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Abstract

Many practical samplers rely on time-dependent
drifts—often induced by annealing or temper-
ing schedules—to improve exploration and sta-
bility. This motivates a unified non-asymptotic
analysis of the corresponding Langevin diffu-
sions and their discretizations. We provide a con-
vergence analysis that includes non-asymptotic
bounds for the continuous-time diffusion and its
Euler-Maruyama discretization in the forward-
Kullback—Leibler divergence under a single set
of abstract conditions on the time-dependent drift.
The results apply to many practically-relevant an-
nealing schemes, including geometric tempering
and annealed Langevin sampling. In addition, we
provide numerical experiments comparing the an-
nealing schemes covered by our theory in low-
and high-dimensional settings.

1. Introduction

We consider the problem of sampling from a Gibbs prob-
ability distribution = on R¢ which admits a density (with
respect to the Lebesgue measure \) of the form

dm 1
pa)i= @) = Zen(-Uw) W
for some potential U : RY — R, where Z =

[ exp(—U(x))dz is the partition function. Sampling from
such distributions is an omnipresent task within modern ma-
chine learning (LeCun et al., 2007; Welling & Teh, 2011),
Bayesian inverse problems (Stuart, 2010; Dashti & Stuart,
2017), generative modeling (Song & Ermon, 2019; Nijkamp
et al., 2019), and related fields.
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In most relevant settings in high dimensions, it is typically
infeasible to generate independent exact samples from 7
(e.g., via inversion or rejection sampling), and instead meth-
ods based on Markov chains (MCs) have become popu-
lar (Durmus & Moulines, 2017; Falk et al., 2025; Zach
et al., 2023; Chehab et al., 2025; Habring et al., 2025b;
Narnhofer et al., 2024; Vempala & Wibisono, 2019). Such
approaches rely on an ergodic MC (X},); which admits 7
(or, sometimes, an approximation thereof) as its stationary
distribution so that sampling may be performed by simulat-
ing the chain for a sufficiently large number of iterations.
A subclass of those MC-based methods is derived from
discretizations of stochastic differential equations (SDEs).
Among these SDEs, the Langevin diffusion

dX, = —VU(X,)dt + v2dW, 2)

for t > 0, where (W;); denotes Brownian motion, is par-
ticularly popular. Indeed, under appropriate assumptions
on U (e.g., strong convexity and Lipschitz-continuity of the
gradient), (2) admits a unique strong solution for all time
whose distribution converges to m as t — oo (Dalalyan,
2017; Roberts & Tweedie, 1996; Durmus & Moulines,
2019). While more elaborate methods exist (Pereyra, 2016;
Pereyra et al., 2020), (2) is typically discretized with an
Euler—-Maruyama scheme, which results in the popular un-
adjusted Langevin algorithm (ULA)

Xit1 :Xk—hVU(Xk)+ V2hZy 3)
fork =0,1,..., where Z ~ N(0, I). Though the MC

(X )k is ergodic, its stationary distribution 7, depends on
the stepsize h > 0, is in general not identical to m, and
only converges to 7 as h — 0 (Dalalyan, 2017; Durmus &
Moulines, 2017).

In practice, ULA suffers from several drawbacks. In
particular, distributions of interest in the context of
modern machine-learning applications are typically high-
dimensional, multimodal, and nonsmooth. In such cases,
ULA exhibits poor convergence; samples frequently get
trapped in a single mode and excessively many iterations
are necessary to cover multiple modes of w. Approaches
that build on the underdamped Langevin diffusion (Falk
et al., 2025; Cheng et al., 2018) aim to accelerate the dif-
fusion process and its discretization. In practice, however,
methods based on annealing or tempering, such as annealed
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Langevin sampling (Song & Ermon, 2019) or geometric
tempering (Chehab et al., 2025), often perform better. Such
approaches make use of a path of distributions (7, )>¢ that
is deliberately constructed such that 7y coincides with 7,
the map 7 +— 7 is continuous (in some appropriate sense),
and, ideally, it is easier to sample 7, the larger 7 is. We
discuss the most popular ways to construct (7,),>o and
how they map into our framework in Section 4.3. Sampling
using (), is performed by successively guiding the sam-
ples along the path 7w as 7 — 0. In order to do so, we
consider the time-inhomogeneous Langevin diffusion

dXy = —=VU, ) (Xy)dt + V2dW, )
where U, ;) = —logp,u) + ¢ and pr) = %.1 In
other words, we consider the Langevin diffusion for the
moving target T, ;). The function 7 : R>¢ — R satisfies
T(t) — 0 as t — oo and is an annealing schedule which
allows us to control how quickly the target changes and, in
particular, how quickly it moves from an easy-to-sample
distribution to the actual target 7. We denote the law of X,
that satisfies (4) as .

Despite their empirical success, the theoretical analysis
of the time-inhomogeneous Langevin diffusion remains
fragmented. Existing guarantees typically specialize to
a particular path (e.g., geometric tempering (Guo et al.,
2025; Chehab et al., 2025) or convolutional paths (Cordero-
Encinar et al., 2025)) and require smoothness assumptions
that implicitly assume strong solutions of the Fokker—Planck
equation. In addition, contrary to the time-homogeneous
Langevin dynamics, most existing guarantees in the time-
inhomogeneous setting control the backward-Kullback—
Leibler divergence KL(7 |u;) instead of the forward-
Kullback—Leibler divergence KL (i, | 7) (Guo et al., 2025;
Cordero-Encinar et al., 2025; Cattiaux et al., 2025; Young
et al., 2026). However, the latter is the natural notion of con-
vergence for the Langevin diffusion since it is the Lyapunov
functional of the Fokker—Planck equation and directly con-
trols entropy dissipation. As a result, practitioners lack a
single theorem that (a) certifies forward-KL convergence
for broad families of annealing paths and (b) exposes how
schedule choice trades off mixing and tracking error. We
provide such a theorem for (4) and its Euler—Maruyama
discretization in this article.

Contributions We provide the following contributions:

1. We show that the time-inhomogeneous Langevin dif-
fusion (4) and its Euler-Maruyama discretization con-
verge to the target 7 in the forward-Kullback—Leibler
divergence under abstract assumptions on the path
(m+)r (Theorems 4.4 and 4.7). Contrary to existing

'The potential U (+) needs to be specified only up to an additive
constant as it only enters via its gradient.

analyses, we carefully address potential nondifferen-
tiabilities (due to only weak solutions of the Fokker—
Planck equation in general) and provide results about
bias-free convergence of the schemes for vanishing
step sizes (square-summable but not summable).

2. We show under which assumptions popular paths are
covered by our analysis. In particular, we consider geo-
metric tempering, dilation, paths based on the Moreau
envelope of the potential, and convolutional paths
used in diffusion models (Propositions 4.11 to 4.13
and 4.16). We also show that paths of the posteriors
of Bayesian Gaussian-linear inverse problems inherit
the guarantees from the paths of the prior (Proposi-
tion 4.17).

3. We derive practical guidelines for designing rapidly-
converging paths (p, ), from the convergence results
(Remark 4.10).

4. We compare annealing schemes numerically on mul-
timodal densities. The results confirm our theoretical
analysis and provide insights into use cases and bene-
fits of the considered time-inhomogeneous sampling
schemes.

Organization of the Article The remainder of the article
is organized as follows. In Section 2, we discuss related
work. In Section 3, we introduce some notation and relevant
preliminary results and present the necessary assumptions
on the path (7). Section 4 is devoted to our main contri-
butions: We prove convergence of the continuous-time dif-
fusion (4) to the target 7 in Section 4.1, prove convergence
of the corresponding Euler—Maruyama discretization in Sec-
tion 4.2, and cast various popular paths into our framework
in Section 4.3. Finally, in Section 5, we provide numeri-
cal results that compare these different annealing families
empirically and conclude the article with future research
directions in Section 6.

2. Related Work

2.1. Time-Inhomogeneous Langevin Diffusion

The convergence of the time-homogeneous Langevin dif-
fusion (2), its Euler—Maruyama discretization (3), and par-
ticular extensions have been studied extensively in recent
years and convergence results under various assumptions
on the potential can be found in (Roberts & Tweedie, 1996;
Durmus & Moulines, 2017; Durmus et al., 2019; Habring
et al., 2024; Dalalyan, 2017). The theoretical analysis of
the time-inhomogeneous Langevin diffusion (4) is more
recent and, so far, all works are specialized for particular
paths. Cordero-Encinar et al. (2025) analyzed convolutional
paths (defined in Section 4.3.4), which are closely related to
diffusion models that were introduced by Song et al. (2021).
They proved convergence of the corresponding sampling
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scheme by bounding the backward-Kullback—Leibler di-
vergence between target and sample distribution using the
Wasserstein metric derivative along the path of distribution.
Guo et al. (2025) and Chehab et al. (2025) considered the
geometric-tempering path (defined in Section 4.3.1). Like
the analysis by Cordero-Encinar et al. (2025), the analysis by
Guo et al. (2025) is with respect to the backward-Kullback—
Leibler divergence and builds on bounding the Wasserstein
metric derivative. The analysis by Chehab et al. (2025) is
based on the descent of the forward-Kullback—Leibler diver-
gence along the Fokker—Planck equation and is closer to the
one in this manuscript. However, the present manuscript pro-
vides several additional contributions as mentioned above,
most notably the consideration of potential non-smoothness
arising from the weak Fokker—Planck equation and the bias-
free convergence for vanishing step sizes. Moreover, all
of the works mentioned above focus on a specific anneal-
ing scheme, whereas we provide a unifying analysis for
annealing schemes based on abstract assumptions on the
path (7;) .

2.2. Related Schemes

A (discrete-time) sequence ()% , of distributions with
mo = 7 is also the basis of sequential Monte-Carlo (SMC)
sampling (Dai et al., 2022; Lee & Santana-Gijzen, 2024;
Mathews & Schmidler, 2024). The iteration rule in SMC
alternates between proposal steps of drawing from a transi-
tion kernel with importance sampling and re-sampling steps.
SMC places no restrictions on the sequence (7 )_, and
the geometric path, which is also frequently used in time-
inhomogeneous Langevin sampling, is a popular choice (Dai
et al., 2022). Convergence results under the assumption of a
uniform bound on the ratios 7 /7,1 can be found in (Lee
& Santana-Gijzen, 2024; Mathews & Schmidler, 2024).

The time-inhomogeneous Langevin diffusion is also closely
related to diffusion models (Song et al., 2021). Consider the
SDE

dXt = f(Xt,t)dt+g(Xt,t)th, (5)

where Xy ~ 7. Under suitable choices for f and g, the
forward process admits a limiting marginal X, as t —
00, and one could sample from 7 by simulating the SDE
(5) in reverse with initial condition X,,: By Anderson’s
theorem (Anderson, 1982), the reverse SDE that reproduces
the forward marginals satisfies

dX; = (f(Xt»t)_92(t)v1ngt(Xt))dt+g(t)tha (6)

where p; denotes the density of X; defined by the forward
process, and dt is negative. Alternatively, one could sample
from 7, through the time-inhomogeneous Langevin diffu-
sion (4), where the path traces out the density of X; defined
by the forward process in reverse, and it is a natural ques-
tion whether one should be preferred in certain situations.

Indeed, both variants have been considered: Methods that
rely on discretizations of (6) are typically called “diffusion
models”, whereas the time-inhomogeneous Langevin dif-
fusion on the forward-process densities is called “annealed
Langevin sampling” (Song & Ermon, 2019). Hybrid vari-
ants have also been considered: The predictor—corrector
algorithm due to Song et al. (2021, Algorithm 2) effectively
alternates between reverse-SDE steps and Langevin sam-
pling of a fixed density. In this context, our results are
relevant because they endow annealed Langevin sampling
and related schemes with convergence results.

3. Notation, Preliminaries, and Assumptions

For z,y € R, we denote the Euclidean scalar product as
(z,y) and the Euclidean norm as |z|. We equip R? with the
standard Borel o-algebra. We denote the Lebesgue measure
on R? as \. Probability measures on R? are denoted using
greek letters, mainly p, v, and 7, and probability density
functions (with respect to the Lebesgue measure) using
roman letters, mainly p and g. The set of all probability
measures on R? is denoted as P(R?). For j, v such that
is absolutely continuous with respect to v (denoted y < v),
we denote the Radon—Nikodym derivative of p with respect
tov as 3—’;. We define the Kullback—Leibler divergence as
KL : P(RY) x P(R%) — [0, o0],

[ log (g—‘;) dp, ifp < v,

00, otherwise.

KL(ulv) = { )

We denote with C2° () the set of (infinitely) smooth func-
tions with compact support in €2, with Bg(c) = {z € R? |
|x — ¢| < R} the open ball with radius R > 0 centered at
¢ € R?, and with 1 4 the characteristic function of the set A.
We say that a function f : R? — R™ is Lipschitz-continuous
if there exists some L > 0 such that

|f(z) = f(y)| < Llz —y] ®)

holds for all z,y € R%. We say that a vector field v : R? —
R? is dissipative if there exist a, b, R > 0 such that

(z,0(z)) > alz|* = bl g, (z) ©)

holds for any = € R?. We call a,b, R > 0 (in that order)
the dissipativity constants of v. We say that a function
f:R?T = Ris convex if flax + (1 — a)y) < af(z) +
(1—a)f(y) forall z,y € R and « € [0, 1]. A function f
is c-weakly convex if f + 5| - |? is convex. A function f is
convex outside a ball if there exists a compact set K such
that

fOz+ (1 =Ny) <Af(2)+(1=Nf(y)  10)

forall A € (0,1) and z,y € R%\ K. For some f : R? — R,
we define the Moreau envelope with Moreau parameter m,
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denoted M}” as

M7'(z) = inf (f(y) + 5]z —yl?). (11)
yeR
Our theoretical analysis relies on the log-Sobolev inequality
(LSI), which we now define.

Definition 3.1 (Log-Sobolev inequality). We say that a
probability measure v satisfies the log-Sobolev inequality if
there exists some C' > 0 such that for every f € C2°(R?)
it holds that

/f210g<jz>d1/§ C/|Vf|2dz/, (LST)

where f2 = J f?dv. We call the smallest C' such that (LSI)
holds the log-Sobolev constant of v, denoted C'g;.

We denote the path of potentials corresponding to the path
of densities (p; ), as U, := —log p,.

Our theoretical analysis of (4) and its Euler-Maruyama
discretization heavily relies on the following assumptions
on (pr).

Assumption 3.2. The path p, satisfies the following:

* At most quadratic growth of the time derivative. There
exists a constant ¢ > 0 such that |0, U, (x)| < c(|z|? +
1) forany 2 € R% and 7 > 0.

» Smoothness. The potential U is differentiable and its

gradient VU, is L -Lipschitz-continuous.

Dissipativity. For any 7 > 0, VU is dissipative with

dissipativity constants a,, b, R > 0.

* Smoothness and dissipativity hold uniformly in 7, that
is,

L:=supL; < oo,

a = inf a, >0,
>0 7>0

12)
b:=supb, <00, R:=supR, < oo.
7>0 7>0
* Log-Sobolev inequality. 7, admits an LSI with con-
stant CLSI(T) and SUP, >0 CLSI(T) < ClLgr < 00.

The LSI assumption is redundant if U is twice continuously
differentiable and satisfies the other assumptions, as we
show in Lemma B.6. The addition of it does, however,
allow us to extend our results to potentials that are only once
continuously differentiable. In a slight abuse of notation we
denote C,s1 (t) = CLst (T(t))

Remark 3.3 (Nonsmooth potentials). Our results only apply
to smooth potentials. One may, however, use our results to
obtain convergence to appropriate smooth surrogates of any
nonsmooth target potentials.

4. Theoretical Analysis

A prerequisite for the convergence is the existence of a
unique (strong) solution of the Langevin diffusion (4), which

we now formally guarantee. This result is standard, but we
include it here to emphasize that the associated densities
only satisfy the associated Fokker—Planck equation in the
weak sense in general.

Theorem 4.1 (Existence of strong solutions of the time-inho-
mogeneous Langevin diffusion). The Langevin diffusion (4)
admits a unique strong solution (X) for all time. More-
over, the solution admits a density (qi); with respect to
the Lebesgue measure which satisfies the Fokker—Planck
equation

Osqr = div(q: VU, 1)) + Agy (13)

in the weak sense, that is, for all ¢ € C2°(R? x (0, 00)) it
holds

0= (8t90($7 t) — <V<p(x, t), VU.,.(t)(SC)>
(O:O/O)RZ (14)

+Ap(z,t)) g (x)dadt

Proof. See Appendix B.1.1. O

4.1. Continuous-Time Diffusion

We will now state our results regarding the continuous-time
Langevin diffusion. Our main result, the convergence in
forward-Kullback—Leibler divergence in Theorem 4.4, will
be based on a particular expression of the time-derivative
of the forward-Kullback-Leibler divergence that we give in
the following lemma.

Lemma 4.2. Let u; be the distribution of X; satisfying (4)
and q; its Lebesgue density. Then,

d
ey KL (|77 (1)) =

—/ qt
Rd

Proof. See Appendix B.1.2. O

2 (15)

ot — q04 10gpr(t) dx.

7(t)

Vlog

The expression of the time-derivative of the forward-
Kullback-Leibler divergence in (15) can also be found
in (Chehab et al., 2025; Vempala & Wibisono, 2019). To the
best of our knowledge, however, the cited works implicitly
assume sufficient regularity of the involved functions which
are only known to be weak solutions of the Fokker—Planck
equation in general. In contrast, our proof is based on care-
ful mollification techniques and holds also if the density g;
is only weakly differentiable and satisfies the Fokker—Planck
equation in the weak sense.
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Lemma 4.3. There exists some ¢ > 0 such that*

KL (pue|m) < er(t)
by
+ — ——ds ) KL -
exp( /0 Crsi(s) S) (kolm=(0))

¢ t oy .
+c/0 exp(/s C'LSI(U)dU>|T(S)|dS'
(16

Proof. See Appendix B.1.3. O

Though it is possible to derive the appearing constants ex-
plicitly, we leave this for future work and only provide
qualitative convergence results within this article.

We are now in a position to state our main result about the
convergence of the time-inhomogeneous Langevin diffusion
in forward-Kullback-Leibler divergence.

Theorem 4.4 (Forward-KL convergence of the time-inho-
mogeneous Langevin diffusion). Let 7 : [0,00) — [0, 00)
be such that 7(t) — 0 ast — oo and 7 < 0. Then,

lim KL(u¢|m) = 0. 17
t— o0

Moreover, as a worst case complexity bound in order to
reach accuracy KL(ut|m) < e, ignoring constants, we re-
quire that t = O(t; + log(e™1)) with t1 > 0 such that
T(tl) = 0(5)

Proof. See Appendix B.1.4. O

4.2. Discrete-Time Diffusion

We consider the Euler—Maruyama discretization of the time-
inhomogeneous Langevin diffusion (4), which results in the
update rule

Xpy1 =X — thUq—(tk)(Xk) + V2hi 2y (18)
fork = 0,1, ..., where (Z)j is a sequence of i.i.d. vectors

Zy, ~ N(0,14), (hg)y are the step sizes, and t, = Zi:ol h;.
We denote the law of X, that tracks (18) as fig. The struc-
ture of our results is analogous to the continuous case de-
scribed in Section 4.1: We first relate the Kullback—Leibler
divergences between the sample distributions of two con-
secutive iterates and the corresponding targets to each other
(Lemma 4.5), then relate the Kullback—Leibler divergences
between the sample distribution of an arbitrary iterate to
the target (Lemma 4.6), and then show that this expres-
sion can be made arbitrarily small (Theorem 4.7). The
following result is mostly taken from Lemma 3 in (Vempala
& Wibisono, 2019). We provide a proof in the appendix

2For simplicity we use the single symbol ¢ for all appearing
constants.

nonetheless for the sake of completeness and since the ex-
position in (Vempala & Wibisono, 2019) omits some details
about exchanging integrals and derivatives.

Lemma 4.5. Assume that the initial distribution admits a
ar .
finite third moment, and let hy, < L 2¢e) Then there exists

(tg)

some ¢ > 0 such that for any k € NT
KL (k41177 (1))

X (19)
< KL(ftg|mr(2y)) exp| —

oh ) ,
—— | +chi.
Crsi(tx) k

Proof. See Appendix B.2.1 [

Lemma 4.6. Under the assumptions of Lemma 4.5 the
discrete scheme (18) satisfies for some c > 0

k
N N 2h;
KL(fug|m) < KL(fio|mr(1y)) exp <— Z C)
=1

Ls1(ti)
k—1 i
+ c%exp( Z - 2hy—; >|T(tkl) — T (tp—1-3)|

Lst(tr—j)
k—1 i—1 2%,
+c h?_,ex ( kg >—|—crt
;kl P ZCLSItkg (t)
(20)
Proof. See Appendix B.2.2. [

Theorem 4.7 (Forward-KL convergence of the Euler—
Maruyama discretization of the time-inhomogeneous
Langevin diffusion). Let 7 : [0,00) — [0,00) be such
that 7(t) — 0 ast — oo and 7 < 0. Let the assumptions
of Lemma 4.5 be satisfied and assume that )", hj, = oo and
> hi < oc. Then
lim KL(jig|m) = 0. (21)
k—o0
Moreover, choosing the step size constant, i.e., hy = h
for all k as a worst case complexity in order to obtain
KL(jigy1|7) we require h = O(e) and k = O(Tye=! +
log(e™Y)h™1) with Ty such that T(Ty) = O(e).

Proof. See Appendix B.2.3. O

Remark 4.8 (Feasibility of step sizes). The step-size condi-
tions can be satisfied: Indeed, since a, and L, are uniformly
bounded, the quantity a,/L? is uniformly bounded away
from zero. Therefore, it is possible to choose step sizes
(hi)r such that >, h, = oco. The square-summability-
condition is satisfied if the step sizes decay sufficiently fast.
Remark 4.9 (Constant step sizes). For the constant-
step-size setting in Theorem 4.7, we obtain that
limy,_,0 limsup;,_, o KL(fix|m) = 0. However, as ex-
pected, in general a nonzero bias remains for any fixed
h > 0.
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Remark 4.10 (Path-design guidelines). Our theoretical re-
sults imply the following practical consequences:

e Lemma 4.6 provides design guidelines for the path
(pr )+ and the annealing schedule 7: The two main tools
that lead to a small error term are small log-Sobolev
constants and a fast-decreasing 7. Of course, for 7 = 0,
the log-Sobolev constant is pre-determined by the tar-
get . Therefore, we find two contradicting incentives
which need to be balanced. On the one hand, 7 should
remain large as long as possible to benefit from smaller
log-Sobolev constants.’ On the other hand, 7 should
converge to zero quickly to reach our actual target den-
sity. We will show in the numerical experiments that in
well-designed annealing schemes (e.g., convolutional
paths and paths based on the Moreau envelope of the
potential), the family p, is so well-conditioned initially
that annealing leads to significant benefits even when
7 decreases quickly.

* For the design of the path (p,),, Lemma B.6 implies
that one should aim for paths that result in small values
of b-, R, and L., and large values of a.. In addi-
tion to improved log-Sobolev constants and, thus, also
fast convergence in the continuous-time setting, based
on Lemma 4.5 this also allows for large step sizes. The
numerical experiments confirm that this is indeed a
significant advantage of certain paths.

4.3. Paths Covered by our Framework

We now show how several popular annealing schemes are
covered by the presented analysis.

4.3.1. GEOMETRIC-TEMPERING PATH
The geometric-tempering path is defined for all 7 € [0, 1] as

pr o< pipg 7 (22)
where py is the target density and p; any (simple) initial den-
sity. It has the convenient property that the potential of p.,
is a linear combination of the potentials of p; and py, which
makes it easy to implement. The convergence of annealing
based on this path is covered in (Chehab et al., 2025) under
the assumption that Uy and U; are differentiable, and that
VUj and VU, are Lipschitz-continuous and dissipative.

Proposition 4.11. If Uy and Uy have Lipschitz-continuous
and dissipative gradients, then the geometric path
(Pr)refo,1) satisfies Assumption 3.2.

Proof. Since U, = (1 — 1)Uy + 7U; + ¢, U, inherits Lips-
chitzness and dissipativity of its gradient uniformly in 7. In
3Consequently, annealing is useless whenever the family p.

admits worse log-Sobolev constants for 7 > 0 than for 7 = 0,
c¢f. (Chehab et al., 2025).

turn, Lipschitzness implies that 9, U, = U; — Uy satisfies
the quadratic growth bound. O

4.3.2. DILATION

Chehab & Korba (2024) introduced the dilation path, which
is defined for 7 € [0,1) as

e (F) |

Their work shows empirically that this path may be preferred
in certain configurations, but they do not verify convergence
of the scheme. In the following proposition, we verify that
the dilation path conforms to our assumptions and, in turn,
leads to a convergent scheme under the assumption that U
is differentiable, has a Lipschitz-continuous and dissipative
gradient.

(23)

Proposition 4.12. IfU has a Lipschitz-continuous and dis-
sipative gradient, then the dilation path (p:).cjo7 (23)
satisfies Assumption 3.2 for any T € (0,1).

Proof. Since U = U(-/VT=7) + $log(1 = 1) + ¢,
! VU( : ) (24)
1—7 Vi=7)’

and for 7 < 7T we obtain a uniform Lipschitz bound
|VU-(z) — VU, (y)| < £ |z — y|. Dissipativity follows
similarly as

(2, VU, (z)) = <\/1$—TVU(\/1JC*T>>

ar | z ) (25
— b1
1—T|$| BRT(O)<\/ﬁ>

> a,|z)? — brlp, (0)(2)

VU, =

Finally, since

1 x d
s ) g
2(1—7)3/2< T—7/" 21—

(26)
the growth bound on [0, 7] follows from Lipschitzness. [

0,U, (x) =

4.3.3. DIFFUSION AT ABSOLUTE ZERO

Habring et al. (2026) consider a path of distributions that
is defined via the Moreau envelope of the potential, with 7
being the Moreau parameter:

by = exp(—Mz(-))
T [exp(=M{(y))dy

They termed their method diffusion at absolute zero (DAZ)
since this potential can be seen as the zero-temperature (in

27)
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the Boltzmann sense) limit of the corresponding diffusion
potentials (Habring et al., 2026, Section 4.3).

They analyze this path under the assumptions that the po-
tential U is differentiable, has a Lipschitz-continuous and
dissipative gradient, and is a-weakly convex and convex
outside a ball. They show that, under these assumptions, for
T < (i A %) , the path p, satisfies Assumption 3.2 so that
the presented results hold.

Proposition 4.13. If U is a-weakly convex and differen-
tiable, VU is L-Lipschitz, dissipative, and U is convex
outside a ball, then the path (pr)rcjo,7) (27) satisfies As-
sumption 3.2 on [0, 7] forany T € (0,1/a AN1/L).

Proof. For 7 < (1/a A 1/L), the minimizing argument in
(11) is unique, the Moreau envelope is differentiable and
its gradient is globally Lipschitz with constant bounded by
L/(1 — 7L) (Habring et al., 2026, Remark 4.17). Dissipa-
tivity is also maintained (Habring et al., 2026, Lemma 4.13).
Since the Moreau envelope satisfies the Hamilton—Jacobi
equation 0. My, = f% VM7 |2, the quadratic growth-
bound is implied by Lipschitzness. O

This result significantly extends the analysis of Habring
et al. (2025a): They only showed the convergence of the
intermediate sampling distributions to the corresponding
intermediate target, whereas this result shows that the an-
nealing procedure as a whole converges to the ultimate
target.

4.3.4. CONVOLUTIONAL PATH

Cordero-Encinar et al. (2025) consider the variance preserv-
ing convolutional path

=R )

(28)

where p; = N(0, ;) is a standard Gaussian and p = py
is the target. This path is used in annealed Langevin sam-
pling (Song & Ermon, 2019) and the vast literature on dif-
fusion models. With X ~ pg and Z ~ p; independent, its
distribution corresponds to the law of the random variable

X, =V1—-7X + 72 (29)

Cordero-Encinar et al. (2025) show (Lemma 3.2) that if
U is twice continuously differentiable, admits a Lipschitz-
continuous gradient, and is strongly convex outside a ball,
then U, admits a uniformly Lipschitz-continuous and dis-
sipative gradient. In the following we will prove that the
remaining assumptions of this paper are satisfied. We begin
by deriving the SDE characterizing (X, ).

Lemma 4.14. The density p, from (28) is precisely the
density of the solution of the SDE

1
dX, = —— X, dr + dW, 30
20— " T o7 G0
with initial condition Xy ~ 7.
Proof. See Appendix B.3.1. O

Based on this result, the following lemma formally shows
that the quadratic growth bounds are satisfied.

Lemma 4.15. There exists ¢ > 0 such that the density (28)
satisfies |0, U, ()| < c(|z|> + 1) for T € [0,1].

Proof. See Appendix B.3.2. O

This result, paired with the results by Cordero-Encinar et al.
(2025), immediately implies that this path is covered by our
analysis.

Proposition 4.16. If U is twice continuously differentiable,
has a Lipschitz gradient and is strongly convex outside a
ball, then the path (p:)rco0,1] (28) satisfies Assumption 3.2.

Proof. By (Cordero-Encinar et al., 2025, Lemma 3.2), all
potentials in the path have uniformly Lipschitz-continuous
and dissipative gradients. By Lemma 4.15, the growth
bound on 0, log p, required in Assumption 3.2 follows. [

4.3.5. POSTERIORS IN BAYESIAN INVERSE PROBLEMS

As an important special case, we consider the posterior
distributions that arise in the context of Bayesian inverse
problems. The analysis in this section is different to that
in Sections 4.3.1 to 4.3.4: Instead of showing that a partic-
ular path is valid, we show that such posteriors inherit the
properties of a valid path if the prior is such a valid path.
In this context annealing schemes have also been applied
in the literature, cf. (Xun et al., 2025; Habring et al., 2026;
Blumenthal et al., 2025).

In Bayesian inverse problems, one is interested in sampling
from posterior distributions

p(z) = px |y (z|y) < py|x (ylz)px () (3D

where y is some known data. In many relevant settings,
such as medical imaging, microscopy, and astronomy, the
relationship between the data y and the data-generating and
unknown signal x can be modeled as y = Ax + ¢ where
£ ~ N (0, 0?) with o2 the variance of the additive Gaussian
noise. In this case, the likelihood admits the density

1 Az — y|?
pyix(ylz) = (@ro2)i? exp <—|262|> (32)
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Figure 1. Forward-Kullback-Leiber divergence between the sample distribution and the one-dimensional Gaussian-mixture target in terms
of the iteration for different paths and traversal speeds controlled by the parameter 1'. Direct sample: A sample of the same size as used in

the other schemes, directly drawn from the Gaussian mixture.

and we will show in the following proposition that it is
possible to prescribe a path (p% ), for the prior and that

_ pyx(ylr)pk (2)
Pr(@) = py (y) 9

satisfies Assumption 3.2 as long as p’ satisfies it.

Proposition 4.17. Assume the prior path (p )-c[0,1] sat-
isfies Assumption 3.2 with potentials Uy, = —logpk.
Define for fixed y the posterior path (p;): as pr(x)
py|x (y|x)pk (x) and let U; = —logp, be its potential.
Then (pr)rejo,1] Satisfies Assumption 3.2. Moreover, the
Lipschitz constant of VU, increases by at most a~2|| AT A|.

Proof. We have U () = 55 |Az — y|*> + U% (x) + const,
hence

VU, (z) = %AT(A/I )+ VUL(). (34

The first term is globally Lipschitz with constant
o"2|AT A||, so VU, is uniformly Lipschitz if VUZ is.
Dissipativity is preserved (and typically strengthened) since
(z, AT Az) > 0and cross terms are at most linear in |x|. Fi-
nally, 0.U; = 0.U% because the likelihood term does not
depend on 7, so the growth condition transfers directly. [

5. Numerical Experiments

We now confirm the presented convergence results and com-
pare the efficacy of the different paths discussed in Sec-
tion 4.3 numerically. Across all experiments we consider
the problem of sampling from the Gaussian mixture

r= 3 aN(me.3) (33)
=1

with 7. components that have the means (m;); C R%, co-
variances (3;), C R%* and relative weights (c;)¢, C

R. The choice of the Gaussian mixture is primarily moti-
vated by the fact that it admits analytical expressions for all
intermediate distributions (and, in particular, the gradient
of the potential of their densities) in all paths: The distribu-
tions of the convolutional path from Section 4.3.4 can be
computed explicitly for all 7 € [0, 1] as

Ty = Z N (my(7), 2:(7)) (36)

with means m;(7) = m;+/1 — 7 and covariance ¥;(7) =
(1 —7)%; + 71,. Therefore, VU, of the convolutional path
remains easy to compute without prior training. This al-
lows us to directly compare the different annealing schemes
without interference of potential training inaccuracies.

For all experiments, we choose the annealing schedule*
7(t) = exp(—+) and compare different values for 7. We
always pick the largest possible step size that the theoretical
results allow for each method: h; = aT(tk)/Li(tk). We
estimated these parameters for the target through the largest
and smallest eigenvalue of any of the covariance matrices.
For geometric tempering and the dilation path, this suffices
to directly compute these parameters for all k. For the
convolutional path, we estimated them at each iteration after
an appropriate addition of a multiple of the identity matrix.
For DAZ, we use the estimates by Habring et al. (2026). In
all experiments, we simulate N = 5000 independent chains
to estimate the KL divergence.

5.1. Results

Here, we only present the results for d = 1. Additional
results for d € {2, 10} as well as for an imaging experiment
can be found in Appendix A. The parameters of the target

“The exponential schedule was not chosen for a particular
reason other than that it constitutes a very natural way to model
decay and its velocity via the half-life period 7.
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distribution (35) are set to n. = 3, (a;); = (0.3,0.4,0.3),
(m;); = (—2,0,2), (0;); = (0.2,0.1,0.3) where in this
case o; is the standard deviation of the ¢-th mixture compo-
nent.

We show the KL divergence for the different annealing
schemes over the iterations in Figure 1. Some correspond-
ing representative empirical histograms (after 1000, 5000,
and 40 000 iterations) are shown in Figure 2 in Appendix A.
Overall, the convolutional path and DAZ perform best. For
those paths, the annealing provides significant benefits in
terms of quantitative convergence as well as mode coverage.
Tempering, dilation, and ULA trail in that order. This is
in line with the theoretical results. In order to obtain small
error terms in (16) and its discrete counterpart (20), two
contradicting conditions are relevant, cf. Remark 4.10: (i)
Small log-Sobolev constants C1,s1(7), which is only possi-
ble for 7 > 0, since for 7 = 0, the log-Sobolev constant is
pre-determined by 7 and (ii) fast convergence 7 — 0. The
convolutional path and DAZ exhibit better log-Sobolev con-
stants for 7 > 0 as they yield better constants for L, a, b, R,
cf. Lemma B.6. Moreover, these paths decrease L. leading
to larger step sizes (Habring et al., 2026, Remark 4.17). In
contrast, dilation and tempering do not provide a similar
regularizing behavior. This, in particular, leads to these
methods struggling to cover all modes of the target, which is
evident in the empirical histograms that we show in Figure 2
in Appendix A. The convergence of these methods becomes
worse as 1" decreases which indicates that these methods
require more time at larger 7 to effectively benefit from the
annealing paths. Dilation in fact increases the Lipschitz con-
stant, leading to the smallest allowed step sizes which is in
line with its performance being worst among the compared
methods.

6. Conclusion

In this article, we proved the convergence of time-
inhomogeneous Langevin diffusions and their discretiza-
tions in the forward-Kullback-Leibler divergence. The
proofs hold under an abstract set of assumptions on the drift
of the diffusion and cover many popular annealing schemes,
such as geometric tempering and annealed Langevin sam-
pling. Compared to the literature, the presented proofs
rigorously take care of potential non-smoothness arising
from the fact that solutions of the Fokker—Planck equation
are generally guaranteed only in the weak sense.

The convergence results as well as the numerical exper-
iments clearly suggest that annealing paths should be de-
signed in a way that ensures that initially the target density is
mostly convex and well-conditioned (i.e., small log-Sobolev
constant, small Lipschitz constant of the gradient of the po-
tential). In particular, in such cases we find a clear benefit of
the time-inhomogeneous diffusion over basic ULA in terms

of convergence speed and mode coverage.

Limitations A more concrete quantification and ideal
choice of the schedule 7(¢) with the current analysis would
rely on estimates of the log-Sobolev constants which are in
general hard to obtain.

Future work For future work, we plan to derive explicit
bounds on the log-Sobolev constants of probability paths
(p+)- in order to estimate optimal annealing schemes 7 as
well as optimal convergence rates.

Impact statement

This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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Figure 2. Histogram of the sample distributions compared to the one-dimensional Gaussian-mixture target. Rows show different values of
the annealing speed controlled by 7. Columns show the empirical histograms after a different number of steps of the discretization.

A. Implementation Details Additional Numerical Results
A.1. Implementation Details

As mentioned in the main part of the manuscript, we set the step sizes for all methods as hy = a,(;,)/ Lz( )" In order to do
so, we need to estimate a, s, ) and Lf( th)? which we do as follows.

ULA For ULA, we have that p, = pg = Z?:”l a;N(m;, %) for all 7. We estimate L = Lo and a = ag as

1
Lo = _ 7
0 mzax )\min(zi) (3 )
and
in— (38)
ap = min —————
t >\max (Ez )
where Ay and Ay ax denote the smallest and largest eigenvalues, respectively.
Dilation We show in Section 4.3.2 that the time-dependent constants satisfy a, = ;%% and L , so that the values

for 7 > 0 can be estimated using ag and Ly from ULA.

Tempering In the case of tempering where U, = (1 — 7)Uy + 7U; + c it follows that L, = (1 — 7)Lg + 7L1,
a; = (1 — T)ag + Ta;. In our experiments we set Uy (x) = |z|?/2 to be a standard Gaussian so that the parameters
a; = Ly = 1. The parameters for 7 = 0 are again estimated like for ULA.

12
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Figure 3. Comparison of step sizes for different annealing schemes. On the x axis we plot the iteration and on the y-axis the physical time

ty = 22:1 hr achieved at iteration k for the different annealing paths with the maximum allowed step size hn = ar(,,)/ L3<tn). One
can observe that especially the convolutional and the DAZ path admit larger step-sizes initially aiding the faster convergence.

Convolution In the convolutional path, p, stays a Gaussian mixture model (GMM) with component covariance matrices
Yi(t) = (1 — 7)%; + 714. Thus, for each 7 we may estimate the parameters as

1
L, = 39
HllaX (1 —T)/\min(zi) +7 (39)
and
ar = min 1 40)
T (= ) Amax(Zi) + T
DAZ Based on (Habring et al., 2026, Remark 4.17), we set
.1 Ly
L,= {f, {0,7}} 41
min - max 1~ Lor 41)

and based on the definition of the Moreau envelope, we set a, = min{ao, %}

In Figure 3 we plot the physical time t;, = Zﬁ:o hy, for the different annealing paths. There one can observe that paths,
which lead to a more well-posed distribution for 7 > 0 (especially DAZ and convolutional) naturally lead to larger step sizes
meaning we can travel more physical time in the same number of iterations. An interesting aspect is that for DAZ after
initially allowing for very large step sizes, there is a phase where step sizes are rather small which is related to the regime
change in (39).

A.2. Additional Numerical Results

We provide some additional experimental results in higher dimensional settings (d = 2, 10). In both cases, we again use as a
target the GMM from (35).

A.3. One-dimensional GMM

In Figure 4 we provide an additional plot for the 1D GMM experiment, where we use the exact same step sizes for all paths.
The purpose of this experiment is to investigate whether the benefits of the annealing schemes are mostly caused due to
larger possible step sizes or if, in fact, the well-posedness of (p, ), plays a crucial role. In this experiment we use a fixed
step size hy = h = ag/L3 for all paths and all iterations where ag and Lg are the parameters from Assumption 3.2 for
7 = 0. While the convergence is slower compared to the adaptive step size results in Figure 1, indeed, we find qualitatively
a similar behavior, as in Figure 1. As a main difference we find that for very slow annealing schedules (1" = 10) geometric
tempering performs significantly better with smaller step sizes.

13
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Figure 4. Forward-Kullback—Leiber divergence between the sample distribution and the one-dimensional Gaussian-mixture target in
terms of the iteration for different paths and traversal speeds controlled by the parameter 7'. Direct sample: A sample of the same size as
used in the other schemes, directly drawn from the Gaussian mixture.In this experiment all methods use the same, constant step size
hi = h = ao/L§ with ao, Lo the parameters according to Assumption 3.2 for 7 = 0.
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Figure 5. 2D Gaussian mixture. Convergence of different annealing schemes in KL. Different plots show results for different annealing
speeds controlled by the parameter 1. Direct sample refers to the KL divergence obtained for a sample directly drawn from the
Gaussian-mixture model and of the same sample size /N as simulated using the annealing schemes.

A.4. Two-dimensional GMM

In the 2D case we choose the parameters of the GMM as n. = 4, (z;); = ([0.,0],[2,0],[0,2],[2,2]), and (;); =
(0.2,0.4,0.2,.2). Regarding the covariance, we choose each X; as a diagonal matrix with entries (¢ ;); which are chosen
as (01,); = (0.2,0.2), (o2,;); = (0.1,0.2), (03,); = (0.3,0.1), (04,5); = (0.1,0.1). We initialize the sampling at
x = (=1, —1). This way, it will be especially difficult for the methods to cover all modes, as the samplers may easily get
trapped in the mode at (0, 0).

In Figure 5 as in the 1D case we show convergence plots in KL distance and in Figure 6 empirical histograms after 1000
and 40 000 iterations in comparison to the ground truth density. Overall, we can observe the same behavior as in the 1D
case with best performance by DAZ and the convolutional path followed by tempering, dilation, and lastly conventional
ULA. In Figure 5, we find the same behavior as in the 1D case. If the annealing speed is too high (i.e., T is small), the
methods cannot benefit from favorable properties of p, for 7 > 0. When increasing 7" on the other hand, the methods reach
lower final errors. In this case, annealing helps covering all modes of the target. This is also confirmed by the empirical
histograms in Figure 6. There, for 7' = 0.1 all methods except DAZ and the convolutional path fail to recover additional
modes except for the one at (0, 0). For ' = 2 dilation and tempering cover three of the four modes, while still only DAZ
and the convolutional path seem to reach all modes to an appropriate degree. The behavior of the dilation path for 1000
iterations can be explained by the fact that for dilation Vp, (z) ~ 0 for « significantly far away from the origin so that the
sampler cannot make meaningful progress until 7 decreases sufficiently.
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Figure 6. 2D Gaussian mixture. Empirical distributions compared to the true density. Rows show different values of the annealing speed
controlled by T and different numbers of steps of the discretization. Columns show different paths (p; ).

40 000 iterations
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Figure 7. 10D Gaussian mixture. Convergence of different annealing schemes in KL. We plot the KL divergence KL(I1, fix|I1,,7) for
t=1,...,4 where forv € P(Rd), 1., v denotes the x; marginal of v. Rows show results for different annealing speeds controlled by
the parameter 7". Columns show the KL divergence of the marginals x; fori = 1,... 4.

A.5. 10-dimensional GMM

Lastly we consider the case d = 10. The GMM is chosen to have four modes again with weights («;); = (0.2,0.4,0.2,.2).
The means as well as the variances of the components are initialized randomly with the means drawn from a standard
normal distribution and the values o; ; uniformly in the range [0.1, 0.4]. Since in high dimensions evaluating the full KL
divergence is increasingly difficult, as a proxy we compute the KL divergence of the individual marginals. More precisely,
let II; : P(R?) — P(R) be defined for any v € P(R?) via

ILiv(A) = v(R™ x Ax RTY), A C R, measurable. 42)

Then as a measure of convergence we evaluate KL(II; fix|TI;7). The results for i = 1, ..., 4 are shown in Figure 7. Again
we find best convergence for the convolutional path and DAZ. In particular, DAZ performs best across all settings. In this
experiment the difference to the other methods is even more significant. The reason for the graph showing the convergence
of the convolutional path ending sooner at 7' = 10 is that we simulate all sampling algorithms for a fixed maximum time .
Since for each method the step sizes hy, are chosen as the largest allowed step sizes and, thus, hj, differs from method to
method, it may happen that some methods reach the maximum time with fewer iterations then others.

A.6. Image Denoising

In Figures 8 and 9 we show results for annealing used for image denoising. More specifically, in this example the target
density is defined as in Section 4.3.5 as

p(z) = px|y X py|x (y|z)px () 43)
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where

1 |z —yf?
py|x (ylz) = (2r0?)i2 exp <— 952 (44)

and the annealing path is applied only to the prior, that is,

7 = pY\X(y|$)pTX(I)
Prle) = ) (43

with p% (z) following the usual annealing schemes from Section 4.3. As the data y we use a clean image x' from the CelebA
dataset (Liu et al., 2015) with size d = 256 x 256 which is corrupted by additive Gaussian noise, i.e., y = 2t + oz with
o =0.5and z ~ N(0, I;). As a prior px we use the DiffUNet model provided by the Deeplnverse library (Tachella et al.,
2025). We compare all methods except for DAZ in this experiment as the estimation of the proximal operator for a diffusion
model’ is highly unlikely to be accurate. For all methods we fix a uniform step size of h = hj, = 1072 and initialize the
chains at the noisy image y.

In Figure 8 we see that for ULA the estimated posterior mean contains visible artifacts from the noisy initialization in
the depicted face whereas the annealing schemes provide a clean denoised image indicating that those methods depend
less strongly on the initialization. Naturally, if 7" is too small, these effects are diminished (cf. the convolutional path
for T' = 0.01). In Figure 9 we provide quantitative results by plotting the mean squared error of the posterior mean to a
reference estimate. As a reference we use the posterior mean obtained with ULA after 30 000 iterations. Again, we find
that annealing can provide accelerated convergence. If 7" is chosen too small, the benefits of annealing diminish, however,
the convergence speed is still at least as fast as with plain ULA. On the other hand, if 7" is chosen too large, naturally,
convergence becomes slower.

B. Postponed Proofs

Especially in proofs heavily relying on integration by parts, will sometimes use Einstein’s sum convention, that is, whenever
any index appears twice within a single term, we sum over said index, e.g., 0,04, f () = Af(x) and Oy, f (x)0y,9(x) =
(Vf(x),Vg(z)). We denote the upper bound of the log-Sobolev constants as

Crsi = Sl;p Crsi(T). (46)
720

The p-th moment of a probability distribution y € P(R?) is defined as the quantity [ |z|Pdu(z) < oo.

B.1. Continuous-time Diffusion
B.1.1. PROOF OF THEOREM 4.1

While the proof relies mostly on standard results we nonetheless provide the necessary references and the rigorous arguments.

Proof. The existence of a unique strong solution for all time is implied by the Lipschitz continuity of the drift (Karatzas &
Shreve, 1998, Section 5.2, Theorem 2.9). Then, 1t6’s lemma implies that

do(Xy, 1) = [Dp(Xp,t) — (Vo(Xi, 1), VU ) (X)) + Ap(Xy, 1) dt + V2Vip( Xy, t) T AW, (47)

for any ¢ € C2°(R? x (0, 00)). Consequently, j; satisfies

Ble(Xr. ) = o(X0.0)] = Elp(Xr.T) = [ [ (Quplant) = (Tolat). VU @) + (o) dpu(a)at. 49

The compact support of ¢ then implies that

lim Efp(Xr,T)] = 0 = /0 h / (Op(.1) — (Vip(, ), VU, ) (2)) + Aol 1)) dpe ()t (49)

T—o0

>which is not even guaranteed to be the gradient of any potential in general

17



Forward-KL Convergence of Time-Inhomogeneous Langevin Diffusions

Noisyy k=500 k=700 k=900 k = 1100 k=1500  k=1700

ULA

Dilation

—

<

o

il

SHEE=1
=
(9]
2,
5
F 2
=
=y
=1
= '
L Y Gl Y Glle Y Glle Y Gl Y e
z
5]
O
<
S0 o S TN XN T AN e
o]
=F
o
=
<
=
)

0 X

<

o

I

&~

Tempering

Convolution

Figure 8. Image denoising using different annealing schemes. For each sampling method we compute the Monte-Carlo estimate of the
expected value across different iterations. More precisely, if (zx ) denotes the realization of a Markov chain with one of the methods, we
plotz, = % | Tr—ixs for different values of the iterations k where n is the sample size for the Monte Carlo estimate and s a thinning
parameter. We set n = 50 and s = 10. One can observe that with ULA after 1700 iterations there are still clearly visible artifacts in the

face whereas with the annealing schemes (especially for 7" = 0.05) this is not the case.
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Figure 9. MSE convergence of the mean for image denoising. We plot the errors é|a’ck — Tret|® where we refer to the caption of Figure 8
for the definition of the Monte-Carlo estimate Z. As a reference Z,. we use the Monte-Carlo estimate Zj, obtained with ULA after
k = 30000 iterations. For T" = 0.1 the benefits of annealing are most prominent. For 7" = 0.01 the convolutional path already closely
resembles that of ULA whereas for 1" = 0.5 the annealing is too slow. Note, moreover, the steep slope of the error with the convolutional
path due to favorable log-Sobolev constants. We want to emphasize, however, that the used error metric provides only a very crude
quantification of accuracy.

or, equivalently, that y; satisfies the partial differential equation (PDE)
Oppry = div(pe VUr(p)) + Apg (50)

in the weak sense. Corollary 6.3.2. due to Bogachev et al. (2022) guarantees that there exists some ¢; € L. (R? x (0, 00))

such that % = ¢;. Moreover, g; is continuous and strictly positive on R? x (0, c0) and for a.e. t, ¢; € VVﬁ)Cp (R) for all

p > d + 2 (Bogachev et al., 2002, Section 9.4). O

B.1.2. PROOF OF LEMMA 4.2

We first show a formal proof sketch under the assumption of sufficient regularity to provide some intuition and proceed with
a rigorous argument below. Swapping integration and differentiation we find

d d
KL ) = 5 [ atog2ah= [ogdog ST+ gidrlog I (51)
dt dt Dr(t) Dr(t) Dr(t)

Now, since g satisfies the Fokker—Planck equation (13), we find that

d Oipr
di KL(/ffta 7r7—(t)) = / (azl (_8:1:1 Ing'r(t)Qt) + ail?iaibiqt) 10g o + 8tqt - qtti(t)d/\
i (t) Dr(t)
q Oepr(1)
= - (_a;m 1ng7(t)qt + awl qt) 8xl log + atQt - qtid/\ (52)
Pr(t) Pr(t)
2
—— [ a|Viog 2= |~ 01 log prgy
p‘r(t)

where we used in the last equality that [ ;¢ d\ = % J @dX = %1 =0.

The formal arguments above are not valid in general as g; is only a weak solution of the Fokker—Planck equation. Therefore,
a classical time-derivative Jq; need not exist and even if it does, it is not clear that we may swap integration with respect to
z and differentiation with respect to t. We now proceed with the rigorous proof, which relies on mollification techniques.

Proof. First note that by (Bogachev et al., 2022, 7.3.10. Example, 8.2.4. Example, 8.2.5. Proposition) we have that for any
0 < t1 <ty < oo there exist ¢1, co > 0 such that

exp (—e1(jz? +1)) < qi(z) < exp (—colz?), tE€ [t,ta], v € RL (53)
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Let g9 > 0 such that t; > . Moreover, let p € C°(R¢ x R) be a mollifier with, in particular, ¢(z,t) = 0 for [t| > 1,
denote for 0 < & < €9, ¢°(x,t) = -t @((x,t)/2) and ¢f = § * *(x,t) with the convolution in x and ¢ where § is the
zero for t ¢ [t1 — €0, t2 + €] and identical to ¢ otherwise. It follows that ¢5 is C'*°and satisfies

8#];55 = _(qtaa;,i logp‘f'(t)) * 6&%@‘5 + qi * 6$18$1 3067 (]"7 t) S Rd X (t17 t2) (54)

Indeed, for any 1) € C2°(R? x (t1,t2)) since g; solves (13) weakly we have

// G * ¢ (z,1)0pp(x, t)dzdt

_ / / / / G s (2 — 9)" (), $)Butb(, £)dadydtds
_ / / (y, 5) / / g (@ — )0y (x, t)dedtdyds

= // ©°(y, s) // (—qt,s(x — )0z, 10g prit—g)(x —y) + Oz, qt—s (v — y)) Oz, ¥ (x, t)dadtdyds (55)
- / / Oy, 1) / / (=Gt a(@ = 1), 108 Dr(e—s) (& — ) + Orsti—s (& — 1)) 7 (1, 5)dydsdadt

= / O, (2, 1) (—qtam log pr(¢) + &Eiqt) * ©° (z)dxdt

- / / O(t) (— 40, 108 priey + Do) * B (@)t

where we used that ©°(y, s) = 0 for |s| > ¢, ¢¥(z,t) = 0fort ¢ [t1, 2] and consequently we can replace ¢;— s by g;—s since

they coincide for ¢t — s € [t; — €, t2 + €]. Moreover, by the exponential decay with respect to  and the compact support in ¢,

we have that ¢ — §; in LP(R? x R) as ¢ — 0 for any p € [1,00) and pointwise a.e. by taking an appropriate subsequence.

In addition 0,,q¢ — O,,q: in L>(R? x (t1,t3)) and, again by taking a subsequence, pointwise a.e. (see (Bogachev et al.,

2002, Theorem 7.4.1) for a proof that V¢; € L?(R? x (t1,t3))). Since ¢ is moreover continuous on R? x (0, co) it follows

that g — ¢ uniformly on any set of the form K x (¢,t) with K C R¢ compact. Since ¢; satisfies (53)° we find that
r— =€

] )

2
€
=1p, (o)(z) + ]1356(0)(1‘) exp <—02|x|2 (1 — > ) (56)

||

T

Sx) < < - 2y -1 N _
qt(w)_ygggfx)qt(y)_yg;l@)em( calyl?) = 1p,.(0)(x) B%m)(w)exp( ca

< g, (0)(%) + Lpg_(0)(2) exp (—calz[*/4)
< cexp (—ca|z[?/4)

where the constants can be chosen uniformly with respect to £ and ¢ € [¢1, t2]. Similarly we have
g; (z) > exp (—c1(2faf* +1)) (57)

which, in particular, implies that ¢f has finite entropy for all t. For R > 0 let xgp € C>° (]Rd) be such that 0 < yr < 1,
xr(xz) = 1forz € Br(0), xr(x) = 0 for z ¢ Br4+1(0), and such that |0, x z||co is bounded uniformly with respect to R.
Using the fundamental theorem of calculus, we have’

£ 13 d 154
/XthE2 log 9, dX\ — /qutEl log 4 d\ = // XR—~3 (qf log 4 ) dtdA
Dr(ts) Dr(ty) dt Pr(t)

d . 4 -d a5
= —q; lo + xrq; — lo dtdA
LK/XRdtt gpﬂo XRde g gpﬂﬂ

(58)

=A+ B.
Our goal is in the following to take the limit on both sides of (58), first as ¢ — 0 and afterward as R — oc.

Salso for adapted c1, c2 on the slightly larger interval [t; — €0, t2 + €]
"The time integral is over (¢1, t2) which we omit for simpler notation.
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Convergence of B For the term B we can estimate

T g — q; 0 T
B://XRp (G — OB g1q

pT(t)
- / / Xt (0u; — 4504 log py(ry) dtdA
e e (59)
= XROqidAdt — [ | xRrq; O log pr(s)dtdA
= - / / ((—q:0z,; log pr(r)) * ©° + qi * O, %) Oz, xRANAE — / / XRY; Or log pr(1ydtdA
= AA+ BB.
As ¢ — 0 we then find for BB
lim BB = — // X RGO log pr(pydtdA (60)
e—0

due to convergence of ¢; uniformly on compact sets and the fact that x r0; log p; (4 is bounded and compactly supported
with respect to x. For AA we obtain using similar arguments that

lim AA = — / / ((=qt0, 10g pr(t)) + 0,Gt) O, x RAAL. (61)

e—0

Convergence of A Regarding the term A in (58) we find

€
A= // XR((—qt0z, 108 Pr (1)) * Ou, 0 + Gt * Op, 0r, %) log pqz )d)\dt
T(t

€
=- //((_Qtaa:i log pr(1)) * ¢° + ¢ * 0,6%) s, (XR log pqz )) dAdt
T(t

(62)

- / / (=00 108D ) 2+ 0022710 X ok
T(t

£
— //((—qt&“ log pr(1)) * ©° 4 qs * Oz, 0°) X ROz, log pq‘é )d)\dt = AA+ BB
T(t

Again, we consider the limits as ¢ — 0. Regarding A A we first separate two terms

AA =— //((*qtazi 108 pr (1)) * 0% + @i * Oy, 0% )0, X r 10g g7 AN
(63)
+ //((—qtazi log pr(1)) * ©° + Gt * O, %) 0z, X R 108 Pr(1)d .

We begin with the more difficult first term
‘ //((_Qtaa:,- log pr(1)) * 0% + Gt * 02,0%) 0z, X R 108 ¢ — (=t 0z, 108 P (1) + 02, qt) O, X R l0g Qtd)\dt‘
< ‘ //((—qtaxi log pr(1)) * 9% + Gt * 0, 0°) Oz, XR 108 G — (=10, 108 7 (1) + 02, G1) 0z, X R l0g (de/\dt‘
+ ‘ / / (=q:0z, log pr (1) + 02,4:) 0z, XR 108 4§ — (=10, 108 Pr() + 0,0¢) 0z, X R 10g Qtd)\dt‘ (64)
< // |((—:0x, 108 Pr(sy) * € + Gt * 00, 0) — (=t 0x, 108 Pr(sy + O, @t)| X |0, X1 10g g5 [dAdE
+ // |(— 10, 108 Pr (1) + 0, 4)0a, X | X | l0g ¢ — log g¢|dAdE — O

as € — 0. For the first integral this follows from LllOC convergence® of ( —q1 0y, log pT(t)) * % + q¢ * Oy, %) and uniform

boundedness of 9., x r log g; where we make use of the estimates (56) and (57). For the second term, to the contrary, we

8L\ . convergence, in turn, is implied by L? convergence.

21



Forward-KL Convergence of Time-Inhomogeneous Langevin Diffusions

use L' boundedness of ((—q;0s, log Pr(t)) + Ox,qt)0z, X r and uniform convergence of log ¢; on compact sets. The latter

uniform convergence follows from uniform convergence of g5 on sets of the form K x (¢, ,) for K C R compact together
with the fact that by (56) and (57) the set

U :={q;(z) |(z,t) € K x (t1,t2), 0 < e < &p} (65)

satisfies U C [a, b] for some 0 < a < b < oo and the logarithm restricted to [a, b] is Lipschitz. For the second term in AA
similar arguments can be repeated using uniform upper and lower bounds of log p.(;) again on compact sets.

Next, we tackle BB. We find

L_dxdt
pT(t)

- / / ((—qt0a, 10g (1)) * % + 1 * O, 0% ) X 1Oz, log g5 dAdE (66)

//((_Qtawi log pry) * ©° 4 Gt * O, %)X ROz, log

- //((_Qtawi log pr(1)) * ©° + Gt * O, %)X ROz, log pr(1ydAdt

and once again, start with the more difficult first term

/ / ((—qt0x, 10g pr(1)) * 0 + qi * 02,0 )X RO, log g7 dAdE

0. q¢
= //((—qté’m log pr(y) * ¢ + qr * amws)XR%dAdt (67)
Oz
= [[xnZE adnrog ) 5+ L2 parar,
t
.z qt

The second term can be understood as the squared L? norm of \F /X r Which converges if the respective function

converges in L2. We show the latter,

Using uniform, strictly positive upper and lower bounds of ¢ on Br1(0) X (¢1,t2), the L? convergence of 9,,¢; and

<

2

+ |0z,

4 4 VXR
t : vV XR — 37 ! vV XR (658th8 - 8let) \/q7
t

q; Ve (m m)

68
AT “

2

uniform convergence on compact sets of Y22 we find that the above tends to zero as ¢ — 0. The second term in BB is

Vi

handled similarly.

Left-hand side of (58) Regarding the left-hand side of (58) it follows that

lin%)/Xqul log dX = /XRQtl log dA (69)
e—

T(t1)

Dr(t1)

again by uniform convergence of ¢° on compact sets and appropriate boundedness rendering the logarithm Lipschitz
continuous. We therefore find

q
/ Xides log 22— — / Xide log ~F1dA
Pr(t2) Pr(t1)

= —//( qt0x; 10g Pr (1) + Oz,Gt) O, X R lOE & grat
‘r(t) (70)
dAdt

_ / / L -
T(t

- / / (=10, 108 D 1) + D, 1) P, X RN — / / X des 10g pr i dtcA.
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Next, we want to take the limit of the above as R — oo using Lebesgue’s dominated convergence. For this we note that
xXr — 1, 0z, xr — 0 pointwise a.e. as R — co. Moreover, in order to apply dominated convergence, we need to make sure
that each function sequence admits an integrable upper bound. For most of the involved functions this follows directly from
the exponential decay of ¢; with respect to x and the fact that 0,,¢; € L?(R? x (1, t2)). For the term 0, ¢ log ¢; we note

that
8riQt 6@%
|02, q: 1og q;| dAdt = ﬁ\/q?bg q¢| dAdt < 3 v/t log g4, (71)
2

where the second norm is finite by the bounds (56) and (57) and the first term is bounded as shown in (Bogacheyv et al., 2022,
Theorem 7.4.1). Similar arguments apply to the term 0, ¢; log p-(;). Thus, taking the limit for R — oo yields

KL(ut2|7rT(t2)) — KL(p, |7T7(t1)) = — //((—qt&;i long(t)) + 0, G1) 0z, log :)d)\dt — // q:0¢ log pr(yydAdt
t

_// (Qtaz,- log a )8 dAdt — // q:0¢ log pr(yydAdt
Pr(t) p‘r(f)

= // 4t O, log d)xdt - // 410y log pr(ydAdt
(72)

where we used that, by Lemma B.11, 0, log ¢; = Ous q' . From the above it is also apparent that
t = KL(pe|mr (1)) (73)

is absolutely continuous as the integral of an L' function. Consequently, KL (1 |T-(+)) is a.e. differentiable with respect to ¢

and we have
d
— KL = —
dt (1t |7TT(t)) / qt et

concluding the proof. O

2
— q10¢ log pr(pydA. (74)

Vlog

Using the above lemma we can immediately derive the following lemma.

Lemma B.1. Under Assumption 3.2, the diffusion u, satisfy for some ¢ > 0

t 4 t t 4 )
KL (|7 (1)) < eXP(‘/O CLSI(S)dS) KL (0|7 (0)) +C/0 eXp(‘/s C’LSI(cr)dU>T(S)|dS (75)

Proof. From Lemma 4.2 and LSI together with Lemma B.8 it follows that

2

d 4
X KL (pe|mr () = —/Qt Vlog o ¢ 0 log pr(dA < e ® KL(pe|mr (1)) — /Qtat log prpydA.  (76)
Regarding the last term, we find 9, logp, = —0, U, — ‘C)TZ%. For 0,7, in turn, we can estimate
atZ = 8 /exp —/ —0; U ( exp( U, (x ))dx = /—BTUTpTd)\ a7

where we used dominated convergence to swap the integral and the derivative. Thus,

’ [ a logprmdx’ -

#10) [ 0.Urtort0 ~ 0N < 10 [ el + Doy (o) = wlo)te < i) 79
with adapted c using Lemmas B.2 and B.3. In total we find

d 4
LKLl mon) < ———— KL(pe|mr i) + ¢ |F(t 79
gy (pee| 7 (1)) Cro (D) (1| mr(ey) + |7 ()] (79)

Then, by Lemma B.10 the assertion follows. O
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B.1.3. PROOF OF LEMMA 4.3

Proof. We compute
Dr
KL(pte|m) = KL(pe|) — KL (pte| 7 (0)) + KL (pe | 7,1) = / gt log p< dX + KL (|- (80)

By Lemma B.9, log pfzﬁzi;c()l) < ¢17(t) + ca7(t)|z|?. Therefore, using Lemmas B.1 and B.3 the result follows. O

B.1.4. PROOF OF THEOREM 4.4

Proof. Let § > 0 be arbitrary. We can pick ¢; > 0 such that 7(¢;) < §. Afterward, pick to > t; sufficiently large such that
exp(, fttlz #I(s) ds) < ¢ which is possible since by uniform dissipativity Cp,s1(¢) < Crgr for some Cpgr < oo and all .
Moreover, pick to sufficiently large such that 7(¢) < § for t > to. We find for any ¢ > ¢, by Lemma 4.3

KL(ju|7) < er(t )+exp< / — S)ds> KL (0l 0 )+c/0t exp< / o )da>|7( Jlds
< er(t) + KL(uo|mr0)) exp CLSI(S)ds) +c/0t1 eXp(—/s CLSI(J)da)H'(sts
+C/t1texp< [CLS4 = >T( Jlds
e ) —c/olexp<— /t C,Li(a)da)i—(s)ds—c/tl #(s)ds

(
-/,

er(t) 4 KLl oo - [ gsds) = etrtn) — v (- [ ot o)
(-

et (t) + KL(po|mr(0)) exp

—c(r(t) = (1))

b4
< er(t) + KL(po|mr(0)) exp / + ¢7(0) exp —/ ————do | +c7(t) + er(t1)
Cusi(s) &, Cusi(o)

< 0 + KL(po|m7(0))d + ¢7(0)0 + ¢d + 6(5

(1)
picking ¢ sufficiently small concludes the proof.
To obtain the worst case bound on the complexity we use the estimate Cp,s1 < Cpgy in (81) to obtain
t 4 t1 t 4
KL (p|m) < e(m(t) + 7(t1)) + KL(po|m-(0y) exp (—/ ds) - c/ exp(— da)i‘(s)ds
o Crsi 0 s CLsi
4t h 4(t —
<e(r(t)+7(t1)) + KL(,U()|7TT(O)) exp (—) — C/ exp (_ ( s) dg>7—(s)d8
CLst 0 Ls1
4t f 4(t —
< e(r(t) + 7(t1)) + KL (ol (0)) exp( ) + c||7|\oo/ exp (_ ( S))ds (82)
CLst 0 CLs1
4t 4(t —t 4t
<c(r(t) + 7(t1)) +KL(;LO|7TT(O))eXp( > Jrc{exp((l)) exp( )}
ClLsi CLst ClLst
4(t —t
<e(r(t) 4+ 7(t1)) + cexp (—(1)) )
Clst

Therefore, in order to reach accuracy KL (s |7) < &, ignoring constants, we require 7(t;) = O(¢) and t—t; = O(log(e~1)).
We want to stress here again, that this estimate is very pessimistic as the benefits of annealing are not taken into account due
to the uniform estimation of the LSI constant. O

B.1.5. HELPER RESULTS

Lemma B.2. Let p € N. If g admits a finite 4p-th moment, then the 2p-th moments of u; are bounded uniformly in t.
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Proof. Any solution (X;); of (4) has the property that E[supy< ;<7 | X|*’] < oo for any T' > 0 (Kloeden et al., 2012,
Exercise 4.5.5) This bound together with a.e. continuity of the sample paths yields continuity of ¢ —+ E[| X;|?*?] by dominated
convergence. By It6’s lemma and uniform dissipativity we have

d[ X% = 2p| Xo[*P71 {(X,)i0a, log prey (Xi) + d + 2(p — 1)} dt + V8p| X, PP~V X, dW,
< 2p| X PP L —a | Xe |2+ byry +d + 2(p — 1)} dt + VEp| X PPV X[ W

As a consequence it follows for any ¢, h > 0

B[l X04n/? — | X,*] <E

t+h
/ 2p| X 2P L —a, () | Xs2 + by +d +2(p — 1)} ds]
t
t+h
< / ~2pa, ) B [| X ] + 20(byq0) + d+ 2(p — 1) E [|X,207V] ds
t
t+h
< / -C1E [|Xs|2p] +CE []]‘\Xs\ﬁa|Xs‘2(pil) + ]]‘|Xs|>a‘Xs|72|Xs|2p} ds (83)
t
t+h
g/ —CyE[|X.?] + CoE [OP@*U +or2|Xs|2p} ds
t

t+h
= / —(Cy = a2Co) E [|X,]?7] + Cala|*®Vds
t

where C1 = 2pa, ;) > 2pa, Cy = 2p(br) +d+2(p—1)) < 2p(b+d+2(p—1)), and a > 0 above is chosen sufficiently
large so that C; — a=2C% > 0. Since t — E[|X;|??] is a.e. differentiable as an absolutely continuous function, dividing
(83) by A > 0 and letting A — 0 yields

d Cra2(P—1) _ Cya2(P=1)
— (E[X,|?] - =—=——— ) < —(C; —a72Cy) (E[|X,]?"] - —=——— ). 84
dt( [1XI™] Ci—a2Cy) (Cr —a™2Co) ( E [1X] Ci — a2C, )
Gronwall’s inequality then yields
02|a‘2(p*1) B C’2|a|2(1’*1)
E[|X:|?"] < | E[|X0|??] - =————— —(C, —a™20y)t) + =————. 85
1] < (EXP] - S22 Y enp(— (€ - o) + G2 (85)
which is bounded uniformly in ¢ by the bounds on C; and C5. O

Lemma B.3. All moments of 7 are bounded uniformly in T.

Proof. The dissipativity and Lipschitz continuity of VU, immediately implies that 7 has finite p-th moments for all p € N
and it remains to show that this holds uniformly in 7. To this end, let 7o > 0 be arbitrary and fix 7(t) = 79, that is we
consider now the Langevin diffusion for the fixed target 7, . Initializing (X;); with the stationary distribution X¢ ~ 7,
we find that X, ~ 7, for all ¢£. Then (85) yields

02|a|2(p71)
Cl — Oé_202

Cg|a|2(p*1)

—_—. 86
Cl — a—202 ( )

[t ) < (%0 - )exp(-(C1 - a0 +

. . 2(p—1) L . .
Since the above is true for all ¢, we may let ¢ — oo and find [ |z|?dn,, (z) < % which is bounded uniformly in

T. O
B.2. Discretization Analysis
First we note that the discretization (18) may be interpreted as a solution of the SDE

AdX, = —VU(X)dt + v2dW, (87)

where for any function = : (0,00) — R%, VU (z) = 3, VU, (%1, )Lty 1,.1)(t). In the following we will denote
fit = law(X) and in the case t = ty, in a slight abuse of notation we will write /i, = fi;, . Moreover, we denote the density

” dii
as gy = Jy
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B.2.1. PROOF OF LEMMA 4.5

The proof is similar to Lemma 3 in (Vempala & Wibisono, 2019).

Proof. We consider for simplicity of notation the step from &k = 0 to & = 1. We find that for ¢ € (0,¢] the density
of X4|Xo = o is Gejo(x|z0) = W exp(— 2|z + tVUy, (z0) — z0[?). The unconditional density can therefore be
expressed as G (:) = [ Gyjo(2]w0)Go(wo)dao. It is well-known (cf. Lemma B.12), that G, o (|2) is a classical solution of
the diffusion equation

8tdt|0(33|$0) = diV(VUr(to)(xo)ét|0(x|$0)) =+ A(jt|0(90|$0) (33)
where the divergence and Laplacian are with respect to 2. As a consequence it follows that §; () satisfies in the classical
sense the PDE

01di(z) = 0 [ do(aloo)in(wo)dan
= /{diV(VUT(tO)(fo)lftm(ff\xo)) + Adyjo(z|z0) } Go(zo)dzo
= diV/VUT(tO)(mo)ﬁﬂo(x|$())Q0($())d$0+A/Qt|0($|x0)40($0)d$0 (89)

= div (/ VUT(tO)(l“o)(iot(330|33)d330(it(ﬂ?)> + Adi(z)

= div (B [VU,@1,)(X0)| Xt = 2] Ge(x)) + Ade(2)
where we applied dominated convergence multiple times, first to pull 0; into the integral and afterward the divergence and
the Laplacian out of the integral. This is allowed since the functions

D)o (x|0)do(20), VUr(te)(0)0x,dejo (2|20 )do(0), 2, Grjo(x]0)do(w0)
all admit xg-integrable upper bounds locally uniformly with respect to the respective variable of differentiation. Indeed,

for the first term we note for every ¢t € (0, tl) due to the exponential nature of qo(z|zo) and the fact that o
1o — tVUr(14)(20) grows linearly for t < % § —+, there exists € > 0 such that

sup  sup |OGyjo(z]z0)| < 00 (90)
sE(t—e,t+e) ®o
so that 29 — 0G0 (w|z0)do(z0) admits an integrable upper bound. Similar arguments apply for the other terms. Let us for
simplicity denote b(z) = E [VU, 4, (Xo) ’Xt = z]. Next we claim that, again by dominated convergence, similar to the
continuous diffusion we have

d

T KL(fut|7r (1)) :/(@(it(xt))log RGO det

Pr(to)(Tt) Pr(to) (Tt)
To this end, take xr € C°(R?) such that 0 < xr < 1, xr(x) = 1 for z € Bg(0), xr(x) = 0 for z ¢ Br(0) and

Oz, X r(x) is bounded uniformly with respect to = and R. As in the proof of Lemma 4.2 we find for 0 < s7 < so < t1 using
the fundamental theorem of calculus

/XR(x)qs2 (z)log de - /XR(z)lim(fC) log mdaz

Pr(t) Dr(to)

+ Gi(x4)0; log 91)

= //52 Xr(7)0:Gt(x)log L"E) + xr(2)0:6:(x)dide
S1 p'r(to) (LU)
= [ x0t@) 0n, @)0@) + 020 o =L @i
pT(tO) (1’) (92)

- [ twaw + o >}am( <>log(t()(>$))+m<x>atqt<x>dtdx
)

Gi(x
to)(x)

- [[ p@a + o) {axima:) log —2(7)_

+//XR($)8t(jt(a?)dtda:.

+ Xr()0, log T;tf)()fc)} dtdz
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We want to let R — oo. For the third term we find
/ / (@) 0he(z)dtdz = / a(@) / Byis (z)dtde = / Xa(@) (G, (2) — d, () da, 93)

which tends to zero as R — oo by dominated or monotone convergence. To apply dominated convergence to the remaining
terms, it suffices to show that the expression
} (94)

is integrable with respect to (x,t). Since locally in ¢ the right term can be bounded by c(|x|? + 1) for some ¢ > 0 we

estimate
[ @)+ 0.t |}{ }dazdt

S/ {16(2)de ()] + 10z, G (x)[} e(|z[* + 1)dzdt (95)

< // {/ VU (1) (o) |dtj0 (z]20) do (w0 )dzo + @ziﬁt(l‘ﬂ} c(jx* + 1)dadt.

()
Pr(to) (l‘)

G ()

0z, log
Pr(to) (@)

log

{1b(2)Ge ()| + 0z, G (%)} { ’ n

Ge(x)

_l’_
pT(to) (I)

log ————| + |xr(2)0s, log

pT t()) )

Regarding the first term we find with the transformation z = (zg — tVU,(,)(%0)) + 2 the bound

] 190+ wo)laalza)etlal + V(o) daodadt
~ [ 900 )N 500 = 170 o) 2002 + V)b
= // (VU (10) (20) [N (230, 2t )c(|zo — tV U, (1) (z0) + 2|* + 1)do (w0 )dzodzdt (96)
< // VU (10) (20) IV (25 0, 2t) (2|0 — tVU 1) (w0)[* + 2|2]* + 1)Go (20 )dzodzdt

< [ 190 @)le(2lzo — 09U o) + 4t + Do) dand < o0

where finiteness follows under the assumption that Gy admits a finite third moment and Lipschitz continuity of VU ).
Regarding the second term in (95), on the other hand, we compute

/ |0, G () |c(|z|? + 1)dadt
< /// % |z — ((20)i — 104, Ur (1) (z0) | N (25 19 — t VU, (1) (20), 2t)c(|2|* + 1)do(20)dzodadt
1 .
= // TN (@00 = tV Uy 1) (20), 2t)e(|2]* + [ [*|zo| + |zo| + 1)do(wo)dzodzdt

1
< C// ?/\/’(Z;O, 2t)(|x0 — tVUT(tO)(.’L'o) + Z|3 + |$C() — tVU.,-(to)(l‘o) + z|2|:130| + |l‘0| + 1)(}0(x0)dx0dxdt < 00

o7
again since the third moment of gy is finite. Thus, letting R — oo in (92) yields
/q52 (2) log 2@ 4 /q (2) log 2@ / (b(2)d(x) + 0,0 (2)} D, log —210)_apaz
Pr(to) p'r(to pT(to) (z) ©8)

Pr(te)(T)

//qt ) {b(x) + 0s, log G:(z)} Oy, log ———— @(z) ————dtdz.
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This, in turn, implies that for a.e. ¢

d s . _Ge(x)
3 KLelmr o)) = /Qt () {b(z) + 0, log G4 (2)} Ou, log Pr(to) (%) o

R . . 7 (x
- /qt(:v) {b() + 8, 10g Py (1) () — Oz, 108 Pr(10) () + Oa, log Ge(x) } Dz, log ﬂdx (99)

p‘r(to)(x)
7/%(1’) {0(2) = 02 Us 1) (2) } O 1 #dx—/ 0y, log —2)_ Cd
p‘F(to)( ) p‘r(to)<33)
The first integral can be estimated as
‘ /q}(x) {bz(l”) — Oy, Uf(to)(z)} Oy, log qt(x)dx‘
pT(tO)( )
‘/Qt {/@ZU (to) (T0)doj¢ (zo|x)dwo — O, Ur 1) (T )} Oy, log #dx
pT(to)( )
< / |ainT(t0)($0) — Oz, U‘r(to)(aj)| Oy, log (()81') th(l')(jo‘t(l‘o‘x)dxodx
Prt
Ge(x) 0 (100)
// 7(to) |zg — x| |V1og ————do,(wo, v)dzodx
T(to)( )

) |
// (to) |zo — $| do,t(zo, x) difodx-i-// ‘ Do) (x)

do,t(xo, z)dzodx
) i)

2
/] 2 tO) | 0 — | O t( 0 ) 0 g T(to)(x)

The first term can be expressed using E[|X; — Xo|*] = E[| — tVU,1,)(Xo) + V2W,|?] = t2E[|VU, (15)(X0)|?] + 2td.
Denoting for any 7, z* a minimizer of U, it follows, since |z%|? < b, /a, by dissipativity

G (z)dz.

E[|VUT(to)(X0)|2] = EHVUT(to)(XO) - VUT(to)@g:(to)” ] < LT(tO HXO - xi(t0)|2]

< L2 (10 B[ Xol?] + 2l 1) I (101)

b,
HXO|2] +2 (to)
A7 (to)

< L2

T(t()

and in the general case for k € N, E[|X; — X;, |?] < 2d(t — t&) + (t — t&)? (Lz(tk) E[|X¢, 2] 4+ 2br(1,)/ar(2y))- Since
by Lemma B.4, sup;, E[| X}, |?] < oo, Using also Lemma B.8 it follows for ¢ = 1 that

X 2 X
KL(fit|mr (1)) < — 7~ KL(fu|mrto)) + ct (102)

dt Crsi(to)

By Lemma B.10 we find

7 2 2h h 2(t1 — s
KL(fit, ‘Wf(to)) < KL(ILLO|7TT(t0)) exXp <—0> + C/ exp (—(1)>5d5
to

Crsi(t Crsi(t
LQS}IL( 0) Lsi(to) (103)
< KL(fio|m7 (o)) exp <_C'LSIE)750)> + chg.
concluding the proof. O
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B.2.2. PROOF OF LEMMA 4.6

Proof. By Lemma 4.5 we find

. ) 2y,
KL(fut1|7m7 (1)) < KL(fie, [77(1)) €xP <_CLSI(tk)> + chi

. . hy,
< (KL (it |77 (00)) = KL(fuey |77 (1)) + KL e, |77 1)) eXP<—20LSI(15k)> +chy (104)
X 2hy, ) / Pr(ti) ( 2hi, ) 2
< KL(fu, | 770, ) exp( = ) + log — =1 qz exp — = | + ch2.
(fity | Tr(e_r)) p( Crar(in) G |log Pren Pl Cratin) K

Pr(t,kfl)(x)

Using Lemmas B.4 and B.9 we find that f dr(x)log Pr(ip) (@)
T tk

dz < ¢|7(tr) — 7(tx—1)|. Inserting into (104) yields

N . 2h 2h
KL(kilsy) < KL 1) 0~ o ) i) = rltnvlesp( o ) . 105

Cursi(tr Cursi(tx
Solving the recursion, we find

%

k k-1
N 2h
KL(fk+11m7 1)) < KL(fi1 |77 (1)) eXP( E CLSI )+c§ exp( E . = >|T(tk—i)7(tk—1—i)|
=1 =0

Lsi(th—j)
k—1 i—1
2h—
+cy hiex ( J )
; F P Z Crst(tk—j)
(106)
The decomposition KL(fiy1|7) = KL(figy1|mr (1)) + KL(fikg1|7) — KL(fiky1|77(¢,)) then leads to
KL (i1 |7) SKL(A1 | () ) € 2hi +cZex Z _ M-y 17 (te—s) — T(te—1—i)|
Hie+1 = H1|Tr(t9) ) €XP CLSI p Crsi(te_y) k—i k—1—i
- i—1 28
+c hQieXp( k—j )—i—/(jk lo dz
Z F ZCLSI (te—j) i ng(tk)
. (107)
SKL(fu1 |77 1)) ex 2hi +cZeX i _ M-y IT(tr_i) — T(t )]
H1|Tr (o) p CLSI p CLSI tk:— k—i k—1—i
— i—1 2hk
+cY hi_ex ( J >+CTt
; g P Z Crsi(te—j) (t)
where we used Lemma B.9 once more for the last inequality. O
B.2.3. PROOF OF THEOREM 4.7
Proof. By changing the summation indices, Lemma 4.6 leads to
KL(f —7(ti—
(i 1al) < <u1|m<to)>exp< > ) +c2exp( Z G () = (6 )
(108)

—&-th?exp( Z ) +c7(tr)
p CLSI

Jj=i+1
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It follows forany 1 < k' < k

) k ko op,
KL (fser 1) < KL(n 7, ) exp( )+cZexp( 2CLSI(tj))|r<ti>—T<ti_1>|

=1

+Czsz+1exp( ZCLSI ) ti) = rlticn)
k
£ i) e 5 ool

+ CZ h? exp(
=1 Jj=i+1 i=k’+1

<KL (jun | gy ) 0 7227h1 + cex 7ii
<KL(fu|mr (1)) €xp 2 Crailts) P j:k,CLSI(tj)

LSI\Yg

Z CLSI )HT(tk) (109)

Jj=i1+1

+efr(te) — T(tk/)l
+ cexp| — h? +c h? + et (ty)
(- 3 ) S 3 it
J +1 i=k’+1
By assumption, Ay, is square summable but not summable. Let 6 > 0 be arbitrary. Choose first &’ sufficiently large so that
T(K') < dand >, ., hi < 8. Then choose k > k' such that exp (— DO Cfs?é%)) < 4. 1 follows that for such £,
KL(fig+1|m) < ¢d for some ¢ concluding the proof.

To obtain the worst case complexity bound for constant step sizes, similarly as above, but inserting h; = h for all ¢ we find
forany 1 < k' <k

KLk l) <0G ) (- 3 20 ) 4¢3 emp (2L )

— Cust Crst
(k—1i)h

+¢Y h¥exp ( > + c7(tg)

Z Crst

(110)
) 2%kh 2(k — i+ 1)h
<KL(jbrra) exp - )eden(- Jirte) = r(e)
Hrte) Z 7 CLst ; CLst '
k . k .
2(k—@+1)h> 9 2(k —i)h

+c exp (— [7(t;) — T(tic1)| + ¢y hexp| ————— | + c7(tx)

i_%:ﬂ CLst ' ; Crst

Solving the geometric sums then leads to
. . 2kh 20k — k' +1)h
KL(igsaln) <KLGilsy) exp (- 2 ) + coxp( 25222 r(aw) - +(00)
CLSI CLSI
+ clr(te) — 7(tw )|
2h 2kh
exp (CLSI> T exp (_ CLSI)
+ ch? + cr(ty) (111)
2h ) _
exp< LSI) 1
2(k — K)h ch?
SceXp _—— —+ CT(tk/) —+
Crsi

_2h_ | _
exp(CLSI> 1

Noting that is bounded for h — 0 we may conclude that, in order to obtain KL(/ix41|7) we have to proceed as

h
exp(zr=)—1
follows (ignoring constants): First pick &~ = O(e). Then pick 77 > 0 sufficiently large such that 7(T} ) = O(¢) and define
k' = |T1/z]. Finally, choose k = O(Tie~* + log(e~th™1). O
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B.2.4. HELPER RESULTS

Lemma B.4. Assume the step sizes hy, satisfy hy, < aT(tk)/LE(tk) and

k-1

hmsuth 11 (1—2hja7(tj)+2L3(tj)h§) < . (112)
k—=oo 2o j=iq1

Then, if [ |z|?Go(x)dz < oo, the second moments of the discrete scheme (18) are bounded. That is,

sup/ 22 Gk (z)d2 < oco. (113)
keN

Proof. The proof is similar to (Habring et al., 2026; Fruehwirth & Habring, 2024). Let us denote x; for the minimizer of
U,. Now let (hg)x be any sequence of step sizes such that 0 < hy, < T“") for all k. We find

T(tk)

E[|Xp|2] =E [|Xk — MU ) (Xk) + /270 Zi| }
= E [|X0]* — 20 Xy - VUr (1) (X) + B[V Uz (1) (X)) + 20
(114)
< E [|Xuf? = 2hiaro | Xal? + b (Lo | Xi = €50, )?] + 201+ brgon)
< E [|X¢|*] (1 — 2hkr (1) + 2L3(tk)hﬁ) +2(1 + b)) + 2hE L2 s -
Using also that by dissipativity |z* (th )|2 < b/a we find for any hj, < aT(tk)/LT(fk)
k—1 k-1 k—1
E[1X?) < TT (1 = 2hiarq + 282,02 E[1X02] +2(04+20) 3 hi [T (1= 2hsar,) + 202, )3)
=0 =0 j=i+1
k—1 k—1 ’ (115)
(X0 + 20420 Y ki T] (1= 2hjarq,) +2L%,)h?)
i=0  j=i+1
concluding the proof. O

Since the step size condition (112) might seem pathological, let us investigate it in a little more detail. First, if hy, = h € R
is constant for all k£, we find

k-1 k-1 k-l
Sohi T (1 2hsar0,) + 212, )02) < S0 (1= 2ha +20202)"
2 1 P (116)
1 1
<h = < 0.

2h(a — L?h)  2(a — L%h)

In this case, we even find that the second moments are bounded uniformly with respect to h. Note, however, that it is not
advised to choose a constant step size. In particular, for many popular choices of the family (p. ), for large 7 the density is
better behaved allowing for larger step sizes initially, leading to faster convergence. On the contrary, when the step size is
chosen constant, it has to satisfy h < a/L? with the worst case constants a, L (cf. Assumption 3.2). However, an analogous
result holds if the step size is lower-bounded, that is, there exists h > 0 such that hy > h for all k. Moreover, we can derive
the following general result.

Lemma B.5. Ler (hy)y be bounded and satisfy hy, < a, tk)/LT(t Then it holds

k—1 k—1
lim sup g h; H (1 — ZhjaT(tj) + 2Li(t,)h§) < 0. (117)
k—o0 . ’
= Jj=i+1

31



Forward-KL Convergence of Time-Inhomogeneous Langevin Diffusions

Proof. Using that for any = > 0, log(z) < z — 1 we find

k—1 k—1 k k
> i [] (1 — 2hja,,) + 2Li(tj)h§) => h; exp< > log(l —2hjar,) + 2L3(mh§))
i=0  j=i+1 i=0 j=i+1
k k (118)
<Y mep(= 3 Pgan, — 282,13
i=0 j=i+1

= Sk

It holds true that Sy, 1 = exp (—2hk+1a7(tj) + 2L3(t )hﬁH) Sk + hpy1. Let us denote

i(s) = exp(=2hpar(,) + 2L7 , hi)s + hy, (119)
so that Si4+1 = @k (Sk). Each function ¢y, is a contraction with unique fixed point
hy, hy

< .
1-— exp(—thaT(tj) + 2L?—(tj)hi) 1 exp(—Qhka + 2L2hi)

Sk = (120)

It holds for any k that if s > 8§, then ¢ (8;) < s and if s < g, then g (s) < 8. Therefore, we have @y (s) < max{$g, s}.
Since the right-hand side of (120) is bounded for hj, bounded (note that it converges to 1/(2a) as hy, — 0), it follows that
supy, $x < M < oo so that i (s) < max{M, s} implying that Sj, < max{S;, M} and concluding the proof. O
B.3. Properties of the Convolutional Path

B.3.1. PROOF OF LEMMA 4.14

Proof. Tt is well-known that for o, o : [0, 00) — R the Ornstein-Uhlenbeck process
dXt = Otitdt + Utth (121)

admits the solution X; = exp( fot asds) Xo + fot o exp( f: asds)dW,. Indeed, for the solution of (121) by Itd’s lemma it
follows

t t t t
d(wap(—/ ozsds)) = {—awxp(—/ ozsds>Xt—|—ateXp(—/ asds>Xt}dt+exp<—/ asds)otth
0 0 0 0
¢
:exp<—/ asds>atth

0

(122)
which, by integrating over ¢ yields the desired result. Moreover, since fg or exp( f: asds) dW. is a Gaussian with zero

mean and variance fot o2 exp(2 f: asds)dr it follows that

t t t
X4 Xo ~ N(exp(/ asds)Xo,/ o2 exp(z/ agds)dr). (123)

0 0 T
By choosing a;y = fﬁ, o2 = %_t we recover (28). O

B.3.2. PROOF OF LEMMA 4.15

Proof. By Lemma 4.14 p. satisfies the Fokker—Planck equation

0pe(0) = v (@) + gy B (o) (124)

Note also, that in this case it is trivial to see that the PDE is satisfied in the classical sense as p, can be written as a
convolution between the initial distribution and a Gaussian which is sufficiently smooth. Since, moreover, it always holds
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true that Alogp = Ap/p — |V log p|? we find

d,p. _ 4V (37 () + st e (2)

Pr pr(z)
v (557 (2)) + 50 (- (@) A log pr (@) + pr (@) [V log e (@)) (125)
a pr(z)

0-logp,(z) =

- 2(1Ci 0 - Z(iog]:)(m) + 2(11—7') (Alogp-(z) + |V log pr («)]?).

As shown in (Cordero-Encinar et al., 2025, Lemma 3.2), the Eigenvalues of V2 log p, () are bounded uniformly in 7 and z
and, thus, the result follows. O

B.4. About the Log-Sobolev Inequality
B.4.1. EXPLICIT DERIVATION OF CpLg1(7T)

Lemma B.6. Let v(dx) = exp (—U(z))dx with U twice continuously differentiable, L-smooth and dissipative with
parameters a,b, R. Then v satisfies LSI with constant Cypsr which can explicitly be estimated from a,b, R, L and the
dimension d according to the proof below.

Proof. As shown in (Raginsky et al., 2017, Propositions 13, 15) (cf.also (Cattiaux et al., 2010; Bakry et al., 2008)), if U is
twice continuously differentiable and L-smooth and, in addition, there exist C? functions V, W : R — [1, c0) such that
with the operator Lf = Af — (Vf, VU), U in addition satisfies the Lyapunov drift conditions’

{a/(x) (=Xo + Kolg, (o) (2))V (x), and

= (126)
LW (@) < (5= Afal)W ()

for some Ao, Ko, p, K,y > 0, then v satisfies LSI with Cl,g; = C7 + (C2 + 2)C'p where the constants are computed as

2/1 L 2/1 L ) 1 )
el i R =Z(=+= =—(1+1 12
4 5 (5 + 2) +e Oy 5 <6 + 2) (ﬁ+7/|x| du(x)), Cp )\0< + 1Ckop Oscp(U)> (127)

where £ > 0 can be chosen arbitrarily, C'is a universal constant and Osc,,(U) = max|,|<, U(x) — minj, <, U(x). We will
apply this result and bound all appearing constants in terms of L, a, b, R: First of all, we choose V (z) = 1 + |z|?/2 which
yields

a+d+b]].3 0
LV(z) =d— (VU(z),z) < d — (alz]? = blp, ) <(1+ |x|2)<fa + WIZ)R())
a+d+ bl (128)
a BR(O) a
< R i ¥ A
V(@) (-5 + 1+ ) 3)
which implies
LV (z) < (=X + kolg (o) (2)V(z) (129)

with \g = a/2, p? = M — 1, and k9 = a/2 + b + d. For the second drift condition we may choose W(x) =
exp (—alz|?). Then one can check that VW (x) = 2axexp (—a|z|?) and AW (z) = (2ad + 4a?|z|?) exp (—alz|?)
implying

LW (z) =W (z) (Qad + 40?22 - 2alz, VU(J:)})

<W(z) (zad +da?|zf? — 2a(alz|? — b]lBR(O))) (130)
<W(z) (—2a(a — 2a)|z[? + 2ad + anR(O))).

“Note that, if V' is coercive, the second implies the first condition. However, choosing different functions for V and W might lead to
different constants.
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Choosing, e.g., « = a/4, we obtain the desired second drift condition with v = a2 /4, k = da/4 + b. What is left to proof is
that Osc,(U) and [ |z|?dv(x) are bounded. A bound of [ |z|?dv(z) in terms of L, a, b, R is established in Lemma B.3.
Regarding Osc,(U), let «* be a global minimizer of U which exists by continuity and coercivity. It follows by dissipativity

0= (VU(2"),2") > ala"[* — blg, )

and, thus, |2*|? < b/a. By the fundamental theorem of calculus and the fact that VU (z*) = 0 we find for any =

U(x) — U(a") :/0 (VU (" + t(x — a*)), & — 27)dt
—/1<VU(x* +it(x —a")) —VU(z"),x —z*)dt
0 (131)

1
g/ Lt|z — 2*|?dt
0

L
§*|I—CE*|2
2

which implies

L .o L b2
Ose,(U) = 5 max I“z\“\/;"

|z|<p
|z*|><b/a

B.4.2. LOG-SOBOLEV INEQUALITES FOR NON-SMOOTH TEST FUNCTIONS

Lemma B.7. Assume v(dx) = q(z)dz with ¢ € L*(R?) and bounded from above. Then LSI holds for every f €
W2HRY) N L2(RY, v) where, in the case that V f ¢ L*(R%, v), we set [ |V f|?dv = .

Proof. Let for R > 0, xg € C°(R?) such that xr(z) = 1 for z € Bg(0), supp(xr) C Br+1 and Vg bounded
independently of R. Let f € Wicl (R9) be arbitrary. We consider first LSI for h := fx r and apply dominated convergence
afterward. Indeed, since f € Wlicl (R9), we have h € W21(R4). Let h,, € C=°(R?) be an approximating sequence for h
in W21(R%). Moreover, by taking a subsequence we can ensure that h,, also converges pointwise a.e. For each h,, LSI
holds. We want to pass to the limit first with respect to n, then with respect to R. Using Fatou’s lemma and the fact that
h?log(h?) > min, 22 log(z?) > —oc and constants are integrable with respect to the probability measure v we find

/ h?log h2dv = / lim 72 log h2dv < lim inf / h? log h2dv (132)

for which we use the pointwise a.e. convergence of h,,. Since h, — h in L?(R%) we have that lim,, h2 = h2. Indeed,
as h2 = ||hn\/q ”%%Rd)’ it follows that h2 — h2 if hy,/qg — hy/q in L?(R?) which follows from boundedness of ¢ and

LQ(Rd) convergence h, — h. Next, we distinguish two cases: First, if fZQ = 0, then h = 0 v-a.e. so that the entire left-hand
side of (LSI) is zero and LSI is satisfied for h. Therefore, let us assume h2 # 0. In this case with L2(R¢) convergence of h,,
it follows that

/ h% log h2dv — / h%log h2dv

< /hi}log@—logﬁ‘ qd)\—l—/‘h% —h2| llogﬁ’qd)\

(133)
< 13 ey lall oo ey [108 72 = Tog 22| + [l gy [tog 7] / o = B P + ] X
< [l ey lall o ey [108 72 = Tog 22| + [l o ety 108 72| 1o = Pl gty W + Bl sy — O
as n — 0o. Combining (132) and (133) leads to
h*1 th < liminf [ 21 hid 134
ogﬁ v < limin o ogh:2 v. (134)

n
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Convergence of the right-hand side of LSI follows directly by the approximation in W2!(R¢) together with boundedness of
q. In total we obtain

h? h2
/h2 log ﬁdy < lim inf/hi log h:;dy < Crgr lim inf/ |Vhy,|?dv = Crgr / |Vh|?dv. (135)

n

Lastly, assume Vf € L%(R¢,v). Let us denote h as s g to make the dependence on R explicit. By the same argument as
above we can assume without loss of generality f2, h% > 0. Again, by Fatou’s lemma

/ flog f2dv < limRinf / h% log hdv. (136)

Moreover, note that by choosing x r appropriately, for every z, h i(x) is monotonically increasing with respect to R,
implying that also the sequence h% is increasing and so is h% log h%. Assuming without loss of generality R > Rinin

for some Rpyin > 0 we also note that h% log% > h%
monotone convergence we also have

logh3, the latter being an element of L'(R?,v). Then by

/f2 log f2dv = lilrzn/h% log@du. (137)
Combining (136) and (137) we find

2 2

/f2 log f:dy < liminf/h% log h:Rdl/
f2 R h2

R

S CLSI hleIlf/‘VhRPdl/

(138)
< ClLst limRinf/ IVfxr+ fVxr[*dv
< CLst / IV f?dv
where the last limit follows from dominated convergence. O

Lemma B.8. Assume v satisfies LSI, v(dx) = q(x)dx with ¢ > 0 and q is continuously differentiable. Let i < v and
assume the density of y with respect to the Lebesgue measure'® denoted as h is continuous, h > 0, and h € W?1(R4).

Then it holds
Crst dp
log —=
4 / ’V &

Proof. Consider f = (%) € L%(R4,v). By the assumptions on g we have for any compact set K C R?

2
KL(p|v) < du (139)

Nl

/ P2z :/ Fa~ dw < a0l F 122 e, < o0 (140)
K K

Moreover, f admits a weak derivative, Vf = 1 (%) 1/2 ‘thﬂ. Indeed, by weak differentiability of /4 and continuous

1/2
differentiability and positivity of ¢ we obtain % e w2l (R%). Continuity and positivity of % then imply that f = (ﬁ) €

loc q

Wli’cl (R?) according to Lemma B.11. Using Lemma B.7 we find

/ flog(f*)dv — / f?log f2dv < Cusi / V[ dv(x). (141)

2
do = 1/h‘V10gh
4 q

For the right-hand side of the above equation we can compute

1 Vh — hV 1 [ |Vh V¥
/|Vf|2dy(x)—4/2‘(1612(] qu:f/h DAL

4 h q
Since ;1 <« v < Leb, p admits a Lebesgue density.

2 2

da (142)
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where for the last equality we used again Lemma B.11. For the left-hand side in (141) we can compute

— h h h h
/f2 log(fQ)dy—/fz log f2dv = /—log () qd)\f/fqd)\log/fqd/\:KL(My) (143)
q q q q
=log(1)=0
concluding the proof. O

B.5. Miscellaneous Results

Lemma B.9. Under Assumption 3.2 we have for some constants c1,cy > 0, (i) |U, () — Uy, (z)| < c1|z|?|m1 — 72| and
(ll) |Z7—1 - Z—,—2| < 02|T1 - Tg‘.

Proof. (i) The first assertion follows from the simple computation for 0 < 7 < 7o

Ur, (2) = U, (2)] =

/ 0sUs(x)ds

T2
< / clz?ds = c|z|?|m — 7ol (144)

1

(ii) Regarding the second assertion, using that for any z > 0, |1 — exp (—z)| = 1 — exp (—2) < z = |z| and distinguishing
between the cases U, () > U, (z) and U, () < U, ()

2o, — 21| = ‘/exp(—Uﬁ (2)) — exp(—Un, (¢))da

< [ 010,50, = 1 <oy o) | exp(-Un @) = exp (U ()| 0
— [ 110,50, @)1 = b= O (0) = Uy ) e~ 0)) e

+ / L., <o,y (@) [1 — exp(—(Uy, () - Uy, (x)))} exp(~U,, () da 145,
< [ 110,20, @)U (0) = U, (@) exp(~Ur (@) da

[ L, <o) @0 @) = Uny )] exp(~Ur 2)do

<erlry — / &2 (Zrsprs (2) + Zrypry ()

<eca|m — T2

where the last inequality follows from the uniform boundedness of the second moments of (7)., Lemma B.3 and the
uniform boundedness of the partition function also with respect to 7 due to Assumption 3.2. [

Lemma B.10 (Gronwall’s inequality (Evans, 2010, Section B.2)). Let 0 < tg < t1, u, p, ¢ : [to,t1] — R such that u is
absolutely continuous and p, € L([to,t1]). Moreover, assume

' (t) < p(t)u(t) +(t), teE [to,t]- (146)

Then it holds for all t € [to, t1],

¢ t t
u(t) < exp (/ ga(s)ds) u(to) +/ exp </ (p(s)ds)’l/)(T)dT. (147)
to to T
Proof. By (146) we have

& (ew(- [ 5)as Ju(t)) = exp(- [ (5148 ) 0/ (0) — ultyp(0) < exp( - [ Pe)is )it a48)
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Thus,
v [ wtonas Jutt) —atto < [ exp(~ [ oteias uiriar (149)
and, consequently, . Ot ,
utt) < exp [ s Jatto) + [ exp( [ otoas oirar (150)
0

Lemma B.11. Let u € T/Vfg’c (RY), p € [1,00) such that w > 0 and w is continuous. If f is continuously differentiable

on (0, 00), then it holds in the weak sense Oy, f(u) = f'(u)0y,uand f(u) € lecl (RY). If in addition f(u), f'(u)0,u €
L*(R?) then f(u) € WPL(RY).

Proof. Let (uy,), C C®(R%), u,, = u * 1, with ¢ a mollifier with supp (/) C B1(0), ¥, = n%(z/n) so that u, — u
in WP1(K) for any compact K C R? and pointwise a.e. by continuity of u. Let ¢ € C°(R?) arbitrary. We have by
integration by parts for all n

/&wf(un)dx: —/sof’(un)am,;undx. (151)

Let K = supp(p). By definition of u,, and continuity of u we have that u,,(K) C u(K + B1(0)) C u(K1) C u(K;)

where we denote K1 = K + B1(0 K + B1(0). By continuity u(K) is a compact set and a subset of (0,00). We can find
0 < a < b < oo such that u(Ky) C [ b]. On the set [a, b], f is Lipschitz continuous and f” is bounded. As a consequence
of Lipschitz continuity f(u,) — f(u) in LP. We can conclude

[ opstwas /K Oripf (w)da

= lim az pr(un)
K

n—oo

=— lim of (up) Oz, updz (152)

n—oo K

— [ or o, uds
K
—~ [ s w)os,uds

where the second limit follows from boundedness of f/(u,,), L? convergence of GL uy, and pointwise a.e. convergence
of f'(uy,). This concludes the weak differentiability. The fact that f(u) € WZ!(R?) then is easily seen since f(u),

loc

f'(u)0,,u € LP(U) for any bounded set U C R?. The rest of the theorem is trivial. O
Lemma B.12. For some fixed v € R, the PDE

{atpdiv(v-p)JrAp, (z,t) € RY x (0, 00) 153)

p(z,0) = po(x), r €R?
admits the unique solution p(x,t) = (po * G¢)(x + tv) with Gy(x) = W exp(—4 |z[?).

Proof. Consider the transformation g(x,t) := p(z — tv, t). Indeed, we find

Oq(x,t) = Op(x — tv,t) — Vp(x — tu,t) - v
=div(v - p)(z —tv,t) + Ap(z — tv,t) — Vp(z — tv,t) - v (154)
= Ap(x — tv, t) = Ag(x, t).

For the latter the unique solution is well-known to be ¢(z,t) = (pg * G¢)(x) with G¢(x) = W exp(—2|z|?). O
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