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Abstract

Large Language Models (LLMs) have demon-
strated remarkable general capabilities, but en-
hancing skills such as reasoning often demands
substantial computational resources and may
compromise generalization. While Parameter-
Efficient Fine-Tuning (PEFT) methods offer a
more resource-conscious alternative, they typi-
cally require retraining for each LLM backbone
due to architectural dependencies. To address
these challenges, we propose Universal Reasoner
(UniR)—a modular, composable, and plug-and-
play reasoning module that can be used with
larger frozen LLMs to provide specialized rea-
soning capabilities with a shared or aligned token
space. Specifically, UniR decomposes the reward
into a standalone reasoning module trained in a
decoupled manner using verifiable rewards, ef-
fectively translating trajectory-level signals into
token-level guidance. Once trained, UniR is com-
bined with frozen LLMs at inference time by
simply adding its output logits to those of the
backbone. This additive structure enables modu-
lar composition: multiple UniR modules trained
for different tasks can be jointly applied by sum-
ming their logits, enabling complex reasoning via
composition. Furthermore, UniR demonstrates
weak-to-strong generalization, where reasoning
modules trained on smaller models effectively
guide much larger LLMs in the same model fam-
ily, and generalize across domains such as in
vision language models and medical reasoning.
Experiments on mathematical reasoning and ma-
chine translation show that UniR surpasses exist-
ing fine-tuning methods. Code is open-sourced at
https://github.com/hangeol/UniR

“Equal contribution 'Graduate School of Artificial Intelligence,

Korea Advanced Institute of Science and Technology, Seoul, South

Korea. Correspondence to: Jong Chul Ye <jong.ye@Xkaist.ac.kr>.

Proceedings of the 43" International Conference on Machine
Learning, Seoul, South Korea. PMLR 306, 2026. Copyright 2026
by the author(s).

Hangeol Chang“! Hyunmin Hwang ! Choonghan Kim' Jong Chul Ye'

1. Introduction

Recent Large Language Models (LLMs), such as OpenAl-
ol (OpenAl, 2024), DeepSeek-R1 (DeepSeek-Al, 2025),
Kimi-1.5 (Team et al., 2025), BOLT (Pang et al., 2025),
and Open-Reasoner-Zero (Hu et al., 2025), have demon-
strated remarkable capabilities in complex reasoning tasks.
These models leverage Chain-of-Thought (CoT) (Wei et al.,
2022) to elicit step-by-step reasoning processes from LLMs,
thereby enhancing their ability to tackle intricate problems.
A key driver of this progress has been Reinforcement Fine-
Tuning (RFT), which aligns model outputs with desired cri-
teria, often human preferences, through reinforcement learn-
ing such as PPO (Schulman et al., 2017), DPO (Rafailov
et al., 2023), GRPO (Shao et al., 2024), etc.

Unfortunately, adapting these powerful LLMs to special-
ize in specific domains or further enhance their reasoning
abilities through RFT presents significant hurdles. The pro-
cess is often prohibitively expensive due to the substan-
tial computational and memory resources required for fine-
tuning large-scale models. While Parameter-Efficient Fine-
Tuning (PEFT) techniques like LoRA (Hu et al., 2022) have
been proposed to mitigate these costs, they introduce their
own limitations: (1) Model Dependency: LoRA modules
strongly depend on specific model architectures, limiting
their transferability across models of different sizes (e.g.,
from 3B to 14B). (2) Poor Linearity Support: Combin-
ing multiple domain-specific LoORA adapters through linear
operations lacks robust theoretical support and frequently
yields unpredictable outcomes (Wang et al., 2023).

To address these challenges, we introduce UniR (Universal
Reasoner), a novel method that decouples reasoning capa-
bility into a specialized reasoning module, independently
trained and designed to enhance the capabilities of a back-
bone LLM. This reasoning module can be integrated into
a backbone model without accessing its internal layers or
parameter dimensions, provided that the two models share
a tokenizer or that their token spaces are properly aligned.
This approach not only fosters modularity by preserving the
core capabilities of the backbone model, but also enables
effective weak-to-strong generalization, in which a compact
reasoning module can enhance larger models. Moreover,
this modularity opens avenues for combining distinct rea-
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soning modules across multiple domains, such as visual
mathematical reasoning and medical reasoning. Overall,
UniR offers a training- and transfer-efficient, adaptable, and
robust solution for enhancing reasoning in LLMs without
compromising their core capabilities.

The core innovation of UniR lies in its decoupling of reward
model training from policy updates. While many alignment
methods rely on preference datasets, UniR is designed to
leverage explicit, predefined rewards that are often available
for tasks with verifiable solutions, such as mathematical
problem-solving or machine translation. We propose to
model these typically trajectory-level rewards, or rewards
over a full response, as a sum of log-probabilities derived
from our decomposed reasoning module. This formulation
effectively translates a global reward signal into a sequence
of implicit token-level guidance signals that steer the rea-
soning process. The reasoning module is then trained to
maximize this reward using a policy gradient algorithm, en-
suring that only the smaller reasoning module is updated
while the backbone policy (LLM) remains unchanged. Dur-
ing inference, reasoning module provides guidance to a
backbone model by combining their outputs, typically by
adding their respective logits before sampling. Furthermore,
because the guidance occurs at the logit level, multiple rea-
soning modules trained for distinct tasks can be composed
through simple logit addition—enabling composite proba-
bilistic reasoning without additional training or architectural
modification. Our contributions are summarized as follows:

¢ Transferability Across Model Sizes. Although our ap-
proach trains only small models, the learned reasoning
module can be effectively transferred to larger models
at inference time. For example, a 1.5B reasoning mod-
ule trained alongside a 3B backbone can be used in
conjunction with a 14B model, providing token-level
guidance that improves the larger model’s performance
without requiring fine-tuning of the 14B model itself.

* Composability. Our method allows seamless compo-
sition of multiple small reasoning modules specialized
for specific domains or tasks. These specialized mod-
els can then be selectively deployed based on the do-
main context, enabling modular and efficient inference
pipelines where domain expertise is encapsulated in
lightweight, task-specific policies.

e Superior Performance on Diverse Tasks. Our ex-
periments show that UniR substantially outperforms
conventional fine-tuning methods, showcasing its effi-
cacy and robustness in enhancing LLM capabilities on
challenging mathematics, translation, and even medical
benchmarks.

2. Related Work

Enhancing LLM Reasoning. Improving LLM reasoning is
key for complex reasoning and understanding (Durante et al.,
2024). One prominent strategy involves Supervised Fine-
Tuning (SFT) on specialized, often small, datasets curated
to foster reasoning skills; these datasets are either distilled
from larger models (Open Thoughts, 2025) or meticulously
selected from high-quality examples (Muennighoff et al.,
2025; Ye et al., 2025). Recently, Reinforcement Learning
(RL)-based Group Relative Policy Optimization (GRPO)
and related methods (Shao et al., 2024; Liu et al., 2025b)
have shown promise in enhancing LLM reasoning capabili-
ties using rule-based rewards without requiring a separate
value function. Furthermore, the concept of verifiable re-
wards is extended by using generative models to provide
soft reward signals for unstructured tasks (Su et al., 2025b).
Our work leverages verifiable rewards to improve the reason-
ing ability of LLMs by training a lightweight, specialized
reasoning module for tasks that require complex reasoning.

Modular and Efficient Inference Guidance. To adapt
LLMs efficiently, Parameter-Efficient Fine-Tuning (PEFT)
methods like LoRA (Hu et al., 2022) are widely adopted.
However, PEFT modules are architecturally constrained
by the model’s internal dimensions, which restricts their
transferability across LLMs of varying scales. This limita-
tion has spurred interest in plug-and-play modularity and
inference-time guidance, where a separate module steers a
frozen backbone. Early approaches like TART (Bhatia et al.,
2023) attach a separate module to process embeddings from
a frozen backbone, primarily for classification tasks. More
recent works focus on generative capabilities. Reasoning
Vectors (Zbeeb et al., 2025) utilizes Task Arithmetic (ITharco
et al., 2022) to modify the parameters of the target model
by adding a vector derived from the difference between RL
and SFT models. Recent techniques focus on finer-grained,
token-level guidance (Xu et al., 2024b; Yang et al., 2023;
Ouyang et al., 2025). RAST (Ouyang et al., 2025) shares a
similar logit-level motivation but employs a contrastive strat-
egy, requiring the subtraction of logits from a small base
model and its RL-trained counterpart to guide the target
LLM (see Appendix D.3 for empirical comparison). Gen-
ARM (Xu et al., 2024b) also employs a token-level guiding
module; however, it relies on a surrogate reward model
trained on human preferences. In contrast, UniR trains a rea-
soning module to maximize verifiable rewards. In addition,
several works (Mudgal et al., 2023; Han et al., 2024) train a
value function using temporal difference learning. Instead,
UniR directly trains the reasoning module using a policy
gradient algorithm, collaborating with a frozen backbone.
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Figure 1. UniR Framework Overview. Our approach trains a lightweight, transferable reasoning module (7,) using predefined rewards
to guide a frozen backbone model (), offering (1) transferability across different backbone models or tasks; and (2) composability by
combining multiple specialized reasoning modules through reward optimization.

3. Problem Definition

A growing trend in enhancing LLM reasoning is Reinforce-
ment Learning with Verifiable Rewards (RLVR), where mod-
els are guided by predefined and automatically checkable
signals, such as correctness or rule-based verification. This
approach has been adopted in models such as DeepSeek-
R1 (DeepSeek-Al, 2025), and recent RLVR research has
demonstrated its effectiveness across diverse domains (Su
et al., 2025a; Zhao et al., 2025). Following this direction,
we focus on tasks where performance can be assessed reli-
ably via such verifiable rewards. We denote the predefined
reward as r(z,y) for a given prompt x from a dataset D
and a generated output sequence y. Standard RL fine-tuning
aims to find an optimal policy, 7p* (y|z), that maximizes the
expected reward while remaining close to a backbone policy
(mp(y|x)), typically a pre-trained base LLM. This objective
is formulated as:

— BDx Llme (ylx)l[mo (y|2)],

ey
where D 1, [-||-] represents the Kullback-Leibler divergence,
and 5 > 0 controls the strength of the regularization towards
the backbone policy m,. The optimal policy 7y*(y|x) for
this objective can be expressed in a closed form as (Ziebart
et al., 2008; Rafailov et al., 2023):

H}%X Ez~D,y~ﬂ'9 (ylz) [T (JC, y)]

mo" (y|z) = %ﬂb(ybc) exp (;r(aﬁ,y)> N @)

where Z(z) = >, m(y|z) exp( r(z,y)) is a partition
function. A key challenge in dlrectly applying Eq. (2) for
autoregressive generation is that the trajectory-level reward
r(x, y) can be obtained only after the full sequence y is com-
plete. However, it does not provide token-specific feedback
during the generation process. For fine-grained guidance of

an LLM’s reasoning steps, per-token signals are more de-
sirable. Theoretically, the optimal token-level decision rule
for the objective in Eq. (1) can be expressed using the opti-
mal soft Q-function, Q*(a;|s;) where s; = (x,y<;) is the
current state and a; = y; is the next token. This Q*(a|s;)
represents the maximum expected future return following
the optimal policy mp*. The optimal token-level policy is
then given by (Haarnoja et al., 2017; Ziebart et al., 2008):

log mo™ (y¢ |7, y<t) =log o (ye|w, y<i)+

%Q*(yt\fﬂ, y<t) —log Z'(x, y<),

3)
where Z'(x, y<¢) is the per-step partition function (Uehara
et al., 2025; Haarnoja et al., 2017). However, guiding with
Q™ is impractical since it requires knowledge of the opti-
mal policy mp* itself. This challenge motivates the need to
bridge observable trajectory-level rule-based rewards with
a practical formulation that enables effective token-level
guidance.

4. UniR: Universal Reasoner

To circumvent the direct estimation of Q*, our core idea
is to learn a separate, typically smaller, reasoning module,
denoted as 7, (y|z) with parameters ¢. This policy is specifi-
cally trained to capture the desired reasoning or task-specific
behaviors that lead to high rewards. We then use this learned
reasoning module to guide a larger LLM.

4.1. Modeling Trajectory Rewards via the Reasoning
Module

To connect trajectory-level reward r(x, y) to our reasoning
module 7, and enable its use in a token-by-token guidance
mechanism, we posit that the reward can be represented by
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the sum of log-probabilities of the reasoning module 7,

lyl
1
Br(x,y) =Y logm(y|z, y<s 9)- ©)

t=1

Here, (8 is the same temperature parameter from Eq. (1).
This formulation implies that sequences y assigned a higher
sum of token-level log-probabilities by m, should corre-
spond to sequences achieving higher rewards r(x, y). The
feasibility of representing a reward function via the log-
likelihood of a policy is supported by theoretical work in
(Xu et al., 2024b), which claims that reward can be rep-
resented using the parameterization log 7,.(y|x) for some
probability distribution 7,.(y|xz). This assumption is fur-
ther supported by recent works (Li et al., 2025; Wulfmeier
et al., 2024) that language models trained via next-token
prediction implicitly learn endogenous reward signals.

Since log 7, (y|z) = >, log m,(y¢|x, y<+) by the chain
rule, this suggests that a sufficiently expressive reasoning
module 7, can indeed model any trajectory-level reward
function 7(x, y). By substituting the definition from Eq. (4)
into the optimal policy form of Eq. (2), we derive the struc-
ture of our guided policy for autoregressive generation of the
next token y;. This translates to combining their next-token
predictions:

vl
i

log 7o (y¢| 2, y<t) =log mp(ye|z, y<i)+
log 7, (Y|, y<t) — log Z'(z, y<t),
)
where Z'(x, y<+) is the per-step partition function. Accord-
ingly, the logits from the frozen backbone 73, and the learned
module 7, can be separable to produce the logits for the
guided policy 7p.

This additive and separable guidance mechanism extends
to scenarios involving multiple reward criteria. Instead of
training a single monolithic model to jointly optimize for all
objectives, UniR allows for the training of several distinct
reasoning modules {7, - 7.V}, each specialized for
a different reward function r;(x,y). At inference, these
specialized modules can be combined by taking a weighted
sum of their logits and adding them to the backbone model’s
logits:

log Tg(yt‘l', y<t) X log Wb(yt|9~"a y<t)+
- ; ©6)
Z a; log " (|2, y<t),

i=1

where a;; > 0 controls the influence of each reasoning mod-
ule 7. This approach offers flexibility, as the weights ;
can be adjusted at inference time to explore dynamic opti-
mization across multiple objectives without any retraining.
This additive combination of logits is not a heuristic but the

principled solution to a standard KL-regularized optimiza-
tion problem, max, By, [>_; ciri(x, y)|—Dg (o ||75),
a common framework for multi-objective alignment (Ab-
dolmaleki et al., 2020; Dekoninck et al., 2023; Xu et al.,
2024b). The goal is to find the optimal policy mg(y|z)
m(ylz) [ exp(%aq;ri(:zr, y)). By substituting our reward
definition from Eq. (4), taking the logarithm of this solution
directly yields the linear combination of logits in Eq. (6).

4.2. Training 7,. with GRPO

The parameters ¢ of the reasoning module 7, are trained
to maximize the expected predefined reward r(z,y), not
the sum of its own log-probabilities defined in Eq. (4). We
employ Group Relative Policy Optimization (GRPO) (Shao
et al., 2024) for this purpose. For each input x ~ D, we
generate a group of G candidate responses {y*,--- ,y“}
by sampling from 7 (y*|2; ¢o1q), Where ¢4 denotes the
parameters of the reasoning module from the previous it-
eration. For each generated sequence y°, we compute its
external reward r(z, y*) (denoted r; for brevity) and then
calculate the normalized advantage A;:

r; —mean({ri,r2, -+ ,rc})
Std({ThTQa"' 7TG}) ’

In GRPO, the objective function for updating the parameters
¢ of the reasoning module is then:

G~ o (Y25 dota)
, o (y'|) >

cli , , 1—e 14¢€¢)A;
P <7T9(yl|x;¢old)

— BrrDrlmo(y' |25 ¢)|Imo (v |3 ¢o)] }] .

3
Here, € is the clipping hyperparameter from PPO-clip, ¢y is
initial value of ¢, and Bk, controls the KL-regularization
term. The learning direction is determined by the ratio
M, which simplifies to M as the terms
o (y* [T Pota) 7 (YT Pota)
from the m;, cancel out, thereby the gradient V 4 Lgrpo only
affects the parameters of 7, since 7 is frozen.

A= @)

ﬁGRPO(QS) = - Ewy’

4.3. Interpreting 7, with Q*

Drawing on recent theoretical advances (Xu et al., 2024b),
we assert that for any reward r(z, y) and coefficient (3, there
exists an equivalent reward function 7(z, y)—inducing the
identical optimal policy—that can be exactly decomposed
into token-level log-probabilities of a distribution 7,.. We
provide the formal statement and proof in Lemma A.l.
Given this valid decomposition, we show that optimizing
7, via GRPO to maximize the reward implicitly forces 7,
to learn the optimal soft Q-function.
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Theorem 4.1. Let wy* be the unique optimal policy for the
KL-regularized objective in Eq. (1). If the reasoning module
7 is trained such that the guided policy g converges to
o™, then the log-probability of the reasoning module at
each step recovers the scaled optimal soft Q-function:

1
log 7 (y¢ |z, y<t) = BQ*(yt|xay<t)7 9

where Q*(y+|x, y<¢) is the optimal soft Q-function corre-
sponding to the reward r(x,y).

Proof. See Appendix A for the detailed proof. [

Importantly, this interpretation does not require 7, to be a
strong standalone language model or a near-optimal policy
by itself. The backbone 7}, supplies the general language
prior, while 7, contributes reward-aligned token-level direc-
tions through logit modulation.

Empirical Validation. While Theorem 4.1 relies on the
assumption of convergence to the optimal policy, strictly
checking this equality is intractable. However, the theo-
rem implies a testable hypothesis: if m, effectively approxi-
mates the scaled QQ*, it should assign higher summed log-
probabilities (), log 7,) to trajectories with high rewards
(r = 1) compared to those with low rewards (r = 0). To
validate this, we analyze the generated responses on the
GSMSk test set. As detailed in Appendix E.1, we observe
a strong alignment where correct responses receive signifi-
cantly higher scores. Notably, this separation becomes more
pronounced after UniR training. This empirical finding sug-
gests that the reasoning module successfully internalizes the
reward signal, supporting our theoretical framework.

5. Experiments
5.1. Experimental Settings

We evaluate UniR on two tasks: mathematical problem-
solving and machine translation. Mathematical problem-
solving requires explicit, step-by-step reasoning, while
machine translation involves implicit reasoning based on
domain-specific knowledge and semantic understanding.
These tasks provide complementary benchmarks for assess-
ing our decomposed reasoning module.

Models and Baselines. Our experiments utilize
models from Qwen2.5 (Yang et al., 2024a) and
Llama3.2 (Grattafiori et al., 2024). We train the reason-
ing module 7, alongside a 3B-scale backbone 7}, in two
settings: (1) m, as Qwen2.5-3B with 7, as Qwen2.5-1.5B,
and (2) m, as Llama3.2-3B with 7, as Llama3.2-1B. For
the transferability experiment, we use Qwen2.5-14B and
Llama3.1-8B as backbone models. Unless stated otherwise,
all models are Instruct variants. For baselines, we apply
GRPO to fine-tune the entire backbone model (e.g., the

3B-scale m, model) directly on each task using the same
predefined rewards. Baseline tuning is implemented through
either full model tuning or LoRA-based fine-tuning.

Dataset and Reward Formulation. For mathematical rea-
soning tasks, we use the Math-12k (Lightman et al., 2023;
Liu et al., 2025b) and GSM8k (Cobbe et al., 2021) datasets.
The reward r(z,y) is determined by the rule-based cor-
rectness of the final answer, following the methodology
in Dr.GRPO (Liu et al., 2025b). For machine translation,
we use the IWSLT 2017 dataset (Cettolo et al., 2017) for
English-to-German and German-to-English translation, em-
ploying BLEU (Papineni et al., 2002) and CometKiwi (Rei
et al., 2022) as reward during training. Following MT-R1-
Zero (Feng et al., 2025), we combine lexical and semantic
metrics for balanced training.

Evaluation Metrics. We evaluate mathematical reasoning
on five benchmarks: GSM8k, MATH-500 (Lightman et al.,
2023), AIME24 !, Minerva (Lewkowycz et al., 2022), and
OlympiadBench (He et al., 2024). GSM8Kk is tested with a
model trained by its own training split; the others are evalu-
ated with a model trained by Math-12K. For the translation
task, we report BLEU, CometKiwi, and XComet-XL (Guer-
reiro et al., 2024) scores. Unlike previous works that primar-
ily report performance under greedy decoding, we report
pass@1 metrics using temperature 7' = 0.6 across 10 differ-
ent seeds, ensuring reliability in practical usage scenarios.
We provide comparative results using greedy decoding in
Appendix G for completeness. Further details on experiment
settings are provided in Appendix B and Appendix I.

5.2. Enhancing Reasoning Ability

Superior Performance under Stochastic Decoding. As
shown in Table 1, our framework consistently achieves sub-
stantial improvements over GRPO baselines across both
in-distribution and out-of-distribution benchmarks. Specifi-
cally, with the Llama backbone, UniR achieves an average
score of 33.3, surpassing GRPO Full (25.4). Similarly, with
the Qwen backbone, UniR achieves 42.7, outperforming
the baselines. This trend extends to machine translation
(Table 2), where UniR improves BLEU scores by +1.77
(EN—DE) over GRPO Full, confirming its generalization
capability beyond explicit reasoning tasks.

Robustness to Decoding Strategies. A critical observation
in our experiments explains the performance gap compared
to reported baselines in other literature. We observed that
standard GRPO exhibits high sensitivity to sampling tem-
perature. To investigate this, we compared performance
under greedy decoding (1" = 0) versus sampling (7' = 0.6).
As shown in Appendix Table 16 and 17, while GRPO Full

'https://huggingface.co/datasets/AI-MO/
aimo-validation—-aime
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Table 1. Zero-shot pass@1 performance with standard deviation (with 7" = 0.6) on mathematic benchmarks. The out-of-distribution
results are obtained using models trained on the MATH training dataset. Models marked with * are taken from the report (Yang et al.,

2024b).
Method ’l]"\:[algeld In-distribution Out-of-distribution Ave.
ode GSMS8K  MATH-500 AIME24 Minerva OlympiadBench

m Mathstral-7B-v0.1* 7B 84.9 56.6 - 16.2 21.5 -
E Internlm2-math-plus-7B* | 7B 84.0 54.4 - 17.3 18.8 .
S NuminaMath-7B-CoT* 7B 75.4 55.2 - 19.1 19.9 -
© DeepSeekMath-7B-RL* 7B 88.2 52.4 - 20.6 19.0 -
@ Backbone only - 65.6+13 330+23 37+18 125+23 85+24 24.7
& Backbone + 1B - 63.8+07 357+20 50427 13.1+17 9.9 £09 25.5
S  GRPO LoRA 3B 658 +09 32.1+16 6.0+25 120+13 11.9 +07 25.6
£ GRPOFul 3B | 651+11 361+14 50+34 11.6+13 9.4 +06 254
= Ours 1B 775+12 488 +12 73+29 16.6 +1.6 16.4 +05 333
@ Backbone only - 744+10 442+13  63+37 192+17 24.6 £0.9 33.7
»,  Backbone + 1.5B - 756+09 506+16 40+21 20.7+23 25.1 £0.9 352
< GRPO LoRA 3B 750409 600+12 57+32 247+21 27.1 £0.6 38.5
g GRPOFul 3B 81.3+05 629+13 47+23 250+1.0 27.5+13 40.3
9 Ours 1.5B 84.5+07 668 +14 77 +27 263 +20 28.2 +0.8 42.7

Table 2. Pass@1 performance with standard deviation (with 7' = 0.6) on machine translation benchmarks for both English-to-German
(EN—DE) and German-to-English (DE—EN) directions. GPT-4.1-nano and Qwen2.5-3B-Instruct were evaluated with the same system

and user prompts as used for our method.

Trained EN — DE DE — EN
Method Model — —

BLEU CometKiwi XComet Avg. BLEU CometKiwi XComet Avg.
z Google translator - 32.39 80.20 92.00 68.20 32.95 81.00 92.90 68.95
< GPT4.1-nano - 31.89 83.90 96.00 70.60 37.14 83.70 97.00 72.61
S Qwen2.5-3B-Instruct - 23.28 78.25 91.26 64.26 32.75 82.66 95.70 70.37
@ Backbone only - 2319 +0.12 77.72+012 9097 +0.12 63.96 30.65+0.16 81.27 +£005 94.53 +0.05 68.82
& Backbone + 1B - 24.10 £0.04 78.70 +£0.05 91.47 +005 6476 31.82+008 81.75+0.02 94.74+003 69.44
S GRPO LoRA 3B 2418 £0.08 78.93 £005 91.97 £005 65.03 31.39+007 81.73+£003 94.95+003 69.36
§ GRPO Full 3B 2526 £0.07 80.13 006 92.88 £006 66.09 3552+0.13 8043 +027 92351041 69.43
—  Ours 1B 27.03 +007 81.43+002 93.70 £003 6739 37.21 +008 82.82+002 9589+003 7197

achieves competitive scores at T" = 0 (e.g., reaching 77.3%
on GSMS8k with Llama), its performance degrades signif-
icantly as temperature increases. In contrast, UniR main-
tains robust performance with minimal degradation. For
instance, in the Llama setting, GRPO Full drops from 42.4%
(T = 0) to 36.1% (T' = 0.6) on MATH-500, whereas UniR
demonstrates stability, achieving 49.2% (1" = 0) and 48.8%
(T' = 0.6). This suggests that fully fine-tuned baselines
tend to suffer from mode collapse—overfitting to a narrow,
high-reward trajectory that becomes brittle under stochastic
sampling. In contrast, UniR preserves the frozen backbone
as a robust prior to maintain diversity while applying logit
modulation to steer the reasoning process, offering a more
reliable solution for realistic deployment scenarios.

Necessity of Reward Alignment. To verify that the gains
stem from our reward optimization and not merely ensemble
effects, we compare UniR against a naive logit ensemble
(Backbone + Pre-trained Module). As shown in the results,
the naive ensemble performs worse than the UniR method.
This highlights the need for our reward alignment process,
which is crucial for transforming the reasoning module into
an effective guide.

5.3. Transferability and Composability

Transferability to Larger Backbone LL.Ms. Figure 2
illustrates the transferability of our reasoning module 7.,
originally trained on Math-12k and GSMS8k datasets with
a 3B-scale backbone. We evaluate its effectiveness when
deployed to guide larger frozen backbone models with 8B
and 14B parameters. Across most benchmarks, the trans-
ferred 7, improves average reasoning performance (35.5
and 53.6) compared to the respective backbone baselines
(33.7 and 51.1), even without additional fine-tuning. This
suggests that 7, is not narrowly specialized to its original
backbone but instead functions as a generalizable reasoning
augmentation module to enhance the reasoning capabilities
of stronger models at inference time in a resource-efficient
framework.

Combining Specialized Reasoning Modules. To inves-
tigate the advantages of integrating multiple specialized
reasoning capabilities enabled by UniR, we design a com-
posite task: translating German math problems from the
MGSM dataset (Shi et al., 2022) into English. We utilize
two distinct reasoning modules: 72", a module specialized

for mathematical problem-solving on the GSM8k dataset,
and 7™ a module trained for German-to-English transla-



Universal Reasoner: A Single, Composable Plug-and-Play Reasoner for Frozen LLMs

80 2L %
Lo é
/
3 40 /
g /

L

GSM8K

MATH-500
B lama-3.1-8B

AIME24

@###. + Ours (3.2-1B via 3B)

Minerva OlympiadBench

Qwen-2.5-148 + Ours (1.5B via 38) |

Figure 2. Effectiveness of Reasoning module Transfer. Results demonstrate that a trained reasoning module can improve performance
when integrated with larger backbone models across diverse mathematical reasoning tasks.

tion. These modules are combined with a frozen base LLM
(mp) through a weighted summation of their logits:

log m, + alog 7M™ + (1 — a)log ™, (10)
where o € [0, 1] is a coefficient that balances the influ-
ence between both modules. We employ GPT-4.1-nano to
evaluate translation quality and the accuracy of the gener-
ated output. Detailed configurations for this experiment are
provided in Appendix L.3.

As depicted in Figure 3, the backbone-only model (Base)
achieves a high translation quality but yields poor math accu-
racy since it only perform translation. When the translation
module is added (o« = 0), math accuracy improves even
though the module was trained only for translation.

This phenomenon highlights
that the 7™ modules’ guid-
ance steers the backbone rea-
soning states into an English-
understanding mode. Once the
backbone is controlled to think
in coherent English, its own la-
tent mathematical ability sup-
pressed by the German input
is enhanced, causing the accu-
racy jump. Beyond this base-
line clarification, we observe
that increasing the weight o generally leads to improved ac-
curacy in solving the mathematical problems, while a higher
weight for the translation module tends to improve transla-
tion quality. This highlights a crucial capability of UniR:
the ability to combine and balance multiple specialized rea-
soning modules. This modularity allows for precise control
over the policy model’s behavior, leading to improved per-
formance on multi-faceted tasks. We illustrate the example
of the responses in Figure 18.

*
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Figure 3. Performance
on a German-to-English
Math problem-solving
task. The numbers indicate
the value of « .

5.4. Additional Experiments: Extension and Analysis

Extension to Vision Language Models. To investigate
whether our UniR framework can transfer reasoning ability

in multimodal contexts, we extend it by employing a Vi-
sion Language Model (VLM) as the backbone. Specifically,
we utilize Qwen2.5-VL-3B-Instruct (Bai et al., 2025) as
the frozen backbone model 7. This VLM is guided by a
0.5B Qwen-based reasoning module 7,., which is trained
on the text-based GSM8k dataset. For evaluation, we use
the “Vision Intensive” questions in MathVerse (Zhang et al.,
2024) and Geometry3k (Lu et al., 2021) benchmarks, which
feature mathematical problems accompanied by visual dia-
grams, thus requiring both visual understanding and mathe-
matical reasoning. Evaluation protocols and system prompts
follow those used in the GSM8k experiments. An example
is depicted in Figure 20.

As shown in Figure 4, UniR improves performance over
the baseline (backbone-only) VLM on both benchmarks.
These enhancements are particularly noteworthy because
the reasoning module 72/%*" was trained exclusively on
text-based mathematical problems, with no access to vi-
sual information. This aligns with prior work (Liu et al.,
2025a), which shows that text-only post-training can im-
prove multimodal reasoning capabilities. Unlike monolithic
post-training, UniR achieves this through a plug-and-play
module that guides frozen VLMs, providing a flexible and
efficient way to extend reasoning to multimodal domains.

Generalization to Medical Domain. To further assess
the generalizability of our method, we conduct additional
experiments in the medical domain using the MIMIC-IV
dataset (Johnson et al., 2020). Access to the dataset was
obtained through PhysioNet (Goldberger et al., 2000) under
the appropriate data use agreements. We evaluate UniR
on two primary tasks: (1) Readmission Prediction and (2)
Length of Stay (LOS) Prediction. In the readmission pre-
diction task, the model predicts whether a patient will be
readmitted within 15 days of discharge (binary classifica-
tion). For LOS prediction, we train UniR to categorize
the patient’s ICU stay length into four classes: short stay
(£ 1 day), moderate stay (2—7 days), extended stay (8—14
days), and long-term stay (> 14 days). Detailed settings are
provided in Appendix B.3.1.
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Figure 4. UniR Performance on Visual
Math Reasoning.

Table 4. Comparison on math prob-
lems in Japanese (JP) and Spanish

Table 5. Evaluation of using a small pre-trained rea-
soning model on math reasoning within the UniR

Table 6. Comparison of inference speed
with UniR acceleration using Collabora-

(ES). framework. tive decoding via Speculation (CoS).
Translation Backbone Reasoning Train with
A % . .
Method ccuracy (%) Quality Model 7 Module 7. UniR ‘ Avg Method ‘ Sec./Token |
Jp ES JP ES DeepSeek 1.5B _ X 3.8 Backbone only 0.0262
Backbone 42.0 624 463 498 Qwen2.53B  DeepSeek 1.5B X 43.7 UniR (naive) 0.0414
Ours 504  66.8 4.64 475 Qwen2.53B  DeepSeek 1.5B o 46.9 UniR + CoS 0.0279

We use Qwen2.5-3B as the backbone model and Qwen2.5-
0.5B as reasoning modules. Table 3 summarizes the results.
For the readmission task, UniR improves accuracy by 13.45
points and Fl-score by 0.9 points over the baseline. For
the LOS task, UniR achieves an accuracy of 67.77% and an
F1-score of 16.25%, representing a dramatic improvement
over the baseline of 9.64% and 5.92%, respectively. More-
over, we evaluate composability of our framework in the
medical setting. While this composition decreases accuracy
compared to using each module individually, it consistently
improves F1-scores. Furthermore, the combined inference
generalizes to the unseen mortality prediction task, which
is designed for predicting mortality in binary classification,
yielding substantial gains over the baseline without task-
specific training. These results suggest that complementary
knowledge from different tasks can be integrated, which is
beneficial in medical reasoning as their combination pro-
vides a richer basis for risk estimation, extending even to
mortality. The example is shown in Figure 21.

Generalization across Low-resource Languages. We in-
vestigate whether the UniR math reasoning module 7 #t",
trained solely on English math problems, can generalize
to low-resource languages, such as Japanese and Spanish,
which are underrepresented in pre-training corpora. Each
task is tested on MGSM, with accuracy and translation qual-
ity metrics that measure fluency and consistency in each lan-
guage using the GPT-4.1-nano model. As shown in Table 4,
UniR consistently improves math reasoning accuracy even
when both inputs and outputs are entirely in low-resource
languages, highlighting its generalization capability beyond
English. See Appendix B.3.2 for details.

Using Pre-trained Reasoning Model Directly as Guid-
ance. We investigate the effectiveness of using a pre-trained

small reasoning model as the reasoning module 7, within
the UniR framework. Specifically, we use DeepSeek-R1-
Distill-Qwen-1.5B (DeepSeek-Al, 2025), a distilled 1.5B
model trained via supervised fine-tuning on reasoning data.
We evaluate its performance with and without further UniR
optimization. Table 5 as an average across five mathematical
benchmarks (see Table 18 for the full breakdown), shows
that integrating a pre-trained reasoning model into UniR im-
proves performance in mathematical reasoning, even with-
out additional training. We believe this is due to the the-
oretical alignment between Theorem. 4.1 and recent find-
ings (Wulfmeier et al., 2024; Li et al., 2025) which show that
models trained via next-token prediction implicitly learn soft
Q-functions and encode endogenous reward signals. How-
ever, further fine-tuning through UniR enhances reasoning
capabilities beyond the simple combination. This highlights
the potential of reusing pre-trained small reasoning models
within UniR fine-tuning to improve reasoning performance.

Enhancing Inference Efficiency with Speculative Decod-
ing. Integrating additional reasoning modules can increase
per-token inference time. As shown in Table 6, integrat-
ing UniR naively increases per-token inference time com-
pared to the backbone alone. To mitigate this, we integrate
UniR with a recent speculative decoding method, specif-
ically CoS (Fu et al., 2025), which enables collaborative
inference by leveraging multiple model logits in parallel.
This approach effectively reduces the overhead, bringing
inference speed close to that of the backbone model. See
Appendix B.3.3 for a detailed experimental setup.

In addition, we provide a comparative study demonstrating
generalization across model families and against modular
approaches (Appendix D), alongside a rigorous analysis of
training stability and memory efficiency (Appendix F).
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6. Conclusion

We introduce Universal Reasoner (UniR), a modular plug-
and-play module that enhances LLM reasoning by directly
optimizing verifiable rewards. By decoupling reasoning
from the backbone, UniR not only demonstrates superior
robustness compared to standard RL fine-tuning but also
achieves strong transferability across model scales. Further-
more, UniR facilitates the combination of modules special-
ized for different tasks. UniR demonstrates generalization
across different modalities and domains, highlighting its
potential to integrate multiple domain-specific modules. We
provide a detailed discussion on limitations in Appendix C.

Impact Statement

This paper presents work whose goal is to advance the field
of machine learning, specifically focusing on efficient and
modular reasoning for Large Language Models (LLMs).
While we demonstrate the efficacy of UniR in medical rea-
soning, we emphasize that these experiments are strictly
for methodological validation. Models enhanced via our
framework should not be deployed in clinical or critical
decision-making environments without rigorous safety test-
ing, potential bias mitigation, and human oversight, as they
rely on the underlying frozen backbone which may still
exhibit hallucinations or inherent biases.
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A. Theoretical Justification
A.1. Reward Parameterization

To justify the reward parameterization in Eq. (4), which decomposes the trajectory-level reward function into a token-level
sum, we first formally prove that this parameterization is equivalent and expressive for any reward function within our
optimization objective.

Lemma A.1 (Theorem 3 in Xu et al. (2024b)). For any trajectory-level reward function r(x,y) and any 8 > 0, there
exists an equivalent reward function 7*(x, y) and a probability distribution .. (y|z) such that 7(x,y) = B log m,.(y|x), where
r(x,y) and 7(x,y) induce the identical optimal policy mg* for the KL-regularized objective in Eq. ().

Proof. As shown in Eq. (2), the unique optimal policy my* for the KL-regularized objective has the closed-form solution.
Following Theorem 3 in Xu et al. (2024b), we define two reward functions r(z, y) and 7(z, y) as equivalent if they induce
the same optimal policy. This holds if they differ only by a function f(x) that is independent of the trajectory y:

(z,y) = r(z,y) — f(x). 1D
This is because the f(x) term is absorbed into the partition function Z(x).

Our goal is to find a function f(x) that allows #(x, y) to be written in the form §log ,.(y|x) for some valid probability
distribution 7, (y|x). Let us define a probability distribution 7, (y|z) using the given reward function r(x, y):

exp(r(z, y)/B)

7TT y xTr) .= (]2)
W= 5, explr(e, ) /B)
By construction, » 7, (y|z) = 1, so 7, is a valid probability distribution.
Let us define our new reward function #(z, y) using this 7, (y|z), as required by the lemma:
#(z,y) = Blog e (y]z). (13)
Substitute the definition of 7,.(y|x) into this equation:
) exp(r(z,y)/B)
r(z,y) = flog (14)
() (zy, exp(r(z, 4)/)

— 5 |log <exp <7“<“’”ﬁy)>) ~ log yz/exp (T(“’;y')> (15)

=r(x,y) — Blog [ > _exp <7($ﬁy)) (16)
=r(z,y) — f(z), (17)

where f(xz) = Blog (Zy, exp(r(z, y’)/ﬂ)) Therefore, 7(z,y) and r(z,y) are equivalent, as they induce the identical

optimal policy 7. This proves that any reward function r(x, y) has an equivalent counterpart #(z, ) that can be represented
as a scaled log-probability of a distribution 7,..

O
Corollary A.2. The trajectory-level reward 7*(x,y) proven in Lemma A.1 can be decomposed into a sum of token-level
log-probabilities.
Proof. By the chain rule of probability, trajectory-level distribution 7,.(y|x) can be decomposed as:

|yl
log mr(yla) = Y _logmr(yelz, y<s). (18)

t=1
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Substituting this into the result from Lemma A.1:

lyl
P(z,y) = Blogm,(ylz) = B> log m(yela, y<t)- (19)
t=1
Dividing by /3, we arrive at the form used in our paper Eq. (4):
1 |yl
Bf(x, y) = logm(yelz, y<r)- (20)
t=1

This formally justifies that our parameterization in Eq. (4) is not a limiting assumption, but a fully general way to represent
any reward function for our objective. O

A.2. Interpretation of 7, at the Optimum

In this section, we derive the token-level structure of the optimal policy 7 and use it to motivate the design of our guided
policy .

From Lemma A.1 and Corollary A.2, we substitute the equivalent reward r(z,y) (omitting the * for clarity) its token-
decomposed log-probability from Eq. (2):

|yl
my(ylz) o< m(ylz) exp [ D log (el y<r) 1)
t=1
lyl
= my(yla) [ [ 7r (vl y<r) (22)
t=1
|y]
= Hﬂb(yt|$7y<t)77r(yt|$a3/<t) (23)
t=1

By definition, the trajectory-level policy 7 (y|z) is also a product of its own token-level conditional policies: 7} (y|z) =
[T, 7 (y¢|z, y<¢). By matching the terms inside the product for each step ¢, we derive the token-level optimal policy defined
in Eq. (3).

Motivated by this derivation, we define our trainable policy 7y to have this exact mathematical structure, but replacing the
ideal 7, with our learnable reasoning module 7,.(+; ¢) in Eq. (5).

Theorem A.3. Let 7 be the unique optimal policy for the KL-regularized objective Eq. (1) with reward r(x,y). The
token-level distribution of my is given by Eq. (3):

* 1 *
10g7r9(:ut|xay<t) = logm,(yt|x,y<t) + BQ (yt|$a Y<¢) — log Z/($7y<t)a 24

where Q* (yi|x, y<¢) is the optimal soft Q-function for the reward r(x,y) and Z' is the per-step partition function. As the
KL-regularized objective drives mg — m;, we can formally interpret the trained reasoning module’s output as the scaled
optimal soft Q-function:

1
log m(y |z, y<t) = BQ*(yt|x7y<t) (25)

Proof. The objective in Eq. (1) has a unique optimal solution 7. Let us assume the optimization is successful and 7y has
converged to my:

log 7o (y: ‘1’» Y<it; ¢) = log my (s |:E> y<t)~ (26)
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Now, substitute the definitions from Eq. (3) and Eq. (5) into this equality. Then, we get:

1
log m-(ys |z, y<t; ) = BQ*(QH%?J«)- 27

This proves that the our reasoning module 7,.(-; ¢) is learning to approximate the scaled optimal soft Q-function via the
KL-regularized optimization. O

B. Experimental Details
B.1. Hyperparameter Setup

The detailed hyperparameter settings are provided in Table 7. For the fair comparison, we used the same hyperparameters
across all methods, including the baseline model, GRPO with full fine-tuning, GRPO with LoRA, and simple logit-sum.
Specifically, we set the KL divergence coefficient 5 = 0.04 for GRPO, following the default value in the Hugging Face TRL
library 2. However, in our UniR framework, the reasoning module 7, is often initialized from a general pre-trained small
model, which may not possess strong task-specific reasoning capabilities. Regularizing 7y towards 7, which is heavily
influenced by the initial, potentially 7., )4 can impede the learning of high-reward reasoning paths. Therefore, we omit such
an explicit KL regularization by 8x 1, = 0, allowing 7, more freedom to explore and learn effective reasoning strategies
driven by the predefined rewards. This choice aligns with findings in related works such as DAPO (Yu et al., 2025), which
also found benefits in adjusting or omitting certain regularization components.

Among the reward configurations, rule_based_accuracy assigns a reward of 1 if the numeric value between the <answer>
and </answer> tags matches the ground truth and O otherwise. The boxed_reward evaluates the value enclosed within the
\boxed{ } format, assigning a reward of 1 if it matches the correct answer and 0 otherwise. Similarly the tag_based_reward
evaluates the value enclosed within the answer tag. For the implementation of boxed_reward and tag_based_reward we
adopted the official code from the DR.GRPO repository (Liu et al., 2025b). For BLEU, we used the default implementation
of BLEU scoring provided by SacreBLEU*.

Table 7. Hyperparameter setups.

Parameter GSMSK Math-12K-Qwen Math-12K-Llama Translation
Training Configuration

gradient_checkpointing true true true true
gradient_checkpointing_kwargs  use_reentrant: false use_reentrant: false use_reentrant: false use_reentrant: false
learning_rate 1.0e-06 1.0e-06 1.0e-06 1.0e-06
Ir_scheduler_type cosine with min_Ir: 0.1  cosine with min_Ir: 0.1 cosine with min_lr: 0.1 cosine with min_Ir: 0.1
warmup_ratio 0.1 0.1 0.1 0.1

max_steps 1000 1000 1000 10000
effective_batch_size 64 32 32 32
max_prompt_length 512 512 512 512
max_completion_length 1024 2048 2048 1024
num-_generations 8 8 8 8

temperature 0.7 0.7 0.7 0.7

e 1.0 1.0 1.0 1.0

Evaluation Settings

max_prompt_length 512 512 512 512
max_completion_length 1024 2048 2048 250

temperature 0.6 0.6 0.6 0.6

e 1.0 1.0 1.0 1.0

Reward Configuration

reward_funcs rule_based_accuracy boxed_reward tag_based_reward BLEU, cometkiwi
reward_weights 1.0 1.0 1.0 1.0,1.0

https://github.com/huggingface/trl
Shttps://github.com/sail-sg/understand-rl-zero
*https://github.com/mjpost/sacrebleu
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B.2. Evaluation Detail

For evaluation, BLEU and accuracy were computed using the same reward logic applied during training for each dataset.
Translation baselines included outputs from Google Translator, implemented via the GoogleTranslator interface of
the deep-translator library’. GPT-4.1-nano was also used for comparison, with decoding performed at a sampling
temperature of 0.7. We employ XComet-XL ¢ and CometKiwi 7 scores to evaluate translation quality. For the main results
in Table 1, 2, and 15, decoding was performed with a sampling temperature of 0.6. We report the mean and standard
deviation over ten runs with different seeds (1-10). All other experiments were conducted deterministically using greedy
decoding do_sample=False.

B.3. Additional Experimental Setup

B.3.1. MEDICAL REASONING

Table 8. Hyperparameter setup for train- The detailed hyperparameter settings are summarized in Table 8. A key difference
ing readmission and length of stay tasks. from previous tasks was the use of longer prompt and completion lengths to
accommodate the more extensive data in the medical domain. We provide the

Parameter Value prompt in Figure 15. The patient information contains a Patient ID and information
Training Configuration on conditions, procedures, and medications for each visit. When composing the
max_steps 1000 two task modules, we set the weight for each module to «; = 1, as specified in
max_prompt_length 3072 Eq. ( 6). All other prompts and parameters remain the same as when a single
max_completion_length 1024 module was used. For label construction, we map all categorical values to numeric
num.generations 4 labels. In the readmission task, patients readmitted within 15 days are labeled
Reward Configuration 1, while others are labeled 0. For the length of stay prediction task, we use four
reward_funcs accuracy categories: 0 (< 1 day), 1 (2-7 days), 2 (8—14 days), and 3 (> 14 days). Finally,
reward_weights 1.0 in the mortality prediction task, patients who died are labeled 1, and survivors are

labeled 0. For reward design, the model receives a reward of 1 if the numeric value
extracted between the <answer> and </answer> tags matched the ground truth, and O otherwise.

B.3.2. GENERALIZATION TO LOW-RESOURCE LANGUAGES

We follow the experimental setting described in Appendix 1.3. For prompts, we adapt those shown in Figure 13 and Figure 14
by replacing the language tokens ‘German’ and ‘English’ with low-resource languages such as ‘Japanese’ and ‘Spanish’.
For each language, we test each model on math problems written and answered in the original language using MGSM
dataset. As shown in Table 4, UniR consistently improves math reasoning accuracy even when both inputs and outputs are
entirely in low-resource languages, highlighting its generalization capability beyond English.

B.3.3. INFERENCE WITH SPECULATIVE DECODING

Collaborative decoding is a technique that improves generation by combining outputs, such as probability distributions
or logits, from multiple models at each step. Building on Speculative Decoding (Leviathan et al., 2023), Collaborative
decoding via Speculation (CoS) (Fu et al., 2025) theoretically guarantees that the inference speed is never slower than
standard collaborative decoding. Since our UniR framework utilizes the summation of logits, we seamlessly apply the CoS
approach to enhance inference speed. We employ the Llama model family and the reasoning module 72/%*" trained on
GSMS8k dataset. To evaluate inference speed, we generate 100 tokens and measure the average token generation time across
the entire GSM8k test benchmark.

C. Limitations

Our framework has three primary limitations. First, as a guidance module, UniR’s performance is inherently bounded
by the latent capabilities of the frozen backbone model. Second, while additive composition is grounded in multi-
objective optimization, combining modules with conflicting reward signals may lead to negative interference, as analyzed
in Appendix J.5. Finally, although UniR is designed to be architecture-agnostic, tokenizer mismatch presents a practical

Shttps://github.com/nidhaloff/deep-translator
*https://huggingface.co/Unbabel/XCOMET-XL
"nttps://huggingface.co/Unbabel/wnt22-CometKiwi-da
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Table 9. Evaluation with a larger Qwen2.5-7B training backbone. UniR uses a Qwen2.5-1.5B reasoning module and is compared against
full GRPO tuning of the 7B backbone.

Method GSMB8K MATH-500 AIME24 Minerva OlympiadBench Avg.

GRPO Full 7B 82.14 £092 73.85+£207 15.00 £333 3529 +238 38.00 = 1.33 48.86 +2.00
UniR7B +1.5B 88.97 +0.17 74.70 £0.12 1250 +£1.67 36.03 +0.79 36.07 £0.75 49.65 +0.70

Table 10. Cross-tokenizer evaluation where Table 11. Comparison with concurrent inference-time guidance methods. All methods
a Llama reasoning module guides a Qwen use Qwen2.5-3B as the backbone and leverage Qwen2.5-1.5B for guidance signals.
backbone.
Method ‘ Avg. Method GSM8K MATH AIME  Minerva OlympiadBench  Avg.
Backbone-only 74410 442+13 63+£37 192=x17 24.6 £0.9 33.7
Backbone only . 33.6 Reasoning Vectors 81.4+07 557+13 3.0+25 249+14 23.8 +£05 37.8
+ Llama-1B (Untrained) | 12.7 RAST 76101 58.1+09 33+33 248+08 19215 363
+ Llama-1B (UniR) 18.3 UniR (Ours) 84507 668=14 7727 26320 2824038 42.7

challenge. Our cross-tokenizer experiment using EVA alignment (Appendix D.2) demonstrated that while imperfect
vocabulary mapping limits absolute performance, UniR successfully transfers reasoning patterns. We view the development
of more robust tokenizer alignment techniques as a promising direction to fully unlock UniR’s cross-architecture potential.

D. Extended Generalization and Comparisons

We demonstrate the generalization capabilities of UniR across model families and compare it with inference-time guidance
methods.

D.1. Scaling UniR to a 7B Training Backbone

To examine whether UniR remains effective when the training backbone is larger than 3B, we additionally evaluate a
Qwen2.5-7B backbone setting. As shown in Table 9, UniR achieves a slightly higher average accuracy than GRPO Full
while maintaining lower variance across benchmarks. GRPO Full performs better on AIME24 and OlympiadBench, whereas
UniR improves GSM8K, MATH-500, and Minerva. These results provide supplementary evidence that UniR scales beyond
the 3B training setting while preserving the modular benefit of updating only the reasoning module.

D.2. Cross-Tokenizer Generalization.

While UniR typically operates with shared tokenizers, we explore broader cross-family transfer by applying UniR across
mismatched vocabularies. Specifically, we use a Llama-3.2-1B reasoning module to guide a Qwen2.5-3B backbone. To
bridge the vocabulary gap, we employ EVA (Xu et al., 2024a), a cross-tokenizer alignment method that linearly maps
token embeddings between models. As shown in Table 10, alignment imperfections cause an overall performance drop
compared to the backbone alone. However, the UniR-trained reasoning module outperforms the untrained Llama module
(Avg. 12.7 — 18.3). This relative gain confirms that the reasoning patterns learned by UniR are robust to transfer through
noisy vocabulary mappings, suggesting that the current limitation lies in the alignment technique, not the UniR framework
itself.

D.3. Comparison with Inference-Time Guidance Methods

To further validate the effectiveness of UniR, we compare it against inference-time guidance approaches: Reasoning
Vectors (Zbeeb et al., 2025) and RAST (Ouyang et al., 2025). These methods represent the most relevant methodological
alternatives to our framework as they also aim to transfer reasoning capabilities to a target model without full fine-tuning.

Reasoning Vectors: This approach utilizes Task Arithmetic (Ilharco et al., 2022) to manipulate model weights directly.
Following the original methodology, we define the reasoning vector 7 as the difference between the parameters of a
Reinforcement Learning model (A1) and a Supervised Fine-Tuning model (05 r7) (or base model). This vector is added to
the backbone parameters with a scaling factor A: 0,c0p = Opase + A(OrL — Ospr). In our setup, we used the GRPO-trained
model as gy, and the backbone as 6gp, with a scaling factor of A = 2.
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Figure 5. Summed log-probability distributions from the reasoning module () on the GSMS8k test set. (a) Before training, correct
(r = 1) and incorrect (r = 0) responses exhibit moderate separation. (b) After UniR training, the separation becomes more pronounced,
with correct responses receiving significantly higher probabilities. Red dots indicate means and asterisks denote statistical significance
(p < 0.001).

RAST: RAST applies guidance in the logit space but relies on a contrastive strategy. It computes a logit difference by
subtracting the logits of a small base model from those of its RL-trained counterpart. This difference is then added to the
target model’s logits. This approach requires maintaining two auxiliary models (small base + small RL) during inference.

We controlled for model scale to ensure a fair comparison. All methods utilized Qwen2.5-3B as the target backbone model
and Qwen2.5-1.5B variants (base or GRPO-trained) as the guidance. The GRPO training settings for the source models
were identical to those used for UniR. The results on five mathematical benchmarks are summarized in Table 11. UniR
achieves an average accuracy of 42.7%, outperforming both Reasoning Vectors (37.8%) and RAST (36.3%).

E. Methodological Analysis and Verification

In this section, we verify the core mechanisms of UniR through empirical analysis of reward decomposition and qualitative
visualization of the guidance effect.

E.1. Analysis of the Reward Decomposition

To empirically validate our core assumption that the trajectory-level reward r(x,y) can be expressed as the sum of log-
probabilities from the reasoning module 7. (Eq. 4), we evaluate our Llama-based model on the GSM8Kk test set. For each
generated response, we compute » , log 7, (y¢|z, yy<¢) using the reasoning module and group the responses according to
whether the final answer is correct (r = 1) or incorrect (r = 0). To examine the effect of training, we compare outputs from
the pre-trained module and the UniR-trained module.

As shown in Figure 5, correct responses consistently achieve higher summed log-probabilities than incorrect ones in both
settings. This correlation provides empirical evidence that the reasoning module internalizes the external reward signal by
assigning higher probability to trajectories that lead to correct outcomes. Moreover, while the pre-trained module already
shows moderate separation between correct and incorrect responses, this separation becomes substantially more pronounced
after UniR training, indicating that our framework strengthens the module’s ability to distinguish successful reasoning paths
from unsuccessful ones.

E.2. Guidance Effect of 7, on Backbone Inference.

Examining the reasoning capabilities of the 7, and 7, modules in isolation highlights both their individual limitations and
the synergy achieved when combined. As shown in Figure 19, the standalone 7,. module fails to generate coherent and
relevant reasoning for mathematical tasks. Likewise, the large backbone model alone struggles to reach correct conclusions
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efficiency for large batch.

Table 12. Comparison of training throughput Table 13. Gradient norm dynamics of GRPO and UniR on GSM8K and Math-
and inference FLOPs. 500. Average gradient norms are reported every 100 steps, with maximum
values in parentheses.

Training throughput  Inference FLOPs

Method

(Sec. / step) | (GFLOPs) | Dataset ~ Method 100 200 300 400 500
Backbone - 6.17 GSMSK  GRPOFull 144 (27.6) 085(274) 0.74(2.18) 2.14(84.6) 93.9 (3888.2)
GRPO LoRA 4.67 6.17 Ours 0.86(1.50)  0.74(130) 0.63(1.19) 0.70(138) 0.63 (1.19)
GRPO Full 7.87 6.17 Math-500 GRPO Full 12.5(798.6) 21.1(1958.2) 1.18(42.5) 0.69(3.77) 0.77 (1.11)
Ours 6.29 7.16 Ours 0.69(222) 051(132) 048(0.96) 042(1.31)  0.47(1.10)

on complex tasks. However, when the reasoning module is paired with a stronger backbone, it provides valuable guidance to
the backbone’s inference process, resulting in significantly improved reasoning performance.

F. Training Stability and Computational Efficiency

This section analyzes the training dynamics of UniR compared to baselines and demonstrates its computational advantages.

F.1. Computational Efficiency in Training

VRAM Usage. Due to its structural decomposability, our framework substantially reduces VRAM usage by avoiding
gradient updates to the large backbone model. While LoRA also reduces memory usage by restricting updates to a small
subset of parameters, it still incurs substantial activation memory costs since the full computation graph must be stored for
backpropagation (Zhang et al., 2023). In contrast, our approach updates only the lightweight reasoning module, drastically
minimizing activation memory requirements and enabling significantly larger batch sizes or sequence lengths under the
same hardware constraints.

We examine peak memory usage as a function of the number of tokens processed per step. Input length was fixed to 250
tokens (plus up to 5 output tokens), and batch size was gradually increased under an 80GB VRAM limit. As shown in
Figure 6, UniR supports batch sizes up to 128, whereas LoRA and full fine-tuning are limited to 64 and 32, respectively.
Although sequence length was fixed in this experiment, activation memory generally scales with both batch size and
sequence length, making UniR more flexible for large-scale training. Moreover, UniR remains compatible with efficiency
techniques such as quantization, caching, and adapter-based methods (e.g., LoRA applied to the reasoning module itself).

Training Throughput and Inference FLOPs. To further demonstrate the efficiency of UniR, we report training throughput
and inference FLOPs, computed as FLOPs = numyqyers X (FLOPSayn + FLOPSpLp) + 2 X diodel X v0Cabg; 5, for
UniR and GRPO variants under identical hardware using the Qwen model. As shown in Table 12, GRPO Full is slower than
the other methods since it requires backpropagation through the entire 3B model in training. Although UniR is slightly
slower than GRPO LoRA—mainly due to inference latency during reward computation—this bottleneck can be mitigated
via Collaborative Speculation (CoS), as discussed in Sec. 5.4.
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Table 14. Standalone performance of the Qwen2.5-1.5B reasoning module before and after UniR training, compared with the Qwen2.5-3B

backbone and the combined UniR policy.

Method UniR Train GSM8K  MATH-500 AIME24 Minerva OlympiadBench
Reasoning module 1.5B X 61.7+15 430+10 2.7+28 144+13 89 +22
Reasoning module 1.5B (0] 73.0+06 539+05 1.3+18 185+13 19.0 £ 0.6
Backbone model 3B X 744+10 442+13  63+37 192+17 24.6 £09
Ours 3B + 1.5B (0] 845+07 668+14 77x27 263+20 28.2 £08
08 W—*—Q /' 1
./._*/4—.—0/‘_'—‘\.
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Figure 8. Performance comparison on the GSM8K dataset between standalone reasoning modules (7, green) and our UniR framework
(red), evaluated against their respective backbone models ( ). (Left) 7 module using Llama-3.2-1B with a Llama-3.2-3B backbone.
(Middle) 7, module using Qwen2.5-0.5B with a Qwen2.5-3B backbone. (Right) 7, module using Qwen2.5-1.5B with a Qwen2.5-3B
backbone.

F.2. Reward Stabilization and Training Dynamics

Reward variance. A notable empirical finding during training is that UniR not only achieves higher rewards compared
to GRPO but also exhibits a smaller reward variance, as shown in Figure 7. Since the advantage calculation in GRPO
normalizes the unbiased advantage r; — mean({r1,...,7c}) by its standard deviation (Eq. (7)), lower reward variance
amplifies the magnitude of the effective advantage A;. This means even small deviations from the mean reward translate
into strong learning signals.

Gradient norm. We further analyze the gradient norm dynamics of UniR and GRPO Full over training steps on GSM8K
and Math-500 using Qwen model. Specifically, we compute the average gradient norm every 100 training steps and report
the maximum value within each 100-step window in parentheses in Table 13. These results demonstrate that UniR avoids
the gradient explosions observed in GRPO Full, highlighting its training stability across both datasets.

These dynamics relate to the “Question-level difficulty bias” identified by (Liu et al., 2025b), where highly consistent
rewards induce strong learning directions and thus lead to unstable policy updates. Indeed, GRPO often suffers from training
instabilities when encountering policy collapse that can result in overfitting on foo easy or too hard samples. By maintaining
a fixed backbone model 7, UniR avoids such collapses and produces consistent responses with lower reward variance. This
structural stability allows UniR to turn strong learning signals into constructive updates, rather than unstable divergence.

F.3. Standalone Performance of the Reasoning Module

To clarify whether the gains of UniR come simply from a stronger standalone reasoning module, we evaluate the reasoning
module before and after UniR training. As shown in Table 14, UniR training improves the standalone 1.5B module, but the
module still underperforms the 3B backbone on most benchmarks. In contrast, combining the trained module with the frozen
backbone yields the best performance. This supports our interpretation that 7, is not intended to serve as a near-optimal
standalone policy; rather, it provides reward-aligned token-level guidance while 7, supplies the general language prior.

F.4. Analysis of Reasoning Module during Training

We evaluated the performance of trained , reasoning modules, as depicted in Figure 8. This figure tracks the GSM8k
dataset accuracy throughout the training process of reasoning modules designed for two different backbone architectures.
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The results indicate that the reasoning modules, when used in isolation, exhibit suboptimal performance. However, when
these same reasoning modules are combined with their respective backbone models within our proposed framework, the
resulting performance surpasses that of the backbone model alone. This highlights the efficacy of our learned reasoning
modules in providing valuable guidance when integrated with a larger language model, leading to enhanced reasoning
capabilities in the combined system.

G. Ablation Studies and Robustness Analysis

We conduct comprehensive ablation studies to evaluate the robustness of UniR under different decoding strategies, model
sizes, and the initialization of reasoning module.

G.1. Impact of Reasoning Model Size
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Figure 9. Transferability of the 0.5B 7, and 1.5B 7, reasoning modules when combined with a 14B frozen backbone model.

Table 15. Zero-shot Pass@ 1 performance on mathematical benchmarks comparing reasoning modules of different sizes (0.5B vs. 1.5B)
trained with a 3B backbone.

Trained In-distribution Out-of-distribution

Method Model Avg.

GSM8K  MATH-500 AIME24 Minerva OlympiadBench
Backbone only - 744 +10 442+13  63+37 192+17 24.6 £0.9 33.7
Qwen2.5 Backbone + 0.5B - 709 +09 43.1+12 6.0+£31 165+19 22.5£09 31.8
3B Ours 05B | 81.1+04 622+14 50+32 24720 26.3 +£48 39.9
Ours 1.5B 84.5+07 668 +14 7.7 +27 263+20 282408 42.7

We conducted an ablation study to investigate the impact of reasoning module size, training a Qwen2.5-0.5B reasoning
module 7, with a 3B backbone. As shown in Table 15, this smaller module achieved improved performance over the
backbone alone, though it achieves lower performance than the larger 1.5B module. Figure 9 further illustrates the
transferability of the 0.5B reasoning module 7, to a 14B frozen backbone model 7. The transferred 0.5B 7, led to an
improved average performance (52.8) compared to the baseline 7, (51.1), showing that a module trained in a small-scale
setting can generalize effectively to a larger model. Importantly, these results highlight that our main contribution is to
demonstrate the ability to enhance the performance of larger models with comparatively small reasoning modules while
prioritizing efficiency.

G.2. Impact of Temperature

In this section, we analyze the impact of decoding strategies on model performance by evaluating all methods using greedy
decoding (7" = 0). The results for mathematical reasoning and machine translation are presented in Table 16 and Table 17,
respectively. Under greedy decoding, the GRPO Full baseline using Llama achieves an average score of 30.6%, which
aligns with expected performance levels for this model scale.

Crucially, comparing the performance gap between greedy (1" = 0) and stochastic (I" = 0.6) decoding reveals a significant
difference in stability between the methods. Comparing the results in the main text (Table 1), the GRPO Full baseline
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Table 16. Zero-shot pass@1 performance with greedy decoding (1" = 0) on mathematic benchmarks. The out-of-distribution results are
obtained using models trained on the MATH training dataset.

Trained In-distribution Out-of-distribution
Method Model : . Avg.
GSM8K MATH-500 AIME24 Minerva OlympiadBench

A Baseline - 66.1 38.0 0.0 14.8 114 26.1
& Baseline + 1B - 64.7 35.0 10.0 14.7 114 27.2
S GRPO LoRA 3B 67.9 41.8 133 16.9 14.2 30.8
5 GRPO Full 3B 77.3 424 33 16.2 13.5 30.6
= Ours 1B 78.3 49.2 16.7 18.4 17.3 36.0
@ Baseline - 75.5 46.8 6.7 23.5 25.5 35.6
« Baseline + 1.5B - 76.0 50.2 6.7 23.1 24.7 36.1
‘;i GRPO LoRA 3B 78.2 64.2 13.3 28.3 30.1 42.8
§ GRPO Full 3B 82.8 66.0 16.7 28.3 30.1 44.8
9 Ours 1.5B 84.8 68.6 10.0 28.7 27.6 43.9

Table 17. Pass@1 performance with greedy decoding (7" = 0) on machine translation benchmarks for both English-to-German (EN—DE)
and German-to-English (DE—EN) directions.

Trained EN — DE DE — EN
Method Model — —

BLEU CometKiwi XComet Avg. BLEU CometKiwi XComet Avg.
2 Google translator - 3239 80.20 92.00 6820 3295 81.00 9290 6895
£ GPT4.1-nano - 31.89 83.90 96.00  70.60 37.14 83.70 97.00  72.61
O Qwen2.5-3B-Instruct - 23.28 78.25 9126 6426 32775 82.66 95.70 7037
@ Baseline - 25.68 79.87 9234 6596 3246 82.26 95.28  70.00
& Baseline + 1B - 24.62 79.15 91.83 6520 3251 81.89 94.88  69.76
9 GRPOLoRA 3B 25.68 80.07 9292 6622 33.36 82.06 9534  70.25
E GRPO Full 3B 26.89 81.10 93.66 67.22 37.68 82.72 96.02  72.14
—  Ours 1B 27.94 81.71 9395 67.87 37.88 82.92 96.02  72.27

exhibits a substantial performance drop when switching from greedy to sampling. For instance, with the Qwen backbone, the
average accuracy drops from 44.8% (T = 0) to 40.3% (T = 0.6), a decline of 4.5 points. Similarly, the Llama GRPO Full
model drops from 30.6% to 25.3%. This indicates that standard RL fine-tuning may lead to mode collapse, where the model
overfits to a high-reward trajectory that becomes brittle under diverse sampling. In contrast, UniR demonstrates remarkable
robustness. The Qwen based UniR model shows a minimal decrease from 43.9% (1" = 0) to 42.7% (1" = 0.6), a drop of only
1.2 points. Furthermore, in the Llama setting, UniR maintains high performance (36.0% atT' = 0 vs. 33.3% atT' = 0.6),
consistently outperforming the baselines in the stochastic setting. These findings suggest that while full fine-tuning can
achieve high peaks in deterministic settings, UniR provides a more reliable and generalized guidance signal that preserves
the backbone’s distributional diversity, making it superior for practical applications requiring stochastic sampling.

G.3. Utilizing Pre-trained Reasoning Models as Guidance

In this section, we examine the effectiveness of employing a pre-trained small reasoning model, specifically DeepSeek-R1-
Distill-Qwen-1.5B, directly as the reasoning module 7, within the UniR framework. Unlike our main experiments where
m, is trained from a base model using verifiable rewards, this analysis explores whether a model already specialized via
supervised fine-tuning (SFT) can serve as an effective guide.

As shown in Table 18, using the distilled 1.5B reasoning model to guide the Qwen2.5-3B backbone improves mathematical
reasoning performance even without additional UniR-specific training. Furthermore, when we apply UniR fine-tuning to this
pre-trained module, the performance further increases. This result demonstrates that UniR is not only effective for training
reasoning capabilities from scratch but can also be used as a powerful alignment tool to further enhance existing specialized
models.

H. Declaration of LLM Usage

Our core methodology involves utilizing pre-trained LLMs in two key roles: (1) as a frozen backbone/reference model ()
whose generation process is guided, and (2) potentially as the architecture for the smaller, trainable reasoning policy (7,.)
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Table 18. Evaluation of using a small pre-trained reasoning model within the UniR framework. ‘DeepSeek 1.5B’ and ‘Qwen 3B’
represents DeepSeek-R1-Distill-Qwen-1.5B and Qwen2.5-3b-Instruct model, respectively.

Backbone Reasoning Module ;l}"l l‘?}n " In-distribution Out-of-distribution Ave.
WHREMX  GSMS8K  MATH-500 AIME24 Minerva OlympiadBench

DeepSeek 1.5B - X 71.7 51.6 0.0 17.7 233 32.8

Qwen2.5 3B DeepSeek 1.5B X 76.4 69.6 10.0 27.6 35.0 43.7

Qwen2.5 3B DeepSeek 1.5B (6] 83.8 734 10.0 30.1 37.3 46.9

itself. The interaction between these LLM components, specifically the combination of their logits to form a guided policy,
is a central and original part of our proposed method. We also use LLMs as evaluation methods, as described in the paper.
In addition, LLMs were used during the writing stage only for language polishing and expression refinement. They were not
used for research ideation, methodological design, or initial draft writing. All conceptual contributions and scientific content
are solely the responsibility of the authors.

I. Prompt Template

For all models in the Llama family, we modified the default chat template by removing the knowledge cutoff and the
generation time, as these fields vary depending on the time of execution and thus hinder reproducibility, and are also
irrelevant to the task. For models in the Qwen family, however, we retained the default chat template as provided.

I.1. Math Reasoning Task.

The prompt template for mathematical problems follows the style of DeepSeek-R1 (DeepSeek-Al, 2025; Liu et al., 2025b).
Our system prompts were designed to encourage the model to articulate its reasoning process before providing a final
answer, illustrated in Figure 10, 11. Specifically, for the Math-12k dataset using Qwen model in Figure 11, we instructed the
model to output its answer within a boxed LaTeX environment. This format was adopted to ensure that various valid answer
formats were correctly recognized and evaluated.

1.2. Translation Task.

For translation, inspired by the findings of MT-R1-Zero (Feng et al., 2025), which show that training with and without
explicit reasoning yields comparable performance, we use direct translation prompts without explicit reasoning instructions
detailed in Figure 12.

I.3. Compositional Task.

We instructed the model to solve math problems written in German and to perform reasoning and solving in English. The
reasoning process was placed within <think> tags, and the final answer was enclosed within <answer> tags, as illustrated
in Figure 13. Using the prompt shown in Figure 14, we evaluated the responses with GPT-4.1-nano-2025-04-14 on two
dimensions: translation quality and math accuracy. Translation quality measures how well the response was translated into
English, while math accuracy assesses accuracy using ground truth for a given problem.

While rule-based evaluation is often used for math accuracy due to the structured format of answers, we chose to use an
LLM-based evaluator. This is because the math module is explicitly trained to follow a specific output format, whereas
the translation module is not. Therefore, using a rule-based approach would unfairly favor the math side. To ensure a fair
comparison between translation and problem-solving accuracy, we opt for GPT-4.1-nano as an impartial judge capable of
understanding semantic correctness beyond strict formatting.

1.4. Medical Task.

For our medical tasks shown in Figure 15, we designed the system prompt to explicitly instruct the model to produce a
single numeric label, which must be enclosed within <answer> and </answer> tags. The user prompt provides the specific
context for each prediction task. This clear explanation helps the model understand the task and the correct output format,
reducing the chance of an incorrect or uninterpretable response.
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The prompt for GSM8K

System Prompt: A conversation between User and Assistant. The user asks a question, and the Assistant solves it. The assistant
first thinks about the reasoning process and answer are enclosed within <think> </think> and <answer> </answer> tags,
respectively. Your response should be in the following format: <think> \n Your reasoning here \n </think> \n<answer> \n
answer here \n </answer>. The reasoning process Note that respond by English, NOT use other languages.

User Prompt: {question}

Figure 10. For GSM8K, the prompt specifies a reasoning-then-answer format, where the model is instructed to articulate its thought
process within <think> tags, followed by the final answer enclosed in <answer> tags. question denotes the question of the benchmark.

The prompt for Math-12K

- Llama

System Prompt: A conversation between User and Assistant. The user asks a question, and the Assistant solves it.
The assistant first thinks about the reasoning process and answer are enclosed within <think> </think> and <answer>
</answer> tags, respectively. Your response should be in the following format: <think> \n Your reasoning here \n </think>
\n <answer> \n answer here \n </answer>.

User Prompt: {question}

- Qwen

System Prompt: A conversation between User and Assistant. The user asks a question, and the Assistant solves it.
The assistant first thinks about the reasoning process and answer are enclosed within <think> </think> and <answer>
</answer> tags, respectively. Your response should be in the following format: <think> \n Your reasoning here \n </think>

\n <answer> \n \boxed{ {your answer here } } \n </answer>.

User Prompt: {question}

\ J

Figure 11. In the Math-12K prompt format used with the Llama and Qwen models, answers follow a reasoning-then-answer structure
using <think> and <answer> tags. With Llama, we observed frequent failures to generate valid \boxed{} expressions, so we chose to
omit this syntax. In contrast, when using Qwen, we explicitly enclose the final answer within \boxed{ }, prompting the model to express
its answer in a boxed format.

The prompt for Translation

- Translation DE to EN

System Prompt: You are a helpful assistant that translates German to English.

User Prompt: Translate the following German sentence into English. Respond ONLY with the translation. German: {source}
- Translation EN to DE

System Prompt: You are a helpful assistant that translates English to German.

User Prompt: Translate the following English sentence into German. Respond ONLY with the translation. English: {source}

Figure 12. Prompt used for Translation German-to-English and English-to-German. source indicates the source sentences to be translated.

J. Qualitative Examples
J.1. Example of Math Task

Based on Table 1, fine-tuning with GRPO demonstrates improved performance over the base model; howeyver, it also exhibits
a tendency to generate longer outputs, which is alongside the results observed in (Yu et al., 2025; Team et al., 2025; Arora
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The prompt for German math questions into English

System Prompt: You are a helpful assistant that translates German math questions into English and solves them. The
user asks a math question in German. You first think about the reasoning process and answer. Both should be in English.
Your response should be enclosed within <think> </think> and <answer> </answer> tags, respectively. Your response
should be in the following format: <think> \n Your reasoning here \n </think> \n <answer> \n answer here \n </answer>.

User Prompt: German Question: {question}

Figure 13. System prompt used for German to English Math task: specifies the reasoning-then-answer format with <think> and
<answer> tags. question indicates the math question in German.

The prompt for scoring German math questions into English

- Evaluating Translation Quality

System Prompt: You are a linguistic evaluator. Your job is to assess how well the model’s response is in English and whether it
avoids using German. Score only the language usage, not the math correctness.

User Prompt: Here is a model’s response to a German math question. Please evaluate how well it used English in-
stead of German. Assign a score between 1 and 5:

- 1: Mostly or entirely in German

- 3: Mixed, partly German, partly English

- 5: Fully in English, fluent and natural

Response: {response} \n End your response with only the score after ‘####’. Example: #### 4

- Evaluating Accuracy

System Prompt: You are a correctness evaluator. You will assess the factual accuracy of a math answer. You will
return: \n AnswerCorrect: <True or False>

User Prompt: Here is a model’s response to a German math question.
Ground Truth Answer: {gt_answer} \n {response} \n Evaluate: \n - AnswerCorrect: <True or False>

Figure 14. Prompt used for scoring German-to-English Math task: Translation quality and Math Accuracy. response and gt_answer
represent the model output and the ground truth of each math question, respectively.

& Zanette, 2025). In contrast, our proposed method not only surpasses the performance of both the base model and the
GRPO-tuned model but also achieves this with a lower number of tokens to reach the final answer. Figure 16 contains
detailed examples that clearly show that our model is able to reach the correct answer in fewer steps.

J.2. Example of Translation Task

As shown in Figure 17, our method generates more fluent and faithful translations in both directions. Compared to the base
model and GRPO, our DE—EN translation correctly uses the natural phrase “What about...”, aligning with the tone of the
original. On the EN—DE side, only our method preserves the correct compound adjective “kiinstlich intelligenten”, which
is grammatically accurate and semantically precise. In contrast, baseline and GRPO variants either use awkward phrasing
(“artificial intelligent system”) or deviate from standard German compound structures. This demonstrates the effectiveness
of our method in producing higher-quality, context-aware translations.

J.3. Example of Combining Specialized Modules

Figure 18 presents an example of the response to a German math-solving in English task. We compare the results from the
UniR framework using the math-specific reasoning module (7 t"), the DE—EN translation-specific reasoning module
(wI'rans) and their combination. This example demonstrates that using only the math module fails to generate a response in
English, while using only the translation module results in an incorrect solution. In contrast, incorporating both modules
achieves both high translation quality and mathematical accuracy.
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The prompt for Medical Task

System Prompt: A conversation between User and Assistant. The user asks a question, and the Assistant solves it. The assistant
first thinks about the reasoning process and answer are enclosed within <think> </think> and <answer> </answer> tags,
respectively. Your response should be in the following format: <think> \n Your reasoning here \n </think> \n <answer>
\n {single number answer} \n </answer>.

- Readmission Prediction

User Prompt: Based on the patient’s conditions, procedures, and medications, is the patient likely to be readmitted
to the hospital within 15 days of discharge? (Answer with 1 for yes and 0 for no) \n {patient information}

- Length of Stay Prediction

User Prompt: Based on the patient’s conditions, procedures, and medications, predict the patient’s ICU length of
stay by categorizing it into one of the following 4 classes:\n0: ICU stay shorter than 1 day\n1: ICU stay lasting 1 to 7 days\n2:
ICU stay longer than 7 days but less than or equal to 14 days\n3: ICU stay longer than 14 days\nReturn a single number (0-3)
indicating the predicted length of stay category\n {patient information}

- Mortality Prediction

User Prompt: Based on the patient’s conditions, procedures, and medications, predict whether the patient is likely to
die during a subsequent hospital visit. (Answer with 1 for yes and 0 for no) \n {patient information}

Figure 15. The model was instructed to output a single numeric label within <answer> tags. Every user prompt included a clear
explanation of the numeric labels.

Prompt: Hannah’s city is having a big display of fireworks for the 4th of July. They’re going to set off 15 boxes of 20 fireworks each.
Hannah’s house is at the right angle to see 40% of the city’s fireworks. Hannah will also set off 3 boxes of 5 fireworks each in her backyard.
How many fireworks will Hannah see in total?

Backbone Model:

<think> First, calculate the total number of fireworks in the display. There are 15 boxes of 20 fireworks each, so the total number of
fireworks is 15 * 20. Then, calculate the number of fireworks Hannah can see in the display, which is 40% of the total number of fireworks.
Next, calculate the number of fireworks in the 3 boxes she sets off in her backyard, which is 3 * 5. Finally, add the number of fireworks she
can see in the display to the number of fireworks she sets off in her backyard to get the total number of fireworks Hannah sees. </think>
<answer> The total number of fireworks in the display is 15 * 20 = 300. Hannah can see 40% of these, which is 0.40 * 300 = 120
fireworks. The number of fireworks in the 3 boxes she sets off in her backyard is 3 * 5 = 15. Therefore, the total number of fireworks
Hannah sees is 120 + 15 = 135. </answer>

GRPO:

<think> First, let’s calculate the total number of fireworks in the display. There are 15 boxes of 20 fireworks each, so the total number
of fireworks is 15 * 20. Then, we need to find out how many of these fireworks Hannah can see, which is 40% of the total. After that,
we’ll add the 3 boxes of 5 fireworks each that Hannah sets off in her backyard. The total number of fireworks Hannah sees will be the
sum of the fireworks she can see in the display and the fireworks she sets off in her backyard. </think> <answer> The total number of
fireworks in the display is 15 * 20 = 300. Hannah can see 40% of these, which is 0.40 * 300 = 120 fireworks. She also sets off 3 boxes of
5 fireworks each, which is 3 * 5 = 15 fireworks. Therefore, the total number of fireworks Hannah sees is 120 + 15 = 135. </answer>

Ours:

<think> First, let’s calculate the total number of fireworks in the display. There are 15 boxes of 20 fireworks each, so the total number of
fireworks is 15 * 20 = 300. Hannah’s house is at the right angle to see 40% of the city’s fireworks, so the number of fireworks she will see
is 300 * 0.4 = 120. In her backyard, she will set off 3 boxes of 5 fireworks each, which totals 3 * 5 = 15 fireworks. Therefore, the total
number of fireworks Hannah will see is 120 + 15 = 135. </think> <answer> 135 </answer>

Figure 16. Chain-of-thought comparison on a GSM8k example: while the Backbone only and GRPO models both arrive at the correct
answer with lengthy explanations, our approach produces the same result with a much more concise reasoning process.

J.4. Example of 7,. Reasoning Performance

Figure 19 illustrates a specific instance where the backbone model and the reasoning module fail to adequately comprehend
the problem’s context. In contrast, our combined approach demonstrates a correct and coherent reasoning process for the
same problem, highlighting the synergistic benefit of integrating the specialized reasoning module with the backbone model
for improved contextual understanding and accurate inference.
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Source Prompt:
EN : What about the artificially intelligent system in the movie “Her,” Samantha?
DE : Was ist mit dem kiinstlichen intelligenten System im Film “"Her”, Samantha?

Backbone Model:
DE — EN: What's with the artificial intelligent system in the movie "Her”, Samantha?
EN — DE: Was ist mit dem kiinstlichen Intelligenzsystem im Film “Her”, Samantha?

GRPO:
DE — EN: What’s with the artificial intelligence system in the movie “"Her”?
EN — DE: Was ist mit dem kiinstlichen Intelligenzsystem in dem Film “Her”, Samantha?

Ours:
DE — EN: What about the artificial intelligence system in the movie “Her,” Samantha?
EN — DE: Was ist mit dem kiinstlich intelligenten System im Film “Her”, Samantha?

Figure 17. Example of bidirectional translation (German (DE) and English (EN)). Our approach produces more fluent and grammatically
correct outputs in both directions, preserving natural phrasing and accurate compound structures.

Prompt:

Billy schilt und schneidet Kartoffeln als Vorbereitung fiir die Zubereitung des Kartoffelsalats fiir seine groe Grillparty anldsslich eines
Familientreffens. Es ist ein groBes Ereignis, also muss er 60 Kartoffeln schaffen. Die Kartoffeln haben ungefihr die gleiche GroBe, also
braucht es ungefihr gleich viel Zeit, um jede Einzelne zu schilen und zu schneiden. Billy braucht ungefihr eineinhalb Minuten, um eine
Kartoffel zu schilen, aber nur ungefihr 5 Sekunden, um sie klein zu schneiden. Wie lange braucht Billy, um die Kartoffelvorbereitung
abzuschliefien?

Backbone Model + 7 *t":

<think> Zunichst miissen wir die Gesamtzeit berechnen, die Billy benétigt, um die Kartoffeln zu schilen und zu schneiden. Da
es 60 Kartoffeln gibt und jede Kartoffel ungefihr die gleiche GroBe hat, konnen wir die Zeit pro Kartoffel berechnen. Die Zeit,
die Billy benétigt, um eine Kartoffel zu schilen, betrigt ungefihr 1,5 Minuten, also 1,5 * 60 = 90 Sekunden. Die Zeit, die Billy
benotigt, um eine Kartoffel zu schneiden, betrdgt ungefihr 5 Sekunden. Um die Gesamtzeit zu berechnen, miissen wir die Zeit
pro Kartoffel fiir die Schilen und Schneiden addieren. Die Gesamtzeit betrigt also 90 + 5 = 95 Sekunden. Da es 60 Kartof-
feln gibt, miissen wir die Gesamtzeit mit 60 multiplizieren, um die Gesamtzeit fiir die Vorbereitung aller Kartoffeln zu erhal-
ten. Die Gesamtzeit betrdgt also 60 * 95 = 5700 Sekunden. Um die Zeit in Minuten umzurechnen, kénnen wir die Sekunden
durch 60 teilen. Die Gesamtzeit betrdgt also 5700 / 60 = 95 Minuten. </think> <answer> 95 Minuten </answer> </answer>

Backbone Model + 717%"%;

<think> To solve this problem, we need to calculate the total time it takes Billy to prepare the carrots for his party. Since he needs to
prepare 60 carrots, and the time it takes to prepare one carrot is 1.5 minutes, we can multiply the number of carrots by the time it takes to
prepare one carrot. However, we also need to consider the time it takes to cut the carrots into smaller pieces, which is 5 seconds per carrot.
So, we need to add the time it takes to cut the carrots to the total time. First, let’s calculate the time it takes to prepare one carrot: 1.5
minutes = 90 seconds. Now, let’s calculate the time it takes to cut one carrot: 5 seconds. Since Billy needs to cut 60 carrots, we can
multiply the time it takes to cut one carrot by 60: 5 seconds * 60 = 300 seconds. Now, let’s add the time it takes to prepare one carrot to
the time it takes to cut one carrot: 90 seconds + 300 seconds = 390 seconds. Finally, let’s convert the total time from seconds to minutes:
390 seconds / 60 = 6.5 minutes. So, Billy needs 6.5 minutes to prepare the carrots for his party. </think> <answer> Billy needs 6.5
minutes to prepare the carrots for his party.

Backbone Model + 0.57 " 4 0577 mans;

<think> First, let’s calculate the total time it takes to peel and chop one potato. It takes Billy 1.5 minutes to peel a potato, and 5 seconds
to chop it. To convert the time to seconds, we multiply 1.5 minutes by 60 seconds per minute, which equals 90 seconds. Now, we add
the time it takes to peel and chop one potato, which is 90 seconds + 5 seconds = 95 seconds. Since Billy needs to peel and chop 60
potatoes, we multiply the time it takes to peel and chop one potato by 60, which equals 95 seconds * 60 = 5700 seconds. To convert this
to minutes, we divide by 60, which equals 5700 seconds / 60 = 95 minutes. Therefore, Billy needs 95 minutes to peel and chop all 60
potatoes. </think> <answer> 95 minutes </answer>

Figure 18. We illustrate outputs for a German math problem solved in English. (Top) Guidance with only the math module solves
correctly but responds in German; (Middle) while using only a translation module ensures English output but fails at math. (Bottom)
Their combination achieves both target language and correct solution.

J.5. Example of Failure Cases

The primary cause of failure was the misinterpretation of semantic context. As illustrated in Figure 22, the first case shows
the model overlooking the constraint “each kid,” resulting in an incorrect distribution of the remaining marshmallows. In
the second case, the model misinterprets the phrase “3-piece place setting.” UniR incorrectly treats “3-piece” as meaning
three of each item, whereas the intended meaning is that one set consists of three distinct items. These cases reflect the
fundamental challenge of accurately translating semantic nuances into arithmetic operations.
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Prompt:
Tanya is teaching at school. She earns $15
day she teaches 4 classes for 5 hours, and on

for every hour and an additional $5 per day if she teaches more than 3 classes.
How much did Tanya earn for these two days of teaching?

Wednesday 2 classes for 2 hours.

On Mon-

Backbone Model 7;,:

<think> First, let’s calculate the earnings for Mon-
day. Tanya teaches 4 classes for 5 hours each. Her
base pay for teaching is $15 per hour. So, her earnings
from teaching alone on Monday would be 4 classes * 5
hours/class * $15/hour....</think><answer> For
Monday, Tanya’s earnings from teaching are 4 * 5 * 15
= $300. Since she teaches more than 3 classes, she earns
an additional $5, so her total for Monday is $300 + $5 =
$305. For Wednesday, Tanya’s earnings from teaching
are 2 * 2 * 15 =$60....The answer is $365.</answer>

Reasoning Module 7,.:
<think> <answer> <mark> <ul> <li>On
Monday, she earns $15/hour * 4 classes * 5 hours =
$300</li> <li> On Monday, she earns $15/hour * 2
classes * 2 hours = $60</li> <li> On Wednesday, she
earns $15/hour * 2 classes * 2 hours = $60</li> <li>
On Wednesday, she earns $15/hour * 2 classes * 2 hours
=$60</li> <li>On Monday, she earns $15/hour * 4
classes * 5 hours = $300</li> <li> On Monday, she
earns $15/hour * 2 classes * 2 hours = $60 </li> <li>
On Wednesday, she earns $15/hour * 2 classe:

Ours 7y, + 7,2

<think> First, let’s calculate the earnings for Mon-
day. Tanya teaches 4 classes for 5 hours each, so she
earns $15 per hour for 5 hours, which is $15 * 5 = $75.
Additionally, since she teaches more than 3 classes, she
earns an extra $5 per day, which is $5. So, her total earn-
ings for Monday are $75 + $5 = $80. Next, ... Now, we
add the earnings from both days to get the total earnings
for the two days: $80 (Monday) + $30 (Wednesday) =
$110.</think><answer> $110 </answer>

Figure 19. Reasoning Performance of the 7, Module. (Left) The backbone model 7, and (Middle) the standalone reasoning module 7,
produce incorrect, repetitive and logically flawed reasoning. (Right) When combined, it generates coherent reasoning and arrive at the
correct solution, showing the effectiveness of the modular guidance.

Q: Find angle 2

Qwen2.5-VL-3B-Instruct

Q: Given the following solid. The
length of the base is 10cm. Find
the volume of the solid.

Qwen2.5-VL-3B-Instruct

10am

<think> In the given triangle, we have two angles labeled as 47° and 57°. The sum of
the angles in a triangle is always 180°. Therefore, we can find the measure of angle 1
by subtracting the sum of the other two angles from 180°. Once we have the measure
of angle 1, we can find the measure of angle 2 by subtracting the measure of angle 1

of the other two angles from 180°: 180° - (47° + 57°) = 76° Therefore, the measure
of angle 1 is 76°. To find the measure of angle 2, we subtract the measure of angle 1
| from 180°; 180° - 76° = 104° Therefore, the measure of angle 2 is 104, </answer> |

~

~

<think> To find the volume of the solid, we need to determine the area of the base and then
multiply it by the height of the solid. The base of the solid is a triangle with a base of 10 cm
and a height of 6 cm. The area of a triangle is given by the formula: \[ \text{Area} =
\frac{1}{2} \times \text{base} \times \] ituting the given values:
\[ \text{Area} = \frac{1}{2} \times 10 \times 6 = 30 \text{ cm}*2 \] The height of the solid is
the perpendicular distance from the base to the apex. Since the solid is a pyramid, the height
is the same as the height of the triangle, which is 6 cm. The volume of a pyramid is given by
the formula: \[ \text{Volume} = \frac{1}{3} \times \text{Base Area} \times \text{Height} \]

ing the values we have:\[ \text{Volume} = \frac{1}3} \times 30 \times 6 = 60

UniR ( + Qwen2.5-0.5B-Instruct )

\\tex(( cm}*3 \] </think><answer>The volume of the solid is 60 cm®. </answer>

UniR ( + Qwen2.5-0.5B-Instruct )

J

<answer> 76%\circ </answer>
\

((<think> The given figure is a triangle with angles labeled as follows: $\angle 1=
47Mirc$, $\angle 2 = 55%\circ$, and $\angle 3 = 57A\circ$. The sum of the angles in
a triangle is $180M\circ$. Therefore, we can find $\angle 2$ by subtracting the sum of
the other two angles from $180\circ$. \[ \angle 2 = 180Mcirc - (\angle 1 + \angle 3)
= 180M\circ - (47A\circ + 57A\circ) = 1807\circ - 104M\circ =

76Mcirc \] </think>

J
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from 180°. </think> <answer> To find the measure of angle 1, we subtract the sum |
'
'
'
'
'
'
'
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'
'
'
'
i
'
'

(a) Geometry3k

Figure 20. lllustrative examples of responses from the baseline
Geometry3k and (Right) MathVerse benchmarks.

-
<think>To find the volume of the solid, we need to determine the area of the base and the
height of the solid. The base is a rectangle with a length of 10 cm and a width of 10 cm, so
the area of the base is \(10 \times 10 = 100 \, \text{cm}2\). The height of the solid is the
perpendicular distance from the base to the apex, which is given as 6 cm. The volume \(V\) of
a pyramid is given by the formula \(V = \frac{1){3} \times \text{Base Area} \times
\text{Height}\). Substituting the values, we get \(V = \frac{1}{3} \times 100 \times 6 = 200\,
\text{cm}A3\). </think> <answer> 200 </answer>
(.

J

(b) MathVerse

VLM and our UniR-extended framework on tasks from the (Left)
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Patient Information:

Patient ID: *##%*

Visit 0:

Conditions:

1. other complications of birth; puerperium affecting management of mother
2. early or threatened labor

3. other pregnancy and delivery including normal

Procedures:

1. cesarean section

Medications:

1. vitamin b 12 and folic acid

2. antiinfectives and antiseptics, excl. combinations with corticosteroids
3. lipid modifying agents, plain

Backbone Model:

<think> The patient has a history of complications related to pregnancy and delivery, which could indicate a high risk of readmission. The
patient also has a history of mycoses, which could be a sign of an underlying health issue that might require further medical attention. The
patient has also undergone a cesarean section, which is a significant procedure that could lead to complications. The patient is on a variety
of medications, including corticosteroids, antacids, and analgesics, which could indicate ongoing health issues. However, the list of medi-
cations does not include any specific medications that are typically used for readmission prevention. </think> <answer> 0 </answer>

Backbone Model + 77¢%¢;

<think> To determine if the patient is likely to be readmitted to the hospital within 15 days of discharge, I need to consider several factors
including the patient’s current health status, the procedures and medications they are undergoing, and the conditions they are currently
experiencing. The patient’s conditions, such as complications of pregnancy, early or threatened labor, and other complications of birth,
suggest that they are in a high-risk category for readmission. The procedures, such as cesarean section, also indicate a high-risk situation.
The medications, including antiinfectives and antiseptics, and lipid modifying agents, suggest that the patient is at risk for infections and
other complications. The patient’s current medications, such as vitamin B12 and folic acid, and iron antianemic preparations, suggest
that they are at risk for anemia. The patient’s current medications, such as corticosteroids for systemic use, and other analgesics and
antipyretics, suggest that they are at risk for side effects and complications. The patient’s current medications, such as antipruritics,
antihistamines, and throat preparations, suggest that they are at risk for allergic reactions and other side effects. The patient’s current
medications, such as digestive enzymes, suggest that they are at risk for digestive issues. </think> <answer> 0 </answer>

Backbone Model + 7744 + 7£05;

<think> The patient is likely to be readmitted to the hospital within 15 days of discharge due to the presence of multiple complications and
procedures, including cesarean section, which can lead to postoperative complications. The patient’s conditions and medications, such as
vitamin B12 and folic acid, antiinfectives, and lipid modifying agents, are also relevant to the patient’s health status. The patient’s history
of early or threatened labor, mycoses, esophageal disorders, and headache, including migraine, also suggest a high risk of readmission.
Additionally, the patient’s use of corticosteroids for systemic use, plain, and other analgesics and antipyretics in atc, as well as the use of
beta-lactam antibacterials, penicillins, and other therapeutic products, further increases the likelihood of readmission. </think> <answer>
1 </answer>

Figure 21. Example of Readmission Prediction. (Top) the output of the backbone model; (Middle) the backbone model with the
Readmission module; (Bottom) and the backbone model with both the Readmission and Length of Stay modules. The model with both
specialized modules successfully identifies risk factors and provides an accurate final prediction.

Prompt:

John and DeSean bought a bag of marshmallows to make s’mores together. The bag has 35 marshmallows. Each S’more uses one
marshmallow. If John makes 9 S’mores, DeSean makes 9 S’mores, and they dropped 3 marshmallows on the ground, how many S’mores
can each kid have with the marshmallows left in the bag?

Ours:

<think> First, let’s determine the total number of marshmallows used by John and DeSean. Each S’more uses one marshmallow, so
together they made 9 + 9 = 18 S’mores. They started with 35 marshmallows and dropped 3 on the ground, so they have 35 - 3 = 32
marshmallows left. Next, we need to find out how many marshmallows are left after they’ve made their S’mores. Since they used 18
marshmallows, the remaining marshmallows are 32 - 18 = 14. Now, we need to determine how many S’mores each can make with the
remaining marshmallows. Since each S’more uses one marshmallow, each can make 14 S’mores with the remaining marshmallows.
Therefore, John and DeSean can each make 14 S’mores with the marshmallows left in the bag. </think> <answer> 14 </answer>

Prompt:
Avery needs to buy a 3 piece place setting (dinner & salad plate and a bowl) for her holiday dinner. She’s having 12 people over for dinner.
If the dinner plates cost $6.00 each and bowls each cost $5.00 and the salad plates cost $4.00, how much will she spend on place settings?

Ours:

<think> To determine the total cost of the place settings, we need to calculate the cost for each type of plate and bowl and then sum
them up.1. Dinner Plates: - Avery needs 3 dinner plates. - Each dinner plate costs $6.00. - Total cost for dinner plates = 3 * $6.00 =
$18.00. 2. Salad Plates: - Avery needs 3 salad plates. - Each salad plate costs $4.00. - Total cost for salad plates = 3 * $4.00 = $12.00. 3.
Bowls: - Avery needs 3 bowls. - Each bowl costs $5.00. - Total cost for bowls = 3 * $5.00 = $15.00. Now, we sum up the costs of all
the place settings:- Total cost = Cost of dinner plates + Cost of salad plates + Cost of bowls- Total cost = $18.00 + $12.00 + $15.00 =
$45.00.Therefore, Avery will spend $45.00 on place settings.</think> <answer>$45.00 </answer>

Figure 22. Examples of Failure Cases.
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