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Abstract

Size transfer scales Graph Convolutional Net-
works (GCNs) by applying models trained on
sampled subgraphs to larger target graphs. How-
ever, existing theoretical guarantees are typically
confined to dense graphs or restricted sparsity
regimes, failing to cover the arbitrary sparsity
of real-world networks. To bridge this gap,
we introduce the Generalized Graphon Convo-
lutional Network (GWCN) based on the general-
ized graphon theory. Unlike the classical graphon
limit which vanishes in sparse settings, GWCN
employs stretching to construct a non-trivial limit
that preserves topological structure. We derive
an explicit transfer error bound that decomposes
into size-dependent and density-dependent com-
ponents, providing a unified guarantee across ar-
bitrary sparsity levels. Empirical results on real-
world networks corroborate our findings, demon-
strating that transfer error vanishes as graph size
increases and edge density decreases.

1. Introduction

Graph convolutional networks (GCNs) (Defferrard et al.,
2016; Kipf & Welling, 2017) have demonstrated robust
performance across real-world network tasks (Wang et al.,
2019; Zhang et al., 2019; Xia et al., 2023; Sharma et al.,
2024). However, training on large graphs incurs high com-
putational overhead. To address this, size transfer is widely
adopted, where GCNss are trained on downsampled smaller
graphs and transferred to larger targets (Chen et al., 2018;
Chiang et al., 2019a; Yao & Li, 2021).
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Despite the empirical success of size transfer, establishing
rigorous theoretical guarantees remains limited (Cordonnier,
2024; Morris et al., 2024; Levin et al., 2025). Most analyses
of GCN transferability employ graph limit theory, where a
sequence of graphs converges to a continuous limit as the
graph size increases (Janson, 2010; Lovasz, 2012; Back-
hausz & Szegedy, 2022; Ji et al., 2024). A foundational tool
in this domain is the classical graphon (Ruiz et al., 2020;
Magner et al., 2022; Ruiz et al., 2023; Maskey et al., 2023).
While effective for uniform sampling strategies, it inherently
preserves edge density at ©(1) as the graph grows, implying
quadratic edge growth. This fundamentally characterizes
the dense case (Orbanz & Roy, 2015; Borgs et al., 2018).

Real-world networks typically exhibit sparsity (Barabasi &
Albert, 1999; Albert & Barabasi, 2002), resulting in edge
density variations that hinder size transfer. Sparsity implies
limited node connectivity. Specifically, the number of edges
grows significantly slower than the maximum possible con-
nections, causing edge density to diminish as the graph
scales (Borgs et al., 2018) (see Fig. 1). In the context of size
transfer based on topological similarity, dense graphs main-
tain stable density, requiring models to account primarily
for size differences. Conversely, in sparse graphs, varying
density introduces an additional discrepancy that impedes
effective transfer.

Critically, the downsampling process in size transfer compli-
cates this sparsity profile. Depending on the sampling strat-
egy, subgraph edge densities often diverge not only from the
original graph but also from each other (Zeng et al., 2020;
Chiang et al., 2019b; Leskovec & Faloutsos, 2006). This
leads to varying sparsity, characterized by fluctuating levels
rather than a single, predictable trend. Consequently, ana-
lyzing GCN transferability across these inconsistent sparsity
regimes presents a substantial obstacle.

The inherent sparsity of real-world networks and the vary-
ing sparsity phenomenon induced by downsampling, create
difficulties for GCN analysis. Some studies of GCNs on
sparse graphs bypass explicit graph generation by directly
sampling operators (Levie et al., 2021; Le & Jegelka, 2023).
Therefore, topological properties like edge density cannot
be directly analyzed. Other works guarantee convergence or
transferability only under restricted sparsity regimes, such
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Table 1. Comparison of theoretical frameworks for GCN transferability.

Works Sparsity Support Convergence Range of Applicability
(Edge Density) for k,, in Fig. 1
Classical Graphon (Ruiz et al., 2020; 2023) Dense (©(1)) Yes kn =0O(n)
Unbounded Graphon (Maskey et al., 2023) Dense (©(1)) Qualitative kn =0O(n)
Continuous Space (Levie et al., 2021) Relatively Sparse (£2( lofl” ) Yes Inexplicit
Bounded Graphon (Keriven et al., 2020; 2021)  Relatively Sparse (Q(*%2™)) Yes kn = Q(+v/nlogn)
Geometric Graph (Wang et al., 2024) Relatively Sparse (£2( 105” ) Yes kn = Q(yv/nlogn)
Operator and Graphop (Le & Jegelka, 2023) Implicitly Arbitrary Yes Inexplicit
Dense-Sparse Model (Ruiz et al., 2024) Arbitrary No Vkn
Ours (Generalized Graphon) Arbitrary Yes Vkn

Note: Sparsity Support denotes sparsity constraints. Range of Applicability for k,, in Fig. 1: Based on the example in Fig. 1
where sparsity is controlled by the clique size k,,, this column illustrates that weaker sparsity constraints cover a broader
regime of graph topology, denoted by a wider range of k,,. Terms like “Implicitly Arbitrary” and “Inexplicit” refer to
directly sampling operators, where graph structures (like edge sets) are not explicitly generated. Convergence indicates

whether the error vanishes; “Qualitative” denotes convergence without an explicit decay rate.

as Q(logn/n) for graph size n (Keriven et al., 2020; 2021;
Wang et al., 2023; 2024). Consequently, when considering
transfer between graphs across different sparsity levels, in-
cluding higher sparsity, existing results do not address this
case. To broaden the transferability analysis of sparse GCN,
it is necessary to establish a theoretical guarantee that holds
across arbitrary sparsity levels.

In this paper, we tackle the problem of sparse GCN transfer
across varying sparsity, inspired by the generalized graphon
model (Borgs et al., 2018; 2019; Ji et al., 2024). Our ap-
proach guarantees transferability across arbitrary sparsity
and provides explicit transfer bounds. The generalized
graphon model generates sparse graphs via double-sampling
and employs stretching to ensure a double-convergent non-
zero limit. Stretching amplifies the structures of sparse
graphs to vanishing effects caused by sparsity (Borgs et al.,
2018; 2019; Ji et al., 2024). Building upon these, we in-
troduce the Generalized Graphon Convolutional Networks
(GWCNs) as the meaningful limit of GCNs for arbitrary
sparsity. Because these graph sequences share a common
limit regardless of sparsity variations, we are able to derive
a transfer error bound across arbitrary sparsity levels.

Our contributions to this work are as follows:

* We leverage the generalized graphon framework to
model the varying sparsity induced by downsampling
in size transfer. This enables us to derive a meaningful
limit for GCNs, which remains stable across sequences
with fluctuating densities.

* We introduce the generalized graphon convolutional
network (GWCN) as the non-zero limit of GCNs for
arbitrary sparsity, providing a meaningful reference for
convergence and transferability analysis.

* We prove that GCN transferability holds across arbi-

— k,=[n/2]
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(a) Gy, : kn = 5. (b) Edge Density Curves.

Figure 1. Edge density of the example graph sequence {G, |
kn}. In each graph G, a subset of k,, nodes forms a fully con-
nected subgraph, while the remaining nodes are isolated. By
setting ky, to ©(n) or o(n), the sequence corresponds to the dense

case (e.g. kn = [n/2]) or the sparse case (e.g. kn = |v/nlogn],
or kn, = [v/1]).

trary sparsity, and establish an explicit upper bound on
the transferability error. This bound reveals that the
transfer error is governed by topological information,
specifically graph size and edge density.

2. Related Work

The widespread applicability of GCNs originates from their
ability to propagate and aggregate information on irregular
graph structures (Defferrard et al., 2016; Kipf & Welling,
2017; Zhang et al., 2019). However, a theoretical question
arises: how to quantify the difference between different
graphs? This is generally achieved by modeling random
graphs and establishing convergence within models (Cor-
donnier, 2024; Morris et al., 2024; Levin et al., 2025), such
as the classical graphon model for dense case (Lovasz, 2012;
Ruiz et al., 2021a), and the generalized graphon model for
sparse case (Borgs et al., 2018; 2019; Ji et al., 2024).
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Transfer in Dense Graphs. Within dense graph sequences
employed for analyzing GCN transferability, the classical
graphon is a widely adopted framework (Ruiz et al., 2020;
Magner et al., 2022; Cai & Wang, 2022; Ruiz et al., 2023;
Maskey et al., 2023; Cerviiio et al., 2023; Velasco et al.,
2024). Measured by cut norm and cut distance, the clas-
sical graphon (W : [0,1]2 — [0, 1]) provides a functional
representation of graph topology. It serves as a generative
model for dense graph sequences and the limit of such se-
quences (Janson, 2010; Lovdasz, 2012). For a given graphon
W, the expected edge density remains constant |17 |1, mak-
ing edges scale at a dense rate n2||W||;. Ruiz et al. (2021a)
extend the graphon model by incorporating graphon sig-
nals (X : [0,1] — R), allowing for a joint sampling of
graph topology and node features, and further establish
graphon signal processing framework. In their subsequent
work (Ruiz et al., 2020; 2023), the convergence of graph se-
quences is extended to GCN sequences, then the GCN trans-
ferability is analyzed. Furthermore, Maskey et al. (2023)
broaden the classical graphon to value-unbounded graphon
to accommodate operators like Laplacian, though still within
the dense regime. Recently, Shu et al. (2025) established
finite-size convergence bounds, overcoming the constraint
of requiring sufficiently large graphs in prior works. Based
on the classical graphon, the graph classification capabil-
ity (Magner et al., 2022) and the transference training ef-
ficiency (Cervifio et al., 2023) of GCNs are analyzed, the
conclusions on GCNs are extended to other graph neural
networks (Cai & Wang, 2022; Velasco et al., 2024).

Transfer in Sparse Graphs. Since real-world networks
are typically sparse with decreasing edge densities, sparse
graph models are adopted in analyzing the transferability
of GCNs (Keriven et al., 2020; 2021; Wang et al., 2023;
2024; Ruiz et al., 2024). In Keriven et al. (2020), sparse
graph sequences are constructed by multiplying the classi-
cal graphon with a decreasing sparsity factor «,,. As the
graph size grows, the graphon tends to zero, resulting in
vanishing edge densities. Instead of the zero limit, they
introduce a normalized Laplacian operator divided by the
sparse degrees, yielding a relatively sparse convergence con-
clusion. Keriven et al. (2021) normalize adjacency matrix
by increasing edge weights reversely proportional to spar-
sity (v, 'Ber(a,,W)), ensuring that expected edge weights
remain stable. Although sparsity weakens connectivity, their
enhanced weights reinforce the propagation along existing
edges. Similarly, Wang et al. (2023; 2024) construct rel-
atively sparse geometric graphs with increasing weights
inversely proportional to sparsity, and study the GCN con-
vergence to manifold neural networks.

In general, these works analyze convergence or transfer-
ability under models with restricted sparsity levels, such as
relative sparsity or lower. Other modeling approaches obtain
graph operators directly through discretization on geometric

spaces or continuous operators, without generating explicit
random graphs (Levie et al., 2021; Le & Jegelka, 2023).
Since graph structures are not explicitly realized in these
frameworks, topological properties like edge density cannot
be directly analyzed. Furthermore, while Ruiz et al. (2024)
utilize a kernel function to construct sparse graphs without
strict sparsity restrictions, their GCN spectral convergence
error does not vanish but approaches a constant.

To clarify the landscape of existing theories, we provide a
systematic comparison in Table 1. As summarized in the
table, prior frameworks are either limited to restricted spar-
sity regimes (e.g., dense or relative sparsity), lack explicit
topological analysis due to non-generative modeling, or fail
to guarantee vanishing transfer errors. This highlights the
need for a theoretical guarantee that holds across arbitrary
sparsity levels while ensuring error convergence.

3. The Sparse Random Graph Model

In this paper, we consider a sparse random graph model
based on the generalized graphon framework (Borgs et al.,
2018; 2019; Ji et al., 2024). This line of work is closely
related to the graphex framework (Borgs et al., 2021), which
provides a comprehensive limit object capturing structural
properties of sparse graphs. Given that the convolutional
operator is the key to GCNs, we adopt the signal processing
framework from Ji et al. (2024), which is precisely tailored
to analyze the limit of sparse graph sequences.

In this model (Ji et al., 2024), sparse graphs are generated
through a double-sampling procedure: first, a sparse clas-
sical graphon sequence {W,,,} is sampled, and then sparse
graphs {G,, ,, } are sampled from this sequence. This con-
struction enables the generation of graph subsequences with
arbitrary sparsity (see Fig. 4),

Sparsity(Graph size) = Expected edge density. (1)

Here, edge density is a topological property defined as the
ratio of the realized number of edges e(G,,) to the total pos-
sible edges n? /2, and sparsity refers to the decay function
of the expected edge density as graph size n increases.

Definition 3.1 (Generalized graphon and signal (Borgs
etal., 2018; 2019; Ji et al., 2024)). A generalized graphon
Wr, (u,v) is a symmetric function: R3 — [0,1]. A gener-
alized graphon signal Xg, (u) is a function: Ry — R.

We require both Wgr, and Xg, to be Ll-integrable and
bounded, ensuring that stretching and convolution opera-
tions are well defined. The topological variation between
generalized graphons is measured using the extended cut
norm and cut distance (Borgs et al., 2018; 2019). By extend-
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Figure 2. Example of sparse graphon sequence: (a) Wr__ is the original generalized graphon, (b)-(d) illustrate Wy, obtained by

truncating the domain [0, t,,,]* of W, and rescaling it to [0, 1]°.
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Figure 3. Example of stretching: G,,,, is a random graph sampled from W/, its adjacency matrix is transformed to corresponding
classical form (c) and stretched form (d), the latter converges to stretched graphon (a).

ing the integration domain to R2 , they are defined:
oo(Wr, 1, Wr, 2)

2
/ (Wﬂz51 1 —Wﬂf2 o)dudv|, @
UxV + +

= inf sup
$1,62U,VCR

where Wg, 1, Wr, 2 are two generalized graphons; the
sup is taken over measurable subsets U,V C R, and
the inf is taken over measure preserving bijection ¢1, ¢s.
When applied to graphons induced by finite graphs, these
bijections correspond to disregarding node ordering.

3.1. The Sparse Graphon Sequence

The sparse graphon sequence is constructed by truncation
and rescaling. At stage m € {1,2,3,...}, W/ is obtained
by truncating W, to the expanding square region [0, t,,,]%,
setting remaining area to zero (Ji et al., 2024). The truncated
generalized graphon W), is stage-expanding. Then, W), is
rescaled to the standard domain [0, 1]? to obtain the sparse
classical graphon W, :

We, (u,v), u,v € [0,tn],
Truncate: W/, (u,v) =<{ (u,v), u,v € [0,1)]

0, others.
Rescale: Wy, (u,v) = W, (tmu, tmv), wu,v € [0,1].

Similarly, the graphon signal X, is obtained by truncating
Xg._ to the interval [0,%,,] and subsequently rescaling it
to [0,1]: Xy, (u) = X, (tmu) = Xg, (tmu). Since Wg,
is required to be integrable over R? , the L'-norm of the
classical graphon sequence {W,,,} tends to zero at the rate
of ©(1/t2,), indicating sparsity, as illustrated in Figure 2.

3.2. The Sparse Graph Sequence

Based on the sparse graphon and signal (W,,, X,,,), a ran-
dom graph G,,, ,, is sampled following the classical graphon
sampling procedure (Lovasz, 2012; Ruiz et al., 2021a; Ji
et al., 2024). Latent features for n nodes, {u1, ua, ..., un},
are sampled i.i.d. from uniform distributions on [0, 1]. Node
features are then obtained as @,  (¢) = X, (u;), and edge
probabilities are given by P, . (¢, j) = pij = Wi, (s, u;).
Finally, edges are sampled via Bernoulli distributions:

Sm,n(iu J) ~ Ber(Pmm(iJ))’

For the overall sequence {{G.., n}, {Gmsn},--- }, each
stage m; can generate graphs of varying sizes {G,, n}
@ e {1,2,...}. By selecting specific graphs
{Gmi n1sGms s, - - - } from different stages, one can con-
struct graph subsequences with arbitrary sparsity, as shown
in Fig. 4. For example, to realize a sparsity of C'/n with
respect to graph size n;, one may choose the corresponding

1<i<j<n @
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Figure 4. Graph subsequences with multiple sparsity, such as

@(lof—L”) in (a) and ©(2) in (b). Transfer errors are measured

between the source graphs and target graph, while the target graph
G u, v may lie beyond the sparsity line of source graphs {Gm,» }.

W, such that [|[W,,,, |1 = C/n;.

In real-world downsampling scenarios, sampling sparse sub-
graphs of size n can produce multiple edge densities, leading
to diverse sparsity levels. Previous works (Keriven et al.,
2020; 2021; Wang et al., 2023; 2024) focus on models with
restricted sparsity, corresponding to a single sparsity curve
in Fig. 4, and guarantee transferability only for sparsity of
©(logn/n) or lower. However, the target graph may fall
outside the sparsity regime of the sampled subgraphs, ne-
cessitating transfer analysis across different sparsity levels,
as illustrated in Fig. 4.

To study the convergence of the graph sequence {G,, »},
the adjacency matrix and node features are transformed
into functional forms (Ruiz et al., 2020; 2023; Maskey et al.,
2023). The classical induced graphon and signal are defined:

Wm,n(u el;ve Hj) = Sm,n(iaj)v
x 4)

m,n(u c Hz) = wm,n(i)a

where {I; }?_; are n equal partitions of [0, 1]. This inducing
procedure enables comparisons across graphs of different
sizes and between graphs and the underlying graphon.

3.3. Convergence Under the Stretched form

For sparse graph sequences, the classical induced graphon
{Wnin}, {(Wmam}, ...} converges to a trivial zero limit,
rendering direct comparison with the limit meaningless.
This issue is resolved via stretching (Borgs et al., 2018;
2019; Ji et al., 2024), which scales the graphon in proportion
to its sparsity.

Definition 3.2 (Stretched graphon and signal). The
stretched generalized graphon and signal are defined as
Wi, (u,v) = Wr, (sru,srv), X§, (u) = Xg, (sru),

where sp = ||[Wg_ || }/ ? is the stretching coefficient.

Stretching fixes the L'-norm of the graphon to one, thereby
amplifying structural patterns according to sparsity and
counteracting vanishing effects. For a classical graphon
W, and induced graphon Wmm, stretching is applied with
zero-padding to accommodate domain differences (Borgs
et al., 2018; 2019; Ji et al., 2024):

o W (Smntty Smonv), (u,v) € [0,3;571}2
0, otherwise

—s5 _ ym,n(sm,nu)v u € [Oa 37;:11}
B 0, otherwise
)
where s,,, = ||Wmn||}/ 2 s stretching coefficient that
reflects graph’s edge density. This operation amplifies struc-
tural characteristics in proportion to sparsity, compensating

for the vanishing effect observed in sparse cases (Figure 3).

For a graph sequence {G,,,} generated by W,,, the
stretched induced graphon ann converges to W under
the generalized cut distance d; For the sparse graphon W,,,
truncated from Wrg_, its stretched form converges to the
non-zero limit Wy 4 (Jietal., 2024):

Based on the double-sampling procedure, multiple graph
subsequences with arbitrary sparsity can be constructed (see
in Sec. 3.2). Although subgraphs {G, ,,|m} with the same
size n; but different expected edge densities are allowed
under arbitrary sparsity, each G, ,,, is expected to approach
its corresponding W,,,. Convergence of these subsequences
is guaranteed by the double convergence: at each stage m,
graphs in a subsequence converge to the corresponding W,
and the convergence of W, itself ensures overall conver-
gence of the subsequences.
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4. Generalized Graphon Convolutional
Networks

In this section, we introduce GWCNs, which serve both as
the functional forms of GCNs and as their convergent limit.
Similar to the graph convolutional operator (Segarra et al.,
2017; Du et al., 2018; Gama et al., 2019) in Appendix E.1,
a graphon function can be regarded as an infinitely dense
matrix with infinitely many nodes. The generalized graphon
convolutional operator is defined as (Ji et al., 2024),

R
hW)X* =" h,TiX*,
r=0

/IR+ we (150 X*) du.

The generalized graphon adopts the same convolutional
form, since it is defined on Ri and subsumes the stretched
graphon as a special case. Because convergence of sparse
graph sequences is analyzed under the stretched setting, we
focus primarily on the stretched form.

(N
forr > 1, TV X =

Let ®(W*, X< H) denote the generalized graphon convo-
lutional network (GWCN), which follows the same frame-
work and learnable parameters H as the GCNs (Ruiz et al.,
2020; 2021b; 2023) in Appendix E.1, with one-dimensional
input features for simplicity. At the [-th layer, the input
and output feature dimensions are F'~! and F, with pa-
rameters H' € RF' " *F'_ The channel-wise convolutional
processes of GWCNSs parallel that of GCNs:

Fyy
X;l =0 Z hfl—hfz(Wg)X?l,l ) (8)
fi-1=1
where o(-) denotes the activation function, and

hy s () = H(fir, fi)h(-) contains the learnable
parameters mapping the f;_1-th input feature to the f;-th
output feature. These parameters are fixed when analyzing
convergence and transferability. Notably, in GWCNs each
layer’s output X7 is obtained recursively, rather than being
defined explicitly in Definition 3.2, and thus it does not
directly correspond to a particular Xy,.

5. Main Result

In the following sections, we first present our main result of
transferability. Then we analyze in detail the convergence of
the sparse graphon sequence and the random graph sequence
at each stage, which together underpin our main result.

The following assumptions are considered:

AS1. The generalized graphon W%, belongs to the
Schwartz space. That is, for any k£ > 0, there exits a constant
C such that Wg, (u,v) < Ci(u+1)7%(v +1)~*. Thus,
it is Ay -Lipschitz, i.e. |[Wg, (u1,v1) — Wg, (u2,v2)| <

Aw(|U1 — U2| + |1)1 - ’UQ|).

AS2. The generalized signal Xg, € L?*(Ry) is Ax-
LipSChitZ, i.e. |XV]R+ (ul) — )(]RJr (UQ)| < Ax‘ul — UQ‘.
AS3. The activation function o(-) is normalized-Lipschitz,
ie. |o(x1) — o(x2)| < |x1 — 2], and 0(0) = 0.

In AS1, we characterize the sparsity of W, by requiring it
to be rapidly decreasing. For most node pairs, the connec-
tion probability is small and generally decreases as the latent
feature distance increases. In AS2, the generalized signal
is required to be Lipschitz continuous to guarantee local
smoothness, while the L2-integrability condition ensures
it possesses finite energy over the unbounded domain. In
AS3, the assumption on activation functions holds for most
commonly used functions, such as ReLU and Tanh.

5.1. Transferability of GWCNs

In this section, we establish the transferability theorem of
GWCNs. This result leverages the output discrepancy for
distinct stretched graphons (detailed in Appendix E.3) and
serves as the foundation for our transferability analysis. To
fully characterize the transfer error, we then proceed to
analyze the operator and signal differences mandated by the
double-sampling procedure (Lemmas 5.2 and 5.3).

Consider source graph G,,, and target graph Gy
drawn from two graph subsequences exhibiting dis-
tinct sparsity, denoted as {Gu, ny, Gmgng,---+ and
{Gr Ny Gy N, - - - } Tespectively. These subsequences
are constructed following the sparsity-based selection pro-
cess described in Sec. 3.2.

Topologically, the sparsity is governed by the interplay
between graph size and edge densities, which are effec-
tively determined by the truncation parameters t,,, and ;.
Specifically, for graphs G,,, and G n, the expected
edge densities (corresponding to the sparsity functions in
Eq.(1)) are approximated by |[W,,|l1 ~ ||[Wg4||1/t2, and
Warll1 & [[Wr||1/t3,. as illustrated in Fig. 4.

Theorem 5.1 (Transferability of GWCNSs). Let
O(W*, X, H) be an L-layer GWCN with learned
parameters H, assuming Fy = Fy = 1 for simplicity.
Suppose Assumptions from ASI to AS3 hold, and the
truncation lengths t,,, tyr and graph sizes n, N satisfy the
conditions in Lemma 5.2, Lemma 5.3, and Lemma D.I.
Then, for any k' > 0, the following bound holds:

5 <75

H(I)(Wm,n?Xm,n’%) - Q)(Wj\/[,Nayiw,Nvﬁ)’L

< C(H) (cﬂh <t’1€ i t};) L Lk (tm) + LX(tM)>

W, [11/*
Cmi  Cmpo Cui . Cup2
+O(H) (n1/2 + n1/4> +C(H) <N1/2 + N1/4) ,
)
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with probability at least (1 — €,1)(1 — €p1)(1 — €4,2)(1 —
€v2). Here, C(H) ~ L( lL;()l F))O(R?Y) depends on
the network framework represented by ‘H, Cr_ depends
on Wg, and Xg_, L% (") is the tail integral of Xr,,
Cm.,1,Cm,2,Cir,1, Chr 2 are constants about W, X, and
W, X (proof in Appendix E.4).

During size transfer, varying sparsity manifests as changes
in graph size and fluctuations in edge density. Consequently,
transferability across arbitrary sparsity depends on both
graph sizes (n, N) and their respective density scaling pa-
rameters (t,,,,tps). For fixed graph sizes, increasing ¢,, and
tar (i.e., reducing expected edge densities) enhances trans-
ferability. Conversely, for a fixed expected edge density, in-
creasing graph sizes n and N further improves performance.
Overall, the expected edge density serves as the dominant
factor, while graph size provides a secondary improvement,
consistent with the double-convergence framework.

From an architectural perspective, the topological transfer
error is amplified by the network’s multi-layer stacking, rep-
resented by C'(H). Since our framework does not assume
normalized filter responses (unlike Ruiz et al. (2020; 2023)),
this architectural amplification factor grows with deeper net-
works, wider channels, and higher filter orders. Despite this
amplification, the final transfer error still reliably converges
to zero as graph sizes increase and edge densities decrease.

Here, we guarantee transferability across graph subse-
quences with arbitrary sparsity, while prior works (Keriven
et al., 2020; 2021; Wang et al., 2023; 2024) analyze GCN
only under restricted sparsity settings. In our framework,
transfer errors vanish as both ¢,,,, ¢ and n, N increase to
infinity, while the convergence errors in Ruiz et al. (2024)
converge to constants. Building on this bound, we further
analyze how edge density and graph size affect transfer-
ability, a perspective that Levie et al. (2021); Le & Jegelka
(2023) cannot provide since they do not generate explicit
graphs and thus cannot capture topological properties such
as edge density.

The above GCN transfer error is basically derived from the
convergence error in Theorem E.3, measured against the
GWCN limit. As established in Lemma E.2, the discrepancy
between GWCNss is bounded by differences in operators and
signals. Therefore, in the following sections, we analyze
these differences according to the double-sampling proce-
dure in Lemma 5.2 and Lemma 5.3, which corresponds to
double-convergence framework.

5.2. Convergence of Sparse Graphon Sequence

The convergence of a sparse graphon sequence is straight-
forward. Since W, and X,, are obtained via truncation
and rescaling, their stretched forms coincide with W,/,f and
X;;. As the truncation width ¢,,, increases, W,, and X,,,

converge to the original generalized graphon and signal.

Lemma 5.2 (Convergence of Sparse Graphon Sequence).
Let (Wrg, , Xr. ) satisfy ASI and AS2, and let (W,,, X,,) be
the sparse graphon and signal generated from them. Assume
tm is sufficiently large such that |W} |1 > ||[Wg,|[1/2.
Then, for any k' > 0,

Cr.w
W5 _ Ws 5
H R+ Ml = ¢k 7
10
Xs _ XS Ck-,/7X L?X (tm) ( )
Ry mi|y = tk' 1/4°
mo[Weylly

where L3 (t,) = ||X1RJr ||L2([tm’+oo)) is the tail integral of
Xr, on [ty,400), constants Cy: w, Cy x depend on K/,
Wr,, and Xr, (proof in Appendix C).

This result not only establishes the convergence of sparse
graphons W, but also provides explicit error bounds. Under
the rapid decay condition on Wy, , W, converges at an
accelerated rate. In contrast, the convergence of X,, is
slower, governed by the tail integral over the expanding
domain, and influenced by W,,, through the stretching.

5.3. Convergence of Random Graph Sequence

At each stage m, the random graph sequence {G,, ,, } has
its associated limit W,,,. This convergence holds in both the
classical form and the stretched form. Moreover, conver-
gence in the stretched form is implied by convergence in the
classical form. Their notation is summarized in Table 2 in
Appendix D.

Lemma 5.3 (Convergence to Stretched Graphon). Con-
sider the stretched graphon and signal (W},, X, ), and the
stretched induced graphon and signal (an’n, ann ) gen-

erated from them. Suppose n is sufficiently large such that
ATy, < ||Wonl1, then it holds

ATyws < CeATw, + Ow, s ATy,

s (11)
AXE < OsAX, + Cx ATy,

where Cs depends on the stretching coefficient s,, =
[Winlli, Cw,s and Cx s both converge to constants deter-
mined by W,,, and X ,,, as n increases (proof in Appendix D).

Combined with Lemma D.1, which establishes an O(n~'/2)
convergence rate under the classical form, this result pro-
vides the full error bound under stretched forms. These
errors arise from sampling the graph topology and node
features, while stretching introduces scaling of functions
and domain mismatches, captured by constants Cs, Cyy,s,
Cx,s. According to the double convergence in Eq.( 6), these
constants remain fixed while taking the limit over n, which
is done before convergence in t,,, guaranteeing the overall
convergence.
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Figure 5. GCN transfer errors of sparse graph sequences. Transfer is performed from graphs following sparsity schemes, I: f(n) = 2/n;
II: f(n) =0.2logn/n; II: f(n) = ©(1), to the target graph G a7, 7, which corresponds to sparsity functions 3.9/n or 1.14 logn/n.

6. Experiments

To validate the transferability results on sparse graphs, we
conduct experiments on the Cora dataset (Sen et al., 2008),
with additional results on the Pubmed and Ogbn-Arxiv
datasets provided in Appendix A. In the appendix, we also
comprehensively evaluate downstream performance (e.g.,
accuracy, Macro-F1, and cross-entropy loss) and conduct
experiments on synthetic geometric random graphs. The
source code is available at https://github.com/
ElliotShu/Size_Transferability_of_ GCNs_
across_Sparsity.

The Cora graph contains 2708 nodes and has an edge den-
sity of 0.00144. We fix G, as the full Cora graph, and
evaluate the transferability from graphs G, ,, with arbitrary
sparsity to it. Specifically, we measure the average transfer
error over the full sampled graph to analyze transfer errors.

Since the sampled graphs originate from a real-world
dataset, the expanding sequence {W,,} is approximated
by an expanding sequence of subgraphs {G,,}. We con-
struct {G,,,} from Cora by adding 50 nodes at each stage
in degree order. This ordering is designed to mirror the

construction of the sparse graphon sequence, simulating the
expansion from a “dense core” to a “’sparse tail” on real
finite graphs.

To model different sparsity levels, we define three spar-
sity schemes: Scheme I: f(n) = 2/n; Scheme II: f(n) =
0.2logn/n; Scheme III: f(n) = O(1) (see Fig. 5a). The
transferability under the sparsity of Scheme I is not guaran-
teed in previous works (Keriven et al., 2020; 2021; Wang
etal., 2023; 2024). We set the graph sizes n of {G,, ,,} to
be {100, 200, ..., 1600 }. Each sampled G, ,, is aligned
with a corresponding stage G,,,, determined by the condition
f(n) = e(Gy,), where (G, ) denotes the edge density of
G, Each graph G, ,, is constructed by randomly select-
ing n nodes and inheriting their edges and features. Edge
densities are shown in Fig. 5a.

The GCN output of the full Cora graph serves as the ref-
erence. For each sampled subgraph G, ,, we compare
the average output error across all nodes against the ref-
erence. Unlike the classical graphon setting, which nor-
malizes as ®(S,,/n, x,, H) (Ruiz et al., 2023), under the
stretched form we adopt ®(S,,/v/2¢,, T, H), where e,, is
the number of edges in G,,, ,, (Ji et al., 2024). The difference
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arises from the operator impacts of inducing, as shown in
Lemma D.2 and Lemma D.5. Each subgraph is sampled 20
times to compute the mean and standard deviation. We fur-
ther consider GCNs with 2 or 3 layers and 32 or 64 hidden
feature dimensions.

Across all sparsity schemes, transferability errors vanish as
edge densities decrease and graph sizes increase, as shown
in Figure 5. For small or medium graph sizes, sparser graphs
exhibit higher edge densities, leading to larger transferability
errors. For large graph sizes, sequences under different
sparsity converge together, producing similar transferability
errors. In Scheme III, where the expected edge density is
fixed, increasing the graph size consistently reduces the
transfer error. These observations validate our theoretical
analysis of edge density and graph size in transferability.

Additionally, GCNs with deeper layers and wider channels
generally exhibit larger transfer errors due to the architec-
tural amplification effect, as also illustrated in Figure 5.
Strictly speaking, this empirical trend may fluctuate. Our
theoretical bounds represent worst-case scenarios; in prac-
tice, deep or wide models might learn smaller parameter
weights than shallow or narrow ones, potentially altering
the exact magnitude of this amplification.

7. Conclusion

In this work, we study the transferability of GCNs across
varying sparsity levels. Subgraphs are randomly generated
from the original graph, resulting in multiple sparsity. By
introducing GWCNs as the non-zero limit of GCNs, we
establish a transfer error bound over sparse graphs, which is
influenced by expected edge density and graph size, factors
that jointly determine the multiple sparsity. Experiments on
real-world networks validate these theoretical findings.
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A. Supplementary Experiments
A.1. Synthetic Experiment

Following Keriven et al. (2020), we generate geometric random graphs by uniformly sampling latent variables on a
3D manifold. To isolate topological effects, node features are initialized as a constant signal. Edges are independently
drawn using a Gaussian similarity kernel W (z, ") = a(n) exp(— |z — 2'||?/20?) with a fixed bandwidth o = 0.15. We
control network sparsity via a(n) € {n=/4 n=1/2 log(n)/n,1/n} and evaluate size transferability across graph sizes
n € [100, 1000] against the continuous GCN (c-GCN) in Keriven et al. (2020).
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Figure 6. Comparison of Edge Density scaling and Convergence Error between the baseline c-GCN and our proposed GWCN across
different sparsity schemes «(n) as a function of graph size n.

As illustrated in Figure 6, panels (a) and (c) confirm identical edge density decay for both models. Crucially, panel (b)
reveals that the baseline c-GCN suffers from convergence bottlenecks in sparser graphs, completely stagnating under extreme
sparsity («(n) = 1/n). Conversely, panel (d) demonstrates that our GWCN achieves robust convergence; its transfer error
steadily decreases even under the most challenging topological conditions («(n) = log(n)/n and 1/n).
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A.2. Cora Dataset: Supplementary Performance Metrics

To validate the empirical behavior beyond just the transfer error, we evaluate a 3-layer GCN with 64 hidden channels on the
Cora dataset. We track the scaling properties by varying the sampled graph size n under three sparsity schemes: Scheme
I(2.0/n), Scheme II (0.2log(n)/n), and Scheme III (fixed density of 0.0014). We evaluate four distinct metrics over 20
independent random trials: Transfer Error, Cross-Entropy Loss, Classification Accuracy, and Macro-F1 Score. The results
are illustrated in Figure 7.
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Figure 7. Comprehensive metric evaluation on the Cora dataset using a 3-layer GCN with 64 hidden channels. The solid lines display the
mean values computed across 20 trials, while the error bars denote the standard deviation, illustrating the variance and stability at each
subgraph scale.

As shown in Figure 7, the scaling trends reveal that as the graph size grows, not only does the transfer error converge
toward zero, but all other downstream metrics also demonstrate convergence with progressively shrinking variance. Unlike
continuous transfer error, classification metrics possess a margin of tolerance. As long as the transfer error remains within
decision boundaries, the downstream predictions remain unchanged. Therefore, the transfer error decreases smoothly while
accuracy and F1 score remain highly stable. This observation verifies that the “bounded error tending to zero” established in
Theorem 5.1 translates directly into robust downstream task performance.
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A.3. Pubmed Dataset

The Pubmed graph consists of 19,717 nodes with an edge density of 0.000228, mapping to theoretical sparsity functions of
4.5/n or 1.05log n/n. We designate the entire graph as the target benchmark G, to systematically evaluate the transfer

error from the downsampled subgraphs G, ,.
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Figure 8. GCN transfer errors of sparse graph sequences on Pubmed. Transfer is performed from graphs following sparsity schemes
@ f(n) =2.2/n; II: f(n) = 0.2logn/n; I: f(n) = ©(1)) to the target graph Gy, v, which aligns with sparsity functions 4.5/n or

1.05logn/n.

To model varying sparsity levels during the transition, we introduce three distinct sampling schemes: Scheme I (f(n) =
2.2/n), Scheme II (f(n) = 0.2logn/n), and Scheme III (f(n) = O(1)), as depicted in Figure 8(a). The empirical
results consistently demonstrate our core conclusion: increasing the subgraph size while maintaining a lower edge density

effectively minimizes the transfer error.
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A.4. Ogbn-Arxiv Dataset

To verify our theoretical claims on a substantially larger scale, we extend the evaluation to the Ogbn-Arxiv dataset. This
citation network contains 169,343 nodes with an even lower edge density of 0.000081, bounded by sparsity functions of
13.7/n or 1.141log n/n.
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Figure 9. GCN transfer errors of sparse graph sequences on Ogbn-Arxiv. Transfer is performed from graphs following scaled sparsity
schemes (I: f(n) = 10/n; I: f(n) = logn/n; III: f(n) = ©(1)) to the target graph Gz, v, which aligns with sparsity functions
13.7/nor 1.141log n/n.

Following the established protocol, the full graph serves as the transfer target G s, ;. Here, the sparsity configurations
are scaled to reflect the network’s extreme sparsity: Scheme I (f(n) = 10/n), Scheme II (f (n) = log n/n), and Scheme
I (f(n) = ©(1)). As shown in Figure 9, the results on this large-scale network echo our previous findings, further
corroborating that superior transferability is achieved under conditions of larger graph scales and sparser connections.
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B. Appendix: Generalized Concepts for Analysis

In some graphon analyses, new functions are constructed, such as W = W, — W, the value range of which exceeds the
probability range [0, 1] in Definition 3.1. To make our proof more concise and clear, we introduce several related generalized
concepts.

Definition B.1 (Value-unbounded Graphon). By just extending the value range of graphon [0, 1] into R, the value-unbounded
graphon is denoted by W : R2 — R.

Similarly, we consider not only the adjacency matrix S,, € {0, 1}"*" consisting of binary entries, but also symmetric
matrices with wider range of values, denoted by S,, € R™*", whose induced functional form is given by

Wn(u el;,v Eﬂj) :Sn(l,]), (12)
which is only supported over [0, 1)2.

In Definition 3.2, stretching is defined using a specific coefficient s = /|W |1, which is associated with graphon W to be
stretched. Accordingly, we introduce a more general form of stretching, in which the coefficient is not restricted to any
specific graphon, denoted by sy € (0, 1].

Definition B.2 (Non-specific Stretching). For value-unbounded graphon W(u,v), the stretched graphon WW*¥ and the
stretched graphon signal is defined by,
W (u,v) = W (syu, syv) ,
X% (u) = X (syu),

where sy € (0, 1] is non-specific stretching coefficient.

13)

The non-specific stretching of classical graphon and signal is similar to Eq.( 5), by replacing the specific s with non-specific
Sy.
C. Convergence of Sparse Graphon Sequence: Proof

We write down the constants or values approaching constants generated in the following proofs of this section as follows,
where we require k to satisfy & = (k — 3)/2 > 0:

2C
Chom = s,
SNCEIE
Ck m 21 Ck m V QCIC m
Cow=—""—"+4+A — :
kW . + Awy/ 8 s, + 2 (14)
2 Cikm 4 X)Chym
Ck’,X = AX ké maX( ) k’ .

V27 sk 353R

The equivalence between W, and W,/,f, and the equivalence between X, and X,,,i have been discribed in Eq.( 15).

/ /

S S

We (u,v) = Wy (2w, ~2v) = W) (sh,u, s,,v) = W;,f(u, v),
tm  tm
o / (15)
X (u) = Xm(tﬂu) = X, (s7,u) = X, (u).

Therefore, the convergence of W3, and X}, is equivalent to that of W;,f and X ;;’; Therefore, in the following discussion, we

focus directly on the convergence of W,/,f and X ,’;;

C.1. Stretching Coefficients of Sparse Graphon

We denote the stretching coefficients of W;,f and Wg, by sl and sg. According to the definition of stretching and the
truncation process, we have

’
5% — 5.2

= |IWe, [l = Wyl | = W L1 (®2 /(0,6m)2) - (16)
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Considering that Wg_ belongs to the Schwartz space, i.e., for any k£ > 0, there exits a constant C, such that

Ck

We(e9) < DR D7

7)

2.
m|*

Based on it, we derive the upper bound of ’s%{ —s

<|
LY(R3 /[0,t:n]2)
Ck / / Cr
< —dvdu + ———dvdu (18)
/u>tm /R+ (u+ 1)'“(” + 1)F R, Just,, (w+1)F(v+ 1)k

= 2/ / ————dvdu.
>tm R+ + ]‘)

By setting k£ > 1, the integral in the above expression can be evaluated, yielding

Ck
(u+ 1)k(v+ 1)k

2
m

S%*S

<720 (14 ty,) F < 2C

1) ShonEa (19

’
’s%—sn%

C.2. Stretched Graphon of Sparse Graphon

For clarity, we denote the stretched forms of Wg, and W) by Wﬂzf and W,.™, so that the stretch defined with specific
coefficients can be distinguished from that defined with non-specific coefficients. In the proof, we introduce an intermediate
term W, 7 according to Definition B.2. By the triangle inequality, we have:

r ot

/ s
HW@—W,Z < 22+HWT§R—Wmm

SR 'sgr
HWR+ W

’ ot 22 (20)

< -] e

the transition from the operator norm to the L?-norm relies on Lemma 1 in Ji et al. (2024).

For the first part, since W/, is directly obtained from W, by truncation, and both share the same stretching factor according
to Definition B.2, we have
Wi (u,v) = Wgt(u,v),  (u,v) € [0, /5R])%

Hence, noting that Wr, < 1, this part reduces to

. ‘e 1
HWnﬁ: —Wr o HWR+HL2 R2 /[0,t0m]2)

m

2 @1)

o HWR+HL1(R2 /10,tm]2)

| AN

1‘ /
2 2
— |Sp — S .
S R m

For the second part, it should be noted that W;,fR and W,,,;™ are supported on different domains, namely [0, #,,, /sz]? and
[0,t,,/5",]%, respectively. Consequently, when evaluating their discrepancy in terms of the L?-norm, the integration has to
be considered separately over the corresponding regions:

1! 2
// — W™ (u, v)) dudv
RZ

2 (22)
L2([0,tm /sr]?) L2([0,tm /57,12 /[0,tm /5R]?)

@@ (i)

-

sm

1o 112 I
- HW,,fR — Wy |

where the second term accounts for the mismatch of domains.
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By expanding the integral of the first term in the above expression in detail, we obtain

w 2
W/SR—Wmsm‘ :// W, spv) — W (s u, s 0))* dud
H m ~ L2([0,tm/sR]?) [0, tm]2 ( Ry (sru, sRv) R+ <Smu smv)) uav
()
Ay [ [ (lswu= syl + [sio = sjy0]))” dudo 23)
[0, 2
Tt
:A%,V6 4 (sp — s, )2

where the inequality is derived by the Lipschitz property of Wg, .

For the second term (ii), since the maximum value of the function is 1, the integral result is obtained by evaluating the

mismatch area,
2 tm ? tm ? t?n 2 2
<({— | - |— ) = sHh—82). 24
L2([0stm /4,12 /[0stm /s8)?) — (s;n) (SR) s125% (55 = ) 4

(i)

HW’E%

Assume t,, is sufficiently large such that |1V, [|1 > ||[Wg._||1/2, then the above inequalities becomes

HW’ER B W’ﬁ;n’ 2 < A2 63tfn (82 2 )2
m m L2([0,tm/sg])2) W24S% R m) s
i)
| 212 p (25)
m < m _ '
H L0t /52Ot f]2) Sy (s7 = sim)

(ii)

Substituting inequality 19 into the above expression 25, in order to offset the effect of ¢,,, in the numerator, we impose the
condition £ — 1 > 2. By further combining this with the previous inequality 21, we obtain

1
272§;83—8m’+AW 246 m‘SR_Sm)—’—
Ckm 1 63 C,m 2 /Ckm
- sp tk 1 24SR tk t(k 3)/2
_2Ck

where Cy; r,, = (k 1)2 denotes a general form of the constant in the inequality ‘s B m‘ < G197 7 L (k> 1).To simplify

tm

(h=1) & y=(k=3) = (k=3)/2

m

Hwﬂg+ W

(26)

the presentation, we replace (k — 3)/2 with k' = (k — 3)/2, and by applying contraction ¢,
the above result is transformed into

)

Ciw
22~ th 7

Hwﬂg+ —we 27)

m

RV 2C ,m
Ck: m - .

2
SR

’ _ Crm
where £ > 0 and Cp v = -+ Aw 245

C.3. Stretched Signal of Sparse Graphon

For clarify, We denote the stretched forms of Xg, and X ! by Xﬁf_ and X,,ﬁ;". Based on Definition B.2, we introduce an

intermediate term X, ;;’;R. By the triangle inequality, we have:

Jxe. - %,

< s - v,

Iy 1o
+ HXmR _ Xmm

2 (28)

m

<[ x|

/ 1ot
s,
H Xn‘iR Xmm

) .
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For the first part, since X/

m 18 directly obtained from Xg_ by truncation, and both share the same stretching coefficient, we
have

X3 (u) = X3 (u), u € [0t /s8]
Hence, this part reduces to
1

HXJR _ , \/TT{ HXR+ HLQ(R+/[0¢7H]) ’

(29)

For the second part, X 5% and X;,sl;” are supported on [0, ¢,, /sg] and [0, t,,, /s, ] differently. Consequently, it’s considered
separately over the corresponding regions:

’ 2 7 r ! 2
HX SR __ 5m — / (X":zn (u) _ Xﬂgm (u)) du
2 R,
Sy A
= m m ;
L2([0,tm /sR]) L2([t7n/S£,L:tM/SR])

(0] (i)
where the second term accounts for the mismatch of domains. Expanding the integral of the first term in detail, we obtain

’ot

X5 _ X, 5m :/ X — Xg, (shu)’d
|z a0ty Jp gy 8 ) 7 K o))
(@)
§A§(/ (spu— s u)’du G
[0, 2]
5 b

:AX32(5R s )27

where the inequality is derived by the Lipschitz property of X . For the second term (ii), we denote the maximum value of
Xr, by max(Xg_ ), then the integral result is obtained by evaluating the mismatch area,

s |2 tm iy X)tm
HX o < max(X) < - ,> - w (sr—s). (32)
L2([tm /87 5tm /5 R]) SR Sm SmSR
(i)
When t,, is sufficiently large such that s/2 > s% /2, then the above inequalities becomes
! s |2 ) At 122
HXWE{R - Xm™ < A% (5h—sm)%,
L2([0,tm /sR]) 27sR
()
33
e |2 dmax(X)tm , 5 9 (33)
H m <——F5— (sR - sm) .
L2([0,tm /57,]/[0,tm /sR]) 35k

(i)

Similarly, to offset the effect of ¢,,, in the numerator, we impose the condition £ — 1 > 1 of the inequality 19. Combining
this with the previous results, we obtain

Jxe. - %,

HL2(R+/[0,tm])

[ 4 [4max(X ,
+ AX 27 t 3s 3 |SR -5 2| (34)

||XR+HL2([t7m+oo)) 4 A C’km 4max(X) 1/Ck,m
* 275R 355, (22

1
T [Ren
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To simplify the presentation, we replace (k — 2)/2 with k¥’ = (k — 2)/2, and by applying contraction =2 <y (k272

the above result is transformed into

sy Cr x ||XR+HL2([tm,+oo))
|xz, - xa, < . JoR ’ 4

where k' > 0 and Cjy x = AX\/%Ck,m + \/4"‘&"3@
“R

D. Convergence of Random Graph Sequence: Proof

At each stage m, the random graph sequence {G,, ,,} has its associated limit W,,,. This convergence holds in both the
classical form and the stretched form. Moreover, convergence in the stretched form is implied by convergence in the classical
form. Their notation is summarized in the following Table 2.

Table 2. Notation for convergence errors in random graph sequence.

Graphon form Operator difference Signal difference
Classical form ATy, : |W,, — Wm,ang AX, |1 X — Ym,an
Stretched form ATy : [[WS, — W, 22 AXS:||X5, - X,

mnHQ

To simplify Eotation, thgughout this part of the proof we write W, W ,, instead of the full symbols Wm,Wmm, and
similarly X, X,, for X,,,, X, ». The rationale is that when a graph sequence converges to the graphon and graphon signal,
the graphon and signal is considered invariant.

We also write down the constants or values approaching constants generated in the following proofs of this section as
follows, where n is sufficiently large such that ATy, < s2, /2:

CU 24w, _ 2Ax

Cw = feu T Vbew
C 2\fAth 2
w1 = w2 = .
V3sh(1+1/v2)’ 20/ (1+1/v/2)/V2
25/4 At 25/8 max(|X|) (36)

Cx1= 572 , Cxo=

V3sim (1+1/V2) \/s;”,{Q/\/Q(1+1/ﬂ)
Cs = max{£ 2t +

Cw,s = C'VI/,1ATV1V/n2 +Cwp2 — Cwp, Cxs= CX,1ATV1V/n2 +Cx2 — Cxpo.

C, = max{ =, f} is constant about W, Cyy s = CWJAT;V{? + Cwzand Cx s = C’X,lAT‘}V/f + Cx 2 converge to
constants Cyy,2 and C'x 2 as n increases.

D.1. Classical Form: Proof of Lemma D.1

Lemma D.1. (Convergence to Classical Graphon)

Consider the classical graphon and signal (W,,,, X,,,), and the induced graphon and signal (W ,, ., X ;m ) sampled from
them. For any v > 0, assume n is large enough such that n™" < €, there exists a constant C,, such that

Cw Cx
ATW < 7tma AXn < tm
v v

with probablllty at least (1 — eu)(l €p), where e, €, € (0, 1) are related to the Uniform sampling and Bernoulli sampling,

Cw = Cu =+ \QfW and Cx = f are constants about W,,, and X,

(37
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Under the classical graphon form, as the graph size increases, the random graphs converge to the limit W,,,, X,,, at the rate
of O(1/n'/?). However, when W,, diminishes due to sparsity, the full random graph sequence converges to the trivial zero
limit.

For the graph topological sampling process, modeled as W ~ P,, ~ W,,, where P,, is the induced graphon of the probability
matrix. The procedure involves two steps: first, a probability matrix P,, is sampled from W; second, an adjacency matrix
S,, is sampled from the probability matrix. In the graph signal sampling process, where X ~ X, the discrepancy arises
due to uniform sampling. Accordingly, the difference can be decomposed into two components:

* Uniform Sampling: || X — X, |

w _ﬁnsz'

2°

* Bernoulli Sampling: || P, _Wnuz,z'

As the graph size n increases, the graph and graph signal converge to the corresponding graphon and graphon signal. As
we do not consider the effect of different vertex permutations of the same graph, we assume that the vertices are ordered
according to their latent features, such that u; < ug < ... < u,. To provide a clear exposition, we decompose the conclusion
of Lemma D.1 into two components: convergence of graph signals D.1.2 and convergence of graph structures D.1.3.

Notably, Wg, and X, satisfy the Ay -Lipschitz and A x-Lipschitz properties. In contrast, Wy, and X,,, being derived
through stretching, satisfy the corresponding ¢,, Ay -Lipschitz and ¢,,, A x-Lipschitz properties.

D.1.1. NORMALIZATION OF CLASSICAL INDUCING

Lemma D.2. Let W,,, X ,) be the induced form of value-unbounded graph matrix S,, (S,, € R"*") and node features x.,.
Then it holds

— 1
1Xnll, = —=l®all2,
Povn (38)

— 1
HWnHQ,Q = E H8n||2,2 '

Proof. For the L?-norm property between X ,, and x,,,

J— . n 1 .
%all= | Fawan =3 [ Fowet)
1 7” 1 = (39)
=~ > k(i) = e}
=1
For the operator norm property, according to the definition of ||Wn ||2 o WE need to calculate the supremum of %
’ 2
for all X € L?([0,1]).
2
9 _
175w, X112 Sy (Joon Wl v) X (w)du )" do
1X115 1x|2
2 o ) (40)
B f[o,1] (Z?:l W (u € I;,0) fi X(u)du> dv
= . .
X115

We construct X, (u € I;) = n [; X (u)du, taking the mean of X over each partition I;, where the length is 1/n. Then the
above equality becomes

T, X2 Joox (i Walu € L, v)X o (u € I) /n)* dv
X1 BeE
_ 7w, Xl
I1X115

(41)
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Comparing HynHi and || X |2, we have

[Bgis /[071] X2(u)du§/HiX2(u)du
> ;n (/H X(u)l(u)du)2
_ ii (n/ﬂ X(u)du>2

— 2
= [[Xally

(42)

which is derived by the Cauchy-Schwarz inequality with [; 1?(u)du = 1/n. Therefore, for any X € L([0, 1]), it holds

HTWnXﬂz
BYE

— 2
HTWHX"HQ

< —
X

(43)

For each X € L?([0, 1]), we can derive a X,, € L*([0,1]) from X to make the above inequality hold. Then the operator

norm becomes S
11 T, X

Wallyy = sup :

) v 2ol (44)
VX, €L2([0,1]) HXnH2

although X, is derived from X, obviously X, can take all possible values within its defined space. Therefore, X,, can
correspond to every x,, € R".

1T, Xulls oy (i W € 1, 0) X (u € 1) /) do

[ [
O (0 Sali mali) /) (45)
EHE
_ 1 HSnﬂang
N EH

As all x,, € R™ are considered in the above equality, we have

_ 1 IShnls 1
Pl = s 002 =

L2, (46)
Ve €N 1L ||.’13n||3 7’L2 || 7l||2,2

D.1.2. CLASSICAL SIGNAL CONVERGENCE
Lemma. (Convergence to Graphon Signal)

Consider the graphon signal X, generated from X, that satisfies AS2, and the induced graphon signal X n.n sampled
from X,,, then the following holds
Axtp,

AX, <
6ne,

(47)

with probability at least 1 — ¢,,.

Proof. The induced graphon signal X, is defined on n equal partitions of [0, 1], denoted by {I;|1 < i < n},ie. I; =
(=L L) for1 <i<n-—1,1, = [%2L 1]. Therefore, | X, — X||2 can be divided into n parts,

n ’'n n ’

X0 — X]J; = Z’/H‘(X(ui) — X (u))*du. (48)
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By using Jensen’s inequality and the ¢,,, A x -Lipschitz property, we have

{E[IIX, - X[2]}* <E[[X, - X|3]

-E ;/L(X(ui)—X(u)) du] (49)
< AXLE Z / (us u)Qdu] :
i=1 7L

For the expectation term of the above right side, calculate the integral of u,

n n -3 . 3 .
9 B = (1—1) 2i—1 1,
Elg /H(uz—u) du}—E{E 33 -3 ui+ﬁui
i=1 L

=1

1 1< 1 -
=3~ ﬁ;(zw DE [u;] +52E [w7].

According to the order statistic theory over n i.i.d. uniform distributions, the probability density of u; (1 < i < n)is
Beta(i,n — ¢ + 1) (Okoyo, 2016), that is

i 2 i? 4

Bfu] = ——, Efufl= — o0 (51)

subtitute the above equations into (50), and calculate the sum,

2 1
E lZ} /H (u; —u)Qdu] = (52)

Combining (49) and (52), it becomes E [[| X,, — X 2] < Axlm Using the Markov inequality, we have

Vbén
— Axt,
P(||XnX||gz X )geu. (53)
6ne,
O

D.1.3. CLASSICAL GRAPHON CONVERGENCE

Lemma D.3. (Lei & Rinaldo, 2015) Considering the probability matrix P, and the adjacency matrix S,, sampled from P,
for any v > 0, assume n is large enough such that n™" < e, there exists a constant C,, such that

1Sn = Pull22 < Cov/n (54)
with probability at least 1 — ¢y,

Lemma. (Convergence to Graphon)

Consider the sparse graphon W, generated from Wy, that satisfies AS1, and the induced graphon W . sampled from
Wn. For any v > 0, assume n is large enough such that n=" < p, there exists a constant C, such that

C, 2Awtn
ATy, < + 55
= e, >
with probability at least (1 — €,))(1 — p).
Proof. Based on the triangle inequality, ATy, can be divided into two parts:
ATyw, < |[W =Pl + |[Po = Wall,, - (56)
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For HW - P, ||2 o using Lemma 1 in (Ji et al., 2024) without stretching, we have

W =Pl , < [|W = P, (57)

I <

Similar to the proof of Lemma D.1.2, we first divide || P,, — W ||2 into n? parts, then employ the ,,, Ay -Lipschitz property,

it becomes
[P0 —wl; = ZZ// W (usuj) — W, v))2dudo
I; xI;

=1 j5=1
ZZ// (Jui — u| + [u; — v|)*dudv
i=1 j=1 I; xI; (58)
ZZ// )% + 2(u; — v)2dudv
i— 1] 1 I; xI;

= 443,42 Z / (u; — u)?du
=1/l

Using the same conclusion as in the proof of Lemma D.1.2, we have E [Hﬁn — WH2 2} < 24wln Then with probability

Vén
at least (1 — ¢,), it holds
2Awtm,

6ney

[Prn =W, < (59)

For || P, — W, |, ,» combining Lemma D.2 and Lemma D.3, then for any v > 0, assume n is large enough such that
n~" < p, there exists a constant C), such that

_ C,
HPn - WnHQ’Q S %7 (60)
with probability at least 1 — €. O
D.2. Stretched Form: Proof of Lemma 5.3
D.2.1. BOUND OF STRETCHING COEFFICIENTS
Lemma D.4. (Convergence of Stretching Coefficients)
For the L*-norm of graphon W, and the induced graphon W ,,, ,, it holds
“|WmH1 - HW’m,n”1| < AzjVVn (61)
Proof.
|[Wali — Wi = / W pdudv —/ Wdudv
[0,1] (0,1]
_ / (W — W) 1(w)dul (v)do
0,1] J[0,1]
(62)
< ‘ (Wh = W) 1(uv)du ||1( )l
[0,1]
S ||Wn_W||272H1 )”2
= HWn - WHz,z :

The first inequality is derived from the Cauchy-Schwarz inequality, taking f[o 1] (Wﬂ — W) 1(u)du as a function of v, and
the second inequality is based on the definition of the operator norm. O
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That is |s? — s2| < ATy, for stretching coefficients. When n is sufficiently such that ATy, < s*/2, we have

< (63)

1 2
2~ 52

D.2.2. STRETCHING EFFECTS ON GRAPHON AND SIGNAL

Lemma D.5. Let WW*¥, X %) be the stretched graphon and graphon signal of value-unbounded classical graphon W and
classical graphon signal X, then it holds

1
— | X5,
VoY (64)

. 1
||WJVH2,2 = g ||W||272

X, =

with non-specific stretching coefficient sy € (0, 1].

Proof. For stretched graphon signal X *¥ with non-specific coefficient, consider its L2-norm

X2 = / (X (u))? du = / (X (syw))* du
{07+Oo> [0,1/sv] (65)
L (xw)?du

1 2
= — [IX]lz-
Sv J[o,1] Sv

For stretched value-unbounded graphon W?*v, since it has all-zero regions where v > 1/sy or v > 1/sy, for any
Xg, € L?*(Ry), we can find a corresponding stretched signal satisfying X*¥(u) = X (u) on u < 1/sy such that

[T X [y = 1T X115 (X [l > 12115 (66)

Therefore, the operator norm can be transformed to

2 2

IW* |5, = sup 1 Twes X, [l, 1T X2 5

2,2 = +72 — :
VXR+€L2(R+) HXR+|’2 VX5V elL?(Ry) HXEV||2

vxer2(o)  ||Xev[f;

(67)

Although X*V is constructed from X € L?([0,1]), the function class X*¥ lies in L?([0,+00)) can still represent all
square-integrable functions supported on the interval [0, 1/sy].

For the numerator, we consider the following:

2
[ Tyysw X372 = / ( / WW(u,v)Xﬁv(u)du> dv
[0.1/5v] \/10,1/sv]
1\* 2
=<> / W(u,v) X (u)du | dv (68)
sy (0,11 \/[0,1]
1 3
= () I,
v

For the denominator, we have || X*¥ ||§ = i | X ||g Substituting the above results into Eq.( 67), we obtain
> _ 1 ITwX|l; _ 1 2
||W5VH2,2 - 2 2 2 = 32 H 22" (69)
syvxer2(o) [IX[l; s
O
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Lemma D.6. Consider different stretching coefficients so, s1 € (0, 1], applied to the same classical graphon W with signal
X, respectively. Assume |s% — sg| < 82/2 (30, 81 corresponding to s, Sm.n), then it holds

| X*0 — X*||, = Cx 1 ]sg - sﬂ +Cxp2 |83 - Sﬂl/Q’ (70)
1/2
W50~ Wy = iy [ = 3] + Cuva |5 — 587

where C'x 1,Cx 2 and Cy 1, Cyy,2 are constants about graphon signal X and graphon W, described in the following proof.

Proof. Apply different non-specific stretching coefficients sg, s; € (0, 1] to the same graphon signal X,,,, which satisfies
Axt,,-Lipschitz. Using Lemma D.5, the difference between X*° and X*°* becomes

; (71)
2

1 /
X% - Xy = —— ||X - x°
where X is stretched by the coefficient s’ = s, /s, that is X' (u) = X (s'u) for u € [0,1/s'].

To compare the difference between X € L2([0,1]2) and X¢ supported on [0, 1/s'], we need to discuss the effective integral
area case-by-case:

Casel: 1/s' <1, 72)
Case2: 1/s' > 1.
Case1: When 1/s' <1, [| X — X' expands to
2
/12 , 2
HXfX5 :/ (X(u)—X5 (u)) du + X2(u)du .
2 [0, 7] (71 (73)
@ (i)
The first part (i) represents the signal value difference, while the second part (ii) captures the area difference.
For the first part (i), using the Lipschitz-property, we have
@)= / (X (u) = X (s'u))” du
0.3
0,5 (74)

_ Akt (1= s')?

2 42 2
< /[0,1/ Asty (uw—s'u)” du 53

For the second part (ii), the values of X? in [i, 1] is bounded by max(X?). Therefore, we can directly calculate the area
1
(ii) = X2(u)du < max(X?) (1 - /) . (75)
(<71 §
Combining the results of (i) and (ii), we have

2 A2 (1— )

/ 1
fa 2
HX - X , < L35’3 + max(X*°) <1 — s’) 6
A%t2 (1 —8')? 1
< Xtmio 77 m(3 5) + max(X?) 17? ,
where the second inequality is derived by 1/s" < 1.
Case 2: When 1/s" > 1, HX —X* expands to
2
’ 2 ’ 2 /2
HX - X :/ (X(u) - X3 (u)) du+ X® (u)du.
2 Joy [1,2] (77)

@ (ii)
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Following a similar process to the above, we have

A%t2,(1— 82

(i) < / A%, (u— s'u) du = ;
[0,1] 3

(78)
. 2 ]. 9 ]_
(i) < max(X7) | 5 — 1) =max(X~) |5 —1f.
$ s
Combining the above two inequalities, we obtain
12 A242 (1 — §')2 1
HX—Xs 23%‘9)+mw{(}(2) Loy 79
s

The results of case 1 and case 2 share the same form, then we prove the final conclusion

1/2
) (80)

X
max(|X|) !sg—sﬂl/z.

e — X)), = HX X

+max(|X| ‘1 _ %
S1

<1<AXt ’

T Vs \ V3B
Axty,

\[33/2(30+51)

When |s7 — s3| < s%/2 for stretching coefficients, we have & < %. The above inequality becomes
1 0

— 82|+
’ $1| 5051(s0 + 51)

5 Ath maX(‘XD 1/2
[X70 = X, < 3/2 : |56 — 51| + | 0= sl
V3sy “(s0 + 1) V/5051(s0 + 51) (81)
1/2
< Cx|sg— st + Cxp2|s§ — si] /
where Cx | = ——Axtm Cx, max (| X]) are constans about X and the stretching coefficient sq.
RV LI TRV & \/ 32 /V/2(141/V/2) s 0

Apply the two different non-specific stretching coefficients sg, s1 € (0, 1] to the same graphon W, which satisfies Ay t,,-
Lipschitz, then consider the difference ||JWV*° — W*||, ,, by Lemma D.5 and Lemma 1 in (Ji et al., 2024), it becomes

; (82)

1 /

W= =Wy g < — |W = W7
2,2

S0 2

where W¢' is stretched based on the coefficient s’ = s, /s¢, that is W' (u,v) = W (s'u, s'v) for (u,v) € [0,1/s'].
Similarly, we analyze the difference under two distinct cases: 1/s’ < 1lor1/s’ > 1.

expands to
2

/12 , 2
HW W = // (W(u,v) - w* (u,v)) dudv)
2 [0,5]2
@ (83)
+ // W2(u,v)dudv .
[0,1]2—[0, ]2
(i)
The value of W in (ii) is bounded by 1. Following the same process used previously, we obtain
TA2 2 (1 — §')2
(i)gA t2 1-5) // (u+v) dudU:M.
65’4
(84)

(11)<// 1dudv:17%.
[0,1]2— L 2 S

0, /

27



Size Transferability of GCNs across Sparsity: A Generalized Graphon Perspective

Combining the above, we have the following:

2 42 (1 2
(i)+(ii)s7Ath(1‘°’)+(1_1>

65’4 s'2
85
TAZ 82 (1— of )2 | (85)
S T
where the second inequality is derived by 1/s" < 1.
Case 2: When 1/s’' > 1, HW —we , expands to
/1|2 , 2
HW -wWe = // (W(u,v) —-we (u,v)) dudv
2 [0,1]2

v (86)

2
—|—// W= (u,v)dudv .
[0,5712—[0,1]2

(i)

Similarly, the value of W#" is bounded by Aw (1 — s). Then use the Lipschitz property to calculate (i), and use the value
bound to calculate (ii):

2 12 (1 _ o2
() < A2 (1 — s’)Q// (u+v)? dudv = M
[0,1]

1 (87)
(i) < // ldudv = — 1.
[0, ]12-[0,1]? s
Combining the above, we have the following.
TAZ 42 (1 — §')? 1
(i)+(ii)§%+ 5/21" (88)

Since results of case 1 and case 2 share the same form, we obtain

1 /
W= —we,, < ~ HW —W*

2

1 AZ 12 1
( ! WM|1—s’|+'1—

1/2
) (89)

= % 6 §/2
VTAwtm s o 1 2 21/2
= Vos2 ‘50_51|+—‘30_51| .
6sg(so + s1) sov/s1(s0 + s1)

When fsf — s%| < s2/2 for stretching coefficients, we have S% < S% The above inequality becomes
1 0

1/2
W= =Wy, < Coia |3 — s3] + Cua |58 = 5377, (90)

\/?AW tm

— 1 . .
To3 (141 73) Cw,2 —sg YN are constants about W and the stretching coefficient sg. O

where Cyy,1 =

D.2.3. STRETCHED GRAPH SEQUENCE CONVERGENCE (PROOF OF LEMMA 5.3)

For better distinction, we use s and s,, to denote different stretching coefficients of W and W ,.. The differences of stretched
graphons and stretched signals are derived by

Hwﬁ _Wfln S ||W5 _ Wﬁn 9 2+ Hwﬁn _Win ’
22— — 2,2
[ ——
(a)
. 7“’) 1)
x|, < Jxe = x4 ||xe =X
L ——

@ b)
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where W*» and X*~ are generalized stretched forms of W and X with coefficient s,,. Assume n is sufficiently large such
that |52 - s%| < 5%/2in Lemma D.4, then applying the above Lemma D.5 and Lemma D.6, we obtain

HWS W

n

< Cwn ‘8(2) - s%| + Cw2 |sg — s?’1/2+iATWn
2,2 S

(a) R

2
< CwiATi, + Cura AT + Y2 ATy
n S
HXsz5 <C |s2—52‘+0 |52—52|1/2+ 1 AX ©»
nily = X,11]%0 1 X,2 |50 1 \/g n
(a) N——
(b)
1
12, 21
S CX 1ATW" + CX QATW + 7AX7L
’ ’ n \/g
1
For simplicity, we leverage C, to represent the larger value of @ and %, that is
" —5, 1/2
|we =W ||| < ConTiw, + CueATy2,
2,2 " 93)
HX5 ~X5| <oax, + OxLATY,
2 n

1
where C; := max{?, 2—\/‘5} is constant about W, Cyy.s = CW’lAT‘}V/nZ +Cwgzand Cx 5 = C’X,lAT‘}V/f + Cx 2 converge
to constants Cyy 2 and Cx 2 as n increases.

E. Convergence and Transferability of Filter and GWCN: Proof

Since we have already established the convergence of sparse graph models with respect to both the stretched graphon and
the stretched signal, it follows that when the difference between filters (or GWCN outputs) is bounded by the differences of
the underlying graphons and signals, the convergence of the filters and the GWCN naturally holds as well.

E.1. Graph Convolutional Networks

Through the neighborhood structure defined by the graph topology, graph convolution allows each node to aggregate the
features of its neighbors. As a signal processing framework on graphs, a graph convolutional operator (Segarra et al., 2017;
Du et al., 2018; Gama et al., 2019) of R order is defined as

R
h(Sn)Tn =Y hSpan, (94)
r=0

where coefficients h,. are weights of the r-th order convolution, aggregating features of each node’s r-hop neighborhood.

Let ®(S,,, z,, H) denote GCN with learnable parameters #, and 1-dimension input features «,, for simplicity. For an
L-layers GCN, we denote the input/output feature dimension of each layer [ (1 < I < L) by F'~1/F!, with corresponding
parameters H! e RE'XF , which implies the relationship between input features and output features. For each layer [, the

aggregation and propagation process can be expressed in channel-wise form (Ruiz et al., 2020; 2021b; 2023):

Fi_y

Ly =0 Z hfzfl,fz(sn)wfzfl : (95)
fi-1=1

The activation function is denoted as o(-). The learnable parameters '(f;_1, f;) are maintained in the weights of
convolutional operators iy, , 7,(-) = H(fi1, fi)h(-) in Eq.( 94), which is fixed during convergence and transferability.

29



Size Transferability of GCNs across Sparsity: A Generalized Graphon Perspective

E.2. Difference Bound of Filter Qutputs

Lemma E.1. (Difference Bound of Filter Outputs)

Let h(-) denote the convolutional filter, applied to stretched graphons with signals (W7, X7) and (W7, X7), it holds
[RW)XT = h(W3) X3y < O (ATws [| X7, + AXF), (96)

where C}, is a constant related to the filter h(-) described in E.2.

Proof. (Proof of Lemma E.1.)

Using the triangle inequality, the filter convergence error is divided into two parts:

[P(WT)XT — h(W3) X5,
< [RWVF) = h(W3) o0 [1XT [l + 1R (W), AXF. ©7)

(a) (b)
Parts (a) and (b) represent the operator difference and the signal difference, respectively.

Before proceeding to further analysis, we first consider the simplest case, namely the 1-order shift operator 7Ty s. For any
stretched graphon W#, its L'-norm is equal to 1, i.e. ||[W?*||; = 1, then we have

|W5||§72§//[0 )2(W5)2dudv
,Foo

gmaX(Wﬁ)// W*dudv
[0,4-00)?

=Wy =1,

(98)

the first inequality is derived by Lemma 1 in (Ji et al., 2024). Recursively, we can derive the bound for the r-order operator,
which is also valid for W3, that is

T, <t (99)
For part (a), we expand of the difference operator norm:
R
1) = W)l = || o (T} = T3 )
=0 2.2 (100)

9

2,2

T — Ty

R
Sy
r=0
the Cauchy-Schwarz inequality is used to derive the inequality. For the r-order shift operator, we have

(r) (r)
|7 - 73

2,2

— (r=1) (r=1) (r=1)
= e (157 =735 ) = @ = ) 157,

(101)
< HT&Z:U - TV(EI)HM + HTWf — Tw; 2,2
< 7| Twp = Tl ,
Substituting the above into the expression( 100), we obtain
R
[R(WT) = h(W3) 50 < (Z hw) ATyys. (102)
r=0
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For part (b), based on the properties of inequality( 99), we can derive:

i)

R R
IR (W3)[lyp <D hr L, S D e (103)
r=0 ’ r=0

By setting the constant C, := maX(Zfz:O h,r, Zf:o h,) O(R?), we complete the proof.

E.3. Difference Bound of GWCN Outputs
Lemma E.2 (Difference of GWCN Outputs). Consider the L-layer GWCN with learned parameters H, where Fy = Fy = 1,
applied to stretched graphons with signals (W7, X3) and (W3, X3), then

5 5 5 (104)
S COH) (W7 = Will22 [ X7l + 1XT — X32),

where C () is a constant depending on H (proof in Appendix E.3).

Proof. To distinguish between signals from different layers, we denote the output features of the [-th layer by X ?L,l and
X3, o, belonging to @(W7, X7, H) and ©(W3, X3, H ) respectively.

We analyze the GWCNs difference A®* from the last layer,

Fr,
(A9 = 3 ||1XF, 1 — XG0 (105)
fr=1

According to the aggregation and propagation process of GWCNs, the output features can be expanded as

Fr_1
Xjpa =0 | 20 hrean (WDXG, o]
fr—1
106
Fyos (106)
X2 =0 | 20 hoann (WEXG, o
fL—1
Because the activation functions are normalized Lipschitz, that is |o(a) — o(b)| < |a — b|, we derive the above
FL71 FLfl
HX;L,I - X;LQHQ < Z hfL—hfL (WF)X;L,l,l - Z hfL—lva (W;)X;L,lz
fr—1 fr—1 9
Fr 1
< Z thL—hfL (WIE)X;L,hl - hfL—l;fL (Wg)X;L71,2H2 (107)
fr—1
Fr_1
< 3 O (8w [, + - X))
fo—1

The second inequality is derived from the Cauchy-Schwarz inequality, and the third inequality is derived by Lemma E.1.
The constant C3; O(R?) is the maximum of all channel-wise filters C}, f1_.5,» Which in turn depends on .

Using the assumption about the activation function o (-), we get |o(x)| = |o(z) — 0| = |o(z) — o(0)| < |x — 0] = ||, then
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HXJS“L,IJ |l2 can be derived by

Fr >
HX;‘L 1 1” S Z h‘foz fL—l(Wl )XJE‘L 2,1
fr—2 9
Fr 2
<X Onxg,
L2 (108)
L—2 Fo
< [Iowm ) [X5.l,
=1 fo
P L—-2
= H Co L[| X7,
=0

The second inequality is derived by considering the operator norm of filters in Lemma E.1, and the third inequality is
obtained by calculating recursively. Substituting the inequality( 108) into the above result( 107), we have

L-1 Fr_1
X3 — X3, 0|, = (H C%Fl> ATy X3l + Ce Y || X5y a = X5, . (109)
=0 fr-1
expanded recursively, we have
L—1 Fo
X7, 1 = XF, 0f, < L (H CﬂFz> ATy X5l + Ci D 1 X500 = X5, 2], - (110)
1=0 fo

For simplicity, we have set F; = 1 and F';, = 1, then it holds

[@WF, X%, H) — (W5, X3, H)[|, < C(H) (ATw- || X7, + AX?), (111)
where C(H) := max(Cy (M), Ca(H)) ~ L([15 F1)O(RL), CL(H) = L( ) cﬂFl) and Cy(H) = Ck, are
constants about the model parameters H.

O

E.4. Convergence and Transferability of GWCNs

Theorem E.3 (Convergence of GWCNSs). Consider an L-layer GWCN with learned parameters H, denoted by
O(W*, X*,H), where Fy = Fy = 1 for simplicity. Under assumptions from ASI to AS3, and conditions on trunca-
tion length t,,, and graph size n in Lemma 5.2, Lemma 5.3, and Lemma D. 1, then for any k' > 0, it holds that

Cr HXR+HL2([tm,+oo)) Cni , Cno2
A®F < C(H) ( t,j + T +C(H) (n1/2 +— ) (112)
m 1

with probability at least (1 — €,)(1 — €,). Here, C(H) depends on H, Cr, = Cpw “X§+"2 + Cr x, Cpq =
Cotm(Cw | X5, ll; + Cx), Cm2 = (Cwtin) /2 (Cwis [ X5, 115 + Cx o).

Based on Theorem E.3, we also prove Theorem 5.1 through a triangle inequality.

Proof. According to the sampling process of the sparse graph model, i.e. Wgr, ~ Wy, ~ W, ,,, the same for Xg, ~
Xn ~ X m n, the convergence error of graph sequences is divided into two parts:

S <=5
)

Overall Error: A®S = Hq)(Wm,me,mH) - O(Wg,, X3, , M)

m,n

(113)

)

A(I)fn = H(P(an,Xf,mH) - (I)(W]I§+5X]1§+7H)‘

ADS = H@(WS X° M) — (WE, X5 H) ‘2 .

m,n’ <+ m,n
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These two parts are divided by the triangle inequality, that is A®?, < A®} + A®7. Then based on Lemma E.2, we have

m,n —

AD5,, < C(H) (AT,

5
X5,

| AXE) + OO (AT X5, + AXS) (114)

. Let’s review the above results of Lemma 5.2, Lemma D.1

where ATy s = HVV]lg+ - W,
£ 9

and Lemma 5.3:

and AXS, = HXR — X
+

2,2

Curw
ATW7571 S t]_:;: ’

o < Cox o IXllogn e
AX; < T T - (115)

{ATW,g < C AT, + Cw s AT, {ATWn < Sy,

AXY < OoAX, + Cx (AT} . AX, < Sxt,,.

Continuing the conditions and probabilities of these lemmas and substitute them into the above formula, we obtain

. Crw HXfé+ , T Crox || Xz, ||L2([tm,+<>0))
A(I)m,n < C(H) tk’ + \/87
K R (116)
Catun (Cow [ X2lly + Cx) | (Cuwtn)'/(Cwis [ X2l + Civo)
—|—O(7‘L> ( Wi/2 + nl/4 s

where the constant C'(H) ~ L( lL:_Ol F))O(R?Y) is related to the depth L, feature numbers {F}} and the convolutional
order R of the network framework. O
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