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Abstract
Federated stochastic multi-level compositional
minimax optimization supports a growing number
of machine learning applications. However, the
interplay of multi-level compositional structure
and minimax formulation in federated learning
setting poses significant optimization challenges,
resulting in slow convergence rates for existing al-
gorithms. In this paper, we propose a novel feder-
ated learning algorithm, LS2MC-GDA, that lever-
ages smoothing techniques and variance-reduced
stochastic compositional gradients. To support
our theoretical analysis, we introduce a stage-
wise extension of LS2MC-GDA, which serves to
bridge the gap between different stationarity mea-
sures. We establish that our algorithm achieves a
sample complexity of O(κ3/2/Nϵ3) and a com-
munication complexity of O(κ/ϵ2), substantially
improving existing theoretical results in terms of
the condition number κ and the solution accuracy
ϵ and achieving a linear speedup with respect to
the number of workers N . Finally, experimental
results validate the effectiveness of our algorithm.

1. Introduction
Stochastic multi-level compositional optimization has gar-
nered increasing interest due to its wide range applica-
tions, such as model-agnostic meta-learning (Finn et al.,
2017), risk-averse portfolio optimization (Bruno et al., 2016;
Shapiro et al., 2021), reinforcement learning (Dann et al.,
2014; Zhang et al., 2020b). More recently, its minimax
formulation has emerged in tasks that include deep AUC
maximization (Yuan et al., 2021), multi-objective learning
(Gu et al., 2022), and multi-instance learning (Zhu et al.,
2023). With the rising demand for large-scale distributed
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computation and increasing concerns on data privacy, re-
cent works (Zhang et al., 2023; 2024) have begun to in-
vestigate federated stochastic compositional minimax opti-
mization. However, existing methods typically rely on the
nonconvex–strongly-concave (NC–SC) assumption, which
represents a restrictive special case of the more general
nonconvex–PL (NC–PL) condition.

Motivated by this gap in theoretical generality, we study
federated stochastic compositional minimax optimization
under the broader NC–PL framework. The PL condition
(Polyak, 1963), weaker than strong concavity, has enabled
convergence guarantees in various problems, including lin-
ear quadratic regulators (Fazel et al., 2018), overparam-
eterized neural networks (Liu et al., 2022), robust phase
retrieval (Sun et al., 2018), and deep AUC maximization
(Guo et al., 2020). Moreover, NC–PL has recently been
adopted in federated minimax optimization (Deng & Mah-
davi, 2021; Sharma et al., 2022; Wu et al., 2023). Despite
these advances, theoretical guarantees for federated multi-
level compositional minimax optimization under NC–PL
remain largely unexplored.

Addressing this problem is technically challenging due to
the complex interplay among multi-level compositional
structure, minimax formulation, and federated learning set-
tings. First, the multi-level compositional structure intro-
duces bias at each level when estimating function values and
gradients (Yang et al., 2019; Balasubramanian et al., 2022).
Second, the minimax formulation induces biased stochastic
gradients for both primal and dual variables, complicating
stability and convergence analysis. Third, the distributed
setting introduces additional consensus errors between local
and global models, which interact non-trivially with compo-
sitional and minimax optimization process (Gao & Huang,
2021; Gao et al., 2022; Yang & Li, 2024; Gao, 2024b). Re-
cently, (Zhang et al., 2024) proposed LocalSMCGDAM
to address these challenges; however, its convergence rate
of O(κ4/Nϵ4) remains substantially slower than known
results for standard federated minimax or compositional op-
timization, highlighting a gap between theory and practice.
This naturally leads to the central question of this work:

Can we design an algorithm with provable convergence
guarantees that achieves an improved rate for federated
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stochastic multi-level compositional minimax optimiza-
tion problems?

To answer this question, we propose the Local Stochas-
tic Smoothed Multi-level Compositional Gradient Descent
Ascent algorithm (LS2MC-GDA), which integrates both
smoothing and variance reduction techniques in the feder-
ated learning setting. Smoothing was first introduced for
single-machine minimax optimization (Zhang et al., 2020a),
and recently extended to multi-level compositional minimax
problems (Zhang & Gao, 2025b). However, these develop-
ments remain confined to the single-machine setting. FESS-
GDA (Shen et al., 2024) subsequently introduced smoothing
to federated learning, but applied it only to the global model,
thereby requiring a very small local learning rate. This
design often leads to degraded practical performance and
introduces additional hyperparameter tuning overhead. To
accelerate convergence, we propose applying the smooth-
ing technique to local models and incorporating variance
reduction techniques into our algorithm, leveraging meth-
ods such as STORM (Cutkosky & Orabona, 2019), which
improves convergence via recursive momentum; these tech-
niques have also been explored in multi-level compositional
problems (Jiang et al., 2022; Gao, 2024b; Zhang & Gao,
2025b). However, establishing convergence guarantees of
our algorithm presents unique technical challenges, par-
ticularly in simultaneously controlling gradient estimation
errors and consensus errors across local and global work-
ers under a multi-level compositional minimax structure,
thereby necessitating new theoretical analysis.

Another challenge arises in the translation between different
stationarity measures. As discussed in (Yang et al., 2022b),
smoothing algorithms typically guarantee an (ϵ, ϵ/

√
κ)-

stationary point, which must then be further converted into
an ϵ-stationary point for fair comparison with baselines.
Existing analyses of this translation are limited either to
standard federated minimax problems (Shen et al., 2024) or
to single-machine settings (Zhang & Gao, 2025b). Extend-
ing such results to the federated multi-level compositional
case is highly nontrivial, as it requires carefully controlling
the consensus errors of all variance-reduced variables across
multiple levels and workers. To overcome this challenge,
we develop a new theoretical analysis based on a stage-wise
variant without smoothing updates. Finally, we validate our
approach through extensive experiments.

In summary, our contributions are as follows:

• We propose LS2MC-GDA method under the feder-
ated NC-PL condition, which incorporates smooth-
ing and variance reduction techniques. It achieves an
(ϵ, ϵ/

√
κ)-stationary point with a convergence rate of

O(κ3/2/Nϵ3), demonstrating both level-independent
convergence and linear speedup with respect to the
number of workers N .

• We further develop a stage-wise variant with an
O(1/Nϵ) convergence rate under the federated PL-
PL condition, which enables the translation from an
(ϵ, ϵ/

√
κ)-stationary point of LS2MC-GDA to an ϵ-

stationary point. As a result, LS2MC-GDA achieves a
sample complexity of O(κ3/2/Nϵ3) and a communi-
cation complexity of O(κ/ϵ2), outperforming existing
baselines. Detailed comparisons are provided in Ta-
ble 1.

• Extensive experimental results under the federated NC–
PL framework confirm the effectiveness of our pro-
posed method.

2. Related Work
Multi-Level Compositional Optimization. (Yang et al.,
2019) first introduced multi-level compositional optimiza-
tion, achieving a sample complexity of O(ϵ−(7+K)/2),
where the rate depends exponentially on the number of
levels K. Subsequent works (Balasubramanian et al., 2022;
Zhang & Xiao, 2021; Jiang et al., 2022; 2025) adopted
moving-average and variance reductions to improve the rate
to O(ϵ−4) and O(ϵ−3), achieving level-independent conver-
gence, where the order of the convergence rate does not de-
pend on K. Multi-level compositional optimization has also
been investigated in distributed settings (Yang & Li, 2024;
Gao, 2024a;b). In particular, (Yang & Li, 2024) proposed a
federated learning algorithm for strongly-convex problems,
and (Gao, 2024b) developed an algorithm for nonconvex
problems that can achieve linear speedup with respect to
the number of workers under heterogeneous settings. Re-
cently, multi-level compositional minimax optimization has
attracted increasing attention. In the single-machine set-
ting, (Gao et al., 2021; Liu et al., 2024; Deng et al., 2025)
studied two-level minimax compositional problems corre-
sponding to the case K = 1, while (Zhang & Gao, 2025b)
investigated the more general multi-level minimax compo-
sitional setting. In the federated learning setting, (Zhang
et al., 2024) is among the few existing works. However, it
suffers from a relatively slow convergence rate and relies on
strong assumptions.

Federated Minimax Optimization. Early work by (Rei-
sizadeh et al., 2020) formulated robust federated learning
problems in the PL-PL and NC-PL minimax settings. (Deng
& Mahdavi, 2021) introduced the LocalSGDA method,
which performs local updates and periodic communication
to solve federated minimax optimization problems. Subse-
quently, a series of algorithms have been developed under
the federated NC-SC setting (Tarzanagh et al., 2022; Sun &
Wei, 2022; Zhang et al., 2023; 2024; 2025) and the feder-
ated NC-PL setting (Sharma et al., 2022; Yang et al., 2022a;
Wu et al., 2023; Shen et al., 2024). Notably, (Wu et al.,
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Table 1. Comparison with state-of-the-art federated stochastic minimax algorithms, to achieve an ϵ-stationary point. κ denotes
the condition number. Sample complexity refers to the number of stochastic samples required to finding an ϵ-stationary point.
Communication complexity refers to the number of communication rounds required among workers during training. Under the NC-
SC/NC-PL condition, our LS2MC-GDA consistently outperforms all baselines. Under the PL-PL condition, FESS-GDA achieves a
better communication complexity because its stochastic gradient is an unbiased estimator, while our Stagewise-LSMC-GDA cannot
due to the biased gradient estimator caused by the complex multi-level compositional structure.

Algorithms Compositional
Level Assumption Sample

Complexity
Communication

Complexity

FedSGDA-Ma (Wu et al., 2023) ✗ NC-SC/NC-PL O
(
κ3/Nϵ3

)
O
(
κ2/ϵ2

)
FESS-GDAb (Shen et al., 2024) ✗

NC-SC/NC-PL O
(
κ2/Nϵ4

)
O
(
κ/ϵ2

)
PL-PL O

(
log(1/ϵ)/Nϵ2

)
O (log(1/ϵ))

LocalSCGDAMc (Zhang et al., 2023) K = 1 NC-SC O
(
κ4/Nϵ4

)
O
(
κ3/ϵ3

)
LocalSMCGDAMd (Zhang et al., 2024) K > 1 NC-SC O

(
κ4/Nϵ4

)
O
(
κ3/ϵ3

)
LS2MC-GDA (Corollary 3.7) K > 1 NC-PL O

(
κ3/2/Nϵ3

)
O
(
κ/ϵ2

)
Stagewise-LSMC-GDA (Remark 3.9) K > 1 PL-PL O (1/Nϵ) O

(
1/ϵ1/2

)
a Using the STORM momentum-based variance-reduction.
b Using the standard gradient.
c,d Using the moving-average momentum.

2023) incorporated a STORM gradient estimator (Cutkosky
& Orabona, 2019) to reduce variance, achieving an im-
proved sample complexity of O(ϵ−3). Meanwhile, (Shen
et al., 2024) applied smoothing (Yang et al., 2022b) to feder-
ated minimax optimization, enhancing the condition number
dependence to O(κ2) under the NC-PL assumption, and fur-
ther established convergence guarantees under the PL–PL
condition. (Zhang et al., 2023; 2024) extended the standard
federated minimax framework to multi-level compositional
optimization, addressing the additional challenges intro-
duced by nested objective structures. More recently, (Zhang
& Gao, 2025a) explored the impact of heavy-tailed noise in
federated stochastic minimax optimization.

3. Federated Stochastic Multi-level
Compositional Minimax Optimization

3.1. Problem Setup

In this section, we define the federated stochastic multi-level
compositional minimax optimization problem:

min
x∈Rp

max
y∈Rq

1

N

N∑
n=1

f (n)
( 1

N

N∑
n′=1

G(n′)(x), y
)
. (1)

Here, G(n′)(x) ≜ g(n
′,K)(· · · (g(n′,1)(x)) · · · ) denotes a

K-level compositional function, where each g(n
′,k)(·) =

E[g(n′)(· ; ξ(n′,k))] is the expectation of the k-th inner-level
function on the n′-th worker, with respect to the random
variable ξ(n

′,k). Similarly, f (n)(·, ·) = E[f (n)(·, ·; ζ(n))]
represents the expected outer-level function on the n-th

worker, where ζ(n) is a random variable. Throughout this
paper, we assume that f (n)(·, ·) defines a nonconvex-PL
(NC-PL) minimax problem.

We introduce the assumptions adopted throughout this paper,
which are commonly used in prior work (Yang et al., 2022b;
Shen et al., 2024; Zhang et al., 2024; Zhang & Gao, 2025b).

Assumption 3.1. [Lipschitz Smooth] For any worker
n ∈ {1, . . . , N} and any inner-level k ∈ {1, . . . ,K},
g(n,k)(·; ξ) is Cg-Lipschitz continuous and Lg-smooth,
where Cg > 0 and Lg > 0; f (n)(·, ·; ζ) is Cf -Lipschitz
continuous and Lf -smooth, where Cf > 0 and Lf > 0.

Assumption 3.2. [Bounded Variance] For any worker
n ∈ {1, . . . , N} and any inner-level k ∈ {1, . . . ,K},
the stochastic gradients∇g(n,k)(·; ξ(k)) and∇xf (n)(·, ·; ζ),
∇yf (n)(·, ·; ζ) have upper bounded variance σ2, where
σ > 0.

Assumption 3.3. [PL condition] For any fixed x ∈
Rp, maxy∈Rq f(x, y), has a nonempty solution set and
a finite optimal value. There exists µ > 0 such
that ∥∇yf(x, y)∥2 ≥ 2µ(f(x, y∗(x)) − f(x, y)), where
y∗(x) = argmaxy∈Rq f(x, y).

Under Assumption 3.1 and 3.3, and based on the Lip-
schitz properties established in Lemma C.1, we define
ℓ = max{Lf , C2K

g Lf + Cf
∑K−1
k=0 LfC

K−1+k
g } and set

the condition number as κ = ℓ/µ.

Definition 3.4. [Stationarity Measures] (x, y) is an
(ϵ1, ϵ2)-stationary point of a differentiable function f(x, y),
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if ∥∇xf(x, y)∥ ≤ ϵ1 and ∥∇yf(x, y)∥ ≤ ϵ2. x
is an ϵ-stationary point of a differentiable function if
∥∇L(x)∥ ≤ ϵ, where L(x) = f(x, y∗(x)) and y∗(x) =
argmaxy∈Rq f(x, y).

We further follow (Yang et al., 2020; Chen et al., 2022) and
introduce the two-sided PL condition:

Assumption 3.5. [Two-sided PL condition] A differen-
tiable function f(x, y) satisfies two-sided PL condition, i.e.,
there exists µ > 0 such that f(·, y) is µ-PL for any y ∈ Rq ,
and −f(x, ·) is µ-PL for any x ∈ Rp.

3.2. Revisiting Current Methods: Limitations and
Motivations

As the first effort toward solving the federated stochas-
tic multi-level compositional minimax problem in Eq. (1),
(Zhang et al., 2024) proposed the LocalSMCGDAM algo-
rithm. Following their terminology, the inner-level function
on n-th worker can be denoted as:

G(n,k)(x) = g(n,k)
(
G(n,k−1)(x)

)
, (2)

∇G(n,k)(x) = ∇G(n,k−1)(x)∇g(n,k)(G(n,k−1)(x)),

where k ∈ {1, . . . ,K}.

Then, by denoting G(x) = 1
N

∑N
n′=1G

(n′,K)(x) and
∇G(x) = 1

N

∑N
n′=1∇G(n′,K)(x), the compositional gra-

dients can be represented as:

∇xfg = ∇G(x)×
1

N

N∑
n=1

∇Gf (n)(G(x), y) ,

∇yfg =
1

N

N∑
n=1

∇yf (n)(G(x), y) . (3)

A critical issue in Eq. (1) lies in the inherent bias in both
the global K-level function and its corresponding gradient,
which results in biased estimators for ∇xfg and ∇yfg. To
mitigate this issue, LocalSMCGDAM employs a STORM-
like technique applied to the k-th inner level function on the
n-th worker as:

h
(n,k)
t+1 = (1− αη2)(h(n,k)t − g(n,k)(h(n,k−1)

t ; ξ
(n,k)
t+1 ))

+ g(n,k)(h
(n,k−1)
t+1 ; ξ

(n,k)
t+1 ) , (4)

which effectively reduce the variance in the estimates.

However, a non-negligible limitation remains: the algo-
rithm achieves only an O(1/ϵ4) convergence rate, which
is weaker than the O(1/ϵ3) rate established in the single-
machine setting (Liu et al., 2024; Deng et al., 2025; Zhang
& Gao, 2025b), as well as for distributed multi-level compo-
sitional algorithms (Gao, 2024a;b). Moreover, in terms of
dependence on the condition number κ, LocalSMCGDAM

exhibits a rate of O(κ4), which is worse than the O(κ2) de-
pendence reported by the algorithm in (Shen et al., 2024) in
the context of federated minimax optimization. Therefore,
current algorithms for Eq. (1) remain far from satisfactory in
terms of convergence rate, both in their dependence on ϵ and
κ. Furthermore, the analysis of LocalSMCGDAM is based
on NC-SC assumption, and it remains an open question
how the convergence rate behaves under the weaker NC-PL
assumption. These limitations motivates the development
of new algorithms with improved convergence guarantees.

3.3. LS2MC-GDA

To propose a more efficient algorithm, we first investigate
which component of the existing method in (Zhang et al.,
2024) primarily contributes to its suboptimal convergence
rate. Specifically, we attribute the slow convergence with re-
spect to ϵ to the term O(η/N), which emerges when bound-
ing the error between the moving-average momentum and
the stochastic compositional gradients. This suggests that
introducing STORM-like updates to the stochastic composi-
tional gradients on x and y may improve the convergence
rate. On the other hand, the worse dependence on κ stems
from the hyperparameter relation γx = γy ·O(1/κ2) with
γy = O(1/κ). Building on the insights from (Yang et al.,
2022b; Shen et al., 2024), a natural approach is to incorpo-
rate the smoothing technique into Eq. (1) by introducing an
auxiliary variable z ∈ Rp:

F (G(x), y; z) =
1

N

N∑
n=1

f (n)(G(x), y) +
ω

2
∥x− z∥2, (5)

where ω > 0 is a hyperparameter controlling the smoothing
term ∥x− z∥2, and F (G(x), y; z) is strongly convex with
respect to x for an appropriate ω, e.g., ω = 2ℓ. Based on
the smoothed loss in Eq. (5), we now present our novel
algorithm, Local Stochastic Smoothed Multi-level Compo-
sitional Gradient Descent Ascent method (LS2MC-GDA),
as detailed in Algorithm 1 (the complete version is provided
in Appendix C).

For simplicity, we denote the stochastic estimated composi-
tional gradients of the smoothed loss with respect to x and
y on n-th worker as:

∇xF (n)
h,t;t := ∇g

(n,1)(x
(n)
t ; ξ

(n,1)
t )∇g(n,2)(h(n,1)t ; ξ

(n,2)
t )

· · · ∇g(n,K)(h
(n,K−1)
t ; ξ

(n,K)
t )∇1f

(n)(h
(n,K)
t , y

(n)
t ; ζ

(n)
t )

+ ω(x
(n)
t − z(n)t ) ,

∇yF (n)
h,t;t := ∇2f

(n)(h
(n,K)
t , y

(n)
t ; ζ

(n)
t ) , (6)

where h(n,k)t is obtained from Eq. (4), and the gradients
with respect to the primal variable x are derived via the
chain rule. Here, the first subscript t refers to the gradient
computation at the t-th iteration, while the second t indexes
the stochastic samples drawn at the t-th iteration.
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Algorithm 1 LS2MC-GDA

Require: x0, y0, z0, η > 0, βx > 0, βy > 0, γx > 0,
γy > 0, γz > 0, βxη2 < 1, βyη2 < 1, γzη < 1.

1: Initialize p(n)0 , q(n)0 , and h(n,k)0 for k ∈ {1, · · · ,K} in
Eq. (10).

2: for t = {0, . . . , T − 1}, each device n do
3: Update (x(n)t+1, y(n)t+1, z(n)t+1) in Eq. (8),
4: for k = {0, . . . ,K} do
5: Update k-th inner-level variable h(n,k)t+1 in Eq. (4)
6: end for
7: Update stochastic smoothed compositional gradients

p
(n)
t+1 and q(n)t+1 in Eq. (7)

8: if (t+ 1) mod τ = 0 then
9: PERIODCOMM

(
s
(n)
t+1

)
in Eq. (9), where s

(n)
t+1 ≜

(x, y, z, h(k), p, q)
(n)
t+1.

10: end if
11: end for

To reduce variance, we perform STORM-like updates on
the stochastic estimated compositional gradients of the
smoothed loss on x and y on n-th worker:

p
(n)
t+1 = (1− βxη

2)(p
(n)
t −∇xF

(n)
h,t;t+1) +∇xF

(n)
h,t+1;t+1 ,

q
(n)
t+1 = (1− βyη

2)(q
(n)
t −∇yF

(n)
h,t;t+1) +∇yF

(n)
h,t+1;t+1 . (7)

We then perform local updates on the variables x(n)t+1, y(n)t+1

and z(n)t+1 simultaneously:

x
(n)
t+1 = x

(n)
t − γxηp(n)t ,

y
(n)
t+1 = y

(n)
t + γyηq

(n)
t , (8)

z
(n)
t+1 = z

(n)
t + γzη(x

(n)
t+1 − z

(n)
t ) .

For periodic communication, we denote the synchroniza-
tion operation by PERIODCOMM

(
s
(n)
t+1

)
, where s

(n)
t+1 ≜

(x, y, z, h(k), p, q)
(n)
t+1. Specifically, each local variable is

replaced by the average across all workers once every τ
iterations:

x
(n)
t+1 ←

1

N

N∑
n′=1

x
(n′)
t+1 , y

(n)
t+1 ←

1

N

N∑
n′=1

y
(n′)
t+1 ,

z
(n)
t+1 ←

1

N

N∑
n′=1

z
(n′)
t+1 , h

(n,k)
t+1 ←

1

N

N∑
n′=1

h
(n′,k)
t+1 , (9)

p
(n)
t+1 ←

1

N

N∑
n′=1

p
(n′)
t+1 , q

(n)
t+1 ←

1

N

N∑
n′=1

q
(n′)
t+1 .

The initialization of our algorithm is given by

p
(n)
0 = ∇g(n,1)(x(n)0 ; ξ

(n,1)
0 ) · · · ∇g(n,K)(h

(n,K−1)
0 ; ξ

(n,K)
0 )

∇1f
(n)(h

(n,K)
0 , y

(n)
0 ; ζ

(n)
0 ) + ω(x

(n)
0 − z(n)0 ) ,

q
(n)
0 = ∇2f

(n)(h
(n,K)
0 , y

(n)
0 ; ζ

(n)
0 ) , (10)

h
(n,k)
0 = g(n,k)(h

(n,k−1)
0 ; ξ

(n,k)
0 ), k ∈ {1, · · · ,K} .

Next, we establish the convergence rate of our Algorithm 1.
Here, we denotes ā = 1

N

∑N
n=1 a

(n) as the average of any
variable a over all workers.

Theorem 3.6. Given Assumptions 3.1-3.3, when βx > 0,
βy > 0, α > 0, by setting O(β) := O(βx) = O(βy) =
O(α), ω = O(ℓ),

γy = γx
(ω − ℓ)2

64ℓ2︸ ︷︷ ︸
ψγy=O(1)

, γz = γx
(ω − ℓ)3µ

1024× 96ωℓ2︸ ︷︷ ︸
ψγz=O(1/κ)

,

and the conditions in Eq. (44) hold, Algorithm 1 has the
following convergence upper bound:

1

T

T−1∑
t=0

(
E[∥∇xf(G(x̄t), ȳt)∥2] + κE[∥∇yf(G(x̄t), ȳt)∥2]

)
≤ O

( κΨ0

γxηT

)
+O

( κK

βη2NS0T

)
+O

(κβη2K
N

)
(11)

+O
(κKτ2η4βγ2x

N

)
+O

(
κτ4η6β2γ2x

)
+O

(
κτ2η4β2

)
.

where Ψ0 = F (G(x̄0), ȳ0; z̄0) − 2ψd(ȳ0; z̄0) + 2ψ(z̄0),
whose definitions can be found in Eq. (15).

Corollary 3.7. Given Assumptions 3.1-3.3, by setting γx =
O(1), γy = O(1), γz = O

(
1
κ

)
, η = O

(
Nϵ
κ1/2

)
, τ =

O
(
κ1/2

Nϵ

)
, β = O

(
1
N

)
, S0 = O

(
κ1/2

ϵ

)
, T = O

(
κ3/2

Nϵ3

)
,

Algorithm 1 can achieve an (ϵ, ϵ/
√
κ)-stationary point.

Here, S0 is the batch size in the initial iteration (t = 0).
Notably, our algorithm maintains a constant mini-batch size
throughout training, i.e., S = O(1) when t > 0. The con-

vergence rate of O
(
κ3/2

Nϵ3

)
indicates both level-independent

convergence, where K appears only in the constants and
does not affect the order of the rate, and linear speedup with
respect to the number of workers N . The communication
complexity of our algorithm is T/τ = O( κϵ2 ).

Technical Challenges. We highlight several key differ-
ences in our convergence analysis compared to the baseline
method proposed in (Zhang et al., 2024), which contribute
to an improved convergence rate:

1. First, while the baseline analysis bounds the
error between the moving-average momen-
tum and the true compositional gradients
E[∥p̄t+1 − 1

N

∑N
n=1∇xf

(n)
g,t+1∥2], our analy-

sis instead focuses on the error between the
variance-reduced momentum and the estimated
compositional gradients of the smoothed loss

5
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E[∥p̄t+1 − 1
N

∑N
n=1∇xF

(n)
h,t+1∥2], as shown in

Lemma C.7. In addition, bounding this term is more
challenging than in the single-machine setting (Zhang
& Gao, 2025b), as it is affected by the consensus error,
especially that related to z.

2. Second, in addition to bounding the local es-
timation error

∑K
k=1 νkE[∥g

(n,k)
h,t+1 − h

(n,k)
t+1 ∥2],

we further include the global estimation error∑K
k=1 θkE[∥

1
N

∑N
n=1 g

(n,k)
h,t+1 −

1
N

∑N
n=1 h

(n,k)
t+1 ∥2] as

a new recursive component of the potential function,
as shown in Lemma C.9 and Eq. (30).

3. Third, in the baseline method, the consensus error
1
N

∑N
n=1 E[∥p

(n)
t+1 − p̄t+1∥2] can be directly bounded

due to the use of moving-average momentum. In
contrast, our use of variance-reduced momentum in-
troduces additional dependencies on the variables y,
h(n,k), and the auxiliary variable z, making the consen-
sus analysis more intricate, as shown in Lemma C.11.
To address this challenge, we derive a unified upper
bound on the overall consensus error in Lemma C.14.

4. Fourth, unlike the baseline, our convergence analysis is
conducted under the smoothed loss, which introduces
additional challenges. While (Shen et al., 2024) incor-
porate smoothing in a federated setting, their method
applies it only at the global level, with basic SGD up-
dates in a standard minimax framework, making it inad-
equate for our setting. In contrast, our algorithm com-
bines a multi-level structure, variance-reduced momen-
tum, and locally applied smoothing with periodic com-
munication, resulting in a more technically challenging
analysis. We address these difficulties by carefully an-
alyzing both the optimization error E[Ψt+1]− E[Ψt],
and the consensus error 1

N

∑N
n=1 E[∥z

(n)
t − z̄t∥2], as

shown in Lemma C.5 and Eq. (28).
5. Last, the baseline analysis assumes a NC-SC setting,

whereas our analysis relies on the NC-PL assumption,
which relaxes the strong concavity and covers a broader
class of problems.

These differences underscore the novelty of our conver-
gence analysis in solving Eq. (1), offering a more refined
understanding of its complexity behavior. Notably, such
analysis is unique to the federated learning setting, partic-
ularly in handling consensus errors, and does not arise in
single-machine scenarios (Zhang & Gao, 2025b). Impor-
tantly, our theoretical results are of independent interest and
can potentially be extended to other optimization settings,
including traditional minimax problems (Shen et al., 2024)
and constrained minimization problems (Huang et al., 2025).
Therefore, our work contributes to the theoretical under-
standing of smoothing techniques in federated learning and
may have broader implications for federated optimization.

Proof Sketch. We provide a high-level proof sketch out-
lining the convergence analysis of Algorithm 1. To begin,
we divide the proof into two preparatory sections: smoothed
properties and federated properties.

Smoothed properties (Section C.1) includes three fundamen-
tal descent rules:

• Descent of the optimal value ψ(z), in Lemma C.2;
• Descent of the objective function F (G(x̄t), ȳt; z̄t), in

Lemma C.3;
• Descent of the dual function ψd(ȳt; z̄t), in Lemma C.4.

Based on these results, we define a composite smoothed
function:

Ψt := F (G(x̄t), ȳt; z̄t)− 2ψd(ȳt; z̄t) + 2ψ(z̄t) ,

and derive an upper bound of on Ψt+1 −Ψt in Lemma C.5.

Federated properties (Section C.2) includes two critical com-
ponents:

• Gradient Estimation Errors, in Lemma C.7-C.10.
• Consensus Errors, in Lemma C.11-C.14.

Combining these properties, we construct a potential func-
tion in Eq. (30). Our goal is to select coefficients that elim-
inate each error term. The detailed derivation and coeffi-
cient selection process are provided in Section C.3, with
a step-by-step illustration. The complete proof is given in
Appendix C.

3.4. Stagewise Variant

Following (Yang et al., 2022b; Shen et al., 2024; Zhang
& Gao, 2025b), we note that after obtaining an (ϵ, ϵ/

√
κ)-

stationary point (x̂, ŷ), an ϵ-stationary point of L(x) can be
obtained by approximately solving:

min
x∈Rp

max
y∈Rq

1

N

N∑
n=1

f (n)(G(x), y) +
ω

2
∥x− x̂∥2 , (12)

where x̂ is fixed. Note that this formulation is strongly
convex in x when ω > ℓ, and therefore it satisfies the two-
sided PL condition in Assumption 3.5.

We then propose Algorithm 2 (the complete version is pro-
vided in Appendix D), a stage-wise extension designed to
analyze the convergence rate of Eq. (12). At each stage, we
apply LS2MC-GDA to the objective function in Eq. (12)
for Tr iterations, while omitting the update of x̂ (i.e., z
in LS2MC-GDA). Upon completing Tr iterations, each
local worker randomly selects a local state s̃

(n),−z
r+1 from

s
(n),−z
r,t ≜ {(x, y, h(k), p, q)(n)r,t }

Tr−1
t=0 , excluding the auxil-

iary variable z, to serve as the initialization of the subsequent
stage.

Next, we establish the convergence rate of our Algorithm 2.
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Figure 1. The test AUC score versus the number of epochs when communication period is 4.
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Figure 2. The test AUC score versus the number of epochs when communication period is 8.

Algorithm 2 Stagewise-LSMC-GDA

Require: βx > 0, βy > 0, α > 0, ηx,r > 0, ηy,r > 0.
1: for Stage r = 0, · · · , R− 1, each device n do
2: Initiate s

(n),−z
r,0 = s̃

(n),−z
r,0 .

3: for t = 0, · · · , Tr − 1, do
4: Perform one iteration LS2MC-GDA update on

the objective function Eq. (12).
5: Randomly select s̃(n),−z

r+1 from {s(n),−z
r,t }Tr−1

t=0 .
6: end for
7: end for

Theorem 3.8. Given Assumption 3.1-3.5, by setting c0 =
32ℓ2

µ2 , βx = 51200
c0L

2
v

N , βy = 1280
L2

v

N , α = 1280
c0L

2
v

N ,

ηy,0 = N
40τLv

, R0 = max{300τ2, 25V0,0

NLvσ2 }, where V0,0 is
defined in Eq. (48) and Lv in Eq. (63). For any stage r ≥ 1,
ηx,r = O( µ2N√

2r−1Lv
), ηy,r = O( N√

2r−1Lv
), τ = O(

√
2r−1

NLv
),

Tr = O( c0µN × 2r−1). Consequently, Algorithm 2 requires

a total of O
(

1
µ6Nϵ

)
iterations to find the optimal solution

of the two-sided PL minimax problem in Eq. (12).

Remark 3.9. Algorithm 2 achieves a convergence rate of
O(1/Nϵ) and a communication complexity of O(1/ϵ1/2)
for Eq. (12). Under the PL-PL condition, (Shen et al., 2024)
establishes an O(log(1/ϵ)/Nϵ2) convergence rate and an
O(log(1/ϵ)) communication complexity for federated stan-
dard minimax optimization. Our method exhibits a little

worse communication complexity than (Shen et al., 2024)
due to the biased gradient estimator caused by the more
complex multi-level compositional structure. Nevertheless,
it is the first work to provide convergence guarantees for
federated multi-level compositional minimax optimization
under the PL-PL condition.

The proof sketch, unique challenges, and the complete proof
of Algorithm 2 are provided in Appendix D.

After establishing the convergence rate of Algorithm 2, we
enable to bridge the gap between two stationarity measures
and compared our Algorithm 1 with existing baselines:

Corollary 3.10. The convergence rate of Algorithm 2 is
significantly faster than that of Algorithm 1. Therefore,
the overall iteration complexity for achieving an O(ϵ)-
stationary point of L(x) in Eq. (1) is dominated by Algo-

rithm 1, resulting in a total complexity of O
(
κ3/2

Nϵ3

)
. Simi-

larly, the dominated communication complexity for achiev-
ing an O(ϵ)-stationary point is O

(
κ/ϵ2

)
.

Since PL condition is weaker than strong concavity, the
convergence results of Algorithm 1 under the NC-PL setting
also hold for NC-SC problems. This allows direct compari-
son with existing methods designed for both the NC-PL and
NC-SC setting.
Remark 3.11. The iteration complexity of Algorithm 1 is
O(1/Nϵ3), which improves upon theO(1/Nϵ4) complexity
(Zhang et al., 2024) for Eq. (1). It matches the correspond-
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Figure 3. The test AUC score versus the number of epochs when communication period is 16.
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Figure 4. Test AUC scores with different hyperparameters on CIFAR10.

ing single-machine results (N = 1) (Liu et al., 2024; Deng
et al., 2025; Zhang & Gao, 2025b), and aligns with the com-
plexity established for distributed multi-level compositional
minimization problems (Gao, 2024a;b).

Remark 3.12. The convergence rate of Algorithm 1 exhibits
a dependence on the condition number of O(κ3/2), improv-
ing upon the O(κ4) dependence in (Zhang et al., 2024)
for Eq. (1). It also outperforms the O(κ3) in (Wu et al.,
2023) and O(κ2) in (Shen et al., 2024) under the standard
federated minimax setting.

Remark 3.13. The communication complexity of Algo-
rithm 1 is O(κ/ϵ2), which improves upon the O(κ3/ϵ3)
in (Zhang et al., 2024) for Eq. (1), and matches that of
(Shen et al., 2024) under the standard federated minimax
setting.

4. Experiments
We conduct experiments on federated deep AUC maximiza-
tion. Prior work (Zhang et al., 2024; Zhang & Gao, 2025c)
has shown that deep AUC maximization is an NC-SC prob-
lem, and therefore also satisfies the NC-PL condition. All
experiments are conducted on four NVIDIA V100 GPUs,
each equipped with two compute nodes, resulting in a total
of N = 8 devices.

We adopt ResNet20 (He et al., 2016) for binary image
classification, and evaluate our method on four bench-
mark datasets: CATvsDOG1, CIFAR10, CIFAR100, and

1https://www.kaggle.com/c/dogs-vs-cats

STL10 (Krizhevsky et al., 2009; Coates et al., 2011). For the
latter three datasets, the first half of the classes are grouped
as positive and the remainder as negative. To create imbal-
ance, a fraction of positive samples is randomly removed
from the training set, while the test set remains balanced.
The imbalance ratio, defined as the proportion of positive
samples relative to the total dataset size, is fixed at 0.02
for CatvsDog and CIFAR10, and at 0.04 for CIFAR100,
and STL10. The mini-batch size is set to 16 for CatvsDog,
CIFAR10, and CIFAR100, and to 8 for STL10.

We compare our algorithm, LS2MC-GDA, with four state-
of-the-art federated minimax baselines: FedSGDA-M (Wu
et al., 2023), FESS-GDA (Shen et al., 2024), LocalSCG-
DAM (Zhang et al., 2023), and LocalSMCGDAM (Zhang
et al., 2024). A detailed comparison of these baselines is
reported in Table 1. The learning rate γη is selected from
the set {0.02, 0.05, 0.1, 0.3, 0.5}, with the best-performing
value used in the experiments, and is decayed by a fac-
tor of 10 at the 50-th and 75-th epochs for all methods to
avoid overfitting. For multi-level compositional methods,
the learning rate for each inner-level is further reduced by
a factor of 100. For the momentum hyperparameter β, we
fix the product βη2 = 0.9 and apply this setting for all mo-
mentum based baselines. Moreover, we set the smoothing
hyperparameter ω = 0.1 for all smoothed based baselines,
and fix the inner-level depth K = 5 for multi-level compo-
sitional methods.

We illustrate the effectiveness of our proposed method by
plotting the test AUC results for communication periods of
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4, 8, and 16, as shown in Figure 1, Figure 2, and Figure 3,
respectively. Specifically, the large stochastic fluctuations
observed at the early stage of training are typical in stochas-
tic minimax optimization. After the learning rate decay at
epoch 50, the training process becomes more stable, result-
ing in the smoother behavior observed thereafter.

For the experimental results, our algorithm consistently
achieves superior performance compared to the baseline
methods across all settings, attaining the highest testing
AUC scores on different datasets and communication pe-
riods. In particular, compared to LocalSMCGDAM, our
method outperforms this baseline by a large margin in terms
of testing AUC, demonstrating the effectiveness of smooth-
ing techniques and variance reduction for stochastic compo-
sitional gradients in federated stochastic multi-level compo-
sitional minimax optimization. These results further high-
light the efficiency of our approach in highly imbalanced
federated learning scenarios.

In addition, we conduct a comprehensive hyperparameter
study on the CIFAR10 dataset under a communication pe-
riod of 8, as shown in Figure 4. First, we study the impact
of different imbalance ratios (Imratio) by evaluating the test
AUC at Imratio values of 0.01 and 0.04. The results show
that our method consistently achieves the highest testing
AUC across varying imbalance levels, demonstrating its
robustness to skewed data distributions. Even under the
extreme imbalance ratio of 0.01, our method still achieves
the best performance. Next, we tune the smoothing term
ω over {0.001, 0.01, 0.05, 0.1, 0.2, 0.5}. The results show
that our method maintains stable performance across differ-
ent choices of ω, indicating low sensitivity to the smoothing
parameter. Finally, we examine the influence of the num-
ber of inner compositional levels K by varying it from 1
to 5. The results show that increasing K generally leads
to improved performance, suggesting that our algorithm
is capable of effectively leveraging deeper compositional
structures.
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Figure 5. Test AUC scores evalu-
ated using the ergodic iterate on
CATvsDOG.

To further support our the-
oretical findings, we addi-
tionally report the results
evaluated using the er-
godic iterate on the Catvs-
Dog dataset with com-
munication period 8 and
imbalance ratio 0.02, as
shown in Figure 5. The
results show that our pro-
posed method still con-
sistently outperforms the
baseline methods. More experiments on federated risk-
averse portfolio optimization are provided in the Ap-
pendix A.

5. Conclusion
In this work, we propose LS2MC-GDA, a novel algorithm
that integrates smoothing techniques and variance-reduced
gradients to efficiently address the challenges of federated
multi-level compositional minimax optimization problems.
By further developing a stage-wise variant to bridge the the-
oretical analysis gap, our algorithm achieves an improved
sample complexity of O(κ3/2/Nϵ3) and a communication
complexity of O(κ/ϵ2), compared with existing baselines.
To the best of our knowledge, this is the first work to estab-
lish such favorable rate in the federated multi-level compo-
sitional minimax optimization problem. Extensive experi-
ments validate the practical effectiveness of our approach.
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A. Federated Risk-Averse Portfolio Optimization
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Figure 6. Loss over iterations when the communication period is 4.
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Figure 7. Loss over iterations when the communication period is 12.

In the additional experiments, we investigate the risk-averse portfolio optimization problem, a widely studied application of
multi-level compositional optimization algorithms (Zhang & Xiao, 2021; Jiang et al., 2022), which has more recently been
extended to federated learning (Gao, 2024b) and minimax formulations (Liu et al., 2024). Suppose there are D assets traded
over T time steps among N workers. Let rt ∈ RD denote the payoff vector of these assets at time t ∈ {1, · · · , T}. We
reformulate this task as a multi-level compositional minimax optimization problem in the federated setting:

min
x

max
θ

1

N

N∑
n=1

1

D

D∑
d=1

θ
(n)
d

(
− 1

T

T∑
t=1

⟨r(n)t , x(n)⟩+

√√√√ 1

T

T∑
t=1

(⟨r(n)t , x(n)⟩ − ⟨r̄(n), x(n)⟩ − ∥θ(n)d − 1

D
∥2
)
, (13)

where r̄(n) =
∑T
t=1 r

(n)
t , variable x denotes the investment quantity across d assets, variable θ satisfies {θ = [θd] ∈

RD|
∑D
d=1 θd = 1, θd ≥ 0,∀d}. This problem is a three-level stochastic compositional minimax optimization problem that

satisfies the NC-PL condition, where each level regarding primal variable x can be represented as:

f (1)(x) =

(
1

T

T∑
t=1

⟨rt, x⟩, x

)
,

f (2)(y, x) =

(
y,

1

T

T∑
t=1

(⟨rt, x⟩ − y)2
)
, (14)

f (3)(z1, z2) = −z1 +
√
z2 .

For evaluation, we compare our approach against LocalSMCGDAM (Zhang et al., 2024) on three datasets: INV, ME, and
OP, from Keneth R. French Data Library2. Each dataset consists of 13,781 time steps and 100 assets. The learning rate

2https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/
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is set to η = 1e − 6. We conduct experiments with communication periods of 4 and 12, and report the loss values over
iterations in Figures 6 and 7. The results show that our method achieves lower loss values compared to LocalSMCGDAM,
demonstrating the effectiveness of the smoothing and variance-reduction techniques.

B. Notations
To initiate the proof, and following (Zhang et al., 2020a; Yang et al., 2022b; Zhang & Gao, 2025b), we introduce the
following auxiliary functions, which will be instrumental in the convergence analysis:

dual function: ψd(y; z) = min
x∈Rp

F (G(x), y; z) ; x∗(y, z) = arg min
x∈Rp

F (G(x), y; z) ;

primal function: ψp(x; z) = max
y∈Rq

F (G(x), y; z) ; x∗(z) = arg min
x∈Rp

ψp(x; z) ;

optimal value: ψ(z) = min
x∈Rp

max
y∈Rq

F (G(x), y; z) ; y∗(z) = argmax
y∈Rq

ψd(y; z) . (15)

Additionally, we introduce the following terminology to simplify the complex expressions. For each n-th worker, the true
gradients of the original loss function are defined as:

∇xf (n)g,t := ∇g(n,1)(x(n)t )∇g(n,2)(G(n,1)(x
(n)
t )) · · · ∇g(n,K)(G(n,K−1)(x

(n)
t ))∇1f

(n)(G(n,K)(x
(n)
t ), y

(n)
t ) ,

∇yf (n)g,t := ∇2f
(n)(G(n,K)(x

(n)
t ), y

(n)
t ) , (16)

The corresponding stochastic true gradients of the original loss function on each n-th worker at the t-th iteration are
expressed as:

∇xf (n)g,t;t := ∇g(n,1)(x
(n)
t ; ξ

(n,1)
t ) · · · ∇g(n,K)(G(n,K−1)(x

(n)
t ); ξ

(n,K)
t )∇1f

(n)(G(n,K)(x
(n)
t ), y

(n)
t ; ζ

(n)
t ) ,

∇yf (n)g,t;t := ∇2f
(n)(G(n,K)(x

(n)
t ), y

(n)
t ; ζ

(n)
t ) . (17)

Similarly, for the original loss function with estimator h(k), the estimated gradients are defined as:

∇xf (n)h,t := ∇g(n,1)(x(n)t )∇g(n,2)(h(n,1)t ) · · · ∇g(n,K−1)(h
(n,K−2)
t )∇g(n,K)(h

(n,K−1)
t )∇1f

(n)(h
(n,K)
t , y

(n)
t ) ,

∇yf (n)h,t := ∇2f
(n)(h

(n,K)
t , y

(n)
t ) , (18)

and the corresponding stochastic estimated gradients with estimator h(k) at iteration t are denoted by∇xf (n)h,t;t and ∇yf (n)h,t;t.

For the smoothed loss function, we use the uppercase notation F in the same manner.

At each k-th inner level and each n-th worker, we denote g(n,k)h,t := g(n,k)(h
(n,k−1)
t ).

C. LS2MC-GDA

C.1. Smoothed Properties

Lemma C.1. (Zhang & Gao, 2025b) Under Assumptions 3.1–3.3, the following basic Lipschitz continuity properties hold:

(1). ∥G(k)(x1)−G(k)(x2)∥ ≤ Ckg ∥x1 − x2∥, for k ∈ {1, . . . ,K} and CG = CKg ;

(2). ∥∇G(x1)−∇G(x2)∥ ≤ LG∥x1 − x2∥, where LG =

K−1∑
k=0

LgC
K−1+k
g ;

(3). ∥∇xf(G(x1), y1)−∇xf(G(x2), y2)∥ ≤ LF ∥(x1, y1)− (x2, y2)∥, where LF = C2
GLf + CfLG;

(4). ∥∇L(x1)−∇L(x2)∥ ≤ LL∥x1 − x2∥, where L(x) = max
y∈Rq

f(G(x), y) and LL =
2C2

GL
2
f

µ
+ CfLG;

By setting ℓ = max{LF , Lf}, and ω > ℓ, the following properties hold:

(5). ∥x∗(y1, z)− x∗(y2, z)∥ ≤ Cx1
yz
∥y1 − y2∥, where Cx1

yz
=
ω + ℓ

ω − ℓ
;
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Algorithm 1 Local Stochastic Smoothed Multi-Level Compositional Gradient Descent Ascent (LS2MC-GDA)

Require: x0, y0, z0, η > 0, βx > 0, βy > 0, γx > 0, γy > 0, γz > 0, βxη2 < 1, βyη2 < 1, γzη < 1.

1: Initialize p(n)0 = ∇g(n,1)(x(n)0 ; ξ
(n,1)
0 ) · · · ∇g(n,K)(h

(n,K−1)
0 ; ξ

(n,K)
0 )∇1f

(n)(h
(n,K)
0 , y

(n)
0 ; ζ

(n)
0 ) + ω(x

(n)
0 − z(n)0 ) ,

q
(n)
0 = ∇2f

(n)(h
(n,K)
0 , y

(n)
0 ; ζ

(n)
0 ) , h(n,k)0 = g(n,k)(h

(n,k−1)
0 ; ξ

(n,k)
0 ), for k ∈ {1, · · · ,K}.

2: for t = 0, · · · , T − 1, each device n do
3: Update x: x(n)t+1 = x

(n)
t − γxηp(n)t ,

4: Update y: y(n)t+1 = y
(n)
t + γyηq

(n)
t ,

5: Update z: z(n)t+1 = z
(n)
t + γzη(x

(n)
t+1 − z

(n)
t ) ,

6: h
(n,0)
t+1 = x

(n)
t+1 ,

7: for k = 1, · · · ,K do
8: Compute k-th inner-level function:

h
(n,k)
t+1 = (1− αη2)(h(n,k)t − g(n,k)(h(n,k−1)

t ; ξ
(n,k)
t+1 )) + g(n,k)(h

(n,k−1)
t+1 ; ξ

(n,k)
t+1 )

9: end for
10: Update stochastic smoothed compositional gradients p(n)t+1 and q(n)t+1:

∇xF (n)
h,t+1;t+1 = ∇g(n,1)(x(n)t+1; ξ

(n,1)
t+1 ) · · · ∇g(n,K−1)(h

(n,K−2)
t+1 ; ξ

(n,K−1)
t+1 )∇g(n,K)(h

(n,K−1)
t+1 ; ξ

(n,K)
t+1 ) ×

∇1f
(n)(h

(n,K)
t+1 , y

(n)
t+1; ζ

(n)
t+1) + ω(x

(n)
t+1 − z

(n)
t+1) ,

∇yF (n)
h,t+1;t+1 = ∇2f

(n)(h
(n,K)
t+1 , y

(n)
t+1; ζ

(n)
t ) ,

p
(n)
t+1 = (1− βxη2)(p(n)t −∇xF (n)

h,t;t+1) +∇xF
(n)
h,t+1;t+1 ,

q
(n)
t+1 = (1− βyη2)(q(n)t −∇yF (n)

h,t;t+1) +∇yF
(n)
h,t+1;t+1 ,

11: if mod(t+ 1, τ) == 0 then
12: x

(n)
t+1 = 1

N

∑N
n′=1 x

(n′)
t+1 , y

(n)
t+1 = 1

N

∑N
n′=1 y

(n′)
t+1 , z

(n)
t+1 = 1

N

∑N
n′=1 z

(n′)
t+1 ,

p
(n)
t+1 = 1

N

∑N
n′=1 p

(n′)
t+1 , q

(n)
t+1 = 1

N

∑N
n′=1 q

(n′)
t+1 ,

13: for k = 1, · · · ,K do
14: h

(n,k)
t+1 = 1

N

∑N
n′=1 h

(n′,k)
t+1 ,

15: end for
16: end if
17: end for

(6). ∥x∗(y, z1)− x∗(y, z2)∥ ≤ Cx2
yz
∥z1 − z2∥, where Cx2

yz
=

ω

ω − ℓ
;

(7). ∥x∗(z1)− x∗(z2)∥ ≤ Cxz∥z1 − z2∥, where Cxz =
ω

ω − ℓ
.

Lemma C.2. Given Assumptions 3.1-3.3, the following inequalities related to auxiliary functions hold:

1. The function ψ(zt) satisfies:

ψ(z̄t+1)− ψ(z̄t) ≤
ω

2
⟨z̄t+1 − z̄t, z̄t+1 + z̄t − 2x∗(y∗(z̄t+1); z̄t)⟩ .

2. By introducing y+(z̄t) = ȳt + γyη∇yF (x∗(ȳt, z̄t), ȳt; z̄t), the function x∗(zt) satisfies:

∥x∗(z̄t)− x∗(y+(z̄t); z̄t)∥2 ≤
2(1 + γ2yη

2ℓ2C2
x1
yz

+ γ2yη
2ℓ2)

(ω − ℓ)µ
∥∇yF (x∗(ȳt, z̄t), ȳt; z̄t)∥2 .

3. The function x∗(yt, zt) satisfies:

∥x∗(ȳt+1; z̄t+1)− x∗(y∗(z̄t+1); z̄t+1)∥2 ≤ 4(C2
xz

+ C2
x2
yz
)∥z̄t+1 − z̄t∥2 + 4∥x∗(z̄t)− x∗(y+(z̄t); z̄t)∥2

+
8γ2yη

2ℓ2C2
x1
yz

(ω − ℓ)2
∥∇xF (G(x̄t), ȳt; z̄t)∥2 + 8γ2yη

2C2
x1
yz
∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2 .
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Proof. The first property follows directly from Lemmas B.7 in (Zhang et al., 2020a), and the second property follows
directly from Lemma C.2 in (Yang et al., 2022b).

As for the last property, from y+(z̄t) = ȳt + γyη∇yF (x∗(ȳt, z̄t), ȳt; z̄t), we first obtain

∥y+(z̄t)− ȳt+1∥2 = ∥ȳt + γyη∇yF (x∗(ȳt, z̄t), ȳt; z̄t)− ȳt+1∥2 ≤ γ2yη2∥∇yF (x∗(ȳt, z̄t), ȳt; z̄t)− q̄t∥2

≤ 2γ2yη
2∥∇yF (x∗(ȳt, z̄t), ȳt; z̄t)−∇yF (G(x̄t), ȳt; z̄t)∥2 + γ2yη

2∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2

≤ 2γ2yη
2ℓ∥x∗(ȳt, z̄t)− x̄t∥2 + γ2yη

2∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2 .

Then, we derive

∥x∗(ȳt+1; z̄t+1)− x∗(y∗(z̄t+1); z̄t+1)∥2 = ∥x∗(ȳt+1; z̄t+1)− x∗(z̄t+1)∥2

≤ 4∥x∗(z̄t+1)− x∗(z̄t)∥2 + 4∥x∗(z̄t)− x∗(y+(z̄t); z̄t)∥2 + 4∥x∗(y+(z̄t); z̄t)− x∗(ȳt+1; z̄t)∥2

+ 4∥x∗(ȳt+1; z̄t)− x∗(ȳt+1; z̄t+1)∥2

≤ 4C2
xz
∥z̄t+1 − z̄t∥2 + 4∥x∗(z̄t)− x∗(y+(z̄t); z̄t)∥2 + 4C2

x1
yz
∥y+(z̄t)− ȳt+1∥2 + 4C2

x2
yz
∥z̄t − z̄t+1∥2

≤ 4(C2
xz

+ C2
x2
yz
)∥z̄t+1 − z̄t∥2 + 4∥x∗(z̄t)− x∗(y+(z̄t); z̄t)∥2 + 8γ2yη

2ℓ2C2
x1
yz
∥x∗(ȳt, z̄t)− x̄t∥2

+ 8γ2yη
2C2

x1
yz
∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2 .

Moreover, due to the strong convexity of F (G(x), y; z) with respect to x, we have

∥x∗(ȳt, z̄t)− x̄t∥2 ≤
1

(ω − ℓ)2
∥∇xF (G(x̄t), ȳt; z̄t)∥2 . (19)

By combining the above inequalities, the proof is complete.

Lemma C.3. (Zhang & Gao, 2025b) Given Assumptions 3.1-3.3, when η ≤ 1
2γx(ω+ℓ)

, and γzη ≤ 1, the following
inequalities hold:

E[F (G(x̄t+1), ȳt+1; z̄t+1)] ≤ E[F (G(x̄t), ȳt; z̄t)]−
γxη

2
E[∥∇xF (G(x̄t), ȳt; z̄t)∥2] +

γyη

2
E[∥∇yF (G(x̄t), ȳt; z̄t)∥2]

− ω

2γzη
E[∥z̄t+1 − z̄t∥2] +

γxη

2
E[∥∇xF (G(x̄t), ȳt; z̄t)− p̄t∥2] +

(
γyηγ

2
xη

2ℓ2 − γxη

4

)
E[∥p̄t∥2]

+
(3γyη

4
+
ω + ℓ

2
γ2yη

2
)
E[∥q̄t∥2] .

Proof. This lemma follows directly from Lemma B.4 in (Zhang & Gao, 2025b). In that work, the authors explicitly
decompose E[∥∇xfω(G(xt), yt; zt)−pt∥2] into two terms: E[∥∇xfω(H(xt), yt; zt)−pt∥2] and E[∥g(k)(h(k−1)

t )−h(k)t ∥2],
under a single-machine setting. We note that E[∥∇xfω(G(xt), yt; zt)− pt∥2] is used in their lemma, which we believe to
be a typo.

In contrast, our algorithm operates in a federated learning setting, where variables are distributed across multiple workers.
As a result, this decomposition cannot be directly applied. Therefore, we do not expand this term here and instead defer its
treatment to a later stage of the analysis.

Lemma C.4. Given Assumptions 3.1–3.3, the dual function E[ψd(yt; zt)] is Ld-smooth and satisfies:

E[ψd(ȳt+1; z̄t+1)]− E[ψd(ȳt; z̄t)] ≥ −
4γyηℓ

2

(ω − ℓ)2
E[∥∇xF (G(x̄t), ȳt; z̄t)∥2] +

γyη

2
E[∥∇yF (G(x̄t), ȳt; z̄t)∥2]

− γyη

2
E[∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2]− (

γ2yη
2Ld

2
− 7γyη

16
)E[∥q̄t∥2] +

ω

2
E[⟨z̄t+1 − z̄t, z̄t+1 + z̄t − 2x∗(ȳt+1; z̄t+1)⟩] .

Proof. By Eq. (24) in (Yang et al., 2022b), the dual function E[ψd(ȳt; z̄t)] satisfies:

E[ψd(ȳt+1; z̄t+1)]− E[ψd(ȳt; z̄t)] ≥ γyηE[⟨∇yF (G(x∗(ȳt, z̄t)), ȳt; z̄t), q̄t⟩]
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−
γ2yη

2Ld

2
E[∥q̄t∥2] +

ω

2
E[⟨z̄t+1 − z̄t, z̄t+1 + z̄t − 2x∗(ȳt+1; z̄t+1)⟩] .

Additionally, we obtain

E[⟨∇yF (G(x∗(ȳt, z̄t)), ȳt; z̄t), q̄t⟩]
= E[⟨∇yF (G(x∗(ȳt, z̄t)), ȳt; z̄t)−∇yF (G(x̄t), ȳt; z̄t), q̄t⟩] + E[⟨∇yF (G(x̄t), ȳt; z̄t), q̄t⟩]

≥ − 1

2a
E[∥∇yF (G(x∗(ȳt), z̄t), ȳt; z̄t)−∇yF (G(x̄t), ȳt; z̄t)∥2]−

a

2
E[∥q̄t∥2]

+
1

2
E[∥∇yF (G(x̄t), ȳt; z̄t)∥2] +

1

2
E[∥q̄t∥2]−

1

2
E[∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2]

= −4ℓ2E[∥x∗(ȳt, z̄t)− x̄t∥2]−
1

16
E[∥q̄t∥2] +

1

2
E[∥∇yF (G(x̄t), ȳt; z̄t)∥2] +

1

2
E[∥q̄t∥2]

− 1

2
E[∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2]

≥ − 4ℓ2

(ω − ℓ)2
E[∥∇xF (G(x̄t), ȳt; z̄t)∥2] +

1

2
E[∥∇yF (G(x̄t), ȳt; z̄t)∥2] +

7

16
E[∥q̄t∥2]

− 1

2
E[∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2] ,

where the second step holds due to Young’s inequality, the third step follows from a = 1
8 , and the last step follows from

Eq. (19). By combining the above inequalities, the proof is complete.

Lemma C.5. Given Assumptions 3.1-3.3, define:

Ψt := F (G(x̄t), ȳt; z̄t)− 2ψd(ȳt; z̄t) + 2ψ(z̄t) .

If γzη ≤ 1 and γx ≤ min
{

ℓ2

6ω(ω+ℓ)2 ,
64ℓ

(ω−ℓ)2
√
C2

x1
yz

+1

}
, then the following inequality holds:

E[Ψt+1]− E[Ψt] ≤ −
γxη

4
E[∥∇xF (G(x̄t), ȳt; z̄t)∥2]−

γyη

4
E[∥∇yF (G(x̄t), ȳt; z̄t)∥2]

+
(
2Cx2

yz
+ 24γzη(C

2
xz

+ C2
x2
yz
)− 1

3γzη

)
ωE[∥z̄t+1 − z̄t∥2] +

γxη

2
E[∥∇xF (G(x̄t), ȳt; z̄t)− p̄t∥2]

+
5γyη

4
E[∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2] +

(
γyηγ

2
xη

2ℓ2 − γxη

4

)
E[∥p̄t∥2]

+
(ω + ℓ

2
γ2yη

2 + γ2yη
2Ld −

γyη

8

)
E[∥q̄t∥2] ,

where

γy = γx
(ω − ℓ)2

64ℓ2︸ ︷︷ ︸
ψγy=O(1)

, γz = γx
(ω − ℓ)3µ

1024× 96ωℓ2︸ ︷︷ ︸
ψγz=O(1/κ)

.

Proof. Based on Lemmas C.3 and C.4, together with the first property in Lemma C.2, we have

E[Ψt+1]− E[Ψt] ≤
( 8γyηℓ

2

(ω − ℓ)2
− γxη

2

)
E[∥∇xF (G(x̄t), ȳt; z̄t)∥2]−

γyη

2
E[∥∇yF (G(x̄t), ȳt; z̄t)∥2]

− ω

2γzη
E[∥z̄t+1 − z̄t∥2] +

γxη

2
E[∥∇xF (G(x̄t), ȳt; z̄t)− p̄t∥2] + γyηE[∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2]

+
(
γyηγ

2
xη

2ℓ2 − γxη

4

)
E[∥p̄t∥2] +

(ω + ℓ

2
γ2yη

2 + γ2yη
2Ld −

γyη

8

)
E[∥q̄t∥2]

+ 2ωE[⟨z̄t+1 − z̄t, x∗(ȳt+1; z̄t+1)− x∗(y∗(z̄t+1); z̄t)⟩] . (20)
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Moreover, from Eq. (29) in (Yang et al., 2022b), we obtain

2ω⟨z̄t+1 − z̄t, x∗(ȳt+1; z̄t+1)− x∗(y∗(z̄t+1); z̄t)⟩

≤ (
1

6γzη
+ 2Cx2

yz
)ωE[∥z̄t+1 − z̄t∥2] + 6ωγzηE[∥x∗(ȳt+1; z̄t+1)− x∗(y∗(z̄t+1); z̄t+1)∥2] . (21)

From the second property in Lemma C.2, we further deduce

∥∇yF (x∗(ȳt, z̄t), ȳt; z̄t)∥2 ≤ 2∥∇yF (x∗(ȳt, z̄t), ȳt; z̄t)−∇yF (G(x̄t), ȳt; z̄t)∥2 + 2∥∇yF (G(x̄t), ȳt; z̄t)∥2

≤ 2ℓ2∥x∗(ȳt, z̄t)− x̄t∥2 + 2∥∇yF (G(x̄t), ȳt; z̄t)∥2

≤ 2ℓ2

(ω − ℓ)2
∥∇xF (G(x̄t), ȳt; z̄t)∥2 + 2∥∇yF (G(x̄t), ȳt; z̄t)∥2 ,

where the last step follows from the strong convexity of F (G(x), y; z) with respect to x with Eq. (19). Combining the above
inequalities with the second and third properties in Lemma C.2 yields:

E[∥x∗(ȳt+1; z̄t+1)− x∗(y∗(z̄t+1); z̄t+1)∥2] ≤ 4(C2
xz

+ C2
x2
yz
)E[∥z̄t+1 − z̄t∥2]

+

(
8γ2yη

2ℓ2C2
x1
yz

(ω − ℓ)2
+

16(1 + γ2yη
2ℓ2C2

x1
yz

+ γ2yη
2ℓ2)ℓ2

(ω − ℓ)3µ

)
E[∥∇xF (G(x̄t), ȳt; z̄t)∥2]

+
16(1 + γ2yη

2ℓ2C2
x1
yz

+ γ2yη
2ℓ2)

(ω − ℓ)µ
E[∥∇yF (G(x̄t), ȳt; z̄t)∥2] + 8γ2yη

2C2
x1
yz
E[∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2] . (22)

Combining Eq. (20), (21) and (22), we obtain:

E[Ψt+1]− E[Ψt] ≤
( 8γyηℓ

2

(ω − ℓ)2
− γxη

2

)
E[∥∇xF (G(x̄t), ȳt; z̄t)∥2]−

γyη

2
E[∥∇yF (G(x̄t), ȳt; z̄t)∥2]

+
(
2Cx2

yz
+ 24γzη(C

2
xz

+ C2
x2
yz
)− 1

3γzη

)
ωE[∥z̄t+1 − z̄t∥2] +

γxη

2
E[∥∇xF (G(x̄t), ȳt; z̄t)− p̄t∥2]

+
(
γyη + 48ωγzηγ

2
yη

2C2
x1
yz

)
E[∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2]

+
(
γyηγ

2
xη

2ℓ2 − γxη

4

)
E[∥p̄t∥2] +

(ω + ℓ

2
γ2yη

2 + γ2yη
2Ld −

γyη

8

)
E[∥q̄t∥2]

+

(
48ωγzηγ

2
yη

2ℓ2C2
x1
yz

(ω − ℓ)2
+

96ωγzη(1 + γ2yη
2ℓ2C2

x1
yz

+ γ2yη
2ℓ2)ℓ2

(ω − ℓ)3µ

)
E[∥∇xF (G(x̄t), ȳt; z̄t)∥2]

+
96ωγzη(1 + γ2yη

2ℓ2C2
x1
yz

+ γ2yη
2ℓ2)

(ω − ℓ)µ
E[∥∇yF (G(x̄t), ȳt; z̄t)∥2] .

Since γzη ≤ 1 and Cx1
yz

= ω+ℓ
ω−ℓ , by setting

γy = γx
(ω − ℓ)2

64ℓ2︸ ︷︷ ︸
ψγy=O(1)

, γz = γx
(ω − ℓ)3µ

1024× 96ωℓ2︸ ︷︷ ︸
ψγz=O(1/κ)

, γx ≤ min
{ ℓ2

6ω(ω + ℓ)2
,

64ℓ

(ω − ℓ)2
√
C2
x1
yz

+ 1

}
,

we obtain

8γyηℓ
2

(ω − ℓ)2
≤ γxη

8
,

48ωγzηγ
2
yη

2C2
x1
yz
ℓ2

(ω − ℓ)2
≤ γxη

32× 16
,

96ωγzη(1 + γ2yη
2ℓ2C2

x1
yz

+ γ2yη
2ℓ2)ℓ2

(ω − ℓ)3µ
≤ γxη

32× 16
,

96ωγzη(1 + γ2yη
2L2

fC
2
x1
yz

+ γ2yη
2ℓ2)

(ω − ℓ)µ
≤ γyη

8
.
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This choice ensures the coefficients of E[∥∇xF (G(x̄t), ȳt; z̄t)∥2] and E[∥∇yF (G(x̄t), ȳt; z̄t)∥2] are −γxη4 and −γyη4 ,
respectively. Moreover, for the coefficient of E[∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2], since the second inequality holds above, we
derive

γyη + 48ωγzηγ
2
yη

2C2
x1
yz
≤ γyη +

γxη(ω − ℓ)2

32× 16L2
f

≤ 5γyη

4
.

Hence, the proof is complete.

C.2. Federated Properties

We further introduce C2
K as follows:

C2
K = max

{
(K + 1)C2(K−1)

g (KC2
f + C2

g ) , (K + 1)ℓ2
}
.

Lemma C.6. Given Assumptions 3.1-3.3, the following inequalities for compositional multi-level functions hold:

1. The bounded error between stochastic estimation gradient ∇xF (n)
h,t;t and estimation gradient ∇xF (n)

h,t satisfies:

E[∥∇xF (n)
h,t;t −∇xF

(n)
h,t ∥

2] ≤ C2
Kσ

2 .

2. The estimation error between global true gradient ∇xFg,t and global estimation gradient ∇xFh,t satisfies:

E[∥∇xFg,t −∇xFh,t∥2] ≤ K
K∑
k=1

AkE[∥
1

N

N∑
n=1

g
(n,k)
h,t − 1

N

N∑
n=1

h
(n,k)
t ∥2] ,

where Ak =

(
C

2(K−1)
g C2

fL
2
g

(∑K−1
j=k Cj−kg

)2
+ C2K

g L2
fC

2(K−k)
g

)
.

3. For any k ∈ {1, · · · ,K}, the estimation error between true value G(n,k)(x
(n)
t ) and estimation value h(n,k)t satisfies:

E[∥G(n,k)(x
(n)
t )− h(n,k)t ∥2] ≤

k∑
j=1

C2(k−j)
g E[∥g(n,j)h,t − h

(n,j)
t ∥2] .

4. For any k ∈ {1, · · · ,K}, the descent error between h(n,k)t+1 and h(n,k)t satisfies

E[∥h(n,k)t+1 − h
(n,k)
t ∥2] ≤ 2α2η4

k∑
j=1

(2C2
g )
k−jE[∥g(n,j)h,t − h

(n,j)
t ∥2]

+ (2C2
g )
kγ2xη

2E[∥p(n)t ∥2] + 2α2η4σ2
k∑
j=1

(2C2
g )
j−1 .

Proof. First, we have

E[∥∇xF (n)
h,t;t −∇xF

(n)
h,t ∥

2] = E[∥∇xf (n)h,t;t + ω(x
(n)
t − z(n)t )−∇xf (n)h,t + ω(x

(n)
t − z(n)t )∥2]

= E[∥∇xf (n)h,t;t −∇xf
(n)
h,t ∥

2] ≤ (K + 1)C2(K−1)
g (KC2

f + C2
g )σ

2 .

where the last step follows from Lemma B.2, Eq. (28) in (Zhang et al., 2024). From the definition of C2
K , the proof is

complete.

Similarly,

E[∥∇xFg,t −∇xFh,t∥2] = E[∥∇xfg,t −∇xfh,t∥2] ≤ K
K∑
k=1

AkE[∥
1

N

N∑
n=1

g
(n,k)
h,t − 1

N

N∑
n=1

h
(n,k)
t ∥2] .

where the last step follows from Lemma B.2, Eq. (25) in (Zhang et al., 2024).

Lastly, the third property follows directly from Eq. (26), and the final property from Lemma B.5, both in (Zhang et al.,
2024).
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C.2.1. GRADIENT ESTIMATION ERRORS

Lemma C.7. Given Assumption 3.1-3.3 , we derive gradient estimation error regarding x:

E[∥p̄t+1 −
1

N

N∑
n=1

∇xF (n)
h,t+1∥

2] ≤ (1− βxη2)E[∥p̄t −
1

N

N∑
n=1

∇xF (n)
h,t ∥

2]

+ 4C2
Kα

2η4
K∑
k=1

( K∑
j=k

(2C2
g )
j−k
) 1

N2

N∑
n=1

E[∥g(n,k)h,t − h(n,k)t ∥2] + 4C2
Kα

2η4
K∑
k=1

k∑
j=1

(2C2
g )
j−1σ

2

N

+ 4C2
K

K∑
k=0

(2C2
g )
kγ2xη

2 1

N
E[∥p̄t∥2] + 4C2

K

K∑
k=0

(2C2
g )
kγ2xη

2 1

N2

N∑
n=1

E[∥p̄t − p(n)t ∥2]

+ 4C2
Kγ

2
yη

2 1

N
E[∥q̄t∥2] + 4C2

Kγ
2
yη

2 1

N2

N∑
n=1

E[∥q̄t − q(n)t ∥2] + 2β2
xη

4C2
K

σ2

N
.

Proof. For the t+ 1-th iteration, the following relation holds:

E[∥p̄t+1 −
1

N

N∑
n=1

∇xF (n)
h,t+1∥

2]

= E
[∥∥∥ 1

N

N∑
n=1

(1− βxη2)(p(n)t −∇xF (n)
h,t;t+1) +

1

N

N∑
n=1

∇xF (n)
h,t+1;t+1 −

1

N

N∑
n=1

∇xF (n)
h,t+1

∥∥∥2]
= E

[∥∥∥ 1

N

N∑
n=1

(1− βxη2)
(
p
(n)
t −∇xF (n)

h,t

)
+

1

N

N∑
n=1

(
∇xF (n)

h,t+1;t+1 −∇xF
(n)
h,t;t+1 +∇xF

(n)
h,t −∇xF

(n)
h,t+1

)
+ βxη

2
( 1

N

N∑
n=1

∇xF (n)
h,t;t+1 −

1

N

N∑
n=1

∇xF (n)
h,t

)∥∥∥2]
≤ (1− βxη2)2E[∥p̄t −

1

N

N∑
n=1

∇xF (n)
h,t ∥

2] + 2
1

N2

N∑
n=1

E[∥∇xf (n)h,t+1;t+1 −∇xf
(n)
h,t;t+1∥

2]

+ 2β2
xη

4 1

N2

N∑
n=1

E[∥∇xF (n)
h,t;t+1 −∇xF

(n)
h,t ∥

2] .

where the third step holds due to the following inequality:

E[∥∇xF (n)
h,t+1;t+1 −∇xF

(n)
h,t;t+1 +∇xF

(n)
h,t −∇xF

(n)
h,t+1∥

2]

= E[∥∇xf (n)h,t+1;t+1 + ω(x
(n)
t+1 − z

(n)
t+1)−∇xf

(n)
h,t;t+1 − ω(x

(n)
t − z(n)t ) +∇xf (n)h,t + ω(x

(n)
t − z(n)t )

−∇xf (n)h,t+1 − ω(x
(n)
t+1 − z

(n)
t+1)∥2]

≤ E[∥∇xf (n)h,t+1;t+1 −∇xf
(n)
h,t;t+1∥

2] .

We further bound E[∥∇xf (n)h,t+1;t+1 −∇xf
(n)
h,t;t+1∥2] as follows:

E[∥∇xf (n)h,t+1;t+1 −∇xf
(n)
h,t;t+1∥

2]

= E[∥∇g(n,1)(h(n,0)t+1 ; ξ
(n,1)
t+1 ) · · · ∇g(n,K)(h

(n,K−1)
t+1 ; ξ

(n,K)
t+1 )∇xf (n)(h(n,K)

t+1 , y
(n)
t+1; ζ

(n)
t+1)

−∇g(n,1)(h(n,0)t ; ξ
(n,1)
t+1 ) · · · ∇g(n,K)(h

(n,K−1)
t ; ξ

(n,K)
t+1 )∇xf (n)(h(n,K)

t , y
(n)
t ; ζ

(n)
t+1)∥2]

≤ (K + 1)C2K
g L2

fE[∥h
(n,K)
t+1 − h(n,K)

t ∥2] + (K + 1)C2K
g L2

fE[∥y
(n)
t+1 − y

(n)
t ∥2]

+ (K + 1)C2(K−1)
g C2

fL
2
gE[∥h

(n,K−1)
t+1 − h(n,K−1)

t ∥2] + · · ·+ (K + 1)C2(K−1)
g C2

fL
2
gE[∥h

(n,1)
t+1 − h

(n,1)
t ∥2]

+ C2(K−1)
g C2

fL
2
gE[∥x

(n)
t+1 − x

(n)
t ∥2]
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≤ C2
K

K∑
k=1

E[∥h(n,k)t+1 − h
(n,k)
t ∥2] + C2

KE[∥x(n)t+1 − x
(n)
t ∥2] + C2

KE[∥y(n)t+1 − y
(n)
t ∥2] . (23)

In addition, applying the update rule on x and y yields:

E[∥x(n)t+1 − x
(n)
t ∥2] ≤ γ2xη2E[∥p

(n)
t ∥2] ≤ 2γ2xη

2E[∥p̄t − p(n)t ∥2] + 2γ2xη
2E[∥p̄t∥2] .

E[∥y(n)t+1 − y
(n)
t ∥2] ≤ γ2yη2E[∥q

(n)
t ∥2] ≤ 2γ2yη

2E[∥q̄t − q(n)t ∥2] + 2γ2yη
2E[∥q̄t∥2] .

Combining the above inequalities with the first and last properties in Lemma C.6 completes the proof.

Lemma C.8. Given Assumption 3.1-3.3, we derive gradient estimation error regarding y:

E[∥q̄t+1 −
1

N

N∑
n=1

∇yF (n)
h,t+1∥

2] ≤ (1− βyη2)E[∥q̄t −
1

N

N∑
n=1

∇yF (n)
h,t ∥

2]

+ 4α2η4L2
f

K∑
k=1

(2C2
g )
K−k 1

N2

N∑
n=1

E[∥g(n,k)h,t − h(n,k)t ∥2] + 4α2η4L2
f

K∑
k=1

(2C2
g )
k−1σ

2

N

+ 4L2
f (2C

2
g )
Kγ2xη

2 1

N
E[∥p̄t∥2] + 4L2

f (2C
2
g )
Kγ2xη

2 1

N2

N∑
n=1

E[∥p̄t − p(n)t ∥2]

+ 4L2
fγ

2
yη

2 1

N
E[∥q̄t∥2] + 4L2

fγ
2
yη

2 1

N2

N∑
n=1

E[∥q̄t − q(n)t ∥2] + 2β2
yη

4σ
2

N
.

Proof. The proof of this lemma follows the same arguments as Lemma C.7 and is therefore omitted.

Lemma C.9. Given Assumptions 3.1-3.3 , we derive global estimation error regarding h:

K∑
k=1

θkE[∥
1

N

N∑
n=1

g
(n,k)
h,t+1 −

1

N

N∑
n=1

h
(n,k)
t+1 ∥2] ≤ (1− αη2)

K∑
k=1

θkE[∥
1

N

N∑
n=1

g
(n,k)
h,t − 1

N

N∑
n=1

h
(n,k)
t ∥2]

+ 2α2η4
K∑
k=1

( K∑
j=k+1

θj(2C
2
g )
j−k
)
E[∥ 1

N

N∑
n=1

g
(n,k)
h,t − 1

N

N∑
n=1

h
(n,k)
t ∥2] + 2α2η4

K∑
k=1

θk

k−1∑
j=0

(2C2
g )
j σ

2

N

+ 2γ2xη
2
K∑
k=1

θk(2C
2
g )
k 1

N2

N∑
n=1

E[∥p̄t − p(n)t ∥2] + 2γ2xη
2
K∑
k=1

θk(2C
2
g )
k 1

N
E[∥p̄t∥2] .

Proof. This lemma can be directly obtained from Lemma B.4 in (Zhang et al., 2024).

Lemma C.10. Given Assumptions 3.1-3.3 , we derive local estimation error regarding h:

K∑
k=1

νkE[∥g(n,k)h,t+1 − h
(n,k)
t+1 ∥2] ≤ (1− αη2)

K∑
k=1

νkE[∥g(n,k)h,t − h(n,k)t ∥2]

+ 2α2η4
K∑
k=1

( K∑
j=k+1

νj(2C
2
g )
j−k
)
E[∥g(n,k)h,t − h(n,k)t ∥2] + 2γ2xη

2
K∑
k=1

νk(2C
2
g )
kE[∥p̄t − p(n)t ∥2]

+ 2γ2xη
2
K∑
k=1

νk(2C
2
g )
kE[∥p̄t∥2] + 2α2η4σ2

K∑
k=1

νk

k−1∑
j=0

(2C2
g )
j .

Proof. This lemma can be directly obtained from Lemma B.4 in (Zhang et al., 2024).
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C.2.2. CONSENSUS ERRORS

Lemma C.11. Given Assumption 3.1-3.3, we derive consensus error regarding x:

1

N

N∑
n=1

E[∥p(n)t+1 − p̄t+1∥2] ≤ (1 +
1

τ
)
1

N

N∑
n=1

E[∥p(n)t − p̄t∥2] + 24τα2η4C2
K

K∑
k=1

k∑
j=1

(2C2
g )
j−1σ2 + 24τβ2

xη
4C2

Kσ
2

+ 24τα2η4C2
K

K∑
k=1

( K∑
j=k

(2C2
g )
j−k
) 1

N

N∑
n=1

E[∥g(n,k)h,t − h(n,k)t ∥2] + 24τγ2xη
2
(
C2
K

K∑
k=0

(2C2
g )
k + ω2

)
E[∥p̄t∥2]

+ 24τγ2xη
2
(
C2
K

K∑
k=0

(2C2
g )
k + ω2

) 1

N

N∑
n=1

E[∥p̄t − p(n)t ∥2] + 24τγ2yη
2C2

KE[∥q̄t∥2]

+ 24τγ2yη
2C2

K

1

N

N∑
n=1

E[∥q(n)t − q̄t∥2] + 36τω2E[∥z̄t+1 − z̄t∥2] + 36τ2ω2γ2zγ
2
xη

4 1

N

N∑
n=1

t∑
t̂=stτ

E[∥p(n)
t̂
− p̄t̂∥

2]

+ 48τβ2
xη

4C2
K

K∑
k=1

1

N

N∑
n=1

E[∥h(n,k)t − h̄t∥2] + 12τβ2
xη

4(ω2 + 4C2
K)

1

N

N∑
n=1

E[∥x(n)t − x̄t∥2]

+ 48τβ2
xη

4C2
K

1

N

N∑
n=1

E[∥y(n)t − ȳt∥2] + 12τω2(β2
xη

4 + 3γ2zη
2)

1

N

N∑
n=1

E[∥z(n)t − z̄t∥2] .

Proof. For the t+ 1-th iteration, the following relation holds:

1

N

N∑
n=1

E[∥p(n)t+1 − p̄t+1∥2] =
1

N

N∑
n=1

E
[∥∥∥∇xF (n)

h,t+1;t+1 + (1− βxη2)(p(n)t −∇xF (n)
h,t;t+1)−

1

N

N∑
n′=1

∇xF (n′)
h,t+1;t+1

+ (1− βxη2)(p̄t −
1

N

N∑
n′=1

∇xF (n′)
h,t;t+1)

∥∥∥2]
≤ (1− βxη2)2(1 +

1

τ
)
1

N

N∑
n=1

E[∥p(n)t − p̄t∥2] + 2(1 + τ)
1

N

N∑
n=1

E[∥∇xF (n)
h,t+1;t+1 −∇xF

(n)
h,t;t+1∥

2]

+ 2β2
xη

4(1 + τ)
1

N

N∑
n=1

E[∥∇xF (n)
h,t;t+1 −

1

N

N∑
n′=1

∇xF (n′)
h,t;t+1∥

2] . (24)

For the second term in Eq. (24), we can further establish:

1

N

N∑
n=1

E[∥∇xF (n)
h,t+1;t+1 −∇xF

(n)
h,t;t+1∥

2]

=
1

N

N∑
n=1

E[∥∇xf (n)h,t+1;t+1 + ω(x
(n)
t+1 − z

(n)
t+1)−∇xf

(n)
h,t;t+1 − ω(x

(n)
t − z(n)t )∥2]

≤ 3
1

N

N∑
n=1

E[∥∇xf (n)h,t+1;t+1 −∇xf
(n)
h,t;t+1∥

2] + 3ω2 1

N

N∑
n=1

E[∥x(n)t+1 − x
(n)
t ∥2] + 3ω2 1

N

N∑
n=1

E[∥z(n)t+1 − z
(n)
t ∥2]

≤ 3C2
K

K∑
k=1

1

N

N∑
n=1

E[∥h(n,k)t+1 − h
(n,k)
t ∥2] + 3(C2

K + ω2)
1

N

N∑
n=1

E[∥x(n)t+1 − x
(n)
t ∥2] + 3C2

K

1

N

N∑
n=1

E[∥y(n)t+1 − y
(n)
t ∥2]

+ 3ω2 1

N

N∑
n=1

E[∥z(n)t+1 − z
(n)
t ∥2] ,
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where the last step follows directly from Eq. (23). Moreover, regarding the auxiliary variable z, we derive the relation:

1

N

N∑
n=1

E[∥z(n)t+1 − z
(n)
t ∥2] = γ2zη

2 1

N

N∑
n=1

E[∥x(n)t+1 − z
(n)
t ∥2]

≤ 3γ2zη
2 1

N

N∑
n=1

E[∥x(n)t+1 − x̄t+1∥2] + 3γ2zη
2E[∥x̄t+1 − z̄t∥2] + 3γ2zη

2 1

N

N∑
n=1

E[∥z̄t − z(n)t ∥2]

= 3γ2zη
2 1

N

N∑
n=1

E[∥x(n)t+1 − x̄t+1∥2] + 3E[∥z̄t+1 − z̄t∥2] + 3γ2zη
2 1

N

N∑
n=1

E[∥z̄t − z(n)t ∥2] , (25)

and

1

N

N∑
n=1

E[∥x(n)t+1 − x̄t+1∥2] =
1

N

N∑
n=1

E[∥x(n)stτ − γxη
t∑

t′=stτ

p
(n)
t′ − x̄stτ + γxη

t∑
t′=stτ

p̄t′∥2]

≤ τγ2xη2
1

N

N∑
n=1

t∑
t̂=stτ

E[∥p(n)
t̂
− p̄t̂∥

2] ,

where st denotes the index of the latest communication round before iteration t. Moreover, the consensus error at iteration
stτ is zero, i.e., E[∥p(n)stτ − p̄stτ∥2] = 0.

For the last term in Eq. (24), it follows that

1

N

N∑
n=1

E[∥∇xF (n)
h,t;t+1 −

1

N

N∑
n′=1

∇xF (n′)
h,t;t+1∥

2]

=
1

N

N∑
n=1

E
[∥∥∥∇xf (n)h,t;t+1 + ω(x

(n)
t − z(n)t )− 1

N

N∑
n′=1

(
∇xf (n

′)
h,t;t+1 + ω(x

(n′)
t − z(n

′)
t )

)∥∥∥2]
≤ 3

1

N

N∑
n=1

E[∥∇xf (n)h,t;t+1 −
1

N

N∑
n′=1

∇xf (n
′)

h,t;t+1∥
2] + 3ω2 1

N

N∑
n=1

E[∥x(n)t − x̄t∥2] + 3ω2 1

N

N∑
n=1

E[∥z(n)t − z̄t∥2]

≤ 6C2
Kσ

2 + 12C2
K

K∑
k=1

1

N

N∑
n=1

E[∥h(n,k)t − h̄t∥2] + 3(ω2 + 4C2
K)

1

N

N∑
n=1

E[∥x(n)t − x̄t∥2] + 12C2
K

1

N

N∑
n=1

E[∥y(n)t − ȳt∥2]

+ 3ω2 1

N

N∑
n=1

E[∥z(n)t − z̄t∥2] ,

where the last step holds due to the following inequality:

1

N

N∑
n=1

E[∥∇xf (n)h,t;t+1 −
1

N

N∑
n′=1

∇xf (n
′)

h,t;t+1∥
2]

=
1

N

N∑
n=1

E[∥∇xf (n)h,t;t+1 −∇xf
(n)
h,t +∇xf (n)h,t −

1

N

N∑
n′=1

∇xf (n
′)

h,t +
1

N

N∑
n′=1

∇xf (n
′)

h,t −
1

N

N∑
n′=1

∇xf (n
′)

h,t;t+1∥
2]

≤ 2C2
Kσ

2 + 4C2
K

K∑
k=1

1

N

N∑
n=1

E[∥h(n,k)t − h̄(k)t ∥2] + 4C2
K

1

N

N∑
n=1

E[∥x(n)t − x̄t∥2] + 4C2
K

1

N

N∑
n=1

E[∥y(n)t − ȳt∥2] .

Finally, by using the inequality 1 + τ < 2τ together with the update rules of x and y, and applying the last property in
Lemma C.6, the proof is complete.

Lemma C.12. Given Assumption 3.1-3.3, we derive consensus error regarding y:

1

N

N∑
n=1

E[∥q(n)t+1 − q̄t+1∥2] ≤ (1 +
1

τ
)
1

N

N∑
n=1

E[∥q(n)t − q̄t∥2] + 8τα2η4L2
f

K∑
k=1

(2C2
g )
K−k 1

N

N∑
n=1

E[∥g(n,k)h,t − h(n,k)t ∥2]
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+ 8τγ2xη
2L2

f (2C
2
g )
KE[∥p̄t∥2] + 8τγ2xη

2L2
f (2C

2
g )
K 1

N

N∑
n=1

E[∥p̄t − p(n)t ∥2] + 8τα2η4L2
f

K∑
k=1

(2C2
g )
k−1σ2

+ 8τγ2yη
2L2

f

1

N

N∑
n=1

E[∥q(n)t − q̄t∥2] + 8τγ2yη
2L2

fE[∥q̄t∥2] + 16τβ2
yη

4L2
f

1

N

N∑
n=1

E[∥y(n)t − ȳt∥2]

+ 16τβ2
yη

4L2
f

1

N

N∑
n=1

E[∥h(n,K)
t − h̄(K)

t ∥2] + 8τβ2
yη

4σ2 .

Proof. The proof of this lemma follows the same arguments as Lemma C.11 and is therefore omitted.

Lemma C.13. Given Assumption 3.1-3.3, we derive consensus error regarding h:

K∑
k=1

1

N

N∑
n=1

E[∥h(n,k)t+1 − h̄
(k)
t+1∥2] ≤ (1 +

1

τ
)

K∑
k=1

1

N

N∑
n=1

E[∥h(n,k)t − h̄(k)t ∥2]

+ 16τα2η4C2
g

K∑
k=1

1

N

N∑
n=1

E[∥h(n,k)t − h̄(k)t ∥2] + 16τα2η4C2
g

1

N

N∑
n=1

E[∥x(n)t − x̄t∥2]

+ 4τα2η4
K∑
k=1

( K∑
j=k+1

(2C2
g )
j−k
) 1

N

N∑
n=1

E[∥g(n,k)h,t − h(n,k)t ∥2] + 4τγ2xη
2
K∑
k=1

(2C2
g )
kE[∥p̄t∥2]

+ 4τγ2xη
2
K∑
k=1

(2C2
g )
k 1

N

N∑
n=1

E[∥p̄t − p(n)t ∥2] + 4τα2η4
K∑
k=1

k∑
j=1

(2C2
g )
j−1σ2 + 8τα2η4σ2K .

Proof. The proof of this lemma follows the same arguments as Lemma C.11 and is therefore omitted.

Lemma C.14. Given Assumption 3.1-3.3, by setting

C2
K,ω = (C2

K + 1)

K∑
k=0

(2C2
g )
k + ω2 , η ≤ 1

400τCK,ω
, {γx, γy} ≤ 10 ,

βx =
C2
K,ω

N
, βy =

C2
K,ω

N
, α =

C2
K,ω

N
, (26)

we derive overall consensus error:

1

T

T−1∑
t=0

1

N

N∑
n=1

(
E[∥p(n)t − p̄t∥2] + E[∥q(n)t − q̄t∥2] +

K∑
k=1

E[∥h(n,k)t − h̄(k)t ∥2]

)

≤ 6τEp
1

T

T−1∑
t=0

E[∥p̄t∥2] + 6τEq
1

T

T−1∑
t=0

E[∥q̄t∥2] + 216τ2ω2 1

T

T−1∑
t=0

E[∥z̄t+1 − z̄t∥2]

+ 6τEg
1

T

T−1∑
t=0

1

N

N∑
n=1

E[∥g(n,k)h,t − h(n,k)t ∥2] + 6τE , (27)

where the coefficients of each term are defined as Eq. (29),

Proof. To begin with, by combining Lemmas C.11-C.13, and the following inequality

1

N

N∑
n=1

E[∥z(n)t − z̄t∥2] =
1

N

N∑
n=1

E[∥z(n)t−1 + γzη(x
(n)
t − z(n)t−1)− z̄t−1 − γzη(x̄t − z̄t−1)∥2]

=
1

N

N∑
n=1

E[∥(1− γzη)(z(n)t−1 − z̄t−1) + γzη(x
(n)
t − x̄t)∥2]
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≤ (1 +
γzη

1− γzη
)(1− γzη)2

1

N

N∑
n=1

E[∥z(n)t−1 − z̄t−1∥2] + (1 +
1− γzη
γzη

)γ2zη
2 1

N

N∑
n=1

E[∥x(n)t − x̄t∥2]

= (1− γzη)
1

N

N∑
n=1

E[∥z(n)t−1 − z̄t−1∥2] + γzη
1

N

N∑
n=1

E[∥x(n)t − x̄t∥2]

≤
t∑

t̂=stτ

(1− γzη)t−t̂γzη
1

N

N∑
n=1

E[∥x(n)
t̂
− x̄t̂∥

2]

≤ γzη
t∑

t̂=stτ

1

N

N∑
n=1

E[∥x(n)
t̂
− x̄t̂∥

2] , (28)

we obtain

1

N

N∑
n=1

E[∥p(n)t+1 − p̄t+1∥2] +
1

N

N∑
n=1

E[∥q(n)t+1 − q̄t+1∥2] +
1

N

N∑
n=1

K∑
k=1

E[∥h(n,k)t+1 − h̄
(k)
t+1∥2]

≤ (1 +
1

τ
+ Ep)

1

N

N∑
n=1

E[∥p(n)t − p̄t∥2] + 36τ2ω2γ2zγ
2
xη

4 1

N

N∑
n=1

t∑
t̂=stτ

E[∥p(n)
t̂
− p̄t̂∥

2] + EpE[∥p̄t∥2]

+ (1 +
1

τ
+ Eq)

1

N

N∑
n=1

E[∥q(n)t − q̄t∥2] + EqE[∥q̄t∥2] + (1 +
1

τ
+ Eh)

K∑
k=1

1

N

N∑
n=1

E[∥h(n,k)t − h̄(k)t ∥2]

+ 36τω2E[∥z̄t+1 − z̄t∥2] + 12τω2γzη(β
2
xη

4 + 3γ2zη
2)

t∑
t̂=stτ

1

N

N∑
n=1

E[∥x(n)
t̂
− x̄t̂∥

2]

+
(
12τβ2

xη
4(ω2 + 4C2

K) + 16τα2η4C2
g

) 1

N

N∑
n=1

E[∥x(n)t − x̄t∥2]

+
(
48τβ2

xη
4C2

K + 16τβ2
yη

4L2
f

) 1

N

N∑
n=1

E[∥y(n)t − ȳt∥2] + Eg
1

N

N∑
n=1

E[∥g(n,k)h,t − h(n,k)t ∥2] + E .

where, for readability, we use the following notation for the coefficients of each term and the constant term:

Ep = 24τγ2xη
2
(
C2
K

K∑
k=0

(2C2
g )
k + ω2

)
+ 8τγ2xη

2L2
f (2C

2
g )
K + 4τγ2xη

2
K∑
k=1

(2C2
g )
k ,

Eq = 24τγ2yη
2C2

K + 8τγ2yη
2L2

f ,

Eh = 48τβ2
xη

4C2
K + 16τβ2

yη
4L2

f + 16τα2η4C2
g ,

Eg =

K∑
k=1

α2η4
(
24τC2

K

K∑
j=k

(2C2
g )
j−k + 4τ

K∑
j=k

(2C2
g )
j−k + 8τL2

f (2C
2
g )
K−k

)
,

E = 4τα2η4(8C2
K + 1)

K∑
k=1

k∑
j=1

(2C2
g )
j−1σ2 + 24τβ2

xη
4C2

Kσ
2 + 8τβ2

yη
4σ2 + 8τα2η4σ2K . (29)

By setting η ≤ 1
400τCK,ω

, γx ≤ 10, we obtain

Ep ≤ 24τγ2xη
2
(
C2
K

K∑
k=0

(2C2
g )
k + ω2

)
+ 8τγ2xη

2L2
f (2C

2
g )
K + 4τγ2xη

2
K∑
k=1

(2C2
g )
k

≤
2400τ

(
C2
K

∑K
k=0(2C

2
g )
k + ω2

)
4002τ2

(
(C2

K + 1)
∑K
k=0(2C

2
g )
k + ω2

) +
800τL2

f (2C
2
g )
K + 400τ

∑K
k=1(2C

2
g )
k

4002τ2
(
(C2

K + 1)
∑K
k=0(2C

2
g )
k + ω2

)
24



A Smoothed Algorithm for Federated Stochastic Multi-Level Compositional Minimax Optimization

≤ 6

400τ
+

3

400τ
≤ 9

400τ
≤ 2

25τ
.

Similarly, by setting γy ≤ 10, we obtain

Eq ≤ 24τγ2yη
2C2

K + 8τγ2yη
2L2

f ≤
2400τC2

K + 800τL2
f

4002τ2C2
K,ω

≤ 8

400τ
≤ 2

25τ
.

By setting {βx, βy, α} ≤ 10 with βxη2 ≤ 1, βyη2 ≤ 1, αη2 ≤ 1, we obtain

Eh ≤ 48τβ2
xη

4C2
K + 16τβ2

yη
4L2

f + 16τα2η4C2
g ≤

(48τC2
K + 16τL2

f + 16τC2
g )× 10

4002τ2C2
K,ω

≤ 2

400τ
≤ 2

25τ
.

Therefore, we obtain:

1

N

N∑
n=1

E[∥p(n)t+1 − p̄t+1∥2] +
1

N

N∑
n=1

E[∥q(n)t+1 − q̄t+1∥2] +
1

N

N∑
n=1

K∑
k=1

E[∥h(n,k)t+1 − h̄
(k)
t+1∥2]

≤ 36τ3ω2γ2zγ
2
xη

4
t−1∑
t′=stτ

(1 +
27

25τ
)t−1−t′ 1

N

N∑
n=1

E[∥p(n)t′ − p̄t′∥
2] + Ep

t−1∑
t′=stτ

(1 +
27

25τ
)t−1−t′E[∥p̄t′∥2]

+ Eq

t−1∑
t′=stτ

(1 +
27

25τ
)t−1−t′E[∥q̄t′∥2] + 36τω2

t−1∑
t′=stτ

(1 +
27

25τ
)t−1−t′E[∥z̄t′+1 − z̄t′∥2]

+ Ex

t−1∑
t′=stτ

(1 +
27

25τ
)t−1−t′ 1

N

N∑
n=1

E[∥x(n)t′ − x̄t′∥
2] + Ey

t−1∑
t′=stτ

(1 +
27

25τ
)t−1−t′ 1

N

N∑
n=1

E[∥y(n)t′ − ȳt′∥
2]

+ Eg

t−1∑
t′=stτ

(1 +
27

25τ
)t−1−t′ 1

N

N∑
n=1

E[∥g(n,k)h,t′ − h
(n,k)
t′ ∥2] + E

t−1∑
t′=stτ

(1 +
27

25τ
)t−1−t′ ,

where we use the following notation for the coefficients of according terms:

Ex = 12τ2ω2γzη(β
2
xη

4 + 3γ2zη
2) + 12τβ2

xη
4(ω2 + 4C2

K) + 16τα2η4C2
g ,

Ey = 48τβ2
xη

4C2
K + 16τβ2

yη
4L2

f ,

where st = ⌊27(t+ 1)/25τ⌋. Then it follows directly that (1 + 27
25τ )

t−1−t′ ≤ (1 + 27
25τ )

τ < 3.

Then, by summing up t′ from stτ to (st + 1)τ − 1, we can get

(st+1)τ−1∑
t′=stτ

1

N

N∑
n=1

(
E[∥p(n)t+1 − p̄t+1∥2] + E[∥q(n)t+1 − q̄t+1∥2] +

K∑
k=1

E[∥h(n,k)t+1 − h̄
(k)
t+1∥2]

)

≤ 3τEp

(st+1)τ−1∑
t′=stτ

E[∥p̄t′∥2] + 3τEq

(st+1)τ−1∑
t′=stτ

E[∥q̄t′∥2] + 108τ2ω2

(st+1)τ−1∑
t′=stτ

E[∥z̄t′+1 − z̄t′∥2]

+
(
3τ3γ2xη

2Ex + 108τ4ω2γ2zγ
2
xη

4
) (st+1)τ−1∑

t′=stτ

1

N

N∑
n=1

E[∥p(n)t′ − p̄t′∥
2] + 3τ3γ2yη

2Ey

(st+1)τ−1∑
t′=stτ

1

N

N∑
n=1

E[∥q(n)t′ − q̄t′∥
2]

+ 3τEg

(st+1)τ−1∑
t′=stτ

1

N

N∑
n=1

E[∥g(n,k)h,t′ − h
(n,k)
t′ ∥2] + 3τE .

At last, by enforcing

3τ3γ2xη
2Ex + 108τ4ω2γ2zγ

2
xη

4 ≤ 1

2
, 3τ3γ2yη

2Ey ≤
1

2
,
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the proof is complete, and Eq. (27) holds.

To make sure the above inequalities holds, we decompose the first one as follows:

3τ3γ2xη
2Ex + 108τ4ω2γ2zγ

2
xη

4

= 3τ4γ2xη
2
(
36τω2γ3zη

3︸ ︷︷ ︸
Ex,1

+12τω2γzηβ
2
xη

4︸ ︷︷ ︸
Ex,2

+12β2
xη

4(ω2 + 4C2
K) + 16α2η4C2

g︸ ︷︷ ︸
Ex,3

+36ω2γ2zη
2︸ ︷︷ ︸

Ex,4

)
.

By imposing γz ≤ 10ω, with γx ≤ 10, η ≤ 1
400τCK,ω

, we have

3τ4γ2xη
2Ex,1 = 3τ4γ2xη

2 × 36τω2γ3zη
3 ≤ 108× 100τ5ω2 × 1000ω3

4005τ5C5
K,ω

≤ 1

12
.

Similarly, by setting βx =
C2

K,ω

N , βy =
C2

K,ω

N , α =
C2

K,ω

N , we further deduce

3τ4γ2xη
2Ex,2 = 36τ5ω2γ2xη

2γzηβ
2
xη

4 ≤
36× 100τ5ω2 × 10ωC4

K,ω

4007τ7C7
K,ωN

2
≤ 1

12
,

3τ4γ2xη
2Ex,3 = 3τ4γ2xη

2(12β2
xη

4(ω2 + 4C2
K) + 16α2η4C2

g ) ≤
36× 100τ4C4

K,ω(ω
2 + 4C2

K + C2
g )

4006τ6C6
K,ωN

2
≤ 1

12
,

3τ4γ2xη
2Ex,4 = 3τ4γ2xη

2 × 36ω2γ2zη
2 ≤ 108× 100τ4ω2 × 100ω2

4004τ4C4
K,ω

≤ 1

12
.

We can make sure 3τ3γ2yη
2Ey ≤ 1

2 in a similar manner. Hence, the proof is complete.

C.3. Proof of Theorem

Proof. To establish the convergence rate of Algorithm 1, we introduce the following novel potential function:

Pt = Ψt + caE[∥p̄t −
1

N

N∑
n=1

∇xF (n)
h,t ∥

2] + cbE[∥q̄t −
1

N

N∑
n=1

∇yF (n)
h,t ∥

2]

+

K∑
k=1

θkE[∥
1

N

N∑
n=1

g
(n,k)
h,t − 1

N

N∑
n=1

h
(n,k)
t ∥2] +

K∑
k=1

νk
1

N

N∑
n=1

E[∥g(n,k)h,t − h(n,k)t ∥2] , (30)

where Ψt := F (G(x̄t), ȳt; z̄t)− 2ψd(ȳt; z̄t) + 2ψ(z̄t), the coefficient ca, cb and {θk}Kk=1, {νk}Kk=1 are positive.

By Lemmas C.5, C.7, C.8, C.9 and C.10 to potential function Eq.(30), we have

Pt+1 − Pt ≤ −
γxη

4
E[∥∇xF (G(x̄t), ȳt; z̄t)∥2]−

γyη

4
E[∥∇yF (G(x̄t), ȳt; z̄t)∥2]

+
(
2Cx2

yz
+ 24γzη(C

2
xz

+ C2
x2
yz
)− 1

3γzη

)
ωE[∥z̄t+1 − z̄t∥2] +

γxη

2
E[∥∇xF (G(x̄t), ȳt; z̄t)− p̄t∥2]

+
5γyη

4
E[∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2]− βxη2caE[∥p̄t −

1

N

N∑
n=1

∇xF (n)
h,t ∥

2]− βyη2cbE[∥q̄t −
1

N

N∑
n=1

∇yF (n)
h,t ∥

2]

+MpE[∥p̄t∥2] +MqE[∥q̄t∥2] +Mg,l
1

N

N∑
n=1

E[∥g(n,k)h,t − h(n,k)t ∥2] +Mg,gE[∥
1

N

N∑
n=1

g
(n,k)
h,t − 1

N

N∑
n=1

h
(n,k)
t ∥2]

+Mp,c
1

N

N∑
n=1

E[∥p̄t − p(n)t ∥2] +Mq,c
1

N

N∑
n=1

E[∥q̄t − q(n)t ∥2] +M0 ,

where, for readability, we use the following notation for the coefficients of each term and the constant term:

Mp,c = γ2xη
2
(
4C2

K

K∑
k=0

(2C2
g )
k ca
N

+ 4L2
f (2C

2
g )
K cb
N

+ 2

K∑
k=1

(2C2
g )
k(
θk
N

+ νk)
)
,
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Mq,c = γ2yη
2
(
4C2

K

ca
N

+ 4L2
f

cb
N

)
,

Mp =Mp,c + γ2xη
2
(
γyηℓ

2 − 1

4γxη

)
,

Mq =Mq,c + γ2yη
2
(ω + ℓ

2
+ Ld −

1

8γyη

)
,

Mg,l = α2η4
K∑
k=1

(
4C2

K

ca
N

K∑
j=k

(2C2
g )
j−k + 4L2

f

cb
N

(2C2
g )
K−k + 2

K∑
j=k

νj(2C
2
g )
j−k − νk

αη2

)
,

Mg,g = 2α2η4
K∑
k=1

( K∑
j=k+1

θj(2C
2
g )
j−k
)
− αη2

K∑
k=1

θk ,

M0 = α2η4σ2
K∑
k=1

(
2(

2caC
2
K

N
+
θk
N

+ νk)

k∑
j=1

(2C2
g )
j−1 + 4L2

f (2C
2
g )
k−1 cb

N

)
+ 2β2

xη
4σ2 caC

2
K

N
+ 2β2

yη
4σ2 cb

N
. (31)

C.3.1. STEP I: ELIMINATE THE GLOBAL GRADIENT ESTIMATION ERROR TERM.

There are three global gradient estimation error terms we need to handle:

(i) Global gradient estimation error regarding x: E[∥p̄t − 1
N

∑N
n=1∇xF

(n)
h,t ∥2];

(ii) Global gradient estimation error regarding y: E[∥q̄t − 1
N

∑N
n=1∇yF

(n)
h,t ∥2];

(iii) Global estimation error regarding h: E[∥ 1
N

∑N
n=1 g

(n,k)
h,t − 1

N

∑N
n=1 h

(n,k)
t ∥2].

(i) To eliminate the term E[∥p̄t − 1
N

∑N
n=1∇xF

(n)
h,t ∥2], we begin by expanding E[∥∇xF (G(x̄t), ȳt; z̄t)− p̄t∥2] as follows:

γxη

2
E[∥∇xF (G(x̄t), ȳt; z̄t)− p̄t∥2]

≤ 2γxηE[∥∇xF (G(x̄t), ȳt; z̄t)−
1

N

N∑
n=1

∇xF (n)(
1

N

N∑
n′=1

G(n′)(x
(n′)
t ), y

(n)
t ; z

(n)
t )∥2]

+ 2γxηE[∥
1

N

N∑
n=1

∇xF (n)(
1

N

N∑
n′=1

G(n′)(x
(n′)
t ), y

(n)
t ; z

(n)
t )− 1

N

N∑
n=1

∇xF (n)(
1

N

N∑
n′=1

H(n′)(x
(n′)
t ), y

(n)
t ; z

(n)
t )∥2]

+ 2γxηE[∥
1

N

N∑
n=1

∇xF (n)(
1

N

N∑
n′=1

H(n′)(x
(n′)
t ), y

(n)
t ; z

(n)
t )− 1

N

N∑
n=1

∇xF (n)
h,t ∥

2] + 2γxηE[∥
1

N

N∑
n=1

∇xF (n)
h,t − p̄t∥

2]

≜ 2γxη
(
T1 + T2 + T3 + E[∥ 1

N

N∑
n=1

∇xF (n)
h,t − p̄t∥

2]
)
. (32)

Considering T1 in Eq. (32), we derive

T1 = E
[∥∥∥∇xf(G(x̄t), ȳt) + ω(x̄t − z̄t)−

1

N

N∑
n=1

(
∇xf (n)(

1

N

N∑
n′=1

G(n′)(x
(n′)
t ), y

(n)
t ) + ω(x

(n)
t − z(n)t )

)∥∥∥2]
= E

[∥∥∥∇xf(G(x̄t), ȳt)− 1

N

N∑
n=1

∇xf (n)(
1

N

N∑
n′=1

G(n′)(x
(n′)
t ), y

(n)
t )

∥∥∥2]
≤ (K + 1)

(
C4
GL

2
f +

K−1∑
k=0

C2(K−1+k)
g C2

fL
2
g

) 1

N

N∑
n=1

E[∥x̄t − x(n)t ∥2] + (K + 1)C2
GL

2
f

1

N

N∑
n=1

E[∥ȳt − y(n)t ∥2]
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≤ C2
K

1

N

N∑
n=1

E[∥x̄t − x(n)t ∥2] + C2
K

1

N

N∑
n=1

E[∥ȳt − y(n)t ∥2] ,

where the second-to-last step follows from Eq. (37) in (Zhang et al., 2024), and the last step follows from the definition of
C2
K .

Similarly, for T2 and T3 in Eq. (32), we obtain

T2 ≤ K
K∑
k=1

AkE[∥
1

N

N∑
n=1

g
(n,k)
h,t − 1

N

N∑
n=1

h
(n,k)
t ∥2] ,

T3 ≤ C2
K

1

N

N∑
n=1

K∑
k=1

E[∥h̄(k)t − h
(n,k)
t ∥2] ,

where T2 follows directly from the second property in Lemma C.6, and T3 is derived in the same manner as T1 .

Hence, Eq. (32) can be bounded as follows:

γxη

2
E[∥∇xF (G(x̄t), ȳt; z̄t)− p̄t∥2]

≤ 2γxηC
2
K

1

N

N∑
n=1

E[∥x̄t − x(n)t ∥2] + 2γxηC
2
K

1

N

N∑
n=1

E[∥ȳt − y(n)t ∥2] + 2γxηC
2
K

1

N

N∑
n=1

K∑
k=1

E[∥h̄(k)t − h
(n,k)
t ∥2]

+ 2γxηK

K∑
k=1

AkE[∥
1

N

N∑
n=1

g
(n,k)
h,t − 1

N

N∑
n=1

h
(n,k)
t ∥2] + 2γxηE[∥

1

N

N∑
n=1

∇xF (n)
h,t − p̄t∥

2] . (33)

By setting ca = 3γx
βxη

, the coefficient of E[∥p̄t − 1
N

∑N
n=1∇xF

(n)
h,t ∥2] can be negative: 2γxη − βxη2ca ≤ 0.

(ii) Similarly, to eliminate the term E[∥q̄t− 1
N

∑N
n=1∇yF

(n)
h,t ∥2], E[∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2] can be bounded as follows:

5γyη

4
E[∥∇yF (G(x̄t), ȳt; z̄t)− q̄t∥2]

≤ 5γyηL
2
fC

2
G

1

N

N∑
n=1

E[∥x̄t − x(n)t ∥2] + 5γyηL
2
f

1

N

N∑
n=1

E[∥ȳt − y(n)t ∥2] + 5γyηL
2
f

1

N

N∑
n=1

E[∥h̄(K)
t − h(n,K)

t ∥2]

+ 5γyηL
2
fK

K∑
k=1

C2(K−k)
g E[∥ 1

N

N∑
n=1

g
(n,k)
h,t − 1

N

N∑
n=1

h
(n,k)
t ∥2] + 5γyηE[∥

1

N

N∑
n=1

∇yF (n)
h,t − q̄t∥

2] . (34)

Therefore, by setting cb =
6γy
βyη

, the coefficient of E[∥q̄t − 1
N

∑N
n=1∇yF

(n)
h,t ∥2] can be negative: 5γyη − βyη2cb ≤ 0.

(iii) Then, we proceed to eliminate the term E[∥ 1
N

∑N
n=1 g

(n,k)
h,t − 1

N

∑N
n=1 h

(n,k)
t ∥2]. After incorporating the newly

introduced coefficient term from the previous steps with Mg,g, the coefficient of E[∥ 1
N

∑N
n=1 g

(n,k)
h,t − 1

N

∑N
n=1 h

(n,k)
t ∥2]

becomes:

2γxηK

K∑
k=1

Ak + 5γyηL
2
fK

K∑
k=1

C2(K−k)
g + 2α2η4

K∑
k=1

( K∑
j=k+1

θj(2C
2
g )
j−k
)
− αη2

K∑
k=1

θk ≤ 0 . (35)

For any k ∈ {1, · · · ,K}, it follows that

2γxηKAk + 5γyηL
2
fKC

2(K−k)
g − 1

2
αη2θk = αη2

[ 1

αη
2γxKAk +

1

αη
5γxψγyL

2
fKC

2(K−k)
g − 1

2
θk

]
.

Since αη2 ≤ 1, we require this upper bound to be non-positive, which yields

θk =
Kγx
αη

[
4Ak + 10ψγyL

2
fC

2(K−k)
g

]
≜
Kγx
αη

θ̂k .
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In a similar manner, for any k ∈ 1, . . . ,K, we impose

2α2η4
( K∑
j=k+1

θj(2C
2
g )
j−k
)
− αη2θk ≤ −

1

2
αη2θk ,

and consequently obtain

η ≤ 1

2
θ̂
1/2
k ·

( K∑
j=k

αθ̂j(2C
2
g )
j−k
)−1/2

.

C.3.2. STEP II. SUMMATION OVER T AND ELIMINATION OF REMAINING TERMS.

After summing over t = {0, · · · , T − 1} and applying the overall consensus error bound (Lemma C.14), we identify four
additional terms that need to be addressed:

(i) Local estimation error regarding h: 1
N

∑N
n=1 E[∥g

(n,k)
h,t − h(n,k)t ∥2];

(ii) Auxiliary term involving z: E[∥z̄t+1 − z̄t∥2];

(iii) Primal term involving x: E[∥p̄t∥2];

(iv) Dual term involving y: E[∥q̄t∥2].

By taking the summation over t = {0, · · · , T − 1}, applying Lemma C.14 and define

M :=Mp,c +Mq,c +
(
τ2(γ2x + γ2y)η

2 + 1
)
(2γxη + 5γyη)C

2
K , (36)

we obtain

PT − P0

T
≤ −γxη

4

1

T

T−1∑
t=0

E[∥∇xF (G(x̄t), ȳt; z̄t)∥2]−
γyη

4

1

T

T−1∑
t=0

E[∥∇yF (G(x̄t), ȳt; z̄t)∥2]

+
(
2Cx2

yz
+ 24γzη(C

2
xz

+ C2
x2
yz
) + 216τ2ωM− 1

3γzη

)
ω
1

T

T−1∑
t=0

E[∥z̄t+1 − z̄t∥2]

+
(
Mp + 6τEpM

) 1

T

T−1∑
t=0

E[∥p̄t∥2] +
(
Mq + 6τEqM

) 1

T

T−1∑
t=0

E[∥q̄t∥2]

+
(
Mg,l + 6τEgM

)
1

T

T−1∑
t=0

1

N

N∑
n=1

E[∥g(n,k)h,t − h(n,k)t ∥2] +M0 + 6τEM .

(i). To eliminate the term 1
N

∑N
n=1 E[∥g

(n,k)
h,t − h(n,k)t ∥2], from the definition of Mg,l, with Eg ≤

∑K
k=1 4α

2η4τ(8C2
K +

1)
∑K
j=k(2C

2
g )
j−k, we enforce

4α2η4C2
K

ca
N

K∑
j=k

(2C2
g )
j−k + 4α2η4L2

f

cb
N

(2C2
g )
K−k

+ 24α2η4τ2(8C2
K + 1)

K∑
j=k

(2C2
g )
j−kM+ 2

K∑
j=k

νj(2C
2
g )
j−k − αη2νk ≤ 0 . (37)

From the definition ofM in Eq. (36), we further require

4α2η4C2
K

ca
N

K∑
j=k

(2C2
g )
j−k + 4α2η4L2

f

cb
N

(2C2
g )
K−k
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+ 24α2η4τ2(8C2
K + 1)

K∑
j=k

(2C2
g )
j−k

(
γ2xη

2
(
4C2

K

K∑
k′=0

(2C2
g )
k′ ca
N

+ 4C2
K(2C2

g )
K cb
N

+ 2

K∑
k′=1

(2C2
g )
k′ θk′

N

)

+ γ2yη
2
(
4C2

K

ca
N

+ 4L2
f

cb
N

)
+
(
τ2(γ2x + γ2y)η

2 + 1
)
(2γxη + 5γyη)C

2
K

)
− 1

2
αη2νk ≤ 0 .

Moreover, under the conditions Eq. (26), we obtain

νk =
γx
ηN

(
32

βx
+

64ψγy
βy

+

∑K
k′=1Kθ̂k′ + 5(1 + ψγy )N

α

)
C2
K

K∑
j=k

(2C2
g )
j−k ≜

γx
ηN

ν̂k . (38)

Finally, by solving

24α2η4τ2(8C2
K + 1)

K∑
j=k

(2C2
g )
j−k2γ2xη

2
K∑
k′=1

(2C2
g )
k′νk′ + 2α2η4

K∑
j=k

νj(2C
2
g )
j−k − 1

2
αη2νk ≤ 0 ,

we obtain

η ≤ ν̂1/2k ·
( K∑
j=k

α(

K∑
k′=1

ν̂k′ + 4ν̂j)(2C
2
g )
j−k
)−1/2

.

(ii). For the term E[∥z̄t+1 − z̄t∥2], we set(
2Cx2

yz
+ 24γzη(C

2
xz

+ C2
x2
yz
) + 216τ2ωM− 1

3γzη

)
ω ≤ − ω

4γzη
.

In particular, we impose

2Cx2
yz
≤ 1

36γzη
, 24γzη(C

2
xz

+ C2
x2
yz
) ≤ 1

36γzη
, 216τ2ωM≤ 1

36γzη
.

For the first two inequalities, from Cxz
= Cx2

yz
in Lemma C.1, we obtain: γx ≤ 1

72ψγzCxz
.

To handle the last inequality, under the conditions Eq. (26), we deduce (γ2x + γ2y)η
2 ≤ 200

4002τ2C2
K,ω

. Moreover, from the
definition ofM in Eq. (36), we require

216τ2ω × 200

4002τ2C2
K,ω

K∑
k=1

(2C2
g )
kνk ≤

1

216γzη
, (39)

and from the definition of νk in Eq. (38), we further enforce:

216τ2ω × 200

4002τ2C2
K,ω

K∑
k=1

(2C2
g )
k γx
ηN

32

βx
C2
K

K∑
j=k

(2C2
g )
j−k ≤ 1

216× 4γzη
,

216τ2ω × 200

4002τ2C2
K,ω

K∑
k=1

(2C2
g )
k γx
ηN

64ψγy
βy

C2
K

K∑
j=k

(2C2
g )
j−k ≤ 1

216× 4γzη
,

216τ2ω × 200

4002τ2C2
K,ω

(

K∑
k′=1

Kθ̂k′ + 5(1 + ψγy )N)

K∑
k=1

(2C2
g )
k γx
αηN

C2
K

K∑
j=k

(2C2
g )
j−k ≤ 1

216× 2γzη
.

Then, by solving the above inequalities and defining V2Cg
=
∑K
k=1(2C

2
g )
k
∑K
j=k(2C

2
g )
j−k, we obtain

γx ≤ min
{ √

βxN

128
√
ψγzωV2Cg

,

√
βyN

128
√
2ψγyψγzωV2Cg

,

√
αN

16
√
ψγzωV2Cg

· (
K∑
k′=1

Kθ̂k′ + 5(1 + ψγy )N)−1/2
}
.
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Finally, the remaining terms inM can be controlled in the same manner as in Eq. (39), which guarantees that the above
bound is satisfied and further yields the following condition:

γx ≤ min
{5(1 + ψγy )

−1/2

27τη
√

10ψγzω
,

(1 + ψγy )
−1/2

216τηCK
√

5ψγzω

}
.

(iii) Similarly, for the term E[∥p̄t∥2], from the definition of Mp, with Ep ≤ 4τγ2xη
2
(
(8C2

K + 1)
∑K
k=0(2C

2
g )
k + 6ω2

)
, we

enforce

γ2xη
2

(
γyηℓ

2 + 4C2
K

K∑
k=0

(2C2
g )
k ca
N

+ 4L2
f (2C

2
g )
K cb
N

+ 2

K∑
k=1

(2C2
g )
k(
θk
N

+ νk)

+ 24τ2
(
(8C2

K + 1)

K∑
k=0

(2C2
g )
k + 6ω2

)
M− 1

4γxη

)
≤ 0 . (40)

Specifically, we further impose

γ2xη
24C2

K

K∑
k=0

(2C2
g )
k ca
N
≤ γxη

32
, γ2xη

24L2
f (2C

2
g )
K cb
N
≤ γxη

32
,

γ2xη
22

K∑
k=1

(2C2
g )
k θk
N
≤ γxη

32
, γ2xη

22

K∑
k=1

(2C2
g )
kνk ≤

γxη

32
,

γ2xη
2γyηℓ

2 ≤ γxη

32
, γ2xη

224τ2
(
(8C2

K + 1)

K∑
k=0

(2C2
g )
k + 6ω2

)
M≤ γxη

32
.

By solving the above inequalities, we obtain

γx ≤min
{ √

βxN

96CK
√
V2Cg

,

√
βyN

96CK
√
2ψγyV2Cg

,

√
αN

12CK
√
V2Cg

· (
K∑
k′=1

Kθ̂k′ + 5(1 + ψγy )N)−1/2 ,

1

4ℓ
√

2ψγy
,
5(1 + ψγy )

−1/2

24
√
10τηCK

,
(1 + ψγy )

−1/2

192
√
5τηCKCK,ω

}
.

(iv) Subsequently, for the term E[∥q̄t∥2], from the definition of Mq , with Eq ≤ 32τγyη
2C2

K , we enforce

γ2yη
2

(
ω + ℓ

2
+ Ld + 4C2

K

ca
N

+ 4L2
f

cb
N

+ 192τ2C2
KM−

1

8γyη

)
≤ 0 . (41)

Specifically, we further impose

γ2yη
2(
(ω + ℓ)

2
+ Ld) ≤

γyη

32
, γ2yη

24C2
K

ca
N
≤ γyη

32
,

γ2yη
24L2

f

cb
N
≤ γyη

32
, γ2yη

2192τ2C2
KM≤

γyη

32
.

By solving the above inequalities, we obtain

γx ≤ min
{ √

βxN

96CK
√
ψγyV2Cg

,

√
βyN

96CKψγy
√
2V2Cg

,

√
αN

12CK
√
ψγyV2Cg

· (
K∑
k′=1

Kθ̂k′ + 5(1 + ψγy )N)−1/2 ,

(2Ld + ω + ℓ)−1

16ψγy
,
5(1 + ψγy )

−1/2

24τηCK
√

10ψγy
,

(1 + ψγy )
−1/2

192τηC2
K

√
5ψγy

}
.
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C.3.3. STEP III. PROOF COMPLETION.

In summary, the value in potential function Eq. (30) are given by

ca =
3γx
βxη

, cb =
6γy
βyη

, θk =
Kγx
αη

θ̂k , νk =
γx
ηN

ν̂k ,

θ̂k = 4Ak + 10ψγyL
2
fC

2(K−k)
g ,

ν̂k =

(
32

βx
+

64ψγy
βy

+

∑K
k′=1Kθ̂k′ + 5(1 + ψγy )N

α

)
C2
K

K∑
j=k

(2C2
g )
j−k . (42)

Then, by denoting

V2Cg
=

K∑
k=1

(2C2
g )
k
K∑
j=k

(2C2
g )
j−k , C2

K,ω = (C2
K + 1)

K∑
k=0

(2C2
g )
k + ω2

ψω = (1 + C2
K)(ψγzω + 1)(1 + ψγy ) , (43)

the hyperparameter setting can be summarized as

γx ≤ min

{
ℓ2

6ω(ω + ℓ)2
,

64ℓ

(ω − ℓ)2
√
C2
x1
yz

+ 1
,

1

72ψγzCxz

,
1

4ℓ
√
2ψω

,

√
βxN

128
√
ψωV2Cg

,

√
βyN

128
√
2ψωV2Cg

,

√
αN

16
√
ψωV2Cg

· (
K∑
k′=1

Kθ̂k′ + 5(1 + ψγy )N)−1/2 ,
1

216τη
√
5ψω

,
(2Ld + ω + ℓ)−1

16ψγy
,

1

192τη
√
5ψωCK,ω

}
,

γy = γx
(ω − ℓ)2

64ℓ2︸ ︷︷ ︸
ψγy=O(1)

, γz = γx
(ω − ℓ)3µ

1024× 96ωℓ2︸ ︷︷ ︸
ψγz=O(1/κ)

,

η ≤ min

{
1√
βx
,

1√
βy
,

1√
α
,
1

γz
,

1

2γx(ω + ℓ)
,

1

400τCK,ω
,
1

2
θ̂
1/2
k ·

( K∑
j=k

αθ̂j(2C
2
g )
j−k
)−1/2

,

ν̂
1/2
k ·

( K∑
j=k

α(

K∑
k′=1

ν̂k′ + 4ν̂j)(2C
2
g )
j−k
)−1/2

}
. (44)

Therefore, we obtain

1

T

T−1∑
t=0

(
E[∥∇xf(G(x̄t), ȳt)∥2] + κE[∥∇yf(G(x̄t), ȳt)∥2]

)
≤ 1

T

T−1∑
t=0

(
2E[∥∇xF (G(x̄t), ȳt; z̄t)∥2] + 2κE[∥∇yF (G(x̄t), ȳt; z̄t)∥2] + 2ω2E[∥x̄t − z̄t∥2]

)
≤ max{ 8

γxη
,

8κ

γxηψγy
,

8ω

γxηψγz
}

(
P0 − PT

T
+M0 + 6τEM

)
. (45)

Furthermore, at the initial iteration, the batch size is set to S0, then we have

P0 = Ψ0 +
3γx
βxη

E[∥p̄0 −
1

N

N∑
n=1

∇xF (n)
h,0 ∥

2] +
6γy
βyη

E[∥q̄0 −
1

N

N∑
n=1

∇yF (n)
h,0 ∥

2]

+

K∑
k=1

Kγx
αη

θ̂kE[∥
1

N

N∑
n=1

g
(n,k)
h,0 − 1

N

N∑
n=1

h
(n,k)
0 ∥2] +

K∑
k=1

γx
ηN

ν̂k
1

N

N∑
n=1

E[∥g(n,k)h,0 − h(n,k)0 ∥2]

≤ Ψ0 +
3γx
βxη

C2
Kσ

2

NS0
+

6γy
βyη

σ2

NS0
+

K∑
k=1

Kγx
αη

θ̂k
σ2

NS0
+

K∑
k=1

γx
ηN

ν̂k
σ2

S0
.
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Setting O(β) := O(βx) = O(βy) = O(α), and ω = O(ℓ). Then, taking the O notation on the first term, we obtain

max{ 8

γxη
,

8κ

γxηψγy
,

8ω

γxηψγz
}P0

T
:= O

(
κΨ0

γxηT

)
+O

(
κK

βη2NS0T

)
.

Similarly, taking the O notation on the second and third terms, where E, M0, andM are defined in Eq. (29), (31), (36), we
obtain

max{ 8

γxη
,

8κ

γxηψγy
,

8ω

γxηψγz
}M0 := O

(κβη2K
N

)
,

max{ 8

γxη
,

8κ

γxηψγy
,

8ω

γxηψγz
}6τEM := O

(
κKτ2η4βγ2x

N

)
+O

(
κτ4η6β2γ2x

)
+O

(
κτ2η4β2

)
.

Finally, combining the results of above inequalities, we derive

1

T

T−1∑
t=0

(
E[∥∇xf(G(x̄t), ȳt)∥2] + κE[∥∇yf(G(x̄t), ȳt)∥2]

)
≤ O

(
κΨ0

γxηT

)
+O

(
κK

βη2NS0T

)
+O

(
κβη2K

N

)
+O

(
κKτ2η4βγ2x

N

)
+O

(
κτ4η6β2γ2x

)
+O

(
κτ2η4β2

)
. (46)

This completes the proof of Theorem 3.6.

D. Stagewise-LSMC-GDA

Throughout this section, with a slight abuse of notation, we use f(G(x), y) = 1
N

∑N
n=1 f

(n)(G(x), y) to denote the
loss function in Eq. (12) for simplicity, where f(G(x), y) satisfies Assumption 3.1-3.5 and L(x) = maxy f(G(x), y).
Based on this general loss function f(G(x), y) that satisfies the two-sided PL condition, we use Algorithm 2 to solve
minxmaxy f(G(x), y) and establish its convergence rate as follows.

Theorem D.1. (Restatement of Theorem 3.8) Given Assumptions 3.1-3.5, by setting c0 = 32ℓ2

µ2 , βx = 51200
c0L

2
v

N , βy =

1280
L2

v

N , α = 1280
c0L

2
v

N , ηy,0 = N
40τLv

, R0 = max{300τ2, 25V0,0

NLvσ2 }, where V0,0 is defined in Eq. (48) and Lv in Eq. (63).

For any stage r ≥ 1, ηx,r = O( µ2N√
2r−1Lv

), ηy,r = O( N√
2r−1Lv

), τ = O(
√
2r−1

NLv
), Tr = O( c0µN × 2r−1). Consequently,

Algorithm 2 requires a total of O
(

1
µ6Nϵ

)
iterations to find the optimal solution of the two-sided PL minimax problem in

Eq. (12): E[L(¯̃xR) − L(x∗)] ≤ ϵ, where ϵ > 0 is the solution accuracy, ¯̃xR = 1
N

∑N
n=1 x̃

(n)
R is the averaged output of

Algorithm 2.

D.1. Proof of the Theorem 3.8

Proof Sketch. To prove Theorem 3.8, we proceed in three steps:

• First, we introduce a potential function together with the necessary definitions.

• Next, we establish two key lemmas based on this potential function, which play a central role in the subsequent analysis.

• Finally, by relating these two lemmas and applying an inductive argument, we complete the proof of Theorem 3.8.

Unique Challenges. Establishing convergence rates for PL-PL compositional minimax problems is significantly more
challenging than in prior work. In particular, compared to (Shen et al., 2024), our objective involves a compositional
structure that introduces bias into the stochastic gradient estimators; therefore, their analysis cannot be directly applied.
Moreover, (Zhang et al., 2024) focuses only on the federated NC-SC setting, and it remains unclear how their method can be
extended to the PL-PL case. In contrast to (Zhang & Gao, 2025b), which considers only the single-machine setting, our
federated setting introduces additional difficulties in the convergence analysis due to communication and consensus errors.

To address these challenges, we develop an induction-based framework to establish the theoretical analysis. At a high level,
we follow the framework of (Zhang & Gao, 2025b) to establish the convergence rate of Algorithm 2. However, we highlight
several challenges that are unique to the federated setting:
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Algorithm 2 Stagewise-LSMC-GDA

Require: βx > 0, βy > 0, α > 0, ηx,r > 0, ηy,r > 0.
1: for stage r = 0, · · · , R− 1, each device n do
2: x

(n)
r,0 = x̃

(n)
r , y

(n)
r,0 = ỹ

(n)
r , h

(n,k)
r,0 = h̃

(n,k)
r for k ∈ {0, · · · ,K − 1}, p

(n)
r,0 = p̃

(n)
r , q

(n)
r,0 = q̃

(n)
r .

3: for t = 0, · · · , Tr − 1, do
4: Update model parameters:

x
(n)
r,t+1 = x

(n)
r,t − ηx,rp

(n)
r,t , y

(n)
r,t+1 = y

(n)
r,t + ηy,rq

(n)
r,t .

5: Estimate the inner-level function: h(0)r,t+1 = xr,t+1,

h
(n,k)
r,t+1 = (1− αη2x,r)(h

(n,k)
r,t − g(n,k)(h(n,k−1)

r,t ; ξ
(n,k)
r,t+1)) + g(n,k)(h

(n,k−1)
r,t+1 ; ξ

(n,k)
r,t+1), for k ∈ {1, · · · ,K}

6: Update stochastic compositional gradients:
∇xf (n)h,r,t+1;t+1 = ∇g(n,1)(h(n,0)r,t+1; ξ

(n,1)
r,t+1) · · · ∇g(n,K−1)(h

(n,K−2)
r,t+1 ; ξ

(n,K−1)
r,t+1 )∇g(n,K)(h

(n,K−1)
r,t+1 ; ξ

(n,K)
r,t+1 ) ×

∇1f
(n)(h

(n,K)
r,t+1 , y

(n)
r,t+1; ζ

(n)
r,t+1) ,

∇yf (n)h,r,t+1;t+1 = ∇2f
(n)(h

(n,K)
r,t+1 , y

(n)
r,t+1; ζ

(n)
r,t+1) ,

p
(n)
r,t+1 = (1− βxη2x,r)(p

(n)
r,t −∇xf

(n)
h,r,t;t+1) +∇xf

(n)
h,r,t+1;t+1,

q
(n)
r,t+1 = (1− βyη2y,r)(q

(n)
r,t −∇yf

(n)
h,r,t;t+1) +∇yf

(n)
h,r,t+1;t+1,

7: if mod(r + 1, τ) == 0 then
8: x

(n)
r,t+1 = 1

N

∑N
n′=1 x

(n′)
r,t+1, y

(n)
r,t+1 = 1

N

∑N
n′=1 y

(n′)
r,t+1,

p
(n)
r,t+1 = 1

N

∑N
n′=1 p

(n′)
r,t+1, q

(n)
r,t+1 = 1

N

∑N
n′=1 q

(n′)
r,t+1,

9: for k = 1, · · · ,K do
10: h

(n,k)
r,t+1 = 1

N

∑N
n′=1 h

(n′,k)
r,t+1 ,

11: end for
12: end if
13: end for
14: Randomly select (x̃(n)r+1, ỹ

(n)
r+1, h̃

(n,k)
r+1 , p̃

(n)
r+1, q̃

(n)
r+1) from {(x(n)r,t , y

(n)
r,t , h

(n,k)
r,t , p

(n)
r,t , q

(n)
r,t )}

Rt−1
r=0 .

15: end for

• We introduce both global estimation errors,
∑K
k=1 θkσ

hθ,k
r,t+1, and local estimation error,

∑K
k=1 νkσ

hν ,k
r,t+1 , which must

be simultaneously controlled in the analysis, as shown in Eq. (47).

• We additionally need to handle consensus errors induced by federated learning, as characterized in Lemma D.5. In
particular, determining appropriate values of νk requires carefully applying this lemma together with the constructions
in Eq. (59)-(61), Eq. (66), and Eq. (70).

Potential function. Defining the potential function as:

Pr,t+1 = Vr,t+1 +
8

βxηx,r
σxr,t+1 +

2

βyηy,r
σyr,t+1 +

K∑
k=1

θkσ
hθ,k
r,t+1 +

K∑
k=1

νkσ
hν ,k
r,t+1 , (47)

where

Vr,t+1 = E[L(xr,t+1)]− E[L(x∗)] +
c0ηx,r
ηy,r

(E[L(xr,t+1)]− E[f(G(xr,t+1), yr,t+1)]) ,

σxr,t+1 = E[∥ 1
N

N∑
n=1

∇xf (n)h,r,t+1 − p̄r,t+1∥2] , σyr,t+1 = E[∥ 1
N

N∑
n=1

∇yf (n)h,r,t+1 − q̄r,t+1∥2] ,

σhθ,k
r,t+1 = E[∥ 1

N

N∑
n=1

g
(n,k)
h,r,t+1 −

1

N

N∑
n=1

h
(n,k)
r,t+1∥2] , σhν ,k

r,t+1 =
1

N

N∑
n=1

E[∥g(n,k)h,r,t+1 − h
(n,k)
r,t+1∥2] . (48)

Key Lemmas.
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Lemma D.2. Given Assumptions 3.1-3.5, by setting

βy = 1280
L2
v

N
, βx = 51200

c0L
2
v

N
, α = 1280

c0L
2
v

N
, c0 =

32ℓ2

µ2
,

Lv is defined in Eq. (63), such that ηx,r =
ηy,r

10c0
, we then obtain the following bound:

1

Tr

Tr−1∑
r=0

(
E[∥∇L(x̄r,t)∥2] +

c0ηx,r
ηy,r

E[∥∇yf(G(x̄r,t), ȳr,t)∥2]
)

≤ 40c0Vr,0
ηy,rTr

+
80c0

βyη2y,rTr

(
σxr,0 + σyr,0 + 5σhθ

r,0 + 47σhν
r,0

)
+ 245c0βyη

2
y,rL

2
vσ

2Cτ ,

where

Cτ =
( 1

N
+

145

N
τ2η2y,r + 20τ4η4y,r + 20τ2η2y,r

)
. (49)

Lemma D.3. Given Assumptions 3.1-3.5, the collective estimation error can be bounded as:

σxr+1,0 + σyr+1,0 + 5σhθ
r+1,0 + 47σhν

r+1,0

≤ 320c0
βyη2y,rTr

(
σxr,0 + σyr,0 + 5σhθ

r,0 + 47σhν
r,0

)
+

45c0Vr,0
ηy,rTr

+ 480c0βyη
2
y,rL

2
vσ

2Cτ .

The detailed proof of Lemma D.2 is provided in Section D.3, while that of Lemma D.3 appears in Section D.4.

Inductive Argument for Theorem 3.8

Proof. Under the two-sided PL condition, we can get

2µ
(
E[L(x̄r,t)]− L(x̄∗) +

c0ηx,r
ηy,r

(E[L(x̄r,t)]− E[f(G(x̄r,t), ȳr,t)])
)

≤ E[∥∇L(x̄r,t)∥2] +
c0ηx,r
ηy,r

E[∥∇yf(G(x̄r,t), ȳr,t)∥2] .

Taking into account the random sampling in each outer iteration, we further derive

Vr+1,0 =
1

Tr

Tr−1∑
t=0

(
E[L(x̄r,t)]− L(x̄∗) +

c0ηx,r
ηy,r

(E[L(x̄r,t)]− E[f(g(x̄r,t), ȳr,t)])
)

≤ 1

2µ

1

Tr

Tr−1∑
t=0

(
E[∥∇L(x̄r,t)∥2] +

c0ηx,r
ηy,r

E[∥∇yf(g(x̄r,t), ȳr,t)∥2]
)

≤ 1

2µ

(40c0Vr,0
ηy,rTr

+
80c0

βyη2y,rTr
(σxr,0 + σyr,0 + 5σhθ

r,0 + 47σhν
r,0) + 245c0βyη

2
y,rL

2
vσ

2Cτ

≤ 1

µ

(45c0Vr,0
ηy,rTr

+
320c0
βyη2y,rTr

(σxr,0 + σyr,0 + 5σhθ
r,0 + 47σhν

r,0) + 480c0βyη
2
y,rL

2
vσ

2Cτ

)
. (50)

At t = 0, we have σx0,0 + σy0,0 + 5σhθ
0,0 + 47σhν

0,0 = 54L2
vσ

2. Then, by Eq. (50) and Lemma D.3, we obtain

σx1,0 + σy1,0 + 5σhθ
1,0 + 47σhν

1,0 ≤
17280c0L

2
v

βyη2y,0Tr
σ2 +

45c0V0,0
ηy,0Tr

+ 480c0βyη
2
y,0L

2
vσ

2Cτ ,

V1,0 ≤
1

µ

(17280c0L2
v

βyη2y,0R0
σ2 +

45c0V0,0
ηy,0R0

+ 480c0βyη
2
y,0L

2
vσ

2Cτ

)
.
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By setting ηy,0 = N
40τLv

and R0 = max{300τ2, 25V0,0

NLvσ2 }, together with βy = 1280
L2

v

N , we obtain

σx1,0 + σy1,0 + 27σhθ
1,0 + 52σhν

1,0 ≤
17280× 5c0τ

2L2
v

4R0
σ2 +

45× 40c0LvV0,0
R0

+ 384c0L
2
vσ

2Cτ ≤ 600c0L
2
vσ

2Cτ ,

V1,0 ≤
600c0L

2
vσ

2Cτ
µ

.

Therefore, we define ϵ1 ≜ 600c0L
2
vσ

2Cτ/µ so that

σx1,0 + σy1,0 + 5σhθ
1,0 + 47σhν

1,0 ≤ µϵ1 , V1,0 ≤ ϵ1 .

This provide an important connection between Vr,0 and σxr,0 + σyr,0 + 5σhθ
r,0 + 47σhν

r,0. Building on this finding, we apply an
inductive argument to establish the desired result.

Suppose σxr,0+σ
y
r,0+5σhθ

r,0+47σhν
r,0 ≤ µϵr and Vr,0 ≤ ϵr, we will prove that σxr+1,0+σ

y
r+1,0+5σhθ

r+1,0+47σhν
r+1,0 ≤ µϵr/2

and Vr+1,0 ≤ ϵr/2. To begin, we have

σxr+1,0 + σyr+1,0 + 5σhθ
r+1,0 + 47σhν

r+1,0 ≤
320c0L

2
v

βyη2y,rTr
µϵr +

45c0
ηy,rTr

ϵr + 480c0βyη
2
y,rL

2
vσ

2Cτ .

To ensure σxr+1,0+σ
y
r+1,0+5σhθ

r+1,0+47σhν
r+1,0 ≤ µϵr/2, we enforce each component to be bounded by ϵr/6. In particular,

by setting

320c0L
2
v

βyη2y,rTr
µϵr ≤

µϵr
6

,
45c0
ηy,rTr

ϵr ≤
µϵr
6

, 480c0βyη
2
y,rL

2
vσ

2Cτ ≤
µϵr
6

,

with τ = O( 1
N

√
c0
µϵr

), we obtain

ηy,r =

√
µϵrN

3840
√
c0L2

vσ
, Tr ≥ max{

270× 3840c0L
2
v

√
c0σ

µ
√
µϵrN

,
5760× 3840c20L

4
vσ

2

µϵrN
} .

Therefore, under the above condition, we derive

σxr+1,0 + σyr+1,0 + 5σhθ
r+1,0 + 47σhν

r+1,0 ≤
µϵr
6

+
µϵr
6

+
µϵr
6
≤ µϵr

2
,

and

Vr+1,0 ≤
1

µ

(
320c0L

2
v

βyη2y,rTr
µϵr +

45c20
ηy,rTr

ϵr + 480c0βyηy,rL
2
vσ

2Cτ

)
≤ ϵr

2
.

Since ϵr = ϵ1
2r−1 =

600c0L
2
vσ

2Cτ

2r−1µ = O
(
c0L

2
vσ

2

2r−1µ

)
, we further deduce

Tr = O

(
c20L

4
vσ

2

µϵrN

)
= O

(
c20L

4
vσ

2

µN
× 2r−1µ

c0L2
vσ

2

)
= O

( c0
N
× 2r−1

)
Tr = O

(
c0L

2
v

√
c0σ

µ
√
µϵrN

)
= O

(
c0L

2
v

√
c0σ

µ
√
µN

×
√
2r−1µ
√
c0Lvσ

)
= O

(
c0
µN
×
√
2r−1

)
.

Accordingly, we may set Tr = O( c0µN × 2r−1). Finally, to achieve Vr,0 ≤ ϵ, one need ϵ1
2R−1 = ϵ, such that R = log 2ϵ1

ϵ .
Thus, the total number of iterations is

O(T0 +

R∑
r=1

Tr) = O

(
max{300τ2, 25V0,0

NLvσ2
}+

R∑
r=1

c0
µN
× 2r−1

)
=

(
c0ϵ1
µϵN

)
= O

(
1

µ6ϵN

)
. (51)
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Additionally, we obtain

τ = O
( 1

N

√
c0
µϵr

)
= O

(√c0
µ
×

√
2r−1µ

c0L2
vσ

2

)
= O

(√2r−1

NLv

)
,

ηy,r = O

( √
µϵrN√
c0L2

vσ

)
= O

( √
µN

√
c0L2

vσ
×

√
c0L2

vσ
2

2r−1µ

)
= O(

N√
2r−1Lv

) ,

and it follows that ηx,r = O( µ2N√
2r−1Lv

). Moreover, it is easy to know that Tr/τ = O(2(r−1)/2). Then, similar to Eq. (51),

we can obtain that the communication complexity is in the order of O(1/ϵ1/2).

Thus, the proof of Theorem 3.8 is completed.

D.2. Useful Lemmas

To prove the two key lemmas above, we first present several useful lemmas.

Lemma D.4. (Zhang & Gao, 2025b) Given Assumptions 3.1-3.5 and ηx,r ≤ min{ 1
2LL

, 1
16ℓ}, ηy,r ≤

1
2ℓ , we derive:

E[L(x̄r,t+1)]− E[L(x̄r,t)] ≤ −
ηx,r
2

E[∥∇L(x̄r,t)∥2]−
ηx,r
4

E[∥p̄r,t∥2]

+ ηx,rE[∥∇L(x̄r,t)−∇xf(G(x̄r,t), ȳr,t)∥2] + ηx,rE[∥∇xf(G(x̄r,t), ȳr,t)− p̄r,t∥2] ,

and

E[L(x̄r,t+1)− f(G(x̄r,t+1), ȳr,t+1)]− E[L(x̄r,t)− f(G(x̄r,t), ȳr,t)]

≤ 4ηx,rE[∥∇L(x̄r,t)−∇xf(G(x̄r,t), ȳr,t)∥2] +
5ηx,r
2

E[∥∇L(x̄r,t)∥2]−
ηy,r
4

E[∥∇yf(G(x̄r,t), ȳr,t)∥2]

+
3ηx,r
2

E[∥∇xf(G(x̄r,t), ȳr,t)− p̄r,t∥2] + ηy,rE[∥∇yf(G(x̄r,t), ȳr,t)− q̄r,t∥2]

− ηx,r
8

E[∥p̄r,t∥2]−
ηy,r
4

E[∥q̄r,t∥2] .

Proof. This lemma follows directly from Lemma C.3 and C.5 in (Zhang & Gao, 2025b). Since our algorithm operates in a
federated learning setting, we do not decompose the terms E[∥∇xf(G(x̄r,t), ȳr,t)− p̄r,t∥2] and E[∥∇yf(G(x̄r,t), ȳr,t)−
q̄r,t∥2] for now.

Lemma D.5. Given Assumptions 3.1-3.5, we derive overall consensus error: By setting

ηx,r ≤
1

400τLv
, ηy,r ≤

1

400τLv
, {α, βx, βy} =

L2
v

N
, (52)

we have

1

Tr

Tr−1∑
t=0

1

N

N∑
n=1

(
E[∥p(n)r,t − p̄r,t∥2] + E[∥q(n)r,t − q̄r,t∥2] +

K∑
k=1

E[∥h(n,k)r,t − h̄(k)r,t ∥2]

)

≤ 6τẼp
1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] + 6τẼq
1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2] + 6τẼg
1

Tr

Tr−1∑
t=0

1

N

N∑
n=1

E[∥g(n,k)h,r,t − h
(n,k)
r,t ∥2] + 6τẼ .

where the coefficient of each term is denoted as

Ẽp = 8τη2x,rC
2
K

K∑
k=0

(2C2
g )
k + 8τη2x,rL

2
f (2C

2
g )
K + 4τη2x,r

K∑
k=1

(2C2
g )
k ,

Ẽq = 8τη2y,rC
2
K + 8τη2y,rL

2
f ,
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Ẽg =

K∑
k=1

α2η4x,r

(
8τC2

K

K∑
j=k

(2C2
g )
j−k + 4τ

K∑
j=k

(2C2
g )
j−k + 8τL2

f (2C
2
g )
K−k

)
,

Ẽ = 4τα2η4x,r(4C
2
K + 1)

K∑
k=1

k∑
j=1

(2C2
g )
j−1σ2 + 8τβ2

xη
4
x,rC

2
Kσ

2 + 8τβ2
yη

4
y,rσ

2 + 8τα2η4x,rσ
2K . (53)

Proof. The proof of this lemma follows the same arguments as Lemma C.14, with the only difference being that it does not
involve a smoothed variable. For simplicity, the details are omitted.

D.3. Proof of Lemma D.2

Proof. By applying Lemma C.7, C.8, C.9, C.10, and D.4 to the potential function in Eq. (47), we obtain

Pr,t+1 − Pr,t ≤ −
ηx,r
4

E[∥∇L(x̄r,t)∥2]−
c0ηx,r

4
E[∥∇yf(G(x̄r,t), ȳr,t)∥2]

+ (ηx,r +
4c0η

2
x,r

ηy,r
)E[∥∇L(x̄r,t)−∇xf(G(x̄r,t), ȳr,t)∥2] + (ηx,r +

3c0η
2
x,r

2ηy,r
)E[∥∇xf(G(x̄r,t), ȳr,t)− p̄r,t∥2]

+ c0ηx,rE[∥∇yf(G(x̄r,t), ȳr,t)− q̄r,t∥2]− 8ηx,rE[∥p̄r,t −
1

N

N∑
n=1

∇xf (n)h,r,t∥
2]− 2ηy,rE[∥q̄r,t −

1

N

N∑
n=1

∇yf (n)h,r,t∥
2]

+ (M̃p,c −
ηx,r
4
−
c0η

2
x,r

8ηy,r
)E[∥p̄r,t∥2] + (M̃q,c −

c0ηx,r
4

)E[∥q̄r,t∥2] + M̃g,l
1

N

N∑
n=1

E[∥g(n,k)h,r,t − h
(n,k)
r,t ∥2]

+

K∑
k=1

(
2α2η4x,r

K∑
j=k+1

θj(2C
2
g )
j−k − αη2x,rθk

)
E[∥ 1

N

N∑
n=1

g
(n,k)
h,r,t −

1

N

N∑
n=1

h
(n,k)
r,t ∥2]

+ M̃p,c
1

N

N∑
n=1

E[∥p̄r,t − p(n)r,t ∥2] + M̃q,c
1

N

N∑
n=1

E[∥q̄r,t − q(n)r,t ∥2] + M̃0 , (54)

where, for readability, we use the following notation for the coefficients of each term and the constant term:

M̃p,c =
32ηx,r
βxN

C2
K

K∑
k=0

(2C2
g )
k +

8η2x,r
βyηy,rN

L2
f (2C

2
g )
K + 2η2x,r

K∑
k=1

(
θk
N

+ νk)(2C
2
g )
k ,

M̃q,c =
32η2y,r
βxηx,rN

C2
K +

8ηy,r
βyN

L2
f ,

M̃g,l = α2η4x,r

K∑
k=1

(
32C2

K

βxηx,rN

K∑
j=k

(2C2
g )
j−k +

8L2
f

βyηy,rN
(2C2

g )
K−k +

K∑
j=k+1

2νj(2C
2
g )
j−k − νk

αη2x,r

)
,

M̃0 =
32α2η4x,r
βxηx,r

C2
K

K∑
k=1

k∑
j=1

(2C2
g )
j−1σ

2

N
+ 16βxη

3
x,rC

2
K

σ2

N
+

8α2η4x,r
βyηy,r

L2
f

K∑
k=1

(2C2
g )
k−1σ

2

N
+ 4βyη

3
y,r

σ2

N

+ 2α2η4x,r

K∑
k=1

θk

k−1∑
j=0

(2C2
g )
j σ

2

N
+ 2α2η4x,rσ

2
K∑
k=1

νk

k−1∑
j=0

(2C2
g )
j . (55)

Building on Eq. (33) and (34), we derive the expansions of both E[∥∇xf(G(x̄r,t), ȳr,t) − p̄r,t∥2] and
E[∥∇yf(G(x̄r,t), ȳr,t)− q̄r,t∥2], which yield:

E[∥∇xf(G(x̄r,t), ȳr,t)− p̄r,t∥2]

≤ 4C2
K

1

N

N∑
n=1

E[∥x̄r,t − x(n)r,t ∥2] + 4C2
K

1

N

N∑
n=1

E[∥ȳr,t − y(n)r,t ∥2] + 4C2
K

1

N

N∑
n=1

K∑
k=1

E[∥h̄(k)r,t − h
(n,k)
r,t ∥2]
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+ 4K

K∑
k=1

AkE[∥
1

N

N∑
n=1

g
(n,k)
h,r,t −

1

N

N∑
n=1

h
(n,k)
r,t ∥2] + 4E[∥ 1

N

N∑
n=1

∇xf (n)h,r,t − p̄r,t∥
2] ,

E[∥∇yf(G(x̄r,t), ȳr,t)− q̄r,t∥2]

≤ 4L2
fC

2
G

1

N

N∑
n=1

E[∥x̄r,t − x(n)r,t ∥2] + 4L2
f

1

N

N∑
n=1

E[∥ȳr,t − y(n)r,t ∥2] + 4L2
f

1

N

N∑
n=1

E[∥h̄(K)
r,t − h

(n,K)
r,t ∥2]

+ 4L2
fK

K∑
k=1

C2(K−k)
g E[∥ 1

N

N∑
n=1

g
(n,k)
h,r,t −

1

N

N∑
n=1

h
(n,k)
r,t ∥2] + 4E[∥ 1

N

N∑
n=1

∇yf (n)h,r,t − q̄r,t∥
2] . (56)

Consequently, with ηx,r =
ηy,r

10c0
, the coefficients of E[∥ 1

N

∑N
n=1∇xf

(n)
h,r,t− p̄r,t∥2] and E[∥ 1

N

∑N
n=1∇yf

(n)
h,r,t− q̄r,t∥2] can

be expressed as:

4(ηx,r +
3c0η

2
x,r

2ηy,r
)− 8ηx,r = −

17

5
ηx,r , 4c0ηx,r − 2ηy,r = −

8

5
ηy,r . (57)

For the term E[∥ 1
N

∑N
n=1 g

(n,k)
h,r,t −

1
N

∑N
n=1 h

(n,k)
r,t ∥2], we following similar steps of Eq. (35), by setting

θk =
Kc0
αηx,r

(16Ak + 10L2
fC

2(K−k)
g ) ≜

Kc0θ̂k
αηx,r

,

ηx,r ≤
1

2
θ̂
1/2
k ·

( K∑
j=k

αθ̂j(2C
2
g )
j−k
)−1/2

,

we arrive at

4KAk(ηx,r +
3c0η

2
x,r

2ηy,r
) + 4L2

fKC
2(K−k)
g c0ηx,r + 2α2η4x,r

K∑
j=k+1

θj(2C
2
g )
j−k − αη2x,rθk

≤ 46

10
KAkηx,r + 4L2

fKC
2(K−k)
g c0ηx,r −

1

2
αη2x,r

K

αηx,r
(16Ak + 10c0L

2
fC

2(K−k)
g )

= −34

10
ηx,rKAk − c0ηx,rL2

fKC
2(K−k)
g . (58)

Moreover, setting c0 = 32ℓ2

µ2 yields
(
ηx,r +

3c0η
2
x,r

ηy,r

)
ℓ2

µ2 ≤ c0ηx,r

16 , and −ηx,r

4 ≥ −ηy,r

8 . Then, invoking Lemma A.7 in

(Chen et al., 2022), we have (ηx,r +
3c0η

2
x,r

ηy,r
)E[∥∇L(x̄r,t)−∇xf(G(x̄r,t), ȳr,t)∥2] ≤ c0ηx,r

16 E[∥∇yf(G(x̄r,t), ȳr,t)∥2]. It
directly leads to

− c0ηx,r
4

E[∥∇yf(G(x̄r,t), ȳr,t)∥2] + (ηx,r +
3c0η

2
x,r

ηy,r
)E[∥∇L(x̄r,t)−∇xf(G(x̄r,t), ȳr,t)∥2]

≤ −c0ηx,r
4

E[∥∇yf(G(x̄r,t), ȳr,t)∥2] +
c0ηx,r
16

E[∥∇yf(G(x̄r,t), ȳr,t)∥2]

= −
(ηy,r

8

c0ηx,r
ηy,r

+
c0ηx,r
16

)
E[∥∇yf(G(x̄r,t), ȳr,t)∥2] ≤ −

(ηx,r
4

c0ηx,r
ηy,r

+
c0ηx,r
16

)
E[∥∇yf(G(x̄r,t), ȳr,t)∥2] .

Then, by summing over t = {0, · · · , Tr−1}, combining Eq. (57) and (58), applying the overall consensus error Lemma D.5
to Eq. (54) and introducing

M̃ =
32ηx,r
βxN

C2
K

K∑
k=0

(2C2
g )
k +

8η2x,r
βyηy,rN

L2
f (2C

2
g )
K + 2η2x,r

K∑
k=1

(
θk
N

+ νk)(2C
2
g )
k

+
32η2y,r
βxηx,rN

C2
K +

8ηy,r
βyN

L2
f + 4C2

K

(23ηx,r
5

+ 4c0ηx,r

)
(τ2η2x,r + τ2η2y,r + 1) , (59)

39



A Smoothed Algorithm for Federated Stochastic Multi-Level Compositional Minimax Optimization

we obtain

Pr,Tr − Pr,0
T

≤ −ηx,r
4

1

Tr

Tr−1∑
t=0

E[∥∇L(x̄r,t)∥2]−
(ηx,r

4

c0ηx,r
ηy,r

+
c0ηx,r
16

) 1

Tr

Tr−1∑
t=0

E[∥∇yf(G(x̄r,t), ȳr,t)∥2]

− 17

5
ηx,rE[∥p̄r,t −

1

N

N∑
n=1

∇xf (n)h,r,t∥
2]− 8

5
ηy,rE[∥q̄r,t −

1

N

N∑
n=1

∇yf (n)h,r,t∥
2]

−
K∑
k=1

(34
10
ηx,rKAk + c0ηx,rL

2
fKC

2(K−k)
g

)
E[∥ 1

N

N∑
n=1

g
(n,k)
h,r,t −

1

N

N∑
n=1

h
(n,k)
r,t ∥2]

+ (M̃p,c + 6τẼpM̃ −
ηx,r
4
−
c0η

2
x,r

8ηy,r
)E[∥p̄r,t∥2] + (M̃q,c + 6τẼqM̃ −

c0ηx,r
4

)E[∥q̄r,t∥2]

+ (M̃g,l + 6τẼgM̃)
1

N

N∑
n=1

E[∥g(n,k)h,r,t − h
(n,k)
r,t ∥2] + M̃0 + 6τẼM̃ . (60)

Following similar steps of Eq. (37), by setting

νk =
1

ηx,rN

(
65

βx
+

17

10c0βy
+

∑K
k′=1Kθ̂k′c0 + 5c0N

α

)
C2
K

K∑
j=k

(2C2
g )
j−k ≜

ν̂k
ηx,rN

,

ηx,r ≤ ν̂1/2k ·
( K∑
j=k

α(

K∑
k′=1

ν̂k′ + 4ν̂j)(2C
2
g )
j−k
)−1/2

, (61)

the coefficient of 1
N

∑N
n=1 E[∥g

(n,k)
h,r,t − h

(n,k)
r,t ∥2] can be upper bounded by:

−4τ2C2
Kαη

2
x,r

K∑
j=k

(2C2
g )
j−k . (62)

Similarly, for the term E[∥p̄r,t∥2], we enforce

32ηx,r
βxN

C2
K

K∑
k=0

(2C2
g )
k +

8η2x,r
βyηy,rN

L2
f (2C

2
g )
K + 2η2x,r

K∑
k=1

(
θk
N

+ νk)(2C
2
g )
k

+ 24τ2η2x,r(4C
2
K + 1)

K∑
k=0

(2C2
g )
kM̃ − ηx,r

4
−
c0η

2
x,r

8ηy,r
≤ 0 ,

and for the term E[∥q̄r,t∥2], we enforce

32η2y,r
βxηx,rN

C2
K +

8ηy,r
βyN

L2
f + 96τ2η2y,rC

2
KM̃ −

c0ηx,r
4
≤ 0 .

Following similar steps of Eq. (40) and Eq. (41), we obtain

βx ≥ max{3600C
2
K

N
V2Cg , 25600

c0C
2
K

N
} , βy ≥ max{100 C

2
K

c0N
V2Cg , 1280

C2
K

N
} ,

α ≥ 64V2Cg

∑K
k=1Kc0θ̂k + 5c0N

N
C2
K , ηy,r ≤ min{ 1

τCK
,

(
(C2

K + 1)
∑K
k=1(2C

2
g )
k
)−1/2

360τCK

}
,

where V2Cg
=
∑K
k=1(2C

2
g )
k
∑K
j=k(2C

2
g )
j−k.

Then, we set

L2
v = max

{
1 , C2

K(C2
K + 1)(V2Cg

+ 1)
(
V2Cg

+ V2Cg

K∑
k=1

Kθ̂k + V2Cg
N + 1

)}
40
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βy = 1280
L2
v

N
, βx = 51200

c0L
2
v

N
,α = 1280

c0L
2
v

N
, (63)

It indicates βx = 40c0βy, α = c0βy .

As a result, we reformulate Eq. (60) and derive

1

Tr

Tr−1∑
r=0

(
E[∥∇L(x̄r,t)∥2] +

c0ηx,r
ηy,r

E[∥∇yf(G(x̄r,t), ȳr,t)∥2]
)
≤ 4(Pr,0 − Pr,Tr

)

ηx,rTr
+

4

ηx,r
(M̃0 + 6τẼM̃) . (64)

In particular, from the definition of Ẽ, M̃0, and M̃ in Eq. (53), (55), (59), with βx = 40c0βy, α = c0βy, ηx,r =
ηy,r

10c0
, and

Cτ in Eq. (49), we obtain

4

ηx,r
(M̃0 + 6τẼM̃) ≤ 245c0βyη

2
y,rL

2
vσ

2Cτ . (65)

Moreover, from the definition of Pr,0 in Eq. (47), we obtain

4(Pr,0 − Pr,Tr
)

ηx,rTr
≤ 4Vr,0
ηx,rTr

+
32σxr,0
βxη2x,rTr

+
8σyr,0

βyηx,rηy,rTr
+

K∑
k=1

4Kc0θ̂kσ
hθ,k
r,0

αη2x,rTr

+

K∑
k=1

4σhν ,k
r,0

ηx,rTr

( 65

βxηx,rN
+

17

βyηy,rN
+

∑K
k′=1 θ̂k′c0 + 5c0N

αηx,rN

)
C2
K

K∑
j=k+1

(2C2
g )
j−k

≤ 40c0Vr,0
ηy,rTr

+
80c0σ

x
r,0

βyη2y,rTr
+

80c0σ
y
r,0

βyη2y,rTr
+

400c0σ
hθ
r,0

βyη2y,rTr
+

3730c0σ
hν
r,0

βyη2y,rTr

≤ 40c0Vr,0
ηy,rTr

+
80c0

βyη2y,rTr

(
σxr,0 + σyr,0 + 5σhθ

r,0 + 47σhν
r,0

)
,

where σhθ
r,0 =

∑K
k=1 θ̂kσ

hθ,k
r,0 , σhν

r,0 = 1
N

∑K
k=1 ν

σ
k σ

hν ,k
r,0 , νσk = C2

K(1 +K
∑K
k=1 θ̂k)

∑K
j=k+1(2C

2
g )
j−k.

Therefore, we obtain

1

Tr

Tr−1∑
r=0

(
E[∥∇L(x̄r,t)∥2] +

c0ηx,r
ηy,r

E[∥∇yf(G(x̄r,t), ȳr,t)∥2]
)

≤ 40c0Vr,0
ηy,rTr

+
80c0

βyη2y,rTr

(
σxr,0 + σyr,0 + 5σhθ

r,0 + 47σhν
r,0

)
+ 245c0βyη

2
y,rL

2
vσ

2Cτ .

The proof is complete.

D.4. Proof of Lemma D.3

Proof. From Lemma C.10, we obtain

1

Tr

Tr−1∑
t=0

K∑
k=1

νσk
1

N

N∑
n=1

E[∥h(n,k)r,t+1 − g
(n,k)
h,r,t+1∥

2]

≤ 1

Tr

Tr−1∑
t=0

(
K∑
k=1

(1− αη2x,r)νσk + 2α2η4x,r

K∑
k=1

( K∑
j=k+1

νσj (2C
2
g )
j−k
)) 1

N

N∑
n=1

E[∥h(n,k)r,t − g(n,k)h,r,t ∥
2]

+ 2η2x,r
1

Tr

Tr−1∑
t=0

K∑
k=1

νσk (2C
2
g )
k 1

N

N∑
n=1

E[∥p̄r,t − p(n)r,t ∥2] + 2η2x,r
1

Tr

Tr−1∑
t=0

K∑
k=1

νσk (2C
2
g )
kE[∥p̄r,t∥2]

+ 2α2η4x,rσ
2
K∑
k=1

νσk

k−1∑
j=0

(2C2
g )
j .
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Applying Lemma D.5 and with definition of L2
v , we further derive

1

Tr

Tr−1∑
t=0

K∑
k=1

νσk
1

N

N∑
n=1

E[∥h(n,k)r,t+1 − g
(n,k)
h,r,t+1∥

2]

Lemma D.5
≤ 1

Tr

Tr−1∑
t=0

(
K∑
k=1

(1− αη2x,r)νσk + 2α2η4x,r

K∑
k=1

( K∑
j=k+1

νσj (2C
2
g )
j−k
)) 1

N

N∑
n=1

E[∥h(n,k)r,t − g(n,k)h,r,t ∥
2]

+ 2η2x,r

K∑
k=1

νσk (2C
2
g )
k

(
6τẼp

1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] + 6τẼq
1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2]

+ 6τẼg
1

Tr

Tr−1∑
t=0

1

N

N∑
n=1

E[∥h(n,k)r,t − g(n,k)h,r,t )∥
2] + 6τẼ

)
+ 2η2x,rL

2
v

1

Tr

Tr−1∑
t=0

K∑
k=1

E[∥p̄r,t∥2] + 2α2η4x,rL
2
vσ

2

≤ (1− 1

2
αη2x,r)

1

Tr

Tr−1∑
t=0

K∑
k=1

νσk
1

N

N∑
n=1

E[∥h(n,k)r,t − g(n,k)h,r,t ∥
2]

+ 2η2x,rL
2
v

(
24

625

1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] +
24

625

1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2]

)
+ 2η2x,rL

2
v

1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2]

+ 12η2x,r

K∑
k=1

νσk (2C
2
g )
kτẼ + 2α2η4x,rL

2
vσ

2 , (66)

where the last step follows from Eq. (61) and Ẽp ≤ 2
25τ , Ẽq ≤ 2

25τ .

By reformulating this expression and accounting for the random sampling in each outer iteration, we arrive at,

σhν
r+1,0 =

1

N

K∑
k=1

νσk
1

N

N∑
n=1

E[∥h(n,k)r+1,0 − g
(n,k)
h,r+1,0∥

2] =
1

Tr

Tr−1∑
t=0

1

N

K∑
k=1

νσk
1

N

N∑
n=1

E[∥h(n,k)r,t − g(n,k)h,r,t ∥
2]

≤ 2

αη2x,rTr

1

N

K∑
k=1

νσk
1

N

N∑
n=1

E[∥h(n,k)r,0 − g(n,k)h,r,0 ∥
2] +

4L2
v

αN

(
24

625

1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] +
24

625

1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2]

)

+
4L2

v

αN

1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] +
12

αN

K∑
k=1

νσk (2C
2
g )
kτẼ + 4αη2x,rL

2
vσ

2

≤
200c0σ

hν
r,0

βyη2y,rTr
+

5L2
v

βyN

(
1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] +
1

10

1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2]

)
+

446

N
c0τ

2βyη
4
y,rL

2
vσ

2 +
c0βyη

2
y,r

25N
L2
vσ

2 ,

where the last step holds due to βx = 40c0βy, α = c0βy , and ηx,r =
ηy,r

10c0
.

Following similar steps, from Lemma C.7, Lemma C.8, and Lemma C.9, we derive

σxr+1,0 = E[∥p̄r+1,0 −
1

N

N∑
n=1

∇xf (n)h,r+1,0∥
2] ≤ 5

2βyη2y,rTr

(
σxr,0 + 4σhν

r,0

)
+

590

N
c0τ

2βyη
4
y,rL

2
vσ

2

+
101L2

v

βyN

(
1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] +
1

10

1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2]

)
+

1

N
c0βyη

2
y,rL

2
vσ

2 ,

σyr+1,0 = E[∥q̄r+1,0 −
1

N

N∑
n=1

∇yf (n)h,r+1,0∥
2] ≤ 1

βyη2y,rTr
(σyr,0 + 4σhν

r,0) +
240

N
c0τ

2βyη
4
y,rL

2
vσ

2

+
42L2

v

βyN

(
1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] +
1

10

1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2]

)
+

21

10N
c0βyη

2
y,rL

2
vσ

2 ,

σhθ
r+1,0 =

K∑
k=1

θ̂kE[∥
1

N

N∑
n=1

h
(n,k)
r+1,0 −

1

N

N∑
n=1

g
(n,k)
h,r+1,0∥

2] ≤ 200

βyη2y,rTr

(
σhθ
r,0 + σhν

r,0

)
+

892

N
c0τ

2βyη
4
y,rL

2
vσ

2
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+
10L2

v

βyN

(
1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] +
1

10

1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2]

)
+

2

25N
c0βyη

2
y,rL

2
vσ

2 .

Next, we combine the four resulting inequalities with βy = 1280
L2

v

N , which yields:

σxr+1,0 + σyr+1,0 + 5σhθ
r+1,0 + 47σhν

r+1,0

≤
5σxr,0

2βyη2y,rTr
+

σyr,0
βyη2y,rTr

+
1000σhθ

r,0

βyη2y,rTr
+

10420σhν
r,0

βyη2y,rTr
+

26300

N
c0τ

2βyη
4
y,rL

2
vσ

2

+
450L2

v

βyN

(
1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] +
1

10

1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2]

)
+

6

N
c0βyη

2
y,rL

2
vσ

2

≤
5σxr,0

2βyη2y,rTr
+

σyr,0
βyη2y,rTr

+
1000σhθ

r,0

βyη2y,rTr
+

10420σhν
r,0

βyη2y,rTr

+
1

2

(
1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] +
1

10

1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2]

)
+ 182c0βyη

2
y,rL

2
vσ

2
( 1

N
+

145

N
τ2η2y,r

)
. (67)

For the term 1
Tr

∑Tr−1
t=0 E[∥p̄r,t∥2] + c0ηy,r

ηx,r

1
Tr

∑Tr−1
t=0 E[∥q̄r,t∥2], we obtain

E[∥p̄r,t∥2] +
c0ηx,r
ηy,r

E[∥q̄r,t∥2]

≤ 2E[∥p̄r,t −∇xf(G(x̄r,t), ȳr,t) +∇xf(G(x̄r,t), ȳr,t)−∇L(x̄r,t)∥2] + 2E[∥∇L(x̄r,t)∥2]

+
c0ηx,r
ηy,r

(
2E[∥q̄r,t −∇yf(G(x̄r,t), ȳr,t)∥2] + 2E[∥∇yf(G(x̄r,t), ȳr,t)∥2]

)
≤ 4E[∥∇L(x̄r,t)−∇xf(G(x̄r,t), ȳr,t)∥2] + 2E[∥∇L(x̄r,t)∥2] +

2c0ηx,r
ηy,r

E[∥∇yf(G(x̄r,t), ȳr,t)∥2]

+ 4E[∥p̄r,t −∇xf(G(x̄r,t), ȳr,t)∥2] +
2c0ηx,r
ηy,r

E[∥q̄r,t −∇yf(G(x̄r,t), ȳr,t)∥2]

≤ 8

ηx,r

(ηx,r
4

E[∥∇L(x̄r,t)∥2] +
ηx,r
4

c0ηx,r
ηy,r

E[∥∇yf(G(x̄r,t), ȳr,t)∥2]
)
+ 4

L2
f

µ2
E[∥∇yf(G(x̄r,t), ȳr,t)∥2]

+ 4E[∥p̄r,t −∇xf(G(x̄r,t), ȳr,t)∥2] +
2c0ηx,r
ηy,r

E[∥q̄r,t −∇yf(G(x̄r,t), ȳr,t)∥2] .

Applying Eq. (56) with ηx,r =
ηy,r

10c0
, we obtain

E[∥p̄r,t∥2] +
c0ηx,r
ηy,r

E[∥q̄r,t∥2]

≤ 8

ηx,r

(ηx,r
4

E[∥∇L(x̄r,t)∥2] +
ηx,r
4

c0ηx,r
ηy,r

E[∥∇yf(G(x̄r,t), ȳr,t)∥2]
)
+ 4

L2
f

µ2
E[∥∇yf(G(x̄r,t), ȳr,t)∥2]

+

K∑
k=1

(16KAk +
4

5
L2
fK

K∑
k=1

C2(K−k)
g )E[∥ 1

N

N∑
n=1

g
(n,k)
h,r,t )−

1

N

N∑
n=1

h
(n,k)
r,t ∥2] + 16E[∥ 1

N

N∑
n=1

∇xf (n)h,r,t − p̄r,t∥
2]

+
4

5
E[∥ 1

N

N∑
n=1

∇yf (n)h,r,t − q̄r,t∥
2] + 17C2

K

1

N

N∑
n=1

E[∥x̄r,t − x(n)r,t ∥2] + 17C2
K

1

N

N∑
n=1

E[∥ȳr,t − y(n)r,t ∥2] . (68)

In addition, from Eq. (60), Eq. (62), and Eq. (65), we obtain

8

ηx,r

(ηx,r
4

E[∥∇L(x̄r,t)∥2] +
ηx,r
4

c0ηx,r
ηy,r

E[∥∇yf(G(x̄r,t), ȳr,t)∥2]
)
≤ 8(Pr,t − Pr,t+1)

ηx,r
− c0

2
E[∥∇yf(G(x̄r,t), ȳr,t)∥2]

− 8
17

5
E[∥ 1

N

N∑
n=1

∇xf (n)h,r,t − p̄r,t∥
2]− 8

8

5
10c0E[∥

1

N

N∑
n=1

∇yf (n)h,r,t − q̄r,t∥
2]
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− 8

K∑
k=1

(34
10
KAk + c0L

2
fKC

2(K−k)
g

)
E[∥ 1

N

N∑
n=1

h
(n,k)
r,t − 1

N

N∑
n=1

g
(n,k)
h,r,t ∥

2]

− 32τ2C2
Kαη

2
x,r

K∑
k=1

K∑
j=k+1

(2C2
g )
j−k 1

N

N∑
n=1

E[∥h(n,k)r,t − g(n,k)h,r,t ∥
2] + 490c0βyη

2
y,rL

2
vσ

2Cτ . (69)

Combining Eq. (68) and Eq. (69), with c0 =
32L2

f

µ2 , we further deduce

E[∥p̄r,t∥2] +
c0ηx,r
ηy,r

E[∥q̄r,t∥2]

≤ 8(Pr,t − Pr,t+1)

ηx,r
+ 490c0βyη

2
y,rL

2
vσ

2Cτ − 32τ2C2
Kαη

2
x,r

K∑
k=1

K∑
j=k+1

(2C2
g )
j−k 1

N

N∑
n=1

E[∥h(n,k)r,t − g(n,k)h,r,t ∥
2]

+ 17C2
K

1

N

N∑
n=1

E[∥x̄r,t − x(n)r,t ∥2] + 17C2
K

1

N

N∑
n=1

E[∥ȳr,t − y(n)r,t ∥2] .

By summing over t = {0, · · · , Tr − 1} and applying the overall consensus error Lemma D.5, we derive

1

Tr

Tr−1∑
t=0

(
E[∥p̄r,t∥2] +

c0ηx,r
ηy,r

E[∥q̄r,t∥2]
)

≤ 8(Pr,0 − Pr,tt)
ηx,rTr

+ 490c0βyη
2
y,rL

2
vσ

2Cτ − 32τ2C2
Kαη

2
x,r

K∑
k=1

K∑
j=k+1

(2C2
g )
j−k 1

Tr

Tr−1∑
t=0

1

N

N∑
n=1

E[∥h(n,k)r,t − g(n,k)h,r,t ∥
2]

+ 17C2
Kτ

2η2x,r
1

Tr

Tr−1∑
t=0

1

N

N∑
n=1

E[∥p̄r,t − p(n)r,t ∥2] + 17C2
Kτ

2η2y,r
1

Tr

Tr−1∑
t=0

1

N

N∑
n=1

E[∥q̄r,t − q(n)r,t ∥2]

≤ 8(Pr,0 − Pr,tt)
ηx,rTr

+ 490c0βyη
2
y,rL

2
vσ

2Cτ − 32τ2C2
Kαη

2
x,r

K∑
k=1

K∑
j=k+1

(2C2
g )
j−k 1

Tr

Tr−1∑
t=0

1

N

N∑
n=1

E[∥h(n,k)r,t − g(n,k)h,r,t ∥
2]

+
34

3602

(
6τẼg

1

Tr

Tr−1∑
t=0

1

N

N∑
n=1

E[∥h(n,k)r,t − g(n,k)h,r,t ∥
2] +

24

625

1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] +
24

625

1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2] + 6τẼ
)

≤ 8(Pr,0 − Pr,tt)
ηx,rTr

+ 491c0βyη
2
y,rL

2
vσ

2Cτ +
1

9

( 1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] +
1

10

1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2]
)
. (70)

Reformulating this expression then gives

1

Tr

Tr−1∑
t=0

(
E[∥p̄r,t∥2] +

c0ηx,r
ηy,r

E[∥q̄r,t∥2]
)
≤ 9(Pr,0 − Pr,tt)

ηx,rTr
+ 560c0βyη

2
y,rL

2
vσ

2Cτ

≤ 90c0Vr,0
ηy,rTr

+
180c0
βyη2y,rTr

(
σxr,0 + σyr,0 + 5σhθ

r,0 + 47σhν
r,0

)
+ 560c0βyη

2
y,rL

2
vσ

2Cτ .

Finally, substituting this inequality into Eq. (67) yields

σxr+1,0 + σyr+1,0 + 5σhθ
r+1,0 + 47σhν

r+1,0

≤
5σxr,0

2βyη2y,rTr
+

σyr,0
βyη2y,rTr

+
1000σhθ

r,0

βyη2y,rTr
+

10420σhν
r,0

βyη2y,rTr

+
1

2

( 1

Tr

Tr−1∑
t=0

E[∥p̄r,t∥2] +
1

10

1

Tr

Tr−1∑
t=0

E[∥q̄r,t∥2]
)
+ 182c0βyη

2
y,rL

2
vσ

2
( 1

N
+

145

N
τ2η2y,r

)
≤

5σxr,0
2βyη2y,rTr

+
σyr,0

βyη2y,rTr
+

1000σhθ
r,0

βyη2y,rTr
+

10420σhν
r,0

βyη2y,rTr
+

1

2

(90c0Vr,0
ηy,rTr

+
180c0
βyη2y,rTr

(
σxr,0 + σyr,0 + 5σhθ

r,0 + 47σhν
r,0

)
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+ 560c0βyη
2
y,rL

2
vσ

2Cτ

)
+ 182c0βyη

2
y,rL

2
vσ

2
( 1

N
+

145

N
τ2η2y,r

)
≤ 320c0
βyη2y,rTr

(
σxr,0 + σyr,0 + 5σhθ

r,0 + 47σhν
r,0

)
+

45c0Vr,0
ηy,rTr

+ 480c0βyη
2
y,rL

2
vσ

2Cτ .

E. Proof of Corollary 3.10
Proof. According to Proposition 2.1 in (Yang et al., 2022b), to guarantee E[∥∇L(¯̃xR)∥2] ≤ O(ϵ2), we only need to ensure

E[∥∇xf(G(¯̂x), ¯̂y)∥2] + κE[∥∇yf(G(¯̂x), ¯̂y)∥2] ≤ O(ϵ2) , (71)

where ¯̂x = 1
N

∑N
n=1 x̂

(n), ¯̂y = 1
N

∑N
n=1 ŷ

(n), and (x̂(n), ŷ(n)) are randomly selected from {(x(n)t , y
(n)
t )}Tt=1 of Algorithm 1,

and

E[∥¯̃xR − x∗∥2] ≤ O(ϵ2) . (72)

Here, Theorem 3.6 guarantees that Eq. (71) holds after running Algorithm 1 for O
(
κ3/2

Nϵ3

)
iterations and O

(
κ
ϵ2

)
communi-

cation rounds. Regarding Eq. (72), since the loss function in Eq. (12), denoted by f̂(G(x), y), satisfies the two-sided PL
condition by setting ω = 2ℓ, it is easy to know

E[∥¯̃xR − x∗∥2] ≤
2

ℓ
E[Φ(¯̃xR)− Φ(x∗)] , (73)

where Φ(x) = maxy f̂(G(x), y). Then, according to Theorem 3.8, after running Algorithm 2 for O
(

1
Nϵ2

)
iterations and

O( 1ϵ ) communication rounds, we have E[Φ(¯̃xR)− Φ(x∗)] ≤ O(ϵ2), and then E[∥¯̃xR − x∗∥2] ≤ O(ϵ2).

Clearly, the numbers of iterations and communication rounds required by Algorithm 1 dominate those required by Algo-
rithm 2. Therefore, the numbers of iterations and communication rounds needed to guarantee E[∥∇L(¯̃xR)∥2] ≤ O(ϵ2) is
O
(
κ3/2

Nϵ3

)
and O

(
κ
ϵ2

)
, respectively.
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