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Abstract

We propose GradPower, a lightweight gradient-
transformation technique for accelerating lan-
guage model pre-training. Given a gradient vector
g = (9:):» GradPower first applies the elemen-
twise sign-power transformation ¢,(g) =
(sign(gs)|gi|?); for a fixed p > 0, and then
feeds the transformed gradient into a base op-
timizer. Notably, GradPower requires only a
single-line code change and no modifications
to the base optimizer’s internal logic, including
the hyperparameters. When applied to AdamW
(termed AdamWPower), GradPower consistently
achieves lower terminal loss across diverse archi-
tectures (LLaMA, Qwen2MOoE), parameter scales
(66M to 2B), datasets (C4, OpenWebText), and
learning-rate schedules (cosine, warmup-stable-
decay). The most pronounced gains are observed
when training modern mixture-of-experts models
with warmup-stable-decay schedules. GradPower
also integrates seamlessly with other state-of-the-
art optimizers, such as Muon, yielding further
improvements. Finally, we provide theoretical
analyses that reveal the underlying mechanism of
GradPower and highlight the influence of gradient
noise.

1. Introduction

Large language models (LLMs) have revolutionized modern
artificial intelligence (Brown et al., 2020; OpenAl et al.,
2023; DeepSeek-Al et al., 2024). However, pre-training
LLMs is computationally intensive due to the massive scale
of model size and training data. Improving the pre-training
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efficiency has thus become a primary objective in the contin-
ued scaling of LLMs. Among the factors affecting efficiency,
the choice of optimizer is critical. In practice, the Adam
optimizer (Kingma & Ba, 2014; Loshchilov & Hutter, 2017)
has emerged as the de facto choice in most LLM pre-training
pipelines, owing to its adaptive learning rate features (Zhang
et al., 2024; Kunstner et al., 2024).

To further accelerate AdamW, several approaches have been
proposed to refine or simplify its moment estimation (Xie
et al., 2024; Pagliardini et al., 2025; Chen et al., 2024b; Liu
et al., 2025b; Zhang et al., 2025). Other strategies modify
the update rule directly, such as direction correction (Wang
et al., 2024; Liang et al., 2024), incorporating curvature
information (Liu et al., 2024; Wang et al., 2025), or apply-
ing matrix-based preconditioning (Jordan et al., 2024; Liu
et al., 2025a). While these methods often deliver tangible
gains, they typically require substantial modifications to the
existing training pipeline and careful extra hyperparameter
tuning, which hinders their practical adoption.

In contrast to these intrusive modifications, we instead pro-
pose a lightweight, plug-in approach by revisiting the core
component of optimization: the gradient itself. We ap-
ply a simple elementwise transformation to the gradient
vector — enhancing its informativeness while leaving the
base optimizer entirely unchanged. This design preserves
compatibility with existing training pipelines and avoids
additional tuning burden. Specifically, our contributions
are as follows:

* Our approach. We propose GradPower, a simple but
effective approach for boosting the convergence of gen-
eral gradient-based optimizers. Specifically, given a raw
gradient g = (g;); € R? and a fixed p > 0, we define the
powered gradient as

vp(g) = |g|” sign(g) "
= (1|7 sign(g1), .- ., |gal” sign(ga)) "

GradPower applies this powered gradient to the base op-
timizer, preserving its original structure.

¢ Empirical performance. We first evaluate the effec-
tiveness of GradPower by integrating it into AdamW,
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Figure 1. Scaling-law comparison of AdamWPower and AdamW on the C4 dataset for dense LLaMA models and mixture-of-experts

Qwen2MoE models.

termed AdamWPower. We test its performance across
a broad LLM pre-training landscape: dense models
(LLaMA (Touvron et al., 2023)) and mixture-of-experts
models (Qwen2MOoE (Yang et al., 2024)), ranging from
66M to 2B parameters, using the C4 and OpenWebText
corpora, and under both cosine-decay (cos) and warmup-
stable-decay (wsd) learning-rate schedules. Across all
settings, AdamWPower consistently achieves lower ter-
minal loss and exhibits more favorable scaling laws com-
pared to vanilla AdamW (see Figure 1), demonstrating
its potential for improved scalability to larger models.
Notably, the performance gains are most significant for
modern MoE architectures and wsd schedules.

Furthermore, we show that GradPower can be also seam-
lessly integrated with other state-of-the-art optimizers,
such as Muon (Jordan et al., 2024; Liu et al., 2025a) and
Blockwise LR (Wang et al., 2025), yielding additional
performance improvements.

* Theoretical analysis. 1) Recent analyses suggest that
steady progress along flat “river-like” directions is crucial
for reducing loss in LLM pre-training (Wang et al., 2024;
Wen et al., 2025). We show that AdamWPower ampli-
fies these directions, thereby accelerating optimization.
2) Moreover, for general smooth non-convex objectives,
we prove that augmenting adaptive optimizers (e.g., Ada-
Grad) with GradPower strictly accelerates their conver-
gence in both low- and high-noise regimes, supporting
the intuitions developed in Section 3.

Notations. For {a;}32,, its [-exponential moving
average at time t is denoted as EMAg({as}!) :=
(XCeey B17%a0)/(XCeey B17°). Forg € Rand p € Ry,
we denote gP := |g|? sign(g); for a vector g, the notation
g® denotes element-wise application of this transformation.
For simplicity, we use a.s. to denote “almost surely”, and
use w.r.t. to denote “with respect to”. We use standard big-
O notations O(+), Q(-), ©(+) to hide problem-independent
constants, and use o(-) to denote the infinitesimal. Let |-,
denote the ¢, norm for vectors for a ¢ > 1. We denote
[n] ={1,--- ,n} for anintegern € N.

2. Related Works

Optimizer design in LLM pre-training. In LLM pre-
training, Adam (Kingma & Ba, 2014) has become the de
facto optimizer. Recent efforts to improve its efficiency fo-
cus on two aspects: accelerating convergence and reducing
memory usage. Techniques for accelerating convergence
include introducing curvature information (Liu et al., 2024;
Wang et al., 2024; 2025), mixing momentum (Xie et al.,
2024; Pagliardini et al., 2025), variance reduction (Yuan
et al., 2024), cautious update (Liang et al., 2024), and ap-
plying matrix-based preconditioners (Jordan et al., 2024;
Vyas et al., 2024). Memory-efficient techniques include re-
ducing the moments usage in Adam (Zhang et al., 2025),
sign-based updates (Chen et al., 2024b; Liu et al., 2025b),
low precision optimizer states (Dettmers et al., 2022; Li
et al., 2023), low-rank approximation (Hu et al., 2022; Zhao
et al., 2024; Chen et al., 2024a), and structured learning
rates (Zhu et al., 2025). Among these, Muon (Jordan et al.,
2024) stands out for improving both convergence and mem-
ory usage and showing strong scalability (Liu et al., 2025a).
In contrast, our method, GradPower, improves training effi-
ciency without altering the base optimizer’s internal updates.
Notably, GradPower is orthogonal and complementary to
the methods above: it can serve as a lightweight plug-in that
further enhances existing optimizers.

The fast-slow dynamics in neural network training. Recent
works (Wu et al., 2018; Jastrzebski et al., 2020; Cohen et al.,
2020; 2022) show that neural network training typically
occurs at the so-called Edge of Stability (EoS) stage. This
regime is characterized by the optimizer exhibiting oscil-
latory behavior along sharp directions without divergence,
while steadily progressing along flat directions, leading to
loss reduction. Several studies (Wen et al., 2025; Song et al.,
2025; Cohen et al., 2025; Wang et al., 2024; 2025; Zhu
et al., 2026) have emphasized the importance of the slow
dynamics along flat directions (referred to as stable direction
in Wang et al. (2024), river directions by Wen et al. (2025)
and bulk directions by Song et al. (2025)), in reducing total
loss. Moreover, Wen et al. (2025) further showed that this
picture is crucial for understanding the behavior of LLM
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pre-training. In addition, Fig.3 in (Wen et al., 2025) and
Fig.8 (Song et al., 2025) suggest that, the optimizer’s tra-
jectory within flat directions tends to remain aligned for a
period of time.

The terminology of flat directions. In classical optimiza-
tion theory, flat directions refer to Hessian eigenvectors
associated with small eigenvalues. However, our flat di-
rections correspond to small stochastic gradient directions.
Our usage of flat directions is approximate and follows two
lines of prior works: (i) The anisotropy of gradient noise
closely reflects the Hessian’s curvature structure. A line
of works (Zhu et al., 2019; Wu et al., 2020; Mori et al.,
2022; Wu et al., 2022; Wang & Wu, 2023) have established
that directions with small Hessian curvature exhibit low
gradient-noise variance, while directions with large Hes-
sian curvature exhibit high gradient-noise variance. (ii)
LLM pre-training typically operates in a noise-dominated
regime, where the stochastic gradient is largely governed
by the gradient noise. The pretraining dataset is massive,
and each mini-batch constitutes only a tiny fraction of it. As
a result, the stochastic gradient is dominated by sampling
noise. Therefore, relative differences across coordinates
in stochastic gradient g primarily arise from differences in
the noise &, rather than differences in the true gradient VL
(Note: £ = g — VL). Moreover, prior empirical studies
in deep-learning settings show that as training progresses,
the gradient noise constitutes the dominant component of
the stochastic gradient, and the dynamics occurs in the
noise-dominated regime (McCandlish et al., 2018; Sun et al.,
2023). For LLMs, direct empirical verification is challeng-
ing because computing the full-batch gradient is infeasible,
but the above intuition suggests that LL.M training should
also lie in this noise-dominated regime. Therefore, our flat
directions approximately correspond to small stochastic gra-
dient directions.

3. The GradPower Approach

Let g; € R? denote the stochastic gradient at step . A
gradient-based optimizer can be expressed as 0,11 = 6; —
1:9(g1,- -, gt), where 7, is learning rate and Q denotes
update rule.

A unified view of preconditioning. In practice, raw gradi-
ents may not be sufficiently informative or stable, and thus,
it is common to transform the gradients before applying the
update rule. This leads to the general form of preconditioned
optimizers:

Ori1 =60, —1m:Q(p(g1), > (gt)) )

where ¢ denotes a transformation (or preconditioning) ap-
plied to each gradient.

To avoid computational overhead, we restrict attention to

elementwise transformations. For a gradient vector g =
(9:)i € RY, we consider ¢(g) = (¢(g1),---,¢(9a))" €
R?, where ¢ : R — R is a scalar nonlinearity applied
coordinate-wise. The function ¢ is designed to enhance the
informativeness of the raw gradient. The simplest choice is
a linear transformation ¢(z) = ¢z with ¢ € R. However, as
shown in Appendix C, such linear preconditioners may ex-
hibit limited effectiveness when used in modern optimizers
for LLM pre-training. In this work, we explore nonlinear
preconditioning as an alternative.

The GradPower family. Empirically, we find that a sim-
ple power transformation already yields non-trivial improve-
ments in LLM pre-training. Specifically, we define the
sign-power transformation ¢, : R — R with exponent
p>0as

p(2) = |z|Psign(z).

The powered gradient is shown in Equation (1). Incorporat-
ing this transformation into AdamW yields a new optimizer,
AdamWPower, described in Algorithm 1. Remarkably,
AdamWPower introduces only one additional line of code
compared to standard AdamW.

In the following sections, we first present empirical evidence
demonstrating the effectiveness of AdamWPower, followed
by a theoretical analysis that sheds light on its underlying
mechanisms.

Algorithm 1 AdamWPower

1: Given hyperparameters (i, 32,€, A; Learning rates
{m}tT:1§ power p € Ry;

2: Initialize 6, € R4, first momentum mg < 0, second
momentum vy < 0;

3: fort=1,...,Tdo

4:  Compute mini-batch gradient g;;

5. GradPower: compute powered gradient

g: < |g:|P sign(gy) using Eq. (1);

my < fimy_y + (1 — B1)gs:

'I’ht — mt/(l — B{),

vy = PBove_1 + (1 — B2)g7;

/I}t < 'Ut/(l — 55),

10 0y <61 — 1 ("”ht/ (Vo +€) + )\Bt—1>;
11: end for

12: Output: Optimized parameters 7.

LoD

4. Empirical Evaluation
4.1. Experimental Setup

We evaluate AdamWPower for the task of LLM pre-training
across a range of model architectures, parameter scales,
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datasets, and learning rate (LR) schedulers. The main exper-
imental configurations are summarized below, while addi-
tional implementation details are provided in Appendix B.

* Models. We consider two widely used LLM architec-
tures: LLaMA (dense) models (Touvron et al., 2023)
and Qwen2MoE (MoE) models (Yang et al., 2024). We
experiment with model sizes ranging from 66M to 2B
parameters.

¢ Datasets. We evaluate our methods on the Colossal
Clean Crawled Corpus (C4) dataset (Raffel et al.,
2020)' and OpenWebText dataset (Gokaslan & Cohen,
2019)%. For pre-training on C4, we follow the setup
of Wortsman et al. (2024); Zhao et al. (2025), using a
batch size of 512. The total number of training tokens is
set to be approximately 20 times the number of model
parameters, in accordance with the Chinchilla scaling
law (Hoffmann et al., 2022).

* LR schedulers. We evaluate two popular LR scheduling
strategies: (i) cos: a linear warm-up to peak 1r max,
followed by cosine decay to a terminal LR 1r_min. (ii)
wsd (warmup-stable-decay scheduler) (Zhai et al., 2022;
Hu et al., 2024; Higele et al., 2024): a linear warm-up
LR to peak 1r_max, followed by a stable phase where
LR remains at 1 r_max (up to 80% of the total training
steps), and then a linear decay to 1r_min. It should be
noticed that wsd introduces a non-traditional loss curve:
slowly decrease during the stable phase and suddenly
drop during the final decay phase.

We further evaluate our method on vision tasks, and report
detailed implementation settings in Appendix B.

AdamW Dbaselines. We
use the standard Adam 8%
optimizer (with decoupled
weight decay) as the base-
line in most experiments
(except Section 4.4). The

LLaMA (0.2B) on C4

— p=10 (baseline)
305 p=06
— p=08

validation loss

3001 — p=14

baseline is configured T
with hyperparameters T e
Br = 0.9, B2 = 0.95  Figure 2. Pre-training LLaMA

(0.2B) on C4 using AdamW-
Power with different power
p’s. The optimal power is 1.2.

weight decay A = 0.1,
and gradient clipping
threshold of 1.0, following
protocols used in LLaMA pre-training (Touvron et al.,
2023). For each experiment, we first tune 1r_max over

'A large-scale public language dataset, widely used for LLM
pre-training such as T5 (Raffel et al., 2020), and prior pre-training
studies (Zhao et al., 2024; 2025).

2An open-source recreation of the WebText corpus, commonly
used in pre-training models such as RoBERTa (Liu et al., 2019),
GPT-2, and NanoGPT (Karpathy, 2022).

{le-4, 2e-4, 3e-4, 6e-4, le-3, 1.5e-3}
to be optimal for AdamW, and the baselines are trained
using these optimal 1r_max’s. Details can be found in
Appendix B.

The tuning of power p and its transferability. We only
tune the power p in a single small-scale experiment: pre-
training LLaMA (0.2B) on C4. As shown in Figure 2, the
tuned power is 1.2. Interestingly, this aligns with the optimal
power observed in the high-noise regime of our illustrative
toy example (Figure 7). We adopt p = 1.2 as the default
in most experiments (except Section 4.6). Importantly, the
power proves to be highly robust: AdamWPower with p =
1.2 consistently outperforms AdamW and exhibits better
scaling laws, across model types, model sizes, datasets, and
LR schedulers.

Lightweight wall-clock time overhead. We empirically
measured wall-clock time using LLaMA (0.25B) on Open-
WebText with batch size 480 and observed that AdamW-
Power introduces only a 0.4% overhead per step compared
to AdamW, with 0.7565s versus 0.7534s, almost negligible
in practice, confirming its lightweight nature.

4.2. Results on Dense Models

Main findings. Figure 3 compares the performance of
AdamWPower (with p = 1.2) to that of vanilla AdamW
across a range of settings, including LLaMA models of size
66M, 0.2B, 0.4B, 1B and 2B; both cos and wsd LR sched-
ulers; and the C4 and OpenWebText datasets. Across all
experiments, AdamWPower consistently achieves a lower
terminal loss than well-tuned AdamW baseline. To fur-
ther assess its scalability, we visualize the scaling laws of
AdamWPower versus AdamW in Figure 1 (left and middle).
We observe that the performance gain of AdamWPower over
AdamW remains consistent across a wide range of model
scales, highlighting the potential scalability of AdamW-
Power.

Evaluation on downstream tasks. Additionally, we also
evaluate zero-shot performances of our method on com-
mon benchmarks including ARC (Yadav et al., 2019),
PIQA (Bisk et al., 2020), HellaSwag (Zellers et al., 2019),
OBQA (Mihaylov et al., 2018), WinoGrande (Sakaguchi
etal., 2021), using the Im-evaluation-harness codebase (Gao
et al., 2024). The results are reported in Table 1. The model
pre-trained with AdamWPower outperforms that trained
with AdamW on five out of six tasks, as well as on the
overall average score, demonstrating improved downstream
performance under the same number of pre-training steps.

4.3. Results on MoE Models

Mixture-of-experts (MoE) architectures have become a key
design choice in modern LLMs, as exemplified by Qwen-
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Figure 3. AdamWPower (p = 1.2) consistently outperforms AdamW in LLaMA pre-training tasks across a range of model sizes, datasets

and LR schedulers.

Table 1. The evaluation results of LLaMA (2B) models pre-trained using the C4 dataset. The best scores in each column are bolded.

METHOD ARC-E | ARC-C | PIQA [ HELLASWAG | OBQA | WINOGRANDE | AVG.
AdamW 60.02 26.45 73.56 44.65 24.80 56.83 47.72
AdamWPower (1.2) 60.35 26.28 73.61 44.93 25.00 59.43 48.26

2.5 (Qwen et al., 2024) and DeepSeek-V3 (DeepSeek-Al
et al., 2024). Compared to dense models, MoE models
often exhibit greater training instability. To assess whether
the benefits of AdamWPower extend to MoE models, we
conduct experiments on Qwen2MOoE (Yang et al., 2024).

Main findings. Figure 4 compares the performance of
AdamWPower (p = 1.2) and standard AdamW for pre-
training Qwen2MoE models of sizes 0.5B, 1B, and 2B on
the C4 dataset, using the wsd scheduler. Across all settings,
AdamWPower consistently achieves a lower terminal loss
than the well-tuned AdamW baseline. To further examine
scaling behavior, Figure 1 (right) visualizes the scaling laws
of AdamWPower versus AdamW during Qwen2MoE pre-
training. The performance gap between the two optimizers
remains stable across model scales, with the corresponding
scaling curves remaining nearly parallel — suggesting that
the gains offered by AdamWPower may persist at larger
model scales.

Special potential for MoE models. Additionally, we ob-
serve three surprising phenomena, suggesting that AdamW-
Power may offer unique advantages for MoE model training:

 Although the power p = 1.2 was originally tuned for
LLaMA, it generalizes well to Qwen2MoE models with-
out further tuning. (it is likely that an even better p exists
for MoE-specific training.) Remarkably, the absolute
improvement achieved by AdamWPower on Qwen2MoE-
2B (0.028) is more significant than that on LLaMA-2B
(0.022). Notably, Qwen2MoE-2B reaches a much lower
loss (1.93) compared to LLaMA-2B (2.43), making fur-

ther improvements more challenging — yet AdamWPower
still yields remarkable gains.

¢ AdamWPower also exhibits improved training stability,
reducing the occurrence of loss spikes seen with AdamW.
This effect is particularly visible in the 1B and 2B curves
in Figure 4 (middle, right). Based on recent understanding
in Section 2, the fast vibrations along the sharp (valley)
directions mainly decide the training (in)stability. We
hypothesize that the gradient power transformation in
AdamWPower may help suppress the vibrations along
these directions. We leave a detailed investigation of this
phenomenon to future work.

* The wsd scheduler has become increasingly popular in re-
cent LLM pre-training (DeepSeek-Al et al., 2024; Hégele
et al., 2024), always taking a long stable phase. We
observe that the advantage of AdamWPower gradually
increases throughout the LR stable phase. This suggests
that AdamWPower may be particularly suited for modern
training pipelines that adopt wsd schedules.

4.4. Compatibility with Other Optimizers

As discussed in Section 2, several optimizers have re-
cently been proposed to enhance LLM pre-training. While
AdamWPower has demonstrated superiority over AdamW
in both dense and MoE models, we now ask: can Grad-
Power also improve the performance of other state-of-the-
art optimizers?

To investigate this, we focus on two representative optimiz-
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Figure 4. AdamWPower (p = 1.2) consistently outperforms AdamW in Qwen2MoE pre-training tasks on C4, across varying model sizes.

The learning rate schedule is wsd.

LLaMA (0.2B) on C4, cos
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Figure 5. (left) AdamWPower with Blockwise LR outperforms both AdamWPower and AdamW with Blockwise LR in LLaMA
pre-training. (middle, right) MuonPower (with p = 1.2) outperforms Muon in LLaMA pre-training.

ers: AdamW with Blockwise LR (Wang et al., 2025) and
Muon optimizer (Jordan et al., 2024; Liu et al., 2025a).
Blockwise LR assigns separate learning rates to different
Transformer blocks and has shown substantial improve-
ments over standard AdamW. Muon, on the other hand,
breaks away from the AdamW framework entirely and has
recently been shown to achieve better scaling laws than
AdamW (Liu et al., 2025a). We refer to the application of
GradPower to Muon as MuonPower.

The results shown in Figure 5, highlight two key findings.
(i) AdamWPower with Blockwise LR achieves a lower
terminal loss than both AdamWPower and AdamW with
Blockwise LR alone. Notably, the observed improvement
(0.045) is nearly the sum of the gains from AdamWPower
alone (0.015) and Blockwise LR alone (0.03), suggesting
that their benefits are largely orthogonal. (ii) MuonPower
(p = 1.2), the GradPower-augmented Muon, also outper-
forms the well-tuned Muon baseline. These results demon-
strate the versatility of GradPower as a general enhancement
that can be seamlessly integrated into other optimizers.

4.5. Interaction between GradPower and Clipping

Gradient clipping is a standard technique for stabilizing
training in LLM pre-training (Shoeybi et al., 2019; Tou-
vron et al., 2023). In our default implementation, gradient
clipping is applied before the GradPower transformation.

Here, we examine whether the ordering between gradient
clipping and GradPower impacts performance. We conduct
a controlled experiment based on the setting of Figure 2
on LLaMA (0.2B). Specifically, we switch the order of
gradient clipping and the GradPower transformation. We

refer to this variant as AdamWPower-II, in contrast to the
standard AdamWPower implementation. As shown in Fig-
ure 6 (left), the training curves are nearly indistinguishable
throughout training, indicating that the ordering of clipping
and GradPower has negligible effect on convergence behav-
ior. Crucially, both procedures ensure that the final gradient
updates remain bounded, preserving training stability.

LLaMA (0.2B) on C4, cos LLaMA (0.2B) on C4

— batch size 512

batch size 2048
— batch size 4096
— batch size 8192

Z

validation loss
validation loss

AdamW
— AdamWPower (1.2)
AdamWPower-ll (1.2)

3.50

3.48

0 7.5k 15k 225k 30k

num of steps P

Figure 6. (left) Comparison of gradient clipping before vs. after
applying GradPower in LLaMA pre-training. The performance is
virtually indistinguishable. The shaded regions in the plots denote
the standard deviation. (right) The influence of batch size for the
optimal power p in LLaMA pre-training tasks.

4.6. Influence of Batch Size

Finally, we investigate how batch size influences the per-
formance of GradPower. Batch size plays a critical role
in deep learning, with larger batch sizes producing lower
gradient noise and more accurate gradient (Keskar et al.,
2017; McCandlish et al., 2018; Wang et al., 2026).

Unlike the previous experimental settings, here we conduct
the experiments on C4 dataset, varying the batch size from
the standard 512 up to 8192. For each batch size, we eval-
uate AdamWPower with multiple values of p, and record
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their validation loss of when the optimal validation loss
reaches approximately 3.5. The experimental details are
provided in Appendix B.

Main findings. The results, shown in Figure 6 (right),
demonstrate a clear trend: the optimal power p decreases
as batch size increases, i.e., as the gradient noise level de-
creases. This finding reveals a strong correlation between
batch size and the optimal power p in AdamWPower. For
standard (small) batch sizes, the optimal power p tends to be
greater than 1; in contrast, for large batch sizes, the optimal
power p might fall below 1.

Vision tasks. We also conduct the experiments us-
ing ResNet-34 model (He et al.,, 2016) on CIFAR-10
dataset (Krizhevsky & Hinton, 2009), varying the batch
size from 32 to 128. The results in Table 2 further validates
above point. Moreover, it demonstrates the generalizability
of our method beyond language model pre-training.

In the next section, we provide a theoretical explanation for
this phenomenon.

Table 2. The influence of batch size for the optimal power p in
vision tasks.

batch size 128 64 32

p=0.8 94.35 | 94.22 | 94.04
p=0.85 | 94.27 | 94.40 | 94.07
p=0.9 94.22 | 94.22 | 94.15
p=1.0 93.98 | 94.10 | 94.30
p=1.1 93.38 | 93.97 | 94.25
p=12 93.15 | 93.77 | 93.85

5. Theoretical Insights
5.1. An Illustrative Case Study

This subsection investigates a phenomenological example,
both theoretically and empirically, to illustrate how varying
the power p in AdamWPower affects the update magnitude.
Motivated by the empirical findings in Section 4.6, which
show that batch size (gradient noise) affects the optimal
value of p, we study our example under varying signal-to-
noise regimes.

Slow dynamics along flat directions. As discussed in Sec-
tion 2, recent studies have revealed that the landscape in
LLM training can be decomposed into flat and sharp direc-
tions, also referred to as river and valley components (Wen
et al., 2025). The loss along river component typically deter-
mines the loss at the bottom of the landscape. Along these
flat directions, the optimizer tends to make slow but steady
progress, and appears to remain aligned for a period of time.

The anisotropy of stochastic gradients. Several works in
Section 2 show that stochastic gradients closely reflect the
curvature structures: flat (low-curvature) directions exhibit
small stochastic gradient magnitudes, whereas sharp (high-

curvature) directions exhibit larger stochastic gradients.

Motivated by these insights, we consider a one-dimensional
example to study whether varying p in AdamWPower can
accelerate these slow dynamics along the flat directions,
thereby leading to more efficient loss descent.

Example 5.1. For simplicity, consider a 1-dimensional flat
direction. Let the stochastic gradients at time t € N follow

gt R Unif (p — o, u+ o), where 0 < p,0 < 1°. Here, 1
reflects the full-batch gradient, and o captures the stochastic
noise level.

update u; for t — oo

Our goal is to investigate 10

the values of p that maxi- _ Z;Z:’
mize the update magnitude 06 — ofu=2
u = my/(y/vr + €) in N
AdamWPower (Alg. 1). For " ﬁ: Z%j‘]
simplicity, we set weight de- 0 ————— o/u=2
cay to 0. We now present 0.0 0 Lf”gm

both empirical and theoret- ?

ical analysis. Figure 7. Numerical results
for Example 5.1. We plot the
value of us at t = 10° for

Empirical findings. We AdamWPower across differ-

begin by numerically sim-
ulating the update u;. The
results are presented in Fig-
ure 7. Notably, the opti-
mal value of p varies across
noise-to-signal regimes, ex-
hibiting two distinct behav-
iors:

ent p’s under varying noise-to-
signal ratios. For each curve,
the optimal and suboptimal p
values are marked with stars.
The 1 is set to u = 107°.
Other hyperparameters follow
standard values: 31 = 0.9,
B2 = 0.95, ¢ = 10~°, and
A = 0. The learning rate n

does not affect the result.

* Low-noise regime o /u < 1 (blue and orange curves), it
is clear that the update magnitude decreases monotoni-
cally with increasing p, and the optimal power is small,
satisfying p* < 1.

* High-noise regime o/u > 1, the update magnitude in-
creases and then decreases with increasing p. Moreover,
for noise-dominant regime, the optimal power satisfies
p* > 1 (red, purple, brown, and pink curves).

These findings closely align with our empirical results in
real-world LLM pre-training tasks in Section 4. As the
batch size increases (corresponding to lower gradient noise),
the optimal power p* decreases accordingly, transitioning
from p* > 1 to p* < 1, as observed in Section 4.6. Remark-
ably, the optimal power p* = 1.2 in the high-noise regime
matches the value used across most LLM pre-training ex-
periments in Section 4.

Theoretical analysis. To better understand these interest-
ing behaviors, we theoretically analyze this problem. To

SEmpirical studies suggest that gradient scales in LLM training
are often very small (Huang et al., 2025).
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facilitate analytical derivation, we consider the limiting case
where 52 — 1, which closely approximates typical settings
in practice (e.g., 0.95 or 0.999). We define the limiting
update of AdamWPower as:

= lim i 3
Y tlglo,@;gl e 3)

where u; = my/(\/v; + €), with m; = EMAg, ({g2}})
and v; = EMAg, ({(¢?)?}}). In this limit, we obtain the
closed-form expression: v = E[gP]/(\/E[(g?)?] + €), a.s.,
g ~ Unif(p — o, u + o). This formulation allows explicit
computation and facilitates verification of the empirical
trends. We present two propositions corresponding to the
low-noise and high-noise regimes.

Proposition 5.2 (low-noise regime, 0 < p). It holds that
140(1) 1
1+‘u% ’ 1+“Lp ’
monotonically decreasing w.r.t. p.

we observe that u is

U = a.s.. Letting 1 =

This proposition quantitatively explains the monotonicity ob-
served in the low-noise regime. Furthermore, it shows that
the maximum update is approximately %ﬂ ~ 1, achieved
in the limit as p — 0. This aligns with Figure 7.

Proposition 5.3 (high-noise regime, < o). It holds that

14o(1 N
—u_ldol) a. Letting @t = 2 ——-L1—— we ob-
VIt T oP 7 Tz ter

serve the following: If elog(1/0) < 1, then there exists an
optimal power p* such that u increases for 0 < p < p* and
decreases for p > p*. Moreover, we have a tight estimate:

=0 (log(elog(l/a))).

log o

Notably, in practice, € is typically chosen sufficiently small
(e.g., € < 0), ensuring w > 1. This again aligns
with our empirical observation that p* > 1 in the high-noise

regime.

The intuition behind Proposition 5.3 is as follows. When
p is relatively small, the denominator is dominated by
VE[(gP)?]. Since g < 1, increasing p reduces both the
numerator E[¢P] and denominator 1/E[(gP)2]. In the high-
noise regime, the reduction in the denominator outweighs
that in the numerator, resulting in a larger update. In contrast,
when p is relatively large, the denominator is dominated by
€, and AdamWPower degenerates to SGDPower, where the
update is approximately E[g?]/e. In this regime, increasing
p reduces the update magnitude.

Although the above example is synthetic, it reveals sev-
eral non-trivial phenomena highly aligned with LLM pre-
training tasks, particularly the existence and behavior of
the best p* across noise-to-signal regimes. These insights
deepen our understanding of how GradPower influences
the performance of AdamWPower and suggest practical
guidance for selecting p.

5.2. Convergence Guarantees

Let £ : R? — R be a non-convex loss function. For any
0 € R?, let g(0) denote the stochastic gradient satisfying
E[g(0)] = VL(6).

In this subsection, we consider the classical setting of
smooth non-convex optimization and investigate the the-
oretical benefits of applying GradPower within adaptive
optimizers. Since the analysis of Adam is technically com-
plex, to gain clear theoretical insights, we instead analyze
its predecessor, Adagrad, a foundational adaptive optimiza-
tion algorithm (Duchi et al., 2011). The update rule of
AdagradPower (Adagrad using GradPower) is given by:

p t

g _ P\2
mv (%7 ;(gt) 9 (4)

0r11=0,—1
where the power p > 0, and we denote g; as the stochastic
gradient g(6,) for simplicity.

To establish the convergence results, we adopt the fol-
lowing standard assumptions, consistent with Section 2.3
in Défossez et al. (2022).

Assumption 5.4 (Défossez et al. (2022)). The following
conditions hold:

s L is bounded below by L*, i.e., for all @ € R?, £(0) >
L*.

e The loss function is H-smooth, i.e., there exists a con-
stant H > 0 such that for all 8,8’ € R?, |[VL(0) —
VL@ )2 < H||O —0']2.

e The Lo, norm of the stochastic gradients is uniformly
almost surely bounded, i.e., there exists a constant R > 0
such that for all @ € R, ||g(0)]|ec + € < R, a.s..

Under this assumption, the convergence guarantee of Ada-
grad is well established:

Theorem 5.5 (Adagrad; Theorem 1 in Défossez et al.
(2022)). Suppose Assumption 5.4 holds. Let {0;}_, are
trained by Adagrad (4) with p = 1. Then forany T € N,
we have:

(min E[[[VL(8,)]3]

<t<T

_2R(L(80)~L*) | RA(4R + nH) log(1+ R°T/c) ®)
T VT '

We now study the convergence of AdagradPower in both
low-noise and high-noise regimes.

Low-noise regime. We introduce an additional assumption
about the noise scale.
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Assumption 5.6 (Low-noise regime). There exist con-
stants p € (0,1) and ¢ > 0 such that E[¢} (0)]V,£(0) >
c|V:L£(8)[P*! holds for all & € R¢ and i € [d].

This assumption is satisfied in many low-noise scenarios:

Example 5.7. (I) Deterministic regime (the limit case of
low noise): if g;(0) = V,;L(0), then Assumption 5.6 holds
forall p € (0,1) with ¢ = 1. (Il) Uniform distribution:
if g; ~ Unif(V,L — 0,V;L + o) with o < |V;L|, then
Assumption 5.6 holds for all p € (0,1) as E[¢g']V,L =
|VLIPHL(1 + o(a/|ViL])) = 0.99|V, L[PHL.

Theorem 5.8 (AdagradPower, low-noise regime). Suppose
Assumption 5.4 and 5.6 hold, as well as R < 1*. Let
{6,}I_, are trained by AdagradPower (4), with the power
p € (0,1) as given in Assumption 5.6. Then for any T € N,
we have:

logT
. p+1 g
ggTE[nvz:(e»an}w( ﬁ) ©)

by Jensen, Theorem 5.5 yields the rate for Adagrad:
min, B[|VL(0,)|[1] < O(log®™V/2 /T +0/4) 0 <
p < 1. In comparison, Theorem 5.8 shows that Adagrad-
Power has the rate O(log T//T"/?). AdagradPower achieves
a convergence rate 2/(p + 1) times faster than Adagrad. For
Example 5.7, this yields nearly a 2x acceleration for p — 0.
This result is consistent with observations in Section 5.1
and 4.6 that the optimal power p for adaptive optimizers is
less than 1 in the low-noise regime. The proof is presented

in Appendix D.

High-noise regime. We introduce an additional assumption
regarding the noise scale:

Assumption 5.9 (High-noise regime). (C1) There exist
constants p > 1,0 > 0 such that E[¢¥(0)]V,L£(0) >
o|ViL(0)|? holds for all & € R? and i € [d]. (C2). It
holds that & > RP~!,

The first condition asserts that the gradient noise is non-
degenerate. The second condition further asserts that the
gradient noise is in a high level. Notably, these conditions
are naturally satisfied in many high-noise settings:

Example 5.10. Consider g; satisfy binary distribution
P(gi = ViL —0;) = P(g; = Vil + 0;) = 5. Then
for any odd number p > 1, E[gF]V;L > po? ™|V, L|%
Thus, (Cl1) in Assumption 5.9 holds with o = poffl. As
Jor (C2), in high-noise regime with |V,;L| < o;, we have
p— . oi p—1 )

B i 1 <

Theorem 5.11 (AdagradPower, high-noise regime). Sup-
pose Assumption 5.4 and 5.9 hold, as well as R < 1. Let
{6}, be trained by AdagradPower (4), with the power

*Empirical studies suggest that gradient scales in LLM training
are often very small (Huang et al., 2025).

p > 1 as given in Assumption 5.9. Then for any T € N, we
have:

p—1

R
. 2] <«
min B (VL[] <

: (R.H.s. of (5)), %)

where RP~1 /o < 1.

Comparing Theorems 5.5 and 5.11, we observe that Ada-

gradPower accelerates convergence of Adagrad by a con-
R
o

stant factor

in high-noise regime. For Example 5.10,
the acceleration is significant, due to R:I < % for any
positive odd p. This result provides theoretical support
for the empirical superiority of adaptive optimizers using
GradPower in LLM pretraining in Section 4 Notably, the
theoretical insights are highly aligned with those in Propo-
sition 5.3. In the high-noise regime, using p > 1 reduces
both numerator g; and denominator /v, + €. However, re-
duction in the denominator outweighs that in the numerator,
resulting in a faster convergence speed. The formal proof
refines this argument and is presented in Appendix D.

6. Conclusion

We propose GradPower, a simple yet effective method for
improving the efficiency of gradient-based optimizers. Ex-
perimentally, AdamWPower (AdamW using GradPower)
consistently achieves lower terminal loss and improved scal-
ing laws than AdamW across various LLM pre-training
tasks.

For future work, it would be interesting to investigate why
AdamWPower exhibits particular potential for MoE mod-
els and wsd LR scheduler. Experimentally, exploring the
applicability of GradPower beyond LLMs, as well as its
integration with other optimizers, could further extend its
impact. In addition, developing a dynamic schedule for
the GradPower exponent p, adapted to the evolving SNR
throughout training, presents both a challenging and a po-
tentially valuable direction.
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A. Relationship with Other Similar Works.

Powerball method. After completing this work, we found that the Powerball method (Yuan et al., 2019) shares the
similar methodology as our approach. However, prior studies on Powerball method have been restricted to traditional
optimizers—such as GD (Yuan et al., 2019), SGD (Zhou et al., 2020; Yang, 2024), and SARAH (Qin et al., 2025)—and
evaluated primarily on relatively small-scale benchmarks including CIFAR-10, CIFAR-100 and MNIST. Although Baiesi
(2019) combined Powerball with Adam, the experiments were limited to small and illustrative problems. In contrast, our
work focuses on modern adaptive optimizers such as Adam and Muon in the context of language model pre-training, a
modern and practically important setting. Moreover, previous Powerball studies examined only the narrow regime with
p < 1, our work studies both p < 1 and p > 1 regimes, and further develop a comprehensive theoretical study of the
relationship between optimal p and batch size.

Powerpropagation method. Powerpropagation (Schwarz et al., 2021) also employs a sign-power transformation, but
applies it to the model parameters rather than to the gradients. Specifically, Powerpropagation reparameterizes weights as
0 = ¢|p|*~1, which induces an effective gradient scaling through the chain rule, g5 = agg|$|*~!. In contrast, GradPower
transformation is applied directly to gradient, ¢, (g) = sign(g)|g|”, before the base optimizer step and without modifying
the model parameterization. Thus, although the two methods share a similar sign-power functional form, they operate in
fundamentally different spaces and induce different mechanisms: Powerpropagation scales updates by parameter magnitude,
whereas GradPower scales updates by gradient magnitude.
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B. Experimental Details

Models. We utilize two popular classes of LLM models for our pre-training experiments:

e LLaMA. LLaMA (Touvron et al., 2023) is a popular Dense decoder-only Transformer architecture, incorporating
Rotary Positional Encoding (RoPE) (Su et al., 2024), Swish-Gated Linear Unit (SwiGLU), and Root mean square layer
normalization (RMSNorm). We pre-train LLaMA models of sizes ranging from 66M to 2B parameters. Additional
model configurations are detailed in Table 3.

* Qwen2MoE. Comparing with Llama, Qwen2MOoE is decoder-only mixture-of-experts architecture. Following
Qwen2MoE and (Yang et al., 2024), we activate 4 experts per token for all models. For detailed model configu-

rations, refer to Table 4.

Datasets. Models are pre-trained on the following datasets:

¢ Colossal Clean Crawled Corpus (C4) (Raffel et al., 2020). It is a large-scale public language dataset, widely used for
LLM pre-training such as TS5 (Raffel et al., 2020), and prior pre-training studies (Zhao et al., 2024; 2025). We use the
TS5 tokenizer, with the vocabulary size 32100.

* OpenWebText (Gokaslan & Cohen, 2019). It is an opensource recreation of the WebText corpus, is extensively utilized
for LLM pre-training such as RoBERTa (Liu et al., 2019) and nanoGPT (Karpathy, 2022). Following Karpathy (2022);
Liu et al. (2024), we use the GPT-2 tokenizer, with the vocabulary size 50304.

LR schedulers. We evaluate two popular LR scheduling strategies:

* cos (cosine scheduler) (Karpathy, 2022; Touvron et al., 2023): a linear warm-up to peak 1r_max, followed by cosine
decay to a terminal LR 1r min.

* wsd (warmup-stable-decay scheduler) (Zhai et al., 2022; Hu et al., 2024; Hégele et al., 2024): a linear warm-up LR to
peak 1r_max, followed by a stable phase where LR remains at 1 r_max (up to 80% of the total training steps), and
then a linear decay to Lr_min.

All experiments are conducted on 8 A100 80G GPUs.

Table 3. Dense model configurations and optimally-tuned peak learning rates for AdamW.

Acronym ‘ Size ‘ dmodel | drF ‘ n_head ‘ depth ‘ lr_max
LLaMA (66M) 66M 512 2048 8 8 le-3 (on C4)
LLaMA (0.2B) 200M 1024 | 4096 16 8 le-3 (on C4)
LLaMA (0.25B) | 237M 1024 | 4096 16 8 8e-4 (on OpenWebText)
LLaMA (0.4B) 400M 1280 | 5120 16 12 6e-4 (on C4)
LLaMA (1B) 1004M 1600 | 6400 25 22 3e-4 (on C4)
LLaMA (2B) 1994M | 2048 8096 32 28 2e-4 (on C4)

Table 4. MoE model configurations and optimally-tuned peak learning rates for AdamW on C4.

Acronym ‘ Size ‘ Activated Size ‘ dmodel ‘ drr ‘ n_head ‘ depth ‘ n_experts | lr_max
Qwen2MoE (0.5B) | 502M 247M 768 3072 12 12 16 6e-4
Qwen2MoE (1B) 1040M 297M 768 3072 12 15 32 3e-4
Qwen2MoE (2B) 1945M 536M 1024 | 4096 16 16 32 2e-4

For the vision experiment, we used the standard 34 layer ResNet model (He et al., 2016) on the CIFAR-10 dataset (Krizhevsky
& Hinton, 2009). We use AdamW optimizer and the commonly used cos learning rate scheduler.
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B.1. Experimental details for Section 4.2 and 4.3

AdamW baselines. We use the standard Adam optimizer (with decoupled weight decay) as the baseline in most experiments
(except Section 4.4). The baseline is configured with hyperparameters 5; = 0.9, 52 = 0.95, weight decay A = 0.1, and gra-
dient clipping threshold of 1.0, following protocols used in LLaMA pre-training (Touvron et al., 2023). Following Hoffmann
et al. (2022), the final learning rate 1r_min is set to 1/10 of the peak learning rate 1 r_max. Additionally,

¢ C4 pre-training. We follow the setup of Zhao et al. (2024); Chen et al. (2024a); Zhu et al. (2025), using a sequence
length of 256 and batch size of 512. Following the Chinchilla scaling law (Hoffmann et al., 2022), the total number
of training tokens is set to be approximately 20 times the number of model parameters. The training includes 1,000
warm-up steps. The grid search for 1r max is performed over {1e-4, 2e-4, 3e-4, 6e-4, le-3, 1.5e-3}.
Optimal learning rates for each model are detailed in Tables 3 and 4.

* OpenWebText pre-training. The (max) sequence length is set to 1024, and the batch size is set to 480, following
nanoGPT (Karpathy, 2022) and Liu et al. (2024). The total training duration is 50,000 or 100,000 steps, including
1,000 warm-up steps. The grid search for 1r_max is performed over {2e-4, 4e-4, 6e-4, 8e—4, 1e—3}. Optimal
learning rates for each model are detailed in Table 3.

AdamWPower experiments. We adopt p = 1.2 as the default in all experiments in Section 4.2 and 4.3. All other optimizer
hyperparameters are kept identical to those used for the AdamW baselines. Importantly, the power p = 1.2 proves to be
highly robust.

B.2. Experimental details for Section 4.4

AdamW with Blockwise LR. Following Wang et al. (2025), we adopt the same peak 1r_max tuned for AdamW as the
1r_max of AdamW with Blockwise LR. For the blockwise Ir ratios, we adopt the recommended r(Embed) = 10, 7(QK) =
8,7(FFN) = 6,7(VO) = 4 in Wang et al. (2025).

AdamWPower with Blockwise LR. We still adopt p = 1.2 in the AdamWPower with Blockwise LR. All other optimizer
hyperparameters are kept identical to those used for the AdamW with Blockwise LR.

Muon baseline. We use the same techniques for Muon as Liu et al. (2025a): (1) adding weight decay (2) adjusting the
per-parameter update scale. These techniques allow our Muon experiment to use the identical learning rate as the AdamW
baseline without the extra effort of hyper-parameter tuning.

MuonPower. We still adopt p = 1.2 in the MuonPower. All other optimizer hyperparameters are kept identical to those
used for the Muon baseline.

B.3. Experimental details for Section 4.6

We conduct experiments using LLaMA (0.2B) on C4 dataset with wsd scheduler. Unlike the previous experimental settings,
here we vary the batch size from the standard 512 up to 8192.

For batch size 512, the tuned max_1r is 1e—3 (Table 3). For larger batch sizes (2048, 4096, 8192), we tune the max_1r
over {6e-4, le-3, 2e-3, 4e-3, 8e-3} for AdamW. We find that 1e—3 consistently yields the best results across
all batch sizes.

For each batch size, we evaluate AdamWPower with multiple values of p, and record their validation loss when the optimal
validation loss reaches approximately 3.5.

We also conduct vision experiments using ResNet-34 on CIFAR-10 datset with cos scheduler. We tune the max_1r over
{6.25e-5, 1.25e-4, 2.5e-4, 5e-4, le-3}. For batch size 32, 64, and 128, the tuned max_1ris 1.25e-4,
2.5e—-4, 5e—4, respectively.

B.4. Additional experiments with multiple random seeds

In this subsection, we reproduce a subset of experiments in Figure 3 with multiple random seeds to assess statistical
robustness. Specifically, we rerun the experiments six times with different random seeds and report both mean and standard
deviation as shown in Figure 8. The shaded regions in the plots denote the standard deviation, showing the statistical
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significance of each method. These results confirm that the observed performance differences are consistent and cannot be
explained by random seed variability.

LLaMA (66M) on C4, cos LLaMA (0.2B) on C4, cos
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Figure 8. AdamWPower (p = 1.2) consistently outperforms AdamW in LLaMA pre-training tasks. The shaded regions in the plots
denote the standard deviation.
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B.5. Robustness to (31, f2) tuning

We further examine whether the advantage of AdamWPower persists after tuning the momentum parameters (31, S2) in
AdamW. While the main experiments use the standard setting (81, 52) = (0.9, 0.95), we additionally sweep (31, B2) for
both AdamW and AdamWPower using LLaMA (0.25B) on OpenWebText. Specifically, we consider (31, 32) configurations
following the spirit of Orvieto & Gower (2026):

(81, B2) € {(0.9,0.8), (0.9,0.9), (0.9,0.95), (0.9,0.975),
(0.95,0.9), (0.95,0.95), (0.95,0.975), (0.95,0.9875),
(0.975,0.95), (0.975,0.975), (0.975,0.9875), (0.975,0.99375)}.

The best AdamW baseline is obtained with (31, S2) = (0.95,0.9875), achieving a final validation loss of 2.832831, whereas
AdamWPower with p = 1.2 achieves its best result with (81, 82) = (0.9,0.8) and a lower final validation loss of 2.828666.
These results show that AdamWPower continues to outperform the tuned AdamW baseline even after tuning 5, and [,
suggesting that the improvement is not merely due to a particular choice of momentum parameters.

C. Proofs in Section 3 and 5.1
C.1. Support for the motivation in Section 3

In this section, we provide a detailed justification for the claim in Section 3 that the linear transformation (o (z) = cz with
c € R) fails to alter the updates of popular optimizers used in LLM pretraining. Without loss of generality, we analyze the
one-dimensional case.

* Adaptive optimizers, including Adagrad, RMSprop, and Adam. These optimizers adjust the learning rate based on a
moving average of gradients. In practice, the term € (used to ensure numerical stability) is typically set to an extremely
small value (e.g., 1e-8, 1e-12), Consider the update rule of Adam in the limit e — 0:

EMA, ({g:}1)

VEMAg, ({g2}1)

Applying a linear transformation ¢(z) = ¢z with ¢ > 0 does not change the ratio:

EMAg ({gs11) _ EMAg ({p(99)}1)
VEMAg, ({g3})  VEMAg, ({(g:)7}H)

Hence, the dynamics remains unchanged. This argument applies similarly to Adagrad and RMSprop.

Orr1 = (1 — Ane)0r — 1y

* Sign-based methods, including Sign momentum (Bernstein et al., 2018) and Lion (Chen et al., 2024b). These methods
operate on the sign of the moving average gradients. For instance, Signed Momentum (with decoupled weight decay)
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follows:

0141 = (1 = Any)0, — my sign(EMA({g:}1))-

Again, applying a linear transformation ¢(z) = ¢z with ¢ > 0 does not change the sign of the averaged gradient, since:

sign(EMA ({g:}1)) = sign(EMAs({¢(g:)}1))-

Hence, the dynamics remains unchanged. This argument applies similarly to Lion.

In contrast, our proposed (nonlinear) GradPower transformation (p,(z) = 2P := |2|P sign(z) with p > 0) does alter the
updates of both adaptive and sign-based optimizers, when the gradients g, are not all of the same sign.

C.2. Proof of Propositions 5.2 and 5.3

(p+o)Pt! — | —oPt!

Bipy(g)) = UL ol
)2t — |y — PP sign(p — o
Elpp(9)) = b+ o) 2(f(2p+|1) gnlu =)

The low-noise regime. (0 < 0 < p < 1)

It is straightforward that

Bler ) =5 <1+ (1—Z)p+l>
ey (2 )
Elp;(9)] =5 22;:1 < 1472 2p+1<12>2p+1>
et (B2 () -t
Therefore, we have
__Epl] __wtol) _ 1to()

Elg2(g)] +e M AH+o)+e  1+5°

The high-noise regime. (0 < p < 0 < 1)

Elen(g)] 220‘(7;111) ((1 n g)pﬂ . (1 B i)Hl)
:2(pai ; (2(pj DL (g)) — o711+ of1)):
E[¢3(9)] 220((722;:1) ((1 N §)2P+1 . (1 - /;)2p+1>

o2r+1 2P
5oy i1 270 (5)) = 5y g+ o).

It is straightforward that
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Therefore, we have

Elpp(9)] o 'u(l40(1) p I1+o(1)  p 1+40(1)
- oP - . 1 <
E[p2(9) +¢ vmmtto)te o460 omm
To study the monotonicity of u = gﬁ, we only need to study the monotonicity of
V2ZpEl P
1 €
Sy, e
It is clear that
elog(1/o) 1
¥'(p) = - 75
oP (2p+1)

Due to elog(1/0) < 1, there exists a p*, such that ¢'(p) < 0 for all 0 < p < p*; ¢)/(p) > 0 for all p > p*. Here, p* is the
solution of the equation:

oP

[TESEE =elog(1/0)

Noticing the relationship between 1) and @, we have: @ increases when 0 < p < p*; @ decreases when p > p*.

Now we estimate p*. Due to 1 + = < e®, we have (2p + 1)3/2 < (?7)3/2 = (€3)P. Then we obtain the two-sides estimate
1< (2p+1)%/2 < (2P, implying

(5) < g <
Y \7\0—
) S (2p+ 1)

Therefore, we have the estimate:

log(elog(1/0)) _ , _ log(elog(1/0))
log(o/e3) SPS log o

Noticing o < 1, we obtain:

=0 (log(dog(l/a))) '

log o

D. Proofs in Section 5.2

Recall that the udpate rule of AdagradPower (with power p) follows:

0t+1 =0; — nuy,
wy = ©p(gt)
VUt —+ 67

t
vy = Z @i(gt)
s=1

In general, our proof is inspired by the main techniques to prove Adagrad used in Défossez et al. (2022). The key difference
is to establish a similar estimate of the loss descent for Adamgradpower. This generalize is not trivial, need to use the
structure of the high-noise fact.

In the proof, we need an auxiliary sequence, defined as:
o = v 1 + Bl (g0))-
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D.1. Key Lemmas

We need two important lemmas in the proof of each Theorem. The first develops the lower bound of the descent value for

the update.

Lemma D.1 (Descent estimate for the update, high-noise regime). Under Assumption 5.4, for allt € N, and i € [d] and

any o > 0, we have:

]Et [VVC(H)um] = Et |:

VUt € \ /17,571- + € 2 ﬁt,i +e€ o

Proof of Lemma D. 1.
Lett € N and ¢ € [d]. For simplicity, we use the following notations in the proof:

G=V,L(0), g=G1i, V=104, 0="0y,.

First, we decouple the descent quantity as:

1

Then we bound the term [ in the RHS of Equation (8):

|0 — v
VUt VT + e(v/u+ €+ VO +e)
[Elpz(9)] — #3(9)]
VUt eV + e(v/v+ €+ VO +e)
Eilpp(9)] + ¢ (9)
VUt eV + e(v/v+ €+ VO +e)
Eilpr(9)] vn(9)
Vrreoto ool e

11 12

11| =|Gep(9)|

=|Gep(9)l

<|Gyp(9)]

<|Gep(9)]

Consequently, we will estimate [; and I by the inequality

For I, by taking

2] = IS ||7|¢p(g)|Et[¢§(g)] L oVite
Vite N o efite 2
we obtain
;<o |GP +;(<p§( 9)(Ee[p(9)])?
1\4\/177+e o (v+e)(6+e)3/2 ’
o |G Eilpn(9)])® . | 22(9)
O A o

20

Vz‘ﬁ(g)@p(gt,i)] > E; [ViL(0)pp(gei)] o [ViL(O)]? 2R

©n(9t.1)

Vi + €
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Given that , /E¢[¢2(g)] < VO + € and , /E¢[p2(g)] < RP, we can simplify the above estimate as:

2 " 2
4\/m v+e€
For I5, by taking
w = G, _eWlel)  ovlo)
ViFe v+e 2E.[02(g)]’
we obtain
L<C epl9)  |G? +31Ef[<p§(g)] ¢p(9)
SAER2(9)]Vite o Vite (vte)

Given that ¢2(g) < v + €, we can simplify the above estimate as:

I <E eple) |G 1Ede(9)] v3(9)
PS U2 Vote o Vote vte

q;

Using  /E¢[¢2(9)] < V0 + ¢, /Et[p2(g)] < RP, and taking the conditional expectation, we obtain:

o |G? | Rr_|¢n(9)
Ei|l2] < — +—
tl12] 4\/o+¢€ o v+e€
Consequently, combing the two estimates of I; and I5, we obtain:
o |G 2Rr_[#2(9)
Ed|T]] < E¢[1 E:l] < = —E
t“ ” t[ 1]+ t[Q] 2\/’[774—6 o Ve

Putting the above estimate into Equation (8), we obtain the lower bound:

E, {G@p@} =E,; {Ggap(gﬁ] +E: [I] > E; [chp(g)} —E[|1]]

Vute Vi te VU +e
JE(Gep(9)] o |GP 2R | ¢5(9)
Vi+te 20+ ¢ o v+e

The second lemma estimate the sum of the updates in adaptive methods.

Lemma D.2 (Lemma 5.2 in Défossez et al. (2022)). Let {a;}en be a non-negative sequence, € > 0. Then for all T € N,
we have:

T

t=1
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D.2. Proof of Theorem 5.8

With the help of the above Lemma D.1 and D.2, we can prove Theorem 5.8.

Proof of Theorem 5.8.
Due to the H-smoothness, we have the quadratic upper bound:

772H 2
L(0141) < L(O;) —n(VL(O),uy) + 5 [l -

Taking the expectation at ¢, we have:

"’ H 2
By [£(6011)] SL(8:) — nE [(VL®L), ue)] + 5By [l 3]
d d W2 H
=L(00) =0y B [ViL(Oyur ] + ) 5B [uf,].
i=1 i=1

Combine Lemma D.1 with 0 = ¢ and Assumption 5.6, we get

. . . p+1 . 2 D 2 .
B VL)) = B [TEO 0] [VLOW _ [VEOF 2Ry | 700
’ VUt + € UVt i + € 2 Vgq T € Cc Vi +e€
L cIViL@P 2R | 95 (91)
T2 o te c Vi T €

Where last inequality comes from R < 1. Using it for each dimension, we have:

ne [ViL@) | 2R
2 Ut7,+€ c

@Z(Qt,i)
Vi T+ €

E¢ [£(60:41)] <L(6;) —

i=1

d 2
ne [ViL(8,)[P+ (277Rp 2H) ©5(9t.)
—r) -1 4 E
(6:) ; 2 Uy + ; 2 "o te
Noticing /7, + € < RP+/t, we further have:
+1 d 2 2
ne [VLO) 551 2nRP  n*H ©5(9t.)
E; [L(O < L(8y) — — E
¢ [L(0r41)] < L(6;) B) RV Jr; c + 5 T

Summing the previous inequality for all 0 < ¢ < T' — 1, taking the complete expectation, and using Vit < \/T, we have:

T +1 d T 2
e i1 [IVEO)llpi1 <2R 1’ H ) 5 (9t.)
E[L(6:)] < L(6y) — + E b E E IpIte
[£(6:)] (6o) 2nRP\T P c 2 = Viite

Then for each dimension, using Lemma D.2 for the sequence {(g7,)?}1<i<7, we obtain:

E[£(6:)]
T p+1 T
ned 1 E[IVL(O), 1 (27]]?}’ 772H> 1 )
<L(6o) — = + + dE |log [ 1+ = ;
(60) ST . 5 g . ;%(gt,)
T p+1
nedy i EIVL(O)p5  (2nRP n*H R2p
<L(60) - dlog (14 —=—T).
L(6) SRAVT + - + 5 og 1+ ;
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This implies:
E mln IVL(6;) Hﬁﬁ ZE||V£ 6.) ||§ﬁ
(S0 (2 ) (1 71)) <o ()
< +|—+—|dlog|{1+—T| ) =0 .
: ﬁ< ; oty Jdlos (147 T
Hence

logT
IE mln ||V/.:(9t)||§11 <O ( \}gf ) '

D.3. Proof of Theorem 5.11

With the help of the above Lemma D.1 and D.2, we can prove Theorem 5.11.

Proof of Theorem 5.11.
Due to the H-smoothness, we have the quadratic upper bound:

2H
L(Br1) < L(8) =1 (VL)) + L= [l
Taking the expectation at t, we have:

B [£(0041)] SLO0) — B [(VLO), w)] + T B [l ]

d d n?H
S T

i=1

E’t [U?)i] .

Combine Lemma D.1 with Assumption 5.9, we get

) ) D 2 )
B, [ViL(0)ur,] = E, [W(Wﬂ(gw)} o |ViLO)F 2R [ p(9e)
, \/W 2 ’Utﬂ +e o UVt i —+ €

Using it for each dimension, we have:

no |ViL(O)> | 2nRP | o5(9e.:) n’H
E 0 <L(0y) — — E E E
t[£(01)] <£(6) 2 ﬁt,i+6+ o Vi€ +z:1 2 ¢ [vzd]
d 2
no |ViL(6:)* <2an 772H> 03 (91,1)
—r(0) - +3 E
(6:) = 2 \/U,+e ] ‘ Uit €
Noticing /7, + € < RPv/t, we further have:
d 2
no [VLO:)I5 2nRr n’H ©o(g.i)
E 0 < L(6 E
¢ [£(0¢41)] < L(6r) — > Revi +; P i

Summing the previous inequality for all 0 < ¢ < T — 1, taking the complete expectation, and using Vit < \/T, we have:

r d P 2 T 2 ]
E[£(8,)] < £(8y) — "7 2= IVE@IIE | 5~ (Qf n nH) E [Z #3(9.)

ZURP\/T = 2 =7 Ut + €
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Then for each dimension, using Lemma D.2 for the sequence {(g};)*}1<t<T, We obtain:
E[£(6:)]
T 2 2 T
19 3= EIIVL(O,) |2 (2773” U H) IS5 2
<L(6y) — + + dE |log [ 1+ - i
(60) SRPT g ; ;:1 ©p(9t.i)

o 2
T 2 2 2
no > EIVL(O)|z  (20RP  n°H R
< _ .
<L(60) 2R VT + . +5 dlog {1+ . T

This implies:
E min [[VL(9,)] ZEHVﬁ 0,)|3
2RP (L(6y)—L* [(2RP nH R?P
< — + T )dlo R
o (e +<m> (15

n
Rp 1 2R 5(0()) L* 77H R2

_r (R.H.S. of (5)).

The last inequality comes from Assumption 5.9 and R < 1.
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