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Abstract

Federated stochastic multi-level compositional
minimax optimization supports a growing number
of machine learning applications. However, the
interplay of multi-level compositional structure
and minimax formulation in federated learning
setting poses significant optimization challenges,
resulting in slow convergence rates for existing al-
gorithms. In this paper, we propose a novel feder-
ated learning algorithm, LS2MC-GDA, that lever-
ages smoothing techniques and variance-reduced
stochastic compositional gradients. To support
our theoretical analysis, we introduce a stage-
wise extension of LS2MC-GDA, which serves to
bridge the gap between different stationarity mea-
sures. We establish that our algorithm achieves a
sample complexity of O(x%/2/Ne®) and a com-
munication complexity of O(k/¢€?), substantially
improving existing theoretical results in terms of
the condition number ~ and the solution accuracy
€ and achieving a linear speedup with respect to
the number of workers N. Finally, experimental
results validate the effectiveness of our algorithm.

1. Introduction

Stochastic multi-level compositional optimization has gar-
nered increasing interest due to its wide range applica-
tions, such as model-agnostic meta-learning (Finn et al.,
2017), risk-averse portfolio optimization (Bruno et al., 2016;
Shapiro et al., 2021), reinforcement learning (Dann et al.,
2014; Zhang et al., 2020b). More recently, its minimax
formulation has emerged in tasks that include deep AUC
maximization (Yuan et al., 2021), multi-objective learning
(Gu et al., 2022), and multi-instance learning (Zhu et al.,
2023). With the rising demand for large-scale distributed
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computation and increasing concerns on data privacy, re-
cent works (Zhang et al., 2023; 2024) have begun to in-
vestigate federated stochastic compositional minimax opti-
mization. However, existing methods typically rely on the
nonconvex—strongly-concave (NC-SC) assumption, which
represents a restrictive special case of the more general
nonconvex—PL (NC-PL) condition.

Motivated by this gap in theoretical generality, we study
federated stochastic compositional minimax optimization
under the broader NC-PL framework. The PL condition
(Polyak, 1963), weaker than strong concavity, has enabled
convergence guarantees in various problems, including lin-
ear quadratic regulators (Fazel et al., 2018), overparam-
eterized neural networks (Liu et al., 2022), robust phase
retrieval (Sun et al., 2018), and deep AUC maximization
(Guo et al., 2020). Moreover, NC-PL has recently been
adopted in federated minimax optimization (Deng & Mah-
davi, 2021; Sharma et al., 2022; Wu et al., 2023). Despite
these advances, theoretical guarantees for federated multi-
level compositional minimax optimization under NC-PL
remain largely unexplored.

Addressing this problem is technically challenging due to
the complex interplay among multi-level compositional
structure, minimax formulation, and federated learning set-
tings. First, the multi-level compositional structure intro-
duces bias at each level when estimating function values and
gradients (Yang et al., 2019; Balasubramanian et al., 2022).
Second, the minimax formulation induces biased stochastic
gradients for both primal and dual variables, complicating
stability and convergence analysis. Third, the distributed
setting introduces additional consensus errors between local
and global models, which interact non-trivially with compo-
sitional and minimax optimization process (Gao & Huang,
2021; Gao et al., 2022; Yang & Li, 2024; Gao, 2024b). Re-
cently, (Zhang et al., 2024) proposed LocalSMCGDAM
to address these challenges; however, its convergence rate
of O(k*/Ne*) remains substantially slower than known
results for standard federated minimax or compositional op-
timization, highlighting a gap between theory and practice.
This naturally leads to the central question of this work:

Can we design an algorithm with provable convergence
guarantees that achieves an improved rate for federated
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stochastic multi-level compositional minimax optimiza-
tion problems?

To answer this question, we propose the Local Stochas-
tic Smoothed Multi-level Compositional Gradient Descent
Ascent algorithm (LS2MC-GDA), which integrates both
smoothing and variance reduction techniques in the feder-
ated learning setting. Smoothing was first introduced for
single-machine minimax optimization (Zhang et al., 2020a),
and recently extended to multi-level compositional minimax
problems (Zhang & Gao, 2025b). However, these develop-
ments remain confined to the single-machine setting. FESS-
GDA (Shen et al., 2024) subsequently introduced smoothing
to federated learning, but applied it only to the global model,
thereby requiring a very small local learning rate. This
design often leads to degraded practical performance and
introduces additional hyperparameter tuning overhead. To
accelerate convergence, we propose applying the smooth-
ing technique to local models and incorporating variance
reduction techniques into our algorithm, leveraging meth-
ods such as STORM (Cutkosky & Orabona, 2019), which
improves convergence via recursive momentum; these tech-
niques have also been explored in multi-level compositional
problems (Jiang et al., 2022; Gao, 2024b; Zhang & Gao,
2025b). However, establishing convergence guarantees of
our algorithm presents unique technical challenges, par-
ticularly in simultaneously controlling gradient estimation
errors and consensus errors across local and global work-
ers under a multi-level compositional minimax structure,
thereby necessitating new theoretical analysis.

Another challenge arises in the translation between different
stationarity measures. As discussed in (Yang et al., 2022b),
smoothing algorithms typically guarantee an (e,€/\/k)-
stationary point, which must then be further converted into
an e-stationary point for fair comparison with baselines.
Existing analyses of this translation are limited either to
standard federated minimax problems (Shen et al., 2024) or
to single-machine settings (Zhang & Gao, 2025b). Extend-
ing such results to the federated multi-level compositional
case is highly nontrivial, as it requires carefully controlling
the consensus errors of all variance-reduced variables across
multiple levels and workers. To overcome this challenge,
we develop a new theoretical analysis based on a stage-wise
variant without smoothing updates. Finally, we validate our
approach through extensive experiments.

In summary, our contributions are as follows:

* We propose LS?MC-GDA method under the feder-
ated NC-PL condition, which incorporates smooth-
ing and variance reduction techniques. It achieves an
(e, €/+/k)-stationary point with a convergence rate of
O(k%/?/N¢3), demonstrating both level-independent
convergence and linear speedup with respect to the
number of workers V.

* We further develop a stage-wise variant with an
O(1/Ne¢) convergence rate under the federated PL-
PL condition, which enables the translation from an
(€,€/+/K)-stationary point of LS?MC-GDA to an e-
stationary point. As a result, LS?MC-GDA achieves a
sample complexity of O(x%/2/N¢e?) and a communi-
cation complexity of O(x/e?), outperforming existing
baselines. Detailed comparisons are provided in Ta-
ble 1.

» Extensive experimental results under the federated NC—
PL framework confirm the effectiveness of our pro-
posed method.

2. Related Work

Multi-Level Compositional Optimization. (Yang et al.,
2019) first introduced multi-level compositional optimiza-
tion, achieving a sample complexity of O(e~(7+5)/2),
where the rate depends exponentially on the number of
levels K. Subsequent works (Balasubramanian et al., 2022;
Zhang & Xiao, 2021; Jiang et al., 2022; 2025) adopted
moving-average and variance reductions to improve the rate
to O(e~*) and O(e~?), achieving level-independent conver-
gence, where the order of the convergence rate does not de-
pend on K. Multi-level compositional optimization has also
been investigated in distributed settings (Yang & Li, 2024;
Gao, 2024a;b). In particular, (Yang & Li, 2024) proposed a
federated learning algorithm for strongly-convex problems,
and (Gao, 2024b) developed an algorithm for nonconvex
problems that can achieve linear speedup with respect to
the number of workers under heterogeneous settings. Re-
cently, multi-level compositional minimax optimization has
attracted increasing attention. In the single-machine set-
ting, (Gao et al., 2021; Liu et al., 2024; Deng et al., 2025)
studied two-level minimax compositional problems corre-
sponding to the case K = 1, while (Zhang & Gao, 2025b)
investigated the more general multi-level minimax compo-
sitional setting. In the federated learning setting, (Zhang
et al., 2024) is among the few existing works. However, it
suffers from a relatively slow convergence rate and relies on
strong assumptions.

Federated Minimax Optimization. Early work by (Rei-
sizadeh et al., 2020) formulated robust federated learning
problems in the PL-PL and NC-PL minimax settings. (Deng
& Mahdavi, 2021) introduced the LocalSGDA method,
which performs local updates and periodic communication
to solve federated minimax optimization problems. Subse-
quently, a series of algorithms have been developed under
the federated NC-SC setting (Tarzanagh et al., 2022; Sun &
Wei, 2022; Zhang et al., 2023; 2024; 2025) and the feder-
ated NC-PL setting (Sharma et al., 2022; Yang et al., 2022a;
Wu et al., 2023; Shen et al., 2024). Notably, (Wu et al.,
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Table 1. Comparison with state-of-the-art federated stochastic minimax algorithms, to achieve an e-stationary point. s denotes
the condition number. Sample complexity refers to the number of stochastic samples required to finding an e-stationary point.
Communication complexity refers to the number of communication rounds required among workers during training. Under the NC-
SC/NC-PL condition, our LSMC-GDA consistently outperforms all baselines. Under the PL-PL condition, FESS-GDA achieves a
better communication complexity because its stochastic gradient is an unbiased estimator, while our Stagewise-LSMC-GDA cannot
due to the biased gradient estimator caused by the complex multi-level compositional structure.

. Compositional . Sample Communication
Algorithms Level Assumption Complexity Complexity
FedSGDA-M? (Wu et al., 2023) X NC-SC/NC-PL O (rk3/Né3) O (k?/€?)

-SC/NC-PL 2/Net 2
FESS-GDA® (Shen et al., 2024) X NE-SENE Ol/Net) — Olx/€)

PL-PL O (log(1/e)/N€e?) O (log(1/e))
LocalSCGDAM® (Zhang et al., 2023) K=1 NC-SC O (k*/Ne*) O (k*/€®)
LocalSMCGDAM¢ (Zhang et al., 2024) K>1 NC-SC O (k*/Ne*) O (/€
LS*MC-GDA (Corollary 3.7) K>1 NC-PL O (k%2 /Ne3) O (r/€?)
Stagewise-LSMC-GDA (Remark 3.9) K>1 PL-PL O (1/Ne) O (1/€'/?)

2 Using the STORM momentum-based variance-reduction.

b Using the standard gradient.
¢d Using the moving-average momentum.

2023) incorporated a STORM gradient estimator (Cutkosky
& Orabona, 2019) to reduce variance, achieving an im-
proved sample complexity of O(e~3). Meanwhile, (Shen
et al., 2024) applied smoothing (Yang et al., 2022b) to feder-
ated minimax optimization, enhancing the condition number
dependence to O(x?) under the NC-PL assumption, and fur-
ther established convergence guarantees under the PL-PL
condition. (Zhang et al., 2023; 2024) extended the standard
federated minimax framework to multi-level compositional
optimization, addressing the additional challenges intro-
duced by nested objective structures. More recently, (Zhang
& Gao, 2025a) explored the impact of heavy-tailed noise in
federated stochastic minimax optimization.

3. Federated Stochastic Multi-level
Compositional Minimax Optimization

3.1. Problem Setup

In this section, we define the federated stochastic multi-level
compositional minimax optimization problem:

1 & 1 &

~ - (n) (7 (n) ) 1
;gﬁg;%%g]v;f NHZ::IG (@),y). (D
Here, G0 (z) 2 g F) (... (g("" D (z))--.) denotes a
K-level compositional function, where each g(*"*)(.) =
E[g(") (- ; £"*))] is the expectation of the k-th inner-level
function on the n’-th worker, with respect to the random
variable %) Similarly, f("™)(-,-) = E[f™)(-,-;¢™)]
represents the expected outer-level function on the n-th

worker, where ( (") is a random variable. Throughout this
paper, we assume that f(™) (-, -) defines a nonconvex-PL
(NC-PL) minimax problem.

We introduce the assumptions adopted throughout this paper,
which are commonly used in prior work (Yang et al., 2022b;
Shen et al., 2024; Zhang et al., 2024; Zhang & Gao, 2025b).

Assumption 3.1. [Lipschitz Smooth] For any worker
n € {1,...,N} and any inner-level k£ € {1,...,K},
g™ (-:¢) is C,-Lipschitz continuous and L,-smooth,
where C; > O and L, > 0; f(-,5¢) is C'¢-Lipschitz
continuous and L s-smooth, where Cy > 0 and Ly > 0.

Assumption 3.2. [Bounded Variance] For any worker
n € {1,...,N} and any inner-level k¥ € {1,..., K},
the stochastic gradients V(™) (-; €(®)) and V,, (") (-, -; {),
V,f™ (-, ¢) have upper bounded variance o2, where
o> 0.

Assumption 3.3. [PL condition] For any fixed z €
RP, maxycre f(x,y), has a nonempty solution set and
a finite optimal value. There exists ¢ > 0 such
that |V, f(z,9)[* > 2u(f(2,y*(x)) — f(z,y)), where
y*(z) = arg maxyera f(z,y).

Under Assumption 3.1 and 3.3, and based on the Lip-
schitz properties established in Lemma C.1, we define
¢ = max{Ly,C2X Ly + Cy 2{5;01 LyCE~1TF} and set
the condition number as k = £/p.

Definition 3.4. [Stationarity Measures] (z,y) is an
(€1, €2)-stationary point of a differentiable function f(x,y),
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if [Vof(z,y)ll < e and |V, f(z,y)| < e
is an e-stationary point of a differentiable function if
IVL(z)|| < e where L(z) = f(z,y*(z)) and y*(z)
arg maxycra f(,y).

We further follow (Yang et al., 2020; Chen et al., 2022) and
introduce the two-sided PL condition:

Assumption 3.5. [Two-sided PL condition] A differen-
tiable function f(x,y) satisfies two-sided PL condition, i.e.,
there exists 11 > 0 such that f(-,y) is u-PL for any y € RY,
and — f(z,) is p-PL for any = € RP.

3.2. Revisiting Current Methods: Limitations and
Motivations

As the first effort toward solving the federated stochas-
tic multi-level compositional minimax problem in Eq. (1),
(Zhang et al., 2024) proposed the LocalSMCGDAM algo-
rithm. Following their terminology, the inner-level function
on n-th worker can be denoted as:

GO (2) = o) (G (@) )
VG(n,k’)(x> _ VG(n’k_l)(I)Vg(n’k) (G(n,k’—l) (l’)),
where k € {1,..., K}.

Then, by denoting G(z) = + 30 _ G"K)(z) and
VG(z) = + Zﬁf,:l VG F)(z), the compositional gra-
dients can be represented as:

N
Vafy = V6@ x 1 3 Vo (G @),)
n=1

N
Vils = 5 3 Vil P(E)y). G)

n=1

A critical issue in Eq. (1) lies in the inherent bias in both
the global K -level function and its corresponding gradient,
which results in biased estimators for V f, and V,, f,. To
mitigate this issue, LocalSMCGDAM employs a STORM-
like technique applied to the k-th inner level function on the
n-th worker as:

n,k n,k n n,k—1 n,k
W = (1= an?)(BM) — g (R{F=1; ey

n n,k—1 k
+ 9P (YY) )
which effectively reduce the variance in the estimates.

However, a non-negligible limitation remains: the algo-
rithm achieves only an O(1/€*) convergence rate, which
is weaker than the O(1/€%) rate established in the single-
machine setting (Liu et al., 2024; Deng et al., 2025; Zhang
& Gao, 2025b), as well as for distributed multi-level compo-
sitional algorithms (Gao, 2024a;b). Moreover, in terms of
dependence on the condition number x, LocalSMCGDAM

exhibits a rate of O(x*), which is worse than the O(x?) de-
pendence reported by the algorithm in (Shen et al., 2024) in
the context of federated minimax optimization. Therefore,
current algorithms for Eq. (1) remain far from satisfactory in
terms of convergence rate, both in their dependence on € and
. Furthermore, the analysis of LocalSMCGDAM is based
on NC-SC assumption, and it remains an open question
how the convergence rate behaves under the weaker NC-PL
assumption. These limitations motivates the development
of new algorithms with improved convergence guarantees.

3.3. LS?MC-GDA

To propose a more efficient algorithm, we first investigate
which component of the existing method in (Zhang et al.,
2024) primarily contributes to its suboptimal convergence
rate. Specifically, we attribute the slow convergence with re-
spect to € to the term O(n/N'), which emerges when bound-
ing the error between the moving-average momentum and
the stochastic compositional gradients. This suggests that
introducing STORM-like updates to the stochastic composi-
tional gradients on x and y may improve the convergence
rate. On the other hand, the worse dependence on « stems
from the hyperparameter relation y,, = -, - O(1/£?) with
vy = O(1/k). Building on the insights from (Yang et al.,
2022b; Shen et al., 2024), a natural approach is to incorpo-
rate the smoothing technique into Eq. (1) by introducing an
auxiliary variable z € R?:

N
FG(),52) = 5 3 S (G@),0) + Slle =22 )

where w > 0 is a hyperparameter controlling the smoothing
term ||z — z||2, and F(G(z),y; 2) is strongly convex with
respect to = for an appropriate w, e.g., w = 2¢. Based on
the smoothed loss in Eq. (5), we now present our novel
algorithm, Local Stochastic Smoothed Multi-level Compo-
sitional Gradient Descent Ascent method (LS?MC-GDA),
as detailed in Algorithm 1 (the complete version is provided
in Appendix C).

For simplicity, we denote the stochastic estimated composi-
tional gradients of the smoothed loss with respect to « and
1 on n-th worker as:

Vi = VgD (@ g v D (D )
C Vg B (R, g KDy p) (R EO ) )y

Folaf? -,
n n K n
VyFiE,t);t = Vo f! )(hgn ),y,g ); t(n)) ) (6)

where hﬁ"”“) is obtained from Eq. (4), and the gradients
with respect to the primal variable x are derived via the
chain rule. Here, the first subscript ¢ refers to the gradient
computation at the ¢-th iteration, while the second ¢ indexes
the stochastic samples drawn at the ¢-th iteration.
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Algorithm 1 LS?MC-GDA

Require: z, yo, 20,7 > 0, By > 0, By > 0, 7, > 0,
Yy > 0,7 >0, B < 1, Byn? < 1,v.n < 1.
1: Initialize pén), q(()n), and hén’k) fork e {1,--- ,K}in
Eq. (10).
fort = {0,...,T — 1}, each device n do

Update (xﬁi)l, ygi)l, Zt(i)l) in Eq. (8),

2:

3:

4. fork=1{0,...,K}do

5 (n,k)
6

7

Update k-th inner-level variable h;_|
end for
Update stochastic smoothed compositional gradients

in Eq. (4)

pi'th and g1 in Eq. (7)

8: if (¢t +1) mod 7 = 0 then
9: PERIODCOMM (sgi)l) in Eq. (9), where sgi)l £
(Iv ya Zv h’(k)7p7 Q)Ej»)l
10:  end if
11: end for

To reduce variance, we perform STORM-like updates on
the stochastic estimated compositional gradients of the
smoothed loss on z and y on n-th worker:
pii)l =(1- ﬂxUQ)(pgn) - VmFi(LZ);tJrl) + VwFf(Lz)le;tJrl )
qgi)l =(1- ﬁyﬁg)(%(n) - VyF}EZ);HJ + V.UF}(LZ)+1;1§+1 - (D
We then perform local updates on the variables xgi)l, yf(i)l

and zt(z)l simultaneously:

(n) () (n)

Ty =Ty~ — V=Pt s
u =™ + e (®)
8] = 4 4 A7),

For periodic communication, we denote the synchroniza-

tion operation by PERIODCOMM(sgi)l), where sgi)l =

(z,y,2,h ") p, q)§i>1. Specifically, each local variable is

replaced by the average across all workers once every 7
iterations:

(n) 1o~ ) () 1 o ()
Tey1 € N 7;1 Tipis Y1 & Nni;l Yeris
(n) Lo ) b, L os )
Zip1 N Z 241 ht+1 A N Z ht+1 ) ©)
n’/=1 n’/=1
m, Ls= ) o, L= )
Piy1 < N Z Piyis Qg1 N Z Qiiq -
n’'=1 n’=1

The initialization of our algorithm is given by

p((J”) _ vg(n,l)(xén); génvl)) . vg(n,K)(h(()n»Kfl); géan))
P R

n n K &
n.k n n,k— n,k
O I G N B S N (o

(10)

Next, we establish the conve%ence rate of our Algorithm 1.
Here, we denotes a = % Dot a(™ as the average of any
variable a over all workers.

Theorem 3.6. Given Assumptions 3.1-3.3, when 3, > 0,
By > 0, a > 0, by setting O(B) = O(B,) = O(8y) =
O(a), w=0(0),

w0 (w-0%
T =0 ez 0 F T 000 % 06wl
¢wg/:O(1) Py, =0(1/kK)

and the conditions in Eq. (44) hold, Algorithm I has the
following convergence upper bound:

3 (B2 (@@, 3P + REII9,.4(G (20, 5017)
t=0
K KR 2
o(27) ) +o("%")
K

[
0
T
2 4p.2
+ 0(7'% TN77 ﬁ%) + O (km'°B%42) + O (k7?n*B?) .

[u

1
T

(
+0

IA

( kK (11

Bn2NSoT

where Wo = F(G(Zo),¥0; 20) — 2%a(Yo; 20) + 2¢(%0),
whose definitions can be found in Eq. (15).

Corollary 3.7. Given Assumptions 3.1-3.3, by setting v, =
O1), v = O(1), 7. = O(3). n = O(A%) 7 =
O(%2) B=0(%) So=0(=L).T=0(55).
Algorithm 1 can achieve an (e, €/\/k)-stationary point.
Here, Sy is the batch size in the initial iteration (t = 0).
Notably, our algorithm maintains a constant mini-batch size
throughout training, i.e., S = O(1) when t > 0. The con-

I{dQ

vergence rate of O (N—;) indicates both level-independent

convergence, where K appears only in the constants and
does not affect the order of the rate, and linear speedup with
respect to the number of workers N. The communication
complexity of our algorithm is T'/T = O(%).

Technical Challenges. We highlight several key differ-
ences in our convergence analysis compared to the baseline
method proposed in (Zhang et al., 2024), which contribute
to an improved convergence rate:

1. First, while the baseline analysis bounds the
error between the moving-average momen-
tum and the true compositional gradients
Ellper — & 0 Vaofl?. our  analy-
sis instead focuses on the error between the
variance-reduced momentum and the estimated

compositional gradients of the smoothed loss
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El|pr1 — = Zf:[ 1 Ve F(L"t)HH ], as shown in
Lemma C.7. In addition, bounding this term is more
challenging than in the single-machine setting (Zhang
& Gao, 2025b), as it is affected by the consensus error,
especially that related to z.

2. Second, in addition to bounding the local es-
. k)
timation error 5, wiE[llgysY — A2,
we further include the global estimation error

K 1~V (nk) plk) )2
> k1 OBl % 201 9n A1 NZn eyt 7] as
a new recursive component of the potential function,
as shown in Lemma C.9 and Eq. (30).

3. Third, in the baseline method, the consensus error
+ Zgﬂ E[Hpii)l — Pra1]?] can be directly bounded
due to the use of moving-average momentum. In
contrast, our use of variance-reduced momentum in-
troduces additional dependencies on the variables y,
h("*) and the auxiliary variable z, making the consen-
sus analysis more intricate, as shown in Lemma C.11.
To address this challenge, we derive a unified upper
bound on the overall consensus error in Lemma C.14.

4. Fourth, unlike the baseline, our convergence analysis is
conducted under the smoothed loss, which introduces
additional challenges. While (Shen et al., 2024) incor-
porate smoothing in a federated setting, their method
applies it only at the global level, with basic SGD up-
dates in a standard minimax framework, making it inad-
equate for our setting. In contrast, our algorithm com-
bines a multi-level structure, variance-reduced momen-
tum, and locally applied smoothing with periodic com-
munication, resulting in a more technically challenging
analysis. We address these difficulties by carefully an-
alyzing both the optimization error E[¥, 1] — E[T,],
and the consensus error & >N | E[|z" — 22, as

shown in Lemma C.5 and Eq. (28).

5. Last, the baseline analysis assumes a NC-SC setting,
whereas our analysis relies on the NC-PL assumption,
which relaxes the strong concavity and covers a broader
class of problems.

These differences underscore the novelty of our conver-
gence analysis in solving Eq. (1), offering a more refined
understanding of its complexity behavior. Notably, such
analysis is unique to the federated learning setting, partic-
ularly in handling consensus errors, and does not arise in
single-machine scenarios (Zhang & Gao, 2025b). Impor-
tantly, our theoretical results are of independent interest and
can potentially be extended to other optimization settings,
including traditional minimax problems (Shen et al., 2024)
and constrained minimization problems (Huang et al., 2025).
Therefore, our work contributes to the theoretical under-
standing of smoothing techniques in federated learning and
may have broader implications for federated optimization.

Proof Sketch. We provide a high-level proof sketch out-
lining the convergence analysis of Algorithm 1. To begin,
we divide the proof into two preparatory sections: smoothed
properties and federated properties.

Smoothed properties (Section C.1) includes three fundamen-
tal descent rules:

* Descent of the optimal value ¥ (z), in Lemma C.2;
* Descent of the objective function F(G(Z:), §¢; Zt), in
Lemma C.3;

* Descent of the dual function ¥4(g:; Z¢ ), in Lemma C.4.

Based on these results, we define a composite smoothed
function:

Uy = F(G(Z4),Ut; Zt) — 20a(Ge; 2¢) + 29(Z)

and derive an upper bound of on ¥;;; — ¥, in Lemma C.5.

Federated properties (Section C.2) includes two critical com-
ponents:

¢ Gradient Estimation Errors, in Lemma C.7-C.10.

¢ Consensus Errors, in Lemma C.11-C.14.

Combining these properties, we construct a potential func-
tion in Eq. (30). Our goal is to select coefficients that elim-
inate each error term. The detailed derivation and coeffi-
cient selection process are provided in Section C.3, with
a step-by-step illustration. The complete proof is given in
Appendix C.

3.4. Stagewise Variant

Following (Yang et al., 2022b; Shen et al., 2024; Zhang
& Gao, 2025b), we note that after obtaining an (e, €/1/k)-
stationary point (&£, ), an e-stationary point of £(z) can be
obtained by approximately solving:

N

min max % Z F(G(x),y) +

w 112

—llr— 12

min max Slz =217, (12
n=1

where Z is fixed. Note that this formulation is strongly

convex in x when w > £, and therefore it satisfies the two-

sided PL condition in Assumption 3.5.

We then propose Algorithm 2 (the complete version is pro-
vided in Appendix D), a stage-wise extension designed to
analyze the convergence rate of Eq. (12). At each stage, we
apply LS2MC-GDA to the objective function in Eq. (12)
for T.. iterations, while omitting the update of T (i.e., z
in LS2MC-GDA). Upon completing T} iterations, each

local worker randomly selects a local state sfn +)1’

Sv({?’ 22 Lz, y, k™ p, )T’t }t:O , excluding the auxil-
iary variable z, to serve as the initialization of the subsequent

stage.

from

Next, we establish the convergence rate of our Algorithm 2.
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Figure 1. The test AUC score versus the number of epochs when communication period is 4.
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Figure 2. The test AUC score versus the number of epochs when communication period is 8.

Algorithm 2 Stagewise-LSMC-GDA
Require: 5, > 0, By >0,a> 0,1, > 0,1y, >0.

1: for Stage r = 0,--- , R — 1, each device n do

2:  Initiate s( o ~£"3’_z

3: fort= O —1,do

4: Perform one 1terat10n LS?MC-GDA update on
the objective function Eq (12).

5: Randomly select sﬁ)i from {s(")’ tT;al.

6: end for

7: end for

Theorem 3.8. Given Assumptlon 3.1- 3 5, by setting co =

3242 , B = 512ooc°L 8, = 12805 128000L
77y,0 = 4OTL , Ry = max{30072, ;5;0002 , where V¢ is

defined in Eq (48) and L., in Eq. (63). For any stager > 1,
2 r—1
e = O(ZE=T) moer = O Z58) ™ = OCRL)
T = O(C—0 X 2“1). Consequently, Algorithm 2 requires
a total of O 6Ne

of the two-sided PL minimax problem in Eq. (12).

) iterations to find the optimal solution

Remark 3.9. Algorithm 2 achieves a convergence rate of
O(1/Ne¢) and a communication complexity of O(1/¢'/?)
for Eq. (12). Under the PL-PL condition, (Shen et al., 2024)
establishes an O(log(1/¢€)/Ne?) convergence rate and an
O(log(1/€)) communication complexity for federated stan-
dard minimax optimization. Our method exhibits a little

worse communication complexity than (Shen et al., 2024)
due to the biased gradient estimator caused by the more
complex multi-level compositional structure. Nevertheless,
it is the first work to provide convergence guarantees for
federated multi-level compositional minimax optimization
under the PL-PL condition.

The proof sketch, unique challenges, and the complete proof
of Algorithm 2 are provided in Appendix D.

After establishing the convergence rate of Algorithm 2, we
enable to bridge the gap between two stationarity measures
and compared our Algorithm 1 with existing baselines:

Corollary 3.10. The convergence rate of Algorithm 2 is
significantly faster than that of Algorithm 1. Therefore,
the overall iteration complexity for achieving an O(e)-
stationary point of L(x) in Eq. (1) is dominated by Algo-
rithm 1, resulting in a total complexity of O (’;\;—g) Simi-
larly, the dominated communication complexity for achiev-
ing an O(e)-stationary point is O (k/€?).

Since PL condition is weaker than strong concavity, the
convergence results of Algorithm 1 under the NC-PL setting
also hold for NC-SC problems. This allows direct compari-
son with existing methods designed for both the NC-PL and
NC-SC setting.

Remark 3.11. The iteration complexity of Algorithm 1 is
O(1/N¢?), which improves upon the O(1/Ne*) complexity
(Zhang et al., 2024) for Eq. (1). It matches the correspond-
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Figure 4. Test AUC scores with different hyperparameters on CIFAR10.

ing single-machine results (N = 1) (Liu et al., 2024; Deng
et al., 2025; Zhang & Gao, 2025b), and aligns with the com-
plexity established for distributed multi-level compositional
minimization problems (Gao, 2024a;b).

Remark 3.12. The convergence rate of Algorithm 1 exhibits
a dependence on the condition number of O(x3/2), improv-
ing upon the O(x*) dependence in (Zhang et al., 2024)
for Eq. (1). It also outperforms the O(x?) in (Wu et al.,
2023) and O(k?) in (Shen et al., 2024) under the standard
federated minimax setting.

Remark 3.13. The communication complexity of Algo-
rithm 1 is O(k/€?), which improves upon the O(k3/€3)
in (Zhang et al., 2024) for Eq. (1), and matches that of
(Shen et al., 2024) under the standard federated minimax
setting.

4. Experiments

We conduct experiments on federated deep AUC maximiza-
tion. Prior work (Zhang et al., 2024; Zhang & Gao, 2025c)
has shown that deep AUC maximization is an NC-SC prob-
lem, and therefore also satisfies the NC-PL condition. All
experiments are conducted on four NVIDIA V100 GPUs,
each equipped with two compute nodes, resulting in a total
of N = 8 devices.

We adopt ResNet20 (He et al., 2016) for binary image
classification, and evaluate our method on four bench-
mark datasets: CATvsDOG!, CIFAR10, CIFAR100, and

"https://www.kaggle.com/c/dogs—vs—cats

STL10 (Krizhevsky et al., 2009; Coates et al., 2011). For the
latter three datasets, the first half of the classes are grouped
as positive and the remainder as negative. To create imbal-
ance, a fraction of positive samples is randomly removed
from the training set, while the test set remains balanced.
The imbalance ratio, defined as the proportion of positive
samples relative to the total dataset size, is fixed at 0.02
for CatvsDog and CIFARI1O0, and at 0.04 for CIFAR100,
and STL10. The mini-batch size is set to 16 for CatvsDog,
CIFAR10, and CIFAR100, and to 8 for STL10.

We compare our algorithm, LS2MC-GDA, with four state-
of-the-art federated minimax baselines: FedSGDA-M (Wu
et al., 2023), FESS-GDA (Shen et al., 2024), LocalSCG-
DAM (Zhang et al., 2023), and LocalSMCGDAM (Zhang
et al., 2024). A detailed comparison of these baselines is
reported in Table 1. The learning rate 7 is selected from
the set {0.02,0.05,0.1,0.3,0.5}, with the best-performing
value used in the experiments, and is decayed by a fac-
tor of 10 at the 50-th and 75-th epochs for all methods to
avoid overfitting. For multi-level compositional methods,
the learning rate for each inner-level is further reduced by
a factor of 100. For the momentum hyperparameter /3, we
fix the product An? = 0.9 and apply this setting for all mo-
mentum based baselines. Moreover, we set the smoothing
hyperparameter w = 0.1 for all smoothed based baselines,
and fix the inner-level depth K = 5 for multi-level compo-
sitional methods.

We illustrate the effectiveness of our proposed method by
plotting the test AUC results for communication periods of
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4, 8, and 16, as shown in Figure 1, Figure 2, and Figure 3,
respectively. Specifically, the large stochastic fluctuations
observed at the early stage of training are typical in stochas-
tic minimax optimization. After the learning rate decay at
epoch 50, the training process becomes more stable, result-
ing in the smoother behavior observed thereafter.

For the experimental results, our algorithm consistently
achieves superior performance compared to the baseline
methods across all settings, attaining the highest testing
AUC scores on different datasets and communication pe-
riods. In particular, compared to LocalSMCGDAM, our
method outperforms this baseline by a large margin in terms
of testing AUC, demonstrating the effectiveness of smooth-
ing techniques and variance reduction for stochastic compo-
sitional gradients in federated stochastic multi-level compo-
sitional minimax optimization. These results further high-
light the efficiency of our approach in highly imbalanced
federated learning scenarios.

In addition, we conduct a comprehensive hyperparameter
study on the CIFAR10 dataset under a communication pe-
riod of 8, as shown in Figure 4. First, we study the impact
of different imbalance ratios (Imratio) by evaluating the test
AUC at Imratio values of 0.01 and 0.04. The results show
that our method consistently achieves the highest testing
AUC across varying imbalance levels, demonstrating its
robustness to skewed data distributions. Even under the
extreme imbalance ratio of 0.01, our method still achieves
the best performance. Next, we tune the smoothing term
w over {0.001, 0.01,0.05,0.1,0.2,0.5}. The results show
that our method maintains stable performance across differ-
ent choices of w, indicating low sensitivity to the smoothing
parameter. Finally, we examine the influence of the num-
ber of inner compositional levels K by varying it from 1
to 5. The results show that increasing K generally leads
to improved performance, suggesting that our algorithm
is capable of effectively leveraging deeper compositional
structures.

To further support our the-
oretical findings, we addi-
tionally report the results
evaluated using the er-
godic iterate on the Catvs-  oss "
Dog dataset with com- o0
munication period 8 and  oss

imbalance ratio 0.02, as c 40Epoch60 oo
shown in Figure 5. The
results show that our pro-
posed method still con-
sistently outperforms the
baseline methods. More experiments on federated risk-
averse portfolio optimization are provided in the Ap-
pendix A.

—— FESS-GDA
FedSGDA-M
—— LocalSCGDAM
—— LocalSMCGDAM
—— LS?MC-GDA

Figure 5. Test AUC scores evalu-
ated using the ergodic iterate on
CATvsDOG.

5. Conclusion

In this work, we propose LS2MC-GDA, a novel algorithm
that integrates smoothing techniques and variance-reduced
gradients to efficiently address the challenges of federated
multi-level compositional minimax optimization problems.
By further developing a stage-wise variant to bridge the the-
oretical analysis gap, our algorithm achieves an improved
sample complexity of O(x%/?/Ne?) and a communication
complexity of O(r/€?), compared with existing baselines.
To the best of our knowledge, this is the first work to estab-
lish such favorable rate in the federated multi-level compo-
sitional minimax optimization problem. Extensive experi-
ments validate the practical effectiveness of our approach.
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A. Federated Risk-Averse Portfolio Optimization
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Figure 6. Loss over iterations when the communication period is 4.
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Figure 7. Loss over iterations when the communication period is 12.

In the additional experiments, we investigate the risk-averse portfolio optimization problem, a widely studied application of
multi-level compositional optimization algorithms (Zhang & Xiao, 2021; Jiang et al., 2022), which has more recently been
extended to federated learning (Gao, 2024b) and minimax formulations (Liu et al., 2024). Suppose there are D assets traded
over T time steps among N workers. Let 7; € RY denote the payoff vector of these assets at time t € {1,--- ,T}. We
reformulate this task as a multi-level compositional minimax optimization problem in the federated setting:

N D T T
min max 1 Z 1 Q(n)( 1 Z(r(n) ™) + 1 Z((r(") () — (F(0) () — ||9(") — l”?) (13)
v 0 N4 DL T b T b ’ ¢ ph)

1 d= t=1 t=1

where 7(") = Zthl rt("), variable = denotes the investment quantity across d assets, variable 6 satisfies {§ = [04] €

RP| 25:1 04 = 1,04 > 0,Vd}. This problem is a three-level stochastic compositional minimax optimization problem that
satisfies the NC-PL condition, where each level regarding primal variable = can be represented as:

1 T
[N () = (T Z<n,m>,x> :

t=1

T

[P (y,x) = (y, =3 (rem) - y)2> : (14)
t=1

FO(21,20) = =2 + /22 -

For evaluation, we compare our approach against LocalSMCGDAM (Zhang et al., 2024) on three datasets: INV, ME, and
OP, from Keneth R. French Data Library?. Each dataset consists of 13,781 time steps and 100 assets. The learning rate

2https ://mba.tuck.dartmouth.edu/pages/faculty/ken.french/
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is set to n = le — 6. We conduct experiments with communication periods of 4 and 12, and report the loss values over
iterations in Figures 6 and 7. The results show that our method achieves lower loss values compared to LocalSMCGDAM,
demonstrating the effectiveness of the smoothing and variance-reduction techniques.

B. Notations

To initiate the proof, and following (Zhang et al., 2020a; Yang et al., 2022b; Zhang & Gao, 2025b), we introduce the
following auxiliary functions, which will be instrumental in the convergence analysis:

dual function: ¥4(y; 2) min F(G(x),y;2); x*(y,z) = arg min F(G(z),y;2) ;

o zeR

rERP
primal function: ¢, (x;2) = max F(G(x),y;2); 2"(z) = arg min ¢, (z; 2) ;
yEeR z€RP
timal value: = mi F(G i2); yi(z) = 12) . 15
optimal value:  4(z) = min max (G(z),y52); y'(2) = arg max Ya(y; 2) (15)

Additionally, we introduce the following terminology to simplify the complex expressions. For each n-th worker, the true
gradients of the original loss function are defined as:

Vafyy = VgD (" )Vg A (G ")) - Vg G )V OGO @), ™)
Vily = VoG @),y | (16)

The corresponding stochastic true gradients of the original loss function on each n-th worker at the ¢-th iteration are
expressed as:

Vafgin = VoD g - TG @) 6 v (GO @), g )
Vg = Vaf (GO @),y () a7
Similarly, for the original loss function with estimator h(¥), the estimated gradients are defined as:
Valiy = VgD (@) Vg2 (b V) - Vg KD (g TR v gt O () e 0 ()
Vol = Va0 ), (8)
and the corresponding stochastic estimated gradients with estimator 2(*) at iteration ¢ are denoted by V. f}(L"t)t and V, ,(Lnt)t

For the smoothed loss function, we use the uppercase notation F' in the same manner.

At each k-th inner level and each n-th worker, we denote g}(L"t’k) 1= g(nk) (p{mk=D)y

C.LS*MC-GDA

C.1. Smoothed Properties
Lemma C.1. (Zhang & Gao, 2025b) Under Assumptions 3.1-3.3, the following basic Lipschitz continuity properties hold:

(1). |GP (1) — G®)(@y)|| < CFllwy — 2, fork € {1,...,K} and Ce = CK;

K—1
(2). [IVG(x1) — VG(22)|| < Lallwr — |, where Lg = ) LyCa
k=0
(3). Hsz(G(xl),Zh) - sz(G(xg),yg)H < LFH(xl,yl) — (:Ez,yg)||7 where Ly = Cé‘Lf + CfLG§
2L2
(4). ||VL(x1) — VL(x2)|| < Lgl|lz1 — 22|, where L(z) = max f(G(x),y) and Ly = i A Cy¢Lg;

yeRa
By setting { = max{Lp, L¢},and w > £, the following properties hold:
* * w + /
(5l (ur, ) — " (o, 2)| < Cay o — o, where Cy, = 220

13
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Algorithm 1 Local Stochastic Smoothed Multi-Level Compositional Gradient Descent Ascent (LS?MC-GDA)

Require: xo,yo,zo,n>0 Bu>0,8y>0,7v >0,v>0,v >0,5n"<1Bn<1y.n<l

: nitialize p”) = Vgt (a3 €Y) - Vg K (g™ D )0 0 (G g6 () ol - 27)
(n) . v/ f n)(h(n K) (n)’ (gn)) ’h(()n k) _ (n k)(h(()n Jk— 1), ((Jn k)),fOI'k c {17 ,K}

for t=0,---,T—1, each device n do

Update z: x§1)1 = xﬁ”) ngm ’

Update y: yf(ﬂ = yt(n) + 'Yyqugn) )
Update z: zt(i)l = z,g R ’Yz77(37§1)1 - Zt(n)) ’

n,0 n
h§+1) = x§+)1 >

fork=1,--- ,Kdo
Compute k-th inner-level function:
n,k n,k (n,k—1) n,k n n,k—1 n,k)
higy) = (1= an?) (™ = g B (YY) + g P (il )
9:  end for
10:  Update stochastic smoothed compositional gradients pgf_)l and qt(i)l:

n n, n n,1) n.K— n,K—2 n,K—1 n. n,K—1 n,K
VoF e = VgD @ity v KD (2 Ky g g ) ({1 g EOy

n n,K n n
Vif (hiﬂ )’yt+1v<t(+)1) W(x§+)1 —Zt(+)1) >

n n n,K
v F}S t)-l-lt—i-l *V2f )(h§+1 )7yt(i)1’c(n)) s

Pgﬂ =(1 _an )( -V F;ETZ t+1) +V FIST:SJrl 1 0

@ = (1= BN (g —V F;Y:s 1) +Vth,t+1;t+1 g
11: 1fmod(t + 1 ,T) == 0 then

A A

. ) _ N ¢
12: xt+1 N Z 1= 1%11’ yt(il N Z = 1%11’ Zt(i)l N Zm:l Z]E—T—l)’
(n) (n") (n) _ 1 (n")
Pivi=nw Zn’:l Piy1> Gty = N n’:l Gt+1>
13: fork=1,- -,Kdo
k) N k)
14: hgj—l =N L= 1h§11 ’
15: end for
16:  end if
17: end for
* * w
(6). Hl‘ (y721> -z (y722>|| < szz Hzl - 22”7 where szz = ﬂ;
w
(7). |lz*(z1) — 2" (22)|| < Cy. |21 — 22||, where Cy, = o

Lemma C.2. Given Assumptions 3.1-3.3, the following inequalities related to auxiliary functions hold:

1. The function ¥ (z;) satisfies:

S

Y(Zir1) —P(2) < §<5t+1 — Zt, Zey1 + 2 — 227 (Y (Zev1); Ze)) -

2. By introducing y* (z;) = §¢ + YynVyF (x* (s, Zt), t; 2t ), the function x*(z;) satisfies:
201+ 2C +yynPl?)
(w— f)u

lo* (22) — 2™ (y™ (Z0); 20)II” < IV F (™ (Ge, 20), 563 2) ||

3. The function x*(yy, ;) satisfies:

2 (Fer1s Ze41) = 27 (0" (Ze1)s Zea) |2 S 4(CT + Ca ) 2gr = 2l° + 4™ (20) — 2" (y* (21); 20) |
8y 2 222 2
+ WHVxF(G(@)’ Y 20|17+ 8y Cor IVy F(G(Zh), 915 2) — @il

14
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Proof. The first property follows directly from Lemmas B.7 in (Zhang et al., 2020a), and the second property follows
directly from Lemma C.2 in (Yang et al., 2022b).

As for the last property, from y*(z:) = 4 + vV F(x* (Gt, Zt), Ur; 2t ), we first obtain
1y*(20) = Gesal? = 19 + w0V o F(@* (G0, 20), Ge5 2) — GealI* < v IVy F (@ (G0, 20), 5o 26) — @l
< 27§n2‘|va(x*(gt72t)7gt§ z) = VyF(G(Ze), 5 2)||* + 73772||VyF(G(ft)a U Z) — @
< 2yl (Ge, ) — @1+ [V F(G(&e), 563 2e) — el -
Then, we derive
12" (G115 Ze1) = 2°(y* (Zen); Zer) |12 = 27 (Geg1; Zen) — 27 (Zeg0) 1P
<Az (Zi41) — 2 (Z)|IP + 4lla™(z) — 2% (T (2); 2017 + 4lla™ (v (205 20) — 2" (Fegr; 2012
+ 4|2 (Ger1; 2) — 2 (Gegr; 2o P
<ACT |z — 21 + 4|2 (2) — 2 (" (2): 2017 + 4C3 v (2) = G| +4C3 |17 — Zea |1
SACT, + O Iz — 2* +4lla”(2) — 2 (57 (2); 2|17 + 8ygn2C, 2™ (G, 2) — Ze?
+ 87577205;2 IVyF(G(Ze), §es 2) — @ -

Moreover, due to the strong convexity of F/(G(x), y; z) with respect to x, we have

1
2" (G2, 20) — 2]|* < m”sz(G(ft)vﬂt;it)“z : (19)

By combining the above inequalities, the proof is complete. O

Lemma C.3. (Zhang & Gao, 2025b) Given Assumptions 3.1-3.3, when n <
inequalities hold:

m, and v,m < 1, the following

E[F(G(11), Gr13 Fa1)] < EIF(G(31), 51 )] — 25 ElIVoF(G(3), 51 2)II7) + SB[V, F(G(@), 5o 2) )

2
w - - V=] =\ .= - Yzl _
= 5o Bz = 2l + TRV E (G, 56 20) = pll) + (v = 27 Ella )
3vn  w+l _
+ (U Bl

Proof. This lemma follows directly from Lemma B.4 in (Zhang & Gao, 2025b). In that work, the authors explicitly
decompose E[||V,. f., (G (1), ys; z¢) —pi||?] into two terms: E[[| Vo, £ (H (24), yi; 2e) —pe||?] and E[[| g™ (hF ) = n{F) |12),
under a single-machine setting. We note that E[|| V. f.,(G(¢), y¢; 2¢) — pe||?] is used in their lemma, which we believe to
be a typo.

In contrast, our algorithm operates in a federated learning setting, where variables are distributed across multiple workers.
As aresult, this decomposition cannot be directly applied. Therefore, we do not expand this term here and instead defer its
treatment to a later stage of the analysis. O

Lemma C.4. Given Assumptions 3.1-3.3, the dual function B[4 (ys; 2¢)] is Lq-smooth and satisfies:

4 1 62 — — — 1 — — —
Elya(Fens; 7ee1)] — ElValis 2] 2 P BlIVLF(G@), 6 2)P] + 24 BV, F(G(@), 76 7))
Yy’ La Ty

- B[V, F(G(2), 5 ) — @) — (

_ W o ~ .
5 16 VE[llg1%) + EEKZtJrI = Zt, Zer1 + 2 — 227 (Jey1s Zea1))] -

Proof. By Eq. (24) in (Yang et al., 2022b), the dual function E[t4(7;; Z:)] satisfies:
Epa(Fi41; Ze1)] — E[Ya(@e: Z20)] = vymBU(Vy F (G (@™ (Ge, Zt)), Tes 2t ) @)

15
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722

E[l|qI*] + E[<Zt+1 = Zt, Ze1 + 2 — 207 (Pea1s Zeg))] -
Additionally, we obtain
BNV, PG (5 2)). 5 %), )]
= E[Vy F(G(2" (91, 20)), 56 2) = Vo F(G(T0), 563 20), @) + BLVy F(G(Z0), Gt 20), )]
> B[V, PG (50, 2), 56 %) — Vo F(C@), 5 20 7) — SE{l]?
SENV,F(G@), 5707 + GBIl — IV, F(G@), 36 20) — @)
= —ACE]|a* (5, 7) - BI?) - @)+ SV, FG @), 5 2017 + SE(I)?)
— SEIV, (G, 5 7) - @l

> — BV (G(@). 56 2)IP] + GBI PG, 201 + Bl

1
= 5BV, F(G() g 2) — @l ]

where the second step holds due to Young’s inequality, the third step follows from a = %, and the last step follows from
Eq. (19). By combining the above inequalities, the proof is complete. O

Lemma C.5. Given Assumptions 3.1-3.3, define:

Uy = F(G(Z4), Ut; Zt) — 20a(Pe; 2¢) + 29(Z) -

If v.n < 1and v, < min { 6w(w+€)2 s 2)2?22 = } , then the following inequality holds:

E[¥11] - B[] < —2TE[| VL F(G(@), 5 2) ) - 1BV, F(G(@:), 515 7))

1
+ (20, +200n(C2+ Oy ) = g Rl — 2]+ T EIVLF(G @), 55 20) — il
577 N s A YaT) _
+ 2R, P(G @), 51 2) — @ll?) + (vm2ne - Z) Bl )
w+/ _
+ (52 + e - 2Bl
2 8
where
W= (w0
W= e 0 7T 1024 % 96we?
Py =0(1) Py =0(1/r)

Proof. Based on Lemmas C.3 and C.4, together with the first property in Lemma C.2, we have

Emﬂkmau(gﬁ& DBV F (G, 5 20)I°) = B[V, F(G (@), 51 7))

W= _ z N N ==\ =
3 Bl = 707+ TRV F (G @), 5 2) = Bl + BV F (G, 55 7) — @l

Va1 w+! Yy _
+ (et = ZDE(I5) + (S50 +7in*La — 20 )El|q))

+ 2WE[(Zt11 — Z6, " (Teg1; Zer1) — 27 (Y (Be11)5 1)) - (20)

16
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Moreover, from Eq. (29) in (Yang et al., 2022b), we obtain

20(Ze 1 — Zt, © (Yer1; Zev1) — 27" (Zer1); 2t))

< ( 1
— 67.m

+2C52 JWE[|Zi11 — Z|°] + 6wrnEll|2* (Fes s Zer1) — 2 (0 (o) Ze01) 1] - 21
From the second property in Lemma C.2, we further deduce
IV F (2" (Grs 22), G5 2011 < 2V F (2% (Ge, 20), 15 2) — Vo F(G(Z0), G5 20) I” + 2|V F(G(Z4), 5e 20) |12
< 202" (G, 20) — &l|® + 2|V F(G (@), G5 20) I
202

< (w— )2 IV F(G(Z¢), 5t 2) II” + QHVyF(G(ft)yﬂt;zt)Hz ,

where the last step follows from the strong convexity of F(G(z), y; z) with respect to 2 with Eq. (19). Combining the above
inequalities with the second and third properties in Lemma C.2 yields:

Elll2* (Fes15 Ze1) = 27 (0" (Ze41); Zer1)|1P] < A(CE, + O JE[||Ze41 — 2]

87377262051 16(1 + 727]%2051 + 75772@2)82 ,
= =~ E[||V.F(G(z4), §s; 2
(w _ 6)2 + (w — £)3u [va (G(xt)uUh Zt)” ]
16(1+ 202 02C2, + 2n(?)

+ @ — O E[|Vy F(G(Z:), 5; 20)|1*] + 875020252E[||VyF(G(i‘t)a gz — @l 22
Combining Eq. (20), (21) and (22), we obtain:

B ] ~ B < (225 - ZDB{IV. PG, i 20l - LBV, PG, 7))

+ (201,52 +24y,m(C2 4+ C2% ) —

a:yz

3o ) Bl = 2]+ RNV F (G, 9 7) — il

+ (i + 48wy C2 VEIIV, F(G(E0), 55 7%) — @)

+ (vmzn®e = =D E(pi)12) + (WTM%% + 20 La — 2Bl
P CCs, w4 P 0+ ) E[||Vo F(G(20), 31 7))
( (w—0)? (w—0)3p ) z ¢), 95 2|17
96wyn(1 +yyn*2Co +yn*e?)

(w—="0)p

E[|Vy F(G(x2), 56 2] -
w—L°

Since v,n < 1 and Cfrbz = @l by setting

Yy = Va

(w—10)? (w—03pu ) 2 64¢

a2 T 020 x g6z 1 Ve S { bww+0)?" (w02 /02, + 1}
Py, =0(1) P, =0(1/k) o

Yy vz = K

we obtain

2,22 2

8’}@77(2 < Yal 48""’7277'7,1/77 Cz;zg < YN
(w=02— 8"~ (w—0)2 ~32x16°

2,202 2 2,202\ p2
96wy=n(1+yyn*EC + )L _ %

(w—=10)>u —32x16"’
96wyan(l+ P L3C5 +n*t)

(w—=0Op -8
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This choice ensures the coefficients of E[||V,F(G(Z1), §i; z)||?] and E[||V, F(G (%), 4 ) ||?] are —22% and —227,
respectively. Moreover, for the coefficient of E[||V, F'(G(Z+), §i; Zt) — G:||?], since the second inequality holds above, we
derive

Yen(w =0 _ 5yn

2,22
WA ARy S W o 61 <

Hence, the proof is complete. O

C.2. Federated Properties

We further introduce C%- as follows:
C2 = max {(K + )C2ED(KC2 +C2) (K + 1)(2} .
Lemma C.6. Given Assumptions 3.1-3.3, the following inequalities for compositional multi-level functions hold:
1. The bounded error between stochastic estimation gradient VQJF,ET?t and estimation gradient VwFéZ) satisfies:
E[IVaFy = VeEy | < Cio®
2. The estimation error between global true gradient V . F, ;. and global estimation gradient V ,, F, ; satisfies:
E[|VaFye = VoFhel?] < KZAkE ||—Zg<”’” Z RO,
k=1 n=1 n=1
. 2 _
where Ay, = (ng(Kl)C’?Lg ( ZJKZ_,: C’_(J]_k) + C(?KL?-ng(K k))

(n;k)

3. Foranyk € {1,--- , K}, the estimation error between true value G(™*) (:ZJEH)) and estimation value h, "’ satisfies:

k
n, n n,k —7 n,j n,j
E[|GTH) (™) — h"P )2 < 3 c20DE[||gl — h{ 2]

Jj=1

4. Foranyk € {1,--- , K}, the descent error between hii’f) and h(""k) satisfies

n, k: n k s n,j
E[|hy) — bM< 2a2n4z (202" IE[||g\" — n™ )12
+ (202 202E[p") [12] + 20740 Z 202)i~

Proof. First, we have
E[|VoF), — Vo F) 12 = E|Vafi, +w(@™ — 2) = Vo fi) +w(z™ — =)
= E[|V. /"), — Vo i) < (K + 1)C2E D (KOS + C2)o”

where the last step follows from Lemma B.2, Eq. (28) in (Zhang et al., 2024). From the definition of C%., the proof is
complete.

Similarly,
N

K
1 (n,
El|[VaFy = VaFnill = B[ Vafor = Vafuel®) < K YD AEl5 Y 01 Z P

k=1 n=1 n=1

where the last step follows from Lemma B.2, Eq. (25) in (Zhang et al., 2024).

2

Lastly, the third property follows directly from Eq. (26), and the final property from Lemma B.5, both in (Zhang et al.,
2024). O
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C.2.1. GRADIENT ESTIMATION ERRORS

Lemma C.7. Given Assumption 3.1-3.3 , we derive gradient estimation error regarding x:

N
_ 1
E[l|pis1 — Z VoEy P < (U= Bon)Ellp — = - VaFy, I

n=1 n=1
K K N ( ( ) K k o2
2 2 4 2 k n,k) n,k)| 2 2 2 4 2\j—1
+4Cka™ Z(Zw ) 2 s Dl i = i) ¢ ACkaty ;j_zlacg)f v
K K
+4C% > (2C9) in 2 E[|p]I*] + 4C% Y _(2CF) ""‘vinQ ZE — |2
k=0 k=0

N
1 _ 1 o2
+ 402 @ P + 40372 5 S Ellla — o™ (%) + 2820 0% %
N N2 — N~
Proof. For the t + 1-th iteration, the following relation holds:

E[||pe+1 — ZV F

N N

1 n 1 B 9
:]E[HN (1= Ban® )( VF’Et)tH +NZV ht+1t+1 ZVFJS:&H‘H
n=1
Ly ) S (n) (n) (n) (n)
- E[HN = fan )( -V Fhr; ) N Z (vIFhZ—O—l;Hl = VB + Valy, - VthﬁH)
n= 1 n=1
N
2
+ Ban’ ( Z Vo FW o~ Z VIF,ig) H }
< (- ARl S VLE 2 ZE 192 £ = Vit I
n=1

N
1
2 4 (n) (n) 2
+ 280" 55 D ElIVaEy ) — VB P

n=1
where the third step holds due to the following inequality:
ElIVaFyipr — VaFWyy + VaFyY = VL E )17
= E[|Va £\ o™ =2 =V —w(@™ = 2 4 V) o w(al™ - )
ht+1 t+1 t+1 t+1 h,t;t+1 t t h,t t t
Vel i~ w(eg}r =2 )IP)

E(IVefygrrsr = Vi) -

We further bound E[||V,, £\ ALl Vif,(:?;tﬂ 1] as follows:

E([Va £ Y1 — Vadaoesal?]
= E[||Vg™ D (A el - g (n{n D Y, p 0 (O i ()
= VgD ) - Vg )T (s DI
< (K + )CELZE[|AO — n™ )2 + (K + 1>C§KL2 Ellly, — w11
+ (K +1)C2K- ”ofLQE[nhtif Do p™MEDR) 4 (K 4+ )OO CRL2E]| R — RV

C2(K I)CZLZE[”%H xt ||]
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nk: nk n n
<0KZE (ST — {2112+ CLE|2l) — 2 [12) + CEE[ly) — v 117 - (23)
k=1

In addition, applying the update rule on x and y yields:

Efllz;}) — = )|| | < 2PEllpy” 1) < 2020°Elllpe — pi™ 1) + 222 Ellpe?)
Elllyh —uIP) < 9pn’Ella™ 1P < 29 n°Elllg — o™ 1) + 205 Bl -
Combining the above inequalities with the first and last properties in Lemma C.6 completes the proof. O

Lemma C.8. Given Assumption 3.1-3.3, we derive gradient estimation error regarding y:

N N
1 | n
Bl — 7 3 VoFiilalPl < (1= BBl - 5 39,7

K N K
1 k k o’
+4a2n4L§Z(2C§) V Z ||g,(L”t ) M2 4 400 L Z 202k 1
- - k=1

+AL3 (20220 E(IpP] + 4L3(202) KvinZNQZEnpt Pt I
4L222— AL2~2n2 E ()2 224
+ ALy @) + 4L vgn QZ g —a™ 1] + 28

Proof. The proof of this lemma follows the same arguments as Lemma C.7 and is therefore omitted. O

Lemma C.9. Given Assumptions 3.1-3.3 , we derive global estimation error regarding h:

K N K 1N
n,k n,k n,k n,k
> OEllG Do - Z I < (1= o DL I+ Zg - o)
k=1 n=1 n=1
K K _ 1N k— o2
+2a%" Y (D0 620270 )E) Z k) Zh "B)2) + 20 17429 Z 202y %
k=1 j=k+1 = =1 §=0
+ 292 229k (262" <5 ZE 9~ 2 I7) + 22 22@ (202)* ElIp?]
Proof. This lemma can be directly obtained from Lemma B.4 in (Zhang et al., 2024). O

Lemma C.10. Given Assumptions 3.1-3.3 , we derive local estimation error regarding h:

n,k) n,k) n,k n,k
ZukEngém—hﬁﬂ 1] < (1 - an?) ZukEngf ek

k=1
K
(n, k n,k _ n
+ 20 Z( Z v 2C2YFVElgfl — B P12 + 2920° 3 vk (2C2) Bl — pi™ 1)
k=1 j=k+1 k=1
K k=1
+272n 2ZVk 2C2 VE[||5e %] + 20 O'2ZI/kZ 202
k=1 k=1  j=0
Proof. This lemma can be directly obtained from Lemma B.4 in (Zhang et al., 2024). O
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C.2.2. CONSENSUS ERRORS

Lemma C.11. Given Assumption 3.1-3.3, we derive consensus error regarding x:

N N K k

1 " _ 1.1 n _

5 EE[Hp;{ — Pl < (1+ ;)N;E[Ilpt "Bl + 24Ta2774C?{kZ:1; (202)Y~10? + 247 82" C 0
K K K

+24m2n4cKZ(Z (e3P )+ S Il - AP+ 24ma2r? (C (& > C)k +w? Ellp)
k=1 j=k n=1 k=0
K 1 N

+ 247920 (O ey +o?) > Ellp =i ]+ 24750 CR Bl

1 n - _ _ _
+24m§1720%<NZqu£)—qt||21+36m2nzmzt+l—ztuﬂ+36T2w2v§v£4 S S Ells” - il

n=1 n=1{— St T
K 1 N 1 N
n,k T n _
+48702 O Y 57 DBl — helP) + 12082t (@ + 40 ) 5 D Ellef™ — i)
k=1 n=1 n=1

N N
1 n) 1 n) -
+487520" Che 57 D Ellur™ — 9l”) + 12707 (B + 34207 5 DBl — =)
n=1 n=1

Proof. For the t + 1-th iteration, the following relation holds:

2

N
1 n _ 1
N ZHHPL& —pt+1||2] =N Z [HV ht+1 ty1 7+ (1- ,Bx772)(p§ " — Vo F htt+1 N Z V. F h t+1 t+1

n=1 n n’=1

1 :; ' 2
+ (1 = Be®) (Pt — N Z VwFISZ;LLl)H }

n/=1
L&
< (1 =B’ Z]E llpt™ = 5el?] + 21 + T)N Z (Ve Fh d141 — Vo tht+1|| ]
n=1
N ’
+ 2824 (1 + 1) ZE IV F s — 5 30 VRl (24)
n’:l

For the second term in Eq. (24), we can further establish:

N
Z (Ve Er Y ti1 — VaFr i 17]

2 \

N
1 n n n n n n
= % 2 BV +lalh = 50) = Vot —wtel” — )

=

N

N
1 n n
Z Ve i tean = Vol Z i3y — 2 I +3w2NZE[nz§ﬁ1 — 2"
K
(n,k) (n,k) 2 1 n)
<3 Z Efl[hiy1” — Ry 12 ]+3(CK +w )N Z [th H +3CK ZE ||?Jt+1 - ?Jt || ]

||z§i’1 — 2",

2 \
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where the last step follows directly from Eq. (23). Moreover, regarding the auxiliary variable z, we derive the relation:

N
STE[l — 22 =420 ZEme—zt 2]
n=1

2=

< 392n NZ]E ol = Zeall?) + 3920 Ell| e — Z]1%) + 3920 NZE ot = =" 1)

n=1

= 0L S B, — a7+ 3Bl — 2]+ 3027 NZE Iz — =71, ©5)

n=1

and

2
2

t

t
1 _ _
N E ||$t+1 - $t+1|| E ||~”U§?2 ey E Pgﬁ) — Ts,r + Va2l E Pt'||2]

n=1 n=1 t'=s¢T t'=s,T
< 7yn 72 Z Ellp\™ - 5],
n=1i=g,r

where s; denotes the gn?ex of the latest communication round before iteration ¢t. Moreover, the consensus error at iteration
. . n — 2
s¢7 is zero, i.e., E[||psir — Ds,r ||?] =

For the last term in Eq. (24), it follows that

—ZE Ve R,y — Zv F) )

n’ 1
) _ ( > (n) _
—ZE[HV s+ w(@f™ = ") Z( 7 + @™ )]
n=1 =1
1N 1N N
<35 BVl — 5 Zv Para P+ 30 5 S Bl — 2l Z (24" =z
= n=1 n=1
K 1N N
n,k T n _ n _
36c%<o2+1zcizﬁzﬁwh§ Dl + 3 +4CK) 55 Y Elllay — )] +120KN2 Elllg;" — 51’
k=1 n=1 n=1 n=1
1N
+ 3085 O Ell” 2,
n=1
where the last step holds due to the following inequality:
Z Ve fi e — 5 Zv Tl
?v
Z Ve fipes = Vafid + Vadiy - NZV fh8+fZVf Zv Siral?

n’=1

K N N
1 nk) 7k 1 n) - 1 n)
< 20%0” +4C% Y 5 DUENM™Y = B P) + 40k 5 Y Ellal™ — @I’ + 4Ck S Ell” — 5l
n=1

k=1 n=1 n=1

Finally, by using the inequality 1 + 7 < 27 together with the update rules of x and y, and applying the last property in
Lemma C.6, the proof is complete. O

Lemma C.12. Given Assumption 3.1-3.3, we derive consensus error regarding y:
1 < 1 1 N
n _ n _ n k n,k
5 O Ellafh — @) < (14 ZE lla™ = @l*) + 8ra®y'L3 Z (20" Z P h"P)
n=1 n=1
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N K
—1—87'72 2L2(202)KIE[H@|| ]—1—87'72 2L2 202 Z [l — —|—87'oz2774L Z 202 k=152
k=1

+ 870’ L NZEHq“”—qt\|2}+8m§n2L§E[||qt|| | + 167571 L] NZEIIy(") e’

n=1

167550 L 7 Z (13" = B2 + 87320

Proof. The proof of this lemma follows the same arguments as Lemma C.11 and is therefore omitted. [
Lemma C.13. Given Assumption 3.1-3.3, we derive consensus error regarding h:

K N N

n,k) 7 (k n,k 7 (k
Z [IRgTE = RELIR < (1 + Z E[|lh{"™" —h)?
k=1 n=1 k=1 n=1
1 o (k) _ 7.(k) 1 o (n)
2 4,2 n,k 7(k) 2 2 42 n — 12
+ 167an CQ;N;E[IIM —hi|IF] 4+ 16707 Cg T;E[th — &7

K K K
raratt YD (Y @O )5 S RIS — O+ a2 S @Rl
k=1 j=k+1 n=1 k=1

K K k
+ 4179202 Z 202 i ZE lp: — p n)H | 4 4ra’n Z Z 202 7162 4 81ra’nto’K .
k=1 k=1j=1

Proof. The proof of this lemma follows the same arguments as Lemma C.11 and is therefore omitted. O

Lemma C.14. Given Assumption 3.1-3.3, by setting

K
1
C%.=(Cg+1 202 4 W2 <— <10
K,w ( K + )kzo( g) +w, n= 4007‘0}(’“, ) {7:8771/} = )
C2 02 02
Bz = K 3 ﬂy = K , Q= K 3 (26)
N N N

we derive overall consensus error:

— K
Z Z( [lp{ —ptnﬂﬂa[q;“—qt||2]+ZEn|h§"*’“—hﬁ’“nﬂ)
t=0 =1 k=1

T-1 T-1 T-1

1
Z [17e01?] +67E, > E[l@%) + 2167%w 21 ZE[I\5t+1 -z
t=0 t=0 t:O
T—1 N
+67E f Z gy = h{™™ 2 + 67E 27
—0 n=1

where the coefficients of each term are defined as Eq. (29),

Proof. To begin with, by combining Lemmas C.11-C.13, and the following inequality

2

Efllsr" ~ 27] Z 2ty + (™ = #00) = 2t = v = 7))

=
Mz

3
Il
—

1

= 2 Ella- o)) = Zema) + (e — 7))

Mz

Il
-

23



A Smoothed Algorithm for Federated Stochastic Multi-Level Compositional Minimax Optimization

=

<(1+ V2P —
( 1—.m V=1 N

N N
1 n _ 1 n —
= (1= )5 DBl = P+ vy DBl — 2
n=1 n=1

t

N
_t 1 n _
< 30 (=) T en g Y Elllaf” - 2]
t=s:T n=1
fvznz ZEnx(") %),
t= St T
we obtain
1 N 1 N 1 N K
n _ n,k
5 DB = et + 5 DBl — qeal?)+ 5 20 D Ella — A
n=1 n=1 n:lk::l
1 1 N N t
< (U~ + By DBl — ol +36r°w* 200" & Z Elllp"™ — 2] + EE{|p]”
n=1 =

- =S8¢tT

K N
1 n) _ 1 nk)  7(k
+ (14— + By ZJEnq(>—W]+EqJqut||21+<1+;+EhZ >l I S
k=1 n=1

t=s;7 n=1
1 N
 (12r e 4R 1 t0ratn ') DBl
+ (48820 CR + 167520 13) 1 Z Elllys™ — 5]’] Z Elllgn;” —h"YI + B

where, for readability, we use the following notation for the coefficients of each term and the constant term:

K
E, = 247+2n? (C%{ 22(26’3)]’c + w2) + 87—'75772.[/?‘(202 + 41202 Z 202
k=0
E, = 2477 n*C% + 87'72 L2,
Ey, = 487320 Ck + 167821 4Lf +167a’n'Cy
K K ) K .
By =Y oyt (24rC3 30 (202) 8 4 4r 30 (202 4 8713 (202K F)
k=1

j=k j=k

K k
B = 4710’n*(8C% +1 ZZ 202 7162 4 2471320 C% 0 +8752n40 + 8ra’nto’K .

k=1j=1
By setting n < m , ¥z < 10, we obtain

K K
E, < 24172n? (Cé 2(2092)’c ) + 87921 2L2(26’2 + 4179202 Z 202
k=0 k=1

B 24007 (C% Y reo(2C2)F + wz) . 8007 L%(202)K + 4007 7y, (202)*
0072 ((CF + )T, 202k +w?) 400272 ((CF + 1) S, (20)F + w?)
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6 3 9 2
< + < < .
— 4007 4007 — 4007 — 257

Similarly, by setting v, < 10, we obtain

24007C% + 8007L?% P8 2

E, < 247757720?( + STWSUQLQ < 40027202 ~ 4007 é
K,w

By setting {5, By, a} < 10 with 8,7* < 1, B,n? < 1, an? < 1, we obtain

(487C% +167L% + 167C?) x 10 2 2
B, < 487820402 1678202 L2 4+ 16702002 < f g < < =
n < A8THEN Ok +1676,n" Ly + 167070 Cy < 40027202, ~ 4007 ~ 257
Therefore, we obtain:
N | MK
n,k
5 ZE ¥y = esall’] Z lai%s = Ges])” oy 2 2l (IR = B P
n=1 n=1k=1
XN t—1 97
3 2 2 4 t 1— (n)  — 2 t—1—t' _ 2
< 3677w YN t,_z N; [lpe " = per|l ]JrEpt,_Z (1+ g) E[l|pe 7]
= 27
+E; Y (1+25—T)H*t E[||g||?] + 367w? Z YUV R]| 2040 — 20|
t'=s:T t'=s¢T
L (n IS (n)
t—1—t t—1—t' n — 2
+ B, ; 1+ 30) NZE[H% ~zv[*] + B, gj 1+ 50) N;Emyt, el
t 1—¢ (n,k) (n k)2 t 1—t
o5, 5 e ek St vt n 8 o o

where we use the following notation for the coefficients of according terms:
B, = 1200 n(Bon" + 3920°) + 127620 (W +4C%) + 1670’y C
By = 48780 Ck + 167870 L7,

where s, = |27(t + 1)/257]. Then it follows directly that (1 + 2)' 1% < (14 2L)7 < 3.

Then, by summing up ¢’ from s,7 to (s; + 1)7 — 1, we can get

(st+1)7— N K
_ n _ n, k T (k
Z Z( [lpesh = Pt ]+ Elllgt s — @2+ > B[R —hiﬁlﬂ)
I=g =1 k=1
(st+1)7'71 (se+1)T7—1 (se+1)T7—1
<37E, Y. EllpelPl+37E, > E[lg|* +1087%w* > E[|zes1 — 2]
t'=s:T t'=s¢T t'=s:T
(s¢+1)T7—1 1 N - (se+1)7—1 1 N -
2 2 4 2 2 2 4 n _ 3.2 2 n _ 2
+ (ST Vol Ex + 1087 w vszn) tz N;E[Ilptf — pu |l + 37" B, tz N;E[Ilqﬂ —qv|I”]
(s¢+1)7—1 N
+37E, Y. Z [lgss? — hi M) + 37 .

t'=s¢T

At last, by enforcing

1 1
37’3 2E + 108740.)273757]4 3 3T?"y§n2Ey < 3
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the proof is complete, and Eq. (27) holds.
To make sure the above inequalities holds, we decompose the first one as follows:
332N E, + 1087’40127375774
= 372> ( 367w?y3n® + 121wy nB2n* + 12820 (W? 4+ 4C%) + 16a277402 + 36w3y2n? ) .
E/—/

E. By 2 E; 3 Eya
By imposing v, < 10w, with v, < 10,7 < m, we have
108 x 1007°w? x 1000w?® 1
32 B, = 37* x 367w?y3n® < < —.
T T’ x 367w’ 100575C5 =12
. . C¥ . C¥% . ci
Similarly, by setting 8, = —=, 8y = —=,a = —x=, we further deduce

36 x 1007°w? x 10wC* 1
37'4 QEI 9 = 3675w2’y§n2’yzr]ﬁ§n4 < Kw

400777CY, N2 =127
36 x 10074C% (w2 +4C% +C%) 1
2,2 _ a9 4 2 2 2,4 4.2 K,w K g
3420 B, s = 37y (1282n* (w? + 4C%) + 16a*n*C, ;) < 1005505, N2 < 127
108 x 1007%w? x 100w? 1
37’4 P E,, = 31y 772 x 36w?y?n? < < —.
© ? 400471C% , 12
We can make sure 37 *yzn?E <1 5 in a similar manner. Hence, the proof is complete. [
C.3. Proof of Theorem

Proof. To establish the convergence rate of Algorithm 1, we introduce the following novel potential function:

Pr="; +cE [||pt—*ZVFh H]‘*‘CbE[HQt_*ZV Fh H]

N

K N
+ZekE||fZ i — Z AP S e DBl - AR, (30)
k=1 n=1

n=1 n=1
where U, := F(G (%), U1; Zt) — 2va(s; Zt) + 21(Z;), the coefficient cq, ¢, and {0; }E_ |, {vx }X | are positive.
By Lemmas C.5, C.7, C.8, C.9 and C.10 to potential function Eq.(30), we have

Va1 N\ .= Yy N ==
B9 F (G, 5 20 7] — 0BV, (G, 55 20) )

Piy1 — P < —

1 xT — — — _
+(2C,s +2479.n(C2 + C% ) — — )wE[||Ze41 — 2% + ZIE[|V. F(G (%), 5 %) — Pil?]
y yz 3v.1m 2

N N
5YyN . B B 1 n _ 1 n
+ IV F(G@), 5 2) = @) = BarPeaBlIpe — 5 2 Vo 17 = AyrPeslllg — 5 D VyFyy I

n=1

N
n,k n,k 1 (n,k n,k)
+ME[||pt||]+ME[||qt||]+MngZEn< D ) My B D6 - Zh< 11

n=1 n=1
1
My exe S Elp 712 + Myor ZE g — ™ 2] + Mo,
n=1
where, for readability, we use the following notation for the coefficients of each term and the constant term:

K
M, . =~21° (4(;%( > QO 5 L AL3(202)K ~+2 Z (20 (55 + wc)) ;
k=0
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C Cp
Mg =vn? (4C§(ﬁa + 4Lfcﬁ> ,

My = My o+ 920 (38 = )
P pe TN\ Yy o)
w4/ 1
M:Mc+22<7+L— )
q q, VyM 9 d 8741

K K
g1 =" Z (4CKNZ (207)77F +4L3 202 + 23 (203 F - V’“) ,
=k

g 2
k=1 =k an
K
Mgy 4 =20 7742( Z 0;(2C2)~ ’f)—mfZek,
k=1 j=k+1 =
a 2cC 9 k c
_ 2 a“ K k 2 1 2 2\k—1 Cb
My = *nto Z( +Vk ZQC )i~ +4L3(2C5) N)
k=1 j=1
C? cp
2242% K 2242 ' 31
+ 282" K 1 280”2 (D)

C.3.1. STEP I: ELIMINATE THE GLOBAL GRADIENT ESTIMATION ERROR TERM.

There are three global gradient estimation error terms we need to handle:

(i) Global gradient estimation error regarding z: E[[|p; — +; NI v F}E? 1%];
(ii) Global gradient estimation error regarding y: E[||g: — Zg Y F,Ent) %]

(iii) Global estimation error regarding h: E[|+ PO (nk) _ 1 h(n )2 11%].

n=19h,t N

(i) To eliminate the term E[||p; — +; DO VwF,sz) %], we begin by expanding E[||V . F(G(Z;), §¢; 2:) — p¢||?] as follows:

B[V, F(Ga0), 5 %) = pell]

< 29mE[|| Vo F(G (%), Ur; Zt)

N
Z V. FO (< ZG<” (™), 5™ ™))

_1
N
1 N N ()
= (n) (') ( (0
+ 27,mE| N;vwF (= DA G RTA

N N
N Z = D O ),y
n’'=1 n=1 n’:l
1 N N N
2Bl YV FO (5 S0 HO ), ;o Z %] + 29l 37 Zv By = ol
n=1 n/=1 n=1

1 n)
2 29,0 (Ty + T + T + Bl S EY ~all) - (32)
n=1

Considering 77 in Eq. (32), we derive

—E [Hmf(a@t), i) +w(@ — z) —

2\’“
M=

[

(V25 (5 5 G, ) + (el - SN

n’=1

Mz

1 & 1 / / 2
=E[[| VoG5 - 5 3o Vaf (5 30 6l )|

n=1 n’=1
K—-1 N
s<K+1>(céL§+ZOZW*HMO%LQ)NZ e — 2™1P) + (K +1)C3L3 1 7 2 Ell = oI
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N
1 (n
< Ok D Bllze — 2/ 1+0KNZE lge = w171,
n=1

n=1
where the second-to-last step follows from Eq. (37) in (Zhang et al., 2024), and the last step follows from the definition of
2.
Similarly, for 75 and 75 in Eq. (32), we obtain

N

K
T < K AR 3 o Z SaelCh

k=1 n=1 n=1

1 = (k n.k
Ty < Gy 2 2 BIIRY —hi™2)7),

where 75 follows directly from the second property in Lemma C.6, and T35 is derived in the same manner as 7} .

=2

Hence, Eq. (32) can be bounded as follows:

B[V, (G, 5 7) — el

N N N K
n n k n,k
<2mcKNZ:j — 2V |!] + 27anC NZ:j g - v + 272mC% N 2 2l E[[IA" — b))
K 1 N N
(n,k _
+ 272K Y AEll 5 D 01 Z 112 + 29,mE II*ZV I A (33)
k=1 n=1 n=1 n=1

By setting ¢, = 2“’77, the coefficient of E[||p, — & SN VmF,sz) |?] can be negative: 2v,m — Bzn%c, < 0.

(ii) Similarly, to eliminate the term E[[|q, — + 27]:]:1 VyF,SZ) %], E[||Vy F(G(Z+), §i; Zt) — Gt ||*] can be bounded as follows:

5
Tj“EuwyF(G(@),gt; z) — @l
N N
K) n7K

< 57,nL5CE Z llz: -z >||]+5vyanNZEHy—yt 1) + Syl N 2 El E[]17" 1%

Kﬁ 1 N N -
nk (n,k) n _

+ 59l Y CiEVEI D 6 Z I +5mE||—ZVF Y- al? . (34)

k=1 n=1 n=1 n=1

Therefore, by setting ¢, = %, the coefficient of E[||q; — & nN:1 VyF,EZ) [|?] can be negative: 5v,n — B,n*cy < 0.
(iii) Then, we proceed to eliminate the term E[|| 4 Zg 1 g,(lntk) ~ Zf?[:l hi”’k) |2]. After incorporating the newly

introduced coefficient term from the previous steps with My 4, the coefficient of E[|| P gk _ LN pnak) 2 %]

n=1Jh,t N n= 1
becomes:

K K
27,nK Y Ap +5yynL3K Y C2ER 4207 Z ( Z (202)7 k) —an? Zek <0. (35)

k=1 k=1 Jj=k+1 k=1

Forany k € {1,--- , K}, it follows that
_ 1 1
27K Ay —|—57y77L?cKC'g2(K k) 2047729k =an {—Q%KAk + 5%770%1)2 C’Q(K k) 204 .

Since an? < 1, we require this upper bound to be non-positive, which yields

Ky 5
an

Kva 2 2(K—k
=" (444 + 100, L3C2ED] 2 22, .
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In a similar manner, for any k£ € 1, ..., K, we impose
K 1
2@2774( Z gj(2C§)J_k> — Ol7720k S _§a7726k )

and consequently obtain

C.3.2. STEP II. SUMMATION OVER 1" AND ELIMINATION OF REMAINING TERMS.

After summing over t = {0,--- ,T — 1} and applying the overall consensus error bound (Lemma C.14), we identify four
additional terms that need to be addressed:

(i) Local estimation error regarding h: + Zg Elllg;, (" k) hE"’k) 1%];
(ii) Auxiliary term involving z: E[||Z;41 — Z¢|?];
(iii) Primal term involving z: E[||p]?];

(iv) Dual term involving y: E[||g||?].

By taking the summation over ¢t = {0,--- ,7 — 1}, applying Lemma C.14 and define

M =M, .+ M.+ (72(73 + 920 + 1) (2921 + 57y Ck (36)
we obtain
T-1 T
Pr —Po Va1 N
7 ST 2 E[|VoF(G(Z:), 565 20)|I] f z::o IV F(G(Z¢), Ges 20)[|7]
Tf
2 2 2 1 1 -2
+ (2Cs2, +247.n(CZ, Jer%Z) + 2167°wM o Wi E[||Zi41 — Z¢||7]
) Z t=0
- =
+ (M +67E,M) S EllAl + (M, +6rEM) 7 > Ellarl)
=0 =0
1, N
+( 1 +67E M) Z Z g — b2+ Mo + 67EM .

(i). To eliminate the term N Z
1)Zj=k(2C’§)J *_we enforce

ne1 Elllgy, (n k) _ ,E””“) [|?], from the definition of M, ;, with E, < 22(:1 40207 (8C% +

K
Cq i— Cp —
4’y Cle D 205V F + 4Py Ly (207
j=k
K
+240’n* T (8CK +1) Y (2C2) F M + 22 v;(2C2)77F —anuy, < 0. (37)
Jj=k i=k

From the definition of M in Eq. (36), we further require

K
4a2n402 Ca 2(202)] k_~_4 2n4L2 Cb(202)
] k
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K K
a /9 7
+ 240y 2(8CE + 1) (202) (ﬁn? (40% Y e §V+4CK(202)KJC\Z; +2 Z (202)* ]f[)
j=k k'=0 k=1

1
+ ’yy (4C’KN + 41> N) + (72('y§ + ’75)772 + 1) (2v.m + 5’@77)0%) — ianzuk <0.
Moreover, under the conditions Eq. (26), we obtain

K A K
Yo [ 32 641/’71 Zk’:l Koy + 5(1 + 1/’71 )N 2 2\j—k & Yz o
— - Y Yy 2 j .
" UN( B ' ChY eyt e e, a9

Finally, by solving

K
1
24042 4. 2 8CK+ Z 202 Jj— kgfyi 22 202 yk/—|—204 n ZVJ 202 —50”72Vk§0a
=k k'=1 =k
we obtain
K
1/2 2\j—k 1z
<ok (Za Zyk/+4vj)(20) ) .
j=k k'=1

(ii). For the term E[[|Z;11 — 2||?], we set

(20952 +247,9(C2. + C2, ) + 2167w M — )w < v
v : v 371 421

In particular, we impose

1 1
20! 24y,n(C? +C3% ) < . 2167%WM < .
e = 3671 ’ 7 77( v T ﬁiz) = 367.1m Y — 36v.7m
For the first two inequalities, from C,, = w2 in Lemma C.1, we obtain: v, < W
To handle the last inequality, under the conditions Eq. (26), we deduce (72 + %j) < ﬁ Moreover, from the
definition of M in Eq. (36), we require

21672w x 200
et E 202
40027'20}2(w P 1( C)

kS 516y (39)

and from the definition of v, in Eq. (38), we further enforce:

K

21672w X 200 Yo 32 1
ikt 202k 1= 2% 202 - -
400272C% kzzl( ) NN B K]z,:c( yrs = 216 % 4y2m

21672w x 200 o 641 1
it Y 2105 L ot iy 2C2)7  —
400°72C% , kzl( ) nN B, KZ =216 x dy,m

21672w x 200 X Yo 1

T () Ky +5(1 (2C2)k (2C2) _—
400°72C% , kzl b 514, )N kz::l C) CKJZk C) *216><27277

Then, by solving the above inequalities and defining V¢, = PO (2C2)* Ef: 1 (2C2)77F, we obtain

VBN /By N VaN Ko
Y Smln{ Bw ) By ’ 2 (ZKek'+5(l+¢’)’y)N)il/2} .
128,/0, wVac, ' 128\/20,, 6, .oVac, | 16:/0ywVec, A=
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Finally, the remaining terms in M can be controlled in the same manner as in Eq. (39), which guarantees that the above

bound is satisfied and further yields the following condition:

5(1+¢,,)" 12 (HM)*”Q}
2771/100, w ~ 2167Cx /50w )

Yz < min{

(iii) Similarly, for the term E[||5;||2], from the definition of M,, with E, < 472n? ((8012( +1) TR (202)F + 6w2), we

enforce

K K
v2n? <7y77€2 +4C% 2(202)k Ca + 41> (202 Z 202
k=0 =1

K
+ 2472((80,% +1)) (2CHF+ 6w2)M — ) <0

=0 ’ 4y.m

Specifically, we further impose

K

224002 22kca Va1 224L222ch Val]

K
2 2 V1] 2 2 2\k V1]
2 E (2 2 E 2 <

Cg N = 39 ’ Yz P 1( Cg) Vg > 32 ’

Yz

2 2
4
Ve ne? < 39

By solving the above inequalities, we obtain

e <min { VBN VAN el
- 960}(\/‘/20!] ’96CK\/W "120k V2Cg B—1

1 B(141py,) 2 (1 414p,,) 712
40,/2¢,, " 24v/10mCx ’192\/577;01{0,{,@}'

(iv) Subsequently, for the term E[||||?], from the definition of M, with E, < 3277,7>C%, we enforce
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9 of w+Y 9 1
L 40? 4L 19272C2 M —
’7y77< 9 + Lg+ KN+ —|— T°Ck S0
Specifically, we further impose
2, 2, (W+0) Yy < Wl
L) <22
2 < Wyh 2 2 2 2 Yyl

By solving the above inequalities, we obtain
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Y < min ) ’ .
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1640, " 24mnCi /100, " 19277C% /50,

31

K
. 222472 ( 803 +1) 3 (202)F +6w2)/\/l <
k=0

+I/k)

V1]

32

K
() Kb+ 5(1 41, )N) V2,

(> Kb +5(1 + 1, )N) /2,

(40)

(41)
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C.3.3. STEP III. PROOF COMPLETION.

In summary, the value in potential function Eq. (30) are given by

Cq = 371’ Cp = % Hk = K’Yz ék vV = ﬁl)k
a /an ) Byn 9 an ) 77N )
Or = 4Ak + 10, L3C2ER)
. 32 | 64y, Ek’ L KO +5(1 4 ¢, )N > 21
p=| 5+ . Y (2C7) (42)
’ <ﬁ$ By a ;k
Then, by denoting
K K K
Vac, = Y _(2C)F Y (2027 F, Chk=(Ch+1)) (20" +
k=1 j=k k=0
Yy, = (1+CK)(%ZW+ )(1+¢W)7 (43)
the hyperparameter setting can be summarized as
< i 22 644 1 1 VBN /By N
rYI = min ’ ) ) I 9 9
6w+ 02" (w— 02 [02, +1 7200, 4V20 " 128\/YuVac, ' 128,/20,Vac,
VaN x 1 (2Lg+w+6)~t 1
— e Ko +5(1 N)~V2 , ,
16+/0uVac, (k,zzl w51+ )N) 21671v/50,, 164, 192717v/500 Cr
_ . (w02 _ (w—10)3u
W= ez 0 7E T 1024 % 96we?
—— N —
Py =0(1) Py =0(1/k)

1

< min 1 i 1 1 A1/2 (i 202 i k)f /2
= \/57 /By Va' 7. 2w+ £) " 4007Cry, | = ’
K LN —1/2
e (Z Z . 2) 2C§)J—k) } (44)

Therefore, we obtain

!

-1

1

=3 (BIIV. (G0, 50|21 + KBV, £ (G (), 5) 1))

(]

+

I
| o
—

1

< 7 2 (2EVF(G(@). 6 7)) + 2KEIV, F(G(@), 51 20)I7) + 2°El |, — 2]

=0

-~

8 8K 8w Po—Pr
< max , , + Mo+ 6TEM | . (45)
{m Vo, Va1 J ( T ’ >

Furthermore, at the initial iteration, the batch size is set to .Sy, then we have

(n) 12 67y
Ellp o—NZVF P+ Gl 2

=2

Po =

N
+Z ”ﬂ”eEn— s =5 M+ Y T ZE 1 —ng P

n=1 n=1 k=1

=

2

N
K K
3V C%.0? 6y o? Z Ky, » o2 R O'

< U+ <
=" 8,0 NS, ' B,n NS,

0
= on kNSO+ nN So
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Setting O(5) := O(B,) = O(By) = O(a), and w = O(¥). Then, taking the O notation on the first term, we obtain

8 8K 8w ., Po ( AV ) ( kK )
maxq{ — — =0 +0(—r—1.
{7m77 7%771/)71, %ﬂ”d"yz } T YT ﬂ772N50T

Similarly, taking the O notation on the second and third terms, where E, My, and M are defined in Eq. (29), (31), (36), we
obtain

8 8Kk 8w kBNPK
max{— My :=0 ,
{wz Ve, wzw%} ’ ( N )
8 8k nK72n4ﬁ72>
x{— 6TEM = O(I + O (kT*°B%~2) + O (kT 5?) .
Y %mﬁvy 'Yx'r]w'yz } N ( ) ( )

Finally, combining the results of above inequalities, we derive
= Z (BlIV2f(G@e). 5e) 2] + RELIV, (G, 501

k¥q kK kBN K kK710t B2 4 602 2 242
< _— _ .
_O<’ymnT>+O<Bn2NSoT>+O< N ) +O N + 0 (k7'0°B%72) + O (k7?1 B%) . (46)

This completes the proof of Theorem 3.6. O

D. Stagewise-LSMC-GDA

Throughout this section, with a slight abuse of notation, we use f(G(x),y) = # Zn L F™(G(w),y) to denote the
loss function in Eq. (12) for simplicity, where f(G(x),y) satisfies Assumption 3.1-3.5 and £(z) = max, f(G(x),y).
Based on this general loss function f(G(z),y) that satisfies the two-sided PL condition, we use Algorithm 2 to solve
min, max, f(G(z),y) and establish its convergence rate as follows.

. . . 2 coL?
Theorem D.1. (Restatement of Theorem 3.8) Given Assumptions 3.1-3.5, by setting cqo = 32—5, Bz = 51200 "]5 By =

1280% 2, a = 1280 COL s My,0 = 40TL , Rop = max{30072, ]%,5;"[’702 , where V,  is defined in Eq. (48) and L, in Eq. (63).

For any stage v > 1, N = O(\/;i—_ﬁvbv ) My = O(\/FLv ), T = O, Tr = O(% x 2"71). Consequenly,

Algorithm 2 requires a total of O (ﬁ) iterations to find the optimal solution of the two-sided PL minimax problem in
Eq. (12): E[L(ZR) — L(z4)] < € where € > 0 is the solution accuracy, Tr = = ZnN:1 fg.;f) is the averaged output of
Algorithm 2.

D.1. Proof of the Theorem 3.8

Proof Sketch. To prove Theorem 3.8, we proceed in three steps:

* First, we introduce a potential function together with the necessary definitions.
* Next, we establish two key lemmas based on this potential function, which play a central role in the subsequent analysis.

* Finally, by relating these two lemmas and applying an inductive argument, we complete the proof of Theorem 3.8.

Unique Challenges. Establishing convergence rates for PL-PL compositional minimax problems is significantly more
challenging than in prior work. In particular, compared to (Shen et al., 2024), our objective involves a compositional
structure that introduces bias into the stochastic gradient estimators; therefore, their analysis cannot be directly applied.
Moreover, (Zhang et al., 2024) focuses only on the federated NC-SC setting, and it remains unclear how their method can be
extended to the PL-PL case. In contrast to (Zhang & Gao, 2025b), which considers only the single-machine setting, our
federated setting introduces additional difficulties in the convergence analysis due to communication and consensus errors.

To address these challenges, we develop an induction-based framework to establish the theoretical analysis. At a high level,
we follow the framework of (Zhang & Gao, 2025b) to establish the convergence rate of Algorithm 2. However, we highlight
several challenges that are unique to the federated setting:
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Algorithm 2 Stagewise-LSMC-GDA
Require: 3, > 0,8, >0, a > 0,1;, > 0,1, > 0.

1: for stager = 0,--- , R — 1, each device n do
2wl — . g R RO ke 0 K1 p = 5, g = g,
3: fort = O 1 do
4: Update model parameterS'
xgnt)-i-l = xint) = Na, T’pg t) ’ yﬁ?—&-l - yﬁz) + ny,rqg? :
5: Estimate the inner-level function: hi i1 = Triyls

k n,k n, n,k—1 n,k n k—1 n,k
AL = (1= a2 () — g0 (608 4 g (T 60 ok e {1, K)
6: Update stochastic compositional gradients:

vﬂﬂff(:r),wrl 1 = VgD (hl t+17§r7:£-i1-)1) VgD (h Tifl ? gﬂflil))vg(n’m(h(n A t+1)) %
V1f<”>(hffif1), yy;)Jrla Cﬁ)ﬂ) ,
yflsnr)t+1;t+1 =V f") (h(ftfl),yr f+1v<r t+1) ’
Pritn = (1= Ben2 0L = Vi) i) + Vet
qﬁ?—rl (1- ﬂyny T)(qgr;) yfi(Lilr),t;t+1) + vyfi(LZ”),t+1;t+1’

7: if mod( +1 7') ==0 then
8: Z (n) Z (n")
: rt+1 = N Zun'= 155rt+1’ Yrt+1 = N 2un/= 1yrt+l’
) (
f«r;ﬂ = NZ - 1p£=nt+1’ qr71)+1 = NZ r=1 rt+1’
9: fork=1,--- | Kdo
. k) I ',k)
10: rn%Jrl - N Zn’ 1 7‘7;+1 ’
11: end for
12: end if
13:  end for

14: Randomly select (27, g\, AP, 50, g1, from {(217), y (%) B9 pl) {3 Bt
15: end for

* We introduce both global estimation errors, Zszl O af; ifl, and local estimation error, Eszl Vkaﬁ ;fl , which must
be simultaneously controlled in the analysis, as shown in Eq. (47).

* We additionally need to handle consensus errors induced by federated learning, as characterized in Lemma D.5. In
particular, determining appropriate values of v, requires carefully applying this lemma together with the constructions
in Eq. (§9)-(61), Eq. (66), and Eq. (70).

Potential function. Defining the potential function as:

K
8 2 h ho k
Prast = Vet + G071+ go—0f i + 00yl + Z VO (47)
2 yy.r o

where

VMH=EquHﬂ—Mamn+%%§@wwMHn—MNGumﬂx%Hmm

N
z 1 n _ _
mﬁfﬂmNijﬁﬁﬂ—mﬁm% ol = Ell }:wth Gra ]

n,k) (n,k hy, (n,k n,k
onity = wf 9 Zm@ ority = NZEMJHhMWL (48)

n=1
Key Lemmas.
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Lemma D.2. Given Assumptions 3.1-3.5, by setting

L% C()Lg C()L2 3262
By =1280=2 , B, = 51200~ = 1280, co = o

L, is defined in Eq. (63), such that 1y, , = we then obtain the following bound.:

10c ’

Cnmr — 2
T Z( 19401+ B9, (G ), 50 )

400()Vr70 8000
ny,rTT /Byn'?/,rTT

(afyo + 0¥y + 5ol + 47026) + 245¢0 8y, . Lo C |

where

1 145
C, = (N + — I 2773 .+ 207" 7711 -+ 207 n57r) . (49)

Lemma D.3. Given Assumptions 3.1-3.5, the collective estimation error can be bounded as:
x y heo hy
Ort1,0 T Opy10t+ 50,,+170 + 470’r+1 0

32060
- ﬁyn;,rT

45COVT70
T

( 2o+ oly+ 50t + 470! )
ny,r T

+ 480coByn;  Lo0*C: .

The detailed proof of Lemma D.2 is provided in Section D.3, while that of Lemma D.3 appears in Section D.4.
Inductive Argument for Theorem 3.8

Proof. Under the two-sided PL condition, we can get
C xT,r — — —
2 (BIL ()] = £(72) + S BIL(@)] - ELf (G, 7e0)])
y,r
— C X, 7‘ —
<E[|VL(Z,.)|%] + (;]77 E(|Vy f(G(Zr1), Gra) IIP] -

y,r

Taking into account the random sampling in each outer iteration, we further derive

T,—1
Verio = 7 Z (B G@n0] = £(.) + 25 EIL )] = B (07, 5r0))
. TH( E[| VL)) + 2EE]V, f(9(Ere). 5re) 7))
=~ Q[LT s Uy,r Yy rt)y Yr,

<5

40 V 80
5 ( 01,0 S (0% + 0¥ + 507 + 4T0s) + 245¢08ym;,  Lio>C

ny,rTr ﬁyni,rTr

1 /45¢oVr0 320c¢g . h h 2 72 2
< —( : org+oly+ 5ol 4+ 470,) + 480co Byn;, Lo CT> . (50)
N 1y Tr ﬁyni,ﬂr( ° o o o) i

Att =0, we have of  + ofl o + 504 + 4704 = 54L202. Then, by Eq. (50) and Lemma D.3, we obtain

17280co L2 5  45c¢0Vo0

SRR +5U +470 = Byng,oTr 7 My,0Tr "‘48000&,17270@2)026; )
1728060L2 2 45CQV00 9 2 9
Vio < ( o — + 480co Byn;, o Lyo C’T> .
Lo = ﬁyny ORO ny,ORO 07y y,0
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2 25Vp0
> NLyo?2

By setting 1,0 = o7 and Ry = max{3007 }, together with 3, = 1280%%, we obtain

, 17280 x 5cor?L? 45 x 40¢co L,V
o1 +ofo+ 270?790 + 520’117”0 < 4ROCOT Lo’ + ng 0.0 4 384coL20?C < 600coL20?C, |
600coL202C,
Vio < % _

Therefore, we define €; = 600coL202C /u so that
ot o+ 01+ 501 + 4701 <per, Vip<er.

This provide an important connection between V, o and o7, + o’y + 50? o+ 470f - Building on this finding, we apply an
inductive argument to establish the desired result.

Suppose o7 o +a;. —&—50%—}—470% < per and Vg < €, we will prove that o2, o +0, | o+5000, (+4T0M | o < pe, /2
and V,41,0 < €,/2. To begin, we have

32000[/12) 4500
3 Her
5y77y,rTr My, Tr

1 h hy 2 2 2
UerLO + Ug+170 +50,81 0+ 470,510 < € + 480006y7]y’TL,UO' C,.

Toensure 077 o+ a? 10T 501’1170 + 4707}}11,0 < ue, /2, we enforce each component to be bounded by €,. /6. In particular,
by setting

320c¢o L2 L€ 45¢q JEr- 9 19 9 JEr
5 o Mer < ; r< ;480 LyoCr < ;
5yn§7rTr,u6 ~— 6 ny,rTre -6 COByny’r v -6
with 7 = O(% 72-), we obtain
VEEN T {270 x 3840coL2/coo 5760 x 3840c3Lga2}
p=—-———>5—, 1, >max , .
My, 3840,/coL20 /€N e N

Therefore, under the above condition, we derive

n by _ MEr | Ji€r | per _ e
0710+ 0010 500 0 H4T0 o < ?r + 6r + GT < QT )

and
1 (32002 45¢3 ) s e
Vrito = ; <5y77§~,th per Ny Ly €r 4800 By Ly Cr | < 2
Si e _ 600(;0L50'ZC.r o 00L302
ince €, = 5ty = —5—=1,— = O( 5=, ), we further deduce

c2Lio? ALic? 277y co
Tr —_ 0~y —_ 0™v — (7 21"71)
O( e N ) O< uN . cOL%a2> © N~
T.-0 (W> _ofelivas VT _ O( o W) .
p/1er N w1 N VeoLyo

Accordingly, we may set T, = O (:—]“V x 2"~1). Finally, to achieve V, o < ¢, one need skt = €, such that R = log 2%
Thus, the total number of iterations is

R R
25V c o€ 1
B 9 0,0 0 r—1 _ 0¢1 —
O+ 3.7 =0 <max{3ooT NLaE) Y ) - ()=o) - o
o r=1
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Additionally, we obtain

r=o(5 ) =o( [2 [ 2 <o)

Ve N VAN col20?) N
(Vi )‘O<mza “ zor—lu> ~%=)

and it follows that 7, , = O( \/2@41[1: ). Moreover, it is easy to know that 7). /7 = O(2("~1)/2), Then, similar to Eq. (51),

we can obtain that the communication complexity is in the order of O(1/¢!/?).

Thus, the proof of Theorem 3.8 is completed. O

D.2. Useful Lemmas

To prove the two key lemmas above, we first present several useful lemmas.

Lemma D.4. (Zhang & Gao, 2025b) Given Assumptions 3.1-3.5 and 1, , < min{ﬁ, ﬁ}, Nyr < %, we derive:

E[L(#r41)] — EIL (@] < — S E[IVLE0)I"] = 5 E 5]
+ 02 BlIVL(Zr ) — Vo f(G (xr,t)a ymﬁ)” 1+ 12 Bl Va f(G(Zrt), Urt) — ﬁr,t”Q] )

and

ElL(Zr41) = f(G(@ri41), Urit41)] — B[L(Zr 1) = F(G(Zrit), Grt)]
< Ay B[ VL(Zrt) — Vo f (G(@rs), G IP] + 5””” E[[VL @) ) = B[V, £(G (@), Tre) )

377w r U D g / !
B[V, f(C (@), ) — Prel) +ny,rE[nvyf(G(xr,t)aym - W“ ]
_ 77:;,7" [Hﬁr,t” ] _ %E[H@"JHQ} :

Proof. This lemma follows directly from Lemma C.3 and C.5 in (Zhang & Gao, 2025b). Since our algorithm operates in a
federated learning setting, we do not decompose the terms E[|| V. f(G(Zyt), Ur.t) — Pr.tl|?] and E[||Vy f (G (ZTrt), Urt) —
Gr¢|1?] for now. O

Lemma D.5. Given Assumptions 3.1-3.5, we derive overall consensus error: By setting

1 L2
xT,T S TAn_T T S TAn—_T 7 T = 52
Mer S q00rL, 0 S d0rL, 0 (@ Pe B = (52)
we have
1 T.—1 1 N
n n,k) k
T NZ( o = Prel®) + Elllgfy — gel*) + Z Bl 5,2||2]>
" =0 n=1 k=1
1 T,—1 1 Tr—1
~ ~ _ n,k n,k I
67 By > ElIprel®) +67E = > Ellgrnel|’] + 67y~ Z ZEH oy — oI+ 67E
" =0 " t=0 L n=

where the coefficient of each term is denoted as

K K
B, =8}, Ck > _(2CH* + 872 L3 (2CH)" + 42, > (2C2)
k=0 k=1
E‘q = 87’77577‘0?( + 8777§’TL2 ,
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K K K
:Z ngET(sTc D QCEHTTF 447y (2027 4+ 8rL7(2C) )

i=k j=k
K k
P 2 2yj-1 2 2 2 2 2,4 2 2,4 2
E = 47a’n? - (4C% + 1) ZZ (2C5) + 878, nrﬂ,CKJ +876,m, ,0° +8tan, 0K . (53)
k=1j=1

Proof. The proof of this lemma follows the same arguments as Lemma C.14, with the only difference being that it does not
involve a smoothed variable. For simplicity, the details are omitted. [

D.3. Proof of Lemma D.2
Proof. By applying Lemma C.7, C.§8, C.9, C.10, and D.4 to the potential function in Eq. (47), we obtain

E[|Vyf(G@re) Gr)lI?]

7]17 r C nm,r
Prost = Pry € == Bl VL) |P) = =7

deon? _ L 3con?,
+ (Mo, + Er— DENVL(Zrt) = Vaf (G(@rt), ) 1] + (e + o ’
y,r y,T

+ ol BV y F(G(Ert) Urt) — Grtl|*] = 800 Ell[Prs — ZV £ ) = 20y Elllgr — Zvy ]

nl

)E[Hvxf(G(fr,t)a gr,t) - ﬁr,t ||2]

2
Y N, CoMz,r = ] CoMNa,r n,k n,k
+ (M, — = — JE[[Bre1°] + (M — )E[l|g ]+MgzN§ E[lgs"") — nyM )2
n=1

’ 4 8My,r ” ” 4
K K 1 N
j— n,k) n,k
+3° (2a%2, Y0 0,200 — an? 0Bl Y gint - NZ h P
k=1 j=k+1 n=1
~ 1 N N ~
+Mp,cﬁngl E[lp.c — piy I7] + g (g = af7 1) + Mo (54)

where, for readability, we use the following notation for the coefficients of each term and the constant term:

K
~ 3204,
My = B; CKZ (202) Byyr L2(202 +2§,Z 1) (2C2)F
k=
- 32n?2 8n
M .= y,r 02 Y, ""LQ
@ /Bwna;,rN K ﬁy
K K 2 K
- 32C% 8L% ; Vg
My, =o?n?, S [ 22K 3" 202+ + 202 20, (202)1~F — ) :
g Z Bm’r]w T g 51;7731 s ( ) j:;i_ j( ) 0”79%,7"
- 32020t o2 8a2n4r K o?
My = 3 z CKZZZC’Q +16ﬂxan +3 SRy (2C0)F —+4ﬁyny,N
zNz,r yTly,r —
k=1j=1 k=1
2 K k—1
+2an}, Z O Z ~ 2%} 0% Y v Y _(2C3) (55)
k=1 j=0 k=1  j=0

Building on Eq. (33) and (34), we derive the expansions of both E[|V.f(G(Z,1),¥r:) — Dre*] and
E[|Vy f(G(Zrt), Urt) — G, 2], which yield:

E[|V.f(G (‘ £),Urt) = Drel’]
N

N K
n n 1 7 (k n,k
<4Ck Zﬂamt 2} I+ 4Ck Z e = o I7] +4CK 57 > D ElIA — ™)

n=1 n=1k=1
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=

K N
1 n,k) (n,k _
FAR S A e - Db I + 4B 5 Zv&mpm%

k=1 n=1 n=1

E[”vyf(G('jr,t)a gr,t) - ‘jr,tH ]

N N
1 _ n 1 n n, K
QQ%NZmemM|HBNZ e — 93 17] + 423 < ZEmtJMHm
n=1 n=1

K N
_ 1 (n,k n,k) _
+ALTK Y O3 ME 5 D an - ZM HHMfZV& — Gl (56)
k=1 n=1 n=1

Consequently, with 7, . = fgé; , the coefficients of E[|| % ij:l szf(f)’t — prt||?] and E[| % Zn | Vyf}(tnr + — Gr.t]|?] can
be expressed as:

3coms,, 17 8
4(Ng,r =) = 8Ny = —— Nz s 4CONzr — 2Myr = —ZMyr - 57
(2r + s ) = 81, 7 s, CoMar — 21y, =y, (7)
For the term E[[| & SN, gf(fr’ﬁ) — i3 (" "2, we following similar steps of Eq. (35), by setting
K Keof
O = —2 (164, + 10L3C2K Ry & 207k
Al r ANz r
1 A 1/2
nmr = 5 1/2 (Z 9 202 i= k) 9
we arrive at
cons =
AK Ay (Mg + TM) +4L% KC’2 K= ot + 200 /. Z 0;(2C2)7 7% — an? .0k
YT j=k+1

. 1 K )
To Akt +ALFK O eons, = san, (1645 + 1060 LFOFH)

34

— g KAk — Cotw,r LK C2HR) (58)

32[

Sconi,r 02 CoNx,r Nax,r Ny
(nerﬁ 2 S g and — = > —7g

3c x,r = — coNz,r — —
(Chen et al., 2022), we have (1, + 0: JE(IVL(Zr 1) = Vo f(G(@rt), Grt)|?] < 2KV f(G(Zrt), Gre)|]?]- Tt
directly leads to

Moreover, setting ¢y =

COTI:E r

ElVyf(G@re) Gra)I?] + (o + 3;77”) IVL(@re) = Vaf (G(Trt), Gre) 1]

y,r

go%WWM<mmmm LRV, f (G (@), TP

__ Ny,r CoMNz,r Conx,T)E _ _ < _(M CoMx,r Conx,T)E Gz _ 2
(B s+ g RV Gana), )P < = (F 5 o+ S BV (G@na), )

Then, by summing over ¢t = {0, -+ ,7,. — 1}, combining Eq. (57) and (58), applying the overall consensus error Lemma D.5
to Eq. (54) and introducing

K 2 K

- 32, 0
M= 02 N 02k + L3207 + 202, (e + 1) (202
6%1\7 k=0 5?1 Zh ’ k=1 N
32n; 81y, 230z,
mcﬁ n Byy L2 +4CK( C —|—4co77x7r)(7'277§,7. 2, 1), (59)
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we obtain
T, — T,—1
PT‘T 7,PT‘O 7717“ 1 e Nx,r CONz,r CoMNg,r 1 < _ _ 2
— < - = ]E T, (77 ’ . )7 E 9, rt)y Yr
<=y L EIVE@ol - (B + ) 7 ; 190 (G@ra), Gl
N
17 1 8
5 — N E||Pre — Nz:: —3%7« [1Gre — Zvy hrt
K | X ( -
2 2(K—k) n,k) n,k
=3 (S KAy + come LK P)R] 3 g ——Zh I
k=1 n=1
2
~ N T, CoMNz,r _ " oA Collz,r =
+ (Vo 67 BpM = 55— N[+ (Ve + 67 By M~ DB g )
Y,
. 1 X . o
+ (M + 67EeM) 5 D Elllgyst) — hly® ) + Mo + 6rEM.. (60)
n=1

Following similar steps of Eq. (37), by setting

1 (65 17 K Kbuco+ 5N K , 5
Ve = < + 1 2= Keo ¥ 5eg )C%Z@CQ)]"%”’C

Ner N\ Bz 10coBy o jrd g Nao N’
1/2 ul K ovig) " 1/2
Moy <07 (S a(Y o+ 4052020 F) 61)
j=k k=1
the coefficient of 4 Zn 1 [||9§Ln,l? - hfn"tk) [|?] can be upper bounded by:
K .
—4r’Cheom?, > (202 7k, (62)
j=k
Similarly, for the term E[||p,. ;||?], we enforce
K K
32Nz,r 2 2 81z 2 2 2 O 2\k
—C' 20 L QC 2 — 2C2)"
us n cotly
247702 (AC% +1 202)F M — 20 2T <
+ T nx,r( CK + )I;O( Og) M 4 877y,7‘ = Oa
and for the term E[||g,.||?], we enforce
327733 8n ~  Con
02 4 “L2+96 2O M- 2B <0.
Bater N BN TR
Following similar steps of Eq. (40) and Eq. (41), we obtain
C3 C% C? C?
By > maX{SGOOWKVQCQ , 25600 CO Ky, By > max{loocﬁvgcg , 1280%} ,
« 2 K 2e) 2
> 64V Zszl Keoby + 5c0NC2 < min{ 1 ((OK +1) > k=1 (2C9) ) }
- min
@ = b3ac, N Koo Ty = 7Cx 3607C ’

where Vo, = 4, (2C2)F Y010, (2C2)i7F
Then, we set

K
L2 = max {1 ,C2(C% +1)(Vag, +1) (VQCQ +Vac, S KOy + Vae, N + 1)}
k=1
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L2 60L2 CoL2
=1280-==2 =512 Loa=12 2
B, 8047 Ba = 51200—2, 0 80— (63)

It indicates 3, = 40coBy, o = cofBy.

As a result, we reformulate Eq. (60) and derive

APro=Prr) . 4 L6 BN . (64)

Cona:r _ 2
Y7(i \V4 <
§ ( [l mrt)H ]+ Toor E[IVy f(G(Zrt), Grt) |l ]) > Ner T Mo

In particular, from the definition of E, My, and M in Eq. (53), (55), (59), with 3, = 40co By, @ = coBy, Nzr = ?gc; , and
C; in Eq. (49), we obtain

4 ~ ~ o~
(Mo + 6T7EM) < 245¢08,n;. . L2 Cr . (65)

x,r

Moreover, from the definition of P, ¢ in Eq. (47), we obtain

A(Pro = Prr,) o 4Vro 3207 80,0 Py % 4K cobyory"
Ner Ly T Naply 5m7)m r ﬂynr My, L P sz rT
K hy,k K K
40}, 0 65 17 E I ek’CO + bcgN )
+y ( + + &E=L )Ci > 202k
= e T \Batle e N Byt r N ang,r N Pare
40coVro  80co02 - 8ocoa;JO 400co0)  3730co0,
ny,rTr Byny [d Byny T B’l,lny T Byn;,rT’l’

4OCOVT 0 8000 ( z y h
: 0%y + 0¥+ 50" + 470" ) ,
ny,rTr 5yn§,rTr ,0 ,0 ,0 ,0
A k_h, _ K o hok o _ K 5
where /'8 = S Hkaro L Ore = % L VRO v = CR(L+ K Y, Or) Z] py1(202)77F

Therefore, we obtain

0077;37' — 2
*z( IV£@a) 2]+ 5 BRIV (G @), 30 )

r=0

4060)}7:0 8060
My T By, T

The proof is complete. U

( org o+ 50h9 + 470, 0) + 245005y17y LL2o*C,

D.4. Proof of Lemma D.3

Proof. From Lemma C.10, we obtain

T.—1 K
1% n,k n,k
—ZZ Z 1AL = g 7]
" t=0 k=1 n=1
=1/ K K N
< 1 1— 2 202]k 1 E hnk) (n,k) (12
= 7 Z( 0477x7 Vk+ anxrz Z NZ ” hrtH]
" t=0 \k=1 k=1 j=k+1
1 T.—1 K 1 N 1 T.—1 K
+ 22, D Y QO S Bl = p P 4+ 202 D Y vf (20D El Bl
" t=0 k=1 n=1 " t=0 k=1
K k—1
+ 2070?30 3202
k=1 7=0
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Applying Lemma D.5 and with definition of L2, we further derive

N
1 a]‘ n,k n,k
T Z ZVkNZE[”hE"tJr)l }(zrt)-i-ln ]
K

T,—1 K
R (Z(l a"“”’“”‘“’wz(z 202““)>le2 IR = ol

k=1 j=k+1 n=1

2

Z [17r.1%] + 67 Ey T ZEIIqu

’I t=0

T.—1 K
n,k nk ad
6By Z ZE IhY = g )I? 1+6TE>+2nw S Elpedl?] + 20702, Lo
T el T t=0 k=1
1 1 wE al nk) (n,k)
(1_70”7174)? Z Z ||h hrt” ]
t=0 k=1 n=1
T,—1 — T,—1
24 1 % 2% 1 X 13
2 r2f 4= L - et L 2 r2 b _ 2
+2771,er<625 T, E[l|pr1) + 625 T E[l|gr¢]I? ) +27lm,erTr Z E[l[pr¢]]
t=0 t=0 t=0
K
+1202, > R (2CH) TE + 2070 L0 (66)

k=1
where the last step follows from Eq. (61) and E < 257 Eq < %

By reformulating this expression and accounting for the random sampling in each outer iteration, we arrive at,

n, mn, 1 n n,
L NZVkNZEHhH-f)o ah ol TZ Z NZ h = i) 1P)
k=1 = n=1

K N -1 _
2 () _ ) 2% 1% ) 2 1 %
< il (IR =2 A
S RN Z 2:) 76— oo P+ ¥ G 2 Bllpll+ o > Ella?
ar2 1 =2 = 2k & 2 12 0
N T, 2 E[|1pr.t]1%] Z: 7(2C) TE + dam} Lo
QOOCOOTO + 512 TTZ?IEH ]+ 11 =2t Slaa) + 446 25 4 1252 4 coBymy , 12,2
ﬂyny r ByN \ T; =0 N 107, Int N O Pyllyrsod osN 07
where the last step holds due to 8, = 40co/3,, o« = coﬁy, and 7, , = ;’SCO .

Following similar steps, from Lemma C.7, Lemma C.8, and Lemma C.9, we derive

N n 5 N N 590
ori1,0 = ElllPrs1,0 — ZV 1 r)+10 % < W<0r,o+4gﬁo> N — ot By, Loo®
Yyily,r=m
1012 (1 = 11 = 1
v - ]E 77‘ e E 77‘ 2 - 2 L2 2
B,N (Tr tz; [llpre )] + 0T, ; e l”] | + Ncoﬁy”y,r w0
N
1 240
o211,0 = EllGr41.0 - Z r+1 ol < W( 0 +4Uro) + WCOTQBWU Lio?
n=1 y,r=r
42L2 1 - 21 .
< T 2; [rall*) + 757 ; (s ) Ton B Lio?
N N

OO 892
< T (O’Z% + 0,’?75) + WCQTQ,ByU;177.L30'2

r+10_20kE Z rif)o_* nk)
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g 2
”q?”t” ) 25N006y7)y erU
0

10L2 = 1
< T, Z E[[|pr¢1I%] 70?

Next, we combine the four resulting inequalities with 3, =

xT h hu
vi10 F ol 05000 0 F4To
1000079 104200™ 26300
7,0 7,0 CoTzﬁyﬁy TL2 2

501950 30
< -+ s
267;771, r ﬁyny T /Byny T 61/771/ 'rT N
45002 (1 7= 11 6
BN (T > Ellprel) + 07 > Ellgd? ) + NCOﬁynz,rLiaZ
Y T t=0 T t=0
502, oy 1000074 1042007
< —I-
25y77y r ﬁyny r Byny r ﬂyny r
1 145
( 2]+ EF Z E[||gr.c||? ) + 182005yn§’rL302<N + ) . 67)
i 457000 Elde]?), we obtain

1 B
For the term 7- Y=, " E[[|pr.«[I*] + T

E[|5.¢]1?] + CO;Z—TE[H%HQJ
< 2E[[Brt = Vo (G(@rt)s Trt) + Vi f(G(E ), Grt) — VL@ ) |2] + 2E[| VL (Zr,1) )]
+ O (OBl — V(G @r)s 5r) 2] + 2BV (G @), )12
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x,r
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Applying Eq. (56) with 7, , = 10c , wWe obtain
_ CoNz,r _
Bl + “ B g
Y, "
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< (BB L) 7]+ B YRV, F(G (), 5e0) 1) + A TEI (Gl 50|
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In addition, from Eq. (60), Eq. (62), and Eq. (65), we obtain
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K N
= ( KAy + coL2KC2K~ k>) Z h(h) Z g2
k=1 ot
K K 1
—32r2C%k a2, > > (202)F ZE (RS — g M1[2] + 490¢0 8,2 L20C,r . (69)
k=1j=k+1 n=1

2
Combining Eq. (68) and Eq. (69), with ¢y = 37;’” , we further deduce

_ CoMNx,r _
Elll7rel?] + = E[llgr]|°]
y,r
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< SRR 4 9008y Lo Cr — 327 Chran, Y Y (20777 F 5 SRR - g )
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n=1 n=1
By summing over ¢ = {0, --- ,T,. — 1} and applying the overall consensus error Lemma D.5, we derive
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Reformulating this expression then gives
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Finally, substituting this inequality into Eq. (67) yields
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1 145
+ 56060,8y77§7TL12)0'2CT) + 182006y77§,rl/302 (N + Wrznir)
32060

4500)@@
= Byng,Tr

(020 + ot + 50k + 470l ) + —t
T/y,T T

T’

+ 480co By, L2c*Cr .

E. Proof of Corollary 3.10
Proof. According to Proposition 2.1 in (Yang et al., 2022b), to guarantee E[||VL(Zr)||?] < O(€?), we only need to ensure
E[|Ve f(G(2),9)|°] + KE[|V, f(G(2),9)]”] < O(?) , (71)

where & = Zﬁle ONTE 22[:1 7™, and (2™, (™)) are randomly selected from {(:c§”>, yt("))}z;l of Algorithm 1,

and

El|lzr — 2*[*] < O(e*) . (72)

(372
Ne3

Here, Theorem 3.6 guarantees that Eq. (71) holds after running Algorithm 1 for O ( ) iterations and O (6%) communi-

cation rounds. Regarding Eq. (72), since the loss function in Eq. (12), denoted by f(G(x),y), satisfies the two-sided PL
condition by setting w = 2/, it is easy to know

Ellzr - 2*[’] < JE[®(Zr) - D(z.)], (73)

~| N

where ®(z) = max, f(G(z),y). Then, according to Theorem 3.8, after running Algorithm 2 for O (7

O(%) communication rounds, we have E[®(7r) — ®(z.)] < O(e?), and then E[||Tg — z*||?] < O(€?).

€

) iterations and

Clearly, the numbers of iterations and communication rounds required by Algorithm 1 dominate those required by Algo-
rithm 2. Therefore, the numbers of iterations and communication rounds needed to guarantee E[||VL(Zr)||?] < O(€?) is

0 (%) and O (%), respectively.

O
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