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Abstract

Dataset bias often leads deep learning models
to exploit spurious correlations instead of task-
relevant signals. We introduce the Standard Anti-
Causal Model (SAM), a unifying causal frame-
work that characterizes bias mechanisms and
yields a conditional independence criterion for
causal stability. Building on this theory, we
propose DISCO,,, and sDISCO, efficient and
scalable estimators of conditional distance cor-
relation that enable independence regularization
in gradient-based models. Across six diverse
datasets, our methods consistently outperform or
are competitive in existing observed bias miti-
gation approaches, while requiring fewer hyper-
parameters and scaling seamlessly to multi-bias
scenarios. This work bridges causal theory and
practical deep learning, providing both a prin-
cipled foundation and effective tools for robust
prediction. Source Code: https://github.
com/yakamoz5/DISCO.

1. Introduction

Dataset bias poses a persistent challenge for modern (deep)
learning methods (Jones et al., 2023), as it can induce spu-
rious shortcuts that fail to generalize or obscure the task-
relevant signal (Geirhos et al., 2020). To systematically un-
derstand and address these mechanisms, we operate within
an anti-causal prediction setting. In this framework, the tar-
get variable of interest, Y, is assumed to causally generate
the input data X (e.g., an image or tabular data). While our
model utilizes X as the input to predict Y, the underlying
causal flow is Y — X. Within this setting, several distinct
causal pathways can introduce bias.

In Alzheimer’s disease prediction, for example, age often
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acts as a confounder in a fork structure (see Fig. 1a, where
the disease is Y and age is the confounder B.). If left un-
addressed, the prediction system may rely predominantly
on age-related features rather than identifying actual dis-
ease markers or their interaction effects (Zhao et al., 2020).
Another widespread phenomenon is collider bias (often re-
ferred to as sampling bias in this context), illustrated in
Fig. 1b. Collider bias typically arises implicitly through
data collection and creates spurious associations between
variables that are otherwise causally unrelated. For instance,
hospitalization can function as a hidden collider (B,,;) that
artificially connects risk factors with diseases (Y') without a
true underlying mechanism (Griffith et al., 2020).

A third source of prediction instability arises from mediator
variables (Fig. 1¢). The causal inference literature typically
decomposes causal influence into direct and indirect effects
(or mediated effects) (Shpitser & VanderWeele, 2011; Pearl,
2012). However, in our anti-causal prediction setup (see
Fig. 2), the effect of the target Y on the model output Y
is inherently mediated by the input features X. To avoid
terminological ambiguity with standard direct effects, we
define the robust, task-relevant signal passing specifically
throughthe Y — X — Y pathway as the counterfactually
stable effect (ctf-stable). We distinguish this from unwanted
shortcuts, which we isolate as spurious indirect effects (1 E).
In many practical applications, mediators carry highly useful
and relevant information for the task, especially since they
are directed. However, for the purpose of our theoretical
analysis, and in specific settings where these intermediate
variables represent unstable or irrelevant shortcuts, we treat
them as biases that must be controlled (see Section 2.2 for a
detailed discussion and exceptions).

To formalize the desired behavior of our model against these
biases, we introduce the concept of causal stability. Intu-
itively, a predictor achieves causal stability when its outputs
remain robust against counterfactual changes to known bias
attributes. By properly regularizing the model, we ensure
that it isolates and relies strictly on the robust, causally stable
pathways (ctf-stable), effectively stripping away fluctuating
spurious associations and unwanted mediated shortcuts.

While such pathway-specific analysis is obvious in classical
statistics and causal inference, this structural perspective
is largely neglected in the deep learning community. To
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Figure 1. Canonical causal structures that induce dataset bias. Grey
nodes indicate latent conditioning.

formalize how deep learning models can isolate these ctf-
stable effects, we introduce the Standard Anti-Causal Model
(SAM), a unifying framework that characterizes bias mech-
anisms in prediction tasks. Specifically, it builds on the
anti-causal prediction setup (Scholkopf et al., 2012), where
the target variable is assumed to generate the input data
(Fig. 1). SAM is further inspired by the notations and analy-
ses done by Plecko & Bareinboim (2022) for a path-specific
fairness analysis. This graphical framework not only allows
us to derive a clear, observable conditional independence
criterion for causal stability, but it also serves as a general
analytic tool for studying counterfactual bias effects when
the full data-generating process is under control.

While prior work has proposed tailored methods to address
confounder bias (Neto, 2020; Zhao et al., 2020) or collider
bias (Darlow et al., 2020), we deduce from our framework
that the specific causal nature of the bias is largely irrelevant:
all types can be mitigated uniformly, provided a counterfac-
tually stable (ctf-stable) effect of interest exists.

Specifically, we show that when no unobserved backdoor
paths exist between the input X and target Y, the condi-
tional independence criterion Y 1. B | Y, where B denotes
all observed biases and Y the model output, mathematically
ensures causal stability. In this case, all counterfactual in-
direct and spurious effects (SE) vanish, and predictions
rely solely on the ctf-stable causal path. When unobserved
backdoor paths are present, absolute causal stability can no
longer be theoretically guaranteed. However, assuming the
input X does not contain valid proxy variables for these
hidden confounders (where proximal causal inference meth-
ods could otherwise be applied), enforcing this conditional
independence criterion remains the theoretical limit and
best achievable approximation, as it successfully blocks all
biased paths involving the observed B.

Similar independence-based criteria have been used empir-
ically in fairness and bias mitigation (Makar & D’ Amour,
2023; Kaur et al., 2022; Puli et al., 2021), and our causal
pathway analysis provides a rigorous theoretical founda-
tion for their effectiveness. Related approaches, such as
(Quinzan et al., 2022), arrive at partially overlapping conclu-
sions but without leveraging path-specific causal graphical
analysis. Compared to Veitch et al. (2021), who prove coun-
terfactual invariance under more restrictive assumptions, our

results generalize to richer anti-causal prediction settings.

Moreover, building on this theoretical foundation, we de-
velop a novel practical approach for enforcing causal sta-
bility in black-box models. While conditional distance cor-
relation has been proposed before (Wang et al., 2015), its
existing formulations are computationally prohibitive and
essentially unusable in modern optimization and deep learn-
ing. We resolve this bottleneck by introducing two compu-
tational variants, strictly compatible with backpropagation:
DISCO,,, a computational shortcut but limiting the refer-
ence points for the computation to m examples, and a highly
efficient variant that first decomposes the original V-statistic
of Wang et al. (2015) and performs the computation in a
single-shot manner, thus we call it SDISCO (single-shot
DISCO). Unlike other shortcut-removal methods, our ap-
proach supports arbitrary combinations of target and bias
variable types, scales effectively to multivariate settings,
and requires significantly fewer hyperparameter choices.
Therefore, we successfully enable conditional independence
regularization for deep learning models.

In Section 4, we demonstrate across six diverse datasets that
DISCO,,, and sDISCO consistently perform competitively
with or superior to state-of-the-art bias mitigation methods,
while having no scaling issues to multi-bias scenarios. Be-
yond empirical performance, we show how SAM further
enables fine-grained pathway analysis of decision processes,
highlighting the dual theoretical and practical impact of our
work.

1.1. Contextualization in CRL and Bias Mitigation

Causal Representation Learning (CRL). Our work aligns
with the broader goals of Causal Representation Learning
(Scholkopf et al., 2021), specifically the objective of learn-
ing representations that are robust and generalize in spite
of shortcut and bias signals. A full contextualization within
CRL can be read in Appendix C.1.

Bias/Shortcut Mitigation Positioning. While bias miti-
gation is an established field, our framework provides a
structural foundation that generalizes prior findings. See
Appendix C.2 for a full discussion on how our work relates
to Makar & D’ Amour (2023); Veitch et al. (2021); Puli et al.
(2021).

2. Causal Invariance

To bridge the gap between our conceptual goals and prac-
tical deep learning optimization, we must formally map
the flow of task-relevant signals versus spurious biases. In
this section, we introduce the Standard Anti-Causal Model
(SAM) to characterize these pathways. Using counterfactual
analysis, we demonstrate mathematically how total variation
in model predictions can be decomposed into stable and un-
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Figure 2. SAM graph. Y is the target, Z are variables on active,
non-directed paths between X and Y, and W are mediator vari-

ables assumed to be unwanted shortcuts. Y denotes the prediction
from a fixed prediction model. See appendix Fig. D.1 for more
details on permitted relationships.

stable components. From this decomposition, we derive the
observational conditional independence criterion required
to achieve causal stability. Finally, we critically analyze the
underlying assumptions required for this criterion to hold in
practice, addressing potential violations such as unobserved
confounding.

2.1. Standard Anti-Causal Model (SAM) and Causal
Stability

Our Standard Anti-Causal Model (SAM) is inspired by the
work of Plecko & Bareinboim (2022), and we therefore
adopt notation closely aligned with theirs. We define struc-
tural causal models (SCMs) as quadruples (V, F, U, Py),
where U are the exogenous variables with distribution Py
defined outside the model. The set V contains the endoge-
nous random variables, which are generated through de-
terministic functions of their parents in V combined with
exogenous noise from U. Specifically, F = {f1,..., fn}
is a set of functions such that v; < f;(pa(V;),U;), where
pa(V;) C 'V are the parents of V;, and U; € U is the exoge-
nous variable associated with V;.

Figure 2 illustrates the SAM considered in this work (we
drop the exogenous variables U for simplicity). It repre-
sents a prototypical causal structure that encompasses many
relevant scenarios in anti-causal prediction. We partition
the variables V into three groups: the target Y € V, back-
door variables Z C 'V (confounders and variables on open
collider paths), and mediator variables W C V. Impor-
tantly, in our formulation, any colliders are assumed to be
latently conditioned on (e.g., due to implicit sampling or
selection bias), which inherently opens backdoor paths. The
set Z explicitly contains the observed nodes that lie on these
already-opened paths. For simplicity, independent exoge-
nous noise variables U, latently conditioned colliders, and
variables V/ C 'V that do not open paths between our input
X and our target Y, are omitted from the figure. While our
analysis extends to multidimensional targets, we restrict to
ascalar Y for clarity.

For counterfactual and interventional reasoning, we adopt
the notation of Pearl (2009) and Plecko & Bareinboim
(2022). The expression P(X,,) is equivalent to P(X |

do(W = w)) at the SCM level, while P(X,, | W = w')
denotes a genuine counterfactual statement. At the unit
level, counterfactuals are defined for fixed exogenous real-
izations U = u and denoted X,,(u). These are determinis-
tic functions rather than random variables and are generally
non-identifiable. In the following, we assume that SAM
holds for our prediction task; later, we discuss violations of
these assumptions and their implications.

Throughout our definitions and proofs, we use summation
(implicitly assuming the counting measure) for discrete ran-
dom variables. With appropriate measure-theoretic exten-
sions, these results carry over to continuous variables by
replacing sums with integrals.

Our main goal for this section is to establish why the condi-
tional independence criterion presented in the introduction,
reading Y 1B | Y, is sufficient to mitigate bias, directly
deriving this through causal reasoning.

Measuring Effects of Y on Y. A naive way to quantify
the influence of Y on Y is via the total variation (1'V) as
defined in Plecko & Bareinboim (2022):

TVyy (@) =P | y1) — PG | vo), (H

where lowercase letters denote realizations ¢, y1, and yq.
Note, this is a different TV than the measure-theoretic one.
Classical maximum likelihood estimation implicitly max-
imizes this difference. Assuming binary classification for
simplicity, maximizing P(Y = y | Y = y) corresponds to
maximizing the True Positive Rate and minimizing the False
Positive Rate, thereby maximizing their difference (TV).
However, in the SAM graph, we see that 7'V captures all
types of dependencies, including shortcuts and spurious as-
sociations over the pathways Y—Z—YandY - W = Y,
rather than only the desired causal influence passing safely
through X.

Counterfactual-(Stable, IE, SE)  (Plecko & Bareinboim,
2022). SCMs allow us to specify, and in some cases iden-
tify, path-specific effects. While standard causal fairness
literature often defines the primary path of interest as a
counterfactual direct effect, in our anti-causal setting, the
effect of Y on Y is strictly mediated by the input X. To
maintain causal precision and avoid ambiguity, we term this
robust target pathway the counterfactually stable effect (ctf-
stable). Given observations Y =y, Z = z, and W = w,
we let C = {y, w, z} denote the conditioning set and define
the counterfactually stable (ctf-stable) and indirect (ctf-1IE)
effects as:

ctf-stabley, y, (§ | C) = PGy, w,, | C) = PGy, | C),

th—IEyhyO(:lg | C) = P(gyl,wyo ‘ C) - P(gw ‘ C)
2
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Additionally, we define the counterfactual spurious effect
(ctf-SE) as

th‘SEyuyo (@) = P(glh | yO) - P(gw | yl)v 3)

which captures all non-directed dependencies between Y’
and Y.

For notational/mathematical simplicity, without losing any
validity of the below statements, we omit the input variable
X and treat paths through X as directly reaching Y.

Proposition 2.1 (TV-Decomposition). The total variation
can be decomposed into stable, indirect, and spurious com-
ponents as

TVZIO,le (Z)) = Z P(W’ z ‘ y) [th_Stableyoﬂh (:g | C)
— ctf-IEy, 4, (5 | C)] — ctf-SEy, 4, (),
4)
where C = {y,w,z} denotes the conditioning set. The
proof is given in Appendix E. 1.

We assume that the only reliable relationship under distri-
bution, covariate, or domain shifts is the counterfactually
stable effect ctf-stabley, ,, (e, Y — X — Y). We
now identify an observational criterion that ensures both
ctf-1Ey, 4, and ct f-SE,, ,, vanish.

Definition 2.2 (Causal Stability). A predictor is causally
stable if for all relevant variables and realizations it satisfies

th_SEyhyO (@) =0.

)
Theorem 2.3 (Cond. Independence = Causal Stability). If
a model’s predictions satisfy Y L W,Z | Y under SAM,
then the model is causally stable. The proof is provided in
Appendix E.2.

ctf-IEy, 4, |y,w,z) =0 and

Note that causal stability alone does not guarantee predictive
usefulness. For example, a constant predictor that outputs
the same Y’ irrespective of the input trivially satisfies causal
stability, but carries no meaningful predictive signal. The
following result shows how to obtain both stability and a
strong predictive signal.

Theorem 2.4 (Maximizing ctf-stabley,,,). A maxi-
mum likelihood (MLE) predictor that satisfies y L
W, Z | Y also maximizes the counterfactually stable ef-
fect ct f-stabley, . The proof is provided in Appendix E.2.

Corollary 2.5 (Indirect vs. Spurious Effects). There is no
need to distinguish between mediated and spurious bias
effects when analyzing causal stability. By defining the
set of all bias variables as B = W U Z, the conditional
independence criterion reducestoY 1. B Y.

Thus, to obtain a stable predictor that relies solely on the
stable pathway from Y to X, we can formulate the following

constrained optimization problem:

Inoin Ex,y) [L (Y, go(X))]

. ©)
st. Y 1BY,

where Y = gy (X), g is a learning model parametrized by 6,
and L is a standard loss function (e.g., mean squared error,
cross-entropy) corresponding to an MLE under appropriate
noise assumptions.

Equation 6 presents an idealized theoretical objective. How-
ever, successfully translating this mathematical guarantee
into practical deep learning relies on specific properties of
the data-generating process. Before introducing our com-
putational estimators for this objective in Section 3.1, we
must first examine the core assumptions underlying SAM
and discuss the practical implications when these conditions
are violated.

2.2. Analyzing Assumptions of SAM

Sufficient Variability (Positivity). A fundamental require-
ment for our method, and indeed for any observational bias
mitigation approach, is the assumption of sufficient variabil-
ity or overlap. Analogous to the positivity assumption in
causal inference, we assume that for any target realization
vy, the data distribution has support over the bias attributes
b,i.e., P(B=10b|Y =y) > 0. For example, to disentan-
gle the spurious correlation between ‘waterbird® and ‘wa-
ter background®, the dataset must contain, however rarely,
counter-examples such as waterbirds in land environments.
Consequently, if B is a deterministic function of Y (zero
overlap), the confounding is non-identifiable from observa-
tional data alone and debiasing the predictions is generally
impossible without further guidance. This limitation applies
to all bias mitigation methods.

Selective Mediation. While our framework treats mediators
as sources of bias by default, practical applications often
involve mediators that carry robust, task-relevant causal
signals. In such cases, we can distinguish between unstable
mediators and a subset of useful mediators W g;qpe C W.
We then redefine the regularization bias set as B’ = (W \
W tabie) U Z. Our theoretical results transfer directly to
this setting: the model is regularized to be independent of
Z and unstable mediators, while remaining free to utilize
information from W gz gpie.

Unobserved Confounding & Proxies. Finally, an impor-
tant violation of our assumptions arises from unobserved
pathways of information. Since confounders and other spu-
rious effects are modeled by Z C B, the absence of some
confounders means we work with an incomplete set of
observations. The true set of spurious attributes is then
Zirye = Z UZ', where Z' represents unobserved con-
founders. In this case, even an MLE predictor constrained
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by Y 1B | Y remains biased, as information may still leak
through unobserved paths involving Z’. However, strictly
assuming that the input X does not contain valid proxy
variables for these unobserved confounders, the criterion
Y 1B | Y remains the best achievable approximation of
causal stability, as it guarantees all observed paths involving
B remain blocked. If valid proxies are available, proxi-
mal causal inference methods (Miao et al., 2018; Tchetgen
et al., 2020) serve as a complementary approach to recover
identifiability.

3. Distance Correlation for Conditional
Independence

In this section, our main goal is to establish a practical
method that enables black-box predictors, such as deep neu-
ral networks, to attain causally stable solutions. Intuitively,
causal stability requires a model’s predictions to be invariant
to spurious pathways and rely solely on the true task signal.
To enforce this, we must optimize towards the conditional
independence criterion defined in Eq. 6: the model’s predic-
tions must be independent of the bias attributes, conditioned
on the true target.

Traditional linear metrics like conditional covariance are
insufficient here, as neural networks learn highly non-linear
representations. Distance correlation (Székely et al., 2007)
provides a powerful alternative, capable of quantifying non-
linear statistical dependence between arbitrary random vec-
tors. Subsequent work (Péczos & Schneider, 2012; Wang
et al., 2015; Pan et al., 2017) extended this concept to the
conditional setting. However, applying exact conditional
distance correlation to deep learning presents a severe com-
putational bottleneck: naively computing the local depen-
dencies for a batch of size n requires allocating an O(n?)
tensor, which quickly exhausts GPU memory.

We address this algorithmic gap by using two differentiable
conditional distance correlation computations: DISCO,,,
and sDISCO. While DISCO,,, samples local neighbor-
hoods to reduce memory, our primary contribution, single-
shot sDISCO, introduces an exact algebraic factorization
that computes the rigorous conditional distance correlation
across all points simultaneously while strictly confining
memory to O(n?). Finally, we demonstrate how these esti-
mators can be seamlessly integrated into standard training
pipelines to penalize shortcut learning.

3.1. Background

To establish the theoretical properties of our conditional
independence estimators, we build upon the work of Lyons
(2013), who worked on the unconditional case.

Let (X,dx), (V,dy), and (Z,dz) be metric spaces. Let
(X,Y, Z) be random elements defined on a common prob-

ability space, taking values in X x Y x Z, with joint dis-
tribution P. Denote by P x y)z the regular conditional
distribution of (X,Y’) given Z. For each z € Z, let
0. := P(x,y)|z=- be a Borel probability measure on X' x J).

Definition 3.1 (Finite first moments). We say that
P(x y)|z= has finite first moments if

/ dx(z,0x) + dy(y,0p) dBs(z,y) <00 (T)

for some (and hence all, by the triangle inequality) base
points ox € X and 0y € V.

Definition 3.2 (Conditional distance covariance). Let Py
denote the distribution of Z. For z € Z, let i, := Px|z—.
and v, := Py|z—. be the conditional marginals. For 0,
define the distance-centered kernels

dy. (x’x/) = dX(x7x/)_auz($)_alsz (x/)+D(Mz)7 (8)

where a,_(z) = [dx(z,2')dp.(2") and D(p.) =
J [dx(z, ") dp.(z)dp. (2"). The definition of d,,, is anal-
ogous.

The conditional distance covariance is then given by
dCov*(X,Y | Z) :=Ez [dCov*(X,Y | Z =2)], (9
with

dCov®(X,Y | Z = 2) = / Ay (@) do (5,

x df,(z,y)do, (' y').
(10)

Theorem 3.3 (Conditional independence and strong nega-
tive type). Assume [, V., and 0, have finite first moments.
Further suppose that the metric spaces X and Y are of
strong negative type'. Then

dCov?(X,Y | Z) =0
< Pixy)z=: = Px|2=2 @ Py|z=., (1)
for Pz-almost every z.

That is, X and Y are conditionally independent given Z
almost surely. A proof, together with full definitions and
necessary lemmas, is provided in Appendix F.

Since distance covariance is unbounded, we instead use
its correlation analogue, which lies in [0, 1] and is more
optimization-friendly.

Definition 3.4 (Conditional distance correlation). The con-
ditional distance correlation between X and Y given Z is

!Strong negative type ensures that distance-based measures
such as distance covariance uniquely identify independence; see
Appendix F.
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defined as
dCov?(X,Y | Z)

Javar’ (X | 2) dvar’(v | 2).
(12)

dCor*(X,Y | Z) :=

with the convention 0/0 := 0.

3.2. Sample Estimation

Let {(X;,Y;,Z;)}", be an ii.d. sample in Euclidean
spaces. We use the Euclidean distance d(z, 2’) = ||z — 2|,
which is of strong negative type (Sejdinovic et al., 2013).

To construct our estimators, we fix a positive-definite kernel
K}, : ZxZ — R>q with bandwidth & (e.g., an RBF kernel).
We define the row-normalized weight matrix W = [w;;]
such that w;; = K,(Z;,Z;)/ > .. Kn(Zi, Zy), which acts
as an empirical estimator for the conditional probability
density. We also compute the pairwise distance matrices
A = [a;;] and B = [b;;] where a;; = dx(X;, X;) and
bij = dy(Yi, ).

Method 1: DISCO,,,. The standard approach to compute
the V-statistic of conditional distance covariance evaluates
the metric locally (Wang et al., 2015). For a specific ref-
erence point Z;, we use the corresponding weight vector
w(® (the i-th row of W) to construct the locally centered
matrices:

Afj} = Qge — Z w,(f)akz — Z wéi)akg + Z wl(f)w,gi)akg,
k ¢ k.0
(13)

and define B,Eé) analogously The local conditional squared

distance covariance V Xy at Z; is evaluated as the weighted
inner product of these centered matrices:

Zzwk we AS@ kzl’)

k=1/¢=1

(14)

To manage memory, the DISCO,,, estimator averages these
local correlations over a randomly sampled subset of m < n
reference points:

DISCO,, (XY | Z) = — > —— XX

m [ '
=14/ Vg()xvx(fy

Proposition 3.5. Building on standard kernel regression
assumptions, the DISCO,,, estimator provides a consistent
estimation of dCor®(X,Y | Z). See Appendix F.3 that
shows consistency of this estimator.

15)

Method 2: sDISCO (Single-Shot DISCO). While
DISCO,, is effective, naively evaluating the exact global
correlation (m = n) requires broadcasting the matrices to

shape (n, n,n). This O(n®) memory footprint is prohibitive
for standard deep learning batch sizes. To overcome this,
we propose sDISCO, which factorizes the mathematical op-
erations to achieve the exact global correlation in a single
step while strictly confining memory to O(n?).

We exploit that the weighted marginal sums of locally
centered matrices A and B® are exactly zero; when
expanding their inner product, cross-terms involving iso-
lated marginal means naturally vanish. While Wang et al.
(2015) used this expansion to theoretically decompose the
V-statistic into three components (D1, Dy, D3) to prove es-
timator equivalence, we leverage it computationally. The
problem simplifies to extracting the diagonals of implicit
quadratic forms, which can be executed simultaneously for
all n points using the Hadamard product (o) and dense ma-
trix multiplications.

First, we compute local row means: M X = WA and
MY = W B. Next, we extract local grand means: g~ =
(WoM*X)1and g¥ = (W o MY)1, where 1 is a vector of
ones. The localized covariances for all n reference points
evaluate exactly to the sum of three terms (mapping directly
to Dy, Dy, and D3):

Ty = (Wo (W(AoB))1, (16)
Ty=g%og", (17)
T3 = (WoMXoMY)1. (18)

The vector containing all exact local squared covariances
is simply Vxy =T + T> — 275. Applying this symmetri-
cally to obtain variances Vx x and Vyy, the global sDISCO
estimator is the average of the exact local correlations.

Proposition 3.6. Building on the properties of V-statistics
with random kernels, sDISCO calculates the exact sam-
ple conditional distance correlation dCor*(X,Y | Z) uni-
formly in O(n?) memory. See Appendix G for the proof.

3.3. Practical Application for Causal Stability

Because solving the constrained optimization in Eq. 6 di-
rectly is infeasible, we adopt a regularization approach. Sub-
stituting the variables from SAM, namely the true target Y,
the observed bias attributes B, and the model’s continuous
predictions Y = gg(X), we jointly minimize the prediction
loss and the conditional dependence penalty:

min > L (Y f/) + AsDISCO(Y,B | Y).  (19)

This framework aligns seamlessly with black-box, gradient-
based training. Importantly, during the forward pass and
inference, the model gy generates its prediction Y using
only the input X; it does not observe the bias B. The bias
variables are utilized strictly during training in the backward
pass to compute the DISCO penalty, forcing the network
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to unlearn representations that leak bias information. Both
estimators require a kernel bandwidth parameter oy over the
conditioning variable Y, and a hyperparameter A to control
regularization strength. For DISCO,,,, we fix m to be 20
percent of the batch size, while sDISCO natively processes
the full batch.

We show how sDISCO is non-trivial when it comes to com-
pute times and memory requirements in deep learning set-
tings, see Section H.5.

4. Experiments

In this section, we evaluate the efficacy of DISCO,,, and
sDISCO for bias mitigation. We design experiments on six
datasets (vision and NLP) that vary in realism, bias sources,
and the non-linear relationships between target and bias
attributes. This creates a diverse and challenging testbed
for assessing causal stability. We benchmark against seven
representative baselines, detailed below, and additionally
leverage SAM for pathway-specific counterfactual analysis
in fully controlled simulation settings. This allows us to
assess not only empirical performance but also the causal
properties of our methods in the presence of known and
unknown biases.

4.1. Datasets and Experimental Setup

Figure 3 illustrates the causal structures underlying our
datasets. Across all datasets, except MNLI, we follow the
standard evaluation protocol in domain generalization and
bias mitigation (Sagawa et al., 2019; Arjovsky et al., 2019;
Ganin et al., 2016): we train on a biased dataset, select
models on an unbiased validation set, and report final re-
sults on an unseen unbiased test set. For these datasets, we
additionally add label noise to make the task harder and to
make models to latch on spurious correlations more easily.
The full details for our MNLI dataset can be found in the
Appendix H.1.6 as this dataset deviates from the rest in
important aspects.

dSprites. Based on Matthey et al. (2017), we construct
images of geometric shapes (Sh) with different orientation
(0), scale (Sc), y-position (Y), and x-position (X). The
regression target, Y, nonlinearly determines the object’s
y-position while X acts as a confounder, see Section H.1.1.

Blob dataset. Inspired by Adeli et al. (2021), we generate
synthetic images with two Gaussian blobs. One blob is
causally related to the regression target, causal intensity (CI),
while the other acts as a spurious mediator, bias intensity
(BI). All details can be read in Section H.1.2.

YaleB. From the extended YaleB dataset (Georghiades
et al., 2001; Yale, 2001), we predict face pose (collapsed

a

(a) dSprites (b) Blob Dataset
@@@ —@ :
() " ()

(c) YaleB (d) FairFace (e) Waterbirds

Figure 3. Causal graphs used in our experiments across different
datasets. Blue path means causally task-relevant, going from target
to our input (image).

Bias Type Target Type  Attr.

Method BCR BC R 1 M
GDRO, Fishr, IRM VvV X vv X vV
C-MMD Vo~ X Vo~ X~
Adversarial Vv v vV Vv oV~
DISCO, CIRCE,HSCIC v v v vV v Vv Vv V

Table 1. Capabilities summary. B: Binary, C: Categorical, R:
Continuous. 1: Single-attribute, M: Multi-attribute. v': Supported,
~: Limited.

into three categories: frontal, slightly left, maximally left).
Azimuth (Az) and elevation (El) of the light source serve as
continuous bias variables, see Section H.1.3.

FairFace. We use FairFace (Karkkainen & Joo, 2021) to
predict sex as the target. Skin tone (light vs. dark) acts as a
bias through selection bias. See Section H.1.4 for all details,
and 6 for ethical considerations.

Waterbirds. We adopt the Waterbirds dataset (Sagawa
et al., 2019), constructed by overlaying birds (Welinder
et al., 2010; Wah et al., 2011) on land or water backgrounds
(Bg) (Zhou et al., 2017), see Section H.1.5.

MNLI. Finally, we also include the MNLI dataset
(Williams et al., 2018). In this dataset, the task is to predict
entailment of a sentence given another one. The bias in
this task are negation keywords, that are highly correlated
with entailment. We closely follow Sagawa et al. (2019) in
designing our experiments. Full details for this setup are
given in the Section H.1.6.

4.2. Bias Mitigation Baselines

To have a rigorous comparison, we benchmark against seven
baselines: GDRO (Sagawa et al., 2019), adversarial learning
(Ganin et al., 2016; Wang et al., 2019; Adeli et al., 2021),
and three recent dependence-penalization methods: HSCIC
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Table 3. Counterfactual sensitivity measures.

Model Sx 1 Sy |} Acces 1

sDISCOx,y 0.066 0.067 0.98
sDISCOx  0.117 0.154  0.83
ResNet 0.302 0.275  0.65

® &
@@e
SR0

Figure 4. Multi Bias Scenario dSprites.

(Quinzan et al., 2022), CIRCE (Pogodin et al., 2022), and c-
MMD (Kaur et al., 2022; Makar & D’ Amour, 2023; Veitch
et al., 2021). We further adapt two models from the domain
generalization field, namely Fishr (Rame et al., 2022) and
IRM (Arjovsky et al., 2019), to operate on groups, exactly as
GDRO does. All methods share the same backbone (ResNet-
18, pretrained on ImageNet (He et al., 2016; Deng et al.,
2009) for real images, untrained for synthetic datasets). For
the Blob dataset, we use a smaller ResNet adapted to low
resolution. For MNLI, we use the pretrained TinyBERT
from Jiao et al. (2020) as the backbone.

To ensure a fair comparison, we assembled the hyperparam-
eter grid ranges for each method from existing work. We
additionally gave most methods a larger hyperparameter
grid than to our own ones. And some methods, especially
IRM and Fishr, needed some adjustment to fit our non-
environment bias mitigation setup with groups. We describe
all details in the appendix H.2 and the hyperparameter grids
can be found in Tab. 5.

4.3. Results

The first obvious advantage of our DISCO variants are their
applicability for regressions and classification tasks, while
being able to handle multi-variable, multi-type bias variable
scenarios efficiently (see Tab. 1).

Tab. 2 shows that the base backbone networks without de-
biasing suffer from massive performance drops on the bal-
anced test set. The “No Bias” baselines show what the back-
bones could theoretically achieve when the training data
would have been unbiased in the first place. We further see
that DISCO,,, and sDISCO consistently outperform most
baselines, and are competitive with or superior to GDRO
and CIRCE. DISCO,, achieves the best results on dSprites
and FairFace, while sDISCO ranks second. CIRCE is strong
on Waterbirds, which might be explained by the higher
hyperparameter search budget we assigned to it. HSCIC
and adversarial training generally lag behind. For MNLI,
sDISCO performs best.

To ensure a rigorous and fair comparison, we established the

hyperparameter search spaces for all baseline methods based
on prior literature. Notably, we allocated broader search
grids to most baselines compared to those evaluated for our
DISCO variants. Furthermore, certain methods, specifically
IRM and Fishr, required adaptations to accommodate our
group-based, rather than environment-based, bias mitigation
framework. Comprehensive details regarding these modi-
fications are provided in Appendix H.2, and the complete
hyperparameter grids are summarized in Table 5.

4.4. Path Analysis and Unobserved Bias

While classical bias mitigation experiment results are re-
ported on an unbiased test set, one can also perform pathway
analysis if we have access to the data-generating process.
These pathway-specific effects allow us more in-depth in-
sights into the causal stability of the tested methods. To
illustrate the analytic power of SAM, we conduct pathway-
specific counterfactual analysis in a controlled setting on the
dSprites dataset, see (Figure 4), as we have full control over
the dataset, including the generation of true counterfactuals.
We compare a naive ResNet to two variants of sDISCO: one
aware of both bias variables (sDISCO xy ) and one aware of
only one bias (sDISCO x), thus the latter model will be sim-
ulated in an unobserved confounder setting. We visualized
some counterfactuals in Fig. H.8. We predict Scale in this
setting after we binarize it (large vs. small).

Formally, we quantify model sensitivity to counterfactual
changes of a bias variable X via the following measure:

Sx(0) := Eunv ExUnit(supp(x)) (20)
|P(SCACll€(U)7 em) - P(SCAalle(u)’ am) |] ’

and analogously define Sy () for the variable Y. Intuitively,
Sx and Sy measure the average discrepancy in predictions
under counterfactual interventions on X or Y, respectively
(lower is better). In addition, we report counterfactual accu-
racy,

Accctf = Eu~v EswUnif(supp(Scale)) [ 21
1{s = Sc&le‘g(u)}} ,

which evaluates whether predictions remain consistent with
ground-truth outcomes under counterfactual changes of the
causally relevant target variable Scale.

Note that our methods still work solely on observational
data. But with the help of this controlled experiment on
dSprites, we can even simulate true counterfactuals, and
show, that our proposed method actually provides causal
stability in terms of counterfactuals.

Counterfactual sensitivity (Tab. 3) reveals that ResNet pre-
dictions are highly sensitive to both spurious paths, while
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Table 2. Performance of all models across 6 datasets. Rows 1-3 (shaded) show naive baselines: Backbone (Bias) = lower bound, Backbone
(No Bias) = upper bound (training data contains no biases, not applicable for TinyBERT and MNLI, see Appendix H.1.6). Regression
datasets are reported with R?, classification with Balanced Accuracy or Worst Group Accuracy (WGA) (Appendix H.1.6). Values are
mean = standard deviation across runs. Train sets are biased (except for No Bias Backbones). Test sets are bias free. 7: see Appendix B.

Model dSprites (R?) Blob (R?) YaleB (BAcc) FairFace (BAcc) Waterbirds (BAcc) MNLI (WGA)
ResNet (Bias) 0.417 +0.037 0.281 +0.017 0.607 +£0.012  0.744 + 0.010 0.730 4+ 0.032 -

ResNet (No Bias) 0.757 +0.023 0.889 + 0.001  0.976 + 0.009 0.904 £+ 0.007 0.908 £+ 0.008 -

TinyBERT (Bias) - - - - - 0.616 £+ 0.010
DISCO,, 0.688 + 0.018 0.759 + 0.015 0.804 + 0.027  0.860 + 0.006 0.867 4+ 0.009 0.751 4+ 0.007
sDISCO' 0.687 £ 0.016 0.751 +£0.014 0.770 £0.012  0.850 4+ 0.010 0.874 4+ 0.008 0.760 £ 0.007
Adversarial 0.467 +£0.034 0.647 +£0.046 0.692 £ 0.011 0.846 + 0.006 0.845 + 0.017 0.356 4+ 0.058
GDRO - - - 0.840 + 0.012 0.865 4+ 0.009 0.755 +0.010
c-MMD - - - 0.824 4+ 0.006 0.853 +0.019 0.627 + 0.007
CIRCE 0.606 + 0.021 0.748 +£0.015 0.681 £0.026  0.822 4+ 0.006 0.894 + 0.010 0.516 4+ 0.069
HSCIC 0.568 +0.033  0.470 +0.022 0.708 + 0.035 0.748 + 0.013 0.853 +0.012 0.716 4+ 0.020
IRM - - - 0.821 +0.017 0.858 4+ 0.009 0.738 4+ 0.008
Fishr - - - 0.727 4+ 0.004 0.814 4+ 0.012 0.645 £+ 0.017

sDISCO xy nearly eliminates such effects and achieves high
counterfactual accuracy. Even sDISCO x, which only ob-
serves one of the two biases, substantially reduces sensitivity
on both paths, though residual effects remain. This aligns
with our theoretical results: unknown biases cannot be re-
moved, but blocking all known biases is the best we can
and should do. In the appendix H.4, we further highlight
how this pathway analysis can be used to understand why
some models failed in learning causally stable relationships
in detail in an additional experiment.

5. Conclusion

We introduced the Standard Anti-Causal Model (SAM), a
unifying framework to analyze bias mechanisms in predic-
tion tasks. From SAM, we derived a conditional indepen-
dence criterion that guarantees causal stability, ensuring
predictions rely solely on stable direct effects.

To optimize towards causal stability, we proposed two new
estimators of conditional distance correlation: DISCO,,, and
sDISCO. While distance correlation had previously been
computationally impractical, our methods make it efficient,
differentiable, and scalable to deep learning. DISCO,,, pro-
vides accurate estimation, while sSDISCO offers a single-
shot, highly efficient alternative.

Across six datasets with diverse bias structures, DISCO,,,
and sDISCO consistently outperform or are competitive
against state-of-the-art baselines, while requiring fewer hy-
perparameters and supporting arbitrary target/bias types.
Finally, SAM enables pathway-specific counterfactual anal-
ysis, providing deeper insight into model behavior under
interventions.

6. Limitations and Ethical Considerations

Theoretical Limitations. As formally analyzed in Sec-
tion 2.2, our theoretical guarantees are fundamentally con-
ditional on the assumptions of the Standard Anti-Causal
Model (SAM). Violating these core assumptions requires
further theoretical or architectural adjustments, as standard
application will yield an incomplete mitigation of spurious
effects.

Practical Limitations. In practice, DISCO estimators op-
erate within the informed bias mitigation regime, requiring
that bias variables be explicitly observed and labeled during
training. While this is a feasible and standard requirement
in some high-stakes domains, such as fairness auditing or
medical imaging, it remains a general limitation for broader,
unconstrained deployment. Extending bias mitigation effi-
ciently to fully unsupervised scenarios remains an important
direction for future work.

Ethical Considerations. To evaluate our framework in
high-stakes, real-world contexts, we utilized the FairFace
dataset (Karkkainen & Joo, 2021) to demonstrate how naive
predictors aggressively exploit demographic shortcuts when
left unaddressed. In these experiments, we predict “labeled
sex,” which reflects externally assigned visual categoriza-
tions provided by the dataset; we explicitly distinguish this
from the distinct, internal, and complex concept of gender.
Furthermore, we categorically reject the dataset’s original
labeling of “race.” We view “race” as an ontologically
unstable construct that lacks scientific grounding and repro-
duces historically problematic divides. Because the dataset’s
“Black” label physically corresponds most consistently to
darker skin tones, we reinterpret and relabel this attribute
strictly as “skin tone.” This physical proxy mapping is not
an endorsement of the original taxonomy, but rather a nec-
essary, pragmatic step to effectively isolate and mitigate a
highly problematic bias.



DISCO: Mitigating Bias in Deep Learning with Conditional Distance Correlation

Acknowledgment

This paper is supported by the DAAD programme Kon-
rad Zuse Schools of Excellence in Artificial Intelligence,
sponsored by the German Federal Ministry of Research,
Technology and Space. We gratefully acknowledge the
computational resources provided by the Leibniz Supercom-
puting Centre.

Impact Statement

This paper presents work whose goal is to advance the field
of machine learning by improving model fairness and robust-
ness against spurious correlations. Because our proposed
bias mitigation estimators operate within an informed bias
mitigation regime, they require the explicit observation and
labeling of bias variables during training. When applied
to human-centric domains, this necessitates the careful and
ethical categorization of sensitive demographic data. We
explicitly address the broader societal consequences and
limitations of this requirement, specifically regarding the
ontological instability of demographic labels and the dis-
tinction between visual categorization and internal identity,
within Section 6.

References

Adeli, E., Zhao, Q., Pfefferbaum, A., Sullivan, E. V., Fei-
Fei, L., Niebles, J. C., and Pohl, K. M. Representation
learning with statistical independence to mitigate bias.
In Proceedings of the IEEE/CVF winter conference on
applications of computer vision, pp. 2513-2523, 2021.

Arjovsky, M., Bottou, L., Gulrajani, I., and Lopez-
Paz, D. Invariant risk minimization. arXiv preprint
arXiv:1907.02893, 2019.

Avin, C., Shpitser, 1., and Pearl, J. Identifiability of path-
specific effects. In IJCAI International Joint Conference
on Artificial Intelligence, pp. 357-363, 2005.

Balke, A. and Pearl, J. Probabilistic evaluation of counter-
factual queries. In Proceedings of the Twelfth National
Conference on Artificial Intelligence (Vol. 1), AAAI *94,
pp- 230-237, USA, 1994. American Association for Arti-
ficial Intelligence. ISBN 0262611023.

Ben-Tal, A. and Nemirovski, A. Robust optimization—
methodology and applications. Mathematical program-
ming, 92(3):453-480, 2002.

Correa, J., Lee, S., and Bareinboim, E. Nested counterfac-
tual identification from arbitrary surrogate experiments.
Advances in Neural Information Processing Systems, 34:
68566867, 2021.

10

Darlow, L., Jastrzgbski, S., and Storkey, A. Latent adver-
sarial debiasing: Mitigating collider bias in deep neural
networks. arXiv preprint arXiv:2011.11486, 2020.

Deng, J., Dong, W., Socher, R., Li, L.-J., Li, K., and Fei-Fei,
L. Imagenet: A large-scale hierarchical image database.
In 2009 IEEE conference on computer vision and pattern
recognition, pp. 248-255. Teee, 2009.

Ganin, Y., Ustinova, E., Ajakan, H., Germain, P., Larochelle,
H., Laviolette, F., March, M., and Lempitsky, V. Domain-
adversarial training of neural networks. Journal of ma-
chine learning research, 17(59):1-35, 2016.

Geirhos, R., Jacobsen, J.-H., Michaelis, C., Zemel, R., Bren-
del, W., Bethge, M., and Wichmann, F. A. Shortcut learn-
ing in deep neural networks. Nature Machine Intelligence,
2(11):665-673, 2020.

Georghiades, A., Belhumeur, P., and Kriegman, D. From
few to many: Illumination cone models for face recogni-
tion under variable lighting and pose. IEEE Trans. Pattern
Anal. Mach. Intelligence, 23(6):643-660, 2001.

Gretton, A., Bousquet, O., Smola, A., and Scholkopf, B.
Measuring statistical dependence with hilbert-schmidt
norms. In International conference on algorithmic learn-
ing theory, pp. 63=77. Springer, 2005.

Gretton, A., Fukumizu, K., Teo, C., Song, L., Scholkopf, B.,
and Smola, A. A kernel statistical test of independence.

Advances in neural information processing systems, 20,
2007.

Griffith, G. J., Morris, T. T., Tudball, M. J., Herbert, A.,
Mancano, G., Pike, L., Sharp, G. C., Sterne, J., Palmer,
T. M., Davey Smith, G., et al. Collider bias undermines
our understanding of covid-19 disease risk and severity.
Nature communications, 11(1):5749, 2020.

He, K., Zhang, X., Ren, S., and Sun, J. Deep residual learn-
ing for image recognition. In Proceedings of the IEEE

conference on computer vision and pattern recognition,
pp. 770-778, 2016.

Jiao, X., Yin, Y., Shang, L., Jiang, X., Chen, X., Li, L.,
Wang, F., and Liu, Q. Tinybert: Distilling bert for natural
language understanding. In Findings of the association
for computational linguistics: EMNLP 2020, pp. 4163—
4174, 2020.

Jones, C., Castro, D. C., Ribeiro, F. D. S., Oktay, O., Mc-
Cradden, M., and Glocker, B. No fair lunch: A causal
perspective on dataset bias in machine learning for medi-
cal imaging. arXiv preprint arXiv:2307.16526, 2023.

Karkkainen, K. and Joo, J. Fairface: Face attribute dataset
for balanced race, gender, and age for bias measurement



DISCO: Mitigating Bias in Deep Learning with Conditional Distance Correlation

and mitigation. In Proceedings of the IEEE/CVF winter
conference on applications of computer vision, pp. 1548—
1558, 2021.

Kaur, J. N., Kiciman, E., and Sharma, A. Modeling the data-
generating process is necessary for out-of-distribution
generalization. arXiv preprint arXiv:2206.07837, 2022.

Komanduri, A., Wu, Y., Chen, F., and Wu, X. Learning
causally disentangled representations via the principle of
independent causal mechanisms. In Proceedings of the
Thirty-Third International Joint Conference on Artificial
Intelligence, pp. 4308-4316, 2024.

Kompa, B., Bellamy, D., Kolokotrones, T., Beam, A., et al.
Deep learning methods for proximal inference via maxi-
mum moment restriction. Advances in Neural Informa-
tion Processing Systems, 35:11189-11201, 2022.

Lagemann, K., Lagemann, C., Taschler, B., and Mukherjee,
S. Deep learning of causal structures in high dimensions
under data limitations. Nature Machine Intelligence, 5
(11):1306-1316, 2023.

Louizos, C., Shalit, U., Mooij, J. M., Sontag, D., Zemel,
R., and Welling, M. Causal effect inference with deep
latent-variable models. Advances in neural information
processing systems, 30, 2017.

Lyons, R. Distance covariance in metric spaces. The Annals
of Probability, 41:3284-3305, 2013.

Makar, M. and D’ Amour, A. Fairness and robustness in
anti-causal prediction. Transactions on machine learning
research, 2023.

Makar, M., Packer, B., Moldovan, D., Blalock, D., Halpern,
Y., and D’ Amour, A. Causally motivated shortcut removal
using auxiliary labels. In International Conference on
Artificial Intelligence and Statistics, pp. 739-766. PMLR,
2022.

Matthey, L., Higgins, 1., Hassabis, D., and Lerchner,
A. dsprites: Disentanglement testing sprites dataset.
https://github.com/deepmind/dsprites-dataset/, 2017.

Miao, W., Geng, Z., and Tchetgen Tchetgen, E. J. Identify-
ing causal effects with proxy variables of an unmeasured
confounder. Biometrika, 105(4):987-993, 2018.

Neto, E. C. Causality-aware counterfactual confounding
adjustment for feature representations learned by deep
models. arXiv preprint arXiv:2004.09466, 2020.

Pan, W., Wang, X., Wen, C., Styner, M., and Zhu, H. Condi-
tional local distance correlation for manifold-valued data.
In International Conference on Information Processing
in Medical Imaging, pp. 41-52. Springer, 2017.

11

Pearl, J. Causality. Cambridge university press, 2009.

Pearl, J. The causal mediation formula—a guide to the
assessment of pathways and mechanisms. Prevention
science, 13:426-436, 2012.

Plecko, D. and Bareinboim, E. Causal fairness analysis.
arXiv preprint arXiv:2207.11385, 2022.

Péczos, B. and Schneider, J. Conditional distance variance
and correlation. 2012.

Pogodin, R., Deka, N., Li, Y., Sutherland, D. J., Veitch,
V., and Gretton, A. Efficient conditionally invariant rep-
resentation learning. arXiv preprint arXiv:2212.08645,
2022.

Puli, A., Zhang, L. H., Oermann, E. K., and Ranganath,
R. Out-of-distribution generalization in the presence of
nuisance-induced spurious correlations. In Infernational
Conference on Learning Representations, 2021.

Quinzan, F., Casolo, C., Muandet, K., Luo, Y., and Kilbertus,
N. Learning counterfactually invariant predictors. arXiv
preprint arXiv:2207.09768, 2022.

Rame, A., Dancette, C., and Cord, M. Fishr: Invariant
gradient variances for out-of-distribution generalization.

In International Conference on Machine Learning, pp.
18347-18377. PMLR, 2022.

Sagawa, S., Koh, P. W., Hashimoto, T. B., and Liang, P.
Distributionally robust neural networks for group shifts:
On the importance of regularization for worst-case gener-
alization. arXiv preprint arXiv:1911.08731, 2019.

Sanchez, P. and Tsaftaris, S. A. Diffusion causal
models for counterfactual estimation. arXiv preprint
arXiv:2202.10166, 2022.

Schoenberg, I. J. On certain metric spaces arising from eu-
clidean spaces by a change of metric and their imbedding
in hilbert space. Annals of mathematics, 38(4):787-793,
1937.

Schoenberg, 1. J. Metric spaces and positive definite func-
tions. Transactions of the American Mathematical Soci-
ety, 44(3):522-536, 1938.

Scholkopf, B., Janzing, D., Peters, J., Sgouritsa, E., Zhang,
K., and Mooij, J. On causal and anticausal learning.
In Proceedings of the 29th International Coference on
International Conference on Machine Learning, pp. 459—
466, 2012.

Scholkopf, B., Locatello, F., Bauer, S., Ke, N. R., Kalch-
brenner, N., Goyal, A., and Bengio, Y. Toward causal
representation learning. Proceedings of the IEEE, 109(5):
612-634, 2021.



DISCO: Mitigating Bias in Deep Learning with Conditional Distance Correlation

Schrab, A. A practical introduction to kernel discrepancies:
Mmd, hsic & ksd. arXiv preprint arXiv:2503.04820,
2025.

Sejdinovic, D., Sriperumbudur, B., Gretton, A., and Fuku-
mizu, K. Equivalence of distance-based and rkhs-based

statistics in hypothesis testing. The annals of statistics,
pp. 2263-2291, 2013.

Shpitser, I. and Pearl, J. What counterfactuals can be tested.
In Proceedings of the Twenty-Third Conference on Un-
certainty in Artificial Intelligence, pp. 352-359, 2007.

Shpitser, 1. and VanderWeele, T. J. A complete graphi-
cal criterion for the adjustment formula in mediation
analysis. The international journal of biostatistics, T

(1):0000102202155746791297, 2011.

Shpitser, 1., VanderWeele, T., and Robins, J. M. On the
validity of covariate adjustment for estimating causal ef-
fects. In Proceedings of the Twenty-Sixth Conference on
Uncertainty in Artificial Intelligence, pp. 527-536, 2010.

Székely, G. J., Rizzo, M. L., and Bakirov, N. K. Measuring
and testing dependence by correlation of distances. The
Annals of Statistics, pp. 2769-2794, 2007.

Tchetgen, E. J. T., Ying, A., Cui, Y., Shi, X., and Miao,
W. An introduction to proximal causal learning. arXiv
preprint arXiv:2009.10982, 2020.

TorchVision maintainers and contributors. Torchvision: Py-
torch’s computer vision library. https://github.
com/pytorch/vision, 2016.

Veitch, V., D’Amour, A., Yadlowsky, S., and Eisenstein,
J. Counterfactual invariance to spurious correlations:
why and how to pass stress tests. In Proceedings of the
35th International Conference on Neural Information
Processing Systems, pp. 16196-16208, 2021.

Wah, C., Branson, S., Welinder, P., Perona, P., and Belongie,
S. The caltech-ucsd birds-200-2011 dataset. 2011.

Wang, L., He, Z., Dang, R., Shen, M., Liu, C., and Chen, Q.
Vision-and-language navigation via causal learning. In
Proceedings of the IEEE/CVF conference on computer
vision and pattern recognition, pp. 13139-13150, 2024.

Wang, T., Zhao, J., Yatskar, M., Chang, K.-W., and Ordonez,
V. Balanced datasets are not enough: Estimating and
mitigating gender bias in deep image representations. In
Proceedings of the IEEE/CVF international conference
on computer vision, pp. 5310-5319, 2019.

Wang, X., Pan, W., Hu, W,, Tian, Y., and Zhang, H. Con-
ditional distance correlation. Journal of the American
Statistical Association, 110(512):1726-1734, 2015.

12

Welinder, P., Branson, S., Mita, T., Wah, C., Schroff, F.,
Belongie, S., and Perona, P. Caltech-ucsd birds 200.
2010.

Williams, A., Nangia, N., and Bowman, S. A broad-
coverage challenge corpus for sentence understanding
through inference. In Proceedings of the 2018 confer-
ence of the North American chapter of the association for
computational linguistics: human language technologies,
volume 1 (long papers), pp. 1112-1122, 2018.

Yale. The extended yale face database b.  2001.
URL http://vision.ucsd.edu/~1iskwak/
ExtYaleDatabase/ExtYaleB.html.

Zhao, Q., Adeli, E., and Pohl, K. M. Training confounder-
free deep learning models for medical applications. Na-
ture communications, 11(1):6010, 2020.

Zhou, B., Lapedriza, A., Khosla, A., Oliva, A., and Tor-
ralba, A. Places: A 10 million image database for scene
recognition. IEEE transactions on pattern analysis and
machine intelligence, 40(6):1452—-1464, 2017.


https://github.com/pytorch/vision
https://github.com/pytorch/vision
http://vision.ucsd.edu/~iskwak/ExtYaleDatabase/ExtYaleB.html
http://vision.ucsd.edu/~iskwak/ExtYaleDatabase/ExtYaleB.html

DISCO: Mitigating Bias in Deep Learning with Conditional Distance Correlation

Appendix
A. Use of LLMs

We used LLMs for this manuscript to polish our writing on a sentence and paragraph level. It was used to intelligently find
and eliminate spelling mistakes, improve sentence structure, and to refine the flow of text when necessary.

The used tools are: Grammarly (https://www.grammarly.com/), ChatGPT from OpenAl (https://chatgpt.
com/), and Gemini (https://gemini.google.com/).

B. Camera-Ready Changes

Following the constructive feedback from Reviewer Uimw regarding the presentation of our theoretical claims, we refactored
the proofs for our estimators to provide a more direct and rigorous derivation. As detailed in Appendix G, this led to the
formalization of the exact algebraic factorization for the SDISCO variant. During this rigorous refactoring process, we
discovered a discrepancy in our previous mathematical formulation, which had unfortunately also propagated into our initial
code implementation for sDISCO. We have since corrected the implementation to strictly align with the exact mathematical
factorization proven in this appendix. The previous results, generated by the prior implementation, are provided in Table 4
for transparency and completeness. However, all main-text results (e.g., Table 2) now reflect the corrected, mathematically
faithful sDISCO implementation, which inherently yields stronger empirical performance.

Table 4. Old performance table, where sDISCO has implementation errors. Rows 1-3 (shaded) show naive baselines: Backbone (Bias) =
lower bound, Backbone (No Bias) = upper bound (training data contains no biases, not applicable for TinyBERT and MNLI, see Appendix
H.1.6). Regression datasets are reported with R?, classification with Balanced Accuracy or Worst Group Accuracy (WGA) (Appendix
H.1.6). Values are mean = standard deviation across runs. Train set is biased (except for No Bias Backbones). Test set is always bias free.

Model dSprites (R?) Blob (R?) YaleB (BAcc) FairFace (BAcc) Waterbirds (BAcc) MNLI(WGA)
ResNet (Bias) 0.417 £ 0.037 0.281 £ 0.017 0.607 & 0.012 0.744 £+ 0.010 0.730 4 0.032 -

ResNet (No Bias) 0.757 +0.023  0.889 + 0.001  0.976 % 0.009 0.904 £ 0.007 0.908 £ 0.008 -

TinyBERT (Bias) - - - - - 0.616 £+ 0.010
DISCO,,, 0.688 £ 0.018 0.759 £0.015  0.804 + 0.027 0.860 £ 0.006 0.867 & 0.009 0.751 £ 0.007
sDISCO 0.619 £ 0.011  0.788 £+ 0.017  0.694 £ 0.020 0.854 £ 0.005 0.863 £ 0.006 0.730 £ 0.020
Adversarial 0.467 £0.034 0.647 £0.046 0.692 £+ 0.011 0.846 £ 0.006 0.845 £+ 0.017 0.356 £ 0.058
GDRO - - - 0.840 £+ 0.012 0.865 £ 0.009 0.755 + 0.010
c-MMD - - - 0.824 + 0.006 0.853 + 0.019 0.627 £ 0.007
CIRCE 0.606 +0.021  0.748 +0.015 0.681 4+ 0.026 0.822 £+ 0.006 0.894 + 0.010 0.516 £+ 0.069
HSCIC 0.568 +0.033  0.470 £ 0.022  0.708 £ 0.035 0.748 £ 0.013 0.853 £+ 0.012 0.716 £+ 0.020
IRM - - - 0.821 £ 0.017 0.858 4+ 0.009 0.738 £+ 0.008
Fishr - - - 0.727 £+ 0.004 0.814 £+ 0.012 0.645 £+ 0.017

C. Contextualization and Related Work

We propose both an analytical causal framework to understand anti-causal prediction from a path-way analysis point of
view, and also provide a solution to estimate bias free predictors, as well.

One can thus interpret our work as an candidate of causal representation learning (CRL) methods, or by a causally motivated
shortcut/bias mitigation method.

C.1. SAM and DISCO in Context of CRL

Our work aligns with the central objective of Causal Representation Learning (CRL), which is to learn representations
that are robust and generalize across environments by leveraging causal principles. While CRL is a broad field, distinct
sub-goals exist, such as: (a) Generative and Disentangled CRL, which aims to learn the full causal generative process or
disentangle independent causal mechanisms (Sanchez & Tsaftaris, 2022; Komanduri et al., 2024); (b) Latent Confounder
CRL, which focuses on inferring causal effects when key confounders are unobserved (Wang et al., 2024; Louizos et al.,
2017; Kompa et al., 2022); and (c) Causal Discovery, which attempts to infer the graph structure from high-dimensional
data (Lagemann et al., 2023). These are just very limited sub-fields, we note that there are many more highly relevant CRL
subfields (Scholkopf et al., 2021).
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Our framework occupies a specific and distinct niche: Discriminative CRL with observed bias. Unlike generative
approaches, we do not attempt to model the full data-generating process or reconstruct the input. Instead, we demonstrate
that for the specific problem of robust prediction, one can avoid the complexity of full generative modeling by adhering to a
three-step pipeline:

1. Modeling: We propose the Standard Anti-Causal Model (SAM) to formally characterize the data-generating process
and its biases B.

2. Criterion: From SAM, we derive a formal observational criterion, Causal Stability (Y L B |Y), which we prove is
sufficient to ensure that counterfactual indirect and spurious effects vanish, isolating the stable direct effect.

3. Estimation: We develop DISCO as an efficient regularization technique to optimize deep models toward this causal
criterion.

A key distinction of our approach is the assumption that the bias B is observed. While some CRL methods operate under
latent confounding, the assumption of known attributes is foundational to the specific subfield of bias mitigation and is
highly realistic in many high-stakes applications. These include fairness auditing (where sensitive attributes like age or sex
are collected for compliance), scientific and industrial settings (where metadata regarding sensors or collection times is
available), and standard benchmarks explicitly designed to model known spurious correlations (e.g., Waterbirds, FairFace).

C.2. SAM and DISCO in Context of Shortcut Mitigation
C.2.1. SAM

Our work provides a structural foundation that generalizes and clarifies findings from prior influential works in shortcut
mitigation, specifically those of Makar et al. (2022); Makar & D’ Amour (2023); Veitch et al. (2021); Puli et al. (2021).

Comparison to Makar et al. (2022); Makar & D’Amour (2023): Makar & D’ Amour (2023) connect risk invariance
(a robustness criterion) with separation (f(X) L B | Y) (a fairness criterion). Their analysis operates primarily at the
distributional level (associated with Rung 1 of Pearl’s Ladder of Causation), describing what statistical property a robust
model should possess. In contrast, SAM operates at the structural and counterfactual level (Rung 2 and 3). By making our
assumptions explicit via a Structural Causal Model, we analyze the flow of information along specific causal pathways.
Since structural guarantees imply distributional ones, our work provides the deeper causal mechanism for why the separation
principle works: blocking specific spurious paths in the graph necessitates the resulting distributional independence.

Comparison to Veitch et al. (2021): Veitch et al. (2021) formalize stress tests using a notion of unit-level counterfactual
invariance, requiring f(X(z)) = f(X(z)). While theoretically robust, this criterion relies on unobserved potential
outcomes and is often impractical to enforce directly. Veitch et al. (2021) show that observational conditional independence
is a necessary but not sufficient signature for this invariance. Our work bridges this gap by defining a more practical notion
of invariance tied to observable attributes and path-specific mechanisms within SAM. In our setting, we prove that the
conditional independence criterion is sufficient to block the transmission of spurious information through specific causal
pathways, making the guarantee attainable for practitioners.

Comparison to Puli et al. (2021): Puli et al. (2021) (NURD) argue that enforcing conditional independence is too restrictive.
They provide examples where an optimal representation r(2) must depend on the nuisance z to maximize mutual information
with the label. However, this critique applies to generative or representational goals, where the aim is to retain as much
information about the input X as possible.

1. Discriminative vs. Generative Targets: DISCO is designed for a discriminative task. We apply the independence
constraint to the final prediction Y, not to an intermediate representation r(x). We allow the model’s internal layers to
utilize bias information if necessary, provided the final output is purged of spurious signal.

2. Stability vs. Information: In the example provided by Puli et al. (2021), the "optimal" representation depends on the
nuisance. Consequently, a predictor built on such a representation would also depend on the nuisance. By definition,
this results in a predictor that is not causally stable against shifts in that nuisance.

Our objective (maximizing the stable direct effect, ct f-D E) explicitly accepts the trade-off that we do not wish to model
the full input X. Instead, we isolate the path Y — X — Y while forcing counterfactual indirect (¢t f-I E) and spurious

14



DISCO: Mitigating Bias in Deep Learning with Conditional Distance Correlation

(ctf-SE) effects to zero. This ensures that the model utilizes the bias B only insofar as it helps extract the stable direct
signal, providing a guarantee that is aligned with robust discriminative prediction rather than generative reconstruction.

C.2.2. DISCO

Finally, within the realm of bias mitigation, we want to further highlight that the causal analysis is not our only contribution.
We additionally propose the efficient conditional independence penalty via conditional distance correlation. While we
compare against classical baselines such as GDRO (Sagawa et al., 2019), IRM (Arjovsky et al., 2019), Fishr (Rame et al.,
2022), and adversarial bias mitigation (Ganin et al., 2016; Wang et al., 2019; Adeli et al., 2021), we especially include the
modern approaches based on Reproducing Kernel Hilbert Spaces (RKHs) that also penalize conditional dependence directly.
In this category we compare against conditional MMD, called C-MMD (Kaur et al., 2022; Makar & D’ Amour, 2023; Veitch
et al., 2021), conditional Hilbert-Schmidt Independence Criterion (HSCIC) (Quinzan et al., 2022), and CIRCE (Pogodin
et al., 2022) (an efficient variant of HSCIC).

We especially want to highlight that our sDISCO and DISCO,,, estimators, together with adversarial bias mitigation, HSCIC
and CIRCE, are extremely flexible, as they can be applied to any types of targets and bias attributes, while all the other
methods, including the classical gold-standard baselines, always require categorical attributes.

Our methods have significantly less hyperparameters than CIRCE and HSCIC, while being more flexible than the classical
methods and consistently providing the best or second best results in our 6 different datasets with different data, bias, and
target types.

D. Causal Graph and Assumptions

D.1. Valid Adjustment Set

Characterization of Valid Adjustment Sets (Shpitser et al., 2010) Let Z be a set of nodes in a causal graph. Then, Z is a
valid adjustment set for (Y, X) (implying Y N X = pay N X = () if and only if it satisfies the following conditions:

(i) Z contains no node R ¢ Y on a proper causal path from Y to X nor any of its descendants in Gy,

(i1) Z blocks all non-directed paths from Y to X.

E. Causal Invariance as Conditional Independence

In the following, we will prove the propositions in Sec.2.

E.1. Total Variance Decomposition

Proposition 2.1 (TV-Decomposition) The TV can be decomposed into direct, indirect, and spurious components by
TVyo,u, (9) = ct f-DEy, 4, (§ly) — ctf-IEy, o (9]y) — ct f-SEy, 4 (9)- (22)

Proof. We first show that ct f-T'E,, ,, (§|yo) can be split into its direct and indirect components as given in definition 2.1.

th—TEymm (’Q|Z/0) = P(yyl |y0) - P(gy0|y0) (23)
= P(?le lyo) — P(Z}yl,wyo ly0) + P(le,wyg ly0) — P(Qyo‘%) (24
th—DEyOJJl (33|3/0) - th'IEyhyo (3} yO)' (25)

We now can finally show that the total variance can be split into total effects and spurious effects, as given in the following:

TVyo 4, (9) = P(Gly1) — P(9lyo) (26)
= P(gly1) — PGy, o) + PGy, o) — P(Jlyo) (27)
= P(fy,[v0) — P(Jyolyo) + P(Gy, (1) — PGy, [y0) (28)
= ctf-TEy, 4, (0|y0) — ct f-SEy, 4,(3). (29)
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Figure D.1. The main setting we consider in anti-causal prediction. Y is the target we want to predict using X only. W is a set of variables
that only permits mediated effects from Y to X. Z contains nodes that lie on open paths between Y and X but are non-directed, i.e. any
kind of nodes that lie on open back-door paths between X and Y, or any kinds of paths that are opened due to conditioned colliders.
Nodes in Z are allowed to have arbitrary connections in between them, as long as Z stays a valid adjustment set for (Y,X), and the graph
is still a directed acyclic graph (DAG). Nodes in W are mediators. Nodes in S are variables that are d-separation irrelevant between Y
and X (and Y and Y respectively). We can always ignore the variables in S for our settings as they do not harm or inform anything for our
prediction setup. Thus, these variables are omitted in our analysis and discussions in the main manuscript.

In total, we arrive at

TVyo,zn (g) = th_DEy(),Zh (@|y0) - th‘IEyl,yo (@|y0) - th'SEyl,yo (y) (30)

O
Proposition E.1. (ctf-IE,, . (9|yo, W, z) is stronger than ct f-1E,, . (4|yo)) The expression ctf-1Ey, 4 (§|yo, W,z) is

a more fine-grained measure of indirect effect than ctf-1E,, 4 (4|yo), as the former captures more nuances of effects than
the latter one. Whenever ct f-1E,, . (U|yo, W, 2z) is zero, ct f-1E,y, . (9|yo) is zero. The converse is not true.

Proof. We can further extend the total variation formula by the total probability theorem, and we arrive at

TVyO»yl (Q) = Z th—DEyoﬁljl (Zﬂyo, W, Z)P(Wv Z|y0) (31)
— > ctf-TEy, 4o (§ly0, W, 2) P(w, 2[yo) (32)
- th‘SEyuyo (Z)) (33)

16



DISCO: Mitigating Bias in Deep Learning with Conditional Distance Correlation

It is therefore easy to see that ct f-IEy, . (§lyo, w,2z) =0 = ctf-IEy, 4 (4]yo) = 0, but there converse is not true in
general. Proof of the falsity of the converse can be given by simple counterexamples. An interested reader can find some in
(Plecko & Bareinboim, 2022). O]

E.2. Justification Conditional Independence as Constraint

Wyu do(Y =y")
z z
v X Y v X Y
w w
Yylﬁw/ y' do(Y =y') Yy, Xy/ do(Y =)
do(W = w') Wy
(a) Counterfactual graph 1 (b) Counterfactual graph 2

Figure E.2. Counterfactual Graphs needed for the proofs of propositions 2 and 3.

Proposition (Conditional Independence for unbiased Predictors) SAM is given. Assume we have a prediction model
gp that maps from the input X to our target. Let’s treat the predictions of our model as a random variable called Y. If the
prediction satisfies Y 1. W,Z | Y, then ctf-IEy, 4. (§1y) = ctf-SE,, 4 (§) = 0, for any y, yo, y1, § in their ranges.
The conditional independence criterion even ensures a stricter criterion, namely, Y 1 W, Z |'Y = ctf-1E,, ,, (7 |
y,z,w) = 0, for any y, yo, y1, §, W, z in the ranges of their respective random variables.

Outline

* Prop. E.1 tells us that ctf-1E,, ,,(9|yo, w,2z) is stronger than ctf-IE,, ,,(9|yo). Therefore, we will show the
sufficiency of the stronger case, which will automatically apply to the weaker one.

* We need to derive some (in)dependence criteria based on the graph. We will use the theory from twin graphs (parallel
worlds graphs) (Balke & Pearl, 1994; Avin et al., 2005) and their extensions made in the make-cg algorithm (Shpitser
& Pearl, 2007).

* Another useful tool from (Correa et al., 2021) will be used. We will refer to their Theorem 1 as counterfactual unnesting
(ctf-unnesting) when we use it.

* We first show Y | W, Z|Y = ctf-IE,, 4 (jly,z,w) =0
* We afterwards show Y | W, Z|Y = ctf-SE,, 4, () =0

We begin with the graphical independence criteria. Relevant interventions and observations are in this case v =
(Yy wr, Wy, y,w,z). From the graph in Fig. E.2, we can conclude that Yy, v+ L W,», W,Y | Z. Having these
relations, we can prove that Y | W, Z|Y = ctf-IEy, ,,(y|y,z, w) = 0.
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Proof.

th_IEyhyO (g‘va’z) = P(gyl’wyo |y,z,w) - P(Qm \y,z,w)
= P(lewwyo |y,z,w) - P(gyl»wyl |y7z7w)
= Plijy,w> Wy, = W'y, z,w)
w/

- Z Py, wrs Wy, = W' |y,z,w) ctf-unnesting

w’/

= ZP(thw’wasz)P(Wyo =w'ly,z,w)

= Py, wr |y, 2, W)P(Wy, = W[y, z,w) Yy w LWy |Z
= ZP(thw/|y1,Z,W’)P(W’|y0,z) )A/y’,W’ LY, W|Z,
—> " Py, wrly1, 2, W) P(W"|y1, 2) W, LY,W |Z

7zpy|ylvz7w) (W/|y07z)
72Py|ylvz W ) (W“|y1,Z)

w
P(glyr) ZP 'yo, 2) VLW, zZ|y
P(gly1) ZP w”|y1,2)
=0 )
O
Next, we prove that Y | W, Z|Y = ctf-SE,, 4, (9) = 0.
Proof.
SEy,y0(9) = Py, | o) — P(@m | y1)
= Z (Uy, | y0,2)P(z | yo) — P(9y, | y1,2)P(z | y1)] Law of total Prob.
—Z (9 1 y1,2)P(z | yo) = P(§ | y1,2)P(z | y1)] Y LY |Z
=P y1)>_ Plz]y)—P@|y1) Y Pz| ) YIW,Z|Y
=0 ’ ’
O

E.3. Constant Direct Effects given y,y’

Proposition (Constant Direct Effect for any w, z) The graph G and all implied assumptions are given. Assume we have
a predictor hg, o gg, and its output represented as a random variable Y,suchthatY | W,Z | Y holds. This predictor
will have a constant direct effect for fixed yo,y1, for any w, z. This is compactly expressed as ct f-DE,, ,, (4]y, w,2z) =
ctf-DEy, ., (9|ly, W', 2), for any yo, y1, w,z,w', z’.
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Proof.
th_DEylryO (g|y’ w, Z) = P(gthyo |y7 z, W) - P(gyo |y, z, W)
= P(g)yl Wy |yv z, W) - P(yAyo,Wyo |y7 Z, W)
= Z[P(yth/’WZIO = W/‘y,Z7W)
w/

= P(fyo,w, Wy, = w'ly, z, w)] ctf-unnesting
= Z[P(le,W"yazaW) W, LYW |Z
w/

- P(yAyan/|yvsz)]P(Wyo = W/‘ya Z)
=Y [P(dly1,2,w) Vyw LY, W |Z

- P(gly(),Z,Wl)]P(Wyo = Wl|y7z)
= [P(iily1) — P(ilyo)] Y P(Wy, = W[y, z) VYIW,Z|Y

= P(gly1) — P(9lvo)

F. Proofs and Supplementary Definitions for Conditional Distance Correlation Background
F.1. Supplementary Definitions

Definition F.1 (Restatement of Definitions: Conditional distance covariance). Let Pz denote the probability measure of Z.
For z € Z,let ui, := Px|z—. and v, := Py |z_, be the respective conditional marginals. For 0, := P(x y)|z—., define the
distance centered kernels:

dy, (2, 2") == dx(z,2") — ay () — a,.(2") + D(p),
where a,,_(z) := [dx(z,2") dp.(2"), D(p.) :== [ dx(z,2") dp.(x)dp.(x), and similarly for d,,_.

The conditional distance covariance is defined as:
dCov*(X,Y | Z) :=Ez [dCov*(X,Y | Z = 2)],

where for each z € Z,
dCOV2(X, Y | 7 = Z) = /dl’«z (:1771‘/) duz (y,y/) dP(X’y)|Z:z("E,y)dP(X_’y”Z:Z(Q?I,yI).

Definition F.2 (Strong negative type (Lyons, 2013, §3)). A metric space (X, d) has negative type if whenever two Borel
probability measures i1, pt2 on X with finite first moments satisfy

D — o) = / / Az, ") (s — o) () d(pn — ) (') < 0.

Here finite first moment means [ d(o, ) du;(z) < oo for some (hence any) base point o € X. The same metric space is of
strong negative type when equality implies (1 = po.

Definition F.3 (Hilbert embedding (Lyons, 2013, §3)). An isometric embedding of (X, d) into a real Hilbert space H is a
map ¢ : X — H such that
d(z,2') = ||p(z) — p(@')3, V.2’ € X.

By Schoenberg’s theorem (Schoenberg, 1937; 1938), (X', d) has negative type if and only if such ¢ exists.

Definition F.4 (Tensor product space). If ¢ : X — Hx and ¢ : Y — Hy are embeddings into real Hilbert spaces, their
tensor-product embedding
pRY : XX)Y — Hx QHy
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is defined on simple tensors by
(P@Y)(2,y) = ¢(x) @ Y(y),

and extended linearly and by continuity. The inner product on H x ® Hy satisfies
<U1 QK V1, U2 ®02> = (U1, u2) 3 (V1,V2)%y -

Definition F.5 (Barycenter map (Lyons, 2013, Prop. 3.1)). Given an embedding ¢ : X — H and any signed Borel measure
w1 on X with finite first moment, define its barycenter (or mean embedding, compare to maximum mean discrepancy, HSIC,
etc., see (Schrab, 2025) as

Bo() == /X o(x) uldz) € H,

which is well-defined.

F.2. Proof of Theorem (Conditional independence iff zero covariance)

Remark F.6 (Overloaded notation for ®). In this setting, the symbol & is used in two distinct contexts, following Lyons’
notation (Lyons, 2013). First, for probability measures, as in u, ® v, it denotes the product measure on the product space
X x Y. Second, for Hilbert-space-valued embeddings, as in p(z) ® ¥(y), it denotes the tensor product of vectors in the
Hilbert space H x ® Hy . The meaning of ® must therefore be inferred from context, though its use is unambiguous within
the proof structure.

Theorem F.7 (Restatement of Theorem). Suppose (X,dx) and (Y, dy) are metric spaces of strong negative type. Let
(X,Y, Z) be random elements on a common probability space, and define for each z the conditional measures ji. = Px|z—.,
v, = Py|z=, and P x y)|z=- as above. Then

dCov¥(X,Y | Z) =0 <= Pxy)z=2 = Wz ®@v, for Pz-ae. z.

Proof. Choose isometric embeddings
p: X — Hx, VY — Hy

into real Hilbert spaces. Thereby automatically follows that each of X’| ) has strong negative type, and moreover so that
each barycenter map [, By is injective on all finite-moment signed measures (Lyons, 2013, Lem. 3.9). Consider the
tensor-product embedding

pRY: X XY — Hx @Hy,
and let 0, := P(x y)|z=. be the conditional joint law on X" x )/, with marginals /., v,.

Analog to Lyons (2013, Prop. 3.7), we have for each z the identity

2
ACov* (XY | Z = 2) = 4Byau(0: — - @ v2) |

'Hx®7'ly.

Taking expectation in z ~ Py gives
dCov(X,Y | Z) = Ez dCov*(X,Y | Z = 2) = 4Ey || Boaw(0: — - @ v)||*.
Since norms are nonnegative and barycenters are well-defined on all finite-moment signed measures, it follows that
dCov*(X,Y | Z) =0 <= Bogy(0. —p.®@v,) =0 Pz-as.
Injectivity of B,y (Lyons, 2013, Lem. 3.9) on signed measures then yields
0. —p v, =0 <= 0.=p. v,
for Pz-almost every z, as required. O

20



DISCO: Mitigating Bias in Deep Learning with Conditional Distance Correlation

F.3. Consistency of DISCO,,,

Proposition F.8 (Consistency of DISCO,,). Ler {(X;,Y:, Z;)}7, HLd Pxvy 7 with finite first moments. Let K}, be a

positive-definite kernel on Z with bandwidth h, such that standard kernel regression assumptions hold:

* K is bounded, continuous, and integrates to 1.

o h— 0and nh® — oo asn — co.

Then, as n — oo and m — oo (Where m < n), the estimator converges in probability to the true conditional distance
correlation:

DISCO,,(X,Y | Z) & dCor®(X,Y | Z). (34)

Proof. Step 1. Pointwise Consistency of the Local Estimator.

For a fixed reference point Z;, the row-normalized kernel weights w,(;) = Ky(Zi, Zr)/ >, Kn(Z;, Zy) form the classical
Nadaraya-Watson estimator of the conditional density at Z;. As established by Wang et al. (2015), applying these weights
to the double-centered distance matrices A() and B constitutes a plug-in empirical estimator for the local V-statistic.
Under the stated bandwidth conditions, this local estimator converges in probability to the true local conditional distance
covariance:

dCovpisco(X,Y | Zi) & dCov*(X,Y | Z = Z,). (35)

Step 2. Consistency of the Local Variances.
By symmetry, substituting Y for X or X for Y in the local estimator yields the local conditional distance variances.
Consequently, we have:

dCovpisco(X, X | Z)) & dvar’(X | Z = Z;), (36)
dCovpisco(Y,Y | Zi) & dVar®(Y | Z = Z). 37)

Step 3. Convergence of the Global Expectation.
The theoretical global conditional distance correlation is defined as the expected value of the local correlations over the
marginal distribution of Z:

dCov?(X,Y | Z = 2)
Z
\/dVar2(X | Z =z)dVar’(Y | Z = 2)

(38)

dCor*(X,Y | Z) =E
The DISCO,,, estimator approximates this global expectation by uniformly sampling m reference points from the empirical
distribution of Z and computing the empirical mean of the local plug-in estimators:

DISCO,,(X,Y | Z) = 1 f: dCovpisco(X,Y | Z;) .
m = \/@/DISCO(X,X | Zi)@DISCO(Y,Y | 7))

(39)

Step 4. Ratio Convergence and the Law of Large Numbers.

Because the numerator and both components of the denominator inside the sum are consistent estimators of their respective
population limits (Steps 1 and 2), the continuous mapping theorem (Slutsky’s theorem) guarantees that their ratio converges
in probability to the true local correlation for any valid Z;.

Finally, as m — oo, the empirical average over the m sampled points converges in probability to the true expectation
over the marginal distribution of Z by the Weak Law of Large Numbers. Therefore, the global estimator converges to the
theoretical global conditional distance correlation. O
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G. Exact Factorization and Proof of sDISCO

In Section 3.1, we established that the standard evaluation of the conditional distance correlation V-statistic requires
computing localized double-centered matrices for each conditioning point. Naively parallelizing this for a batch of size
n requires allocating a tensor 7 € R™"*"*" yielding an O(n?®) memory complexity that is prohibitive for deep learning
hardware. Here, we provide the structural proof for the Single-Shot DISCO (sDISCO) estimator. We prove that sDISCO
achieves the exact mathematical evaluation of the global V-statistic without ever materializing an O(n?) tensor, strictly
confining memory requirements to O(n?) through exact algebraic factorization.

Theorem G.1 (Algebraic Factorization of Conditional Distance Covariance). Let A, B € R"™*™ be the pairwise
distance matrices for variables X and Y. Let W € R"™ "™ be the row-normalized kernel weight matrix, where
Wij = Kn(Zi, Z;)] > Kn(Zi, Zy). Let 1 € R™ be a column vector of ones, and let o denote the Hadamard (element-wise)
product.

The vector of exact local sample conditional distance covariances Vxy € R", evaluated at all n reference points
simultaneously, is given exactly by:
Vxy =T1 + 1> — 275, (40)

where the components are derived purely via O(n?) matrix multiplications:

Ty = (Wo (W(AoB)))1, (41)
= ((Wo (WA))1)o (Wo (WB))1), (42)
Ty = (Wo (WA)o (WB))1. (43)

Proof. Consider a fixed reference point Z; corresponding to the ¢-th row of the weight matrix, denoted as the weight vector
w® € R”. Following the V-statistic formulation (Wang et al., 2015), the exact sample conditional distance covariance at Z;

can be expanded into three components: V;)Y = D%i) + Déi) - 2D§i), where:

= ZZU) wl(i)Alekl, (44)
k=11=1
D(L) w (z)Akl> <Z Z U}](j)wl(i)Bkl> s (45)
k=11=1 k=11=1
=33 3 00w Ay B (46)
k=11=1 m=1

To vectorize this over all i € {1...n} without O(n?) memory, we rely on the Diagonal Extraction Identity for quadratic
forms. For any matrix S € R™*™, the diagonal of W SW T computes the weighted sum w(?) Sw®T for all rows i. We can
extract this diagonal exactly without computing the off-diagonal elements via:

diag(WSW ) = (W o (WS))1. 47

We systematically apply this identity to factorize the three V-statistic components:

1. The Joint Distance Term (7}):

Let S = A o B. For a single reference point 3, Dgi) = w® Sw® T, Using the identity from Eq. 47, we compute this for all
n points simultaneously:
Ty =(Wo (W(Ao B)))1L. (48)

2. The Grand Mean Term (715):

The term Dg) is the product of the weighted grand means of X and Y. The grand mean for X at reference point ¢ is exactly
w® Aw®T . Applying Eq. 47, the vector of all grand means for X is gX = (W o (W A))1. Thus, the vectorized component
T5 is simply the Hadamard product of the grand mean vectors:

Ty =g~og". (49)
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3. The Cross Term (T3):
To compute D:(;), we first factor the summation to isolate the local row means. Let M~ = WA and MY = W B be the
matrices of local row means, such that Mf,g = 27:1 Wi Ay (since A is symmetric). We can rewrite D:(;) as:

DY) = > Wik (Z WilAkl) (Z WiﬂLBkm> = WM M. (50)
k=1 =1 m=1

k=1

Vectorizing this row-wise dot product for all n points yields:
T3 = (WoM* oM. (51)

By substituting 77, 75, and T3, we perfectly reconstruct Vxy = 11 + To — 275.

Complexity Analysis: The naive execution of the double-centered matrix expansions (as required by the exact definition of
distance correlation) necessitates intermediate storage of size O(c - n?) for c reference points. For a fully global estimator
(c = n), this scales as O(n3) which causes Out-Of-Memory errors on modern GPUs for standard batch sizes. The sDISCO
factorization avoids this entirely. The densest operations are standard matrix multiplications of size (n X n) x (n X n),
such as WA and W (A o B). The Hadamard product acts as a computational filter, reducing the implicit tensor contraction
to a row-wise summation before any third-order dimension is ever instantiated. Consequently, SDISCO leverages the
O(n?) compute capacity of highly optimized GPU Tensor Cores while remaining strictly bounded by an O(n?) memory
footprint. O
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H. Experiments
H.1. Datasets
H.1.1. CUSTOM DSPRITES

We implemented our own version of the dSprites dataset (Matthey et al., 2017) that allows for full control of the shapes. We
control the shape, orientation, x/y-positions, and the scale of objects placed within a 2D grid.

Figure H.3. Custom dSprites examples.

Based on Matthey et al. (2017), we construct images of geometric shapes (Sh) with different orientation (O), scale (Sc),
y-position (Y), and x-position (X). The regression target, Y, nonlinearly determines the object’s y-position while X acts as a
confounder. A biased predictor will use both spatial dimensions, while a robust predictor will solely/mainly rely on the
y-axis. The SCM is:

U, ~ Uniform(0,%), U, ~N(0,0.15%),

Use ~ Uniform(0.5,0.7), Uy ~ Uniform(0, 360°),
Ushape ~ UniformDiscrete{square, ellipse, heart},

ex ~N(0,0.01%), e, ~N(0,0.1%),

ey2 ~ N (0, 0.22) , x=sinU,), y=a>+U,,

Im := f(x + &4, exp(y + £41) + €42, Uscates Ushape, Us)

H.1.2. BLOB DATASET

Inspired by Adeli et al. (2021), we generate synthetic images with two Gaussian blobs. We control the intensities of the
blobs, and bias their relationships as described below.

Figure H.4. Blob dataset examples.

One blob’s intensity is causally related to the regression target, causal intensity (CI), while the other acts as a spurious
mediator, bias intensity (BI). A bias-free predictor will only rely on the upper left blob, while a bias predictor will base its
predictions on both blobs. The equations of the simulator are:

Ucausal ~ Unif(0,1),  Upias ~ N(0,0.1%),
Ecausal ~ N(0,0.1%),  CT := Usqusars

BI := CI + Upjus,

Im = f(exp(Cl 4+ &causal), exp(BI)) .
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H.1.3. YALEB.

The extended YaleB dataset (Georghiades et al., 2001; Yale, 2001) gives us images of faces in different poses. Additionally,
these images have a single light source that is varied across different combinations. We utilize the azimuth and elevation of
the light source as a bias as described in the main body of this manuscript.

Figure H.5. Extended yaleB examples.

From the extended YaleB dataset (Georghiades et al., 2001; Yale, 2001), we predict face pose (collapsed into three categories:
frontal, slightly left, maximally left). Azimuth (Az) and elevation (El) of the light source serve as continuous bias variables.
To introduce realistic bias settings in YaleB, we used selection bias to correlate the target labels with lighting directions:

X = (azimuth, elevation), v = (1,1)"
s =o' Standardize(X),
2 = QuantilePartition(s, 3) € {0, 1,2},

1.0 if pose = z,
Pr(§ =1]zpose) = {0 05 if pose # 2

H.1.4. FAIRFACE

The FairFace dataset (Karkkainen & Joo, 2021) provides a range of demographic annotations that can be leveraged to study
and mitigate bias. In our experiments, we focus on sex and skin tone as salient attributes. Since FairFace does not provide
an explicit skin tone annotation, we inferred it by reinterpreting the dataset’s “race” attribute, specifically the “Black” label,
which in practice corresponds most consistently to darker skin tones. Importantly, we do not endorse the conceptualization
of “race” as used in FairFace: the category is ontologically unstable, lacks scientific grounding, and reproduces historically
problematic constructs.

Figure H.6. FairFace examples.

We use FairFace (Karkkainen & Joo, 2021) to predict sex as the target. Skin tone (light vs. dark) acts as a bias through
selection bias. If formalized as a SCM, the process would follow:

0.9 ifY = B (aligned),

P(S=1|Y,B) =
( | ) {0.1 if Y # B (misaligned).

H.1.5. WATERBIRDS

We adopt the Waterbirds dataset (Sagawa et al., 2019), constructed by overlaying birds (Welinder et al., 2010; Wah et al.,
2011) on land or water backgrounds (Zhou et al., 2017).
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Figure H.7. Waterbirds examples.

For Waterbirds, we have again access to the data generating process. The recipe is to select the backgrounds for each bird, to
introduce a heavy shortcut. The background is a mediator variable, and the formal SCM reads:

bird ~ Bern(0.5),
background | bird ~ Bern (0.9 - bird 4 0.1 - (1 — bird))

H.1.6. MNLI

Dataset and Experimental Setup. We use the MNLI dataset (Williams et al., 2018), adopting the exact bias mitigation
setup described by Sagawa et al. (2019). The task is to predict the relationship € {entailment, neutral, contradiction}
between a sentence pair, where negation terms (e.g., ‘nobody’, 'no’, "never’, 'nothing’) act as spurious features highly
correlated with the target label.

Unlike our other datasets (Waterbirds, dSprites, Blob, FairFace, YaleB), which offered enough control or balance to construct
unbiased validation and test sets, the MNLI base dataset is heavily biased. Since creating a strictly unbiased test set would
require discarding excessive data, we follow the protocol of (Sagawa et al., 2019): we report Worst Group Accuracy (WGA)
and perform model selection based on this metric. Note that WGA is only applicable to datasets where both targets and bias
attributes are categorical.

H.2. Bias Mitigation Methods

All of the baseline methods apply different ideas and techniques, but need a backbone architecture. We used the same
architecture, depending on the dataset, for all bias mitigation methods. We utilized the classical ResNet (He et al., 2016) in
all experiments. To be more detailed, we used the ResNet-18 variant implemented in the torchvision library (TorchVision
maintainers and contributors, 2016), pretrained on ImageNet (IMAGENET1K_V1)(Deng et al., 2009), for dSprites, yaleB,
Waterbirds, and FairFace. For the Blob dataset, which deals with smaller images, we used our own implementation of the
ResNet architecture that uses group norm (GN) instead of batch norm, as GN was more stable in our experiments. We also
changed the depth to two residual blocks, and edited the maxpooling logic to fit the requirements for this small resolution
dataset.

For MNLI, we used the original TinyBERT of Jiao et al. (2020) and directly used their officially pre-trained version from
HuggingFace at https://huggingface.co/huawei-noah/TinyBERT_General_4L_312D.

All details can be found in our repository.

H.2.1. GDRO

We implemented GDRO exactly following the code and paper by Sagawa et al. (2019). GDRO is one of the standard
methods when it comes to bias mitigation as it directly builds on the DRO method that can be seen as a defacto standard in
domain generalization (Ben-Tal & Nemirovski, 2002).

H.2.2. ADVERSARIAL

There are many different suggestions how to design adversarial networks for domain generalization or bias mitigation (Ganin
et al., 2016; Wang et al., 2019; Adeli et al., 2021). But most of them differ in some details. The adversarial network, as all
other methods in this paper as well, uses the ResNet backbone. Following the ResNet activations, we attach different heads.
One head will always be responsible for the task prediction, thus predicting the target Y. Then, for every bias variable
present, a new head will be introduced. The optimization procedure is as follows:
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« predict the task. Update ResNet and the task head parameters.

« for each bias, predict it. Update only the bias prediction heads (protected attribute step).

* for each bias, predict it. Use the negative gradient of the loss and update only the ResNet (unlearn step).

There are many different ways to parametrize the optimization procedure for this adversarial setting. Some suggest using
different learning rates for each of the network parts, including each of the bias heads. We, instead, use a single learning
rate for the entire network with all of its parts. To adjust the weighting of the different network parts, we use Aprotected
as the parameter that controls the learning weight for the task head. All bias heads use the same weighting parameter
Aunlearn- Instead of using different learning rates, this loss weighting reduces to an equivalent formulation, while being
more comparable to the other, regularzation-based methods. See Tab. 5 for the search space.

H.2.3. c-MMD

We implemented c-MMD, as formulated similarly by Makar et al. (2022); Kaur et al. (2022); Veitch et al. (2021). It tries to
penalize predictions or latent representations based on conditional MMD. Besides the penalty strength ), it introdcues a
single bandwidth (bw) hyperparameter that controls the (Gaussian) kernel’s bandwidth on the network prediction outputs.
See Tab. 5 for the search space.

H.2.4. HSCIC

This method is an direct extension of the classical HSIC measure (Gretton et al., 2005; 2007) to the conditional setting.
Quinzan et al. (2022) first used it in their work, but their implementation is extremely inefficient. We directly adapted the
efficient implementation given by Pogodin et al. (2022).

This method is the most expensive one, when it comes to hyperparameters. It introduces 5 hyperparameters. We did a grid
search over 4 of them, as this space was already immense, compared to the others, and held one of them fixed, based on
initial results. The 4 hyperparameters we searched over is the regularization strength, A, and three bandwidth parameters,
o, for each of the involved variables in the conditional independence criterion. It further has another parameter, the ridge
regression regularization parameter, \,;qq., we which held fixed at 0.01, following similar values as in Pogodin et al. (2022);
Quinzan et al. (2022), and also ensuring in preliminary runs that this value is advantageous for the method in our settings.
See Tab. 5 for the search space.

H.2.5. CIRCE

CIRCE (Pogodin et al., 2022) is a direct extension of the HSCIC method. It was published as a direct successor or competitor.
CIRCE, in theory, has a similar set of hyperparameters. But it reduces the search space by doing a small, pre-training
hyperparameter optimization that does not depend on the neural network, in advance. See Tab. 5 for the search space.

H.2.6. DISCO

Our methods, DISCO,,, and sDISCO, introduce the regularization strength A and the bandwidth (bw) parameter for the
Gaussian kernel. See Tab. 5 for the search space.

H.2.7. IRM

Invariant Risk Minimization (IRM) (Arjovsky et al., 2019) is a prominent approach from the domain generalization
literature designed to learn representations that elicit invariant optimal predictors across multiple environments. In our
bias mitigation framework, however, we do not have predefined environments in the traditional sense, and thus we do not
perform environment-stratified sampling. Instead, we use standard random batch sampling, consistent with all other baseline
methods, and adapt the IRM penalty to operate on a group-based logic, treating the combinations of targets and biases as
groups (similar to the GDRO setup). We compute the IRM penalty across these discrete groups rather than distinct training
environments. See Tab. 5 for the search space, which includes the penalty weight A and a penalty annealing/warm-up period.
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H.2.8. FISHR

Fishr (Rame et al., 2022) is another method rooted in domain generalization that seeks to align the variance of gradients
across different environments to promote out-of-distribution generalization. Similar to IRM, Fishr natively assumes the
availability of discrete training environments. Because our setup evaluates models on strictly biased datasets without explicit
environment partitions, we bypass environment-balanced sampling and maintain standard random sampling. We adapt
Fishr’s core logic to our framework by computing and regularizing the gradient variances across our defined demographic or
target-bias groups instead. See Tab. 5 for the search space, which similarly includes the regularization strength A and the
warm-up epochs.

H.2.9. HYPERPARAMETERS

Table 5. Hyperparameter grids searched for each method, along with the total number of runs evaluated.

Method Hyperparameter Grid Runs

. Aprotected € {10.0,5.0,2.0,1.0,0.5,0.1} _
Adversarial Network Nunlearn € {10.0,5.0,2.0,1.0,0.5,0.1} 6x6=36
DISCO (both) bw € {1.0,0.9,0.5,0.1,0.01,0.001} 6 x 6= 36

A € {10.0,5.0,2.0,1.0,0.5,0.1}

A € {1000.0, 100.0,10.0,1.0,0.1}
CIRCE o2 € {0.9,0.5,0.1,0.01,0.001} 5x5x5=125
0% € {0.9,0.5,0.1,0.01,0.001}

bw € {1.0,0.9,0.5,0.1,0.01,0.001,0.0001, 0.00001 }
A € {1000.0,100.0,10.0,1.0,0.5,0.1}

X € {1000.0, 100.0, 10.0}
02 € {0.5,0.1,0.01,0.001}
HSCIC o2 € {0.1,0.01,0.001}

o2 €{0.1,0.01,0.001}

A € {1.0,2.0,10.0, 100.0, 500.0, 1000.0, 5000.0, 10000.0, 50000.0, 100000.0}
warm-up epochs € {0, 10, 30,40}

A € {1.0,2.0,10.0, 100.0, 500.0, 1000.0, 5000.0, 10000.0, 50000.0, 100000.0}
warm-up epochs € {0, 10, 30,40}

c-MMD 8 x 6 =48

3 x4x3x3=108

IRM 10 x 4 =40

Fishr 10 x 4 =40

H.3. Path Analysis Counterfactuals

As arecap, for this experiment, scale is our target attribute, and we predict it in a binary manner (large vs. small scale). The
X and Y positions of the object itself work as biases we want to mitigate.

In the manuscript, we quantified model sensitivity to counterfactual changes of a bias variable X via the following measure:
$x(0) = Eurts Batmiteupp() | [PV (0):0m) = P(Va(w)i0m)] |

and analogously defined Sy () for the variable Y.

In addition, we further introduced counterfactual accuracy,

ACCth = Eyu v EsmUnif(supp(Scale)) [I{Y(u) = st(u)}] )

which evaluates whether predictions remain consistent with ground-truth outcomes under counterfactual changes of the
causally relevant target variable Scale.

To visually understand what these formulas measure, we fix a single unit v € U. The following Fig. H.8 shows what some
of the different counterfactuals look like for this given unit u.

28



DISCO: Mitigating Bias in Deep Learning with Conditional Distance Correlation

CF1 CF 2 CF3

(a) 3 Counterfactuals, varying X-position.
CF1 CF 2 CF 3

(b) 3 Counterfactuals, varying Y-position.
CF1 CF 2 CF 3

(c) 3 Counterfactuals, varying Scale.

Original

Original

Original

Figure H.8. Counterfactual images for a given unit u, labeled here as “Original”.

H.4. Counterfactual Analysis on dSprites

To further illustrate the benefits of counterfactual analysis, we consider the same dSprites setup as in the main manuscript
(Sec. 4). Specifically, we evaluate one of the already hyperparameter-optimized, best-performing variants for each method.

In the main experiments, we followed standard practice in the domain generalization literature and reported results on
bias-balanced validation and test sets. While this setting is appropriate for assessing overall causal stability in a single
balanced setting, it does not necessarily reveal why a model fails. In particular, causal stability is not the only goal. While
a model might be stable to counterfactual changes of the bias attribute, it might do so by also reducing overall predictive
performance.

Counterfactual analysis, grounded in the causal graph formalized through SAM, provides these exact complementary
insights. To recall the setup from the Section 4: the target variable Y is the vertical position (y-coordinate) of the object in
the 2D plane, while the bias attribute is the horizontal position (x-coordinate), denoted as X.

Analogous to pathway analysis, we define
SX (9) = ]EuNU ]Ea:wUnif(supp(X)) |: |Y(U,) - Ygg (U)| :| R
which measures the path-specific sensitivity of the model output with respect to the bias attribute X.

Similarly, in analogy to counterfactual accuracy, we introduce the counterfactual R? score:
o 2
Eu~v IEyNUnif(supp(Y)) {(y - YU (u)) :|
= 2
B, [(y - V(w)’]

where Y denotes the mean of Y over all counterfactually generated samples. This parallels the standard R? score, but is
evaluated under counterfactual interventions on the Y attribute.

Rgtf =1-
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Table 6. Counterfactual sensitivity Sx and counterfactual R? scores across methods on dSprites. Lower Sx indicates reduced spurious
dependence on the bias attribute X, while higher R indicates better counterfactual predictive performance.

Method Sx  R%;

sDISCO 0.058 0.7181
HSCIC 0.064  0.6021
CIRCE 0.064  0.5939

Adversarial 0.084 0.4812

Since Y has a standard deviation of 0.2 in the test set, we observe that all models manage to reduce dependence on the bias
variable X, though to varying degrees. Recall from Tab. 2 in the main text that sSDISCO ranked above HSCIC and CIRCE in
terms of balanced accuracy. While this metric reflects a combination of debiasing and predictive performance, it does not
disentangle which factor contributed more.

Counterfactual analysis provides this finer-grained perspective. Tab. 6 shows that sDISCO, HSCIC, and CIRCE all achieve
comparable mitigation of bias effects, as indicated by similar Sx values. However, their counterfactual R? scores reveal a
different story: both HSCIC and CIRCE reduce dependence on X at the cost of predictive accuracy on the task-relevant
variable Y.

In summary, while balanced accuracy on a bias-balanced test set is useful for reporting overall performance, counterfactual
path analysis enabled by SAM allows us to better understand why certain models fail. In this experiment, we see that HSCIC
and CIRCE, although nearly matching sDISCO in debiasing effectiveness, sacrifice too much information from the true
target variable Y.

H.5. Runtime and Memory Analysis

To provide a comprehensive view of the computational overhead and scalability of the evaluated bias mitigation methods, we
conducted a runtime and memory analysis on the FairFace dataset, with results summarized in Tab. 7. All benchmarks were
executed on a single NVIDIA Titan RTX GPU (24 GB VRAM) paired with an AMD Ryzen Threadripper 1920X CPU. We
employed 8 parallel data-loading workers. The input pipeline processes standard RGB images resized to 224 x 224 pixels,
applying standard training augmentations (random horizontal flips and random affine transformations) prior to normalization.
The reported mean epoch times encompass the full forward and backward passes using a ResNet-18 backbone in standard
32-bit floating-point precision.

Table 7. Mean epoch run time (in seconds) across varying batch sizes. Entries marked with OOM indicate that the method failed due to an
Out-Of-Memory error on a Titan RTX (24 GB GPU). While the naive tensorized implementation of DISCO hits a memory bottleneck
early, sDISCO successfully scales to large batch sizes, matching the speed of the most efficient baselines.

Method Batch Size

64 256 768 1024
GDRO 21.46 20.94 25.03 29.38
IRM 22.78 20.93 25.25 28.78
Fishr 31.94 31.44 OOM OOM
c-MMD 34.55 36.01 OOM OOM
CIRCE 20.62 21.01 25.54 28.33
HSCIC 21.62 21.52 25.58 29.53
DISCO,, 21.95 22.69 OOM OOM
Naive DISCO 36.49 38.46 42.17 oOM
sDISCO 21.75 22.61 25.36 29.06
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