CG + Osim(T)CG Z U(U)
U€C¢
= 2C’s,im(7_)cv(97

since ZUG% o) =1.
(ii) Gradient with respect to ¢ (key sensitivity). In this direction, ¢ parametrizes every key in the batch,
while the anchor fp(x) is fixed with respect to ¢. Hence,

Voly.g = =V logrr(fo(2),96(y)) + Z a(v)Vylog k- (fo(x),v).
U€C¢
Similarly,
IV6l0-6]l < Coim (T)Ca + Cuima (T)C Y 0(v)

U€C¢
= QCsim (T)Cq;..
Step 3: Global uniform bound. Combining the two parameter blocks gives
1V 0.0 80-0ll = /[ V0 L0.6112 + [ Vol
2 2
< /(205 (r)Co)? + (2Cum()Ca)
< 2\/E Csim(T)Oenc-
By symmetry, the same bound applies to the backward loss £4.9. Therefore,

IV 0.6)Esymll = 5 |V (0.6) 00 + V(0.6) €606
< 5 (V.0 lo-0ll + 11V (0,6)6-0l)
< 2v2 Cyim (7) Cene-

Finally,
ESym,N (03 (b) = EB [ESym(B)] .
Since the per-batch gradient is uniformly bounded, we may differentiate under the expectation, obtaining
V(0,6)Lsym N (0,0) = Ep [V (9,6)lsym(B)] -
Hence, by Jensen’s inequality,
IV (0.6)Lsym,n (0, 9) || < Es [V (0,6)lsym(B)]]
< 22 Ciimn (7) Cone.

Thus, with

( ) 72f0€1m( ) enc < 00,

the gradient is uniformly bounded over © x ®. O
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B.2 Sharp-peak Smoothing Implies Vanishing KDE Mismatch

The large-batch parametric energy J-(6) depends on the kernel-smoothed density pg - through the cross-entropy
term H (gg, po,r), whereas the intrinsic functional F, y, is expressed in terms of the true density py and its
entropy H(pg). To compare J,(0) with F- 1, (pe) in Thm. 3.2, we therefore require quantitative control of the
bias introduced by smoothing, i.e., that pg , approximates pg when the kernel is sufficiently sharp.

Lemma B.3 (Vanishing KDE error under sharp peak). Assume Asms. 2.1, 3.1 and 3.2. Fiz 6 € © and
assume qp < p with a continuous density pg bounded away from zero, i.e.,

inf .
Zlgng(z) >p, >0

Define the KDE mismatch
0 -
te(T) = 1Po.r = palloc,

where pg., is the kernel-smoothed density from Def. 2.2. Then, as T — 0%,

Eune(T) = 0.

w Proof intuition. The goal is to show that as 7 — 0T, the kernel-smoothed density pp , converges
uniformly to the continuous density pp over Z. The intuition relies on two properties. (i) The similarity
function has a sharp, unique peak along the diagonal. As 7 — 07, the normalized exponential kernel
increasingly concentrates its mass near w = z, while contributions from points separated from z decay
exponentially. (ii) Since py is continuous on compact Z, it is uniformly continuous. Thus, within the
shrinking neighborhood on which the kernel concentrates, pg(w) is uniformly close to pg(z), while the
contribution from the complement vanishes. Together, these properties imply uniform convergence of the
smoothed density to pg.

Proof. Fix any 0 € ©. Let dz(-,-) denote the geodesic distance on the compact Riemannian manifold Z as in
Asm. 3.2. Since Z is compact and pg is continuous, py is bounded. Define the normalized kernel

Kr(z,w)

Rr(z,w) = Vo)

We first show that K, concentrates near the diagonal {z = w} as 7 — 0T, and then establish the claimed
sup-norm convergence.
Step 1: Uniform concentration of x, near the diagonal. Fix any ¢ € (0,r), where r is from Asm. 3.2,
and define
As i ={(z,w) € Zx Z:dz(z,w) > d}.

By compactness of Z, the set Ay is compact. Since sim is continuous by Asm. 3.1, consider
g(z,w) = sim(z, z) — sim(z, w).

By Asm. 3.2, for each fixed z € Z the map w — sim(z, w) has a unique maximizer at w = z; hence g(z,w) > 0
whenever dz(z,w) > §. Therefore, g is strictly positive on A, and by compactness it attains a strictly positive
minimum:

mg = min z,w) > 0.

J (z,w)EAs g( )

Equivalently, for all z,w € Z satisfying dz(z,w) > 4,

sim(z, w) < sim(z, z) — ms. (21)

Fix n € (0,9). Let
Bi(z) i ={w e Z:dz(z,w) <1}

denote an open geodesic ball of radius /. By compactness of Z, the open cover {B,/2(z) : z € Z} admits a
finite subcover. Thus, there exist points {z1,..., 2z} C Z such that

M
Z =B, (z).

j=1
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For any z € Z, choose i € {1,..., M} such that z € B, 5(2;). For any w € B, /5(2), the triangle inequality

gives
dz(z,w) < dz(zi,w) +dz(z,2) <.

Hence
B, /2(z:) € By(2).
By monotonicity of p,

N(Bn(z)) > N(Bn/2(zi)) > 1%5121]\/[“(1317/2(%)) = bn > Oa

where positivity follows from the full support of the Riemannian volume measure p.
Now choose 1 € (0,4) sufficiently small that

2
an < mg,

(22)

where my is the constant in Asm. 3.2. For w € B, (z) C B,(z), the lower quadratic bound in Asm. 3.2 gives

sim(z,w) > sim(z, 2) — madz(z,w)? > sim(z, 2) — man?.

Therefore,
Kr(z,w) > exp(sim(z7 z)/T) exp( — m2772/7').

Integrating over B, (z) and using u(B,(2)) > b, yields

Vi(r) = /Z/QT(Z, w) p(dw) > by exp(sim(z, 2)/7) exp( — man?/7).

Here, by Asm. 2.1, V,.(7) is independent of z. The factor exp(sim(z, z)/7) cancels in the ratio below.

Next, for w ¢ Bs(z) we have dz(z,w) > ¢, so by Eq. (21),
kir(z,w) = exp(sim(z,w)/7) < exp(sim(z,z)/7) exp( — ms/7).

Therefore, with V, := u(2) < oo,
/ kir(z,w) p(dw) < V, exp(sim(z,z)/7) exp( — ms /7).
Z\Bs(z)

Dividing Eq. (24) by Eq. (23) and using Eq. (22) gives, uniformly in z,

v, S
/ Fr(z,w) p(dw) < £ exp (— e = mah ) =95 0.
2\Bs(2) by

T

(23)

(25)

Step 2: Sup-norm convergence of the smoothing. Fix € > 0. Since py is continuous on compact Z, it

is uniformly continuous. Hence, for fixed 8 € ©, choose § € (0,r) such that
lpo(w) — po(2)] < e whenever dz(z,w) < 4.
For any z € Z,
()= po(2) = [ () (o) = po(2)) )
and we split the integral over Bs(z) and its complement. Using
[ Rl wyuldu) = 1.
z
the bound on Bs(z), and

[po(w) = po(2)] < 2|pol|oo
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everywhere, we obtain

Po,7(2) — po(2)| < e+ 2||ﬂe||oo/ Rr(z,w) p(dw).
Z\Bs(z)
Taking the supremum over z € Z and invoking Eq. (25) gives

lim sup ||ﬁ9,r - p9||oo S E.
T—0t

Since € > 0 is arbitrary,

0 - ot
e (1) := 1Bo.r — polloo =2 0.

C Proofs of Unimodal Formal Statements

This section provides rigorous proofs for all formal statements concerning our unimodal analysis. Each statement
from the main text is restated for self-containment, accompanied by a proof intuition for providing high-level
insights.

C.1 Proof of Thm. 3.1

Theorem 3.1 (Large-batch unimodal consistency). Consider the unimodal InfoNCE objective Lxcg, n(0) in
Eq. (2) and the parametric energy Jr(0) in Def. 3.2. Assume Asms. 2.1 and 3.1. Then for any fixed 7 > 0 and
0 €0, as N = o0,

|Lxce,n (0) — T-(0) — log(NV,(1))| — 0, |VoLnce,n(0) = VoI (0)| — 0.

= Proof intuition. This proof establishes that, for each fixed parameter § and temperature 7 > 0,
the expected finite-N InfoNCE objective and its gradient converge, up to the additive value constant
log(NV,.(7)), to the deterministic parametric energy J-(¢) and its gradient as N — oco. The intuition has
two parts. (i) In a finite batch, the positive and negative samples compete inside the denominator. As
N — 00, the contribution of the single positive term becomes negligible relative to the negative sum, while
the normalized negative sum converges to the population kernel average I'g . This yields the alignment and
cross-entropy terms appearing in J,. (ii) The same argument applies to the gradient of the log-partition
term: the positive contribution vanishes at rate O(N ~1), while the ratio formed by the negative-sum gradient
and the negative partition sum converges to the gradient of the population log-partition field. Uniform
gradient bounds then allow this convergence to pass to the expected finite-N objective.

Proof. Consider a random batch B consisting of a positive pair and N independent negative samples. Let
(X,X) ~ Tum, and let the negative samples {x’, ;-V:l be drawn i.i.d. from the marginal observation distribution
Px, SO that

B:={(x,%),x},..., Xy}

Fix any encoder parameter § € ©, and denote the corresponding random representations by z = fp(x),
v = fy(X), and w; = fg(x;»). The corresponding random per-batch unimodal InfoNCE loss is

N
p(0;x) == —%Sim(z,v) +log | k- (z,v) + Z ke (z,w;) |, (26)

Jj=1

=:Zp(z)
where k,(z,w) = exp(sim(z, w)/7).

Part I. Value consistency. We analyze the asymptotic behavior of the loss as N — oo.
Step 1: Isolate the positive bias. First, decompose the partition sum Zg inside the logarithm into the
positive term and the sum over negatives:

N
Zp =P+ Sy, P:=r-(z,v), SN ::ZHT(Z’Wj)'
Jj=1
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The logarithmic term becomes

P
logZp =log(Sy + P) =logSy + 10g<1 + S) .
N
—_——
=eN
Fix 7 > 0. Since Z is compact and sim is continuous on Z x Z by Asm. 3.1(ii), there exist finite constants
Simpyin and simpyay such that simpy;, < sim(z,w) < simpay for all (z,w) € Z x Z. Consequently,

0 < m; = exp(simmin/7) < ke (2, w) < exp(Simpax/7) =: M, < oo.

Thus, m,; <P < M, and Nm, < Sy < NM,. Using log(l + z) < z for > 0,

P
=1 1+ — )<
0<en og( +SN) =35y N,

Therefore, for each fixed 7 > 0,
logZs =logSy + O, (N71).

Step 2: Concentration of the negative partition sum. Fix 6 and a realization x of the anchor

observation, and write z = fy (). For negatives x; BN DPx, define w; := fp(x}) and

N
Y;i(2) == k. (2,w;), Sn(z) = ZYj(z).
j=1
For fixed z, the variables {Y;(z)}}_, are i.i.d. with mean

P (2) = Egrg, [HT(Z,W)] = /ZKT(Z,’LU) go(dw) =Ty ,(2) > m,,

and finite variance. Moreover, for each fixed 7 > 0, k. is bounded on Z x Z, so Y;(z) is bounded. By
Hoeffding’s inequality,

Sn(z) _
N pii(2) = Op(N 12).
Equivalently, writing
Sn(z) _ —1/2
N =1 ANG)L AR = 0N,

and noting p,.(2) > m, > 0, we have
log Sn(z) = log(Npu,(z)) +1log(1 4+ An(2)) =log N +1logTy - (2) + 0,(N~1/2).

Therefore,
log S (2) = log N +log Ty - (2) + O,(N~Y/?).

Step 3: Identification of the induced parametric energy. Combining Steps 1-2 gives
log Zp(z) = log N +log 'y 7 (z) + 0,(1),

where 0,(1) denotes a term vanishing in probability as N — oo for fixed 7 > 0. Substituting into Eq. (26)
yields

1
lp(0;x) = —;sim(z, v) +1log N +log 'y ;(z) + 0p(1). (27)
Moreover, for fixed 7 > 0, the remainder in the logarithmic partition term is uniformly bounded in NV: indeed,
both Sy /N and Ty ,(z) lie in [m.,, M,], while the positive-term correction is O, (N~1!). Hence the remainder is

uniformly integrable. Since it converges to zero in probability, it also converges to zero in L', and therefore its
expectation is o(1).
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Taking expectations over the batch construction (x,X) ~ rym and the i.i.d. negatives, and using Lncg,n(0) =
Eg[¢s(0;x)], we obtain

Lxce,N(0) = Exx) [—isim(fg(x),fg(i))] +E, [logl"gﬁ (fg(X))] +log N + o(1), (28)

where o(1) — 0 as N — oc.
By disintegration of mgg = (fo X fo)%rum, define

Up(z) :== —/Zsim(z;w) vy »(dw).

Then the law of iterated expectations gives

Ex,z) [—isim(z,v)} = %EZN% [Ug(z)] = %LU@(Z’) qo(dz). (29)

Since z = fo(x) ~ o,
Eyx [log Ty, (f@(X))] =E,q, [logTy -(2)].

Under the constant kernel-volume condition Asm. 2.1,

~ _ F@,T(Z)
p@,‘r<z) = VK(T)
by Def. 2.2, hence
Ezng, [0gT0,-(2)] = log Vii(7) + Eanyg, [log po,- (2)] = log Vii(7) — Hx (a0, Po.r), (30)

where
H (a9 Po.r) = ~Eargs 108 .- (2)].
Substituting Egs. (29) and (30) into Eq. (28) yields

Lnce,n(0) = %/z Uo(z) qo(dz) — Hx (g0, po,r) +1og(NV,(7)) + o(1)
= J:(0) +1og(NV,.(7)) + o(1).
Since # € © was arbitrary, this proves
|Lxce,n (0) — T-(0) —log(NV, (1)) — 0
for each fixed § € © and 7 > 0.

Part II. Gradient consistency. We now analyze the gradient of the batch loss ¢5(0;x) for fixed 7 > 0 as
N — oo. Differentiating the finite-batch loss gives

1
V@élg(a; X) = —;Vgsim(z, V) + Vy log ZB(Z), ZB(Z) =P+ Sy, (31)

where

N
P:=k,(z,v), SN ::Zm(z,wj).
j=1
Step 1: Reducing the positive term in the log-partition gradient. Let

gn(z) := Vglog(P 4+ Sn), rn(z) := VglogSy.
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Then
gy —ry = Vglog(P+Sy) — VglogSn

~ VoP +VeSy  VeSy

P+Sn Sn
VoP SN — (P+SN)> (32)
= VoSy | ———=
P+Sy + Vo N( SN(P+SN)
VoP P

= - V S .

P+Sn SN(P+SN) >N
Under Asm. 3.1, continuity of sim on the compact domain Z x Z ensures that x, is uniformly bounded.
Moreover, expanding Vgk, by the chain rule yields a product of the kernel, similarity gradients, and encoder
Jacobians, all uniformly bounded by assumption. Thus, for each fixed 7 > 0, there exist finite constants M, G,
such that 0 < k; < M, and [|Vgk,|| < G.. Since k., is continuous and strictly positive on compact Z x Z, it

also admits the positive lower bound m, > 0. Hence
P < M, IVeP| < G, Sy > Nm., IVeSn|| < NG,.
Taking norms in Eq. (32) and using these bounds gives

G, M, .
_ < = .
len =l < 3o+ Ty VG O.(N7Y)

Therefore,
VologZs(z) = VglogSn(z) + O, (N71). (33)

Step 2: Consistency of the negative-sum ratio. Condition on the event that the anchor observation
takes the realization z, i.e., x = z, and write z = fy(x). Then

& S5 Vors (fol), fo(x})).
LN ke (folw), fo (X))

Given z, the negatives x; are i.i.d. with law px, and both x,(fg(z), fo(x})) and its total parameter gradient
are uniformly bounded for fixed 7 > 0 by Asm. 3.1. Hence, by the law of large numbers,

VylogSn(z) =

o D e (fal@), Ja(x))) 2 T (fofa),

and

N
1
N > Vore(fo(@), fo(x5)) 2 Exmp,, [Voric(fo(x), fo(x'))] -
j=1
By the uniform gradient bound, differentiation under the expectation is justified, so

Eximpy [Vorir (fo(2), fo(x)] = VoBainp, [kr (fo(2), fo(x))] = Volo. (fo(2)),

where the derivative on the right is the total derivative with respect to 6, including the dependence of the
anchor representation fy(z) on 6. Since I'g -(fo(x)) > m, > 0, the continuous mapping theorem yields

Vo logSx (folr)) % W — Volog Ty, (fo(x). (34)
Combining Eqs. (33) and (34) gives
VologZg(fo(z)) & VologTy - (fo(x)). (35)

Step 3: Passing to the population objective and identifying Vy.7,. Recall that

Lnce,n(0) = Eg[s(6;x)], VoLnce,n(0) = Eg[Volp(0;x)]
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by Lem. B.1. From Egs. (31) and (35), we have convergence in probability

Valis(6:%) % ~ - Vgsim(fo(x), fo()) + Vo logTo.r ().

Moreover, by Lem. B.1, the per-batch gradients are uniformly bounded for fixed 7 > 0 and hence uniformly
integrable. Together with the convergence in probability above, this implies convergence in L. Therefore, we
may pass to expectations and obtain

VQENCE,N(G) — —%]E,-um [Vgsim(fe(X),fa(fi))] + Exmp, [Ve IOgFG,T (fQ(X))] . (*)

We now identify the two terms in (x) as the gradient of the parametric energy J,(#). Recall that

Luaw%ma:Em@%mkmun@»n@m.

Under Asm. 3.1, the parameter gradient of the similarity term is uniformly bounded, so differentiation under
the expectation gives

Ve/ Up(2) go(dz) = —E,,,, [Vesim(fo(x), fo(X))] -
z
Therefore, the first term in () equals

1

ng/ Uo(2) qo(dz).

T z

By definition,
H>< (q@aﬁG,‘r) = 7]EZN(]9 [10g ﬁO,T(Z)} = *Exwpx [log ﬁG,‘r (fe(X))] .
Under Asm. 2.1,

por(2) =
with V,;(7) independent of 6 by Def. 2.2. Hence

VoH (q9ap~9,‘r) = _Exwpx [VQ IOgﬁQ,‘r (fe(X))} = _EXpr [VG logFG,T (fg(X))] ’

where differentiation under the expectation is justified by the uniform boundedness established above. Thus,
the second term in (x) equals

—VoH, (g0, po,r)-

Combining the two terms gives

1 ~
VoLnce,n(0) — ;Ve/ Uo(2) qo(dz) — VoHx (g0, po,r) = VoT-(0).
z
Since 6 € © was arbitrary, this proves

IVoLnce,n(0) — VoI (0)|| — 0
for each fixed 6 € © and 7 > 0. O

C.2 Proof of Prop. 3.1

Proposition 3.1 (Unique Gibbs equilibrium). Assume Z is compact with u(2) < oo. Fiz 7 > 0 and let
U : Z — R be Borel measurable and bounded below ji-a.e. Then, Fry is strictly convex on its effective domain
and has the unique minimizer

p(z) = SETENT, azémdl?ﬁmm» ®)
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i Proof intuition. The objective of this proof is to show that the representation energy functional
admits a unique Gibbs equilibrium. The argument has three steps. First, the space of probability densities
is convex. Second, the potential term is linear in the density, while the negative entropy is strictly convex,
making the full functional strictly convex on its effective domain. Finally, a variational calculation identifies
the Gibbs density as the natural stationary candidate, and rewriting the free-energy gap from this density as
a KL divergence verifies its global optimality and uniqueness.

Proof. We analyze the functional F,  on the space of probability densities

Du(2) = {pe L) i p2 0 pac, [ ple)utas) =1,

The proof proceeds in three steps: establishing the geometry of the domain, proving strict convexity on the
effective domain, and identifying the unique minimizer.

Step 1: Convexity of the domain D, (Z). Consider any two densities p1,p2 € D,(Z) and a mixing
coefficient A € (0,1). Define py := Ap1 + (1 — A)pa. Since p1, p2 > 0 p-a.e., we have py > 0 p-a.e. Moreover, by
linearity of the integral,

[ meu)=x [ )+ 0= [ pate)naz) = 1.

Therefore, py € D, (Z) for every A € (0,1), so D, (Z) is convex.

Step 2: Strict functional convexity. Let pi,p2 € D, (Z) be two distinct densities, i.e., p1 # p2 p-a.e.,
and let A € (0,1). Define py := Ap1 + (1 — A)p2. We consider densities in the effective domain of F, r7, where
the functional is finite.

The potential-energy term is linear in p:

» [venE ) =2 [ vene e + > [ e i),

The negative entropy is
~H(p) = [ p(:)logp(2) (a2,
with the convention 0log0 = 0. Since p(t) = tlogt is strictly convex on [0, 00), we have
| eonenut) < [ o) u) + 1= [ el )

whenever p; and po differ on a set of positive py-measure. Hence —H is strictly convex on its effective domain.
Combining the linear potential term with the strictly convex negative entropy gives

Frulpa) < AFru(pr) + (1 = XN)Fru(p2).

Therefore, F, 1y is strictly convex on its effective domain.

Step 3: Existence and uniqueness of the global minimizer. Since F, y is strictly convex on its
effective domain, any minimizer, if it exists, is unique. For fixed 7 > 0, we first derive the candidate minimizer
using the method of Lagrange multipliers. Define the Lagrangian

Mp) = Frarlo 4 ([ o)tz -1).

Formally taking the functional derivative with respect to p(z) and imposing stationarity gives

oA 1

Hence the stationary density must satisfy

log p™(z) = — —y—1

)

U(z)
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§(2) = lep(U”) zo= [ xp(U”) u(dz).

Since essinf, U > —oo by assumption, there exists m € R such that U(z) > m for p-a.e. z. Hence

and therefore

0<Z, <e™Tu(2) < oo,

so p* is a well-defined probability density in D, (Z).
It remains to verify that this stationary density is indeed the global minimizer. Since

U
log p*(2) = — iz) —log Z-,

for any p in the effective domain of F s,

Dic(pll*) = / ple)tog 24 )

)log p(2) p(d2) + © /Z U(2)p(2) p(dz) + log Z,

u(p) +log Z;.

“ﬁ\

Equivalently,
Fru(p) = —log Z + Dxw(pllp*).

Since Dk, (p|lp*) > 0, with equality if and only if p = p* p-a.e., we have
]:T,U(p) > —logZ; = ]:T,U(p*)a
with equality if and only if p = p* p-a.e. Therefore, p* is the unique global minimizer of F; ;. O

C.3 Proof of Prop. 3.2
Proposition 3.2 (Low-temperature concentration). In the setting of Prop. 5.1, fiz o > 0 and define

We .= {z e Z:U(2) < essinfU—&—a}.
w

Then, as T — 0T, the Gibbs measure p*(z) pu(dz) concentrates on W€ in the sense that, for every open O D W?,
Jz\0 P (2) p(dz) — 0.

1> Proof intuition. This proof establishes that as the temperature 7 — 07, the Gibbs distribution
concentrates near the lowest-potential regions (the o-ground state). The argument relies on a direct
comparison of exponential decay rates relative to the essential minimum level m. We compare the probability
mass between two regions: (i) outside the o-ground state, the potential is at least o above m, so the
corresponding Gibbs weight is bounded by a factor of exp( o/7); (ii) by the definition of the essential
infimum, there is a set of positive y-measure on which the potential lies within o/2 of m, providing a
denominator contribution bounded below by exp(—o/(27)). Taking the ratio of these bounds yields an
exponentially vanishing upper bound on the mass outside the ground-state neighborhood as 7 — 07.

Proof. We analyze the Gibbs-equilibrium measure p*u as 7 — 07. Let

m := essinf U and W ={z€Z:U(z) <m+o},
o
for any fixed o > 0.
Consider any open set O C Z such that O D W7, and denote O° := Z\ O. Since O contains W7, its

complement satisfies
O°c{zeZ:U(z) >m+oa}.
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Therefore, using the Gibbs density

p(2) = Z% exp < Uiz) ) ;

we have

Jor exp(=71) u(az)
Sz exp (=242 p(duw)

Multiplying numerator and denominator by exp(m/7) yields

Joo exp( =222 pu(az)
Sz exp (=222 ) p(dw)

(0" 1)(0°) =

(p"u)(0°) =

(i) Numerator bound. For every z € O°, we have U(z) —m > o, and hence

/C exp (—U(Z)T_m> p(dz) < / eXp(—g) p(dz) = p(0°) eXp<—g> :

(ii) Denominator lower bound. By the definition of m = essinf, U, for every n > 0 the set {w € Z:
U(w) < m + n} has strictly positive y-measure. Fix 7 := 0/2 and define

A:z{wEZ:U(w)<m+g}, p(A) > 0.

On A, we have U(w) —m < /2, hence

/;@(—W) p(dw) > AGXP(—W) p(dw) > p(A) eXp(—%)

Combining the bounds, we obtain

O exp(—o/7) _ pw(O°) exp(_£>
p(A)exp(—a/(27))  n(A) 27

Since p(0°) < u(Z) < oo and pu(A) > 0 is fixed, the right-hand side converges to 0 as 7 — 0. Hence, for
any open neighborhood O D W7, we have (p*u)(O¢) — 0, i.e., the Gibbs measure concentrates in any open
neighborhood of W°. O

(P*)(0°) <

C.4 Proof of Thm. 3.2

Theorem 3.2 (Low-temperature unimodal energy consistency). Assume Asms. 2.1, 3.1 and 3.2. Fix 0 € ©
and assume gy <K | with a strictly positive, continuous density py, i.e., inf,cz pg(z) > Py > 0.* Define the

KDFE mismatch 61((?6(7') = ||po,r — polloc- Then there exists 79(8) > 0 such that

(6)
17,(60) = Fron(p)] < 230 oo r < n),

Py

T2 (0) = Fru,(po)| — 0.

and in particular, as T — 07,

i Proof intuition. The objective of this proof is to establish that at low temperatures, the parametric
energy J-(0) approaches the intrinsic thermodynamic free energy F y, (pg) for each fixed 6. The argument
hinges on translating their algebraic difference into an information-theoretic distance and then squeezing
that distance to zero. (i) We first algebraically decompose the parametric energy and reveal a fundamental
identity: the exact gap between the parametric and intrinsic energies is the KL divergence between the
induced representation density pg and its kernel-smoothed counterpart gg .. (ii) To prove this KL divergence

4See App. A.3 for a detailed discussion on the strict positivity assumption and the role of density floors.
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vanishes, we ensure that the logarithmic ratio inside the integral remains controlled. By assumption, the
density pp is strictly bounded away from zero. Because Lem. B.3 guarantees that the smoothed density
approaches the true density uniformly as 7 — 07, the smoothed density also remains uniformly bounded
away from zero for sufficiently small 7. (iii) The logarithm therefore operates in a Lipschitz regime, allowing
the KL divergence to be controlled directly by the KDE mismatch. Since this mismatch vanishes as 7 — 07,
the parametric and intrinsic energy values agree asymptotically for each fixed 6.

Proof. Step 1: Well-posedness of the alignment potential term. Fix any # € ©. Recall the definition of
the alignment potential field (Def. 3.1):

Ug(z) :== —/ sim(z, w) vg ,(dw) for gp-a.e. z.
z
Under Asm. 3.1, the similarity function sim is bounded and Borel measurable, hence Uy is Borel measurable
and bounded, and therefore integrable with respect to gg. Moreover, g9 < p with a continuous density pg

bounded away from zero by assumption. Since Z is compact, pg is also bounded above, so pg log pg is integrable.
Thus, the intrinsic representation functional (Eq. (7))

Fetelon) =7 [ Un(a)pa(2) u(dz) = H(po)

is well-defined for each 7 > 0.
Step 2: Difference reduces to a KL divergence. Recall

7.0 =2 / Us(2) go(dz) — Hy (g61 fo.r)
TJz
Using
Ha0op) = )+ Dol p(e) = 255,
we obtain )
7:6) = % [ U@ ) ud) = Hip) = Drcfpol )
and hence

Fruy(po) = Tr(0) = Dxr(pollpo.r)- (36)

Step 3: Vanishing KL divergence of the smoothing. Fix any § € ©. By assumption, the continuous
density is uniformly bounded away from zero:

L le) > 0,20

Recall from Lem. B.3 that the KDE mismatch vanishes in the low-temperature limit:

0 ~
€I(<d)e(7-) = ||p9,7' - p«9||oo — 0 as 7 — O+.

Hence there exists 7(f) > 0 such that, for all 0 < 7 < 7¢(6),

0 P
81(((1)6(7') S 50
It follows that, for every z € Z,
- P 14
por(2) 2 pole) ~ 2 > 22, (317)

On [p,/2,00), the derivative of log z satisfies 1/z < 2/p,. Hence, for all a,b > p, /2,

2
|loga —logb| < —la —b).
Py
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Applying this with a = pg(z) and b = pg - (2) gives

po(2) . 2 . 2 jeie(7)
log 22| _ llog pu(2) — 0g s (2)] < — 1pa(2) — fo.r ()] < ~eelT) (33)
pG,T(Z) Py Py
Now )
~ pPo(z
Dxw(pollpo.+) = / po(z)log — p(dz).
z po,(2)
Using [, po(2) p(dz) = 1 and Eq. (38),
(9)
- z 2€&140(T
Diclpolns) < [ pola) log L2 ) < 256l (39)
zZ 0 T(Z) 89
Substituting this into Eq. (36) yields
(6)
2er (T
T2(0) ~ Fr o) < 255l
Py
Finally, Lem. B.3 guarantees that 51((?6(7') — 0 as 7 — 0. Consequently,
|T+(0) — Fru,(po)] — 0 as T — 07,
which concludes the proof. O

D Proofs of Multimodal Formal Statements

This section provides rigorous proofs for all formal statements concerning our multimodal analysis. Each
statement from the main text is restated for self-containment, accompanied by a proof intuition for providing
high-level insights.

D.1 Proof of Thm. 4.1

Theorem 4.1 (Large-batch multimodal consistency). Consider the symmetric multimodal InfoNCE objective
Lsym,n(0,0) in Eq. (3) and the energy J2Y™(0,¢) in Def. 4.2. Assume Asms. 2.1 and /.1. Then, for any fized
7>0and (0,¢) €O x ®, as N — oo,

|£Sym,N(67 ¢) - jfym(ea d)) - log(NVH(T»‘ — 0, HV(G@)ESym,N(e; ¢) - v(9,¢)j7-sym(97 (b)H — 0.

i Proof intuition. This proof extends the large-batch consistency analysis of unimodal InfoNCE to the
dual-encoder, cross-modal setting. The logic follows the unimodal proof (Thm. 3.1) in each direction. (i)
The symmetric loss is the average of two directional losses. As N — oo, the normalized sum of negative
keys in each direction converges to the population kernel average of the corresponding target modality.
This yields a shared attractive alignment term together with two directional cross-entropy terms. (ii) The
same large-batch limit applies to the gradients of the two log-partition terms: the contribution of the single
positive pair vanishes, while the negative-sum ratios converge to their population counterparts. Uniform
gradient bounds then allow these limits to pass to the expected finite-\N objective, yielding pointwise value
and gradient consistency with the deterministic symmetric energy.

Proof. Consider a random batch B consisting of a positive pair (x,y) ~ rmm together with N i.i.d. negatives
{yi}o, L py and N ii.d. negatives {x]
corresponding random representations as

;-V:l bL- px, all independent conditional on (x,y). Write the

!

z=fo(x), w=gs(y), W,=g(y}), z;=fo(x})

and define the exponential kernel

T

Kr(z,w) == eXp(
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Denote the directional partition sums by
N N
250 (2) o= ko (2, W) + D ke (2, W), Z50(W) = ke (2, w) + D ke (2, W),
J=1 j=1

The symmetric per-batch loss can be written as

S0, ¢) = % [—1Sim(z, w) + log zfﬁ(z)} % {—lsim(z, w) + log zf;f’(w)} . (40)

T T

6577 (0,9) L5 (6,0)

Part I. Value consistency. Fix any 7 > 0 and (0, ¢) € © x ®. We analyze the directional loss E;’é’EYN(H, ?);
the reverse direction follows by symmetry. From Eq. (40), the corresponding per-batch directional loss is

540, 9) = —%sim(nw) +1og 2% % (z). (41)

Step 1: Bias—variance control of the log-partition term. The structure of Z%“b is identical to the
unimodal partition function (Eq. (26)), except that the negatives are drawn from g4 rather than gg. By
assumption, Z is compact and sim is continuous, hence x, is bounded on Z x Z for each fixed 7 > 0. Let

N
P:= k. (z,w), S%%(z) := ZﬁT(z,wg), Z%ﬁq5 =P +5%°.
j=1
As in Step 1 of the unimodal proof (Part I of Thm. 3.1), the positive contribution induces a vanishing bias:

P P
0~ 0> —
log(P + SN¢> = logSN¢ + 10g<1 + W) , log<1 + W) =0, (N71).
N N
Define the population partition function induced by the target encoder ¢:
o (2) = By ()] = [ 6 (2v0) ()

Condition on the anchor observation x =  and write z = fp(z). Since the negatives {y; §V=1 are i.i.d. from py,
the representations {w’ évzl

Part I of Thm. 3.1,

are i.i.d. with law ¢4. Hence, by the same concentration argument as in Step 2 of

1 [ _
FSNT(2) =Tr(2) + O,(NT12),
which implies, by the same logarithmic expansion used in the unimodal proof,
log S?\;d)(z) =log N +1logTy . (2) + O,(N~1/2).
Returning to the random anchor z, combining the above displays yields
1
50, 0) = ——sim(z,w) +log N +log Iy (2) + O,(N~1/%). (42)

Step 2: Identification of the directional energy. Taking expectations of Eq. (42) over the batch
construction gives

L;’gEN(e, ¢):=Eg [6?3’(9, (b)] =E [isim(z,w)} +E[logTy - (z)] + log N + o(1).

Here, for fixed 7 > 0, the remainder is uniformly bounded and hence uniformly integrable. Since it converges
to zero in probability, it also converges to zero in L', so its expectation is o(1).
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Using the disintegration in Def. 4.1, the law of iterated expectations yields

Btesyer |~ 75(fo3),863) | = Ty U0 = 7 [ Vol an(ao).

Since z = fp(x) ~ go,
E [log F¢,T(Z)] =Eyg, [logTy - (2)] .

Under the constant kernel-volume condition Asm. 2.1,

ﬁ¢ﬂ'(z) =
by Def. 2.2, and hence
Eynqo [log Ly - ()] = log Vie(T) + Egny, [log P, (z)]
= IOg VH(T) - H>< (%7 ﬁ(b,‘r) .

Substituting into the preceding expansion gives

L3Cun(0,0) = %LU9+¢(Z) qo(dz) — Hx (g0, pg,r) + log(NV,.(1)) + o(1)
=JrY(0, ) +log(NV,.(1)) + o(1).
The reverse direction y » = follows analogously, yielding
LYCen(0,0) = TP7(6,0) +10g(NV,i(7)) + o(1).
Averaging the two directional expansions and using Eq. (10) gives
|Lsym v (0, 6) — T2 (0, ¢) — log(NV,e(7))| — 0

as N — oo, for each fixed 7 > 0 and (0, ¢) € © x ®.

Part II. Gradient consistency. Fix any 7 > 0 and (0, ¢) € © x ®. Differentiating the finite-batch loss in
Eq. (40) gives

1 1 1
VESBym(H, @) = —;Vsim(z,w) + §V10g ZGBW(Z) + §V10g Z‘ge(w), (43)

where V := Vg 4) denotes the joint gradient.
Step 1: Removing the positive term in each log-partition gradient. Define

g% .= Vlog (P + S?\;qﬁ) ) %% = ViogS%?,
and analogously define (g‘ifo, rﬁfe). As in Eq. (32), a direct algebraic manipulation yields
0+ 0+ VP P RS
glot _ 020 _ ¢

P+s%? shP(P+sy?) NV

and the same identity holds with 6 + ¢ replaced by ¢ » 6.
By Asm. 4.1, Z is compact and sim is C'' with bounded input gradients. Together with the C'' encoders
with uniformly bounded Jacobians, this implies that, for each fixed 7 > 0, there exist finite constants

0<m; <k:() <M, < o0, sup sup||Vk,| <G, < .
(6,9)cOx® B

Consequently, uniformly over (6, ¢) and batch realizations,

P<M, |VP|<G,, S%°>Nm, |VS4?|<NG,,
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and the same bounds hold for S‘ﬁ;e. Taking norms in the identity above gives

|V 108 2(2) — ¥ log S *(2)

— 0, (N7, Hwogzg*%w)—v1ogs?;9(w)H:oT(N—l). (44)

Step 2: Consistency of the negative-sum ratios. We treat the direction 6 » ¢; the reverse direction is
analogous. Condition on the anchor observations x = x and y = y, and write

z=fo(z),  w=gs(y)

Then N
~ 21 VEr (fo(), 96(¥5))

& X hr (o), 05())
are i.i.d. with law py. Define
Fd),r (f@(ﬂf)) = Ey’pr [HT (f@(m)7g¢(y,))] .

Since I'y - (fo(x)) > m, > 0, the denominator is bounded away from zero at the population level. By the law
of large numbers and boundedness of k.,

Vlog S(?\;¢(z) =

N

Given z, the negatives {y’};_;

N
2 e ) 96(5) 5 Lo (fa(o).

Similarly, since the total parameter gradient of k. is uniformly bounded,

N
% Z Vir (fo(2), 94(¥))) TN By np, [VE-(fo(@),96(y"))] -

Since the expectation is taken with respect to the parameter-free distribution py, and the total parameter
gradient is uniformly bounded by Asm. 4.1, differentiation under the expectation is justified. Hence

Eypy [Viir (fo(2), 96(y))] = VEyrp, [Kr(fo(2), 95(y))] = VDo (fo(x)),

where the derivative on the right is the total derivative with respect to (6, ¢), including the dependence of the
anchor representation fg(x) on 6. The continuous mapping theorem therefore yields

025779 (5) ? VF¢,T(f9(:U))
ViogSy (=) = Ly (fo(x))

The reverse direction follows identically. Conditioning on x = 2 and y = y and writing w = g4(y), define

Ty - (gqb(y)) = Exrp, [HT (fQ(X/)a9¢(y))} .

= Vlog Lgr (f@(x)) (45)

Then
Viog S’ (w) £ Viog Ty - (g4(y)).- (46)

Returning to the random anchors and combining Eqs. (44) to (46), as N — oo we obtain
ViogZ%?(z) & ViogTy . (2), ViogZ4 % (w) £ Vlog Ty - (w). (47)
Step 3: Passing to the population objective and identifying Vg 4) JSym, By Lem. B.2, HVﬂngym(G, d)|l

is uniformly bounded for fixed 7 > 0 and hence uniformly integrable. Together with the convergence in
probability in Eq. (47), this implies convergence in L', so we may pass to expectations and obtain

V'CSym,N(ev d)) = EB {v‘gzym(ga QS)} — - %E(x,y)wrmm [VSIm(fG (X)a g¢(y))]
EXpr [v lOg Fd),T (f9 (X))] (48)

Eynp, [V logIy - <9¢ (Y))] .

+

_|_

DN = N =
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We now identify the right-hand side as V7Y™ (6, ¢). First, by the definition of mps = (fg x 9¢)# " mm and
the law of iterated expectations applied to Def. 4.1,

/Z U9»¢(Z) q@(dz) = II':‘:(x,y)r\zrmm [—sim(fg(X),g¢(y))] = E(Z,W)Nﬂ'9¢ [_Sim(z7 W)] )

and similarly,
/Z Upo(w) gs(dw) = Egeyyorn, [—sim (fo(x), 95())] -

While these two binding energies coincide after integration, the directional potential fields Up.s and Ug.g
generally differ pointwise. Under Asm. 4.1, differentiation under the parameter-free expectation is justified,
yielding

\ / Up-(2) qo(dz) =V / Up-0(w) gg(dw) = ~E(x yymr,,,, [Vsim(fo(x), g4(y))] -
z z

Second, using
log pg,r(2) =logl'y -(z) —logVi(7),  log pg,r(w) =logTy ,(w) —log Vii(7),
with Vj,(7) independent of (6, ¢) by Asm. 2.1, we may write
VHy(q9,p6,7) = =VExnp, [108 5.+ (fo(X))] = —Exnp, [V1ogTy - (fo(x))]
VH, (49, po.7) = =VEy~p, [10g 96,7 (95(¥))] = —Eynp, [V1ogTs.-(96(y))]

where differentiation under the expectations is justified by the uniform gradient bounds in Asm. 4.1 and Lem. B.2.

Combining these identities with the definition of J5Y™ in Def. 4.2 shows that the limit in Eq. (48) equals
VJISY™ (0, ¢). Therefore, as N — oo, for each fixed 7 > 0 and (, #) € © x @, the two parameter components
satisfy

HVGESynLN(Ga d)) - v9\77'sym(9? ¢)H — 07 ”vtﬁ‘csym,N(H? ¢) - V¢j‘rsym(9’ (b)H — 0.

Consequently, for the joint gradient Vg 4) = (Vg, Vy),

HV(9,¢)£Sym,N(97 ®) — Vio,p)T™ (0, ¢)H

- \/ |VoLsyman(8,6) = VoTP™ 0, ¢>H2 + [T Lsymn (0,6) = VoT2™ 0, <z6)H2

— 0.

D.2 Explicit Extremal Construction and Proof of Prop. 4.1

We now give the extremal-density construction underlying Prop. 4.1 and the full proof of the proposition.

Proposition D.1 (Constructive form of the coordinate infimum and extremal convergence). Assume Z is
compact with u(2) < oo, and let ff‘gi , be as in Def. J.3. Fiz py € Du,pz (Z) and define the effective potential
field by N

1
Vipa(2) = ;U1->2(Z) + log p2(2).

Then, the coordinate map py — ff}{}?ﬂ (p1,p2) is concave on Dmgl (2), and its infimum is approached by

sequences that concentrate the excess mass Méi) =1- plu(Z) onto approzimate minimizers of Vyo, leaving
only the floor I3 elsewhere. B
Formally, for o >0, let
Wy = {z € Z: V() <essinf, Vi + U} )

Choose measurable sets S C WS with 0 < p(S7) < 0o and p(SY) — 0 as 0 — 0, and define the o-approximate
density

M
Sy

P7(2) = p, + Ly (2) (49)
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Then, as 0 — 0, the energy of p§"> converges to the coordinate infimums:

s Sym o . Sym
lim 25, (r”, 2) = e o Frun, (o p2)- (50)

An analogous statement holds when optimizing in ps with py fized, with respect to the dual effective potential
field Vo1 (2) := 1Us.1(2) + log p1(2).

15> Proof intuition. This proof establishes that when one modality’s distribution (p2) is held fixed, an
infimizing sequence for the other modality (p1) approaches an extreme, “spiky” configuration. Rather than
spreading out, it approaches the minimum allowed density everywhere while concentrating its remaining
probability mass near the lowest regions of an effective potential landscape. The logic unfolds in three
geometric phases: (i) Unlike the unimodal free energy, the cross-entropy term makes the functional concave
with respect to p;. This motivates extremal configurations near the boundary of the feasible density class.
We derive a lower bound corresponding to a background floor p. together with all excess probability mass
placed near the essential minimum of the effective potential V1|2.76ii) We then construct a sequence of feasible
densities whose excess mass is concentrated on shrinking subsets of the corresponding low-effective-potential
regions. (iii) Although this concentration makes the spike increasingly tall, the peer density is bounded,
so the additional logarithmic term scales as u(SY)log(1/u(SY)) and therefore vanishes as the support
shrinks. The resulting sequence approaches the coordinate infimum while concentrating its excess mass near
minimizers of the effective potential.

Proof. Fix 7 > 0 and ps € Dl‘vf’z (Z). Throughout, we treat po as fixed and analyze p;; the argument for py is
symmetric. Write the coordinate map as

Fi(p1) = ff}{}nl,z (p1,p2), P1€Dpup (2).

Step 1: Concavity of p; — F; and its lower bound. Using
o) = = [ ;) 1ogpr(2) ().

Dialpnllon) = [ pa(a)og 253 (e,

and

Dialpallon) = [ pa(e)og 205 (e,

we expand the p;-dependent terms in F(p;):

Filpr) = 5 [ oG Wan)n(@2) + 5 [ pa(a)lon pa(2) n(dz) + Clo), (51)
where 1
Vija(z) = ;sz(z) + log p2(2),

and C(p3) does not depend on p;.

The map p1 — [ p1(2)V1j2(2) p(dz) is linear, while p1 — [ pa(2)log p1(2) pu(dz) is concave on the positive
cone since log is concave and py > Py > 0 p-a.e. Thus, p; — Fi(p1) is concave on the convex set D“»& (2).
This concave coordinate geometry motivates the boundary-concentrating construction below.

Write any feasible p; € Dmpl(Z) as

pi(z) =p, +m(z),  m(z)>0.

The excess probability mass is

MY = [ mEnaz) = 1= pu(2) >0
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Let
vy = essinf V.
“w

Since Vijo(2) > v, and log p1(z) > log p, p-a.e., we have

/Z pr(2)Via(2) p(dz) = p, /Z Vi (=) p(dz) + /Z 7 (2)Vaja(2) p(dz)
>, [ Vi) () + 0018,

and
/ p2(2) log p1(2) pu(dz) > / p2(2)log p, p(dz) =logp, .
Z zZ

Plugging these bounds into Eq. (51) yields

1 1
Fio) = g (0, [ Viele) ) + 001D ) 4 F 108, + Cloa) = 7. (52
Z

Therefore,
pleDiili - Fi(p1) > Fu.
Step 2: Evaluate the coordinate map F; at pgo). For each ¢ > 0, define the sublevel set
Wy = {z € Z:Vip(z) <wv. +U} .

By the definition of the essential infimum, p(WY¢) > 0. Since p is a non-atomic Riemannian volume measure,
we may choose measurable subsets S C WY such that 0 < u(Sy) < co and u(S7) — 0 as 0 — 0. Define

P(2) = p, + s (2)

Since plg) > P, and

1)
o Mex o
| A7 nA2) = p,(2) 4 el ST) = pyu(2) + M = 1

we have p{”) € Dyuyp (Z).
We now evaluate the coordinate map F; at pgg).

(i) Linear term. Since S € WY, we have Vij5(2) < vs + 0 on S, and hence

MY
w(S7)

<o, [ Vin(a)n(a@z) + M . + ).

/Z A7 (Vi (=) i(d) = p, /Z Vipa(2) pldz) + /5 Vil ald)

(i1) Log term. Split the domain as Z = (Z\ §7) USY. Then

[ m@oe O Gna) = |

Z\s7 S7

ME
pae)log p, n(d2) + [ pa(2)log <pl ¥ m) p(dz).

Define
mai= [ pale)utdo)

1
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Since [ pa(z) pu(dz) = 1, the first term equals (1 —m,)logp, . Therefore,

/ p2(2) log pga)(z) w(dz) =logp, +moLe,
Z

ME
Ly:=log|1+—F—~|.
( Bllu(Sl ))

where

Combining the two terms gives

() < % (,)1 /Z Via(2) p(dz) + MO (v, + a)) + % (logp, +moLs ) +Clpa). (53)

Step 3: Conclude convergence. We first show that the additional log-penalty m, L, vanishes as 0 — 0.
Since py € Du,g2(2> C L>(u),
mo = [ () d2) < (7).
1
Hence
ME
0 <myLs < ||p2|lcot(SY) log 1+7XU .

Since u(S7) — 0 and tlog(l + ¢/t) — 0 as ¢ | 0 for every fixed ¢ > 0, it follows that
MyLy, — 0 as o — 0.

Now subtract F, from Eq. (53) to obtain

Fupl) = Fo < 5 (Mo +moLy ).

N | =

Letting o — 0 gives
limsup Fi (pi”) < F..

o—0

Meanwhile, Step 1 showed

inf F > Fi.
PLEDp, (2) 1(P1) =

Since every p§”) is feasible, we also have

inf _ Fi(pr) < Fi(p}”
el (2 1(p1) < Filpy”)

for every o > 0. Therefore,

inf  Filp)=F., limFE) = inf  Fi(pr).
1Dy (2) 1(p1) Py 1(p1”) p1EDsy (2) 1(p1)

Thus, the coordinate infimum is approached by boundary-concentrating infimizing sequences whose excess
mass lies in shrinking low-effective-potential regions of

1
Vipg = ;sz + log po.
The ps-coordinate statement follows identically after swapping indices and using

1
Vo = ;U2»1 +log p1.
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D.3 Proof of Thm. 4.2

Theorem 4.2 (Low-temperature multimodal energy consistency). Assume Asms. 2.1, 3.2 and 4.1. Fiz any

(0,0) € © x @, and assume qg <K 11, ¢ <K p with continuous densities pg, py bounded below: inf.cz pg(z) >

: 0 - ~ .
py >0, infoez py(z) > Ly >0 Let q((d)e(T) = [po,r — polls and 51(:?6(7') = |1po,r — Polloo- Then, there exists

70(0,0) > 0 such that for all 0 < 7 < 10(0, ¢),

0
)| < Shaeln) + ()

Sym _ Foym
T, 9) ]:nUe,d:(po’pd) min{B97B¢}

)

where ]-"f,yUn;d)(pg, pe) 1s the intrinsic multimodal energy from Def. 4.3, evaluated on D'U"BQ (2) x D“»£¢ (2), with

Up.p := (Upsp, Ugsg). In particular,

TI™ (0, ¢) _]_-Ts?{}nw(pe’%) — 0, asT — 0T,

15 Proof intuition. This proof establishes that, in the low-temperature limit, the cross-modal parametric
energy approaches the intrinsic dual-density free energy for each fixed pair (6, ¢). The argument relies on an
algebraic cancellation and the stability of kernel smoothing: (i) We first decompose both the parametric
and intrinsic energies into their potential, entropy, and cross-modal divergence terms. Their potential and
entropy terms cancel in the difference, leaving only discrepancies between KL divergences involving the true
marginal densities and their kernel-smoothed counterparts. (ii) Because the true densities are bounded
away from zero and the smoothed densities converge uniformly to them, all relevant logarithms remain in a
Lipschitz regime for sufficiently small 7. This allows the remaining log-ratio perturbations to be bounded
directly by the KDE sup-errors of the two modalities. (iii) Since both KDE mismatches vanish as 7 — 0%,
the discrepancy between the parametric and intrinsic energy values also vanishes for each fixed (0, ¢).

Proof. Fix any (0, ¢) € © x ®. Under Asm. 4.1, sim is bounded and Borel measurable, hence both cross-modal
potentials Up, and Uy.g from Def. 4.1 are Borel measurable and bounded. Moreover, since Z is compact
and pg, py are continuous with pg > Py >0 and py > p e 0, both densities are bounded above and below.
Hence log pg and log py are bounded, and therefore Dkr,(pgl|pe) and Dxr(psl|pe) are finite. Consequently, the
multimodal functional .FTSf{}r;’(b(pg, pg) is well-defined.

Step 1: Functional discrepancy reduces to log-ratio perturbations. Recall the directional multimodal
parametric energies from Def. 4.2:

1 ) . 1, )
‘77:709,1/(0, ¢) = ;u‘g#(ﬁ(qg) - H>< (QQ7P¢,T) ) ‘.77? ((rba 9) = ;u¢ 0(q¢) - H>< ((MnPG,T) )

and X
T™0,0) = 5 (T77V(0,6) + TV (9.6)).
Using
_ L dql
H, (q1,p2) = H(p1) + Dxr(p1llp2), p1 = a,
we can rewrite
m 1 1 ~ ~
jq—sy (97 ¢) = 5 (‘FT,UB-Nb(pG) + fr,Ud,‘g(P(;s)) — 5 (DKL(:OGH,O(Z),T) -+ DKL(P@&HPG,T)) . (54)

On the other hand, by Def. 4.3, with

m 1
DR (0o ps) = 5 (Dxcw(pollpe) + Dicu(psllpo)) .
we have )
Sym Sym
F 7000 (P02 P0) = 5 (Frvo.s (p6) + Frv,.s(ps)) — DEL (P65 ) (55)
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Subtracting Eq. (54) from Eq. (55), the potential and entropy terms cancel, giving the exact identity

m m 1 . _
F20 (e pg) = T™(0,¢) = 3 (DKL(PGH%,T) — Dxw(pollps) + Dxr(pgllpo,r) — DKL(P¢||P9))~ (56)

For any p-densities p,r1,ry with r1,79 > 0 p-a.e., the elementary difference identity
ra2(2)
r1(z)

holds. Since x, > 0, the smoothed densities gy and pg r are strictly positive. Applying the identity with
(p, T1, 7‘2) - (pé‘a p~¢.,7'» qu) and (pa T1, 7/.2) = (p¢7 p~9,‘ra Pe) giVES

DKL(pHﬁ)—DKL(pllrz)=/Zp(2)10g p(dz)

FE (00,09) — TE™(6,6) = ;( / pe<z>logmu<dz>+ e ﬁfjffz) u(d2)>~ (57)

Step 2: Nonasymptotic bound by KDE sup-errors. By the lower bounds pg > p 0 and pgy > p s and
Lem. B.3 applied separately to pg and pg, there exists 79(6, ¢) > 0 such that, for all 0 < 7 < 79(0, ¢),

0 - P ~ P
) = 10— polloe €22, e8U) 1= s — polloe < 2.
Hence, for every z € Z and all such 7,
- P _ P
Por(2) 2 hor(2) 2 (58)

On [B¢/2, 00), the map log(-) is Lipschitz with constant 2/B¢' Therefore, for every z € Z,

2 ) ()
log pal) — 108 7o (2] £ 2 |pal) = por (2] < 2L,

Ly Ly
Equivalently,
¢
log 22) | < 25aa(7). 59)
ﬁ¢77(z) a £¢
Analogously,
0
IOg pg(Z) < 2€l((d)e(7-)' (60)
por(2)| ~  p,

Using Eq. (57), together with

we obtain
750 o0pe) = 70 0.0)] < 5 ([ ote) ow LC5 ey + [ pote) fow 2205 ) )
0 2\Jz po.r(2) z Po,r (%)

1

§<10g~p¢ —I—‘logﬁoe )
2 ,0¢,'r - Lo, 0o

[%

1 (251&‘21(7) . 251236(7))

2\ » Py

0
_ o1 + el (7)
min{B@? B¢}

This proves the claimed nonasymptotic bound for all 0 < 7 < 74(6, ¢).
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Step 3: Vanishing discrepancy as 7 — 0. By Lem. B.3 applied separately to pg and ps under Asm. 3.2,

51((%)8(7') — 0, af{ﬁl(r) —0 as 7 — 0T,

Therefore, the bound in Step 2 implies

T8, ¢) — ffyy[}r;qﬁ(pg,pgp) —0 asT— 0T,

for every fixed (6, ¢) € © x ®. O

E Extended Formal Statements

This section provides extended formal statements by connecting the intrinsic geometric insights to parameterized
training objectives, when the encoder families are sufficiently expressive.

E.1 Unimodal Parametric Inheritance and Emergence of Uniformity
This subsection formalizes the intuition used in § 3.2: unimodal InfoNCE inherits the intrinsic Gibbs geometry

when (i) the kernel smoothing bias is small and (ii) the encoder family is expressive enough to (approximately)
realize the intrinsic Gibbs equilibrium at the best attainable potential level.

Recap of objects. Fix 7 > 0. For each 6 € O, recall the induced representation law ¢y € P(Z) and
encoded positive-pair law mpp € P(Z x Z). Under the same setting of Thm. 3.2, assume ¢y < pu and write
po(2z) = qop(dz)/p(dz). Let Uy be the alignment potential field induced by mpe (Def. 3.1). The intrinsic
functional is F; y, (p) (Eq. (7)), and the parametric energy is J,(0) (Def. 3.2).

Free-energy gap equals KL divergence. From Prop. 3.1, for any fixed potential U and temperature 7,
define the partition function

Z = /Zexp( —U(2)/7) u(dz), (61)

and the associated Gibbs density

e exp( - U(z)/T)
P (z) = -z (62)

Then, for any p € D,(Z) with plog(p/p*) € L*(p),
Fru(p) +log Z. = Dxi(pllp*) > 0. (63)

In particular, p* is the unique minimizer of 7 7, and the free-energy suboptimality controls proximity to the
Gibbs equilibrium via KL divergence.

Remark E.1 (Proof of Eq. (63)). Expanding

o Ao p(2) s
Dxv(pllp™) —/Zp( )1 & 02) p(dz)

and substituting log p* = —(U/7) — log Z, yields Eq. (63).
Expressivity at the best attainable potential level. The intrinsic minimum of F, 7, equals —log Zy ,
by Eq. (63), where
Zor = [ exp(~ Ual)/7) u(d2)
z

is the normalization constant of the Gibbs density. Whenever the minimum is attained, define the best attainable
potential level at temperature 7 by choosing any

0, € arg grgg(— log Zg’f) . (64)

Assumption E.1 (Expressivity at the best level). There exists a function eyeq(7) — 0 as 7 — 07 such that,
for 0, in Eq. (64),
-FT,U(;T (pér) + 1Og Zy < €rea1(7—)~ (65)

0,7 —
Equivalently, at the best attainable potential level, the encoder-induced density pp. attains the intrinsic
minimum of Fr y, up to error €rea1(7).
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Ground-state inheritance under encoder expressivity. Under Asm. 3.2 and mild regularity conditions,
Thm. 3.2 bounds the gap between J-(6) and F: y,(pg) by the KDE mismatch el((?e(T). By Lem. B.3, this
mismatch vanishes for each fixed . Since the relevant optimizers may depend on 7, we state the following
inheritance result along optimizing sequences for which the corresponding energy approximation errors vanish
at the evaluated temperatures.

Corollary E.1 (Unimodal parametric inheritance along optimizing sequences). For each T > 0, assume the
following minimizers exist, and let

0 inJ,(0), 0, in(—log Zp,).-
Tearggélgj() Garggélg( 0g Zy.7)

Assume the conditions of Thm. 3.2 hold for 6% and 6, for all sufficiently small T > 0. Assume additionally that
the expressivity condition in Asm. E.1 holds along the sequence 0, and that the energy approzimation errors
satisfy

A~

- (0X) +n:(0-) = 0 as T — 0T, where n-(0) == |T-(0) — Fr.u,(po)|-

" denote the Gibbs density associated with Upx at temperature T:

Further, let py.

*,T — Uy
ﬂg’: (2) = eXP( ~ 97(2)/7), ZQ:J ::/ exp( _ Uai(zl)/r) ’u(dzl).
0x,T zZ
Then,
Dxv(po:llpg’) =+ 0 and  ||po: — pp: ||y — 0.

Consequently, the learned representation measures inherit any low-temperature concentration property of the
associated Gibbs sequence. In particular, if for some fired o > 0 and some family of open sets O, C Z satisfying

O DWj. = {z € Z : Up=(2) < essinf Up- +U},
T T W T

the Gibbs sequence satisfies (pp. 1) (Z\ O-) — 0, then

1w Proof intuition. The goal is to show that a sequence of parametric minimizers 67 tracks the Gibbs
equilibrium induced by its own alignment potential as 7 — 0F. The proof has three steps. (i) For any fixed
induced potential field Uy, the intrinsic free-energy gap equals the KL divergence from the corresponding
Gibbs density. (ii) By the expressivity condition, the comparator 6, can approach the intrinsic optimum at
the best attainable potential level. Since ¥ minimizes the parametric energy J-, and since the sequence-level
energy approximation errors vanish for both 6% and éT, the intrinsic free-energy gap of py: also vanishes. Hence
Dxr(pex||pp.") — 0. (iii) Pinsker’s inequality gives convergence in total variation, so any low-temperature
concentration property of the Gibbs sequence transfers to the learned representation measures.

Proof. Step 1: Well-defined “best achievable” equilibrium. We first isolate the intrinsic quantity that
governs the “best achievable” equilibrium value at temperature 7. Fix any # € © and 7 > 0. By the standing
setup, Z is compact with u(Z) < oo; and by Asm. 3.1, sim : Z x Z — R is continuous. Hence, by the extreme
value theorem, sim is bounded on Z x Z:

Simpay := max sim(z,w) < co.
Z,WEZ

The induced alignment potential field (Def. 3.1) is

Up(z) = —/Zsim(z,w) vp (dw),

hence
Up(z) > —Simpax for all z € Z.
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Therefore, for any fixed 7 > 0,

U i max
0<exp(— 0(2)> <exp(Slm>7 z€Z,
T

0< Zo, = /Zexp < U"(z)) p(dz) < ;L(Z)exp(sm;max> < 0.

Thus, the representation energy

and thus

1
Feon() =+ /Z Us(2)p(2) u(dz) — H(p)

exp ( Ug (z ‘r)

admits the unique Gibbs minimizer p,” (2) by Prop. 3.1. The corresponding minimum is

inf  F. = Fov(po™) = —log Zy. ..
Lt Frun(p) = Frn(y7) = —log 2, (66)

We interpret —log Zy , as the lowest representation energy level induced by the potential field Uy, which is the
best intrinsic value attainable by any density in D, (Z) once Uy is fixed.
Step 2: Representation energy gap equals a KL divergence. Fix 6 and 7. Recall that, by Prop. 3.1,
the unique Gibbs equilibrium is
exp( — Ug(z)/7)

Py (2) = 7

SO

—log Zp ~.

oo Uy(z
log py’ (2) =— QT( )

Applying Eq. (63) with p = pg and p* = py’” yields

Dxw(pollpg™) = Fr.vs(po) +10g Zg 1.
Finally, by Eq. (66),
inf T =Jr e =-1 Z T
pegi<3)f U (P) = Frus(pp") og Zy,
hence
Frue(po) — inf _ Fru,(p) = Fruy(pe) +10g Zo.r = Dxrlpollpg™). (67)
PEDH(Z)

Step 3: Transfer intrinsic optimality to the optimizing sequence. For each 7 > 0, let

07 € arg gnig)l J-(0), 0, € arg mm( log Zo,+ ).
cE

Define
‘\77- 7' Up (pG) ‘

By the sequence condition in the statement,
n-(07) +n-(0-) = 0

By optimality, .
7.(0%) < 7.(0,),

hence
FrUy: (po:) < T (07) + 17 (07)
< J7(0;) + . (07)
< Fru,_(pg,) + nr(05) + 07 (67).
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Adding log Zy: , and using
log ZQ,T_,T < log Zé

by the definition of éT, we obtain
FrUy: (o) +108 Zo: o < Fru, (ps.) +10g 2y +n:(07) +1-(0-).
Using Eq. (65) along the sequence 0, gives
Fr s (poz) 4108 Zg: = < Evear (7) + 1 (07) + 1 (7).
By Eq. (67), applied at 6 = 6%,

=0t

Pp) < Erear(T) + 1-(07) + 17 (07) T2 0.

Dxipe:

Therefore, by Pinsker’s inequality,

*,T *,7\ T ot
HP@: = Pox |lpy </ 1 Dk1(pox Pox ) 0. (68)
Now let O, be any family of open sets satisfying
O, D W, and  (pp u)(Z2\ O;) — 0.

By the variational characterization of total variation, for any measurable A C Z,

|90: (A) = (0" 1) (A)] < ||poz —

TV
Taking A = Z \ O, gives
g0: (2 \ O-) < (pp” )2\ O2) + || po: = P || s =0
This proves the claimed inherited concentration. -

Remark E.2 (Why this implies uniformity is a tie-breaker). Inside the aligned basin
{z: Uy(z) = essinf, Uy},

the potential term in JF; y, is nearly constant. In that regime, minimizing F, y, reduces approximately to
maximizing entropy subject to the remaining constraints imposed by the encoder family, so the selected
configuration is the most internally dispersed distribution compatible with being well-aligned. This is the
precise sense in which “uniformity” in unimodal contrastive learning is not a competing global force but an
entropic tie-breaker within the alignment basin.

E.2 Multimodal Parametric Inheritance
This subsection formalizes the sense in which the practical multimodal energy J5Y™(6, #) inherits the intrinsic

barrier-driven coordinate geometry of ff’}{}n when the encoder family is sufficiently expressive. Concretely,

fixing one modality (say ¢), we show that 'if the image encoder family can realize (up to a vanishing gap) the
intrinsic coordinate infimum against the peer density, then any parametric minimizer concentrates its excess
mass near minimizers of the effective barrier potential Vy4 = LUp.4 + log py.

Background-plus-excess decomposition. Given a density floor p, >0 with 2 w(Z) < 1, any feasible
density can be decomposed as

pi(2) = p,+ MY pi(2), with M{) :=1—p p(Z), satisfying p; >0, / pi(2) p(dz) = 1.
zZ

Here p, plays the role of a fixed background mass and p; = (p; — Bi) /Me(,’() is the normalized distribution of the

remaining excess budget Méf()
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Corollary E.2 (Multimodal parametric inheritance under model expressivity). Assume the setting of Thm. J.2.
Fiz a peer encoder ¢ € ® and, for each T > 0, assume a minimizer exists and let 0 € argmingee J5Y™(0, ¢).
Write the density floor parameterized by 0% as Py- with BQ*'U'(Z) < 1, and define the set of strictly positive

p-densities bounded below by p,. as

ID“*BS* (2)={peDu(Z)NL®(pu): p > Py p-a.e.},
and assume that the corresponding excess budget remains uniformly nondegenerate for all sufficiently small T,

Me(zi) =1- BG*H(Z) > My, for some mey > 0.

Define the normalized excess density as pex(z) := pg=(2) _Bg*/Méz:)~ Further, assume the encoder family
{fo}e is sufficiently expressive: there exists erea1(T) — 0 as 71 0 such that

Sym . Sym
FrUs o (Pozpo) < D:li (29T U0z 4 (P P6) + Erea (7). (69)

Let Vo 4(2) == %Ug:.>¢(z) + log py(2) be the effective potential field parameterized by (6%, ¢). For o > 0, define
W = {z € Z: Vs y(2) <essinf, Vysp + 0}

Then, for every o > 0,
2 5rea1(7)

faajlu(z \ ng) < M(gi) : (70)

o
Moreover, if 0 = o(7) | 0 satisfies ereal(7)/0 — 0, then
po:n(Z\ W) — 0.

A symmetric statement holds for optimizing in ¢ with 0 fized.

= Proof intuition. The proof proceeds by decoupling the induced density py: into a fixed background

0*
floor Po- and a free excess mass Mc(x’).

By the expressivity assumption, the parameterized model can
closely approach the coordinate infimum of the intrinsic functional. We construct a sequence of infimizing
competitors that concentrate all their excess mass inside shrinking sublevel sets of the effective barrier

potential Vpx |4, driving the cross-entropy term toward its lower bound logp,, . By comparing the energy
of the parameterized density against these competitors, we show that any eXCess Mass placed outside the
sublevel set W, incurs a linear energy penalty. The expressivity gap €rcai(7) bounds this penalty, directly
restricting the fraction of excess mass that can leak outside the effective-potential sublevel set.

Proof. We provide the derivation for modality X with parameter § € ©. The corresponding result for ¢ € ®
follows by interchanging modalities and notation.

Fix ¢ € ® and 7 > 0, and let 67 € argmingee J=V™(6, ¢). Since pg: > Py H-a.e., MY =1 — Py 1(Z) >0,
and [, pe=(2) p(dz) = 1, we have pg- > 0 p-a.e. and
1= py. 1(2)

=1
MY

)

[ s i) =
Z

hence pgx i is a valid probability measure.
Define the effective potential field and its essential infimum

1 .
Vorio(2) = “Uszo(2) +1logpy(2),  vv:= essinf Vg,
and, for o > 0, define the sublevel set

Wg. = {z€Z:Vy:)p(2) <vit0}.
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Step 1: A quantitative implication of near-optimality. Consider the coordinate functional with the
peer encoder ¢ fixed:

Sym
Fr(p) = Fru,. ,(p0s)s P EDyy (2).

As made explicit in the proof of Prop. 4.1, by expanding ]—'TSYS; . and collecting p-dependent terms, F, can be
written in the form ’

Fo(p) = 5 [ Vrrolohn(e =)+ 5 [ po(a)lompl) ude) + constr (9) ()

where const, (¢) is independent of p. By the floor constraint p > Py. H-a-€., the monotonicity of the logarithm,
and the fact that py is a probability density, we have ’

/Z pe(2)log p(z) p(dz) > /Z po(2)log py, p(dz) =logp,. .

Hence, for any p € DM,G* (2),

1 1
Fr(p) > 5/ Vo 1(2)p(2) p(dz) + §1og£0* + const,(¢). (72)
Z T
Let
Fro= inf  Fr(p).

PP, (2)

Applying Prop. 4.1 with density floor p = py. to Fr yields, for each 6 > 0, an infimizing competitor
P e Dyup,. (Z) whose excess mass is supported on a shrinking set S° C Wy, with (S°) — 0 as § — 0, such

that F, (p®)) — F* as § — 0.
Moreover, since p(®) = Py. ON Z\ 8% and pg is continuous on compact Z, we have

(07)

Mex™
2)log p'9(2) u(dz) = log *+/ 2log| 14+ —=—— dz
/qus() PO (2) p(dz) 2y + | pol2) 2,145 p(dz)

C
< tog . + lnalontS" s (14 255 )

=logp,. +0s(1),

where 05(1) — 0 as § — 0 because u(S?%)log(1/u(S?%)) — 0. In addition, since p(®) — P, Places all excess mass
inside {2 € Z: Vp:|4(2) < v + 6}, ’

o* B
LV9:|¢(2)0(5)(2) ,u(dz) = B@: LV9:|¢(2) ‘u(dz) + MEEXT) /Z ‘/9,’;|¢'(Z)p(6) (Z) ﬂ(dz)
< L. /Z Vie1o(2) u(dz) + ME (v, + 6),

where p(®) = p(®) — B@JMS?”. Plugging these bounds into Eq. (71) and letting § — 0 yields

1 * 1
Fr< - <p0* / Vor1g(2) u(dz) + Méﬁf)v*) + 3 log p,. + const.(¢). (73)
L3y b

Now apply Eq. (72) to p = pp: and subtract Eq. (73). Using

/ZVQ:W(Z)pe;(Z)N(dZ)=39:/ZVe:w(Z)/J(dZ)+Mé3:’/Zve;w(ﬂﬁe;@)ﬂ(dﬂ,
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we obtain
Méﬁi)
Folp) = 72 = 2 [ (Vagali) = v.): (2) ) (74)

Step 2: Use expressivity and convert to leakage. By the expressivity assumption in Eq. (69),
]:T(PO:) § f:—( +5real(7_)-
Combining this with Eq. (74) gives

_ 2€rea1(7_)
Vor1o(2) —vs) pox (2) p(dz) < ———~—=
[ Wr1o(2) =0 2 tatz) < 2

Finally, since Vp:|4(2) — v« > 0 p-a.e. on Z\ Wg., we have

/ (Vos6(2) = vs) poz (2) p(d2) > / (Vor16(2) — vs) pos () p(dz)
z

Z\Wg.
2o [ n)ud)
Z\Wy,

= UﬁO:N(Z \ Wg;)a

and therefore, by Eq. (75),
2 €real (T)
oME
which is exactly Eq. (70). The concluding asymptotic statement follows immediately: by the uniform lower
bound M > Mex > 0, if 0 = 0(7) L 0 and erear(7)/0(7) — 0, then pgspu( 2\ WU:(T)) —0asT—07. O

po:(Z\ W.) <

F Experimental Details

This section details the experimental procedures used to empirically validate our theoretical framework.
Specifically, we provide comprehensive setups for evaluating: (i) the convergence of finite-batch InfoNCE
gradients to their deterministic counterparts; (ii) the Gibbs-shaped concentration and spread behavior of
unimodal training under sharp kernels; (iii) the emergence of a persistent, population-level modality gap
induced by conditional heterogeneity; and (iv) the real-world implications of cross-modal divergence via probing
and fine-tuning CLIP models on MS-COCO.

F.1 Large-Batch Gradient Consistency Across Similarity Functions

This experiment provides a numerical illustration of the large-batch consistency established in Thm. 3.1. We
verify that as the number of negatives N increases, the finite-batch InfoNCE gradient aligns increasingly well
with a high-fidelity large-N reference gradient. We evaluate this behavior under two different similarity functions
and embedding geometries. The corresponding large-batch consistency for the full symmetric multimodal
objective is established separately in Thm. 4.1.

Data and pairing. We construct a synthetic unimodal dataset in X C R™ (m = 64) from a mixture of
K = 4 Gaussians: X«
X ~ Z?TkN ([Jzk,0'2]:) .
k=1

The component means {p, } are random directions scaled by a separation factor of 4, with o = 1. Positive
pairs are generated via additive noise X = x + €, where € ~ N(0, UzugI). Negative samples {x; }5\/:1 are i.i.d.
draws from the same data distribution.
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Encoder and regimes. We employ a linear encoder fy (x) with parameter W € R™*™ (n = 128) under two
distinct geometric regimes:

= fwla) = normalize(Wz) € S*~1,  (Spherical regime),
WA Y tanh(Wa) € [-1,1]",  (Compact Euclidean regime).

The spherical case corresponds to the standard feature-normalized setting, while the compact Euclidean case
provides a compact non-normalized embedding domain suitable for evaluating distance-based similarities. The
latter is intended to test the broader partition-field mechanism numerically rather than to instantiate the
constant kernel-volume assumption exactly.
We evaluate the exponential kernel defined in § 2 with two canonical similarity functions: the cosine
similarity
Simeos (2, w) = (2, w)

and the RBF similarity

. 1
Slmrbf(zaw) = 75”2 - sz,

with temperatures 7.os = 0.1 and 7p¢ = 1.0, respectively. The RBF similarity includes the factor 1/n to
maintain O(1) logits. We set augmentation noise oaug = 0.05 for the cosine regime and 0,yg = 0.2 for the RBF
regime.

Loss and gradients. For each seed, we sample a fixed batch of B = 64 anchors/positives and a large
“reference” pool of Ny = 4096 negatives. For a given N, we compute the loss {p y(W) using the first N
negatives from this pool:

B
A 1 1 sim(z;, Z; sim (2, w;
Ip.n(W) = 5 E —;sim(zi,éi) + log exp( > + E exp< J )>

i=1

Let .
gN ‘= VWEB,N(W)

denote the gradient estimate using N negatives, and let

Bref ‘= BNyer

denote the large-N reference gradient. Fixing the negative pool ensures that variations in gy across IV arise
from the number of included negatives rather than from resampling the negative pool.

Metrics and results. We sweep N € {4, 8,16, 32,64, 128,256,512,1024} and report two metrics: (i) gradient
alignment cos(gn, gref), measuring directional agreement; and (ii) relative error ||gn — gref|/||ret ||, measuring
magnitude deviation. Results are averaged over 20 random seeds; error bars indicate £1 standard deviation
across seeds. As in Figs. 3c and 3d, across both the spherical and RBF regimes, the gradient alignment increases
with N while the relative error decreases. These results are consistent with the large-batch gradient-consistency
theory: as the negative partition becomes better approximated by a large sample, the finite-N gradient
approaches its large-N reference. The rapid convergence (alignment > 0.95 at N = 256) further suggests that
the large-batch gradient approximation can already be accurate at moderate numbers of negatives in these
controlled settings.

F.2 Unimodal Gibbs Equilibrium and Low-Temperature Concentration

This experiment provides a numerical illustration of the intrinsic unimodal geometry characterized in § 3.
Specifically, we examine two predictions of the variational perspective: (i) for fixed 7 > 0, the functional
Fru admits the unique Gibbs equilibrium characterized in Prop. 3.1; and (ii) as 7 — 0T, this equilibrium
concentrates around the low-potential regions of U, as predicted by the ground-state concentration result in
Prop. 3.2.

52



(GEOMETRIC MECHANICS OF CONTRASTIVE REPRESENTATION LEARNING

Gibbs  « Trained

Potential U(z)

m;

Potential field

Figure 7: Unimodal potential landscape on S? and distributions across temperature 7. Left top: the two-well potential
U in Eq. (76) (colored by value), with basin centers mi, mo. Others: Gibbs samples (blue; importance-resampled) and
trained particles (orange; minimizing Eq. (78)) across temperatures. As 7 decreases, both distributions concentrate
around the low-energy basins.

Representation space and potential field. We define the domain as the unit sphere Z = S? C R? equipped
with surface measure p and geodesic distance dsz. We construct a smooth, non-isotropic potential U(z) using
a log-sum-exp mixture of two von-Mises—Fisher-like modes:

U(z):= —% log(w exp(k{z,m1)) + (1 — w) exp(k({z,m3))), z €S (76)

with v = 12, concentration x = 12, and mixture weight w = 0.5. The modes are centered at m; = (0,0,1) and
the separated direction ms = (0.85,0.15,—0.50)/|/(0.85,0.15, —0.50)||, creating two distinct low-energy basins
(Fig. 7, left top).

Particle training objective. To emulate minimization of

Frvlp) =2 /Z U(2)pl(z) p(dz) — H(p)

T

(Def. 3.3) without committing to a parametric encoder, we represent p by M particles {z;}}, C S? and
optimize a standard particle/KDE surrogate. We parameterize unconstrained variables {v;}M, c R3 and
project them to the sphere via z; = v;/||v;|| at each iteration. We approximate the density at particle locations
using a geodesic Gaussian kernel on the sphere,

Zex =8} (77)

with bandwidth h = 0.35. The optimized objective is the particle approximation

M
7 1 N
‘r U({Zz = ; M Z U Zz M Z IOg ph(Zi), (78)

i=1

where the second term is a KDE-based surrogate for —H (p) up to an additive constant. We minimize Eq. (78)
using Adam (Kingma and Ba, 2015) for 5000 steps with learning rate 5 x 1072, while injecting Gaussian noise
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from N(0,0%T) with o = 0.06 at each iteration. This Langevin-inspired perturbation encourages continued
exploration of the landscape and reduces sensitivity to shallow local traps, while the KDE entropy term
promotes dispersion among the particles.

We sweep 7 € {10,5.0,2.5,1.0,0.5,0.2,0.1} and run 20 seeds. As a reference, we estimate the Gibbs

equilibrium
U
pE(2) o exp(—("))
-

(Prop. 3.1) by importance sampling: we draw n,. = 120,000 uniform points on S?, weight them by exp(—U/7),
and compute weighted expectations. For visualization, we use a separate pool of 24,000 uniform points and
perform weighted sampling without replacement to draw 2400 Gibbs points per 7.

Evaluation metric. To quantify low-7 concentration, we report the cap mass within geodesic radius € = 0.50
around either potential well:
CapMass. (p) := (pp) (Cc(my) UCc(my)),

where
C.(m) := {2 €S* : ds2(2,m) <} .

For the trained particles, this is simply the fraction of particles whose distance to {m;, msy} is at most e. For
the Gibbs baseline, we compute the same quantity as a weighted Monte Carlo estimate. We report the mean +
standard error over the 20 seeds.

Results. Fig. 7 visualizes the potential landscape and the particle distributions across 7 together with the
corresponding Gibbs reference. At high temperature (e.g., 7 = 10), both the Gibbs samples and the trained
particles spread broadly over the sphere: the entropy term in JF,y is comparatively strong, producing a
diffuse distribution consistent with entropic dispersion. As 7 decreases (e.g., 7 = 0.2,7 = 0.1), the potential
term % Jz U(2)p(z) p(dz) becomes increasingly influential, and both distributions concentrate near the two
low-energy basins. Notably, the trained particles exhibit semi-regular lattice-like bands, in contrast to the
random scatter of the Gibbs samples. This micro-structure is consistent with the repulsion induced by the
KDE entropy surrogate, which encourages the finite particle set to spread within the occupied regions. Such
finite-particle organization does not alter the macroscopic prediction: at 7 = 0.1, the global mass is visibly
localized around the low-energy basins, in qualitative agreement with ground-state concentration (Prop. 3.2).

This trend is quantified in Fig. 3a: the cap mass CapMass,(p) increases as 7 decreases for both the Gibbs
baseline and the trained particles. The trained curve closely tracks the same trend, with small deviations
attributable to the finite particle count M, finite optimization time, and fixed KDE bandwidth h, which
imposes a smoothing scale on the entropy surrogate. Overall, the experiment supports the unimodal geometric
picture: the Gibbs reference exhibits systematic low-temperature concentration near low-potential regions of U,
while optimization of the particle free-energy surrogate qualitatively tracks this behavior across temperatures.

F.3 Multimodal Structural Gap under Controlled Misalignment

This experiment provides a controlled empirical illustration of the multimodal mechanism developed in § 4,
motivated by the well-documented modality gap phenomenon observed in CLIP-style training (Liang et al., 2022).
Our theory shows that although symmetric multimodal InfoNCE admits a stable large-batch deterministic
limit, its intrinsic landscape is cross-coupled, with each coordinate governed by an effective potential that
depends on the peer marginal. When the two modalities exhibit heterogeneous conditional laws—arising
from noise, distinct semantic density, or mismatched semantic structure—these directional forces need not be
simultaneously compatible with coincident marginals and can sustain a persistent separation. We illustrate
this mechanism in a controlled setting by progressively introducing structured cross-modal misalignment and
measuring the resulting marginal gap.

Latent variables and paired observations. We generate paired observations (x1,Xs) representing two
modalities that stem from a shared latent angle « € (—m, w]. To rule out the trivial solution where marginals
are uniform (and thus trivially match regardless of noise), we sample the shared latent « from a non-uniform,
multi-peaked mixture of von Mises distributions:

a~wVM(u1, k) + (1 —w) VM(u2, ), with w=0.7, p; =0, pe=m, k=6
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Figure 8: Polar marginals across misalignment. Estimated angle marginals of the two modalities on S'. The mismatch
becomes increasingly apparent as omis grows.

Both modalities observe this angle as a projection onto the 2D unit circle, corrupted by independent Gaussian
observation noise &;,&, ~ N (0,02, _I), where oobs = 0.02. Modality 1 is generated by mapping the shared
latent directly to the observation space:

x; = [cos o, sina]’ + &;.

Modality 2 observes a misaligned version of the latent. We introduce an additive angular shift n ~ N(0,02,,)
before mapping it to the observation space:

x3 = [cos(a+ 1), sin(a+ )] +&,.

Thus, increasing the variance of the misalignment 0,35 increases the cross-modal conditional mismatch between
x1 and X3, while keeping the marginal complexity of both modalities comparable.

Encoders, learning objective, and protocol. To isolate the directional alignment geometry and prevent
magnitude from confounding the representation geometry, we apply bias-free linear encoders f, g : R? — R? to
the observed modalities. The unnormalized embeddings z; = f(x1) and Z2 = g(x2) are then projected onto
the unit circle:

Z Z
Z1:~717 Z2:~72€Sl~
(121 [ 22
We adopt the cosine similarity sim(z,w) = (z,w) and the corresponding exponential kernel x.(z,w) =

exp(sim(z, w)/7) with temperature 7 = 0.07. This kernel directly instantiates the InfoNCE objective central to
our multimodal analysis. Specifically, for a batch of IV paired observations, training minimizes the symmetric
CLIP loss:

1
Lcup(f,9) = 3 (Lce(S/7,Ydiag) + Loe (ST /7, Ydiag)) »

where S € RV*N ig the pairwise similarity matrix with entries Si;j = (2z1,i,22,j), Lcr denotes the standard
cross-entropy loss, and the target yqiag indicates that the matched positive pairs lie on the diagonal (i = j).
We use Adam with learning rate 5 x 1073 for 2000 steps and batch size 256. We sweep eight misalignment
scales opmis € {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7}; larger scales induce progressively more severe cross-modal
misalignment, yet all settings retain meaningful statistical dependence between positive pairs. For each oyis,
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Figure 9: Joint-angle coupling across misalignment. 2D histograms of (a1, az2) from omis = 0.0 to omis = 0.7. Diagonal
concentration at small omis indicates near-deterministic alignment, while increasing off-diagonal spread at larger omis
indicates increasingly noisy cross-modal coupling.

we repeat training over 20 random seeds (seeds 0-19). The large batch size makes the finite-batch objective
and gradients better approximate the large-batch regime characterized in Thm. 4.1.

Evaluation metrics. After training, we evaluate the learned representations on meya; = 8000 fresh paired sam-
ples. For the unit-normalized embeddings z1,zs € S, we compute the embedding angles a; = atan2(z; 4, z1 )
and as = atan2(zs ,, 22 5 ), where the subscripts  and y denote the respective coordinate axes. The following
visual diagnostics are considered:

(i) Marginal gap. We discretize a; and as into 60 bins on (—m, 7] and estimate the two empirical angle
densities pg and pg. As a scalar summary of marginal mismatch, we report the symmetric KL divergence
DIS(}Lm(pAg, py) averaged over 20 random seeds (seeds 0-19), with error bars or shaded areas showing + standard
error.

(ii) Polar marginals. To visualize where the mismatch occurs on the circle, we plot the two estimated angle
marginals as polar density curves for each misalignment scale o;s.

(iii) Joint-angle heatmaps. To visualize the learned cross-modal coupling beyond marginals, we plot a log-
scaled 2D histogram, i.e., a log(1 + count) heatmap, of the joint distribution of (a1, as). Diagonal concentration
indicates near-deterministic alignment as = a1; off-diagonal spread indicates increasing cross-modal mismatch.

(iv) Angle-shift density. Finally, we compute the wrapped angular difference Aa := wrap(as — a1) € (—m, 7]
and plot its empirical density. This directly measures the distribution of residual misalignment in embedding
space.

For the scalar marginal-gap curve, we average over 20 random seeds and report the mean with a =SEM
band. For the qualitative diagnostics (polar marginals, joint-angle heatmaps, and angle-shift densities), we
display one fixed representative run (seed 0) and reuse the same held-out latent sample across all misalignment
scales, matching the animation setup.

Results. Fig. 3b shows that the marginal discrepancy Df&m(ﬁg, Ps) increases as the latent misalignment
scale opis grows. Since the encoder architecture, similarity function, and optimization protocol remain fixed
across all runs, the controlled perturbation o isolates the role of conditional mismatch in this setting.
The result is consistent with the theoretical mechanism: as the two modalities become less conditionally
compatible, maintaining both pairwise alignment and coincident marginals becomes increasingly difficult under
the symmetric objective, and a persistent marginal separation emerges.

The polar marginals in Fig. 8 provide a structural view of how this separation manifests geometrically.
First, across all settings (omis > 0), the learned angular marginals are clearly multi-peaked rather than uniform.
The density concentrates in specific angular regions, reflecting the underlying non-uniform latent law and
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Figure 10: Residual embedding-space misalignment. Densities of Aa = wrap(az — a1) from omis = 0.0 t0 omis = 0.7.
The distribution broadens as omis increases, indicating larger and more variable residual mismatch in embedding space.

showing that the learned representations retain its multi-modal structure. Second, the evolution of these peaks
reveals the gap mechanism. At o5 = 0, the polar curves for the two modalities nearly overlap, consistent
with a compatible pairing law where symmetric InfoNCE can simultaneously achieve alignment and marginal
coincidence. As op,s increases from zero, the curves begin to diverge within the same modal regions: the
peaks shift relative to each other, and their probability masses differ. This mismatch becomes visually more
pronounced as oy,js increases, tracking the quantitative rise in the gap curve.

The joint-angle heatmaps in Fig. 9 elucidate the mechanism behind this separation. At o5 = 0, probability
mass concentrates sharply along the diagonal as &~ ai, indicating a near-deterministic coupling. Because
the latent distribution is bimodal, this diagonal concentration is not uniform but forms distinct bright spots
(high-density clusters) corresponding to the latent modes. As oy;s increases, these clusters persist—indicating
that the model still captures the coarse latent structure—but they deform into thickened, elongated regions.
The diagonal band broadens significantly, reflecting increasing uncertainty in the conditional coupling between
a1 and as. The accompanying changes in marginal occupancy observed in Fig. 8 show that, in this controlled
setting, broader conditional mismatch is accompanied by increasing marginal separation.

Finally, the angle-shift densities in Fig. 10 quantify the residual embedding misalignment Aa = wrap(az —aq).
As o5 increases, the distribution of Aa transitions from a sharp peak near zero to a progressively wider
distribution. The residual shift becomes both larger in magnitude and more variable, matching the qualitative
signature expected from the injection of additive latent noise n ~ N(0,02.,).

In summary, these empirical patterns provide a controlled illustration of the multimodal mechanism
characterized in § 4. Our theoretical analysis shows that the symmetric objective induces two directional
alignment fields coupled through their marginals, so heterogeneous conditional structure can make marginal
coincidence unstable and sustain a separation-inducing contribution. In this experiment, the perturbation a4 n
progressively increases the mismatch between the two directional conditional laws. Empirically, this produces
two related effects: (i) the broadening diagonal band in Fig. 9 reflects increasing uncertainty in the cross-modal
coupling; and (ii) the growing marginal discrepancy in Fig. 3b and Fig. 8 shows that this conditional mismatch
is accompanied by increasing separation between the learned modality marginals. Together, these observations
are consistent with the intrinsic coordinate geometry developed in § 4: once strict cross-modal compatibility
is weakened, the symmetric objective can sustain a persistent modality gap rather than enforcing identical
marginal representations.

F.4 MS-COCO Experiments: Pretrained Gap and Controlled Pair Corruption

We complement the synthetic experiments with two studies on MS-COCO. The first is an observational study
of pretrained CLIP-like models, designed to assess whether these models exhibit a modality gap and whether
improved retrieval performance necessarily corresponds to a smaller cross-modal distributional discrepancy.
The second is a controlled intervention study designed to test how weakening image—text compatibility during
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Table 2: Retrieval performance and cross-modal discrepancy for pretrained OpenCLIP checkpoints evaluated on the first
5,000 images of MS-COCO val2017. Retrieval is reported as image-to-text and text-to-image Recall@1. Cross-modal
discrepancy is quantified by the energy distance, RBF-MMD? at the median bandwidth, the centroid gap ||ur — ||, and
centroid cosine similarity. Lower energy distance, MMD?, and centroid gap indicate smaller cross-modal discrepancy.

Model I-TR@1 T—IRQl &(pr,pr) MMD2__ . |lur —prll  cos(ur, pur)
PE-Core-L-14 0.741 0.559 0.599 0.255 0.854 0.097
PE-Core-B-16 0.703 0.499 0.545 0.237 0.808 0.189
ViT-bigG-14 0.670 0.506 0.288 0.129 0.598 0.384
ViT-H-14 0.662 0.485 0.375 0.159 0.697 0.048
ViT-L-14 0.569 0.357 0.697 0.303 0.898 0.184
ResNet-50x16 0.559 0.354 0.502 0.230 0.761 0.349
RN101 0.498 0.299 0.443 0.228 0.670 0.604
ViT-B-16 0.492 0.302 0.688 0.313 0.871 0.309
ResNet-50 0.480 0.289 0.627 0.276 0.849 0.237

training affects the modality gap. Together, these studies relate the intrinsic geometric analysis to realistic
image—-text representations.

F.4.1 Probing Pretrained Models on MS-COCO

Setup and evaluations. We evaluate a collection of pretrained OpenCLIP checkpoints Ilharco et al. (2021)
on MS-COCO val2017. For each checkpoint, we use the first 5000 validation images and up to 5 captions per
image, yielding one normalized image embedding (z;) per image and one normalized text embedding (z7) per
caption. Retrieval is evaluated in both directions under the many-captions-to-one-image matching protocol.
Image-to-text RecallQK assesses whether any of the top-K retrieved captions is associated with the query
image, whereas text-to-image RecallQK assesses whether the correct image appears among the top-K retrieved
images for a given caption. We report retrieval performance using Recall@1 (RQ1), and define AvgR@Q1 as the
mean of the R@Q1 scores in the two retrieval directions.

To quantify cross-modal discrepancy, we compute the centroid gap ||ur —pr|| with gy = E[z;] and pur = E[zr],
and the energy distance

E(pr,pr) = 2E[d(z1, 27)] - Eld(21, 27)] — E[d(zr, 27)],

where pr and pr denote the image and text embedding marginals, z;,z; ~ p; and zp, 2. ~ pr are independent
draws, and d(-, -) is the Euclidean distance between normalized embeddings. Whereas the centroid gap captures
only the separation between the modality means, the energy distance compares cross-modal distances with
within-modal distances and thus provides a broader measure of distributional mismatch. Unlike retrieval, which
evaluates alignment between matched image—caption pairs, the energy distance operates at the distribution
level: it is small when the image and text embedding marginals are distributionally similar and large when
cross-modal distances remain systematically greater than within-modal distances. We additionally report an
RBF-MMD diagnostic using a bandwidth selected by the median-distance heuristic.

Results. As shown in Tab. 2, the results indicate that retrieval and cross-modal discrepancy are only partially
aligned. As already seen in the AvgR@1 plot in Fig. 6 (left), better retrieval often corresponds to a smaller
gap, but the trend is clearly non-monotone. For instance, PE-Core-L-14 achieves the best retrieval yet still has
a large energy distance and centroid gap, whereas ViT-bigG-14 attains slightly lower retrieval but the smallest
gap values in the table. The separate I-T and T—I versus gap plots (Fig. 11) show that this is not caused by
averaging: models with nearly identical directional retrieval can still differ substantially in energy and centroid
discrepancy, e.g., ViT-bigG-14 versus PE-Core-B-16 in T—I retrieval, or ViT-L-14 versus ResNet-50x16 in
I—-T retrieval. The RBF-MMD values show the same broad pattern, suggesting that the observation is not
specific to a single discrepancy metric. Overall, these results show that a modality gap persists across the
evaluated pretrained CLIP variants and is not reducible to retrieval performance alone; instead, it reflects an
additional geometric property of the learned image and text marginals.

F.4.2 Controlled Same-Category Pair Corruption on MS-COCO

Setup and evaluations. To test more directly whether weakening image—text compatibility enlarges the
modality gap, we perform a controlled corruption experiment on MS-COCO train2017. We first build an
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Figure 11: Directional retrieval versus cross-modal gap on MS-COCO for pretrained OpenCLIP checkpoints. Left:
image-to-text retrieval (I—T R@1) versus gap. Right: text-to-image retrieval (T—I R@1) versus gap. In both panels,
the left y-axis shows energy distance, and the right y-axis shows centroid gap. The relation is clearly non-monotone:
models with similar directional retrieval can exhibit substantially different cross-modal discrepancy. This illustrates
that retrieval performance and modality gap are related but not equivalent, and that strong pretrained models may still
maintain a substantial structural separation between image and text marginals.

index that records, for each image, its caption set, its COCO category labels, and the pool of other images
sharing each category. During training, the image is always kept fixed. With probability 1 — p, we pair it with
one of its own captions; with probability p, we instead replace the caption by a randomly chosen caption from a
different image that shares at least one category with the current image. Thus, the corruption preserves coarse
semantic relatedness while breaking exact instance-level correspondence. We sweep the corruption probability
over p € {0,0.25,0.50,0.75,1.00}.

We fine-tune pretrained OpenCLIP backbones (ResNet-50 and ViT-B-16) using the standard symmetric
CLIP loss. To isolate the effect of pair corruption rather than full-model adaptation, we freeze the backbone
towers and update only the projection heads together with the logit scale. Training uses AdamW with learning
rate 10~°, weight decay 0.05, batch size 256, and 5000 optimization steps. Evaluation follows the same protocol
as in the previous experiment: we encode the first 5000 images of MS-COCO val2017 together with up to 5
captions per image, report image-to-text and text-to-image Recall@1, and define AvgR@1 as their mean. As
the geometric diagnostic, we report the centroid gap ||ur — pr||-

Results. As shown in Fig. 6 (right), the effect of corruption is clean for both backbones. As the caption
corruption probability p increases, retrieval performance degrades while the centroid gap grows. For ResNet-50,
AvgR@1 drops from 0.398 at p = 0 to 0.226 at p = 1, while the centroid gap increases from 0.845 to 1.081.
For ViT-B-16, AvgR@1 drops from 0.484 to 0.297, while the centroid gap rises from 0.851 to 1.148. The same
pattern holds in both retrieval directions, as shown in Fig. 12: for ResNet-50, [-T R@1 decreases from 0.489
to 0.272 and T—I R@1 from 0.307 to 0.181; for ViT-B-16, I-T R@1 decreases from 0.564 to 0.366 and T—I
R@1 from 0.405 to 0.229.

Several aspects of this trend are important. First, the corruption is not arbitrary: the replacement caption
is sampled from a same-category image, so the supervisory signal remains semantically plausible at a coarse
level. Nevertheless, this weaker form of mispairing is already associated with a substantial increase in geometric
separation between the image and text marginals. Second, the centroid gap reacts very early: even moving
from p = 0 to p = 0.25 causes a sharp increase in gap for both ResNet-50 and ViT-B-16, while the retrieval
drop is initially much milder. This suggests that cross-modal distributional separation is highly sensitive to
degradation in pairwise compatibility, and may emerge before retrieval collapses. Third, the monotone behavior
is consistent across both architectures, indicating that the phenomenon is not specific to either of the two
backbone families evaluated here.

Overall, this experiment provides a controlled real-data analogue of the mechanism developed in the main
text. Exact image—text compatibility is progressively weakened, and the learned representations respond in two
coupled ways: matched-pair retrieval worsens, and the image/text marginals drift farther apart. This behavior
is consistent with the structural-gap view of symmetric contrastive learning: weakening pairwise compatibility
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Figure 12: Directional retrieval under same-category caption corruption on MS-COCO. Left: image-to-text retrieval
(I—-T R@1) versus corruption probability p. Right: text-to-image retrieval (T—1 R@1) versus p. Bars show the centroid
gap on the right axis. For both RN50 and ViT-B-16, increasing same-category mispairing degrades retrieval in both
directions while systematically enlarging the modality gap.

can make cross-modal coincidence harder to sustain, and in this controlled setting the modality gap widens
systematically.

G Discussion

G.1 Limitations and Future Directions

We analyze symmetric InfoNCE in a tractable large-batch, low-temperature geometric regime. These assump-
tions isolate the core mechanism, but they also mark the present boundary of the theory and point to several
natural extensions.

Finite-temperature and finite-batch effects. Our analysis combines a large-batch regime (N — oo at
fixed ) with low-temperature asymptotics (7 — 07) for the intrinsic geometry. Practical training instead uses
finite batches and moderate temperatures, introducing stochasticity and entropic smoothing that may soften
the barrier-like geometry identified in the limiting analysis. Characterizing finite-temperature and finite-batch
corrections, especially how stochastic gradient noise interacts with such barriers, is a natural next step toward
sharper practical predictions.

Singularities and boundary behavior. The multimodal analysis imposes a strict density floor to regularize
the logarithmic barrier near the boundary of the density space. Removing this technical constraint would
require analyzing the singular geometry of the KL divergence near this boundary, and is likely essential for
understanding singular measures, including distributions that collapse onto lower-dimensional manifolds or
discrete sets.

Geometric homogeneity. We assume a fixed compact embedding manifold with constant kernel volume.
Extending the framework to heterogeneous geometries, where the local kernel volume varies across the space,
would broaden the present measure-theoretic analysis toward heterogeneous embedding geometries, including
settings relevant to hyperbolic contrastive learning and other objectives with spatially varying normalization.

Objective geometry versus optimization dynamics. Our theory describes the geometry of the objective
rather than the trajectory of a specific optimization algorithm. Understanding how stochastic optimization
explores the resulting barrier-shaped landscape, and under what compatibility conditions it can reach configu-
rations with exact or near-exact marginal matching, remains an important open problem at the interface of
geometric analysis and learning theory.

G.2 Broader Implications

Our analysis suggests that contrastive learning should be understood not only through pointwise alignment,
but through the population geometry induced on the representation space. In the large-batch regime, InfoNCE
gives rise to deterministic fields and intrinsic energies over Z, clarifying why strong retrieval can coexist with
persistent modality-level discrepancies: matching positive pairs does not by itself control the induced marginal
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geometry. In particular, the multimodal theory shows that improving pairwise alignment alone need not
eliminate the modality gap, because pairwise alignment does not by itself determine the induced marginal
geometry. This points to a practical lesson for both evaluation and objective design: beyond retrieval, one
should monitor distributional diagnostics of the learned marginals, and interventions aimed at closing the gap
may need to act on the induced population geometry, for example through explicit discrepancy regularization,
shared reference fields, or other mechanisms that weaken the barrier-like coupling between modalities.

More broadly, this perspective suggests that intrinsic population-level analyses can be useful for isolating
principled properties of representation-learning objectives that are not obvious from parameter-space dynamics
alone. In this view, objective geometry, optimization dynamics, parametrization-specific inductive biases,
and identifiability guarantees address distinct but complementary questions: the intrinsic geometry clarifies
which population-level configurations the loss favors in the analyzed regime, optimization theory explains how
algorithms explore that landscape, and identifiability or generative analyses address when the resulting repre-
sentations correspond to meaningful latent structure. Our results, therefore, point to a broader methodological
lesson: understanding modern representation learning may require combining intrinsic objective-level analysis
with complementary theories of optimization, parametrization, and recoverability.

H Changelog

This is a revised presentation of the ICML 2026 version of this paper. The scientific claims, main theoretical
results, and empirical conclusions are unchanged. In particular, this revision does not introduce a new theorem-
level claim or alter the substantive conclusions of any theorem, proposition, corollary, or experiment. The
changes are primarily intended to improve notation, rigor of exposition, scope clarity, and readability.

Changes relative to the ICML 2026 version.

e Notation and formal setup. We standardized notation throughout the paper, including distinguishing
probability measures from densities, writing D,,(Z) for u-densities, using sim consistently for the similarity
function, making the finite-N dependence of InfoNCE objectives explicit, and harmonizing measure,
Jacobian, and random-variable notation. Several standing regularity conditions and density-domain
conventions are also stated more explicitly.

e Proof presentation and technical details. We reorganized the proofs to make intermediate arguments
more explicit, including the passage from finite-batch quantities to population limits, differentiation under
expectations, kernel-smoothing arguments, Gibbs optimality, the multimodal extremal construction, and
the parametric-inheritance results. These revisions clarify the existing arguments and their assumptions;
they do not change the claims proved in the ICML version.

¢ Scope and interpretation. We refined the surrounding exposition to distinguish more clearly between
pointwise large-batch objective/gradient consistency and optimization trajectories, and between multi-
modal coordinate geometry and existence of an attained “best response”. Correspondingly, some informal
language has been replaced by more precise terminology such as coordinate infimum, infimizing sequence,
and barrier-like coupling. The underlying mathematical conclusions are unchanged.

e Organization and exposition. The paper has been reformatted for the preprint version, figures and
captions have been polished, and the supplementary material has been reorganized for easier navigation.
In particular, lemmas, proofs of the unimodal and multimodal results, extended parametric-inheritance
statements, experimental details, and discussion are now separated into dedicated appendices.

e Experimental and discussion text. The experimental setups and reported results are retained,
while their descriptions have been revised to align more precisely with the scope of the theory. We
also expanded the discussion of limitations and broader implications, especially the distinction between
intrinsic objective geometry, optimization dynamics, parametrization, and identifiability.

For the archival version of record and citation, please refer to the ICML 2026 paper.
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