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Abstract

We study a variant of the stochastic multi-armed
bandit problem in which the learner aims to
identify and play an arbitrary arm whose ex-
pected reward exceeds a known satisficing thresh-
old S, rather than optimizing against the best
arm. Prior work has shown that when such a
satisficing arm exists, time-independent bounds
on the satisficing regret are achievable, but these
guarantees deteriorate when an arm lies close
to the threshold. We focus on instances in
which the excess gap A, (gap between the best
arm and the threshold) is small relative to the
suboptimality gaps A;, a regime that exposes
this limitation. To capture this challenge, we
propose a new algorithm, uncertain-UCB,
which achieves satisficing pseudo-regret of

O(Zi: ASA, %) , while recovering stan-
dard pseudo-regret bounds when no arm exceeds
the threshold. Further, we establish a near-
matching lower bound in the small excess-gap
regime, showing that any algorithm incurs at
A
least Zi:AQA* ln((KA%”A*)

i

satisficing

pseudo-regret on some problem instances.

1. Introduction

The stochastic multi-armed bandit problem is a canonical
model for studying the trade-off between exploration and ex-
ploitation in sequential decision-making (Thompson, 1933;
Auer, 2002; Bubeck & Cesa-Bianchi, 2012; Slivkins, 2019;
Lattimore & Svepesvari, 2020), and it forms a foundational
building block of reinforcement learning. In the standard
stochastic bandit setting, a learner is faced with the task of
repeatedly selecting an action, called an arm, from a set of
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options. After selecting an arm, the learner observes only
the reward of the chosen arm, and receives no information
about the rewards of the others. The goal of the learner is to
maximize their cumulative reward, where the rewards are
stochastic, meaning that the rewards associated with each
arm are sampled from fixed distributions that are unknown
to the learner. Since the reward-generating process is fixed
but unknown, performance is measured in terms of regret,
defined as the difference between the learner’s cumulative
reward and that of the single arm with the highest expected
reward, played at all rounds.

Accordingly, in the standard formulation, the learner aims to
match as closely as possible the expected performance of the
best arm. In many practical settings involving repeated de-
cisions, however, optimality may be unnecessary or overly
costly, and achieving a sufficiently good performance is
often the primary objective. This perspective can be formal-
ized by introducing a satisficing threshold and redefining
the learner’s objective to identify and repeatedly select any
arm whose expected reward exceeds this threshold. This
framework naturally arises in settings where meeting a pre-
scribed performance level is more important than optimality,
such as allocating tasks under a fixed budget, managing
resource consumption subject to operational constraints, or
aiming to meet a minimum performance standard rather
than maximize outcomes. While satisficing objectives have
been studied primarily in the bandit setting, they are partic-
ularly appealing in reinforcement learning, where the size
and complexity of the decision space often render strict op-
timality impractical. Formally, as performance measure one
usually considers the satisficing regret to which the learner
contributes each time an arm with expected reward below
the threshold S is played.

Early investigations of satisficing in multi-armed bandits
(Kohno & Takahashi, 2017; Tamatsukuri & Takahashi,
2019) show that when the satisficing threshold, referred to as
an aspiration level, is chosen between the expected rewards
of the best and second-best arm, the learner can achieve
regret that does not grow with time, reflecting the fact that
satisficing and optimal actions coincide in this regime. This
assumption does not hold in general, since the learner has no
control over either the threshold or the expected rewards of
the arms. There may be several arms whose expected reward
lies above the threshold, or none at all. Beyond the standard
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suboptimality gap A, this motivates the introduction of two
additional gap quantities that characterize the difficulty of
satisficing bandit problems. Specifically, the excess gap A,
denotes the difference between the expected reward of the
best arm and the threshold, while the insufficiency gap A
measures the difference between the threshold and the ex-
pected reward of an arm below the threshold. Understanding
how these different gap parameters fundamentally limit and
shape achievable satisficing guarantees is the central focus
of this work.

In recent years, the literature on satisficing bandits has ex-
panded, and Hiiyiik & Tekin (2021); Michel et al. (2023);
Feng et al. (2025) introduce algorithms whose regret guar-
antees depend inversely on the excess gap A, and the in-
sufficiency gap A. When the insufficiency gap A and the
excess gap A, are of different orders of magnitude, we
can construct problem instances where the satisficing regret
guarantees of each of these become vacuous, in the sense
that they would scale with the extremely large inverse excess
gap A ! even when the suboptimality gap A is large. This
behavior is particularly noticeable in the results of Michel
et al. (2023); Feng et al. (2025), which are also built to be
robust in the non-realizable regime (i.e., when all arms have
expected rewards below the threshold). Accordingly, the
problem instances that cause high regret are not the ones
where the threshold is far above the expected reward of all
the arms, but the instances where the threshold is right be-
low the expected reward of the best arm, meaning that the
excess gap A, is small.

As the learner does not know the bandit problem ahead of
time, it is not possible to guarantee a lower bound on A,.
This can be problematic in practice: consider an easy ban-
dit instance where the suboptimality gap A between the
optimal and the sub-optimal arm is very large. Many classi-
cal standard bandit algorithms would achieve pseudo-regret
guarantees of order O(I“T) However, if we provide the
learner with the extra information that the expected reward
of one of the two arms exceeds a given threshold, meth-
ods like the ones proposed by Michel et al. (2023); Feng
et al. (2025) would have pseudo-regret guarantees that scale

with A1, which could be significantly larger than %

.
when A, is small.

In this work, we investigate whether a dependency on A !
or A~ is unavoidable in the satisficing regret and aim to
gain a better understanding of the true dependencies of
the satisficing pseudo-regret on the suboptimality gaps, the
insufficiency gaps, and the excess gap.

Our contributions are summarized as follows:

* First, we propose a generalization of the lower bounds
proposed by Michel et al. (2023) and Feng et al. (2025)
to the K-armed bandit problem, and show that the

which
to the best of our knowledge is the first result formally
proved for satisficing K -armed bandits for arbitrary
K > 2. This result is formally stated in Theorem 3.3.

satisficing regret scales with (2 (Zl A0 A2)

¢ One main contribution of this work is to show that no

algorithm can match our general lower bound (Theo-

rem 3.3) across all problem instances simultaneously,

In(A /A*))
A

and that a dependency on either () ( or

Q % is unavoidable. The formal statement

of this result can be found in Theorem 3.4 and ??.

* We propose a novel algorithm, uncertain-UCB,
and show that it achieves near-optimal guarantees
across the realizable and the non-realizable regimes si-
multaneously. In the realizable regime, it is the first al-
gorithm whose pseudo-regret guarantees neither scale
with A1 nor with A~!. Rather the satisficing pseudo-

, which

is near-optimal in light of the tradeoff established in

Theorem 3.4 up to a constant factor and a dependency

on K in the logarithm. The algorithm is presented

in Section 4 and the bound on the satisficing pseudo-

regret is given in Theorem 4.1.

regret is of order O <Zi:Ai>0 % In (Aﬁ))

* For a closer investigation of the critical phase regard-
ing the pseudo-regret guarantees given by Michel et al.
(2023); Feng et al. (2025), we take a closer look at what
we call the transitional phase. It refers to the intermedi-
ate phase between the realizable and the non-realizable
regime when 0 < A, < f In this regime, the excess
gap A, becomes so small that a dependency on InT
becomes preferable to a dependency on In x—. We
show that in that regime, our algorithm 51mu1taneously
enjoys satisficing pseudo-regret guarantees of order

0] (Zi:ﬁ,;>0 (% In T)) and standard pseudo-regret

guarantees of order O (21 A;>0 IZ—T) We also show

that this standard pseudo-regret guarantee holds in the
non-realizable regime. These results are presented in
Theorem 4.2.

1.1. Related Literature

One of the earliest references to satisficing bandits is from
Reverdy et al. (2017), who introduced it in the Bayesian
setting. Generalizing satisficing bandits to the frequentist
framework, Hiiyiik & Tekin (2021) proposed a reduction of
the satisficing bandit setting to a more general framework
of bandits with lexicographically ordered objectives. The

algorithm they suggest achieves a time-independent satis-
In(1/A;)

i:A;>0 A; :

The algorithm and its analysis are based on similar results

ficing pseudo-regret bound of order O (Z
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obtained by Garivier et al. (2019) for the classic bandit set-
ting when the learner knows the optimal expected reward
14, which can be seen as a special case of satisficing bandits
where the threshold contains even more specific informa-
tion. These bounds and their relation to our results will be
discussed in detail in Section 3 below.

Michel et al. (2023) further generalized this result, propos-
ing the first algorithm with “satisfy if you can, optimize
if you must” type guarantees. Their algorithm enjoys
time-independent satisficing regret guarantees of order
o (Zi:ui<S Ai + i + 2%)
able, meaning that one of the arms has an expected reward
above the satisficing threshold. Simultaneously, it ensures a
rate-optimal logarithmic upper bound on the pseudo-regret
in the non-realizable case, when the means of all the arms
are below the threshold S. Recalling that the suboptimality
gap satisfies A; = A, + A, the bound proposed by Michel
et al. (2023) is optimal when A, =~ A, for all insufficient
arm 7, but it degrades when either the excess gap or the insuf-
ficiency gap is very small compared to the full suboptimality
gap.

More recently, Feng et al. (2025) have suggested an ap-
proach for satisficing bandits that combines a standard ban-
dit algorithm with a lower confidence bound check. The
bounds on the satisficing regret that are shown for this

when the problem is realiz-

method are of order O (Aﬁ*polylog(i)). Note that A,

is smaller than any of the suboptimality gaps A; of arms 4
below the threshold. This highlights that the dependency
onA; ! in the results of Michel et al. (2023) is not necessary,
and suggests that the satisficing regret should indeed scale
with the inverse of the excess gap A;'. This algorithm
adapts to the non-realizable regime, and the authors have
also extended their results to provide the first satisficing
pseudo-regret results for Lipschitz and concave bandits.

We would also like to point out some recent work on gener-
alizing satisficing results from the bandit to the MDP setting
by Hajiabolhassan & Ortner (2026). For reinforcement
learning in a communicating MDP with finite state and
action spaces, the proposed SAT-RL algorithm achieves
time-independent satisficing regret, provided a satisficing
policy exists. In the non-realizable case, results analogous
to those of Michel et al. (2023) are obtained.

Concerning lower bounds, Bubeck et al. (2013, Theorem 5)
and Garivier et al. (2019, Theorem 7) consider a bandit
setting with two arms where the mean of the best arm p*
is known and show that an asymptotic dependency on % is
unavoidable, even when the gaps are unknown. Michel et al.
(2023) suggest that these lower bounds should generalize to

the satisficing regime as () (Z ), whereas Feng

~ L
:A; >0 Ei
et al. (2025) prove that the regret should scale with €2 (L\%) .

In their construction, all these lower bounds assume that
the gaps A, = A; are the same for all arms i below the
threshold. These bounds focus on the global effect of the
gaps on the regret, and even when they scale with A, they
do not consider the impact of the excess gap being small
compared to A.

2. Problem Setting and Notation

We consider a bandit problem with K arms with respective
expected rewards 1, ..., ux played on T rounds, where
the learner is given a satisficing threshold .S. Importantly, in
general the learner does not know whether the mean of any
arm is above the threshold. We say that a bandit problem is
S-realizable if there exists an arm ¢ € [K] such that p1; > S,
and we use the term sufficient to refer to the arms ¢ such that
w; > S and insufficient to denote the arms 7 with p; < .S.

Furthermore, we assume that the rewards are generated
by sub-Gaussian distributions. We recall that for a sub-
Gaussian distribution with mean p and empirical estimate
i, computed from 7 samples it holds for any € > 0:

Plian >p+e] < e—n52/27
Plin, <p—e <e /2 (1)

In this paper, we will be using two different notations for
the empirical averages: fi;(t) refers to the empirical mean
of arm ¢ at round ¢, whereas fi; ,,, refers to the empirical
mean of arm ¢ after it was sampled n; times.

We use ¢* to denote an arbitrary optimal arm, and fe, = fi;+
for the respective maximal mean reward. Further, i :=
ming.,; > s {4 is the sufficient arm with the smallest expected
reward. We define the suboptimality gaps between the best
arm and any arm ¢ as A; = p, — u; > 0, and the excess gap
between the best arm and the threshold as A, = . — S.
These quantities are represented in Figure 1. In the proofs,
we also generalize the excess gap to the other sufficient arms
by defining for every sufficient arm 7, Aj =p; —S.

In the classic multi-armed bandit problem, the performance
of the learner on problem v after 7" rounds is evaluated in
terms of the pseudo-regret, defined as

Rr(v):= Y AEny(T)), @)

: ;>0

where n;(7T") denotes the number of times arm i is played in
T rounds.

To measure the performance of a satisficing algorithm in the
realizable regime, we have to change the comparison point:
At each round, instead of suffering the distance between the
chosen insufficient arm 7 and the best arm, we suffer the
gap between the expected reward of arm 7 and the thresh-
old S, defined as A; = S — p;. Accordingly, we measure
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Figure 1. In this figure, we present four instances of 2-armed bandit problems, where p. and p represent the expected rewards of the arms
and p* > p. We consider what happens when the threshold S changes, while p. and p remain the same:

1. On the left-most instance, both arms have an expected reward that is situated above the threshold S, so neither of the arms incurs
satisficing pseudo-regret when played. Accordingly, the problem is trivial.

2. In the two central instances, the threshold is situated between the expected rewards of the arms. The problem is realizable. In one
instance, the insufficiency gap A is small compared to A, whereas in the other the excess gap A, becomes smaller.

3. On the right-most instance, both arms have an expected reward that is situated below the threshold S. The problem is non-realizable.
The satisficing pseudo-regret is linear in this case, so we measure the classic pseudo-regret with respect to the best arm instead.

performance via

In the literature, this measure is known as the satisficing
regret, even though it should be more accurately called the
satisficing pseudo-regret. When highlighting the thresh-
old S we also sometimes use the term S-satisficing instead
of just satisficing. We often drop the dependency on v in
the notation for the satisficing regret when it is clear from
the context.

3. Lower Bounds

In this section, we derive new lower bounds for the satisfic-
ing bandit problem in the realizable regime. Previous work,
such as that of Michel et al. (2023) and Feng et al. (2025),
derived bounds for the two-armed setting, providing lower
bounds for the satisficing pseudo-regret that scale as Q(%)
and Q(Ai ), respectively.

The proof of Feng et al. (2025) assumes that the two arms
are evenly spaced around the threshold, and is therefore not
adapted to characterize the small excess gap regime, where
A, is small compared to A. The first result we present is a
generalization of these two previous results to K arms, so
that it applies to any realizable satisficing bandit problem.
Following the proof structure presented in Garivier et al.
(2019), this proof requires a mild constraint on the behavior
of the algorithm.

Definition 3.1. An algorithm is considered stable if for any

bandit problem v with two optimal arms 4, j € [K] that
have the same distribution v; = v;, it holds for all ¢:

E[ni(t)] = E[n; (1)]-

This requirement is milder than requiring the algorithm to
be stable under permutations of the arms.

Definition 3.2. An algorithm achieves time-independent
satisficing pseudo-regret for a threshold S if for any S-
realizable bandit problem, the satisficing pseudo-regret sat-
isfies

Ri < C,

where C' can depend on all problem dependent quanti-
ties such as A, A and A, but is independent of the time-
horizon T'.

Theorem 3.3. For any stable algorithm that achieves time-
independent satisficing pseudo-regret for a threshold S,
there exists an S-realizable K-armed bandit problem v
for which this algorithm admits the following lower bound:

A,
i S(v) > —.
S RE0) = 2

:A; >0

When there is a constant factor ratio between ﬁi and A,,
this lower bound shows that the algorithms proposed by
Michel et al. (2023) are optimal up to multiplicative con-
stants. The proof of Theorem 3.3 can be found in Ap-
pendix A.
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We now derive an improved lower bound for the small ex-
cess gap regime A; > A,, which shows that a logarithmic
dependency on 1/A, is unavoidable in some regimes.

Theorem 3.4 (Lower Bound for Small Excess Gaps)
Fix some S, 0 < A <1, and 0 < A, §2\/7<A/2
We construct the K-armed bandit problem v with pu, =
=S+ Acand p; =p — A< Sforie{2,...,K}.
Assume an algorithm achieves regret
e(K—1)In3-
RY < "
t (V) 8A

forallt and an € > 0. Then for some i € {2,...,
sufficiently large t, the algorithm suffers regret

K} and

1
€ ln K
32A1-¢€

Rf(y(i)) >

on bandit problem v with ugi) =S—-A,, ,uz(»i) = ,ugi) + A,

and p\") = ; for all j ¢ {1,4}.

Note that for #(*), arm i is the unique sufficient arm with
AW = A - A, all suboptimality gaps for j # i satisfy
Ag) (Z) 5) € [A, 2A], and the insufficiency gaps
are ﬁg) = A,, and ﬁy) =A; =A—A,forj¢{1,i}.
As by Theorem 3.4 no algorithm can achieve low regret on

instance v as well as on all instances v(¥) simultaneously,
this leads to the following corollary.

Corollary 3.5. Fix some € > 0. If an algorithm achieves

regret
RS(W) = o(@)

for A < 1in all K-armed bandit problems v' with subopti-
mality gaps A; > A, excess gap A, > A, and insufficiency
gaps A, > N, then the algorithm will suffer regret

eKln -
R7(v) :Q(A A*)

for A, < 1 in the bandit problem v of Theorem 3.4 with
wr =S+ A and p; =y — A

Proof. If an algorithm enjoys the claimed regret bound on
all bandit problems v/ with the assumed gaps A;, A, A;,
this holds in particular for the problems v(*) considered in
Theorem 3.4. Accordingly, since the insufficiency gaps in
v are all lower bounded by A, we have for all ¢

In -1
i Ay
RI(WD) < ¢- N
for a constant c. Choosing ¢ = ¢/2 we have
In - In 5 In
S, A, € A e
Rt (V( )) <c- Ai—e - A€ ’ A17€ CA* : A41< €

Then for sufficiently small A, we can apply the contraposi-
tion of Theorem 3.4 to obtain that the regret in problem v
will be lower bounded as

€ (K —1)ln (K —1)In
Ot Lk Ut L 4
8A 16A
which proves the corollary. O

The corollary shows that if the regret dependency on the
insufficiency gap Ais significantly lower than 1/A, then
the regret will have a logarithmic factor In(1/A.) for excess
gap A,. This is also very intuitive: If a bad arm in problem v
is sampled fewer than €In(1/A,) times in the first 1/A2
steps, it would not be recognized with probability A in
problem »/, which results in a regret of order 1/AL~¢.

It is no accident that our lower bound is not instance-specific.
Such a bound would hold for any specific parameters of
the bandit problem. Instead, our lower bound only shows
that for sub-optimality gap A, a single algorithm cannot

In(1/A)
A

achieve O( ) regret for both the small excess gap

regime and the small insufficiency gap regime. This is
unavoidable, as demonstrated by respective upper bounds:

Our algorithm introduced in Section 4 achieves O (%

regret for large excess gaps A, ~ A, while Hiiyiik & Tekin
(2021) give an algorithm with regret O (%) for large

insufficiency gaps A~ A

Proof of Theorem 3.4. In the proof, we introduce the no-
tation v = AA* to represent how small the excess gap is
compared to the suboptimality gap. Under the conditions
of the Theorem, v < 2\/% Consider a bandit prob-
lem v of a satisficing K -armed bandit problem with thresh-
old S, where the arms follow Gaussian distributions such
that v; = N (u;, 1) for i € [K]. Further, arm 1 is the unique
optimal arm with mean p; = S + A, = S + ~vA, while
for all j # 1, we have u; = 1 — A < S. Recall that we
use E =S5 — u; = (1 —v)A to denote the insufficiency
gap of these arms. By construction, the suboptimal arms all
have the same mean, so forall j # 1, A; = A and A =A

with A=A — A, = (1 —7)A.

We are going to show that for 7" sufficiently large, if an
algorithm achieves low regret on the problem v, then there
is a bandit problem »/(*) for which the learner cannot achieve
low regret simultaneously. Accordingly, we assume that we
have

= Y AEmW) < (K-D2E @

- A
J#1
for all ¢ > T, where we choose T' = 12? = 1;‘5“2 for a

constant « to be defined later.



Understanding the Gaps in Satisficing Bandits

Equation (4) implies by the pigeonhole principle that there
exists an arm ¢ € {2,...,K} such that E,[n;(T)] <

(1317‘)12. For this arm ¢ we consider the bandit problem

z/(i), which is identical to the instance v, except for the
distributions v1,v; of arms 1 and ¢, which change their
expected reward: We choose u; = S + (1 — v)A and
Wy = pi — A = S — ~yA. In this new instance v(*)
arm ¢ is the unique sufficient and best arm, and arm 1
is insufficient. All the other arms remain unchanged, so
Wy = pj = i —2(1 —~)Aforall j ¢ {1,i}. Summarized,

we have in problem v/(9):

Excess gap: A, = (1 —7)A,
Suboptimality gaps: A} = A
Af=201-7A Vj¢{Li},
Insufficiency gaps: A'l =~A
Aj=(1-y)A Vj¢f1,i},

Note that arm 1 does not have the same mean as the other
insufficient arms, but under our assumption that v < 1/2,
we have for all j ¢ {1,i}:

A <2(1-7)A = A

so A} € [A,2A] and A} = A € [A}/2,A)].

We show that a learner that achieves regret as in Equation (4)
has to suffer large regret on the problem (), providing a
lower bound on R (v().

Following a standard approach for lower bounds (Garivier
et al., 2019, Equation 6), it holds that for any measurable
random variable Z € [0, 1],

K
S By oy (1) KL, )
= Ey[n (7)) KL(v1, 1) + Eu [0 (T)] KL (v, 1)
> ki (EV[Z]’EV(“[ZD ) )

where the first equality follows from Vj ¢ {1,i}, v; = yj(.i)
and KL(v;,v;) = 0. We now derive an upper and a lower

bound for Equation (5).

To upper bound the left hand side of Equation (5), we note
that E, [ny(T)] < T = 2 as no arm can be played more

than the number of rounds, and E, [n;(T)] < 22 by as-
sumption that the learner achieves low regret on v and
that arm 4 is sub-sampled. As KL(vq,7}) = 2AZ and
KL(v;, ) < 2A? by Proposition A.1, we obtain

E, [m (T)] KL(v1, 14) + Ey [ (1)) KL(v;, 1)

2lnoz

+ 2A = 4lna. (6)

Now choosing Z = 1 —n1(T')/T in (5) we obtain from (6)
that:

KI(E,[Z],E,»)[Z]) < 4lna. @)
On the other hand, by Equation (11) of Garivier et al. (2019),

it holds that kl(p,q) > (1 — p)In (ﬁ) — In2 for any
p,q € (0, 1), which for our choice of Z gives

Kl (E,[Z],E,»[Z])

Ey [n1(T))] T
> In (EM [nl(T)]) ~n2. (8

- T
Combining Equations (7) and (8) implies

E,[n1(T)] T
T In (El,m [nl(T)]> —In2 < 4lna. (9

In order to obtain a lower bound on first note that

by our assumption defined in (4), we have

By [na (T)]
T

(K~ )52 > RE0) = AY By fny (1)

1
=(1- ’y)AZEy[nj(T
J#1
D1v1d1ng by (1 — 7)A gives >, E,[n;(T)] < (K —

1) =y 'v) A7 and we obtain by the choice of T that

Ey[m(T)] =T =Y Ey[n;(T)]

j#1
In o In o
(K= 1)————
T CRION
Ino In o

> -

T 2A2 0 292A2
1

— 7T’
2

where the third step follows from our assumption that v <
5 \/T and so =1 < 57z Together with (9) we obtain

(1-y) =
1 T
“ln{——"——— ) <4lna+In2 = In(2a*
o (e <T>1> e

and consequently

T In o
E, o[ (T)] > — = ——o—
v [n(T)] > 40°  4aPy2AZ’

which gives for the regret in problem /(¥
REWY) > AE, [ (T)]
= YAE, i [n1(T)]
Ina

— 10
~ 4aByA’ (19)
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noting that 5’1 = ~A is the suboptimality gap of arm 1
in (),
Picking o = (yA)~¢/8 gives
I 1 1
aSyA (yA) e AT
using the definition of -y, which together with (10) yields

1 1
elnﬂ/A elnA*

32A1—¢ ~ 3Al-¢

Rgﬂ(u(i)) >

To finish the proof, note that our choice of o in Equation (4)
yields

In o E(K—l)ln 1
Ri(v) < (K—l)T:ES—AA*,

as required. O

4. An Algorithm for Satisficing Bandits

In this section, we introduce a novel UCB1-like algorithm
and present upper bounds on its (satisficing) pseudo-regret
in the realizable, non-realizable and transitional regimes.
We define uncertain-UCB in Algorithm 1. While this
algorithm follows the structure of the UCB1 algorithm, the
key difference between the two methods lies in the construc-
tion of the upper confidence bounds: Instead of using the
current step count ¢ in the confidence intervals we use the
number of uncertain rounds, defined as

Inn.:
no(t) =3 1 [ﬂm)(r) <S+ OQD”’(”(T)} . (11

— ni(r) (7)

where fi;(7) is the empirical average reward of arm 7 at
round 7, i(7) is the arm played by the learner at round
7, n;(7) is the number of times arm 4 has been played up
to round 7 and C> is an input parameter of the algorithm,
further specified in the theorems below.

This variable n(t) presents the interesting characteristic of
only increasing when the learner plays an arm whose em-
pirical estimate is not sufficiently far above the threshold S.
This means that as long as the learner cannot be reasonably
certain that the arms that are played are satisficing, no(t)
keeps on increasing and remains close to . During this
phase, the algorithm behaves like the classic UCB1. Once
the algorithm consistently plays arms that are sufficiently
far above the threshold, the number of uncertain rounds
no(t) stops increasing and the upper confidence bounds of
the arms stop growing. This approach slows and eventually
stops the exploration of insufficient arms, which allows the
algorithm to achieve time-independent satisficing regret.

The following theorem moreover shows that the upper
bound on the satisficing regret in the realizable case is close
to the lower bound of Theorem 3.4.

Algorithm 1 uncertain-UCB

Input: Number of arms K, threshold S, constants Cy
and Cs.
Initialize: Play each arm once, i.e., for time steps ¢t =
1,..., K choose i(t) = t.
fort =K +1toT do

Compute:

Ny (T)

Inn; (7
no(t) =1 [ﬂi(ﬂ(r) <S5+ CQ”U] :
T<t

) + Inng (t)

Vi e [K]: ui(t) = pi(t) + \/C1 Inn;(t

Play i(t) = argmax; ¢ u; ().
Observe reward of arm #(t) and update the empirical
estimate /i(¢).

end for

Theorem 4.1. For any threshold S and any S-realizable K -
armed bandit problem, uncertain-UCB with C7 = 10
and Cy = 12 satisfies for all T > 1,

A, K A, ~

i:Ai>0

RS <O

The detailed proof of Theorem 4.1 is given in Appendix C.
Here we present a proof sketch which highlights the main
challenges of the proof.

Proof Sketch. To upper bound the satisficing pseudo-regret
of uncertain-UCB, we need to bound the number of
times each insufficient arm ¢ is played. Recalling that we
defined

Inn,(t) + Inng(t)
n; (t) ’

ui(t) = fui(t) + \/01

apart from using a larger constant C; than for UCB1, the
key difference between uncertain-UCB and UCB1 is the
use of Inn;(t) + Inng(¢) instead of Int¢ in the numerator.
We have to show that n(t) is bounded. To do so, for all
J € [K], we introduce ny_;(t) which is the contribution of
arm j to ng(t) and consider the event

Si(t) == {no’i(t) > mé(t) }

that is, arm ¢ is played more often in uncertain rounds than in
rounds that are not uncertain. Using a similar approach as in
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the standard analysis of the UCB1 algorithm, we decompose
the number of times an insufficient arm 7 is played as:

T
> Plit) =

T
<N+ Y Plni(t) > Niyi(t) = i, E(2)]
t=1
T
+ ) PLi(t) = i,ni(t) > Niyuge (8) < pi — 84/2, Ei(1)]
t=1
Cases where the best arm ¢* underperforms
T
t=1

Cases where arm % overperforms

(12)

The first sum is easily bounded by a constant in Lemma C.2
as it turns out that an insufficient arm is mostly played in
uncertain rounds.

For the analysis of the second sum, we need to deal with the
dependence of u;-(t) on ng(t), which in general depends
on all arms. However, as we are bounding the probability
of the best arm ¢* having a small upper confidence value
u;« (t), we only require a lower bound on ng(¢). By picking
no(t) > no,(t) and recalling that under &;(t), ng;(t) >
n;(t)/2, we can control this term taking a union bound over
the values n;+ (t) can have at rounds where arm ¢ is played,
just as in the analysis of UCB1. This result is stated in
Lemma C.3.

Finally, the key challenges of this proof come with bounding
the last of the sums in Equation (12), which is detailed in
Lemma C.4. This time, we need to upper bound ng(t),
which means that we need to have upper bounds on g ; ()
for all 7 in K simultaneously. To handle that, we introduce
another event

M(t,n) = {max no.i(t) < n} ,

1€[K]

for any parameter n > 0. This term allows us to upper
bound ng(t), since max;c(x) n0,i(t) < n obviously implies
ng(t) < Kn. For any insufficient arms i, we can reuse
the same argument as in Lemma C.3 and show that ng ;(t)
is proportional to n;(t). Then, we can argue that arm i
does not contribute much to ng(t) because it is not played
often. Intuitively, we recall that to distinguish between two
arms that have an expected gap of A, approximately A =2
samples are needed. Accordingly, we expect arm ¢ to be
played approximately A 2 times, which is its contribution
to ng.

For the sufficient arms however, we need a different ap-
proach. Intuitively, it would make sense to pick a value of n

that depends on the distance between the sufficient arm and
the threshold S. As a sufficient arm ¢ has expected reward
above threshold S, it would contribute to the uncertainty
for approximately A 2 rounds, where A; = y; — S is the
specific excess gap of sufficient arm ¢. The problem is that
we have no control over how small A7 might be, even com-
pared to the global excess gap A.. Accordingly, the key
trick of the analysis is to decompose the sufficient arms into
two categories: the sufficient arms ¢ such that Ai > A,/2
and the others:

> Then for any sufficient arm ¢ with AZ > A, /2, we can
use the just outlined argument that their contribution to n (%)
is bounded by a term of order A;? < 4A;2.

> Otherwise, if arm i is sufficient with A; < A, /2, it
means that y; is closer to S than to p., so that A; > A, /2.
In turn, we can argue that these arms are played at most
A;? <4A? times.

Overall, this shows that the total contribution of sufficient
arms to ng(t) is of order KA, 2 with high probability.
Lemma C.6 bounds the third sum of Equation (12) when
this upper bound on ng(t) holds, while Lemmas C.7 and
C.8 handle the cases where ng(t) is larger than KA 2.

Combining all these parts of the analysis, we deduce that

XT:P[i(t):i} <0<A12 (f)*é)

and plugging this result into the definition of the satisficing
pseudo-regret then finishes the proof. O

Now, in the two other regimes where the problem instance
is not realizable, or the excess gap is small compared to
the time horizon, uncertain-UCB can be shown to be-
have similarly to UCB1, which provides a smooth transition
between the realizable and non-realizable cases.

Theorem 4.2. For any non-realizable K -armed bandit prob-
lem uncertain-UCB with C; > 4 and Cy > 6 satisfies

forallT > 1,
InT )

Rr< Y (gc
:A; >0
Further, in the transitional case when there is an arm above
the threshold S, but T' < ; A2 , the following two bounds

hold simultaneously:

InT
Rr< Y 80—+ Y A+ Y m24,
A >0 i BA>A, P:0<A; <A,
and R$< Y (801 1nT+24A>
i:A;>0
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In the transitional case, the excess gap tends to O so that it
becomes preferable to use In 7" rather than In (Aﬁ) in the
upper bound. The proof of these results can be found in
Appendix D.

5. Conclusion

We studied satisficing multi-armed bandits through the lens
of gap-dependent complexity, showing that existing guar-
antees combine distinct sources of difficulty arising from
suboptimality, insufficiency, and excess gaps. Our refined
lower bounds reveal intrinsic tradeoffs that prevent uniform
robustness across these regimes. Building on this analysis,
we proposed an algorithm that achieves near-optimal guar-
antees in both realizable and non-realizable settings, while
recovering standard bandit rates as the threshold approaches
the optimal arm.
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A. Proof of the Lower Bound in Theorem 3.3

In this section, we provide a proof for the lower bound presented in Theorem 3.3, following the analysis of the proof of
Garivier et al. (2019, Theorem 7).

We use KL (P, Q) to denote the standard Kullback-Leibler divergence between distributions P and () and kl(p, ¢) to denote
the Kullback—Leibler divergence between two Bernoulli distributions with respective parameters p and q.

The following result is standard and stated here for completeness.

Proposition A.1. Consider vy = N (u1,1) and vo = N (uz, 1) two uni-variate Gaussian distributions with unit variance,
such that |1 — pe| = A. Then,

AQ

KL(Vhl/Q) = —.

2
Proof of Theorem 3.3. Consider an instance v of a satisficing K -armed bandit problem with threshold S with a unique
best arm ¢*, where the arms follow Gaussian distributions such that v; = N (u;, 1) for ¢ € [K], and the means fulfill
e = S+ Ay and p; = pye — Ay < S forall i # .

As the learner achieves time-independent regret, it means that the number of times each insufficient arm is played in v is
constant. We want to lower bound the number of times each insufficient ¢ arm is played in v.

To do so, for each such arm i we consider another bandit problem ¢/ defined such that Vj # 4, v/, = v; and ] = v;~. This
choice of v/ fulfills two important properties. First, the two problems differ only on arm 7, meaning that

K
ZEu[nj(T)] KL(vj, v§) = By [n:(T)] KL(vs, v) = KI(E, [Z], B, [Z]), (13)

where the last step follows from Garivier et al. (2019, Equation 6) and holds for any bandit problems v, v’ and o (I7)-
measurable random variables Z with values in [0, 1], where I contains all the past information obtained by the algorithm
up to round 7. This holds in particular when picking Z = n;(T) /T, as we will do in the following.

2

As v; = N(u;,1) and v) = N(u;+, 1), we can ensure that KL(v;, ) = Agi . Combining these two statements with
Equation (13), we obtain

2

%Ey[m(T)] =E,[ni(T)] KL(v;,v;) >kl ( (14)

By [ni(T)] By [ni(T)] )
T T '

Then, in setting v/, we know that both arm ¢ and ¢* have the same distribution, meaning that Definition 3.1 ensures that
E, [N;(T)] = E,/[N;«(T)]. As these arms are the two only sufficient arms and our algorithm achieves time-independent
regret guarantees, all the other arms are played at most a constant number of times and we have

B [n(T)] 1
fm =3 (1s)

Rearranging Equation (14) and taking the limit on 7" gives:

. 2 . Ey[ni(T)] E,/[ni(T)]
lim E,[n;(T)] > A2 lim k1< >

T—o0 3 T—o0 T ’ T
2
o4 (B Epln(T)
A2 T—o T T
4 (B n(D)] L By (D]
> it S Sl
> 1 (i ) 2l

vV
l>‘4>
=N
N
(an)
\
N
~
[\v]

10
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where the first step reorganizes Equation (14), the second step applies Pinsker’s inequality, which ensures that for any
p,q € [0,1],kl(p, q) > 2(p — q)2. Then, the third step uses the properties of the limit: as both lim7_, w =0 and
By [ni(T)] _

- =

lm7r o % are finite, and the square function is continuous, we can move the limits inside the square function.

We conclude that in problem v, insufficient arm 4 is played in expectation E, [n;(T)] > ﬁ times. This holds for any
insufficient arm and the claimed lower bound on the regret follows. ' O

B. Analysis of the uncertain-UCB Algorithm

A key feature of the uncertain-UCB algorithm is the introduction of the number of uncertain rounds

mo(t):= Y1 [WT) . cl<<>] |

= ni(r) (7)

which quantifies how certain the learner is about having identified a sufficient arm, and which is used to adapt to the
realizable and the non-realizable regimes. We also consider the number of uncertain rounds in which a particular arm 5 has
been played, that is,

no(t) =3 1 li(T) = . ij(r) < S+ | Cy mnj(ﬂ] . (16)

T<t nj (T)

To analyze the uncertainty of each arm individually, we generalize the notion of excess gap by defining for every sufficient
arm j, A; = p; — S. Then, we note that for all j and ¢t > 1, ng ;(t) is always upper-bounded by the total number of times
an arm is played, 0 < ng ;(t) < n;(t). We refine this bound depending on the relation between 1, and S:

 If arm j is insufficient, meaning that its expected reward is lower than the threshold S, we show that whenever arm j is
played, it will increase the uncertainty, meaning that with high probability, n;(t) — ng ;(t) is proportional to n;(t).
This result is proved in Lemma B.2.

o If arm j is sufficient, we show that with high probability the number of uncertain rounds ng ;(t) remains upper bounded
proportionally to 1/A; even when ¢ tends to infinity. This result is proved in Lemma B.1.

* Furthermore, when the time horizon T is small compared to 1/A?2 we show that we do not have enough samples
to reliably distinguish between the expected reward of sufficient arm j and the threshold S, so that for all ¢ < T,
n;(t) — ng ;(t) is proportional to n;(t). This result is proved in Lemma B.3.

The following result is integral to the analysis of uncertain-UCB in the realizable case.

Lemma B.1. When uncertain-UCB is run with Cy > 6, the probability that sufficient arm j contributes more than
n uncertain rounds is bounded as

where Aj =y — 5.

11
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Proof of Lemma B.1. For any sufficient arm j, we recall that Aj = p; — S and have

P [novj(t + 1) > n]

=P [Els vi(s) = j,mo;(s) = n, f;(s) < S+ Cglr;ngi)s)l

[ 1nn,
Z IP[Hs:i(s):j,nj(s):nj,ﬂj(s) <S+4/Cs r;n]]
nj2n J

2
—nj (Aj+ /C2 11::;]-)

IN

IA
g
o

IN
g
QI

2exp (—(n - 1)A?/2)
A? '

IN

The first step uses the definition of ng ;. As we don’t know how many times j is played, the second step takes a union
bound over all possible values of n;(s), noting that n;(s) > ng ;(s) = n. In the third step, we use the fact that our
rewards are sub-Gaussian. In the fourth step, we simplify using that exp(—x) is a decreasing function of x and that
(@ +b)?> > a? + b2 > a? for a,b > 0. The last step bounds the sum by an integral, as for any ¢ > 0 we have

> non €XP(—cng) <limg o f:_l exp(—cn;)dn; = M O

The following result is used in the analysis of uncertain-UCB in the realizable, non-realizable and transitional regimes.
In particular, in the non-realizable regime, we note that all suboptimal arms are also insufficient, as all their expected rewards
are below the satisficing threshold S. This result is the base of the proof that ng(¢) scales with ¢ in that regime.

Lemma B.2. When uncertain-UCB is run with Cy > 6, the probability that after t rounds insufficient arm i has been
played in more than n not uncertain rounds is bounded as

2

Proof of Lemma B.2. For any insufficient arm :

P [nl(t + 1) - no’i(t + 1) > n}

<y IE”lEls:i(s)Zi,ﬂi(S):niaﬂi(S)>S+W}

n,>n

< Z P lEIs 2i(s) =1, n(s) = ny, f1;(s) > pi + \/TI;:I]

n;>n

—Colnn;
< 3 o

2
= jC2/2-1°

The first step counts the number of not uncertain rounds where arm ¢ is played, and we use a union bound over the possible

values of n;(s). In the second step, we upper bound by a looser condition as S > ;. This allows the use of the properties of

sub-Gaussian distributions. To finish the proof, we use that Co/2 > 2 so ﬁ can be integrated, and we upper bound the
g

: 1 : z 1 _ 1 1 2
sum by an integral ZWZTL 272 < limg o0 fn—l G272 = (Cp/2-1)(n_1)C2/2—1 < (n_1)Ca/2—1 < 7 C2/2—1" 0

12
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Finally, we can extend this result to the case where the best arm is satisficing but A2 is large compared to T'. This allows
to derive a smooth transition between the realizable and the non-realizable regimes.

Lemma B.3. For any n > 3, when uncertain-UCBis run with Cy > 6 and T < ﬁTQZ, the probability that after t <T'
rounds sufficient arm 1 has been played in more than n rounds that are not uncertain is bounded as

Plni(t+1) = noi(t +1) > n] < —75—

Proof of Lemma B.3. For any sufficient arm ¢

Plni(t+1) —no(t+1) > n]

< Z P [Hs:i(s) =i,ni(s) = ng, fu(s )>S+\/C2171711711

n;>n

ng

< Z P [Hs 2i(8) = i,ni(8) = ny, f15(8) > —|— = Cglnm] (17)

n;>n

—Colnn;
< E e 3

n;>n

8
- nC2/271 :

This analysis follows the same steps as the proof of Lemma B.2 with the only difference appearing in Equation (17).
We recall that for any sufficient arm ¢, S = u; — A; with A; > 0. Then Equation (17) holds if A; < %, /C’gl‘:%. By

construction, A; < A, < 77 andn; <T. As we sumover n; > nandn > 3 > e, we have = < n; < T, so that
A; < %, /Cy 1‘;;” indeed holds. The end of the proof follows by the same arguments as for Lemma B.2. O

C. Upper Bound in the Realizable Case

In this section we prove the upper bound on the satisficing regret for uncertain-UCB in the realizable setting. Let us
first restate Theorem 4.1 with its exact constants.

Theorem C.1. For any realizable K-armed bandit problem, uncertain-UCB with C; = 10 and Cy = 12 satisfies for

al T > 1,
640K 54336A,; ~
RE< Y (12941 ( Y >+ IR +16Ai>.

i:A;>0

To prove this result, we need to bound the number of times each insufficient arm ¢ is played, which we upper bound by a
sum of different events. In particular, we define the event

mn:{m@—mww<m@}={mw<nmw}, (18)

and use ££(t) to denote its complement. These two events are used to distinguish between the case where the estimates

”z(t)
2

the uncertainty, i.e., ng ;(t) > ”’(t) . Using a standard decomposition with respect to &;(t), the number of times insufficient

no,i(t) and n;(t) behave as expected so that ng ;(t) < , and the case where insufficient arm ¢ is overly contributing to

13
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arm ¢ is played can be bounded as

T T
Y Pli(t) =i < Ni+ > Pni(t) > Ny, i(t) = i
t= t; .
<N+ > Pni(t) > Niyi(t) =i, &) + Y _Plni(t) > Nijit) =i, £(t)]

T
< Ni+ Y Pni(t) > Niyi(t) = i, E (1))

t=1
T
+ ) PLit) =i, na(t) > Niyuis (£) < prie — 8i/2, E(t)]
t=1
Cases where the best arm ¢* underperforms
T
+ Y CPLi(t) = i,na(t) > Niyuit) > pi + Ai/2, Ei(t)], (19)
t=1

Cases where arm % overperforms

where each term can be bounded according to the following lemmas separately. It is important to note that this decomposition
holds for any value of N; > 1, but we can derive better bounds for the sums when V; is large.

The three sums of Equation (19) are bounded in the next three lemmas. The first lemma is also used in the analysis of
uncertain-UCB in the non-realizable and transitional regimes.

Lemma C.2. Consider any sub-Gaussian K -armed bandit problem. Using uncertain-UCB with C1 > 4 and Cy > 6,
for any insufficient arm i and any N; > 1, it holds that

T
2
ZP[i(t) =i,n(t) > N;, &) < — 57— < 16.
P (ni/2)C2/
Furthermore when T' < 4%2, for any arm i (either insufficient or sufficient), we have

= 8

ZIP’[i(t) =1i,n;(t) > Ni, & (t)] < (i j2) 021 < 64.
t=1

The next lemma bounds the probability that insufficient arm ¢ is played because optimal arm p* is underperforming and its
upper confidence bound u;« (t) is below the target value of p;+ — A; /2.

Lemma C.3. Consider any sub-Gaussian K -armed bandit problem. Using uncertain-UCB with C; > 4 and Cy > 6,
for any insufficient arm i and any N; > 1, we have

T

21
D Plit) =i, ni(t) > Niyuie < pg — 8/2, Ei(1)] < N2
t=1 1
Lemma C.4. Consider any sub-Gaussian K-armed bandit problem and set N; = 12820 In (6‘§)2K ) Then using
uncertain-UCBwith C1 = 10 and Cy = 12 it holds for any insufficient arm i that
o 64 54336
D P ni(t) > Niyi(t) = i, ui(t) > p 4+ Ai/2, E ()] < =t
t=1 i

The proofs of these lemmas are given in the following section. In particular, the analysis of Lemma C.4 is detailed in
Section C.2. With all these results available, we can move on to the proof of Theorem 4.1.

14
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Proof of Theorem 4.1. We aim to derive a bound for the satisficing pseudo-regret defined as

T
R7 = Z AE[ni(T)] = Z ﬁlZIP’[z(t) =1].

i:Zi>0 ’L:Zi>0 t=1

For each insufficient arm i, we want to bound Zthl P [i(t) = i]. Following the decomposition in Equation (19), we have
for arbitrary N; that

T

S Pli(t) =] < Ni+ > Png(t) > N, i(t) =i, E(t)]

t=1 t=1

[M]=

Y Pit) = i, ni(t) > Nyyuge () < s — 8;/2, E(1)]

~
Il
-

[M]=

o~
Il
_

Picking N; = % In (%) as well as C; = 10 and Cy = 12, each of these sums can be bounded by application of
Lemmas C.2, C.3 and C.4, respectively. We conclude that

T
) L1280 (640K 85 54336
> Pli(t) =] < A—fln (A?) + K?+T+16.

Plugging this result in the definition of satisficing regret finishes the proof:

~ (1280 640K 85 54336
S E A

i:A;>0

A, 640K\  54336A; ~
= Z (1294A?1n( AZ >+ % +16Ai>,

i:z1,>0

where the last step notices that 85/ In (Gg)f ) < 14 so that the first two terms can be summarized. O

C.1. Proofs of Lemmas C.2 and C.3

In this section, we provide the proofs of the Lemmas C.2 and C.3. The first lemma follows from the property of the number
of uncertain rounds stated in Lemma B.2 and bounds the probability that an insufficient arm ¢ is played without contributing
to uncertain rounds too often.

Proof of Lemma C.2. Let i be an insufficient arm. By definition of &;(¢) in Equation (18), £ (t) = {no,:(t) < ny(t)/2} =

15
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{no,;(t) < n;(t) —n,(t)/2}, and we have

T

S Plmilt) > Novilt) =i, E(0)]

t=1

M=

o~
Il
—

B

P [ni(t) > Ni,i(t) = i,n:(t) — no(t) > ni(t)/2]

o~
Il
s

] =

P [ni(t) > N, Z(t) = i,ni(T + 1) — no7i(T + 1) > nl(t)/Z] (20)

~
Il

3
M= =07

IN

[P’[nz(T + 1) — ’I’L07i(T—|— 1) > nZ/Q]
+1
2

< -
> (ni/Q)CQ/zfl

n;=N;+1
<16,

where Equation (20) notices that n; (t) —ng ; (t) is an increasing function of ¢, so it is upper bounded by n; (T+1)—ng ; (T+1).
Then, as n;(¢) only increases when i(t) = 4, we reindex the sum on the number of times arm ¢ is played rather than on ¢.
Finally, we apply Lemma B.2 with n = n;/2. For any Cs > 6, we have ZZFNZ-—H (71/2)% < Zz;i:Ni"Fl ﬁ =

8 0,1 7z < 16.

Similarly, when T < -2, we have for any arm i that

IAZ>
T T
> Plng(t) > Niji(t) =i, EEB)] < Y Plng(T+1) = noi(T + 1) > ny /2]
t=1 n;=N;+1
T
8
S -
ni:zN:i+1 (ni/2>02/2—1
< 64,
using the same approach and relying on Lemma B.3 with n = n,; /2. O

Proof of Lemma C.3. By definition of &;(t), we have for any insufficient arm ¢ that

T
D OPLi(t) = i,ni(t) > Nyyuge () < pi — Ai/2, Ei(8)]

T
= P li(t) = i,ni(t) > Ny, fui= (1) + \/01 Inn;- (fl);tl)n o(t) < pie — Ai/2, ngi(t) > m(t)/2]

< STPi(t) = i, na(t) > Ny, fu- (8) + \/ e (’Zf(;l moall) o - A;/2, no(t) > ni(t)/2]

T
< Z]P’ i(t) = i,mi(t) > Ny, fuir () + \/Cl

Inng«(t) + Inn,(t)/2
TL* (t)

< pie — D)2

)

where the first step replaces ;- (t) and &;(¢) by their definitions. The second step lower bounds ng(t) > ng ;(¢), and the

16
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third step uses ng ;(t) > n;(t)/2. Further simplifications give

ZP i(t) = i,ni(t) > Ny, fu= () + \/01 lnni*(tzlt(lgni(t)ﬂ < pis — A2
t=1 7

g ) ) . . . Inng« + Inn;(t)/2
<IN B i) =i, nit) > Ny fuir (8) = friv s frie o + [ Ch < e — D)2

T

T T
R Inn;« +1nn; /2
< Z Z Pl mr + \/017%/ < e — D)2

i*

Inn; +1Inn;/2
R Mkl

(]
(]

flix mr < pie — Dq/2 — \/C

i
n;=N;+1n;x=1

T T - nnge tinng/2 )"
1 (Ai/2+,/0171 it ‘/2)
< 2 e l

where we first take a union bound over all possible values for n;- (t). In the next step, as the only dependency on ¢ is in n; ()

and i(t) = 4, we reindex the sum directly on n; instead of ¢. Now we can apply our sub-Gaussian assumption as defined in
Definition 1, and we obtain

2
T T N Inn;x+lnn;/2 T T

)

n;=N;+1n;+=1 n;=N;+1n;x=1
T T
< Z e AT Z e~ P
nx=1 n;=N;+1
< 21
N

where in the first step, we simplify using the fact that exp(—x) is a decreasing function of = and that (a+b)? > a?+b? > a?

. . . C
for a,b > 0. In the second line, we decompose the result into a product of two convergent sums and discard e~ 3 I <1,

as ng;+ > 1 so that % Inn;« > 0. In that second line, the first sum is bounded by % and the second can be loosely
bounded as > _y e T = S N1 (%)01/2 <Sr, (%)2 < 2.6, provided that C; > 4. (Note that we
are summing from n; = 2, so that 0 < % < 1 for each n; and thus we take an upper bound by lower bounding the
exponent.)

We conclude that for any N; > 1 we have

K . 21
;]P’[z(t) = i,mi(t) > Niyupe (1) < e — D4/2,E:(1)] < .

%

O
C.2. Proof of Lemma C.4
The main challenge in the analysis of Equation (19) comes with bounding
T
S PLit) =i, ni(t) > Niyui(t) > i+ Ai/2, E(B)],
t=1
as it requires further decomposition. We introduce a new event around which we will decompose the sum:
M(t,n) = i(t) < 21
() i= { o o 0) < e

17



Understanding the Gaps in Satisficing Bandits

Then, the last sum in Equation (19) can be decomposed into

T
Y OPLi(t) = dna(t) > Niyug(t) = pi + Ai/2, E(1)

=1 .
<Y PLi() =d,mit) > Niyuilt) > i+ Ai/2, E(t), M(t,n)] (22)
,1T
+ Y PLi(t) = i,ni(t) > Nijug(t) > i + Ai/2, E(t), M(t,n)]. (23)
t=1

By definition of M (t, n), we have M(t,n) = {max;e (k] no,;(t) > n}, and we need n to represent some measure of how
challenging the problem instance is. To do so, we decompose our set of arms into two categories.

Definition C.5. For any K -armed satisficing bandit problem, we can partition the arms into two sets:

V:i={ie[K]:A; <A,/2}
Ve:={ie[K]:A; > A2}

The set V denotes the “very good” arms, which are the arms that are not only sufficient, but that have an expected reward
closer to p., than to S. For these arms, we want to show that ng ;(s) is small even though they might be played often
(meaning that n;(s) could be large), because they don’t remain uncertain for many rounds. For the other arms in the set V¢
we show that they are not played very often so ng ;(s) < n;(s) does not get too large.

16
A%’
Equations (22) and (23). Specifically, we set n = L Nymax 1J°or a certain constant L > 1, and can decompose Equation (23)
by considering how far max; n07j(t) is above Nomax: For any ¢ with max; ng ; (t) > LNomax, there exists £ > L such that
(£ 4+ 1) Nomax > max; ng_;(t) > ¢Nomax. Then, we can decompose Equation (23) by partitioning and summing over ¢:

We set Nomax = o3 s0 that Nomax > max { max;ecy <o, MaX;jeye %}. We want n to be proportional to Nopax in
* J

T
Z]P [l(t) = ia nl(t) > Ni’ ui(t) > Wi + Al/27 gi(t)a Mc(tv LNOmax)]

t=1

IN

SN PLiE) =y mait) > Niyuit) > i+ Aif2, Ei(t), ME(t, (Nomax), M (¢, (€ + 1) Nomax)]
14>L
>

T
t=
T
t=

IN

> P[i(t) = i,ns(t) > Niyui(t) > s + D)2, Ei(t),

1 £>Limno,i(t)>(£+1) Nomax
Mc(t7 gNOmax)a M(tu ([ + 1)N0max)] (24)

+ > Pli(t)i, ni(t) > Ny, ui(t) > ps + Ai/2, E(2),

T
t=14>L:ng,;(t)<(€+1) Nomax

Mc(tagNOmax)vM(ta (£+ 1)N0max)]~ (25)

Equations (22), (24), and (25) can be bounded according to the three following lemmas.

Lemma C.6. Consider any sub-Gaussian K -armed bandit problem. Using uncertain-UCB with C; > 4 and Cy > 6,

for any insufficient arm i, any L and any Noyay > 1, if N; > SZ? max {ln (KLNomax) ,21n (32?1 ) }, then
d 32
D OP[i(t) = i,ni(t) > Niyui(t) > i + Ai/2, Ei(t), M (¢, L Nomar)] < Nz
t=1 i

18
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Lemma C.7. Consider any sub-Gaussian K-armed bandit problem. For any insufficient arm 1, using uncertain-UCB
with C1 > 4 and Cy > 6, if N; > % In ((5427%[{) then it holds for any L and any Nopa. > 1 that

T
> Pli(t) = i, ni(t) > Niyui(t) > i + A/2,
t=14>L:ng ;i (t)>(¢+1) Nomax
32
5i(t)7 Mc(tvgNOmax)a M(t, (E + 1)N0max)] S P
7

Lemma C.8. Consider any sub-Gaussian K-armed bandit problem. For any insufficient arm i, using uncertain—-UCB
with C1 = 10 and Cy = 12, if N; > 1 then for any Nopax > % and L > max {K/Az, 3} we have

T
> > Pli(t)i, ni(t) > Niyui(t) > pi + Ai/2,

t=1£>Lino,i (t)<(£+1) Nonar
Ei(t), MC(t, €Nomax), M (t, (¢ + 1) Nomax) |
(L—1)+ 1> Nomar A2
6(L — 2)2 K

< <816 +64L2 3

With all these results established, we can move on to the proof of Lemma C.4.

Proof of Lemma C.4. We use Lemmas C.6, C.7 and C.8 to bound Equations (22), (24), and (25), respectively. To apply
these results simultaneously, we need to ensure that Nop,, NV; and L are large enough. Setting Nomax = % and recalling
that C; = 10 and C; = 12, we note that the constraint on N; required for Lemma C.6 to hold is more lirﬁiting than the
constraint required for Lemma C.7. This means that we can pick a large value for L such as L = 642(31{ , and then set

N; 12820 In (6‘XJ2K ) to satisfy all the conditions needed to apply Lemmas C.6, C.7 and C.8. Moreover, as the bound

coming from Lemma C.8 depends on L, we note that L = % > 6400, so that LQ% < 0.51.

Then summing the bounds of Lemma C.6, Lemma C.7 and Lemma C.8 we obtain that

T
64 Nomax A2
D Plni(t) > Niyi(t) = i, uit) > i+ Ai/2, E(1)] < 1 + 8492
t=1 i
64 54336
St TR

Let us now move on to the proofs of Lemmas C.6, C.7, and C.8.

Proof of Lemma C.6. Using the definition of M (¢, LNomax), We note that we are in the case where max;¢(x) no,5(t) <
L Nomax, Which in particular implies that

no(t) < K max no,; (t) < KLNOmax-
jelK]

19
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Then we can bound our expression as

T
ZHD [l(t) =1, nl(t> > Ni, ui(t) > i+ Ai/2> gi<t)7 M(tvLNOmax)]

t=1
T
< ZIP’ [Z =1,ni(t) > Ny, f1;(t) + \/01 lnnl(tzlttl)nno(t) > i + Ai/Z,M(t,LNOmax)]
t=1 i
T
< ZIP’ i(t) = i,m(t) > Ny, i (t) + \/C’l I s (1) —’:?t)KLNomax > i + AZ-/Q]
t=1 ¢

IA

P

mzNL

\/ In n; + In KLN(]max
le ng Cl

%

> i + Ai/Z (26)

where the first step replaces u;(t) by its definition and drops the condition on &;(t). The second step replaces n(t) by its
bound using the condition M (¢, L Ngmax ). We then reuse the approach of reindexing the sum on ¢ by a sum on n; as we only
sum on rounds where arm ¢ is played, when n; increases.

To use the sub-Gaussianity assumption, we have to guarantee that A;/2 — Cl% > 0 for all n;
N;. This is guaranteed by Lemma C.11 from Appendix C.3 below, which implies that when choosing N;
2 max {1n (K LNomax) , 2In (3201)} then for all n; > N; it holds that \/01% < A;/4, which in
turn implies

>
2

Inn; + In K L Ngmax
AZ/Q—\/Cl nni +n Oma 2A1/4>0

%

It follows that

P [Z(t) = ivni(t) > Ni7ui(t) > i+ AZ/27 gi(t)a M(tv LNOmax)]

-

<Y Plfin, — i > A/4)
n; >N;

— n"‘AL
E (& 32
n;>N;
32
< PR
Ai

IN

where we rely on the sub-Gaussianity to ensure that P [, ,, — p; > €] < e~™€"/2 when ¢ > 0 and then use
Y n,>1 exp(—nic) < 1/cfor e > 0. =

Proof of Lemma C.7. We aim to bound

Z Z P[l(t) = z',m(t) > Ni,ui(t) Z Hi + Ai/27 gi(t>7

£>Ling i (£)>(€+1) Noma
Mc(tv ENOmax)v M(t, (E + 1)N0max)] . (27)
We note that by definition of ng(t) and M (¢, (¢ + 1) Nomax ), We have

Zno,] anel[a[z(] no;(t) < K¢+ 1)Nomax-

We deduce that ng(t) < K(¢+ 1) Nomax < Knoi(t) < Kn;(t), as we are summing on values of ¢ such that ng ;(¢) >
(£ 4 1) Nomax. Furthermore, we are only summing on terms with 19 ;(¢) > (£ 4 1) Nomax, but under M (¢, (£ 4+ 1) Nomax) We

20
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also have that ng ;(t) < max; ng ;(t) < (£+1)Nomax, so the inner sum in Equation (27) has at most one term, corresponding
to ng,;(t) = (£ + 1) Nomax. Removing the unnecessary conditions, we are left to bound

M%

Z Pi(t) = i,n;(t) > Nj,ui(t) > pi + Ai /2, E(t),

14>Ling i (t)>(£4+1) Nomax

Mc(tvaOmax)v M(ta (E + 1)AZVOmax)]

IA

HMH 1M~

IN

Inn;(t) + In Kn;(t
[ =i,ni(t) > Ny, j1i(t) + \/Clnn();(s n()zﬂﬁﬁiﬂ

1 1—1—1 Kn;
/LGl \/ nn nA _,LLi+Ai/2

/ 1 an
i, + > pi+ A /2],

where we used the reindexing trick on the third inequality, as the only dependence on ¢ is in i(t) and n;(t), and n;(t) only
increases when arm ¢ is played. Then, we can use that [i; ,,, is sub-Gaussian and using Lemma C.11, we conclude that when
N, > 1227201 In (642751(), we have that for all n; > N,

(28)

§
S

In K Inn; +In K A; In Kn;
\/201 nAen _ \/201nm+n < Aj/4, andso#— 20 Ll > A;/4>0,

n; n; n;

where the last step follows from ¢ € V¢, so A; > 0. Then Equation (28) can be bounded as

In Kn;

i

> i+ A2 <

P

n; >N;

/:Li,ni + 20
n;

anni]

Z P |f%‘,ni > pi — D)2+ 4/2C

n; >N;

> Pliin, — i > Ai/4)

n; > N;
Z _milf
e 32
n; >N;
32
S A2
Ai

IN

IN

where we use as at the end of the proof of Lemma C.6 that P [fi; ,,, — p; > €] < e~ /2 fore > 0and Zm>1 exp(—n;c) <
1/cfore > 0. - O

Proof of Lemma C.8. We want to bound

> > P[i(t) = i,ni(t) > Ni,ui(t) > p + A /2, E(t),

= Zszng,i(t)<(4+1)N0mM
Mc(taéNOmax)vM(ta (€+ 1)N0max)]- (29)

To do so, we first recall the definition of &;(¢) = {no ;(t) > n;(t)/2}. This means that in the indexing of the sum, when we
verify that ng ;(t) < (¢ + 1) Nomax, We can lower bound this quantity using n;(¢)/2 < ng () < (£ 4+ 1) Nomax, S0 that we
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can bound Equation (29) by

T

Z Z P[l(t) = i,ni(t) > Ni,ui(t) Z Hi + Ai/2a gi(t)v

t=1£>L:n;(t)<2(£+1) Nomax
Mc(ty ENOmax)a M(t> (f + 1)N0max)]

T
Z 3 P [i(t) = i,ni(t) > Ni, M(t, {Nomax), M (t, (£ + 1) Nomax )]
t=1¢>L:n;(t)<2(£+1) Nomax

IN

Z P [max no,;(t) > ENOmax]
>N, 0>L: JelK]
13 >N; 0> Lin; <2(£+1) Nomax

2(€+1) Nomax

< P[maxno ()>ZN0max],
& & b

S
TL,:JV7 J [

where in the second step we again reindex the sum on ¢ to a sum on n,;. We then swap the sums so that both constraints on

n; are highlighted in the second sum. Using Lemma C.10 below with n = £Ngu,x, and picking C; = 10 and Cy = 12, we
have

(Z+1)N0max
S5 s > o]
A JE[K]
2(£41) Nomax <o 5
8 _ZNOmaxAj 32 _ENUIUEIXAJ 32
SZ Z Zﬁe 16 +Z<A26 64 +W>
¢>L n;=N, JEV J VIS % J
16 Nomax _ ZNO‘““"AE 64 Nomax -~ eNOmuxA?
SZTZ(€+1)€ 16 + Z TZ(£+1)6 64
jev i > jeve o e>L
f+1
64 Nomax - 30
- OaZZZNOmax_ ( )
JjeEVE £>L

where we note that the terms in the sum Z ,Hl)N"‘“‘“

terms.

are independent of n;, so we can just bound them by the number of

We now bound the first two sums in Equation (30). By definition, for any j € V we have Nyp.x > 16/ A? and Aj > AL/2.
Similarly, for any j € V¢ it holds that Nopa.x > 64/ A? and A; > A, /2. Then, for any L > % > 1, we recall that
exp(—x) is a decreasing function of = and we obtain

16N0max — ;NOMXA? 64N0max _ M
P v D Dl v e DI G

JEV j  4>L jeve J >
272 Nomax éNolmxAQ
< 30 2 S e 1)
JE[K] * >L
272N0 X _ éNOmmxA»%
S KTma Z(ﬁ —+ ].)6 64
* >L
272N0maxA3 9 ZNOmaxA2
<SS D> e+ 1)e
>L

_ 816Nomun A |
= K

where we first upper bound the sum on j by a factor K. At the third step, we use that % < L and hence gj < L?. In the
last step, we apply Lemma C.9 below, noting that Nomax A2 /64 > 1.
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For the third sum in Equation (30), we first note that vafril)él is decreasing in Nomax, SO it holds that N + —Tya < ( (,”11) T
since Nomax > 1. Using that L > K/A? and |V¢| < K, we obtain
(+1 (+1 A2, (+1
64 Nomax 1 < 64Nomax K ————— < 64Nomax — L —_—.
’ ZZ (€Nomax — 0 Z —1)4 Omax g 2(5—1)4
JEVeL>L £>L >L
Then, using that 4 é 1)4 is a decreasing function of ¢, we get an upper bound of
41 4+ 1 3(L-1)+1
L? < I? / A< I*P=_——~__—.
2 (=0* =" Jp, (=1~ 6(L—-2)3
1>L
Bringing these results together, we deduce that
2(£+1) Nomax
3(L—1)+ 1\ NomaxA2
P > (Nomax| < | 816 + 64L2 x
I I R S =
¢(>L n;=N;
L]

Lemma C.9. IfL > 1and c > 1 then

LY (t+1)e <3
>L

Proof of Lemma C.9. As exp(—cz) is decreasing in ¢, we have >~ ; (£ +1)e™* < 3,0, (£+1)e~* for ¢ > 1. It follows
that - -

oo

d (t+1)et < / (0+1)e fdl < (L+1)e” D,

=L L—1
and hence for any L > 1,
L2> ((+ e < LH(L+1)eF7Y < 3.
0>L

Lemma C.10. Under the conditions of Lemma C.8, we have for any n > L Noax

n

P |max ng (t) >n| < A_16+ 7
Le[mO() ] ZA Z

S% ieye 1
201/2+1 1 2C’2/2 1

e Y _-
L= C1/2—1 (n—1)01/2-1 (C2/2—2) (n—1)C2/2-2
ieye ieVe

In particular, for C; = 10 and Cy = 12 it holds that
] nA2 32 _na? 32
P t < —e¢ 16 — e 62 - .
yres>o] < g 3 (5 o)

Proof of Lemma C.10. We want to bound the term P [maxje[ K] M0,5(t) > n] for some fixed n. We can decompose this
expression as follows. Let U(s) = argmax;no ;(s) denote the set of arms that have contributed most to ng(s) at round s.
We note that if max; ng_; (t) > n for some round ¢, then there exists a round s < ¢ where that condition first failed, that is, a
round s < ¢ such that max; ng ;(s — 1) = n and max; ng ;(s) = n + 1. Then

P [max ng ;(t) > n} <P [Els <t:i(s) =1,i€U(s), max ng;(s) =n,ngi(s+1)=n+ 1}
JE[K] JEK]

¢
< ;P [z(s) =10 € U(s),;g% no,j(s) =n,ngi(s+1) =n+ 1} . (31)
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Using the decomposition of the arms into the sets ) and V¢ according to Definition C.5, Equation (31) can be bounded as

t
ZIP’ [z(s) =1i,1 € U(s), max ng ;(s) =n,noi(s+1) =n+ 1}
ot jelx]

§ZZP [z(s) =1,i € L{(s),Jmax no;(s) =n,ne(s+1)=n-+ 1}

s=n i€V €lx]

t
+ Z Z P [z(s) =1, GU(S),;rel[aI?]no,j(s) =n,ng(s+1)=n+ 1}

s=nicVe
<iZP i(s) = 1,1 € U(s), max ng ;(s) =n, i;(s) < S+ ,/C In n;(s) (32)
=1 3 X ; =n, [i;
=/ jelk) 7 s 2 n;(s)
t
. =1,1 ; = . > s .
+ 3 P[00 U ) =t 2+ 2] @)
t
) =1,1 1 = i * < Sk — .
+ ;%}:P [z(s) iyi € U(s)ajlg% no.j(s) = n,up(s) < py A2/2:| 7 (34)

where in the last step we use that for the arms in V), the probability that ng ; increased between step s and s + 1 can be
rewritten according to the definition of ng in Equation (16). For the other arms, we bound i(s) = 4 by noticing that when
arm ¢ € V¢ is played, it means that either u;(s) is overestimated or u;« (s) is underestimated.

We now are going to handle each of the three terms separately.

Bounding Equation (32) This first term is bounded as

t
iy
Z ZIP’ i(s) =1,1 € U(s), max ng ;(s) =n, ;(s) < S+ 4/Cq nni(s)
=5 j€lK] ni(s)
o
<% [ﬂ <S+ e

% nlzn
R N Inn;
<3 o < Aok yfal] 39)
i€V n;>n

where the first step replaces dependencies on ¢ by a dependency on n;. It is sufficient to sum on n; > n as for any s in
the original sum, ng ;(s) = n and no;(s) < n;(s). In the second step, we use that u; > S so S = pu; — A,. Noting

that A; > A /2 due to i € V, it holds that n > LNomax > 12022 In (%), and we have by Lemma C.11 below that
\/ Czl‘;# < A, /2 for all n; > n, which also guarantees that A; — ,/Cgl‘;# > A, /2 > 0. Accordingly, we can use that

the rewards are sub-Gaussian to get a bound Equation (35):

Y3 b [un <pi— A+ ,/0212?11 <3NP i, — = A2

i€V n;>n i€V n;>n
n;A2
§§ E e s
i€V ni>n
8 _na?
< E 56
S% Ai

where once more we have P [{; ,, — i > €] < e=m/2 for £ > 0 due to sub-Gaussianity and we further use that
—cn /2
D onion €XP(—n4c) < < for ¢ > 0.

c
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Bounding Equation (33) This term is bounded using the same approach as in the proof of Lemma C.6. We start with

Z Z P [z(s) =14,9 € U(s), max ng (s) =n,ngi(s+1) =n+1,u;(s) > p; + Ai/Q}

immicye JjelK]
t
Inn; 1
=57 SR fils) = i € Uls), max o5 (s) = o is(s) + %71 RS () a2
s=nicye JE[K] nz(s)
t
Inn;(s) + In K
<3 3B [ils) = i € U(s). mis o (5) = m () + w“”(s)”” > it A2
=5 jelK] n;(s)
Inn, + K
<SP i, O TR A2 (36)
Uz
ieVen;>n

where the first step replaces u;(s) by its definition, the second step replaces ng(s) < K max; ng(s) = Kn, and the third
step reindexes the sum on n; rather than ¢.

Now we use that i € V° so that A; > A;« /2, and it follows that n > LNgmax > 3221 max {ln (Kn),2In (32;2;1 ) } By

Lemma C.11 below this implies */Clw < A;/4 forall n; > n, whence A;/2 — 1/C&W > A;/4>0.

Thus, we can apply the sub-Gaussian assumption to Equation (36) and deduce

Inn; +In K
S ST B i+ G S A2
1

i€EVen;>n

<SS Pliin, — > Ai/4]

i€EVen;>n

n; A2

I

i€EVen;>n

applying again that P [f1; ,,, — p; > €] < e~"¢*/2 for ¢ > 0 and as for Equation (32) we use that )

—cn/2
2 — forc > 0.

exp(—n;c) <

n;>n

Bounding Equation (34) First, we can rewrite the conditions i € U(s) and max;e[x] no,;j(s) = n as ng,;(s) = n. Then

t
> P {i(s) =1,i € U(s), max no,;(s) =n,noi(s+1) =n+ 1 uq(s) < pis — Az‘/Q]
VIS

s=nieve
. _
; : « Inn;(s) + Inng(s)
= F = B0 = T Ha < i — A /2
< ;ZGZV i(s) = 4,m0,:(s) = n, fl(s) + \/01 -~ < g y
. _
. . N Inn;«(s) +Inng (s
= S;”-;cp i(s) = i,m0,i(s) = n, fui(s) + \/01 ( ii*(s) 0105) < poe — A2
t -. . R hl Ny (S) _|_ hl 7L72(s)
< ;7; P |i(s) =14,n0,:(s) =mn, 4 (t) + 1/ Cy (o) < g — A2 37)

t

+) 0 T Pli(s) =i no.ils) = n, E5(5)], (38)

s=nieV°

where we use that ng(s) > no;(s). In the last step, we consider two cases: either ng ;(s) > n;(s)/2 or ng;(s) < n;(s)/2,
which correspond to the conditions &;(s) and E7(s).

We continue with a separate analysis of the two terms in Equations (37) and (38).
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Bounding Equation (37) We start by reindexing the sum over s in Equation (37) by taking a union bound over all possible

values of n; and n;«:

DS P i(s) =i,noals) = mn, fu(s)

s=nieV°

<> > > P

1EVE N 2nngx>1

3D ID I

1EVE N >nngx>1

Yy Y

iEVEn; >nnx>1

<D D« =G (Ingntin )= L

i€EVen;>nngx>1

LYy

i€EVen;>nn;x>1

i€Ve \n;>n

201 /241

ﬂi,ni + Cl

- ,ai,ni > Cl

> ()

< e — D)2

Inn;«(s) +1n ni(s)
+ \/01 (s) 2

1+ (8)

A2

Inng« +In %
<
-

Inng« +In % LA
EE— i

i*

2
< lcllnnztln 2 +A /2>
i

n; A?

1 01/2 2 01/2
= 771

n; A2 ]_
PIL
1x >1

)Cl/Q

ieye 01/2 -1

(n _ 1)01/271 ’

where in the fourth line we apply the sub-Gaussian assumption noting that 1/ C1 % + A;/2 > 0. The next step

uses that when a, b > 0 then (a + b)? > a® + b?, and that e~

2
n; A7 1
8 (7
Nj*

n; A2
noticing thate™ ~s >

is a decreasing function of n; we have >

T * 21 €

1
n;2n ng

is a decreasing function of z. The sixth step follows from

)01/2 <Y st (n ) < 2 due to Cy/2 > 2. Further, since %

< W for ¢ > 0, which is applied choosing ¢ = C; /2 — 1 2 2.

Bounding Equation (38) Equation (38) can be bounded using the same approach as in Lemma C.2, that is,

>N Pli(s) =i,E(s

s=nicVe

=1,n0,;(s) <n;(s)/2]

<ZZIP

s=n icve
< ; zt: Pi(s) = i,ni(s) — no.:(s) > n(s)/2]
< 2C§P[i(s) =i,n;(t) — no,i(t) > ni(s)/2]
. Zv 5 i) i) 2 /2
<> Z 02/2 1 39
ieve mzn (M
<Y @n-g G
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where in the third step, we note that n;(s) — ng ;(s) is a nondecreasing function of s. Then, as we only consider the case
where i(s) = 4 and the only term that depends on s is n;(s), we can reindex by n;. Equation (39) follows from Lemma B.2
and at the end we use similar to above for Equation (37) that L < W for ¢ > 0 as ni is a decreasing

function of n;, where we choose ¢ = C3/2 — 1 > 2.

Conclusion Combining these results, we finally obtain

8 na?
P{maxnoj(t) >n] SZ AQef 16

JEIK] i€V
nA
D
IS% ’
2C1/2+1 1
1y _1)C1/2-1
icve 01/2 1 (Tl 1) /
202/2 1
Y2 Gn Y e

In particular, for C; = 10 and C5 = 12 we have

8  nA? 32 _naf 32
PLIIel[aIz(]noj(t)>n} SZAQE 16 JrZ‘(A?e 61 Jr(n—l)4>

C.3. General Results on the Selection of /V;

In this section, we provide some tools that we use to select /V; in the lemmas needed to derive Theorem 4.1.

Lemma C.11. For constants C,D,Z > 1, when choosing N; = 2(“;71232 max {an 21In (2CD )} it holds that for all
n; > N; that

Inn; +InZ A
lo—+ 1 — =% <

To prove this result, we rely on the properties of the Lambert I function and a bound from Chatzigeorgiou (2013,
Theorem 1).

Lemma C.12. Lef a,b > 0 such that ab > e. Then
max {z < aln(bz)} < 2aln(abd).

Proof of Lemma C.11. WhenC,D,Z > 1,,/C M is a decreasing function of n,;. This means that we can focus on
finding the smallest value of IV, that satisfies the chosen condition. First note that

. InN+InZ A CcD?
- < — 3 = >
mj\l}n{\/(}' ~ D} m]\lfn{N_ AT (lnN+an)}

CD?
AQ

m]\z}x{Ng (1HN+1HZ)}.

Now, we consider two cases:

D (N +W2Z) <262 mz.
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216N > Zand N < S8 (N +1n2) < 252° N, then Lemma C.12 gives maxy {N < 252" In N} <

200" 51 (252°).

Combining these results, we deduce that

2

cp* (lnN—HnZ)} < 2CA€ max{an,21n (2?232)},

A2

max{N <
N

2 2
which ensures that when picking N; > 2%? max {1n Z,21n (2%23 )} then the condition 4/ C W < % is satisfied
forall n; > N.

O

Proof of Lemma C.12. When ab > e, the equation x = aln bx has two solutions, which we aim to upper bound. Let
y = bz, so that we can rewrite our expression as

1
max {z < aln(bz)} = m?bx {y/b=aln(y)} = 5 max {y=abln(y)}.
x Y Yy
Then to upper bound the solutions of y = ablny we consider the product log-function (also known as the Lambert W

function) W_; and rewrite y = ablny = —ab W_; (7#) with ab > e.

By Chatzigeorgiou (2013, Theorem 1), we have that for ab > e it holds that

1
y=—abW_4 <_ab>

- —abW_, <_e—1n($)—1)
<ab (1 +4/21n <a:) +In <aeb)> .

‘We deduce that

mas {z < aln(br)} = %myax{y — abln(y)}
(o)
(@) i)

< 2aln (ab),
where the last step follows from comparing the functions f(z) = 1/2In (%) + In(z) and g(z) = 2In(z) forz > e. O

o | S

D. Upper Bound in the Non-Realizable and Transitional Cases

In this section, we analyze the behavior of uncertain-UCB when the threshold S is either above the expected reward of
the best arm, or so close to the threshold that over the course of 7" rounds these arms continue to contribute to the uncertainty
counter ng(t). For each result in Theorem 4.2, we want to bound the number of times each of the arms contributing to the
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regret is played. To do so, for each of these arms ¢, we use a similar decomposition as in Equation (19):

T T
Elni(T)) = Y Pi(t) =i < Ni+ Y _P[i(t) = i,ni(t) > Niyupe (1) < pie] (40)

t=1 t=1

Cases where the best arm 7™ underperforms

T
+ Y Pi(t) = i ni(t) > Niyui(t) > i+ A, A1)

t=1

Cases where arm % overperforms

which holds for any N;. We then derive the bounds specified in the following lemmas.

Lemma D.1. When uncertain-UCB is run under the conditions specified in Theorem 4.2, if arm i is suboptimal and
insufficient, then for any T' > 1, Equation (40) is bounded as

T
STPi(t) = dynit) > Niyuis (8) < ] < 22,
t=1
Furthermore, if arm i is suboptimal and T' < ﬁle, then
T
STPi(t) = iynilt) > Niyuis () < -] < 70,
t=1

Proof of Lemma D.1. For any suboptimal arm ¢, we have

T
D PLit) =i, mi(t) > Ny g () < pie]

P |i(t) = i,ni(t) > Ni, fu= (1) + \/01

Inn;«(t) + Inng(t)
e () < ]

~
I
-

Inn;« (t) +In no)i(t)

Z(t) = Lni(t) > Ny, fli (t) + \/Cl o~ (t) < /‘i*]

A
[M]=
=

~
Il
-

o
<STPi(t) = i, nit) > Niyfu () + 4 [ Ch lnn"*(tzlf(lgm(t) /2 u} )
:1T L
+ > Pi(t) = i, mi(t) > Niyno(t) > ni(t)/2]. (43)

t=1

Equation (43) can be bounded by Lemma C.2 as

Z [i(t) = i,n,(t) > no,i(t) > ny(t)/2] 64, if i is suboptimal and 7' <

Cy
t=1 4A2"

*

T {16, if 7 is insufficient,

For Equation (42), we can reindex the sum over ¢ into two sums over n,; and n;« and then directly apply the sub-Gaussian
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assumption to obtain

T

T T
R Inn;« +1nn; /2
<Y Y Pl sﬂiwclﬂ
=N;

Nj*
g itlngx=1 ’
T T
T+ Inn; +Inn;/2
< E E exp | — O
2 T
n;=N;+1n;x=1

< > Z exp ( (In n- +lnnl/2)>

n;=N;+1n;x=1

Z Z C1/2 C1/2

nL_N +1n,; w=1T
<6,

where the last step follows from C;/2 > 2 and >~ t% < 2. Summing our bounds on Equation (42) and Equation (43)
finishes the proof. O

Lemma D.2. When algorithm uncertain-UCB is run under the conditions specified in Theorem 4.2, if arm 1 is suboptimal
and N; > 8C4 IZ—ZT, Equation (41) is bounded by

Proof of Lemma D.2. For any suboptimal arm ¢, if N; > 8C InT we have

A2
T
t=1
T Inn;(t) + Inng(t)
SZ]P’ i(t)_ivni(t)>Nivﬂi(t)+\/Cl - () S >+ A
t=1 L ‘
T Int
<Y P i(t) = i,ni(t) > Ni, jua(t) + 201n—(t) > i+ A
t=1 L ‘
o1 Int
<Y P i(t) = iyni(t) = n; > Ny, fui(t) + 4/ A
t=1 L

Int

%

:Z Z P [z(t) =d,n:(t) = nyg, i (t) > pg + Ay — 4/2C

As by assumption N; > 8C} IZ—zT, we have A; — \/QCl%t > \/2011% > 0 for all n; > N;, and it follows by sub-
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Gaussianity that

Int| < < n; 2CiInt
D P i) = i,ni(t) > Ny ug(t) > pi + 1/2C <> ) exp (_2 : 1)
T t=1 ny=N;+1 i

T t

:Z Z exp (—CiInt)
t=1n;=N;+1

Ty

- C
t=1n;=N;+1 e
T

= Z $tC1—1
t=1

<2

where the last step uses Cy — 1 > 2. O

With the previous results established, now we are ready to give the proof of Theorem 4.2.

In T

Proof of Theorem 4.2. For any suboptimal arm i, we pick N; = 8C; %5 . Then we combine Lemma D.1 and Lemma D.2

with the respective definition of regret to prove the different statements of the proof.

The non-realizable case: Here, all the suboptimal arms are also insufficient, so for any suboptimal arm ¢, we can apply
the first statement of Lemma D.1 together with Lemma D.2 to deduce that

E[ny(T)] < 80112—2T +24.

Plugging this in the definition of the pseudo-regret gives the claimed bound:

Yo OAEmMD]= Y A (8(]112;4_24): 3 ( IZT )

:A; >0 :A;>0 :A;>0

The Transitional Regime: In this setting, some of the suboptimal arms are insufficient but there may also be suboptimal
arms that are sufficient. For the first result, we are interested in the satisficing pseudo-regret, and we bound the number of
times insufficient arms are played. For any insufficient arm ¢, using Lemmas D.1 and D.2 we obtain as in the non-realizable
case before that E[n;(T)] < 8Cy %% + 24. It follows that

_ InT A; <
Ri= > AE = > A <8C’1n+24> > <M8011HT+24A1->.

i:A;>0 i:A;>0 :A;>0 '

Finally, we derive refined guarantees for the pseudo-regret when the time horizon 7' < 4%2. In this case, we decompose

the suboptimal arms into the sufficient and the insufficient ones. For any insufficient arm i, we have the same bound as
before, i.e., E[n;(T)] < 8C1 X+ InT 4 24. For a suboptimal arm i that is sufficient, as 7' < N , we can apply the second part

of Lemma D.1 together with Lemma D.2 to obtain

InT
Elng(T)] < 801% +72.

Plugging these two results into the definition of the regret gives

InT
Rr= 3 8Cig—+ > M+ 3 T2
:A; >0 A >AL 1:0<A; <AL
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which finishes the proof.
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