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Abstract

We study equilibrium pricing in oligopolistic data markets with budget-constrained buyers
(e.g., machine learning companies purchasing data to improve model accuracy) and strategic
data sellers. Sellers compete by setting prices for their datasets, giving rise to a pricing game
whose pure Nash equilibria correspond to equilibrium prices. While equilibrium prices are
guaranteed for rivalrous goods via competitive equilibrium, we show that the non-rivalry of
data fundamentally alters this picture: an exact Nash equilibrium (NE) need not exist, and
in fact, 1.363-approximate NE may also not exist under uniform pricing. We therefore investi-
gate relaxed equilibrium notions. Allowing sellers to use beyond-uniform pricing—specifically,
piecewise-linear convex pricing functions—guarantees approximate stability within a constant
factor: there exists a pricing profile in which no seller can improve revenue by a factor of two by
deviating to any uniform price (a 2-approximate NE against uniform deviations). Finally, our
simulations demonstrate fast convergence and empirical approximation guarantees that outper-
form the worst-case bound of 2.

1 Introduction

The rapid growth of data-driven decision-making and the widespread adoption of data-centric
technologies have cemented data as one of the most valuable assets of the 21st century. Falling
storage costs, together with major advances in data mining, analytics, and machine learning, have
dramatically increased both the usefulness and the economic value of data. According to [2], the
U.S. big data market is expected to reach approximately $473 billion by 2030, highlighting the
growing role of data in shaping innovation, productivity, and market dynamics.

A fundamental question in today’s data economy is “how is data priced by data sellers?”. In
this paper, we study data pricing in oligopolistic markets, i.e., markets where a small number of
sellers strategically choose prices for their datasets. These seller interactions give rise to a pricing
game, and equilibrium prices correspond to a pure Nash equilibrium of this game. This framework
provides a natural parallel to data pricing in perfectly competitive markets—where sellers are price
takers and prices are determined by equating supply and demand for each dataset—studied in
recent work [15].

Value of data. To formalize our framework, we begin by specifying how data generates value for
a buyer. In our model, buyers represent AI/ML agents who acquire data with the goal of improving
the quality of their predictions. Formally, each buyer i has a maximum budget of bi, and seeks to
infer an unknown parameter θi, corresponding to an underlying quantity of interest such as future
demand, user behavior, or system performance. Individual data records are modeled as digitized
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observations that provide noisy information about θi. Data supplied by a given seller is drawn
from a fixed distribution that reflects the seller’s domain of activity and the informativeness of
the data with respect to θi. These distributions may differ across sellers, capturing heterogeneity
in both data generation processes and predictive relevance. As an illustration, consider a buyer
attempting to predict future demand for a product. One seller may provide historical transaction
logs capturing purchase frequencies and timing, while another may offer mobility or web-traffic
data that indirectly correlates with consumer interest. Although both datasets convey information
about the same latent parameter, they differ in structure, noise characteristics, and informational
content.

Suppose there are m sellers. A buyer’s acquisition decision is represented by a data bundle
xi = (xi,1, xi,2, . . . , xi,m), where xi,j denotes the number of data records purchased by buyer i from
seller j. Seller j’s dataset can be viewed as a set of sj data-records. The full collection of acquired
signals, denoted by S(xi), consists of one signal per data record. Upon observing these signals, the
buyer updates her belief about the latent parameter, yielding a posterior distribution θi | S(xi).
Following the recent literature on the economic value of data [9], and the recent work on data
pricing [15], we define the buyer’s utility from xi, denoted by ui(xi), as the resulting reduction in
uncertainty about θi. Specifically, utility is measured as the expected increase in precision:

ui(xi) = αi · (E[Pre(θi | S(xi))]− Pre(θi)),

where the precision of a random variable is defined as the inverse of its variance, i.e., Pre(θ) =
1/Var(θ), and αi is the value per unit increase in precision for buyer i.

Pricing game and Nash equilibria. Each seller j chooses a price pj per data record of their
dataset. This pricing model reflects common practices in real data marketplaces. For example,
commercial platforms such as Snowflake Marketplace allow data providers to charge buyers on a
usage-based basis, including per-query and per-row pricing for access to paid datasets [30]. Simi-
larly, third-party data marketplaces employ volume-based pricing schemes, with providers such as
Bright Data charging per thousand records accessed [27].

Given a profile of seller prices p = (p1, p2, . . . , pm), each buyer i demands an affordable bundle
xi that maximizes her utility, i.e.,

xi ∈ argmax
z∈Rm

≥0:p
T z≤bi

ui(z).

When there are multiple optimal bundles, we use a natural tie-breaking rule (see Section 5 for
details). Given a price profile p, let x∗

i (p) denote the optimal demand bundle for buyer i. Then,
the revenue of seller j, rj(pj ,p−j) = pj ·

∑
i x

∗
i,j(p). A price profile p is an equilibrium if no seller

can increase her revenue by unilaterally deviating; that is, for every seller j and every alternative
price p′j , we have rj(pj ,p−j) ≥ rj(p

′
j ,p−j).

Economic effects of non-rivalry. It is well known that in classical markets with rivalrous goods
and linear buyer utilities1, any competitive equilibrium (CE)—that is, a price profile at which each
good’s aggregate demand equals its supply—is also an oligopolistic equilibrium. In particular, at
a CE no seller has an incentive to unilaterally deviate from her price (we provide a brief argument
in Appendix F). This equivalence, however, fails to extend to markets with non-rivalrous goods,
such as data. Indeed, one can show that the notion of competitive equilibrium introduced in [15]

1A good is rivalrous if its availability to one buyer is affected by its consumption by other buyers.
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does not, in general, constitute a Nash equilibrium (NE) in oligopolistic data markets—standing
in sharp contrast to the classical rivalrous setting. These observations underscore that classical CE
theory cannot be directly applied to oligopolistic markets with non-rivalrous goods, necessitating
a separate analysis of equilibrium in data markets, which is the focus of this paper.

1.1 Our Contributions

Consistent with [15], for all our results, we assume that for each buyer i, θi ∼ N (0, τ−1
i ). Each

data-record of seller j is a signal si,j = θi+ ηi,j to buyer i, where ηi,j ∼ N (0, τ−1
i,j ). It can be shown

that under the foregoing assumptions, we have ui(xi) = αi ·
∑

j τi,jxi,j . We now enlist our main
contributions.

1. We show that there exist instances of oligopolistic data markets that admit no equilibrium
(Section 3)—this is a sharp contrast to rivalrous oligopolistic markets. We also manage to find
instances that admit no 1.363-approximate Nash equilibrium (Theorem 1).

2. We investigate natural relaxations of NE by allowing sellers to adopt more flexible pricing strate-
gies. In particular, instead of assigning a uniform price to every data record, we allow sellers
to use piecewise-linear convex (PLC) pricing functions, which have been shown to be revenue-
optimal for a monopolist selling data to heterogeneous buyers [16]. Unfortunately, even within
the broader class of convex pricing strategies, we show that a pure NE may fail to exist (Theo-
rem 2 in Section 4).

3. We show that computing an optimal PLC strategy (given other sellers’ strategies) is compu-
tationally hard (Appendix C), suggesting that sellers may be expected to respond with coarse
PLC pricing strategies or even uniform pricing, rather than optimizing over the full PLC space.
Motivated by this observation, we relax the equilibrium concept by restricting the class of de-
viations, rather than the strategy space itself. Specifically, we prove the existence of a PLC
price profile such that no seller can deviate to a uniform pricing strategy and earn more than
twice her current revenue, providing a meaningful approximate equilibrium despite the nonexis-
tence of an exact one (Theorem 3). This viewpoint parallels classical ideas in game theory and
learning, where outcomes generated by rich or adaptive strategies are evaluated relative to a
simpler benchmark class—most notably in regret minimization, where performance is compared
against the best fixed strategy in hindsight. Here, uniform pricing serves as a natural behavioral
baseline, grounding the relaxation in both theory and practice.

4. Finally, we run some empirics to show the robustness of our results. We simulate a news
data marketplace where n firms purchase data from m news agencies to predict stock price
movements, from a real-world dataset [1]. Each firm evaluates the informativeness of a dataset
by training a logistic regression model on historical news and measuring prediction error. Sellers
update their pricing strategies via an inertial approximate best-response dynamics (defined in
Section 6). Empirically, the dynamics converge efficiently across all settings, exhibiting a non-
monotone pattern: convergence is slower when the number of sellers is very small due to strong
competition effects, improves sharply as the market grows, and then increases steadily in larger
markets reflecting a large-market stabilization effect. Secondly, despite theoretical guarantees
being only for approximate equilibria, the dynamics reach an exact Nash equilibrium in all our
simulations, highlighting a gap between worst-case bounds and typical behavior and motivating
further theoretical investigation into structural properties of real-world pricing games. Overall,
our empirical findings reveal several intriguing behaviors that merit more rigorous investigation
in future work.
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Beyond Linear Utilities. Our results also work for slightly more general buyers’ utility func-
tions: ui(xi) = gi

(∑
j τi,jxi,j

)
, where gi : R≥0 → R≥0 is an increasing continuous function such that

gi(0) = 0. This is because any strictly increasing transformation of a buyer’s utility function does
not change her set of utility-maximizing bundles. When gi is concave, this formulation captures
diminishing marginal returns of data.

This more general form also captures other ways to model the value of data. Instead of defining
the value of data as the expected increase in precision, we can also define it as the expected reduction
in variance, i.e.,

ui(xi) = αi · (Var(θi)− E[Var(θi | S(xi))]).

Assuming θi and ηi,j to be normally-distributed as before, we get

ui(xi) = αi ·

(
1

τi
− 1

τi +
∑m

j=1 τi,jxi,j

)
.

One can verify that this expression is concave in
∑m

j=1 τi,jxi,j . Alternatively, we can define the
value of data as the expected reduction in entropy. This gives us

ui(xi) = αi ·

(
ln

(
τi +

m∑
j=1

τi,jxi,j

)
− ln(τi)

)
.

This expression is also concave in
∑m

j=1 τi,jxi,j .
Since the choice of gi doesn’t affect buyer behavior, we can let gi be the identity function without

loss of generality. This makes ui linear, which simplifies exposition.

1.2 Related Work

The economics of data has attracted growing attention due to the widespread adoption of AI and
data-centric technologies. While a full overview is beyond the scope of this paper, we focus on
the literature most closely related to our study. We adopt a general model of data value, where
a buyer’s utility is measured by the improvement in prediction accuracy. Prior work has explored
more specialized valuation frameworks [21, 31, 22]. We refer the reader to [23] for a detailed review
of data valuation methods.

A significant line of research studies mechanisms that incentivize agents to share data, often
by compensating for privacy loss [20, 17, 19, 26]. There have been studies on mechanisms that
incentivize sellers to truthfully report the variances of their datasets to a data aggregator, who
aims to achieve a target prediction accuracy [18].

Data markets, which match buyers’ prediction requests with datasets from sellers, have been
studied extensively in terms of strategic behavior, incentives, and revenue optimization. Monopolist
revenue-maximization strategies have been analyzed [3, 4, 11, 8]. [6] designs a truthful mechanism
where buyers pay in proportion to the accuracy gains they receive, yielding a discriminatory but
explicit pricing scheme. Other work investigates equilibria and auctions in data markets with
externalities [5, 24], first-principles approaches to data pricing [25, 28, 14, 10], and stable outcomes
in non-monetary data exchange economies [12, 7, 29].

2 Preliminaries

Let [t] denote the set {1, 2, . . . , t} for any t ∈ {0} ∪ N. For any m ∈ N, define the simplex
∆m := {x ∈ Rm

≥0 :
∑m

j=1 xj = 1}. For any x ∈ Rm, let supp(x) := {j ∈ [m] : xj ̸= 0}. For any
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m ∈ N, let 0(m) and 1(m) denote the m-dimensional vectors of all zeros and all ones, respectively.
When m is clear from context, we simply write 0 and 1. For any j,m ∈ N, let e(j,m) denote an
m-dimensional vector whose jth component is 1 and all other components are 0. When m is clear
from context, we write e(j).

A data marketplace instance is given by the tuple ([n], [m], (ui)
n
i=1, (bi)

n
i=1). Here [n] is the set

of buyers and [m] is the set of sellers. Each buyer i has a budget bi ∈ R≥0 and a utility function
ui : [0, 1]

m → R≥0. Given a bundle z = (z1, . . . , zm), where zj is the fraction of dataset j, buyer i
has a value of ui(z) for it.

Based on our model of the value of data (see Section 1), the utility function ui is linear.
Specifically, each buyer i has value τi,j for each dataset j, and ui(z) =

∑m
j=1 τi,jzj . (Section 1 uses

an additional factor αi in ui(z). We assume without loss of generality that αi = 1 since we can
scale all τi,j by αi instead.)

There are many ways in which sellers can price their datasets. A dataset having price p is said
to be priced uniformly/linearly if an x fraction of the dataset costs p · x.

2.1 Buyer Behavior for Linear Pricing

Suppose each seller j ∈ [m] sets a linear price of pj for her dataset. Each buyer i ∈ [n] would like
to purchase a bundle of datasets that maximizes her utility subject to her budget constraint. If
buyer i purchases an xi,j fraction of each dataset j, then she would like to maximize

∑m
j=1 τi,jxi,j

under the constraint
∑m

j=1 pjxi,j ≤ bi. We also assume that the buyer only purchases datasets
that give her positive value, i.e., xi,j > 0 for some dataset j only if τi,j > 0. This is the fractional
knapsack problem, whose solution is well-understood. Define buyer i’s bang-per-buck for dataset j
to be τi,j/pj . To maximize utility, the buyer will first sort the datasets in non-increasing order of
bang-per-buck. Let (σi,1, . . . , σi,m) be this ordering. She would then buy as much of dataset σi,1 as
possible, then buy as much of dataset σi,2 as possible, and so on, till she either exhausts her budget
or she purchases every dataset of positive value.

A slight exception to the above behavior may arise when multiple datasets have the same bang-
per-buck for a buyer. For example, if σi,1 and σi,2 have the same bang-per-buck for buyer i, and her
budget is less than pσi,1 +pσi,2 , then any way of distributing her budget across these two datasets is
utility-maximizing behavior. We assume that each buyer’s tie-breaking rule, i.e., how she distributes
her budget across multiple datasets having the same bang-per-buck, is known to all sellers. This is
necessary to ensure that the pricing game the sellers engage in is a perfect-information game.

3 Non-Existence of (Approximate) NE

In this section, we show that there exist data market instances for which no (approximate) Nash
equilibrium (NE) exists when sellers use linear pricing.

We begin by describing a family of data market instances.

Example 1. Let I be a data market instance with two sellers and n buyers. There are two types
of buyers: n − 1 poor buyers and one rich buyer. Let α and β be constants such that 1 < α ≤ β.
Each poor buyer has a budget of 1 and her value for the two datasets are τ1,1 = α and τ1,2 = 1,
respectively. The rich buyer has a budget of β and her values for the two datasets are τ2,1 = β and
τ2,2 = 0, respectively.

Since the rich buyer values dataset 2 at zero, she will spend her budget only on dataset 1. The
poor buyers consider dataset 1 to be α times as valuable as dataset 2. Thus, if dataset 1 costs
more than α times dataset 2, they will prioritize purchasing 2. Similarly, if it costs less than α
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times dataset 2, they will prioritize 1. (For now, we assume that if dataset 1 costs exactly α times
dataset 2, buyers prefer 1. This assumption is relaxed in Appendix A.)

The sellers engage in a pricing game with each other. A strategy profile for this game is given
by (p, q), where p and q are the prices of datasets 1 and 2, respectively. We say that (p, q) is
a c-approximate NE for the pricing game if no seller can increase her revenue by more than a
factor of c by changing her dataset’s price. We show that, for a suitable choice of α and β, a
1.363-approximate NE does not exist.

3.1 Preliminary Observations

First, let us build some intuition on why a c-approximate NE may not exist when c is very close
to 1 and α = β = n − 1 ≥ 3. Note that seller 1 has no incentive to price above β, since no buyer
can pay more than β, and seller 2 has no incentive to price above 1, since the rich buyer is not
interested and no poor buyer can pay more than 1. For ease of exposition, we therefore assume
p ≤ β and q ≤ 1.

Undercuts must be close. If q < p/α, then seller 2’s revenue is (n − 1)q, which is increasing
in q. When p ≤ αq, then seller 1’s revenue is p+ (n− 1)min(p, 1), which is increasing in p. Thus,
whoever is undercutting the other, will do so using the maximum possible price. Thus, if (p, q) is
a c-approximate NE, then p ≈ αq.

For large p, undercutting helps significantly. If p ≥ 1 and p ≤ αq, then decreasing dataset
2’s price to slightly less than p/α increases seller 2’s revenue from 0 to ≈ (n − 1)(p/α). If p >
αq, then decreasing dataset 1’s price to slightly less than αq increases seller 1’s revenue from
≈ αq + (n− 1)(1− q) to ≈ αq + (n− 1). Thus, when p ≥ 1, then some seller can always improve
her revenue significantly by undercutting the other, so (p, q) is not a c-approximate NE.

For small p, seller 1 raises prices significantly. If p ≤ 1 (and so q ≤ 1/α), then seller 1’s
revenue is at most n. However, if she increases dataset 1’s price to β, her revenue is at least
β + (n − 1)(1 − q) ≥ 2n − 3. Thus, when p is small, seller 1 can always improve her revenue
significantly, so (p, q) is not a c-approximate NE.

Thus, for c close to 1, α = β = n− 1 ≥ 3, p ≤ β, and q ≤ 1, (p, q) is not a c-approximate NE.

3.2 Stronger Inapproximability

We now build on and formalize the ideas from Section 3.1 to obtain a stronger inapproximability
result.

Theorem 1. In the data market instance of Example 1, if we set α = 0.733(n−1), β = 0.860(n−1),
and n → ∞, then a 1.363-approximate Nash equilibrium does not exist.

Proof sketch. Let r1(p, q) and r2(p, q) denote the revenue earned by sellers 1 and 2, respectively,
when seller 1 prices her dataset at p and seller 2 prices her dataset at q. Let r∗1(q) be the maximum
revenue seller 1 can earn when seller 2 prices her dataset at q, and r∗2(p) be the maximum revenue
seller 2 can earn when seller 1 prices her dataset at p. To show that a c-approximate NE does not
exist, we must show that for all p and q, either r∗1(q) > cr1(p, q) or r

∗
2(p) > cr2(p, q). Equivalently,

if we define

µ(p, q) := max

(
r∗1(q)

r1(p, q)
,

r∗2(p)

r2(p, q)

)
,
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then it suffices to prove that infp,q µ(p, q) > c.
In Appendix A.1, we give closed-form expressions for r1(p, q), r2(p, q), r∗1(q), and r∗2(p). In

Appendix A.2, we define a constant c∗ (that depends on α, β, and n). In Appendices A.3 to
A.7, we prove that infp,q µ(p, q) = c∗. Thus, for any ε > 0, a (c∗ − ε)-approximate NE does not
exist. For α = 0.733(n − 1), β = 0.860(n − 1), and sufficiently large n, we get c∗ > 1.363, so a
1.363-approximate NE does not exist.

4 PLC Pricing and Non-Existence of NE

In Section 3, we showed that an approximate NE may not exist when sellers use linear pricing.
Thus, we investigate a more flexible way to price datasets: piecewise-linear convex (PLC) pricing.

4.1 PLC Pricing and Sharding

Let us first understand what it means to price a dataset non-linearly. Let p : [0, 1] → R≥0 be a
continuous monotone function such that p(0) = 0. A dataset is said to have pricing function p if a
fraction x ∈ [0, 1] of the dataset costs p(x).

PLC pricing has been shown to be revenue-optimal for a monopolist selling data to heteroge-
neous buyers [16]. Moreover, PLC pricing has a very natural interpretation in a data market: a
seller can emulate PLC pricing by dividing a large dataset into multiple shards and pricing each
shard linearly, as the following example illustrates.

Example 2. Consider a tabular dataset with 1 million rows. The seller breaks the dataset into two
shards: the first 0.4 million rows form the first shard, and the next 0.6 million rows form the second
shard.

Suppose the seller prices the first shard at $5 per million rows, and the second shard at $8 per
million rows. Any utility-maximizing buyer will prefer the first shard, since it is cheaper per row.
If she purchases x million rows in total, the total cost would be

p(x) =

{
5x if x ≤ 0.4

5 · 0.4 + 8(x− 0.4) if x > 0.4
.

Note that p is PLC.

4.2 Non-Existence of NE

We show that even under the richer class of PLC pricing functions and just two sellers, a Nash
equilibrium may not exist. In fact, this negative result also extends to the slightly more general
class of convex pricing functions. Intuitively, any convex function can be approximated arbitrarily
closely by a PLC function with a sufficiently large number of shards, so one would expect these
function classes to behave similarly.

Theorem 2. Consider a data market instance with n ≥ 2 buyers and 2 datasets. Each buyer has
value 1 for each dataset. The first n− 1 buyers are called poor and have a budget of 1 each. The
nth buyer is called rich and has a budget of n + 1. In this instance, a Nash equilibrium does not
exist for convex pricing functions.

Proof sketch. The total budget among the buyers is (n−1)+(n+1) = 2n. For any pricing function
selected by a seller, we show that the other seller can pick a pricing function that gives her revenue
more than n. This would prove that a Nash equilibrium doesn’t exist, because in every pair of
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pricing functions, some seller will always earn at most n, and that seller can profitably deviate to
earn more than n.

For all j ∈ [2], let rj(p1, p2) denote seller j’s revenue for pricing profile (p1, p2). By symmetry, we
only need to prove one side: given seller 1’s pricing function p1, we need to find a pricing function
p2 such that r2(p1, p2) > n. We give a sketch of how to construct such a p2. The full proof can be
found in Appendix B.

We can extract every buyer’s full budget. Suppose r1(p1, p1) + r2(p1, p1) < 2n, i.e., some
buyers are not exhausting their budgets. We show that seller 2 can pick another pricing function
p2 which nearly preserves her revenue from all buyers, and additionally redirects unspent budget
to her. Specifically, r2(p1, p2) can be made arbitrarily close to 2n− r1(p1, p1), so if r1(p1, p1) < n,
then we can get r2(p1, p2) > n.

For a sufficiently small δ > 0, let p′2(x) be p′1(x/(1− δ)) if x < 1− δ and p′2(x) be a very large
constant if x > 1− δ (see Fig. 1). (We use the notation f ′(x) to denote the sub-derivative of f at
x. See Appendix B for details.) Every buyer’s expenditure on dataset 2 at price p2 is at least 1− δ
times the expenditure at price p1. If a buyer had an unspent budget of µ > 0 at profile (p1, p1),
then she was purchasing both datasets completely, so her expenditure on dataset 1 cannot increase
when dataset 2’s price changes to p2. Since p1(1) + p2(1) ≥ n + 1, her expenditure on dataset 2
must increase by µ. Hence, for δ → 0, we get r2(p1, p2) → 2n− r1(p1, p1).

p′2

p′1

1− δ 1

Figure 1: The derivatives p′1 (red) and p′2 (blue), where p′2(x) = p′1(x/(1 − δ)) for x ∈ (0, 1 − δ) is
a horizontal compression of p′1, and p′2(x) is a very large constant for x ∈ (1− δ, 1).

Now assume r1(p1, p1) = r2(p1, p1) = n.

Flattening prices. Since p1 is monotone and convex, we get that p1(x) ≤ x·p′1(x) for all x ∈ [0, 1],
and p1(x) + x · p′1(x) is non-decreasing in x. Thus, pick α ∈ (0, 1) such that p1(α) + α · p′1(α) = 1.
(Such an α always exists; see Appendix B.) Define p′2(x) := p′1(α) for all x ∈ [0, α]. Then every buyer
will spend the first 1 dollar of their budget as follows: p1(α) on dataset 1 and p2(α) = α · p′1(α) on
dataset 2. Note that p2(α) ≥ p1(α), and the inequality is strict if p′1(x) ̸= p′1(α) for some x ∈ (0, α).

Similarly, we can find β ∈ (α, 1] such that p1(β)− p1(α)+ (β−α)p′1(β) = n. Let p′2(x) := p′1(β)
for all x ∈ (α, β]. Then the rich buyer will spend the remaining n dollars of her budget as follows:
p1(β) − p1(α) on dataset 1 and (β − α)p′1(β) on dataset 2. The latter is at least the former, and
the inequality is strict if p′1(x) ̸= p′1(β) for some x ∈ (α, β). See Fig. 2 for an example of p1 and p2.

Thus, using a 2-shard pricing function, seller 2 earns at least as much as seller 1. Moreover, if
p′1(x) ̸= p′2(x) for some x ∈ (0, β), then the inequality is strict, and we get r2(p1, p2) > n.

8



A

B C

D

p′2

p′1

α β

Figure 2: The derivatives p′1 (red) and p′2 (blue), where p′2(x) = p′1(α) for x ∈ (0, α) and p′2(x) =
p′1(β) for x ∈ (α, β). The thresholds α and β are defined such that the shaded areas satisfy
2A+B = 1 and 2C +D = n. We get r2(p1, p2) = r1(p1, p1) + n · C +D.

Large uniform price to defeat 2-shard PLC pricing. The only remaining case involves a
highly structured p1: it has a shard of length α and price-per-unit p′1(α), and a shard of length
β − α and price-per-unit p′1(β). The price of shard 1 is α · p′1(α) = 1/2, and the price of shard 2 is
(β − α)p′1(β) = n/2.

We price dataset 2 at p2(x) = p′1(β)(1 − ε)x, where ε > 0 is infinitesimally small. If p′1(α) =
p′1(β), then r2(p1, p2) = (n− 1)+ (n+1)(1− ε)/2 > n. Otherwise, r2(p1, p2) = (n− 1)/2+min(n+
1
2 , p

′
1(β)(1− ε)). Let ν := α · (p′1(β)− p′1(α)) > 0. Then

p′1(β) ≥ β · p′1(β) = ν + α · p′1(α) + (β − α)p′1(β) = ν + (n+ 1)/2,

Thus, r2(p1, p2) > n.
To summarize, we showed that for any p1, there exists p2 such that r2(p1, p2) > n. Thus, in any

pricing profile, the seller earning less than n can deviate to earn more than n, so a Nash equilibrium
does not exist.

5 Approximate NE for PLC Pricing

In Section 4, we showed that an NE may not exist when sellers use PLC pricing.
At a Nash equilibrium under PLC pricing, no seller can increase her revenue by switching

to a different PLC pricing strategy. However, we show that computing a seller’s best response
under PLC pricing is NP-hard (Appendix C). Consequently, even if a pricing profile is not a Nash
equilibrium, sellers may find it difficult to deviate.

Thus, we ask whether there exist pricing profiles that are at least stable against deviations to
linear prices. This guarantee is reminiscent of results in game theory, particularly regret mini-
mization, where an adaptive strategy—more general than a fixed strategy—is compared to a fixed
strategy in hindsight.

Discretizing prices. The strategy space of all PLC functions is difficult to work with. For
ease of exposition, we simplify the strategy space by discretizing prices. Formally, for each seller
j ∈ [m], we are given a finite non-empty set Pj ⊂ R>0, and we require the price of each shard of
dataset j to lie in Pj . This is a mild restriction, since any PLC function pj can be approximated
arbitrarily closely by choosing a sufficiently large Pj . Moreover, in many real-world settings, prices
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are typically expressed as integer multiples of a base currency, e.g., Pj = {1, 2, . . . , 106}, meaning
that each shard’s price-per-unit must be a whole number of dollars and cannot exceed one million
dollars.

The ideas in Section 3.1 easily carry over to discretized linear prices, provided that the set of
prices is sufficiently fine-grained. Thus, even with discretized prices, a Nash equilibrium in linear
strategies may not exist. Moreover, in Appendix D, we show that a Nash equilibrium may not exist
even for discretized PLC pricing.

Despite these negative results, we show that there exists a strategy profile for sellers under
discretized PLC pricing in which no seller can increase her revenue by more than a factor of two
by deviating to a linear pricing strategy.

Strategy profile. Let Pj = {pj,1, . . . , pj,mj} for each seller j, where 0 < pj,1 < . . . < pj,mj .
Seller j’s pricing strategy can be described in terms of the shard lengths associated with each price.
Formally, her strategy is given by the vector ℓj = (ℓj,1, . . . , ℓj,mj ) ∈ ∆mj , where ℓj,k is the size of
the kth shard, which has price pj,k. Thus, if a buyer purchases a fraction x of the dataset, she
would pay pj,1x if x ≤ ℓj,1, pay pj,1ℓj,1 + pj,2(x− ℓj,1) if 0 ≤ x− ℓj,1 ≤ ℓj,2, and so on.

The strategy profile of all sellers is denoted by ℓ := (ℓ1, . . . , ℓm), and we write ℓ−j := (ℓj′)j′ ̸=j

for the strategies of all sellers other than j.

Buyer behavior and revenue. Once prices are fixed, each buyer chooses a bundle that maxi-
mizes her utility. For linear prices, we showed in Section 2.1 that each buyer faces a fractional knap-
sack problem, which she solves by ordering the datasets in non-increasing order of bang-per-buck
and purchasing greedily. Similarly, under PLC pricing, buyers order the shards in non-increasing
order of bang-per-buck, and purchase greedily. Let rj(ℓ) denote the revenue earned by seller j for
the strategy profile ℓ. For each buyer i ∈ [n], let σi denote her ordering of shards by bang-per-
buck, i.e., the kth shard of dataset j has bang-per-buck τi,j/pj,k, and σi contains all pairs (j, k) in
non-increasing order of bang-per-buck.

We assume that each buyer i uses sequential tie-breaking : when multiple shards have the same
bang-per-buck, she preferentially allocates her budget to the shard that appears first in σi (as
opposed to, say, purchasing multiple shards partially). This assumption makes analysis much
simpler. This is a mild assumption because prices are discretized, so a slight perturbation of
utilities would eliminate ties in bang-per-buck.

We now state the main result of this section.

Theorem 3 (2-NE for PLC pricing and linear deviations). There exists a strategy profile ℓ∗ such
that no seller can increase her revenue by more than a factor of 2 by deviating to a linear pricing
strategy. Formally, for each seller j ∈ [m], we have

max
k∈[mj ]

rj(e
(k), ℓ∗−j) ≤ 2rj(ℓ

∗).

We prove Theorem 3 in two steps. First, we define each seller j’s randomized revenue r̂j(·) and
show that there exists a strategy profile ℓ∗ such that no seller can increase her randomized revenue
by deviating to a linear pricing. Second, we show that for any strategy profile ℓ and any seller j,
the actual revenue is always at least half of the randomized revenue, i.e., rj(ℓ) ≥ r̂j(ℓ)/2.

Randomized revenue. Consider the hypothetical scenario where seller j prices the dataset lin-
early, but the price is decided uniformly randomly, whereas the remaining sellers use (deterministic)
PLC pricing. Specifically, seller j sets the price of her dataset to pj,k with probability ℓj,k for all
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k ∈ [mj ], whereas every other seller j′ has a shard of size ℓj′,k having price pj′,k for all k ∈ [mj′ ].
Denote seller j’s expected revenue by r̂j(ℓ). Then,

r̂j(ℓ) =

mj∑
k=1

ℓj,krj(e
(k), ℓ−j).

Observe that when ℓj = e(k), then rj(ℓ) = r̂j(ℓ).
Under randomized revenues, we can show that a Nash equilibrium always exists using Brouwer’s

fixed-point theorem.

Lemma 1 (Brouwer’s fixed-point [13]). Let S ⊂ Rd be a convex, closed, and bounded set. Let
f : S → S be a continuous function. Then f has a fixed point, i.e., ∃x∗ ∈ S such that f(x∗) = x∗.

Lemma 2. There is a strategy profile ℓ∗ such that no seller j can increase her randomized revenue
by deviating to a linear pricing. Formally, for all j ∈ [m], we have

r̂j(ℓ
∗) = max

k∈[mj ]
rj(e

(k), ℓ∗−j).

Proof. We will define a function f that perturbs a strategy profile in the direction of each seller’s
better response, and show that f ’s fixed point is the ℓ∗ we need.

For any j ∈ [m], k ∈ [mj ], and any strategy profile ℓ, let

gj(k, ℓ) := max(0, rj(e
(k), ℓ−j)− r̂j(ℓ)).

Here, gj(k, ℓ) represents the gain (relative to r̂j) that seller j achieves by deviating from her current
strategy ℓj to e(k). For any strategy profile ℓ, define

f(ℓ)j,k =
ℓj,k + gj(k, ℓ)

1 +
∑mj

k′=1 gj(k
′, ℓ)

.

Let ∆∗ :=
∏m

j=1∆mj . Then, f : ∆∗ → ∆∗, since for all j ∈ [m], we have
∑mj

k=1 f(ℓ)j,k = 1.
Since ∆∗ is the product of simplices, it is closed and convex. It can be shown that for all j ∈ [m],

rj(ℓ) and r̂j(ℓ) are continuous in ℓ. Hence, gj(k, ·) is continuous, and so, f is continuous. Hence, f
satisfies the conditions for applying Brouwer’s fixed point theorem, and by Lemma 1, f has a fixed
point ℓ∗.

There exists k̃ ∈ [mj ] such that gj(k̃, ℓ
∗) = 0, since

r̂j(ℓ
∗) =

∑
k∈supp(ℓ∗j )

ℓ∗j,krj(e
(k), ℓ∗−j) ≥ min

k∈supp(ℓ∗j )
rj(e

(k), ℓ∗−j).

Let α :=
∑mj

k=1 gj(k, ℓ
∗). If α > 0, then

ℓ∗
j,k̃

= f(ℓ∗)
j,k̃

=
ℓ∗
j,k̃

1 + α
< ℓ∗

j,k̃
,

which is a contradiction. Hence, α = 0, and so, gj(k, ℓ
∗) = 0 for all k ∈ [mj ]. Thus, for all j ∈ [m]

and k ∈ [mj ], we have rj(e
(k), ℓ∗−j) ≤ r̂j(ℓ

∗). Moreover, we also have

r̂j(ℓ
∗) =

mj∑
k=1

ℓ∗j,krj(e
(k), ℓ∗−j) ≤

mj
max
k=1

rj(e
(k), ℓ∗−j).

Hence, for all j ∈ [m], we have

r̂j(ℓ
∗) =

mj
max
k=1

rj(e
(k), ℓ∗−j).
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From randomized to PLC revenue. We now explore the relationship between PLC and ran-
domized revenue.

Lemma 3. For any seller j ∈ [m] and any strategy profile ℓ, we have rj(ℓ) ≥ r̂j(ℓ)/2.

Proof. Fix a seller j ∈ [m] and the strategy profile ℓ. We now express the revenue and randomized
revenue in terms of residual budgets. For any buyer i ∈ [n], recall that σi represents the sequence
of all shards of all datasets, ordered in non-increasing order of bang-per-buck.

Let Li,k be the set of all shards of all datasets in [m] \ {j} that precede shard k of dataset j in
σi. Let L′

i,k be the set of all shards of all datasets that precede shard k of dataset j in σi. Define
γi,k as buyer i’s remaining budget after purchasing everything in Li,k, and γ′i,k as i’s remaining
budget after purchasing everything in L′

i,k. Formally,

γi,k := max

0, bi −
∑

(j′,k′)∈Li,k

pj′,k′ℓj′,k′

 , γ′i,k := max

0, bi −
∑

(j′,k′)∈L′
i,k

pj′,k′ℓj′,k′

 .

Then, we have

r̂j(ℓ) =

mj∑
k=1

n∑
i=1

ℓj,k min(pj,k, γi,k), rj(ℓ) =

mj∑
k=1

n∑
i=1

min(pj,kℓj,k, γ
′
i,k).

If seller j prices her dataset linearly at pj,k with probability ℓj,k for each k ∈ [mj ], then the
expected revenue from buyer i is ρ̂i =

∑mj

k=1 ŝi,k, where ŝi,k := ℓj,k min(pj,k, γi,k).
On the other hand, if seller j prices her dataset deterministically, where the shard of price pj,k

has size ℓj,k, then the revenue from buyer i and shard k is si,k := min(pj,kℓj,k, γ
′
i,k). The total

revenue from buyer i is ρi =
∑mj

k=1 si,k. We will show that 2ρi ≥ ρ̂i for all i ∈ [n], which implies
that

2rj(ℓ) =
n∑

i=1

(2ρi) ≥
n∑

i=1

ρ̂i = r̂j(ℓ).

Suppose buyer i buys ni shards fully, i.e., si,k = pj,kℓj,k for all k ∈ [ni]. Then

ρi ≥
ni∑
k=1

si,k =

ni∑
k=1

pj,kℓj,k ≥
ni∑
k=1

ŝi,k.

If ni = mj , then ρi ≥ ρ̂i, and we are done. Now let ni < mj . Then ℓj,ni+1 > 0 and

si,ni+1 = γ′i,ni+1 = max

(
0, γi,ni+1 −

ni∑
k=1

pj,kℓj,k

)
< pj,ni+1ℓj,ni+1.

There are two cases, depending on whether buyer i runs out of money before reaching shard ni+1.
If si,ni+1 = 0, i.e., buyer i ran out of money before reaching shard ni + 1, then

γi,ni+1 ≤
ni∑
k=1

pj,kℓj,k =

ni∑
k=1

si,k ≤ ρi.

If si,ni+1 > 0, then buyer i exhausts her budget on shard ni + 1, so ρi = γi,ni+1. In either case, we
get ρi ≥ γi,ni+1.
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Moreover, since γi,k is non-increasing in k, we get

γi,ni+1 ≥
mj∑

k=ni+1

ℓj,kγi,ni+1 ≥
mj∑

k=ni+1

ℓj,kγi,k ≥
mj∑

k=ni+1

ŝi,k.

Thus,

2ρi = ρi + ρi ≥

(
ni∑
k=1

ŝi,k

)
+

 mj∑
k=ni+1

ŝi,k

 = ρ̂i.

Hence, 2rj(ℓ) ≥ r̂j(ℓ).

By combining Lemmas 2 and 3, we get the proof of Theorem 3.

5.1 Sparsity of PLC Strategies

A PLC strategy is said to be sparse if it has only a few shards. Specifically, seller j’s pricing
strategy ℓj is said to be sparse if | supp(ℓj)| is small. Sparse strategies are nice because they are
easy to represent and communicate.

From the proof of Theorem 3, we can infer some structural properties of the 2-approximate
Nash equilibrium ℓ∗ for linear deviations. For any seller j, let Bj be the indices of prices that are
linear best-responses, i.e.,

Bj :=
mj

argmax
k=1

rj(e
(k), ℓ∗−j).

Then by Lemma 2, we get supp(ℓ∗j ) ⊆ Bj . If Bj is small for all j, then each seller’s pricing strategy is
sparse, i.e., involving only a few shards. We leave proving an upper bound on |Bj | as an interesting
open problem.

We also consider a related problem: the sparsity of PLC best-responses. Specifically, in Ap-
pendix E, we show that for any strategy profile ℓ and any seller j, there always exists a PLC
best-response ℓ̂j such that | supp(ℓ̂j)| ≤ n, where n is the number of buyers.

6 Empirics

In this section, we investigate how to find an approximate Nash equilibrium on a news data market
constructed from a real-world dataset [1].

Empirical Setup: Datasets and Buyer Valuations. The dataset [1] consists of news headlines
paired with indicators of subsequent stock price movements over time. To mimic the interaction
between data sellers and buyers, we partition the dataset into two disjoint subsets: one used to
simulate the datasets offered by sellers, and another used to simulate the buyer-side test data
used for evaluation. In each simulation run, we first fix the number of buyers and sellers. The
seller-side dataset is then distributed uniformly at random across sellers, creating heterogeneous
but comparable datasets for different news agencies.

Each buyer is interested in predicting stock price movements on a specific subset of days,
corresponding to the days on which the buyer may trade. This induces a buyer-specific prediction
task and defines a corresponding test dataset consisting of news articles and stock price indicators
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for those days drawn from the buyer-side dataset that was originally partitioned for evaluation.
To assess the relevance of a seller’s dataset for a given buyer, buyer i trains a predictive model
fi,j : x 7→ {0, 1} using only the news headlines provided by seller j. The model is implemented as
a logistic regression classifier based on term-frequency features extracted from the headlines. The
trained model is then evaluated on buyer i’s test data, and the variance of its prediction errors is
measured. This empirical variance serves as a proxy for the informativeness of seller j’s data for
buyer i’s prediction task, and is used to infer τi,j , the relevance of seller j’s dataset to buyer i.

Dynamics: Inertial Approximate Best Response. Given the proof of approximate Nash
equilibrium in Section 5, we study a natural inertial response: each seller j in round t, finds the
PLC response that guarantees her revenue at least half of her randomized best linear response as
defined in Section 5. Recall that this is obtained by solving the following program

max
x

mj∑
k=1

xk · rj(e(k), ℓ−j) subject to x ∈ ∆mj .

and defining a PLC function ℓ∗j , by setting ℓ∗j,k = x∗k, where x∗ is a optimal solution to the above

program. Then, the seller updates her response in round t as ℓtj as ℓt−1
j · (1− α) + ℓ∗j · α, where α

is the learning rate controlling the inertia. In our implementation, we set α = 0.1, all sellers start
with a strategy profile ℓ0j,k = 1/mj for every j, k, and terminate the dynamics when ∥ℓt+1− ℓt∥∞ is

no more than ε = 10−4.

Convergence Results and Insights. We evaluated the inertial approximate best-response dy-
namics on the news data marketplace, varying the number of buyers n ∈ {5, 10, 15, 20} and the
number of sellers m ∈ {5, 10, 15, 20, 25}. Each buyer has a unit budget, and each seller employs a
PLC pricing function with the set {k/10 | k ∈ [10]} of discretized prices. As shown in Figure 3a,
across all instances the dynamics converge efficiently, terminating within at most 137 rounds.

Although convergence is consistently fast, the speed of convergence is not strictly monotone
in the number of sellers. In particular, while the instance with m = 5 is smaller in size than
the instance with m = 10, it requires a relatively larger number of iterations to converge. This
phenomenon can be attributed to stronger strategic interdependence in smaller markets: when the
number of sellers is small, a single seller’s update induces a larger change in the revenue obtained
by other sellers, causing their subsequent responses to vary more significantly and leading to slower
stabilization of the dynamics.
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As the number of sellers increases, the marginal impact of any individual seller’s update dimin-
ishes, reflecting a large-market effect. Once this effect becomes prominent, the dynamics stabilize
faster and the convergence rate improves sharply. Beyond this point, we observe a steady and
approximately monotone increase in the speed of convergence as the number of sellers continues to
grow.

Overall, the empirical results exhibit a non-monotone convergence pattern: convergence is ini-
tially slower in very small markets due to strong strategic coupling among sellers, followed by a
marked improvement as large-market effects emerge, and finally a smooth and steady growth as
the market size increases.

Approximation Guarantees and Insights. To quantify the approximation quality of a strat-
egy profile ℓ, we define its incentive ratio as

incentive ratio(ℓ) = max
j∈[m]

maxk rj(e
(k), ℓ−j)

rj(ℓj , ℓ−j)
,

which measures the maximummultiplicative gain that any seller can obtain by unilaterally deviating
to any linear pricing strategy.

Across all experimental settings, spanning a wide range of buyer and seller counts, we con-
sistently observe that the incentive ratio equals 1. That is, despite our theoretical guarantees
establishing only the existence of 2-Nash equilibria, the proposed dynamics reliably converge to
exact Nash equilibria with respect to linear pricing strategies. Moreover, this phenomenon persists
across diverse market sizes, indicating that it is not a fragile artifact of small instances or particular
parameter choices.

These findings highlight a gap between worst-case theoretical guarantees and typical empir-
ical behavior, and naturally motivate further theoretical investigation. In particular, they raise
the possibility that pricing games arising in real-world data marketplaces exhibit additional struc-
tural properties that are not captured by the worst-case analysis, and which may be leveraged to
strengthen equilibrium guarantees.

Sparsity of the PLC Strategies. A PLC pricing strategy is called sparse if it consists of only
a few shards with positive length. Sparse strategies are easier to interpret and implement. We
measure sparsity as the number of shards with strictly positive length and report the average
sparsity of equilibrium pricing functions across market sizes in Figure 3b.

Across all instances, the average sparsity is at most two and always well below the number of
buyers or sellers, indicating that equilibrium PLC strategies are nearly linear. Moreover, sparsity
increases slightly when there are fewer sellers, reflecting stronger strategic pricing incentives, while
it decreases as the number of sellers grows. In particular, when the number of sellers exceeds two,
sellers rarely employ more than a single shard. This decline in sparsity can be attributed similarly
to the large-market effect : as competition intensifies, the influence of any single seller on market
outcomes diminishes, reducing the incentive to employ complex, multi-shard pricing strategies.
Motivated by our observations on sparsity, we further study the sparsity of PLC best responses
and show in Appendix E that for any seller, there always exists a PLC best response with sparsity
at most the number of buyers.
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A Details on the Non-Existence of (Approximate) Linear NE

In Section 3, we claimed that that if sellers only use linear pricing, then no 1.363-approximate pure
Nash equilibrium exists. In this appendix, we provide a formal proof of this claim.

Recall the data market instance we constructed in Example 1, parametrized by (α, β).

A.1 Characterizing Revenues

Let r1(p, q) and r2(p, q) be the revenue earned by sellers 1 and 2, respectively, when seller 1 prices
her dataset at p and seller 2 prices her dataset at q. Let r∗1(q) be the maximum revenue seller 1
can make when seller 2 prices her dataset at q. Define r∗2(p) analogously. In Lemmas 4 and 5, we
give closed-form expressions for r1(p, q), r2(p, q), r

∗
1(q), and r∗2(p).

Lemma 4. We have

(n− 1)min(p,max(0, 1− q)) ≤ r1(p, q)−min(β, p) ≤ (n− 1)min(p, 1),

(n− 1)min(q,max(0, 1− p)) ≤ r2(p, q) ≤ (n− 1)min(q, 1).

Moreover,

1. If p > αq, then r1(p, q) = min(β, p) + (n − 1)min(p,max(0, 1 − q)) and r2(p, q) = (n −
1)min(q, 1).

2. If p < αq, then r1(p, q) = min(β, p)+(n−1)min(p, 1) and r2(p, q) = (n−1)min(q,max(0, 1−
p)).

3. If p+ q ≤ 1, then r1(p, q) = min(β, p) + (n− 1)p and r2(p, q) = (n− 1)q.

4. If p+ q ≥ 1, then r1(p, q) + r2(p, q) = (n− 1) + min(β, p).

Proof. Suppose sellers 1 and 2 price their datasets at p and q, respectively. The rich buyer has a
positive value only for dataset 1, so she will purchase as much of it as she can. Thus, seller 1 gets
a revenue of min(β, p) from the rich buyer and seller 2 doesn’t earn anything from her.

If p < αq, then dataset 1 gives a poor buyer her maximum bang-per-buck, but dataset 2 doesn’t.
So a poor buyer will purchase as much of dataset 1 as possible before moving on to dataset 2. Thus,
seller 1’s revenue from poor buyers would be (n − 1)min(p, 1), and seller 2’s revenue from poor
buyers would be (n− 1)min(q, 1−min(p, 1)) = (n− 1)min(q,max(0, 1− p)).

If p > αq, then dataset 2 gives a poor buyer her maximum bang-per-buck, but dataset 1 doesn’t.
So a poor buyer will purchase as much of dataset 2 as possible before moving on to dataset 1. Thus,
seller 2’s revenue from poor buyers would be (n − 1)min(q, 1), and seller 1’s revenue from poor
buyers would be (n− 1)min(p, 1−min(q, 1)) = (n− 1)min(p,max(0, 1− q)).

If p + q ≤ 1, then a poor buyer will purchase both datasets completely (regardless of which
gives her more bang-per-buck). Thus, sellers 1 and 2 will earn revenues of (n − 1)p and (n − 1)q,
respectively, from poor buyers.

If p + q ≥ 1, then a poor buyer would exhaust her budget if she purchases both datasets
completely. Thus, the sum of the revenues earned by sellers 1 and 2 is n− 1.

If p + q > 1 and p = αq, then both datasets give the same bang-per-buck to a poor buyer.
The sellers’ revenues depend on how the buyer splits her budget among them. For seller 1, the
worst case is if a poor buyer purchases as much of dataset 2 as she can before moving on to
dataset 1, in which case seller 1’s revenue from poor buyers would be (n− 1)min(p,max(0, 1− q)).
Seller 1’s best case is if a poor buyer purchases as much of dataset 1 as she can before moving
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on to dataset 2,in which case seller 1’s revenue from poor buyers would be (n − 1)min(p, 1).
Thus, (n − 1)min(p,max(0, 1 − q)) ≤ r1(p, q) − min(β, p) ≤ (n − 1)min(p, 1). Similarly, (n −
1)min(q,max(0, 1− p)) ≤ r2(p, q) ≤ (n− 1)min(q, 1).

Remark 1. Suppose sellers 1 and 2 price their datasets at p and q, respectively. If p + q > 1
and p = αq, then both datasets are MBB for buyer 1, so the sellers’ revenues cannot be precisely
determined, since they depend on how buyer 1 splits her budget among them. Thus, r1 and r2 need
more inputs in addition to just p and q to be well-defined. Thus, treating r1 and r2 like functions
of p and q is technically incorrect. However, the bulk of our analysis does not run into the case
p = αq and p+ q > 1, and we will handle this case separately in the end.

Lemma 5.

r∗1(q) = max (β + (n− 1)max(0, 1− q),min(β, αq) + (n− 1)min(1, αq)) ,

r∗2(p) = (n− 1)max(1− p,min(1, p/α)).

Proof. We have

r∗1(q) := sup
p∈R≥0

r1(p, q), r∗2(q) := sup
q∈R≥0

r2(p, q).

By Lemma 4, if q < p/α, then r2(p, q) = (n−1)min(q, 1) ≤ (n−1)min(p/α, 1), and r2(p, p/α) ≤
(n−1)min(p/α, 1). Moreover, for any 0 < ε ≤ p/α, we have r2(p, p/α−ε) = (n−1)min(p/α−ε, 1) ≥
(n− 1)min(p/α, 1)− (n− 1)ε. Thus,

sup
q∈[0,p/α]

r2(p, q) = (n− 1)min(p/α, 1).

If q > p/α, then r2(p, q) = (n− 1)min(q,max(0, 1− p)), which is non-decreasing in q. Thus,

sup
q∈(p/α,∞)

r2(p, q) = r2(p,∞) = (n− 1)max(0, 1− p).

Hence,

r∗2(p) := sup
q∈R≥0

r2(p, q)

= max

(
sup

q∈[0,p/α]
r2(p, q), sup

q∈(p/α,∞)
r2(p, q)

)
= (n− 1)max(min(p/α, 1),max(0, 1− p))

= (n− 1)max(1− p,min(1, p/α)).

By Lemma 4, if p < αq, then r1(p, q) ≤ min(β, p) + (n − 1)min(p, 1) ≤ min(β, αq) + (n −
1)min(αq, 1), and r1(αq, q) ≤ min(β, αq) + (n − 1)min(αq, 1). Moreover, for any 0 < ε ≤ αq, we
have r1(αq− ε, q) = min(β, αq− ε) + (n− 1)min(αq− ε, 1) ≥ min(β, αq) + (n− 1)min(αq, 1)−nε.
Thus,

sup
p∈[0,αq]

r1(p, q) = min(β, αq) + (n− 1)min(1, αq).

For p > αq, we have r1(p, q) = min(β, p) + (n− 1)min(p,max(0, 1− q)), which is non-decreasing in
p. Thus,

sup
p∈(αq,∞)

r1(p, q) = r1(∞, q) = β + (n− 1)max(0, 1− q).
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Hence,

r∗1(q) := sup
p∈R≥0

r1(p, q)

= max

(
sup

p∈[0,αq]
r1(p, q), sup

q∈(αq,∞)
r1(p, q)

)
= max (min(β, αq) + (n− 1)min(1, αq), β + (n− 1)max(0, 1− q)) .

Remark 2. r∗1(q) and r∗2(p) only depend on q and p, respectively (unlike r1 and r2; see Remark 1).
Intuitively, this is because undercutting the other seller by an infinitesimally small amount ensures
that the revenue is not ambiguous.

A.2 Constraints and Special Points

The inapproximability factor is given by

inf
p,q∈R≥0

µ(p, q),

where

µ(p, q) := max

(
r∗1(q)

r1(p, q)
,

r∗2(p)

r2(p, q)

)
.

(Note that r∗1(q) ≥ β > 0 for all q ≥ 0, and r∗2(p) > 0 for all p ≥ 0, and so, if r1(p, q) = 0 or
r2(p, q) = 0, we define µ(p, q) = ∞.)

To make the analysis simpler, we impose some constraints on (α, β) instead of searching the
entire region R2

≥0. Under these constraints, we identify a set of four points P := {(pi, qi)}4i=1 such

that argminp,q µ(p, q) ∈ P . Then, we pick (α, β) such that min4i=1 µ(pi, qi) is maximized.
We first simply state the constraints and the points {(pi, qi)}4i=1. After that, we explain how

we came up with them and prove that argminp,q µ(p, q) ∈ P .
Constraints:

1. 2 ≤ α ≤ β < α+ n− 1.

2. α+ n− 1 < αβ.

3. (α+ n− 1)3 > β(αβ + 2(n− 1)(α+ n− 1)).

4. α(β + n− 1)2 > β(n− 1)2.

Let L1 := α+ (n− 1)− β and L2 := (n− 1)2 + α(n− 1) + αβ. Then L1 > 0 by Constraint 1.
Points:

q1 :=
β

α+ n− 1
, ĉ1 :=

n− 1 + αq1
n

, p1 :=
2

1 +
√

1 + 4/αĉ1
, µ1 :=

ĉ1
p1

.

p2 := β q2 :=
n− 1 + β

n− 1 +
√
L2

, µ2 :=
1

q2
.

µ3 :=

√
(n− 1)2L2

1 + 4αβL2 − L1(n− 1)

2αβ
, p3 := αq1µ3, q3 := q1.
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q4 := q1, p4 := αq1, µ4 := 1 +
β(n− 1)

L2
.

Our main claim is that it suffices to only care about the points {(pi, qi)}4i=1.

Lemma 6. If (α, β) satisfies Constraints 1 to 4, then

inf
p,q∈R≥0

µ(p, q) =
4

min
i=1

µ(pi, qi).

Moreover, µ(pi, qi) = µi for all i ∈ [4].

To prove as strong an inapproximability as possible, we must pick (α, β) such that c∗ :=
min(µ1, µ2, µ3, µ4) is maximized. For α = 0.7331568565(n − 1), β = 0.8603994358(n − 1), and
n → ∞, we get c∗ ≈ 1.3639646021. By plugging these values into Lemma 6, we prove Theorem 1.

In Appendix A.3, we prove useful properties of the points {(pi, qi)}4i=1 and show that µ(pi, qi) =
µi for all i ∈ [4]. In Appendices A.4, A.5, A.6, and A.7, we prove Lemma 6 (split across Lemmas 12,
14, 15, 19, 20, and 22).

A.3 Properties of the Special Points

We now hint towards where we got the points {(pi, qi)}3i=1 from, and prove that µi = µ(pi, qi) for
all i ∈ [3]. We defer the corresponding discussion for (p4, q4) to Appendix A.7, since p4/q4 = α,
and that case needs careful handling.

Lemma 7. q1 ∈ (1/α, 1), r∗1(q1) = nĉ1, and r∗1(q) ≥ nĉ1 for all q ≥ 0.

Proof. By Constraint 1, q1 = β/(α + n − 1) < 1. By Constraint 2, αq1 = αβ/(α + n − 1) > 1.
Thus, q1 ∈ (1/α, 1).

Define the functions g1, g2 : R≥0 → R as follows:

g1(x) := β + (n− 1)max(0, 1− x), g2(x) := min(β, αx) + (n− 1)min(1, αx).

Then

g1(q1) = β + (n− 1)(1− q1) = β + (n− 1)

(
1− β

α+ n− 1

)
= (n− 1) + β

(
1− n− 1

α+ n− 1

)
= n− 1 +

αβ

α+ n− 1

= n− 1 + αq1 = nĉ1.

By Constraint 1, αq1 < α ≤ β. Since q1 > 1/α, we get g2(q1) = min(β, αq1)+ (n−1)min(1, αq1) =
αq1 + n− 1 = nĉ1. Hence, g1(q1) = g2(q1).

r∗1(q1) = max(g1(q1), g2(q1)) = nĉ1. g1 is non-increasing, and g2 is non-decreasing. Thus, for
any q ∈ [0, q1], we have r∗1(q) = max(g1(q), g2(q)) ≥ g1(q) ≥ g1(q1) = nĉ1, and for any q ≥ q1, we
have r∗1(q) = max(g1(q), g2(q)) ≥ g2(q) ≥ g2(q1) = nĉ1. Thus, r

∗
1(q) ≥ nĉ1 for all q ≥ 0.

Lemma 8. p1 ∈ ( α
α+1 , 1) and ĉ1 > 1.

r∗1(q1)

r1(p1, q1)
=

r∗2(p1)

r2(p1, q1)
= µ1,

so µ(p1, q1) = µ1. Moreover, p1 is the unique positive solution to the equation

ĉ1
x

=
x

α(1− x)
.
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Proof. By Lemma 7, we have q1 ∈ (1/α, 1). ĉ1 = (αq1 + (n− 1))/n > (1 + (n− 1))/n = 1.
Define the function f : (0, 1) → R as

f(x) :=
ĉ1
x

− x

α(1− x)
.

It is easy to verify that p1 is the unique positive solution to f(x) = 0.
f is a (strictly) decreasing function,

f

(
α

α+ 1

)
= ĉ1

α+ 1

α
− 1 >

1

α
> 0,

and limx→1 f(x) = −∞. Thus, f has a unique zero in the interval ( α
α+1 , 1). Thus, p1 ∈ ( α

α+1 , 1).
Since p1 ∈ ( α

α+1 , 1) and q1 ∈ (1/α, 1), we get p1 < αq1, p1+q1 ≥ 1, and 1−p1 ≤ p1/α. Moreover,
by Lemma 7, we have r∗1(q1) = nĉ1. Thus,

r∗1(q1)

r1(p1, q1)
=

ĉ1
p1

= µ1,
r∗2(p1)

r2(p1, q1)
=

p1/α

1− p1
=

ĉ1
p1

= µ1.

Lemma 9. q2 ∈ (1/α, 1), µ2 = µ(β, q2), and

r∗1(q2)

r1(β, q2)
=

r∗2(β)

r2(β, q2)
= µ2.

Moreover, q2 is the unique positive solution to the equation

αx+ n− 1

β + (n− 1)(1− x)
=

1

x
.

Proof. Define the function f : (0, 1] → R as

f(x) :=
αx+ n− 1

β + (n− 1)(1− x)
− 1

x
.

It is easy to verify that q2 is the unique positive solution to f(x) = 0.
By Constraint 1,

f(1) =
α+ n− 1

β
− 1 > 0.

f(1/α) =
n

β + (n− 1)(1− 1/α)
− α

=
αn

αβ + (n− 1)(α− 1)
− α

≤ αn

4 + (n− 1)
− α (since αβ ≥ 4 and α− 1 ≥ 1)

= − 3α

n+ 3
< 0.

Since f is a (strictly) increasing function, f(1) > 0, and f(1/α) < 0, we get that it has a unique
zero in (1/α, 1). Thus, q2 ∈ (1/α, 1).
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We have p2 := β ≥ α > αq2, and p2 + q2 ≥ β > 1. Thus,

r∗1(q2)

r1(β, q2)
=

max(β + (n− 1)(1− q2), αq2 + n− 1)

β + (n− 1)q2

= max

(
1,

αq2 + n− 1

β + (n− 1)(1− q2)

)
= max

(
1,

1

q2

)
(since f(q2) = 0)

= µ2,

r∗2(β)

r2(β, q2)
=

1

q2
= µ2.

Hence, µ(β, q2) = µ2.

Lemma 10. 1 < µ3 < 1/q1 and µ3 is the unique positive solution to the equation αβx2 + (n −
1)(n− 1 + α− β)x− ((n− 1)2 + (n− 1)α+ αβ) = 0.

Proof. Let f(x) = αβx2 − (n− 1)(n− 1+α− β)x− ((n− 1)2 + (n− 1)α+αβ). It is easy to verify
that µ3 is the unique positive solution to f(x) = 0.

Let ν be the other (negative) root of f(x) = 0. Since f is a quadratic function, where the
quadratic term’s coefficient is positive, we get that f(x) ≤ 0 ⇐⇒ x ∈ [ν, µ3]. Thus, to prove that
1 < µ3 < 1/q1, we must show that f(1) < 0 and f(1/q1) > 0. f(1) = −β(n − 1) < 0. One can
verify that f(1/q1) > 0 is equivalent to Constraint 3.

Thus, f(1/q1) > 0, and so, 1 < µ3 < 1/q1.

Lemma 11. p3 ∈ (αq3, α), µ3 = µ(p3, q3), and

r∗1(q3)

r1(p3, q3)
=

r∗2(p3)

r2(p3, q3)
= µ3.

Proof. q3 := q1 and p3 := αq1µ3. By Lemma 10, µ3 ∈ (1, 1/q1), so p3 ∈ (αq1, α).
By Lemma 7, q1 ∈ (1/α, 1), so p3 ≥ αq1 ≥ 1. Since p3 ∈ (αq3, α), we get

r∗2(p3)

r2(p3, q3)
=

p3/α

q1
= µ3.

By Lemma 7, r∗1(q1) = nĉ1 = αq1 + n− 1. Thus,

r∗1(q3)

r1(p3, q3)
=

αq1 + n− 1

p3 + (n− 1)(1− q1)

=
α β

α+n−1 + n− 1

αµ3
β

α+n−1 + (n− 1)
(
1− β

α+n−1

)
=

(n− 1)2 + (n− 1)α+ αβ

αβµ3 + (n− 1)(α+ n− 1− β)
.

Since µ3 is a positive root of the equation αβx2+(n−1)(α+n−1−β)x−((n−1)2+(n−1)α+αβ) = 0,
we get that r∗1(q3)/r1(p3, q3) = µ3. Thus, µ(p3, q3) = µ3.
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A.4 Case 1: p > αq and p + q ≥ 1

Recall Lemmas 4 and 5. Since p > αq and p+ q ≥ 1, we get

r∗1(q) = max (β + (n− 1)max(0, 1− q),min(β, αq) + (n− 1)min(1, αq)) , (by Lemma 5)

r1(p, q) = min(β, p) + (n− 1)max(0, 1− q), (by Lemma 4, p+ q ≥ 1)

r∗2(p) = (n− 1)min(1, p/α), (by Lemma 5, 1− p ≤ q < p/α)

r2(p, q) = (n− 1)min(q, 1). (by Lemma 4)

Lemma 12. Let p+ q ≥ 1 and p > αq. If p ≥ α, then µ(p, q) ≥ µ2.

Proof. By Lemma 9, q2 ∈ (1/α, 1).
Case 1: q ≤ q2. Since p ≥ α, we get

µ(p, q) ≥ r∗2(p)

r2(p, q)
=

1

q
≥ 1

q2
= µ2.

Case 2: q ≥ q2. Then αq ≥ αq2 > 1. So,

µ(p, q) ≥ r∗1(q)

r1(p, q)
≥ min(β, αq) + n− 1

min(β, p) + (n− 1)max(0, 1− q)

≥ αq2 + n− 1

β + (n− 1)(1− q2)
(expression was non-decreasing in q, and β ≥ α > αq2)

=
1

q2
= µ2. (by Lemma 9)

Thus, µ(p, q) ≥ µ2.

Lemma 13. µ3 < 1 + β/(n− 1).

Proof. By Lemma 10, µ3 is the only positive solution to the equation f(x) = 0, where f(x) :=
αβx2 + (n− 1)(n− 1 + α− β)x− ((n− 1)2 + (n− 1)α+ αβ).

Let ν be the other (negative) root of f(x) = 0. Since f is a quadratic function, where the
quadratic term’s coefficient is positive, we get that f(x) ≤ 0 ⇐⇒ x ∈ [ν, µ3]. Thus, to prove that
µ3 < 1+β/(n−1), we must show that f(1+β/(n−1)) > 0. One can verify that f(1+β/(n−1)) > 0
is equivalent to Constraint 4. Thus, µ3 < 1 + β/(n− 1).

Lemma 14. Let p+ q ≥ 1 and p > αq. If p ≤ α, then µ(p, q) ≥ µ3.

Proof. Since αq < p ≤ α, we get q < 1. Since p+ q ≥ 1, we have p > 0. If q = 0, then r2(p, q) = 0,
and then µ(p, q) = ∞. So let q > 0. Since p ≤ α, we get r∗2(p)/r2(p, q) = p/(αq). If p ≥ αqµ3, then
µ(p, q) ≥ p/(αq) ≥ µ3, and we are done. So now assume p < αµ3q.

Recall that q1 = β/(α+ n− 1). Assume µ(p, q) < µ3.
Case 1: q ≤ q1. Then

µ3 > µ(p, q) ≥ r∗1(q)

r1(p, q)
≥ β + (n− 1)(1− q)

αqµ3 + (n− 1)(1− q)

=⇒ µ3(αqµ3 + (n− 1)(1− q)) > β + (n− 1)(1− q)

=⇒ (αµ2
3 − (n− 1)µ3 + (n− 1))q > β + n− 1− (n− 1)µ3

=⇒ (αµ2
3 − (n− 1)µ3 + (n− 1))(q − q1)
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> (β + n− 1)− (n− 1)µ3 − (αµ2
3 − (n− 1)µ3 + (n− 1))q1

= −(αβµ2
3 + (n− 1)(α+ n− 1− β)µ3 − (αβ + (n− 1)α+ (n− 1)2))

= 0. (by Lemma 10)

Thus, we have (αµ2
3 − (n − 1)µ3 + (n − 1))(q − q1) > 0. Moreover, since µ3 > 1 + β/(n − 1) by

Lemma 13, we get αµ2
3 − (n − 1)µ3 + (n − 1) = ((β + n − 1) − (n − 1)µ3)/q1 > 0. Hence, q > q1,

which is a contradiction.
Case 2: q ≥ q1.

Since q1 ∈ (1/α, 1) and q < 1, we get 1 < αq < α ≤ β. Thus,

µ3 > µ(p, q) ≥ r∗1(q)

r1(p, q)
≥ αq + n− 1

αqµ3 + (n− 1)(1− q)

=⇒ µ3(αqµ3 + (n− 1)(1− q)) > αq + n− 1

=⇒ (n− 1)(µ3 − 1) > (α+ (n− 1)µ3 − αµ2
3)q

=⇒ (α+ (n− 1)µ3 − αµ2
3)(q1 − q)

> (α+ (n− 1)µ3 − αµ2
3)q1 − (n− 1)(µ3 − 1)

= (α+ (n− 1)µ3 − αµ2
3)q1 − (n− 1)(µ3 − 1)

= −(αβµ2
3 + (n− 1)(α+ n− 1− β)µ3 − ((n− 1)2 + α(n− 1) + αβ))

= 0. (by Lemma 10)

Thus, we have (α + (n− 1)µ3 − αµ2
3)(q1 − q) > 0. Moreover, since µ3 > 1 by Lemma 10, we have

α+ (n− 1)µ3 − αµ2
3 = (n− 1)(µ3 − 1)/q1 > 0. Thus, q < q1, which is a contradiction

Thus, our assumption that µ(p, q) < µ3 was incorrect, and we have µ(p, q) ≥ µ3.

A.5 Case 2: p < αq and p + q ≥ 1

Recall Lemmas 4 and 5. Since p < αq and p+ q ≥ 1, we get

r∗1(q) = max (β + (n− 1)max(0, 1− q),min(β, αq) + (n− 1)min(1, αq)) , (by Lemma 5)

r1(p, q) = min(β, p) + (n− 1)min(p, 1), (by Lemma 4)

r∗2(p) = (n− 1)max(1− p,min(1, p/α)), (by Lemma 5)

r2(p, q) = (n− 1)max(0, 1− p). (by Lemma 4, q ≥ 1− p)

Lemma 15. If p < αq and p+ q ≥ 1, we get µ(p, q) ≥ µ1.

Proof. If p ≥ 1, then r2(p, q) = 0, and if p = 0, then r1 = 0. In both cases, we get µ(p, q) = ∞. So
now let p ∈ (0, 1).

By Lemma 8 p1 ∈ ( α
α+1 , 1).

Case 1: p ≥ p1
Then p ≥ α

α+1 , so 1− p ≤ p/α. Thus,

µ(p, q) ≥ r∗2(p)

r2(p, q)
=

p/α

1− p
≥ p1/α

1− p1
=

r∗2(p1)

r2(p1, q1)
= µ1.

Case 2: p ≤ p1.
By Lemma 7, r∗1(q) ≥ r∗1(q1) for all q ≥ 0. Thus,

µ(p, q) ≥ r∗1(q)

r1(p, q)
=

r∗1(q)

np
≥ r∗1(q1)

np1
=

r∗1(q1)

r1(p1, q1)
= µ1.

Hence, µ(p, q) ≥ µ1.
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A.6 Case 3: p + q ≤ 1

Recall Lemmas 4 and 5. Since p+ q ≤ 1, we get

r∗1(q) = max (β + (n− 1)(1− q),min(β, αq) + (n− 1)min(1, αq)) , (by Lemma 5)

r1(p, q) = min(β, p) + (n− 1)p, (by Lemma 4)

r∗2(p) = (n− 1)max(1− p, p/α), (by Lemma 5, p ≤ 1, α ≥ 1)

r2(p, q) = (n− 1)q. (by Lemma 4)

Let p′ := α
α+1 . We first show that (informally) µ(p, q) is decreasing in p if p ≤ p′ and µ(p, q) is

decreasing in q if q ≤ q1.

Lemma 16. Let q ∈ [0, 1] and 0 ≤ x1 ≤ x2 ≤ min(p′, 1− q). Then µ(x1, q) ≥ µ(x2, q).

Proof. For any p ∈ [0,min(p′, 1− q)], we have 1− p ≥ p/α, so

µ(p, q) = max

(
r∗1(q)

r1(p, q)
,

r∗2(p)

r2(p, q)

)
= max

(
r∗1(q)

np
,
1− p

q

)
.

Both terms in the max(. . .) are decreasing in p.

Lemma 17. Let p ∈ [0, 1] and 0 ≤ y1 ≤ y2 ≤ min(q1, 1− p). Then µ(p, y1) ≥ µ(p, y2).

Proof. For any q ∈ [0, 1], we have β+(n− 1)(1− q) ≥ min(β, αq)+ (n− 1)min(1, αq) ⇐⇒ q ≤ q1.
Thus, for any q ∈ [0,min(q1, 1− p)], we have

µ(p, q) = max

(
r∗1(q)

r1(p, q)
,

r∗2(p)

r2(p, q)

)
= max

(
β + (n− 1)(1− q)

np
,
r∗2(p)

q

)
.

Both terms in the max(. . .) are decreasing in q.

Lemma 18. For any (p, q) ∈ R2
≥0 such that p+q ≤ 1, there exists (p̂, q̂) ∈ R2

≥0 such that p̂+ q̂ = 1,
p̂ ≥ p, q̂ ≥ q, and µ(p̂, q̂) ≤ µ(p, q).

Proof. Let p′ := α
α+1 . By Lemma 7, q1 ∈ (1/α, 1). Thus, p′ + q1 > 1.

Let p̂ := max(p,min(p′, 1− q)) and q̂ := max(q,min(q1, 1− p̂)). It is easy to see that p̂ ≥ p and
q̂ ≥ q.

Case 1: p ≤ 1− q ≤ p′

Then p̂ = 1− q, and so, q̂ = max(q,min(q1, q)) = q. Then p̂+ q̂ = (1− q) + q = 1. By Lemma 16,
we get µ(p, q) ≥ µ(p̂, q) = µ(p̂, q̂).

Case 2: p ≤ p′ ≤ 1− q
Then p̂ = p′. Since p′+q1 > 1 and p′ ≤ 1−q, we get q ≤ 1−p′ < q1. Hence, q̂ = max(q,min(q1, 1−
q4)) = 1 − p′. Thus, p̂ + q̂ = p′ + (1 − p′) = 1. By Lemma 16, we get µ(p, q) ≥ µ(p̂, q), and by
Lemma 17, we get µ(p̂, q) ≥ µ(p̂, q̂). Thus, µ(p, q) ≥ µ(p̂, q̂).

Case 3: p′ ≤ p ≤ 1− q
Then p̂ = p. Since p′+q1 > 1, we get q ≤ 1−p ≤ 1−p′ < q1. Thus, q̂ = max(q,min(q1, 1−p)) = 1−p,
so p̂+ q̂ = p+ (1− p) = 1. Also, by Lemma 17, µ(p, q) = µ(p̂, q) ≥ µ(p̂, q̂).

Thus, in each case, we get p̂ ≥ p, q̂ ≥ q, p̂+ q̂ = 1, and µ(p, q) ≥ µ(p̂, q̂).

Lemma 19. If p+ q ≤ 1, then µ(p, q) ≥ min(µ1, µ2, µ3).
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Proof. By Lemma 18, there exist p̂ ≥ p and q̂ ≥ q such that p̂+ q̂ = 1 and µ(p, q) ≥ µ(p̂, q̂).
If p̂ > αq, then by Lemmas 12 and 14, we get µ(p̂, q̂) ≥ min(µ2, µ3). If p̂ < αq, then by

Lemma 15, we get µ(p̂, q̂) ≥ µ1. Now let p̂ = αq. Then p̂ = α
α+1 and q̂ = 1

α+1 .
By Lemma 7, q̂ < 1/α < q1 and r∗1(q̂) ≥ r∗1(q1). By Lemma 8, p̂ =< p1, and

µ(p̂, q̂) ≥ r∗1(q̂)

r1(p̂, q̂)
=

r∗1(q̂)

np̂
≥ r∗1(q1)

np1
=

r∗1(q1)

r1(p1, q1)
= µ1.

Hence, µ(p, q) ≥ µ(p̂, q̂) ≥ min(µ1, µ2, µ3).

A.7 Case 4: p = αq and p + q > 1

Observation 1. 1− q < p = αq =⇒ q > 1/(α+ 1) and p > α/(α+ 1).

Since p can be expressed as a function of q, we write r∗2(q) instead of r∗1(p). By Lemma 5, and
using p = αq and p+ q > 1, we get

r∗1(q) = max (β + (n− 1)max(0, 1− q),min(β, αq) + (n− 1)min(1, αq)) ,

r∗2(q) = (n− 1)min(1, q),

The revenue collected by the sellers cannot be precisely determined, but we can still give upper
and lower bounds on them. For j ∈ [2], define

1. r−1 (q) := min(β, αq) + (n− 1)max(0, 1− q),

2. r+1 (q) := min(β, αq) + (n− 1)min(1, αq),

3. r−2 (q) := (n− 1)max(0, 1− αq),

4. r+2 (q) := (n− 1)min(q, 1),

5. s(q) := min(β, αq) + (n− 1).

Then by Lemma 4, the revenue of seller j lies between r−j (q) and r+j (q), and the sum of the sellers’
revenues is s(q).

Observation 2. For all q > 1/(α+ 1), we have r∗1(q) ≥ r+1 (q) and r∗2(q) = r+2 (q).

Observation 3. For all q > 1/(α + 1), we have r−1 (q) + r+2 (q) = r+1 (q) + r−2 (q) = s(q). Let
d(q) := (n− 1)(min(q, 1)+min(αq, 1)− 1). Then r+1 (q)− r−1 (q) = r+2 (q)− r−2 (q) = d(q). Moreover,
d(q) > 0 for all q > 1/(α+1). This is because if q ≥ 1/α, then d(q) = (n− 1)q > 0, and otherwise,
d(q) = (n− 1)((α+ 1)q − 1) > 0.

Seller 1’s revenue will always be a convex combination of r−1 (q) and r+1 (q). Denote her revenue
by r1(q, z) := (1−z) · r−1 (q)+z · r+1 (q). Since the sellers’ revenues sum to s(q), we get that seller 2’s
revenue is r2(q, z) := z · r−2 (q) + (1− z) · r+2 (q). We can rewrite these as, r1(q, z) = r−1 (q) + z · d(q)
and r2(q, z) = r+2 (q)− z · d(q).

Let

µ(q, z) := max

(
r∗1(q)

r1(q, z)
,

r∗2(q)

r2(q, z)

)
.

We would like to lower bound µ(q, z) for all q > 1
α+1 and z ∈ [0, 1].
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Lemma 20. For all q > 1
α+1 , let

z∗(q) := min

(
1,

r∗2(q)(r
∗
1(q)− r−1 (q))

(r∗1(q) + r∗2(q))d(q)

)
.

Then

inf
z∈[0,1]

µ(q, z) = µ(q, z∗(q)) = max

(
r∗1(q) + r∗2(q)

s(q)
,
r∗1(q)

r+1 (q)

)
.

Proof. The key idea is that r∗1(q)/r1(q, z) is decreasing in z and r∗2(q)/r2(q, z) is increasing in z. If
these curves (as functions of z) intersect, then the point of intersection is z∗, and this minimizes
µ(q, z). Otherwise, we show that µ(q, z) = r∗1(q)/r1(q, z), so µ(q, z) is minimized at z = 1. We now
formalize this argument.

For j ∈ [2], let gj(q, z) := r∗j (q)/rj(q, z). Let

ẑ(q) :=
r∗2(q)(r

∗
1(q)− r−1 (q))

(r∗1(q) + r∗2(q))d(q)
.

Then ẑ(q) ≥ 0 and

g1(q, z) ≥ g2(q, z) ⇐⇒ r∗1(q)

r1(q, z)
≥ r∗2(q)

r2(q, z)

⇐⇒ r∗1(q)r2(q, z) ≥ r∗2(q)r1(q, z)

⇐⇒ r∗1(q)(r
∗
2(q)− d(q)z) ≥ r∗2(q)(r

−
1 (q) + d(q)z) (since r+2 (q) = r∗2(q))

⇐⇒ z ≤ ẑ(q).

Similarly, we can show that g1(q, z) ≤ g2(q, z) ⇐⇒ z ≥ ẑ(q).
Case 1: ẑ(q) ≥ 1.

Then z∗(q) = 1 and for all z ∈ [0, 1], we have g1(q, z) ≥ g2(q, z). Thus, µ(q, z) = g1(q, z). Moreover,
g1(q, z) is decreasing in z, so

inf
z∈[0,1]

µ(q, z) = inf
z∈[0,1]

g1(q, z) = g1(q, 1) = µ(q, 1) = µ(q, z∗(q)).

Moreover,

µ(q, z∗(q)) = g1(q, 1) =
r∗1(q)

r+1 (q)
.

Case 2: ẑ(q) ≤ 1.
Then z∗(q) = ẑ(q). For z ≤ ẑ(q), we have g1(q, z) ≥ g2(q, z), so µ(q, z) = g1(q, z). Since g1(q, z)
is decreasing in z, we have µ(q, z) = g1(q, z) ≥ g1(q, ẑ(q)) = µ(q, ẑ(q)). For z ≥ ẑ(q), we have
g1(q, z) ≤ g2(q, z), so µ(q, z) = g2(q, z). Since g2(q, z) is increasing in z, we have µ(q, z) = g2(q, z) ≥
g2(q, ẑ(q)) = µ(q, ẑ(q)). Thus, infz∈[0,1] µ(q, z) = µ(q, z∗(q)). Moreover,

µ(q, z∗(q)) = g2(z
∗(q)) =

r∗2(q)

r∗2(q)− d(q)ẑ(q)
=

1

1− r∗1(q)−r−1 (q)
r∗1(q)+r∗2(q)

=
r∗1(q) + r∗2(q)

r∗2(q) + r−1 (q)
.

On combining the two cases, we get

inf
z∈[0,1]

µ(q, z) = µ(q, z∗(q)) =


r∗1(q)

r+1 (q)
if ẑ(q) ≥ 1

r∗1(q)+r∗2(q)

r∗2(q)+r−1 (q)
otherwise

.
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r∗1(q)

r+1 (q)
≥ r∗1(q) + r∗2(q)

r∗2(q) + r−1 (q)

⇐⇒ r∗1(q)(r
∗
2(q) + r−1 (q)) ≥ (r−1 (q) + d(q))(r∗1(q) + r∗2(q))

⇐⇒ r∗1(q)r
∗
2(q) ≥ r−1 (q)r

∗
2(q) + d(q)(r∗1(q) + r∗2(q))

⇐⇒ ẑ(q) ≥ 1.

Thus,

inf
z∈[0,1]

µ(q, z) = µ(q, z∗(q)) = max

(
r∗1(q) + r∗2(q)

r∗2(q) + r−1 (q)
,
r∗1(q)

r+1 (q)

)
.

Lemma 21.

µ(q1, z
∗(q1)) = µ4 := 1 +

β(n− 1)

(n− 1)2 + (n− 1)α+ αβ
.

Proof. By Lemma 7, we get q1 ∈ (1/α, 1) and r∗1(q1) = nĉ1 = αq1 + n− 1. Also, r∗2(q1) = r+2 (q) =
(n− 1)q1, r

+
1 (q1) = αq1 + (n− 1), and r−1 (q1) = αq1 + (n− 1)(1− q1). Thus, by Lemma 20, we get

µ(q1, z
∗(q1)) = max

(
r∗1(q1)

r+1 (q1)
,
r∗1(q1) + r∗2(q1)

r−1 (q) + r∗2(q)

)
= max

(
1,

αq1 + (n− 1)(1 + q1)

αq1 + n− 1

)
= 1 +

(n− 1)q1
αq1 + n− 1

= 1 +
(n− 1)β

(n− 1)2 + (n− 1)α+ αβ
.

Lemma 22. For all q > 1
α+1 , we have

µ(q, z∗(q)) ≥ min(µ2, µ4).

Proof. Let h(q) := β + (n − 1)max(0, 1 − q). Then r∗1(q) = max(h1(q), r
+
1 (q)). Using techniques

from the proof of Lemma 7, one can easily show that h1(q) ≥ r+1 (q) ⇐⇒ q ≤ q1 and h1(q) ≤
r+1 (q) ⇐⇒ q ≥ q1.

Case 1: q ∈ ( 1
α+1 , q1]. Then

r∗1(q)

r+1 (q)
= max

(
1,

h1(q)

r+1 (q)

)
.

Since h1(q) is non-increasing in q and r+1 (q) is non-decreasing in q, we get that r∗1(q)/r
+
1 (q) is

non-increasing in q.

r∗1(q) + r∗2(q)

s(q)
=

β + n− 1

s(q)
.

Since s(q) is non-decreasing in q, we get that (r∗1(q) + r∗2(q))/s(q) is non-increasing in q. Thus,
µ(q, z∗(q)) is non-increasing in q. So, µ(q, z∗(q)) ≥ µ(q1, z

∗(q1)) = µ4 by Lemma 21.
Case 2: q ≥ q1.

Then q1 ≥ 1/α by Lemma 7. Also, r∗1(q)/r
+
1 (q) = 1. Since r∗1(q) + r∗2(q) = r+1 (q) + r+2 (q) =

s(q) + d(q), we get

r∗1(q) + r∗2(q)

s(q)
= 1 +

d(q)

s(q)
= 1 +

(n− 1)min(q, 1)

min(β, αq) + (n− 1)
.
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Case 2a: q ∈ [q1, 1]. Then

r∗1(q) + r∗2(q)

s(q)
= 1 +

(n− 1)q

αq + n− 1
.

One can show that this is increasing in q. Thus, for q ∈ [q1, 1], we have µ(q, z
∗(q)) ≥ µ(q1, z

∗(q1)) =
µ4 by Lemma 21.

Case 2b: q ≥ 1. Then

r∗1(q) + r∗2(q)

s(q)
= 1 +

n− 1

min(β, αq) + (n− 1)
,

which is non-increasing in q. Thus, for q ≥ 1, we get

µ(q, z∗(q)) ≥ µ(∞, z∗(∞)) = 1 +
n− 1

β + n− 1
.

To complete the proof, we need to show that

1 +
n− 1

β + n− 1
≥ µ2.

This holds because

µ2 =

√
(n− 1)2 + (n− 1)α+ αβ + (n− 1)

β + n− 1

≤
√

(n− 1)2 + (n− 1)α+ α(α+ n− 1) + (n− 1)

β + n− 1
(since β ≤ α+ n− 1 by Constraint 1)

=
α+ 2(n− 1)

β + n− 1
≤ β + 2(n− 1)

β + n− 1
= 1 +

n− 1

β + n− 1
.

Thus, in all cases, we get that µ(q, z∗(q)) ≥ min(µ2, µ4).

B Details on Non-Existence of NE for Convex Pricing

We begin by investigating buyers’ behavior for convex pricing functions. A useful tool for this is
the sub-derivative.

Definition 1 (Sub-derivative). Let p : [0, 1] → R be a continuous convex function. α ∈ R is said
to be a sub-derivative of p at z ∈ [0, 1] if for all x ∈ [0, 1], we have α · (z − x) ≤ p(x)− p(z).

Sub-derivatives of a continuous convex function p : [0, 1] → R have two useful properties:

• Surjectivity: For any α ∈ R, ∃x ∈ [0, 1] such that α is a sub-derivative of p at x.

• Monotonicity: Let x1 < x2, α1 be a sub-derivative of p at x1, and α2 be a sub-derivative of
p at x2. Then α1 ≤ α2.

Consider two datasets having convex pricing functions p1 and p2, respectively. Buyers would
then have to decide how much of each dataset to purchase. Formally, a buyer i having budget bi
and utilities τi,1 and τi,2 for the datasets would face the following optimization problem:

maximize
x1,x2∈[0,1]

τi,1x1 + τi,2x2 subject to p1(x1) + p2(x2) ≤ bi.
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Then seller j ∈ [2] earns revenue pj(xj) from buyer i. There may be multiple optimal solutions,
and we say that a buyer is biased towards seller j if among the optimal solutions, she picks the one
maximizing xj .

In Section 2.1, we showed that for linear pricing, the above optimization problem is the frac-
tional knapsack problem, and buyers solve it by ordering the datasets in bang-per-buck order and
purchasing greedily. A similar observation can be made for convex prices too. For two convex-priced
datasets, a solution (x1, x2) is optimal iff the following hold:

• p1(x1) + p2(x2) = min(bi, p1(1) + p1(2)).

• α1/τi,1 = α2/τi,2, where αj ∈ R≥0 is a sub-derivative of pj at xj for all j ∈ [2].

We are now ready to prove the main theorem.

Theorem 2. Consider a data market instance with n ≥ 2 buyers and 2 datasets. Each buyer has
value 1 for each dataset. The first n− 1 buyers are called poor and have a budget of 1 each. The
nth buyer is called rich and has a budget of n + 1. In this instance, a Nash equilibrium does not
exist for convex pricing functions.

Proof. The total budget among the buyers is (n − 1) + (n + 1) = 2n. For any pricing function
selected by a seller, we show that the other seller can pick a pricing function that gives her revenue
more than n. This would prove that a Nash equilibrium doesn’t exist, because in every pair of
pricing functions, some seller will always earn at most n, and that seller can profitably deviate to
earn more than n.

By symmetry, we only need to prove one side: given seller 1’s pricing function p1, we need to
find a pricing function p2 such that seller 2’s revenue is strictly more than n.

Assume without loss of generality that buyers are biased towards seller 2, since she can get
nearly the same revenue as the biased case by reducing her pricing function by a factor (1− ε) for
an infinitesimally small ε > 0.

For all j ∈ [2], let rj(p1, p2) denote seller j’s revenue for pricing profile (p1, p2) (when buyers
are biased towards seller 2). If r2(p1, p1) > n, then we are done. Now assume r2(p1, p1) ≤ n.

Case 1: p1(1) < (n+ 1)/2.
If p1(1) < 1, then seller 1’s revenue is less than n. If we define p2(x) := (n+1)x, then r2(p1, p2) > n,
and we are done. Now assume p1(1) ≥ 1.

When prices are (p1, p1), the poor buyers exhaust their budgets, and the rich buyer has budget
µ := (n + 1) − 2p1(1) left after purchasing both datasets. Let η be the total revenue earned by
seller 2 from poor buyers for prices (p1, p1). Her revenue from the rich buyer is p1(1). Thus,
r1(p1, p1) ≤ r2(p1, p1) = η + p1(1). Moreover, r1(p1, p1) + r2(p1, p1) equals the total expenditure
2n− µ, so r2(p1, p1) ≥ n− µ/2.

Pick δ in (0, µ/(2η)). We obtain p2 by shrinking p1 along the x and y axes by a factor of 1− δ,
and setting p2’s derivative in the interval [1 − δ, 1] to a large value so that p2(1) = p1(1) + µ.
Formally, define p2 as follows:

p2(x) :=

{
(1− δ)p1(x/(1− δ)) if x ≤ 1− δ

p1(1) · x+ µ · x−(1−δ)
δ if x > 1− δ

.

Thus, when prices are (p1, p2), the rich buyer purchases both datasets fully and exhausts her budget.
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The total revenue earned by seller 2 from poor buyers for prices (p1, p2) is at least (1− δ)η. Her
revenue from the rich buyer is p2(1) = p1(1) + µ. Thus,

r2(p1, p2) ≥ (1− δ)η + (p1(1) + µ) = r2(p1, p1) + (µ− ηδ)

> (n− µ/2) + µ/2 = n.

Case 2: p1(1) ≥ (n+ 1)/2.
Then every buyer exhausts her budget at prices (p1, p1), so r1(p1, p1) + r2(p1, p1) = 2n. Since
r1(p1, p1) ≤ r2(p1, p1) ≤ n, we get r1(p1, p1) = r2(p1, p1) = n.

Let α be the smallest number in (0, 1) such that p1(α) + α · p′1(α) = 1, for some sub-derivative
p′1(α) of p1 at α. Such an α and p′1(α) always exist, since p1(1) ≥ (n+ 1)/2 > 1, 0 · p′1(0) = 0 < 1,
and p1(x) + x · p′1(x) is monotonic in x.

Let β be the smallest number in (α, 1] such that p1(β)− p1(α) + (β − α) · p′1(β) = n, for some
sub-derivative p′1(β) of p1 at β. Such a β and p′1(β) always exist, since p

′
1(1) can be made arbitrarily

large. Define p2 as

p2(x) :=

{
p′1(α) · x if 0 ≤ x ≤ α

α · p′1(α) + p′1(β) · (x− α) if α < x ≤ 1
.

Then the poor buyers will purchase an α fraction of each dataset, and the rich buyer will purchase
at least a β fraction of dataset 2. All buyers will exhaust their budgets.

r2(p1, p2)− r1(p1, p2) ≥ n(α · p′1(α)− p1(α)) + ((β − α) · p′1(β)− (p1(β)− p1(α)))

Both these terms are non-negative by convexity of p1. If any of them are positive, we get r2(p1, p2) >
r1(p1, p2), which implies r2(p1, p2) > n (since the total expenditure is 2n) and we are done. Now
assume that these terms are 0. This implies that p1(x) = p2(x) for all x < β.

We get α · p′1(α) = 1/2 and (β − α) · p′1(β) = n/2. We price dataset 2 at p3(x) = p′1(β)x. If
p′1(α) = p′1(β), then r2(p1, p3) = (n − 1) + (n + 1)/2 > n. Otherwise, r2(p1, p3) = (n − 1)/2 +
min(n+ 1/2, p′1(β)). Let ν := α · (p′1(β)− p′1(α)) > 0. Then

p′1(β) ≥ β · p′1(β) = ν + α · p′1(α) + (β − α)p′1(β) = ν + (n+ 1)/2,

Thus, r2(p1, p3) ≥ n+min(ν, n/2) > n. This concludes the proof.

C NP-Hardness for Finding the Best Response

In this section, we show that it is NP-hard for a seller to find their best response to other sellers’
strategies ℓ−j . Fix other sellers’ strategies. Denote by γi,s the remaining budgets of buyer i before
the s-th shard of seller j, assuming that the buyer does not spend any money on any seller j’s data.
Let ℓj = (ℓj,s)s∈[mj ] be seller j’s strategy. Then buyer i’s remaining budget before shard j is given
by max(0, ri,s −

∑
s′<s pj,s′ · ℓj,s′). Therefore, the optimal strategy for seller j can be characterized
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by the following program:

max
ℓ,z

n∑
i=1

mj∑
s=1

zi,s

subject to zi,s ≤ pj,s · ℓs

zi,s ≤ max

(
0, γi,s −

∑
s′<s

pj,s′ · ℓs′
)

mj∑
s=1

ℓs = 1; ℓs ≥ 0

(1)

We note that the above program is non-convex due to the second constraint—the right-hand side
function max(0, γi,s−

∑
s′<s pj,s′ ·ℓs′) is non-concave—which makes the feasible domain non-convex.

The non-convexity of the feasible domain further leads to the hardness. Below, we perform an
equivalent transformation of the above program. It can be observed that the optimal value is
achieved when zi,s = min(pj,sℓs, γi,s −max(0,

∑
s′<s pj,s′ℓs′)). Hence, the original program (1) can

be reformulated as

max
ℓ

n∑
i=1

mj∑
s=1

min

(
pj,sℓs,max

(
0, γi,s −

∑
s′<s

pj,s′ℓs′

))
subject to ℓ ∈ ∆mj

where ℓ = (ℓ1, . . . , ℓmj ) and ∆mj is the mj-simplex. Let Ls =
∑s

d=1 pj,s · ℓd and L0 = 0. Let
hi,s(t) = 1[γi,s ≥ t]. Then the inner term of the objective value can be rewritten as

min

(
pj,sℓs,max

(
0, γi,s −

∑
s′<s

pj,s′ℓs′

))
=

∫ Ls

Ls−1

hi,s(t)dt

Therefore, we can rewrite the original program as follows:

n∑
i=1

mj∑
s=1

∫ Ls

Ls−1

hi,s(t)dt =

mj∑
s=1

∫ Ls

Ls−1

n∑
i=1

hi,s(t)dt

≜

mj∑
s=1

∫ Ls

Ls−1

hs(t)dt (let hs(t) =
∑n

i=1 hi,s(t))

=

ms∑
s=1

∫ Ls

0
hs(t)dt−

∫ Ls−1

0
hs(t)dt

=

ms∑
s=1

Hs(Ls)−Hs(Ls−1) (Hs(x) =
∫ x
0 hs(t)dt)

=

mj∑
s=1

Φs(Ls) (define Φs = Hs −Hs+1 if s < mj and Φmj = Hmj )

Note that, ℓ ≥ 0 is equivalent to 0 ≤ L1 ≤ · · · ≤ Lmj . Meanwhile, ∥ℓ∥1 = 1 is equivalent to

mj∑
s=1

Ls − Ls−1

ps
= 1 ⇐⇒

mj−1∑
s=1

Ls ·
(

1

ps
− 1

ps+1

)
+

Lmj

pmj

= 1
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Let βs = 1/ps − 1/ps+1 for any s ∈ [mj − 1] and βs = 1/pmj for s = mj . Each function Φs(·) is
piecewise-linear and monotone increasing. For s ∈ [mj − 1],

Φs(x) = Hs(x)−Hs+1(x)

=

∫ x

0
hs(t)− hs+1(t)dt (Hs(x) =

∫ x
0 hs(t)dt)

=

∫ x

0

n∑
i=1

1 [(γi,s ≥ t) ∧ (γi,s+1 ≤ t)] dt (as γi,s ≥ γi,s+1)

=
n∑

i=1

min (γi,s − γi,s+1,max(0, x− γi,s+1)) , (2)

Additionally, for s = mj ,

Φmj (x) = Hmj (x) =

∫ x

0
hmj (t)dt

=
n∑

i=1

∫ x

0
1[γi,mj ≥ t]dt =

n∑
i=1

min(γi,mj , x) .

Since each Φs is a sum of piecewise-linear, monotone functions, Φs is itself piecewise-linear and
monotone. Due to the monotonicity of Φs, we can also relax the equality constraint as

∑
s Lsβs ≤ 1.

The original program (1) can be reformulated to the following equivalent program:

max
L

mj∑
s=1

Φs(Ls)

subject to

mj∑
s=1

Ls · βs ≤ 1

0 ≤ L1 ≤ · · · ≤ Lmj .

(3)

However, the presence of both min and max operators in Φs implies that it is neither convex
nor concave. Below we show that solving program (3) is NP-hard.

Problem 1. (X3C) Given a universe U of 3q elements and a collection S of subsets of U , each of
size exactly 3. Output ‘yes’ if there exists an exact cover for U , i.e., a sub-collection S ′ ⊆ S such
that every element in U occurs in exactly one member of S ′ and |S ′| = q, and ‘no’ otherwise.

Theorem 4. Finding the best response pricing strategy given other sellers’ strategies is NP-hard.

Proof. By the above calculation, we know that it is equivalent to prove the NP-hardness of solving
program (3). Below, we show a reduction from X3C to program (3). Given a X3C instance,
without loss of generality, we assume that the elements in U are positive integers 1, . . . , |U |. Let
m be the number of sets in S. For every set Si ∈ S, we create a weight wi =

∑
u∈Si

B−u. Let W
be the greatest common multiple of the numerators of all weights. Without loss of generality, we
assume W is an even number. Then we normalize the weights by setting wi as wi/W . Associate
item i with a value of vi =

1
2 + wi. Next, we construct a best-response pricing instance as follows.

• The number of shards mj is equal to q + 1.

• Let WX3C =
∑

i∈U
B−i

W . We set the prices as follows. Let pj,q+1 =
1+W ·B|U|

∆ and pj,s =
pj,s+1

1+∆·pj,s+1
.

Hence, β1 = · · · = βq = ∆ and βq+1 = ∆/pj,q+1, where ∆ = (1/pj,q+1 +WX3C)
−1.
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1
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1
2 + w2

w2

1
2 + w3

w3
. . .

1
2 + wm

...

wm 1

Figure 4: Illustration of function Φs(x)

• We construct q groups of buyers G1, . . . ,Gq and each group Gs consists of m subgroups of buyers
Gs
1, . . . ,Gs

m. We refer to the outer groups as shard groups and the inner groups as item groups.
For any buyer i in the s-th shard group Gs, we set

γi,1 = · · · = γi,s > γi,s+1 = γi,s+2 = · · · = γi,q+1,

where there is only a gap between γi,s and γi,s+1. The r-th item group Gs
r contains vr

wr
= 1

2wr
+1

buyers. For any buyer i in the r-th group, we set γi,s = wr and γi,s+1 = wr − 1
|Gs

r |
· (wr −wr−1) =

wr(1 − 2wr−wr−1

1+2wr
), where w0 = 0. Denote wr(1 − 2wr−wr−1

1+2wr
) by w−

r . Therefore, we can assume
every L∗

s lies in some interval (w−
r , wr] for some r ∈ [m].

• We construct a dummy buyer with γi,1 = · · · = γi,q+1 = 1. Let n be the number of buyers, and
the dummy buyer be the n-th buyer.

Next, we take a further look at the form of the function Φs in the constructed instance. For
s ∈ [q], according to Equation (2), the value of Φs(x) depends only on the values of γi,s and γi,s+1.
According to our construction of shard groups, only the buyers in the s-th shard group Gs have
gaps between γi,s and γi,s+1. The buyers with equal valued γi,s and γi,s+1 does affect the value of
Φs(x). Within the shard group Gs, the values of γi,s and γi,s+1 are determined by the item group
that buyer i belongs to. The buyers in the r-th item group Gs

r have γi,s = wr and γi,s+1 = w−
r .

It can be verified that (w−
r , wr] does not overlap with each other as the weights wi are set small

enough. By the expression of Φs(x) in (2), the derivative on each interval (w−
r , wr] is given by the

number of buyers in item groups Gs
r . Therefore, we have Φs(x) is piecewise linear with breakpoints

at w−
1 , w1, . . . , w

−
m, wm and closed-form as follows:

Φs(x) =

{
|Gs

r | · (x− w−
r ) +

1
2 + wr−1 if x ∈ (w−

r , wr]
1
2 + wr if x ∈ (wr−1, w

−
r ]

(4)

where we let w0 = 0 and r ≤ m. An illustration of Φs(x) for s ∈ [q] is given in Fig. 4.
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In addition, for s = q + 1, since the dummy buyer has γn,q+1 = 1, we have

Φq+1(x) =

n∑
i=1

min(γi,q+1, x) =

n−1∑
i=1

min(γi,q+1, x) + min(1, x)

Hence, it can be observed that the derivative of Φq+1(x) is at least 1 when x < 1.

Lemma 23 (Near-Integrality). Let L∗ = (L∗
1, . . . , L

∗
q+1) be an optimal solution to Program (3).

Then, one can construct another optimal solution L† = (L†
1, . . . , L

†
q+1) such that 1) at least q−1 of

L†
1, . . . , L

†
q are in the set {w1, . . . , wm}; 2) at most one of L†

1, . . . , L
†
q is not in the set {w1, . . . , wm}

but still located in some interval (w−
r , wr); 3) L†

q+1 ≥ 1.

Proof. We first claim that, in the optimal solution L∗, L∗
q+1 must be no less than one. Otherwise,

assume L∗
q+1 < 1. Let L∗

s be the smallest positive number among L∗
1, . . . , L

∗
q . We can increase

L∗
q+1 by amount of δ

βq+1
and decrease L∗

s by the amount of δ
βs

with L∗
q+1 still no more than 1. The

change of the objective value is at least

δ

βq+1
− δ

βs
·max

r
|Gs

r | = δ ·∆
(
1 +W ·B|U | −max

r
|Gs

r |
)

= δ ·∆
(
1 +W ·B|U | −max

r

(
1 +

1

2wr

))
= δ ·∆

(
W ·B|U | − W

2minr
∑

u∈Sr
B−u

)
> 0,

which contradicts the optimality of L∗. Therefore, L∗
q+1 ≥ 1.

Next, we change the optimal solution L∗ step by step. It can be observed that all the Φs(x)
for s ∈ [q] have the same form (4). Also βs is identical to ∆ for all s ∈ [q]. Therefore, we do not
force the order of L∗

1, . . . , L
∗
q to be maintained during the transformation (otherwise, one can sort

and relabel them).
First, if there exist some L∗

s ∈ (wr, w
−
r+1] for some r ∈ [m− 1] and s ∈ [q], then we decrease it

to wr which still maintains the linear constraint
∑

s βsL
∗
s ≤ 1. Since the derivative of Φs(x) is zero

in (wr, w
−
r+1], the objective value does not decrease, and the order of L∗

s’s is still maintained.
If there are more than two L∗

s and L∗
t not located at some wr for r ∈ [m] and s, t ∈ [q], then

we proceed as follows. Suppose L∗
s ∈ (w−

r(s), wr(s)] and L∗
t ∈ (w−

r(t), wr(t)] for some r(s), r(t) ∈ [m].

If r(s) ̸= r(t), without loss of generality, assume r(s) < r(t). Then the derivative of (w−
r(s), wr(s)] is

higher than that of (w−
r(t), wr(t)]. We increase L∗

s and decrease L∗
t by the same amount until one of

them reaches the boundary of the interval. If r(s) = r(t), then without loss of generality, assume
L∗
s < L∗

t . Then we decrease L∗
s and increase L∗

t by the same amount until one of them reaches the
boundary of the interval. In either case, the objective value does not decrease. We can repeat the
above procedure and the first step until at most one of L∗

1, . . . , L
∗
q is not located at some wr for

r ∈ [m].
As the above process does not decrease L∗

q+1, we have constructed another optimal solution L†

satisfying all the desired properties.

Lastly, we prove the correctness of the reduction. If the X3C instance is a yes instance, then
we show that the optimal value of program (3) is at least q/2 +WX3c +

∑n
i=1 γi,q+1. Let S ′ be the

exact cover with |S ′| = q. Without loss of generality, assume that the sets in S ′ are S1, . . . , Sq. We
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construct the optimal solution L∗ as: L∗
s = ws for any s ∈ [q] and L∗

q+1 = 1. It can be verified that
the linear constraint is satisfied. The objective value is given by

q∑
s=1

Φs(L
∗
s) + Φq+1(L

∗
q+1) =

q∑
s=1

(
1

2
+ ws

)
+

n∑
i=1

min(γi,q+1, 1)

=
q

2
+WX3C +

n∑
i=1

γi,q+1.

Next, if the X3C instance is a no instance, then we show the optimal value of program (3) is
strictly less than q/2+WX3c+

∑n
i=1 γi,q+1. Otherwise, assume that there exists an optimal solution

L∗ with objective value of at least q/2+WX3c+
∑n

i=1 γi,q+1. By Lemma 23, we can construct another

optimal solution L† such that at least q−1 of L†
1, . . . , L

†
q are in the set {w1, . . . , wm}; at most one of

L†
1, . . . , L

†
q is not in the set {w1, . . . , wm} but still located in some interval (w−

r , wr); and L†
q+1 ≥ 1.

If all the L†
1, . . . , L

†
q are in the set {w1, . . . , wm}, then we can find q sets in S corresponding to

these weights. It can be verified that these q sets form an exact cover for U , which contradicts the
assumption. Otherwise, suppose L†

s = wr(s) for any s ∈ [q] \ {j} and L†
j ∈ (w−

r , wr) for some j ∈ [q]

and r ∈ [m]. Let α = L†
j/wr(j). Then, we have

Φq(L
†
s) =

1

2
+ wr(j)−1 + |Gr(j)

r | · (L†
r(j) − w−

r(j))

= |Gr(j)
r | · L†

r(j)

= α ·
(
1

2
+ wr(j)

)
Φq+1(L

†
q+1) =

n∑
i=1

min(γi,q+1, L
†
q+1) ≤

n∑
i=1

γi,q+1

Therefore,

q∑
s=1

Φs(L
†
s) + Φq+1(L

†
q+1) ≤

∑
s∈[q]\{j}

(
1

2
+ wr(s)

)
+ α ·

(
1

2
+ wr(j)

)
+

n∑
i=1

γi,q+1

=
1

2
· (q − 1 + α) +

∑
s∈[q]\{j}

wr(s) + α · wr(j) +

n∑
i=1

γi,q+1

≤ 1

2
· (q − 1 + α) +WX3C +

n∑
i=1

γi,q+1 (as
∑

s βsL
†
s ≤ 1)

<
q

2
+WX3C +

n∑
i=1

γi,q+1, (as α < 1)

which contradicts the optimality. Therefore, the optimal value of the best response is smaller than
the target value, and it concludes the reduction.

D Non-Existence of NE under Discretized PLC pricing

In this section, we show a data market instance for which no Nash Equilibrium (NE) exists even
with discretized PLC pricing.
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Example 3. Consider 2 sellers and n ≥ 4 buyers. Each buyer has a budget of 1. For buyer n, we
have τn,1 = 1 and τn,2 = 0, so we call her the picky buyer. For each buyer i ∈ [n − 1], we have
τi,1 = τi,2 = 1, so we call them neutral buyers. For a neutral buyer, if the bang-per-buck of the two
datasets is the same, we assume that she will purchase dataset 2 first.

Let ε ∈ (0, 1/3] such that 1/ε is an odd integer. Each dataset is partitioned into 1/ε shards
(numbered 1, 2, . . . , 1/ε), where the kth shard has price-per-unit εk. Each seller j ∈ [2] must pick
a vector ℓj := (ℓj,1, . . . , ℓj,1/ε) of shard lengths that sum to 1.

We will show that no NE exists for Example 3. We will prove this by contradiction: we assume
that ℓ := (ℓ1, ℓ2) is an NE. We use this assumption to narrow down the structure of ℓ, and then
finally derive a contradiction.

Let xj,k be the length of shard k ∈ [1/ε] of dataset j ∈ [2] that is purchased by a neutral buyer.
(So a neutral buyer spends pj,kxj,k on that shard.) If xj,k = ℓj,k, we say that the shard is fully sold.
If xj,k = 0, the shard is fully unsold. Otherwise, the shard is partially sold. Note that the shard is
both fully sold and fully unsold if ℓj,k = 0.

Observation 4 (first 1/ε− 1 shards of dataset 1 are fully sold). For all k ∈ [1/ε− 1], shard k of
dataset 1 is fully sold. Otherwise seller 1 can reduce ℓ1,k to x1,k and increase ℓ1,1/ε. This would
increase her revenue, since the picky buyer would pay more. Since we assumed that ℓ is NE, this is
not possible, so every shard in [1/ε− 1] is fully sold.

D.1 Revenue From Neutral Buyers

Let sj be the revenue earned by seller j from each neutral buyer, i.e.,

sj :=

1/ε∑
k=1

pj,kxj,k.

Since each neutral buyer has a budget of 1, we get s1 + s2 ≤ 1. We now show that neutral buyers
exhaust their budget, i.e., s1 + s2 = 1. Moreover, shard 1/ε of dataset 1 is fully unsold.

Lemma 24. s1 + s2 = 1 and x1,1/ε = 0.

Proof. Let s′1 be the revenue from a neutral buyer for the first 1/ε − 1 shards of dataset 1, i.e.,
s′1 := s1− p1,1/εx1,1/ε. We will show that s′1+ s2 = 1, which simultaneously proves that s1+ s2 = 0
and x1,1/ε = 0.

Let S be the set of all shards of both datasets, excluding shard 1/ε of dataset 1. Note that
shard 1/ε of dataset 1 is last in the MBB ordering. Suppose s′1 + s2 < 1. Then neutral buyers are
not exhausting their budgets on S, so shards in S are fully sold.

Let δ := (1− s′1− s2)/(1− s2) > 0. Suppose seller 2 switches to a strategy ℓ̂2 where she shrinks
the length of each shard by a factor (1 − δ), and then adds the remaining length to shard 1/ε.
Formally, ℓ̂2,k := (1− δ)ℓ2,k + δ1(k = 1/ε) for all k ∈ [1/ε]. The new total price of shards in S then
becomes s′1+(1−δ)s2+δ = s′1+s2+δ(1−s2) = 1. Hence, all shards in S continue to be fully sold,
and the neutral buyers exhaust their budget. The sellers’ new revenues from each neutral buyer
are s′1 and 1 − s′1 > s2, respectively. Thus, seller 2’s revenue increases, which contradicts the fact
that ℓ is an NE. So, we have s′1 + s2 = 1, and hence, s1 + s2 = 1 and x1,1/ε = 0.

Next, we give lower bounds on s1 and s2.

Lemma 25. s1 > 0 and s2 ≥ (1 + ε)/2.
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Proof. Suppose s1 = 0. By Lemma 24, s1 + s2 = 1, so s2 = 1. Thus, shard 1/ε of dataset 2 has
length 1, i.e., ℓ2,1/ε = 1. If ℓ1,k > 0 for any k < 1/ε, then s1 > 0, so now assume ℓ1,1/ε = 1. Thus,
both sellers have a linear price of 1 for their dataset. Seller 1’s total revenue is 1. If she changes
the price to 1 − ε (i.e., shard 1/ε − 1 gets length 1), then her revenue increases to n(1 − ε) > 1.
This violates NE, so we cannot have s1 = 0.

Let

t :=
1 + 1/ε

2
=

1 + ε

2ε
.

Suppose seller 2 sets the length of shard t to 1, i.e., she switches to ℓ̂2, where ℓ̂2,k := 1(k = t).
Seller 1 stays at ℓ1. Only the first t − 1 shards of dataset 1 can be before shard t of dataset 2
in the MBB ordering of neutral buyers. Thus, the revenue from each neutral buyer is at least
min(tε, 1−(t−1)ε) = (1+ε)/2 (since dataset 2’s price is tε, and the residual budget is 1−(t−1)ε).
Since ℓ is an NE, seller 1’s revenue cannot increase with this deviation, so s2 ≥ (1 + ε)/2.

D.2 Narrowing Sellers’ Strategies

For each seller j ∈ [2], we have sj > 0 (by Lemma 25), so xj,k > 0 for some k ∈ [1/ε]. Define
seller j’s last shard to be purchased (by a neutral buyer) as kj := max{k ∈ [1/ε] : xj,k > 0}. By
Lemma 24, we have x1,1/ε = 0, so k1 ∈ [1/ε− 1].

We now show that k2 = k1 + 1, and seller 1 has a single shard of positive length in [1/ε− 1].

Lemma 26. k2 = k1 + 1, and x1,k = 0 for all k < k1.

Proof. Suppose ℓ2,k1+1 = 0. Then by reducing ℓ1,k1 to 0 and increasing ℓ1,k1+1, seller 1 can increase
her revenue (revenue from neutral buyers doesn’t decrease, and revenue from picky buyer increases).
This violates NE, so we get ℓ2,k1+1 > 0.

Suppose x2,k1+1 = 0. Then seller 2 can set ℓ2,k to 0 for all k > k1 and increase ℓ2,k1 (she would
be undercutting seller 1 on shard k1). This increases her revenue which would violate NE, so we
get x2,k1+1 > 0. Thus, k2 ≥ k1 + 1.

We now show that if x1,k > 0 for some k < k2 − 1, then seller 1 can increase her revenue by
increasing the length of shard k2 − 1, which violates NE. This would prove that x1,k = 0 for all
k ∈ [k2 − 2], so k1 = k2 − 1.

Suppose seller 1 switches to strategy ℓ̂1, where

ℓ̂1,k :=


1− ℓ1,1/ε if k = k2 − 1

ℓ1,1/ε if k = 1/ε

0 otherwise

.

Let s′2 be the total revenue from a neutral buyer for the first k2 − 1 shards of dataset 2, i.e.,

s′2 :=

k2−1∑
k=1

p2,kx2,k.

In (ℓ1, ℓ2), we had x2,k2 > 0, so s1 + s′2 < 1. In (ℓ̂1, ℓ2), if shard k2 of dataset 2 is still partially
or fully sold, then shard k2 − 1 of dataset 1 is fully sold, so seller 1’s revenue from a neutral buyer
increases. If shard k2 of dataset 2 is no longer partially or fully sold, then the buyer is exhausting
her budget on shard k2 − 1 of dataset 1, so seller 1’s revenue from a neutral buyer is 1 − s′2 > s1.
In both cases, seller 1’s revenue from all buyers increases, which violates NE. Thus, we get that
x1,k = 0 for all k ∈ [k2 − 2], so k1 = k2 − 1.
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We have considerably narrowed down seller 1’s strategy. By combining Lemma 26 and Obser-
vation 4, we get that shards k1 and 1/ε can be the only ones with positive length, of which the
former is fully sold and the latter is fully unsold.

We now show that some shard of dataset 2 is not fully sold.

Lemma 27. Some shard of dataset 2 is not fully sold, i.e., ∃k ∈ [1/ε] such that x2,k < ℓ2,k.

Proof. Suppose all shards of dataset 2 are fully sold. Suppose seller 1 changes the length of shard
1/ε to 1. Then her revenue from neutral buyers stays the same (by Lemma 24), but her revenue
from the picky buyer increases, which violates NE. Thus, some shard of dataset 2 is not fully
sold.

Let us now finally prove a contradiction and show that ℓ is not an NE.

Lemma 28. ℓ is not an NE.

Proof. We start by proving that k1 > (1− ε)/(2ε) and ℓ1,1/ε = 0.
We have s1 = k1εℓ1,k1 ≤ k1ε. By Lemma 27, we get s2 < k2ε. By Lemma 24, s1 + s2 = 1, so

1 < (k1 + k2)ε. By Lemma 26, k2 = k1 + 1, so k1 > (1− ε)/(2ε).
Suppose ℓ1,1/ε > 0 and seller 1 deviates to strategy ℓ̂1, where ℓ̂1,k1 := 1. Then the increase in

her revenue is

nk1ε− (nk1εℓ1,k + ℓ1,1/ε) = (nk1ε− 1)ℓ1,1/ε ≥
(
n
1− ε

2
− 1

)
ℓ1,1/ε > 0.

This violates NE, so ℓ1,1/ε = 0.
By Lemmas 24 and 25, we get s1 ≤ (1−ε)/2. Hence, s1 = k1ε ≤ (1−ε)/2, so k1 ≤ (1−ε)/(2ε).

This is a contradiction. Thus, ℓ is not an NE.

E Sparsity of PLC Best Response

Lemma 29. Consider a data market instance ([n], [m], (ui)
n
i=1, (bi)

n
i=1). Each seller j ∈ [m] is

given a set Pj := {pj,1, . . . , pj,mj} of prices, where pj,1 < . . . < pj,mj , and must decide the size ℓj,k
of the shard having price pj,k.

For any seller j, given the pricing strategies ℓ−j of the other sellers, there is a best-response
strategy ℓj where | supp(ℓj)| ≤ n.

Proof. Fix a seller j and the strategy profile ℓ−j of the remaining sellers. We will show how to

transform any strategy ℓj into another strategy ℓ̂j such that | supp(ℓ̂j)| ≤ n and seller j’s revenue

does not decrease, i.e., rj(ℓ) ≤ rj(ℓ̂j , ℓ−j).
We will do the transformation in multiple steps. In each step, we apply one of two types of

transformations.

Type 1: For any k1, k2 ∈ [mj ], the (k1, k2)-type-1 transformation is applicable when

1. k1 and k2 are adjacent in supp(ℓj), i.e., ℓj,k1 > 0, ℓj,k2 > 0, and ℓj,k = 0 for all k ∈
[k1 + 1, k2 − 1].

2. Some buyer i purchases at least part of shard k2.
3. Every buyer i either doesn’t buy any part of k1, or finds shard k2 desirable and completely

buys every shard (of positive size, and of any seller) in her bang-per-buck order that appears
before k2.
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In this transformation, we transfer the size of shard k1 to shard k2, i.e., if ℓ̂j is the new pricing

strategy, then ℓ̂j,k1 = 0, ℓ̂j,k2 = ℓj,k1 + ℓj,k2 , and ℓ̂j,k = ℓj,k for all k ∈ [mj ] \ {k1, k2}. One can
see that a (k1, k2)-type-1 transformation doesn’t decrease revenue from any buyer by laboriously
listing out the possibilities of where along her bang-per-buck order a buyer may stop buying.

Type 2: A type-2 transformation is applicable if | supp(ℓj)| > 1 and the last shard (of posi-
tive size) has no revenue, i.e., γ′i,j,k2(ℓ) = 0 for all i ∈ [n], where k2 = max(supp(ℓj)). In this
transformation, we transfer the size of the last shard to the second-last shard. Formally, let
k1 := max(supp(ℓj) \ {k2}). Then we set ℓ̂j,k1 = ℓj,k1 + ℓj,k2 , ℓ̂j,k2 = 0, and ℓ̂j,k = ℓj,k for all
k ∈ [mj ] \ {k1, k2}. One can see that a type-2 transformation doesn’t decrease revenue from any
buyer.

We apply as many type-1 transformations as possible, and then apply as many type-2 trans-
formations as possible. One can show that no transformations are possible after this. The inappli-
cability of type-2 transformations implies that in ℓ̂j , some buyer purchases at least a bit of every
shard. The inapplicability of type-1 transformations implies that for any k1 and k2 adjacent in
supp(ℓ̂j), some buyer purchases (at least a part of) k1 but doesn’t purchase everything just before

k2. Thus there must be at least | supp(ℓ̂j)| buyers.

F CE Implies NE in Rivalrous Settings

In this section, we provide a proof sketch showing that CE prices form a NE in classical markets
with rivalrous goods and linear buyer utilities.

Proof sketch. At CE prices p, all goods are completely sold, so the revenue of each seller j is pj ·sj ,
where sj is the supply of good j. Clearly, there is no incentive for any seller to lower her prices,
as this would only decrease her revenue. Now, consider the case where seller j increases the price
of her good. We examine two scenarios depending on whether a buyer was purchasing good j at
price p.

Case 1: The buyer was not purchasing good j at price p. In this case, the buyer will not be
interested in purchasing good j at the new, higher price.

Case 2: The buyer was purchasing good j at price p. Due to the price increase, the buyer will
strictly prefer other goods they were already purchasing at price p. As a result, the total money
available for good j either remains the same or decreases.

In both cases, the total revenue of seller j at the higher price is non-increasing. This implies
that CE prices form a Nash equilibrium.
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