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SEMA: a Scalable and Efficient Mamba like Attention
via Token Localization and Averaging
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Abstract

Attention is the critical component of a trans-
former. Yet the quadratic computational com-
plexity of vanilla full attention in the input size
and the inability of its linear attention variant to
focus have been challenges for computer vision
tasks. We provide a mathematical definition of
generalized attention and formulate both vanilla
softmax attention and linear attention within the
general framework. We prove that generalized
attention disperses, that is, as the number of
keys tends to infinity, the query assigns equal
weights to all keys. Motivated by the disper-
sion property and recent development of Mamba
form of attention, we design Scalable and Effi-
cient Mamba like Attention (SEMA) which uti-
lizes token localization to avoid dispersion and
maintain focusing, complemented by theoreti-
cally consistent arithmetic averaging to capture
global aspect of attention. We support our ap-
proach on Imagenet-1k where classification re-
sults show that SEMA is a scalable and effec-
tive alternative beyond linear attention, outper-
forming recent vision Mamba models on increas-
ingly larger scales of images at similar model
parameter sizes. Source code can be found at:
https://github.com/nhatthanhtran/SEMA.

1. Introduction

Attention models of linear complexity in the input image
size have been actively pursued in computer vision. One
line of inquiry started with Swin (Liu et al., 2021) where
window attention and shifting form a local-global approx-
imation of vanilla attention (Vaswani et al., 2017) in the
image domain. Another approach is the recursive atten-
tion of linear complexity, or a selective state space model
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known as Mamba (Gu & Dao, 2024), which has been
applied to multi-directional scanning paths across an im-
age for key-query computation (e.g. VMamba (Liu et al.,
2024b)). Observing the similarity of Mamba and causal
linear attention, (Han et al., 2024b) employed linear atten-
tion (Katharopoulos et al., 2020) in the macro-architecture
of Mamba. Surprisingly, the resulting model MILA out-
performed VMamba on 2242 images of ImageNet-1K and
some downstream tasks. Since linear attention is known to
lack expressive power or focusing capability ((Han et al.,
2023) and references therein), it is mysterious that such a
design works well. As the ablation study (Tab. 6 in (Han
et al., 2024b)) showed, advanced and improved linear atten-
tion modules in standalone or other contexts (e.g. Flatten
attention (Han et al., 2023)) did worse in the MILA envi-
ronment.

In this paper, we introduce a generalized attention encom-
passing softmax and linear attention, and prove the generic
dispersion phenomenon (i.e. equal attention to each token)
as the number of tokens tends to infinity. To match this
asymptotic behavior in the simplest manner, we adopt the
arithmetic averaging as a global approximation, in conjunc-
tion with a localized (window) attention to maintain the
desired focusing property of the vanilla softmax attention.
We then place such a local-global approximation in Mamba
like transformer and Swin architecture as MILA (Han et al.,
2024b). Our design is thus explainable, besides being scal-
able and efficient as will be seen.

The key difference between our proposed method and oth-
ers (Velickovic et al., 2025; Ye et al., 2024; Han et al., 2023;
2024a) is that we utilize the theoretically confirmed disper-
sion property to approximate full attention. We prove that
any global attention mechanism inevitably disperses.

Our main contributions in this paper are summarized be-
low.

* We prove that for any continuous normalization func-
tion, the generalized attention disperses (i.e. pay equal
attention to each token) in the limit of infinite range of
tokens. For instance, both the vanilla softmax atten-
tion (Vaswani et al., 2017) and the commonly used
linear attention (Katharopoulos et al., 2020; Li et al.,
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2020) disperse, among others.

* We use theoretical guidance from the long range token
asymptotic limit to match dispersive behavior with
arithmetic averaging for capturing the global aspect of
attention layer in transformer models. Together with
window attention to preserve the local aspect of atten-
tion on high frequency features, we put forth a novel
scalable and efficient local-global attention (SEMA)
in a Mamba type macro-structure (Gu et al., 2020; Han
et al., 2024b).

* We demonstrate in ImageNet classification that SEMA
is effective while image sizes scale up. It is flexible
in finetuning on larger image input, improving accu-
racy and efficiency over recent scalable vision models
(Liu et al., 2024b). SEMA is also competitive in down-
stream tasks.

2. Related Works

Transformer (Vaswani et al., 2017) with its softmax atten-
tion mechanism has been successful in language models.
Its architecture is extended to applications in computer vi-
sion (Dosovitskiy et al., 2021; Liu et al., 2021). The ability
of having direct access to all of the tokens via the atten-
tion mechanism is essential. However, there are a few chal-
lenging problems. The first is the quadratic computation
complexity in terms of the input scale, while the second is
the hidden ability in the attention to focus on the relevant
information.

Many works resolve the quadratic complexity of vanilla
attention (Vaswani et al., 2017) such as window attention
(Liu et al., 2021; Beltagy et al., 2020; Dong et al., 2022),
and linear attention (Katharopoulos et al., 2020; Li et al.,
2020) simplifying the softmax into a separable form and
applying the associative property of matrix multiplication.
Linear attention has been improved by others such as Han
et al. (2023; 2024b). Mamba (Liu et al., 2024b; Gu & Dao,
2024) is a linear complexity state space alternative to trans-
former. Inspired by Mamba, MILA (Han et al., 2024b) de-
signed a linear attention block in a macro structure of the
state space model. However, linear attention has the non-
injectivity issue addressed in Han et al. (2024a).

The attention selection mechanism suffers greatly as the
number of tokens increases. In very long context, the
softmax attention is found unable to attend to important
keys (Velickovi¢ et al., 2025; Ye et al.,, 2024). Lately
Velickovic et al. (2025) describes this phenomenon as dis-
persion. There are existing works attempting to resolve the
dispersion problem observed in the softmax attention head
as the context length increases. Veli¢kovié et al. (2025) pro-
posed an adaptive temperature fix to increase the sharpness
of softmax attention, whereas Ye et al. (2024) suggested to

compute the attention as the difference of two attention ma-
trices to remove the noises in the attention matrices, and al-
low a query to attend to useful keys. The dispersion effect
has been observed in linear attention in situations where
softmax does not exhibit (See Figure 4 of Han et al. (2024a)
and Figure 3 of Han et al. (2023)). In order to increase
the focus of linear attention, Han et al. (2023) proposed to
enhance the large attention coefficients while suppressing
the smaller ones, while Han et al. (2024a) adopted subtrac-
tion instead of division for normalization of linear attention.
Both works have convolution to help maintain focus.

3. Theoretical Analysis of Attention and
Variants: Dispersion Phenomenon

We present a general formulation of the vanilla attention to
capture many variants in a single framework. The goal is
to allow theoretical results to be flexible when applied to
the current popular variants as well as future designs. We
keep the definition simple for ease of readability. We will
be specific about certain choices when addressing the atten-
tion variants.

Notation: For any matrix M € R"*¢ we denote m; is the
i-th row of the matrix. For a vector v € R<, then v; is the
i-th element of the vector.

3.1. Generalized Attention and Dispersion

We present our main theoretical results, beginning with

Definition 3.1. Let x € R™ and ¢ : R — RT,
we define ® : R™ — [0,1]™ such that ®(z) =

D Bwy) T X b(wy) |

Notation: Let f,g : R — R, we say f(z) = O(g(z)) iff
there exists ¢1,¢2 € R and zyp € R such that ¢;g(x) <
f(z) < eog(x) forall x > xo.

For ¢ ¢ R™, if ®(e(™), = ©O(1/n), then we say
@(e(") ). has the dispersion property. That is as n increases
the value ®(e™); goes to 0 for all k, i.e. ®(-) = 0 as
n — oo. We observe that when ¢(z) = exp(z), ()
is the familiar softmax operator. If e,in) > (, then we can
use ¢ : RT — RT. We now present the definition of the
generalized attention which covers many popular attention
variants that we will discuss later in the paper.

Definition 3.2. (®-normalized attention) Let Q, K,V €
R"*4 be the query, key, value matrices. Let 1y, 15, : R —
R? (or (RY)F), ¢ : R (or RT) — R* be continuous. The
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generalized ®-normalized attention is:

S (g () (k)T )y
doi—1 d(Wq(qr)vr(ky)T)

As(Q,K,V) := : )
S (g (gn) vk (k) ur

51 (W (an)or (k5)")

For the remainder of the paper, we will assume 9y, ¥ :
R? — R?(or (R%)7*) are continuous functions. We
observe that if ¢4, are identity and ¢(x) = exp(z),
then this is the vanilla softmax full attention. Similarly, if
e(x) = Yp(x) = ELU(z) + 1, and ¢(z) = x, then this
is linear attention. Here we measure similarity between the
queries and keys using the natural choice of inner product,
however we can extend this definition to any other continu-
ous similarity functions (Luong et al., 2015). The following
Theorem 3.3 still holds for a more general case. For clarity,
we refrain from using a more general similarity function
since the current attention mechanism uses inner product
by default. The normalization factor 1/ \/E in vanilla atten-
tion is implicitly inherited in 14 and ¥»,. We now prove the
main theorem of the paper.

Theorem 3.3. Let X C RY be a compact input feature
space, and let X(™) € X" be a matrix of input features
Sor n items. Let el(;l) = q(qi)wk((kER)))T where () =

v(:cE”),...,:z:%")) and K™ = H(Ign),---vfﬂszn))’ where

v X" = R™ gnd k : X" — R 4 are continuous
functions, each expressible as a composition of L layers
gr o fr o---0 gy o f1 where each layer contains a feed-
Sforward component fi(z1,...,2,)r = fi(zk) and a self
®-normalized attentional component ¢;(z1,...,2n)k =
D 1<1<n Q1kVi(21) where ay, € [0, 1] are ®-normalized at-
tention coefficients and v; is a feedforward network. Then,
forany € > 0, there exists ann € N such that @(egn))j <e
forall 1 <i,j <n. That is the ®-normalized attention co-
efficients must disperse in all transformer heads.

We briefly outline the proof here with details left to the Ap-
pendix B. Since the functions in the theorem are contin-
uous, they all preserve compactness. Thus ¢, continuous
on a compact set, must attain its maximum and minimum.

Therefore, @(el(-"))j < %%, for some a,b € R. Hence
#(b)

the theorem holds for all n > e

Remark 3.4. The compactness assumption can be relaxed
to boundedness since we can take the closure of the set to
get compactness by the Heine-Borel theorem. The bound-
edness assumption is strict, because if X is unbounded,
then Theorem 3.3 may not hold. For example if we
let ¢(x) = exp(x), and ¢g, ¢y as identity and gk] =

log(1/52), then
olakj) _ dlak]) 6 o
Z?:l ¢(qk;‘f) B Zfil ¢(qk;‘f) a m2j%

Thus the query q attends to the first key with at least 6 /72
probability.

For a neural network, ¢ is typically Lipschitz continuous.
This implies that for any suitable choice of ¢, the attention
will disperse. There are heuristics to resolve the dispersion
problem, e.g. Ye et al. (2024) suggested a so called differ-
ential attention that computes the difference between two
attention matrices. They argued that this allows the noise
to cancel out. However, because differential transformer
computes the difference between two attentions matrices,
theoretically it is still ©(1/n). Thus differential attention
disperses as well. One advantage of differential attention
over standard attention is that it allows the attention matrix
to take negative values, thus alleviates the lower bound of
standard attention which is C'/n for some C € R*. The
compactness assumption is realistic in many applications.
For natural language processing, the dictionary is finite,
thus the total number of tokens is finite, e.g. GPT2 uses
a dictionary of 50257 byte-pair-encoding tokens (See et al.,
2019). For vision, given a fixed image resolution, we repre-
sent each channel of a pixel with an integer from 0 to 255.
Therefore, there are finitely many permutations of image
representations.

The dispersion coefficient ¢(b)/¢(a) depends on the maxi-
mum and minimum values of function ¢ on the domain. In
addition, if ¢(x) is homogeneous, that is ¢(Sz) = So(x)
forall 8 € R, then the dispersion coefficient is independent
of the scaling of the argument. Thus ¢(z) = exp(z) is
one of the “optimal” choices, i.e. softmax attention. There
is some empirical evidence that linear attention disperses
much faster than softmax attention, e.g. Han et al. (2023)
shows that linear attention lacks focusing ability on image
tasks, whereas softmax attention does not display similar
behavior, see the examples of Fig. 3 in Han et al. (2023).
This is consistent with our analysis of dispersion coeffi-
cients. Both Han et al. (2023) and Velickovi¢ et al. (2025)
addressed this problem by choosing a ¢ to amplify the max-
imum and suppress the minimum, thus increasing (decreas-
ing) the dispersion coefficient (rate). The notations here
agree with those in Velickovi¢ et al. (2025) whose Theo-
rem 2.2 is a special case of Theorem 3.3. The dispersion
rate also depends on the datasets and tasks. For example
(Velickovié et al., 2025) shows that on Gemma’s Module
file, ¢(b)/p(a) € [9.7,2.6 x 105] with mean and standard
deviation (2.95 x 102 & 7.76). On ImageNet-1K test set,
the pretrained MILA model exhibits a dispersion rate of
#(b)/é(a) € [2.4 x 103, 3.2 x 105] with mean and standard
deviation (2.8 x 10° £ 3.49 x 10°). Moreover, across all at-
tention heads, the dispersion rate is below 10 and 2 x 106



SEMA: a Scalable and Efficient Mamba like Attention via Token Localization and Averaging

with probabilities of 94.2 and 98.3 respectively. These sug-
gest that dispersion effects may arise at much smaller token
counts in language models than in vision models. However,
for certain image problems such as medical imaging, the
number of tokens can reach to the order of 109 (Wu & et al,
2024).

Lastly, we present an alternative perspective on the disper-
sion phenomenon from a probabilistic standpoint. Assum-
ing that the un-normalized attention scores are drawn from
certain distributions, we show that the ®-normalized atten-
tion disperses with high probability.

Proposition 3.5. Let X1, X5, ... be random variables (not
necessarily i.i.d.) such that X; > 0 with E[X;] = p >
0, sup; ; Cov(X;, X;) < oo, and for every n, |{(i,]) :
Cov(X;, X;) >0and 1 <i<j<n} <n%forl<
a < 2. For 0 < e < p, with (high) probability 1 — ¢,
there exists N. € N, such that for all n > N, we have the
inequality:

X; X; < X;
n(pte) = XX T n(p—e)

3)

The proof leverages the weak law of large numbers to the
sum of covariance-bounded random variables, by selecting
N with respecting to € to derive the bound. Further de-
tails are provided in the Appendix B. The inequality with
n® on the right hand side essentially requires that the posi-
tive covariance entries be sparse. If ¢(¢,(q(™ )y (kgn))T)
are drawn from X distributions under suitable covari-
ance condition, it follows from Proposition 3.5 that the ®-
normalized attention disperses with high probability.

In the following subsections, we overview recent variations
of linear attention and state space models in the lens of dis-
persion before presenting our model in section 4.

3.2. Focused and Window Attention

Focused Attention (Han et al., 2023) is a modification of
linear attention where ¢,(z) = ¥i(z) = fp(ReLU(x)),
with fp(z) = %pr for some p, and z**P represents
element-wise power p of z. This still falls under Theo-
rem 3.3 because )4, 1, are continuous. This is another ad
hoc approach to reduce the effect of dispersion because for
p > 1, x**P greatly increases large components while sig-
nificantly decreases small components. Thus the dispersion
coefficient (rate) gets larger (smaller). A particular choice
of p is 3. In addition, due to rank mismatch between lin-
ear attention and vanilla full attention matrices, Han et al.
(2023) suggested to offset the attention matrix by a sparse
depthwise convolution matrix M pyy ¢, that is

FA(Q,K,V) = A@(Q,K,V)-l-Mch(V). 4)

Here Ag is computed using ,(z) = tp(z) =
fp(ReLU(2)), ¢(x) = x. Asn — oo, the focused atten-

tion becomes a convolution layer as the attention disperses
toward zero.

Table 1. Attention types and their corresponding dispersion
bounds. Here a and b are the argmin and argmax on particular
compact domain of ¢ respectively. a, b may differ per method.

Methods | ¢(x) Bounds

Softmax | exp(z) fdgab)) < P(x), < n‘z:;(bi)

Linear x fé?b)) < P(x), < n‘z;f(bi)

Focused z fé?g) <P(z) < n‘z;f(bg)

MILA x S < o(a) < 2
Differential | exp(z) % < P(x), < %

Swin (Dong et al., 2022) introduces window attention
mechanism: each query only interacts with a few keys in
a pre-defined window. For completeness, we formulate the
window attention mechanism in this section, and clearly
show that it does not disperse.

Definition 3.6. Let Q, K,V € R"*< be the query, key,
value matrices resp. Let w € N be the window size such
that w divides n. Define the window attention as:

D ies) P(Wg(a) i (k;) " )v;
>ica) @(Wq(q)vn(ki)T)
Zjej(n) D(Yq (Qn)z/% (ki) ")v;
2 ica(n) P(Wq(@n)b(ki)T)

A@(Qv Ka Va U)) =

(5)
For some index set J(m), for example J(m) = {Mw +
1,...,(M+1)w}, where M = [ 21 ],

Thus for the i-th row of attention, we have

G(Vq(qi) b (k;)" v
ey PWqlai)r(k)T)’
(6)

A‘P,i(Qa K7 ‘/7 ’LU) =
JEJ (i)

which is independent of n, thus there is no dispersion.

The formulation of window attention here can be quite gen-
eral. Since the index set J(m) can be constructed so that
it creates different patterns such as sliding window or di-
lated sliding window (Beltagy et al., 2020). In particular,
any attention mechanism limiting the query to only attend
to a fixed number of keys falls under definition 3.6. This is
because that after positional encoding, we can relabel the
indices of keys so that the final attention computation does
not change. A major drawback of window attention is that
itis unable to reach global receptive field. Thus any method
based on window attention needs other mechanisms to ac-
count for this weakness. We will address this in SEMA.
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3.3. Mamba and Recursive Attention

For a complete derivation of state space model and Mamba,

we refer the readers to Han et al. (2024b); Gu & Dao (2024).

Here we adopt the notations of (Han et al., 2024b). The
state space model is a map from input z(¢) € R to output
y(t) € R through a hidden state h(t) € R%*! that can be
written as the following system of equations:

h'(t) = Ah(t) + Bz(t),y(t) = Ch(t) + Dz(t), (7)

where A € R4 B h(t), t(t) € R>*1 C e R4 D ¢
R. After applying the zero-order hold discretization, and
extending the map to high dimensional input x € R"*¢, we
obtain the following multi-dimensional system of discrete
equations (Han et al., 2024b):

hi = Ai®hi_1+Bi(A;0x;), yi = Cihi/1+DOw;, (8)

where Tiy Yi, Aia D7 € Rlxca Aia hi—17 hi € Rdxca Bi €
RI*1 C; € R'¥4, / denotes elementwise division, and
© the elementwise product. In contrast, the causal linear
attention in recursive form is (S = 0, Z; := Z;’:l k;fp):
Si =108 1+kl (10v),yi = ¢:Si/a:Z; +00 x;, (9)

for given Q, K,V € R™*d_ the queries, keys, and values
respectively. This reveals the association between Eq. (8)
and Eq. (9): ¢; ~ Ci,kiT ~ B; and v; ~ xz;. It follows
from Eq. (8) and hg = 0 (see Appendix B for details):

Ym =D qmk] Ui + D O v, (10)
i=1

where k7 0; = (]_[;":_1Z flm,(j,l)) ® (Bi(Aj © x4)), with
I] as matrix product in the elementwise sense. The sec-
ond term in (10) can be understood as a skip connection.
The first term in (10) is the causal masked attention with
¢(x) = x (without the normalization term). In Mamba,
Ay’s are chosen so that every element falls between 0 and
1 (Han et al., 2024b), implying that the product of A; goes
toward zero, i.e. the sum in equation (10) converges as
m — oo. For fixed query (g,,), increasing the number
of keys above m does not change the value of the Mamba
attention in equation (10). This implies that Mamba-like at-
tention mechanism does not disperse. We want to point out
that the actual implementation of linear attention in MILA
(Han et al., 2024b) is not casual, thus it will disperse as
shown in the next subsection. Equation (10) shows that
there is exponential forgetting of previous keys in terms of
Hadamard products of A;. This is quite similar to LagT
measure in HIPPO mechanism (Gu et al., 2020). Later, we
shall use window attention to mimic such forgetting mech-
anism.

3.4. Mamba Inspired Linear Attention
Mathematically, MILA is
MILA(q;, K,V) = Z wR(¢Z(qz))¢R(wk(kj))T o
=1 2121 7/)q(Qi)7/)k(kl)
+ ¢ (vi), (1)

where 1 is RoPE (Su et al., 2024), 1, is LePE (Dong
etal., 2022), and ¢4(z) = ¢Yr(x) = ELU(z) + 1.

The MILA equation (11) resembles the focused-attention
formulation in (4), with the only difference being the RoPE
gating. We showed that focused attention disperses toward
a convolution as the number of keys n — oo. Likewise,
MILA also converges toward a convolution in the same
limit. The argument proceeds as in Theorem 3.3. We pro-
vided a more details explanation in Appendix B.4.

We summarize attention mechanisms discussed here with
their corresponding ¢ and theoretical upper and lower
bounds of the ®-normalized attention coefficients in Tab.1.

4. SEMA Models via Token Localization and
Averaging

In order to resolve dispersion in softmax full attention,
Velickovic et al. (2025) suggested an adaptive temperature
as an ad hoc technique for improving sharpness. In our no-
tation, their choice is ¢(x) = exp(x/0) for some optimal
0. We observe that as § — 0, the softmax attention con-
verges to a hardmax, i.e. all of the attention is given to a
single key, the remaining keys receive zero attention. The
functional form of € is chosen manually with each dataset.
This limits the ability of the model to generalize on new
datasets. Instead of resolving the dispersion property of at-
tention, we fully embrace the property since we proved that
any suitable choice of ¢ will cause dispersion.

We aim to design a model where attention computation is
local and does not lead to dispersion. A way to achieve
this is to limit the number of keys that a query attends to,
i.e. window attention or some form of sparse attention,
which resembles exponential forgetting in Mamba-like re-
cursive attention. Since window attention has a narrow re-
ceptive field, it prevents the model from accessing global
information. To alleviate this problem, one may adopt ei-
ther a shifted window (Liu et al., 2021) or a mixing mech-
anism after each attention layer. Each such fix has its own
weakness however. Shifted window requires manual de-
sign and multiple layers (Liu et al., 2021). Though a mix-
ing mechanism recovers global receptive field to a large
extent, the exact form is often unclear if one also aims at
efficiency. We showed that full softmax attention will dis-
perse, i.e. softmax(QK7T) = ©(1/n), where n is the num-
ber of keys. Thus one can mimic the full softmax attention
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Table 2. Performance reported on standard 2242 image size input of ImageNet-1K.

Method Type # Params FLOPs | Top-1 (%)
ConvNeXt-T (Liu et al., 2022) CNN 29M 4.5G 82.1
MambaOut-T (Yu & Wang, 2025) CNN 27TM 4.5G 82.7
VAN-B2 (Guo et al., 2023) CNN 27TM 5.0G 82.8
MixFormer-B4 (Chen et al., 2022) CNN+Transformer| 35M 3.6G 83.0
Swin-T (Liu et al., 2021) Transformer 20M 4.5G 81.3
PVTv2-B2 (Wang et al., 2022) Transformer 25M 4.0G 82.0
CSwin-T (Dong et al., 2022) Transformer 23M 4.3G 82.7
Inline-CSwin-T (Han et al., 2024a) Transformer 21M 4.3G 83.2
Flatten-CSwin-T (Han et al., 2023) Transformer 21M 4.3G 83.1
NAT-T (Hassani et al., 2023) Transformer 28M 4.3G 83.2
VMamba-T (Liu et al., 2024b) Mamba 31M 4.9G 82.6
LocalVMamba-T (Huang et al., 2024) Mamba 26M 5.7G 82.7
DefMamba-S (Liu et al., 2025) Mamba 32M 4.8G 83.5
MILA-T (Han et al., 2024b) Mamba-like 25M 4.2G 83.3
SEMA-T (Ours) Mamba-like 26M 4.3G 83.7
ConvNeXt-S (Liu et al., 2022) CNN 50M 8.7G 83.1
MambaOut-S (Yu & Wang, 2025) CNN 48M 9.0G 84.1
PVTv2-B3 (Wang et al., 2022) Transformer 45M 7.9G 83.2
CSwin-S (Dong et al., 2022) Transformer 35M 6.9G 83.6
VMamba-S (Liu et al., 2024b) Mamba 50M 8.7G 83.6
DefMamba-B (Liu et al., 2025) Mamba 51M 8.5G 84.2
MILA-S (Han et al., 2024b) Mamba-like 43M 7.3G 84.4
SEMA-S (Ours) Mamba-like 46M 7.6G 84.6
ConvNeXt-B (Liu et al., 2022) CNN 89OM 15.4G 83.8
NAT-B (Hassani et al., 2023) Transformer 90M 13.7G 84.3
VMamba-B (Liu et al., 2024b) Mamba 89M 15.4G 83.9
MILA-B (Han et al., 2024b) Mamba-like 96M 16.2G 85.3
SEMA-B (Ours) Mamba-like 102M  16.9G 85.4

Table 3. Model top-1 (%) comparison with and without finetuning on larger size input images from ImageNet-1K.

Method Type Image Size | #Params FLOPs | No tuning | Finetune
VMamba-T Mamba 3847 31IM 14G 824 83.5
SEMA (Ours) Mamba-like 3847 26M 13G 83.1 84.1
VMamba-T Mamba 672° 3IM 43G 77.9 83.6
SEMA (Ours) Mamba-like 6722 26M 40G 78.9 84.1
VMamba-T Mamba 7682 31IM 57G 74.7 83.5
SEMA (Ours) Mamba-like 768> 26M 52G 75.4 84.2
VMamba-T Mamba 10242 3IM 100G 574 83.4
SEMA-T (Ours) | Mamba-like 10242 26M 93G 64.7 83.8

Table 4. Model average inference time of 1000 runs on NVIDIA
RTX A6000.

Method Type Image Size | Runtime (ms)
MILA-T Mamba-like 2247 25.86
SEMA-T (Ours) | Mamba-like 2242 23.83
MILA-T Mamba-like 5122 26.10
SEMA-T (Ours) | Mamba-like 5122 23.87
MILA-T Mamba-like 10247 60.73
SEMA-T (Ours) | Mamba-like 10242 40.33
MILA-T Mamba-like 20482 24435
SEMA-T (Ours) | Mamba-like 20482 161.85

by simply averaging out all the tokens (as a low pass filter-
ing): for a query (row vector) g, key matrix K, and value
matrix V, approximate row-wise in the large n regime as:
softmax(q K1)V =~ %Z;’:l v;. We call this averaging

a homogeneous mixing, which reduces the computational
complexity of full attention coefficients from O(n? d) to
O(1), as the matrix product Q K7 is down to a scalar factor
1/n, and d the hidden dimension. The algorithms for com-
puting window attention and such a homogeneously mixed
window attention (referred to as SEMA attention from here
on) are summarized in Algorithm 1 in Appendix G.

Concretely, for given Q, K,V € R"*% and w € N, such
that w divides n, define:

1 n
EMA K =A K — ;
S (Q7 7V) @(Qa ,‘/,W)+ n;”] ’

12)
where [-] broadcasts the row n times to permit matrix addi-
tion. In all our experiments, we use ¢4(z) = Yi(z) = x,
and ¢(z) = exp(z), or the window softmax attention. The
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Table 5. Mask R-CNN 1x and 3x tasks on COCO dataset using input image of resolution (1280 x 800). Transformer(T), Mamba(M),

Mamba-like(ML), bold best-2.

(a) Mask R-CNN Ix

(b) Mask R-CNN 3x

Table 6. Semantic Segmentation on ADE20K. SS and MS denote
single-scale and multi-scale, resp. FLOPs are calculated with an
input size of 512 x 2048, bold best-2.

Backbone Params FLOPs|[mIOU (SS) mIOU (MS)
ResNet-50 67M 953G 421 428
DeiT-S + MLN | 58M  1217G 43.8 45.1
Swin-T 60M 945G 44.5 45.8
ConvNeXt-T | 60M 939G 46.0 46.7
NAT-T 58M 934G 47.1 48.4
VMamba-T 62M 949G 47.9 48.8
SEMA-T 56M 956G 48.2 48.5
a—ls —a — o
§ e — 2 —§ |2
K — E — K — g g ;g‘ - E
Vo8
Q— s —Qa — o
g £— 5 — % °
13— — & BT E 8
vV — §: — Vv —I

abeiany

Figure 1. Homogeneous mixing (averaging) in SEMA attention
(bottom) vs. window attention (top).

first term in Eq. 12 processes information locally via win-
dow attention and the second term aggregates the global in-
formation to all of the tokens. We present an overview com-
parison of window attention and SEMA attention in Fig. 1.
For the overall architecture of the model, we will utilize the
design of MILA. We present the details architecture in Ap-
pendix F. We choose MILA because (1) the design uses a
simple linear attention that we will replace with SEMA at-
tention; (2) our choice of window attention inspired by the
forgetting property of Mamba naturally lands SEMA into
the Mamba-like category. An overview of our model is in
Fig. 2. The main difference lies on the Attention Block,
where we used SEMA attention in lieu of Linear attention

Method Type | # Params FLOPs| AP® AP, AP%;|AP™ APy APZL|AP® AP, AP%;|AP™ APZ, APM
ConvNeXt-T |CNN| 48M 262G |442 66.6 483 |40.1 63.3 428 [462 679 50.8 |41.7 65.0 449
PVTv2-B2 T 45M 309G |45.3 67.1 49.6 | 412 642 444 (478 69.7 53.0 |43.1 668 46.7
CSWin-T T 42M 279G |46.7 68.6 513|422 65.6 454 (49.0 707 53.7|43.6 679 466
LocVMamba-T | M | 45M 291G |46.7 68.7 50.8 | 422 65.7 455 [48.7 70.1 53.0|434 670 464
VMamba-T M | 50M 271G |47.3 69.3 52.0 | 427 66.4 459 (489 70.6 53.6|43.7 617 46.8
MILA-T ML | 44M 255G [46.8 69.5 51.5|42.1 66.4 450|488 71.0 53.6 |43.8 68.0 46.8
SEMA-T (Ours)| ML | 46M 275G |47.2 69.9 52.2 |42.4 66.6 45.6 (492 71.0 54.1|439 68.3 47.1

@  Addition

@  Hadamard Product

@  SiLUActivation

Linear Linear

Linear Attention SEMA Attention

Linear Linear

Linear

Linear Linear

Attention
Block

f

Norm

MILA

Figure 2. Mamba like transformers: MILA vs. SEMA, green
blocks show our innovations.

Conv. Conv.

Linear Linear Linear Linear

SEMA

for MILA. We noted that MILA does not use a linear pro-
jection for the values V' (inspired by Mamba) while our for-
mulation uses a linear projection for the values. For this rea-
son, SEMA’s parameter size is slightly higher than MILA’s.

The latter part of the formulation in Eq. 12 is applied in-
dependently to each attention head. Consequently, a single
key representation is shared within each head. This design
choice is closely related to KV cache mechanism. In partic-
ular, Multi-Query Attention (Shazeer, 2019) shares a single
set of keys and values across all attention heads, thereby re-
ducing memory and bandwidth requirements during infer-
ence. In contrast, Multi-Head Latent Attention (Liu et al.,
2024a) stores keys and values in the KV cache using a low-
rank latent representation, then reconstructs them via low-
rank projection during attention computation. When the
original keys are similar, this compression-projection (CP)
process may produce nearly identical keys and values for
attention, effectively behaving as an averaging operation.
In this regime, the resulting attention computation is equiv-
alent to the SEMA formulation. In general, the CP process
resembles a sparsely weighted average which may be a fu-
ture extension for SEMA.
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5. Experiments

In this section, we will test SEMA on classical bench-
marks in computer vision such as ImageNet-1K, COCO,
and ADE20K. Due to limited resources available, we are
unable to perform a thorough tuning of hyper-parameters
and so have adopted those of MILA (Han et al., 2024b).
We also report performance based on a single run in most
of the experiments, this is typical for this line of research
under physical resource constraints (Liu et al., 2024b; Han
et al., 2024b). Notably, we observed that the performance
of SEMA-T on Imagenet-1K, as presented in Tab. 2, was
consistent across several runs. !

ImageNet-1K: To evaluate SEMA on ImageNet-1K clas-
sification (Deng et al., 2009), we trained our models un-
der the same settings as MILA (Han et al., 2024b) and
Swin Transformer (Liu et al., 2021). The dataset con-
sists of 1.28M training images and 50K validation images
with a total of 1000 classes. We trained all of our mod-
els from scratch for 300 epochs using AdamW (Loshchilov
& Hutter, 2019) optimizer with a cosine learning rate de-
cay schedule of 20 warm-up epochs and weight decay of
0.05. The initial learning rate is set to 4 x 1073, We apply
standard augmentation and regularization as RandAugment
(Cubuk et al., 2020), Mixup (Zhang et al., 2018), CutMix
(Yun et al., 2019), and random erasing (Zhong et al., 2020).
For window attention, we used the standard window size of
7. We compared the results with current SOTAs. SEMA-T
achieves a top-1 accuracy of 83.7, outperforming 83.3 of
MILA-T (Han et al., 2024b), and DefMamba (Liu et al.,
2025). Similarly SEMA-S/B achieves a top-1 accuracy of
84.6/85.4, surpasses 84.4/85.3 of MILA-S/B. We summa-
rized the result in Tab. 2.

ImageNet-1K on Larger Resolutions: Classical tokeniza-
tion of images, such as patching in Swin, converts every
4 x 4 pixels patch into a token via convolutions. Thus,
increasing image resolution while maintaining the patch
size increases the number of tokens. For example, under
the standard settings, an image resolution of 2242 yields
n = 562 tokens in stage one (Fig. 3 in the Appendix)
where an image of size 10242 generates n = 2562 to-
kens. We evaluate models on higher image resolutions
(3842,6722,7682,1024%) of ImageNet-1K. Such experi-
ments have been scarcely reported, except in VMamba
(Liu et al., 2024b). We start with generalization under no-
tuning. As increasing resolutions lower the performance,
a prevalent phenomenon in existing networks (Liu et al.,
2024b), we mainly compare the differences among the
models. We observe that for image resolution of 3842, 6722
and 7682, VMamba-T is about 1% behind SEMA-T. How-
ever, VMamba-T performs significantly worse than SEMA-

'All datasets were downloaded and evaluated by the university
only.

T at 10242, The gap is 7.3%. This reveals that VMamba-T
struggles to process large images, while SEMA-T is much
more resilient as image sizes scale up. We then finetune
the models pre-trained on 2242 images with few epochs
retraining on larger images (the corresponding size of the
input in the generalization test), see Appendix D for de-
tails. The models all recover and surpass their respective
performance levels at 2242, Table 3 shows that SEMA-T is
0.4-0.7% better than VMamba-T on all resolutions.

COCO: We also evaluate SEMA for the instance segmenta-
tion task on MSCOCO2017 (Lin et al., 2014) via the 1x and
3x Mask R-CNN training setting in Swin (Liu et al., 2021),
with pretrained SEMA-T backbone on the ImageNet-1K.
Due to resource limitations, we only conducted experi-
ments using a couple of window size options. Our best
results were obtained from window size of 12. We expect
that finetuning the window size would yield better result.
We compare SEMA-T to other SOTAs in Table 5. SEMA-
T shows superiority in all measures for 3x task and stays
in top-2 across all measures for 1x task. SEMA-T demon-
strates performance that is comparable to or surpassing that
of MILA-T across all metrics within Mamba-like architec-
tures.

ADE20K: Lastly, we conduct semantic segmentation on
ADE20K with a similar setup as Swin (Liu et al., 2021),
see details in Appendix D. Table 6 shows that SEMA-T
surpasses VMamba-T in the single scale regime with an
mlIOU of 48.2, while remaining competitive in the multi-
scale regime with an mIOU of 48.5.

Overall, SEMA’s performance on standard benchmarks
such as ImageNet-1K, COCO, and ADE20K demonstrates
two key findings. First, SEMA serves as a robust replace-
ment for existing attention mechanism in the regime of rel-
atively small number of tokens, i.e. 562 for ImageNet-1K.
In the large token regime, its theoretical guarantees pro-
vide an additional safety net. Second, as shown in Tab.
3, VMamba-T exhibits weaknesses when applied to large-
resolution image inputs, whereas SEMA maintain signifi-
cantly stronger adaptability and robustness.

We compare the runtime of SEMA against its counter-
part MILA. In Tab. 4, we observe that at low reso-
lution of 2242,5122, SEMA is about 10% faster than
MILA with similar runtime. In the large resolution regime
of 10242,20482 SEMA is about 33% faster than MILA,
demonstrating the scalability of the proposed approach.

6. Ablation Study

In this section, we conduct experiments to show the bene-
fit of modifications to the overall performance of the model.
First, at the standard resolution of 2242, removing the value
projection significantly reduces top-1 accuracy by about
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—0.8%, while removing the averaging component has only
a minor impact (about —0.2%). This indicates that, in
this regime, the performance gain primarily comes from
the value projection (corresponding to the additional lin-
ear layer), while the averaging component-related to dis-
persion contributes little. Since the number of tokens in our
network (see Fig. 3 in the Appendix) is small in the later
stages, the typical window attention is nearly full attention,
esp. stage 4 has input resolution of 7 x 7 and the window
size is 7, thus window and full attention are identical. This
explains why we have a minor improvement under the in-
put resolution of 2242, We demonstrated SEMA’s stronger
performance under larger input resolution in Tab. 3.

To further examine the role of the averaging (homoge-
neous mixing) component, we provide an additional abla-
tion across different resolutions in Tab. 8. At 2242, the av-
eraging term contributes only +0.2% top-1 accuracy. How-
ever, as the input resolution increases to 6722, its contribu-
tion becomes more pronounced: +0.4% after fine-tuning
and +2.2% without fine-tuning.

These results are consistent with our theoretical analysis.
When the input space X is fixed (Theorem 3.3), the dis-
persion coefficient is fixed, and the sequence length be-
comes the primary factor affecting dispersion. As the se-
quence length increases (e.g., higher resolution), dispersion
becomes more significant, and the averaging term, serving
as a global approximation, plays a larger role. Therefore,
while the improvement at 2242 is not driven by dispersion,
the gains at larger resolutions are increasingly attributable
to the averaging component. After fine-tuning, we expect
the input space X to shift, which can partially mitigate dis-
persion.

Although the benefit of homogeneous mixing in standard
ImageNet-1K is marginal, (Dayag et al., 2026) shows that
homogeneous mixing is highly effective when apply to
medicals image segmentation tasks. In particular, as the
image size increase the F'1 score gain is much more signif-
icant. Under different dataset with various properties, we
showed that adding a simple average help model capability.
Thus demonstrate the robustness of the design. We include
the results in Tab. 9 in Appendix C.

Table 7. Ablation study on images of 2242 resolution of
ImageNet-1K.

Method | Average | Value Projection | Top-1
SEMA-T v 82.9
SEMA-T v 83.5
SEMA-T v v 83.7

Table 8. Ablation study of homogeneous mixing (averaging) on
various images resolution of ImageNet-1K.

) )
Method | Average | 2242 672 672
Finetune | No tune
SEMA-T 83.5 83.7 76.7
SEMA-T v 83.7 84.1 78.9

7. Conclusion

We formulated a generalized attention (GA) to subsume
softmax and its linear attention variants, and proved that
GA disperses, which inspires our SEMA design. SEMA
uses window attention to avoid dispersion and averaging
to capture global information. The simple averaging step
is based on the large token asymptotic analysis of GA
both deterministically and probabilistically, hence theo-
retically rooted. Experiments on ImageNet-1K, COCO,
ADE20K showed the effectiveness, scalability and robust-
ness of SEMA. In future work, we plan to (1) derive
sharper bounds on dispersion coefficients, (2) extend aver-
aging to learned and weighted averaging as well as sparsely
weighted averaging in case of extremely long tokens, and
(3) apply our framework to scientific data problems involv-
ing long tokens such as large size medical images (Wu &
et al, 2024).

Impact Statement

This paper presents theoretical and methodological ad-
vances for modeling long sequences in machine learning.
The work does not involve new data collection. While
the proposed techniques may be incorporated into systems
used for a wide range of tasks, including medical image
analysis, any societal or ethical impact will depend on the
particular application, data, and deployment.

Acknowledgments

The work was partially supported by NSF grants DMS-
2151235, DMS-2219904, DMS-2309520, and a Qual-
comm Gift Award. NTT was also funded by a Faculty En-
dowed Fellowship and the Graduate Scholar Success Fund
from the University of California, Irvine.

References

Allan, M., Shvets, A., Kurmann, T., Zhang, Z., Duggal, R.,
Su, Y.-H., Rieke, N., Laina, I., Kalavakonda, N., Boden-
stedt, S., et al. 2017 robotic instrument segmentation
challenge. arXiv preprint arXiv:1902.06426,2019.

Beltagy, 1., Peters, M. E., and Cohan, A. Longformer: The
long-document transformer. arXiv:2004.05150,2020.



SEMA: a Scalable and Efficient Mamba like Attention via Token Localization and Averaging

Chen, Q., Wu, Q., Wang, J., Hu, Q., Hu, T., Ding, E.,
Cheng, J., and Wang, J. Mixformer: Mixing features
across windows and dimensions. CVPR, 2022.

Contributors, M. MMSegmentation: Openmmlab semantic
segmentation toolbox and benchmark, 2020.

Cubuk, E. D., Zoph, B., Shlens, J., and Le, Q. Randaug-
ment: Practical automated data augmentation with a re-
duced search space. In Larochelle, H., Ranzato, M.,
Hadsell, R., Balcan, M., and Lin, H. (eds.), Advances
in Neural Information Processing Systems, volume 33,
pp. 18613-18624. Curran Associates, Inc., 2020.

Dayag, E., Tran, N. T., and Xin, J. USEMA: a scalable effi-
cient mamba like attention for medical image segmenta-
tion, 2026.

Deng, J., Dong, W., Socher, R., Li, L.-J., Kai, L., and
Li, F-F. Imagenet: A large-scale hierarchical image
database. In 2009 IEEE Conference on Computer Vi-
sion and Pattern Recognition, pp. 248-255, 2009. doi:
10.1109/CVPR.2009.5206848.

Dong, X., Bao, J., Chen, D., Zhang, W., Yu, N., Yuan, L.,
Chen, D., and Guo, B. Cswin transformer: A general
vision transformer backbone with cross-shaped windows.
CVPR, 2022.

Dosovitskiy, A., Beyer, L., Kolesnikov, A., Weissenborn,
D., Zhai, X., Unterthiner, T., Dehghani, M., Minderer,
M., Heigold, G., Gelly, S., Uszkoreit, J., and Houlsby,
N. An image is worth 16x16 words: Transformers for
image recognition at scale. In International Conference
on Learning Representations, 2021.

Gu, A. and Dao, T. Mamba: Linear-time sequence model-
ing with selective state spaces. In First Conference on
Language Modeling, 2024.

Gu, A., Dao, T., Ermon, S., Rudra, A., and Re, C. Hippo:
Recurrent memory with optimal polynomial projections.
NeurlPS, 2020.

Guo, M, Lu, C., Liu, Z., Cheng, M., and Hu, S. Visual
attention network. Computational Visual Media, 9(4):
733-752,2023.

Han, D., Pan, X., Han, Y., Song, S., and Huang, G. Flat-
ten transformer: Vision transformer using focused linear
attention. ICCV, 2023.

Han, D., Pu, Y., Xia, Z., Han, Y., Pan, X,, Li, X., Lu, J.,
Song, S., and Huang, G. Bridging the divide: Reconsid-
ering softmax and linear attention. In The Thirty-eighth
Annual Conference on Neural Information Processing
Systems, 2024a.

10

Han, D., Wang, Z., Xia, Z., Han, Y., Pu, Y., Ge, C., Song, J.,
Song, S., Zheng, B., and Huang, G. Demystify Mamba
in Vision: A Linear Attention Perspective. NeurlIPS,
2024b.

Hassani, A., Walton, S., Li, J., Li, S., and Shi, H. Neigh-
borhood attention transformer. In Proceedings of the
IEEE/CVF Conference on Computer Vision and Pattern
Recognition (CVPR), pp. 6185-6194, June 2023.

Huang, T., Pei, X., You, S., Wang, F., Qian, C., and Xu, C.
LocalMamba: Visual state space model with windowed
selective scan. arXiv:2403.09338,2024.

Katharopoulos, A., Vyas, A., Pappas, N., and Fleuret, F.
Transformers are RNNs: Fast autoregressive transform-
ers with linear attention. /CML, 2020.

Li, R., Su, J., Duan, C., and Zheng, S. Linear attention
mechanism: An efficient attention for semantic segmen-
tation. arXiv:2007.14902,2020.

Lin, T.-Y., Maire, M., Belongie, S., Hays, J., Perona, P.,
Ramanan, D., Dollar, P, and Zitnick, C. L. Microsoft
coco: Common objects in context. In Fleet, D., Pajdla,
T., Schiele, B., and Tuytelaars, T. (eds.), Computer Vi-
sion — ECCV 2014, pp. 740-755, Cham, 2014. Springer
International Publishing. ISBN 978-3-319-10602-1.

Liu, A., Feng, B., Wang, B., Wang, B., Liu, B., Zhao,
C., Dengr, C., Ruan, C., Dai, D., Guo, D., and
et al. Deepseek-v2: A strong, economical, and efficient
mixture-of-experts language model, 2024a.

Liu, L., Zhang, M., Yin, J., Liu, T., Ji, W., Piao, Y., and Lu,
H. DefMamba: Deformable visual state space model.
arXiv:2504.05794,2025.

Liu, Y., Tian, Y., Zhao, Y., Yu, H., Xie, L., Wang, Y., Ye,
Q., Jiao, J., and Liu, Y. VMamba: Visual State Space
Model. NeurlIPS, 2024b.

Liu, Z., Lin, Y., Cao, Y., Hu, H., Wei, Y., Zhang, Z., Lin,
S., and Guo, B. Swin transformer: Hierarchical vision
transformer using shifted windows. In Proceedings of
the IEEE/CVF International Conference on Computer
Vision (ICCV), pp. 10012—-10022, October 2021.

Liu, Z., Mao, H., Wu, C.-Y., Feichtenhofer, C., Darrell,
T., and Xie, S. A ConvNet for the 2020s . In 2022
IEEE/CVF Conference on Computer Vision and Pattern
Recognition (CVPR), pp. 11966-11976, Los Alamitos,
CA, USA, June 2022. IEEE Computer Society. doi:
10.1109/CVPR52688.2022.01167.

Loshchilov, I. and Hutter, F. Decoupled weight decay regu-
larization. In International Conference on Learning Rep-
resentations, 2019.



SEMA: a Scalable and Efficient Mamba like Attention via Token Localization and Averaging

Luong, T., Pham, H., and Manning, C. D. Effective ap-
proaches to attention-based neural machine translation.
In Marquez, L., Callison-Burch, C., and Su, J. (eds.),
Proceedings of the 2015 Conference on Empirical Meth-
ods in Natural Language Processing, pp. 1412-1421,
Lisbon, Portugal, September 2015. Association for Com-
putational Linguistics. doi: 10.18653/v1/D15-1166.

Ma, J., Xie, R., Ayyadhury, S., Ge, C., Gupta, A., Gupta,
R., Gu, S., Zhang, Y., Lee, G., Kim, J., et al. The multi-
modality cell segmentation challenge: toward universal
solutions. Nature methods, 21(6):1103-1113,2024a.

Ma, J., Zhang, Y., Gu, S., Ge, C., Mae, S., Young, A., Zhu,
C., Yang, X., Meng, K., Huang, Z., et al. Unleashing
the strengths of unlabelled data in deep learning-assisted
pan-cancer abdominal organ quantification: the flare22
challenge. The Lancet Digital Health, 6(11):e815-e826,
2024b.

See, A., Pappu, A., Saxena, R., Yerukola, A., and Manning,
C. D. Do massively pretrained language models make
better storytellers? In Bansal, M. and Villavicencio, A.
(eds.), Proceedings of the 23rd Conference on Compu-
tational Natural Language Learning (CoNLL), pp. 843—
861, Hong Kong, China, November 2019. Association
for Computational Linguistics. doi: 10.18653/v1/K19-1
079.

Shazeer, N. Fast transformer decoding: One write-head is
all you need, 2019.

Su, J., Lu, Y., Pan, S., Murtadha, A., Wen, B., and Liu,
Y. Roformer: Enhanced transformer with rotary position
embedding. Neurocomputing, 2024.

Vaswani, A., Shazeer, N., Parmar, N., Uszkoreit, J., Jones,
L., Gomez, A., Kaiser, L., and Polosukhin, I. Attention is
all you need. Advances in neural information processing
systems, 30, 2017.

Velickovié, P., Perivolaropoulos, C., Barbero, F., and Pas-
canu, R. Softmax is not enough (for sharp size gener-
alisation). In Forty-second International Conference on
Machine Learning, 2025.

Vershynin, R. High-Dimensional Probability: An Introduc-
tion with Applications in Data Science. Cambridge Se-
ries in Statistical and Probabilistic Mathematics. Cam-
bridge University Press, Cambridge, 2 edition, 2026.

Wang, W, Xie, E., Li, X., Fan, D.-P,, Song, K., Liang, D.,
Lu, T, Luo, P., and Shao, L. Pvt v2: Improved baselines
with pyramid vision transformer. Computational Visual
Media, 8(3):415-424, 2022. doi: 10.1007/s41095-022
-0274-8.

11

Wu, H. and et al. A whole-slide foundational model for
digital pathology from real-world data. Nature, 630:181—
188, 2024.

Xiao, T., Liu, Y., Zhou, B., Jiang, Y., and Sun, J. Unified
perceptual parsing for scene understanding. In Proceed-
ings of the European Conference on Computer Vision

(ECCV), September 2018.

Ye, T., Dong, L., Xia, Y., Sun, Y., Zhu, Y., Huang, G.,
and Wei, F. Differential transformer. arXiv:2410.05258,
2024.

Yu, W. and Wang, X. Mambaout: Do We Really Need
Mamba for Vision? CVPR, 2025.

Yun, S., Han, D., Chun, S., Oh, S. J., Yoo, Y., and Choe,
J. Cutmix: Regularization strategy to train strong clas-
sifiers with localizable features. In 2019 IEEE/CVF In-
ternational Conference on Computer Vision (ICCV), pp.
6022-6031, 2019. doi: 10.1109/ICCV.2019.00612.

Zhang, H., Cisse, M., Dauphin, Y. N., and Lopez-Paz, D.
mixup: Beyond empirical risk minimization. In Interna-
tional Conference on Learning Representations, 2018.

Zhong, Z., Zheng, L., Kang, G., Li, S., and Yang, Y.
Random erasing data augmentation. Proceedings of
the AAAI Conference on Artificial Intelligence, 34(07):
13001-13008, Apr. 2020. doi: 10.1609/aaai.v34i07.70
00.



SEMA: a Scalable and Efficient Mamba like Attention via Token Localization and Averaging

A. Limitations

We presented asymptotic result in the limit of number of keys n — co. In reality, n may be only moderately large but not
enough to approach the theoretical limit. The theoretical bounds are not yet tight. Due to limited computational resources,
we have yet to conduct extensive hyper-parameter tuning to fully optimize performance on large datasets (e.g. ImageNet).
The scope of the current framework is being limited to vision tasks.

B. Theoretical Analysis
B.1. Softmax and Linear Attention

We review vanilla full attention mechanism (Vaswani et al., 2017) and its linear attention variant (Katharopoulos et al.,
2020; Li et al., 2020) in the context of dispersion over infinitely long token range. We define these mechanism as follows.

Definition B.1. Let Q, K,V € R"*4 be the query, key, value matrices. The softmax full attention is:

St exp(qik! /Vd)v;
S exp(qkT /Vd)
AQ,K,V) = : = softmax(QK ™ /Vd)V. (13)
S exp(gnkl /v d)v;
Z;'l:1 eXp(anf/\/E)

Definition B.2. Let Q, K,V € R™*? be the query, key, value matrices. The linear attention is:

Z?:l g (QI)U% (ki)TUi
Z?:1 Vq(qr) e (k;)"

LA(Q,K, V) = : (14)
Z?:l 7/}q(Qn)1/)k(ki)TUi

Z;'l:1 Vq(qn )k (k)T

for some suitable choice of 14, Yy, : R? — R*+? such that the denominator is non-zero. A typical choice (Li et al., 2020;
Han et al., 2024b) is ¢y (x) = ¢x(z) = ELU(x) + 1.

B.2. Dispersion

In this subsection we will prove the theorem and proposition presented in the paper. We begin with

Theorem B.3. Let X C R? be a compact input feature space, and let X ™) € X™ be a matrix of input features for n, items.
Let eg;l) = wq(qi)z/}k((kj(-n)))T where Q) = W(xgn), e ,x%n)) and K™ = H(,Tgn), .. ,965{1)), where v : X" — R"*4 and
K+ X" — R™? are continuous functions, each expressible as a composition of L layers g, o f, o --- 0 g1 o f| where
each layer contains a feedforward component fi(z1,...,2n)r = fi(zk) and a self ®-normalized attentional component
Gi(Z15 s Zn)k = D oq<1<pn Cukvi(21) where ay, € [0,1] are ®-normalized attention coefficients and v; is a feedforward

network. Then, for any € > 0, there exists an n € N such that @(egn))j < eforalll <1i,5 <n. Thatis the ®-normalized
attention coefficients must disperse in all transformer heads.

Proof. For a given head (h) of a transformer block, since X is compact and all feedforward layers f; and v; are continuous,
thus resulting spaces are also compact. Every self ®-normalized attention layer, g;, computes a convex combination of the
outputs of v; and if outputs of v; are on a compact space, the outputs of g; remain on the same compact space. Similarly,

~ and k are continuous, so they preserve compactness. The dot product of two vectors ¢q((q§")))¢k((k§n)))T coming
(n)

ij
there exists M}, € R such that max; ; |el(-;-l)| < My. Leta,b € [=My, My] such that ¢(a) = minge[— s, a,] ¢(x) and

from compact spaces must be compact as well. Thus, for all 1 < 7,57 < n the logits e;.” must be bounded, that is

12
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#(b) = max e[, m,] ¢(x). We have for all 7, 5,

ola) _ o) 6(b)

no(b) T Yr g(el)) T nola)
Let € > 0, then there exists N (h, €) € N such that for all n > N (h, €), we have
(n)
e:.
(b( ij ) (16)

o S
S d(el)

Let N = maxi<p<g N(h,€) where H is the total number of heads in the Transformer, thus for all n > N, we have

(n)
e:.
A )<n> < (17)
D=1 0le”)
This holds for all queries and keys in all of Transformer’s heads. Hence we completed the proof. O

Lastly, we will prove the

Proposition B.4. Let X, Xo, ... be random variables (not necessarily i.i.d.) such that X; > 0 with E[X;] = p > 0,
sup; ; Cov(X;, Xj) < oo, and for every n, [{(i,j) : Cov(X;, X;) >0and1 <i<j<n}| <n®forl <a<?2 For
0 < e <, with (high) probability 1 — €, there exists N, € N, such that for all n > N, we have the inequality:

R OO (18)
n(p+e) = 30X T n(p—e)

Proof. Let S,, := Y ", X, then we have

1
Var(S,, /n) = o Var(S,,) (19)
1 n
= (ZVar(XZ—) +2 ) Cov(X;, Xj)> (20)
i=1 1<i<j<n
Cn 2Cn® 1
<t <30, (21)

where sup; ; Cov(X;, X;) < C. For 0 < € < p, and let N = ((i—?)ﬁ] then by Chebyshev’s inequality (Vershynin,
2026), we have

SN Var(SN/N) 3C
]P){ W - ILL‘ > 6} < 2 = N2—ag2 <e. (22)
Thus,
P{%—u‘ﬁe}Zl—e. (23)

This implies with at least 1 — ¢ probability Sy /N > pu — e and Sy /N < p + ¢, and so

X X X
—— < 5 < . 24
Nute) ~Sn < Nu-0 @9
This holds for all n > N. Hence we completed the proof. O

13
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Figure 3. The 4 stage architecture of SEMA similar to Swin (Liu et al., 2021) and MILA (Han et al., 2024b).

B.3. Mamba and Recursive Attention

In this subsection, we present the solution to a recursive state space model.
PI‘OpOSitiOH B.5S. Let z;, Yis Ai, D e RIXC,AZ', h;,h;_1 € Rdxc, B; € RdX1, C; € Rle,fO}’i € {1, Ceey m}, and

hi=A,0hi-1+Bi(Ai ©x;), yi=Cihi+D0ouw; (25)

where hg is given and ® denotes the elementwise (Hadamard) product. Then we have
hm = H Aj ®© h() + Z H Am—(j—l) © (BZ(Al ®© Il)) (26)
j=1 i=1 j=1

where [ ] is the elementwise multiple matrix product, under the convention that if the upper index is zero, the product acts
as an identity. It follows that

Ym = Chm H Aj | ®@ho+ Ch, Z Ap oy | @ (Bi(Ai @ 2;)) | + DO 2y 27)
j=1 1

i=1 \ j=

Proof. We prove by induction. First verify the base case,

hi = A1 ® ho+ B1(A1 ©21). (28)
Next for the inductive step, assuming
hm = H Aj © ho + Z H Am—(j—l) O] (Bl(AZ O] Il)) ) (29)
j=1 i=1 j=1
we have
hm+1 - Am+l © hm + Bm+l(Am+1 © xm-ﬁ-l) (30)
=An1©® < T4 | oro+ > | [ ] An-v-1 | © (Bi(Ai ©22)) )
j=1 i=1 j=1
+ By 1(Bms1 © Timy1) €29
m—+1 m—+1 m—+1—i
j=1 i=1 j=1

Substituting h,, into the y,, equation, we obtain

m —1

ym =Cm | [[Ai | ©ho+Cu | D Am_io1y | @ (Bi(Ai©2)) | + DOz (33)
j=1

i=1 \ j=1

The proof is complete.
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B.4. MILA

Given

(¥q(a:)) R (Wr (k)" v;
ST balaon Gy L) (34)

MILA(g;, K,V) = YR
=1

where ¢ is ROPE (Su et al., 2024), ¢1, is LePE (Dong et al., 2022), and 94 (x) = i (z) = ELU(z) + 1.

We will provide a brief justification to show that MILA also disperses. Since we assume that the queries and keys come
from some compact subset of RY, and since g, 1,4, and 1 are continuous functions, each of these mappings preserves

compactness. The inner product also preserves compactness. Therefore the numerator g (z/zq(qi)) YR ('l/]]g(kj))T takes
values in a compact subset of R, and similarly the denominator t,4(g;) ¥r(ke)T ranges over another (possibly different)
compact subset of R*. The choice of 14, 1;, guarantee that the denominators are positive. To ensure numerical stability,
we add a small positive number to the denominator, e.g. 10—, Finally, if we choose ¢(x) = z, and then the conclusion
follows directly from Theorem B.3.

C. Additional Homogeneous Mixing Experiments

In (Dayag et al., 2026), the authors integrate the SEMA block into the UNet framework to construct USEMA, where
the attention blocks in the downsampling stages are replaced with SEMA blocks. The proposed model is evaluated on
several medical image segmentation benchmarks, demonstrating the effectiveness of the homogeneous mixing component
of SEMA across diverse datasets. For completeness, we include their reported comparisons in our paper as a reference.
The evaluated datasets include Abdomen MRI MICCAI 2022 AMOS Challenge (Allan et al., 2019), which focuses on
segmenting 13 abdominal organs from MRI scans; Endoscopy MICCAI 2017 EndoVis Challenge (Ma et al., 2024b),
which focuses on segmenting seven different surgical instrument types; and Microscopy NeurIPS 2022 Cell Segmentation
Challenge (Ma et al., 2024a), which focuses on cell segmentation in microscopy images. In Tab. 9, we observe that the F'1
score improve significantly under SEMA with homogeneous mixing (average) setting.

Dataset Model | Average | DSC/F1 (1) | NSD (1)
Abdomen MRI | USEMA v 0.7704 0.8345
(320 x 320) USEMA 0.7574 0.8214
Endoscopy USEMA v 0.6463 0.6621
(384 x 640) | USEMA 0.6218 0.6367
Microscopy USEMA v 0.5791 —
(512 x 512) | USEMA 0.5443 -

Table 9. Ablation study of homogeneous mixing (averaging) for three medical dataset.

D. Experiment Settings

ADE20K To evaluate semantic segmentation on ADE20K, we use UPerNet (Xiao et al., 2018) as segmentation framework
in combination with MMSEG (Contributors, 2020) and follow the similar setting as Swin (Liu et al., 2021). We use a
batch size of 8, and a window size of 14 for our model. We train using ADAM with learning rate of 6 x 1072, with
B €10.9,0.999] and weight decay of 0.01.

ImageNet-1K on Large Resolutions When conducting no tuning or finetuning classification experiments on higher res-
olution ImageNet-1K, we follow the similar configurations as VMamba (Liu et al., 2024b). For no tuning, we load the
pretrained VMamba models and conduct inference on 3842, 6722, 7682, 10242 using its validation scripts. For finetuning,
the number of epochs is set to be 10 to ensure the training loss converges. During training, an AdamW optimizer is applied,
with a learning rate of 0.001 and a weight decay of 0.05. We finetune the whole VMamba network, which is different from
the linear finetuning in the original settings. Similarly, for SEMA we finetune for 30 epochs with a weight decay of 10~8
and a base learning rate of 107, We pick a window size of 8 for all of the resolutions since this is the closest divisors. The
remaining finetuning strategy mirrors the approach used during the backbone training with a 2242 input resolution. We
include our source code in the Supplemental materials.
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stage output SEMA-T SEMA-S
1 56 x 56 stem, 64 stem, 64
[ dim64 ] [ dim64 ]
head 2 X 2 head 2 X 3
window size 7 window size 7
2 28 x 28 | downsampling, 128 downsampling, 128
[ dim128 ] [ dim 128 ]
head 4 X 4 head 4 X 6
window size 7 window size 7
3 14 x 14 | downsampling, 256 downsampling, 256
[ dim 256 | dim 256
head 8 X 8 head 8 x 21
window size 7 window size 7
4 TxT downsampling, 512 downsampling, 512
[ dim 512 ]| dim 512
head 16 X 4 head 16 X 6
window size 7 window size 7

Table 10. Architecture of SEMA model.

E. Computing Resource

We train and test all of the models on 8 NVIDIA RTX A6000 GPUs, each with 46G of memory. For standard image size
of 2242 on ImageNet-1K, we use a batch size of 256 per GPU. For larger size image input 3842, 6722, 7682, 10242, the
corresponding batch sizes are 128,32, 32, 16 per GPU respectively. For COCO dataset, we use an identical setup as in
MILA (Han et al., 2024b). For ADE20K, we used similar setup as in Swin (Liu et al., 2021).

F. Model Architecture

We present the architecture of our SEMA model in Fig. 3 and summarize the detailed structure in Tab. 10 which gives the
parameter values in Fig. 3: Ly =2, Ly =4, L3 = 8, L4 = 4 for SEMA-T, among others. The 4-stage framework to build
SEMA is similar to Swin (Liu et al., 2021) and MILA (Han et al., 2024b).

G. Algorithm

Algorithm 1 SEMA integrates window attention and homogeneous mixing (averaging), to be placed in a Mamba macro-
setting so that long range global features are captured efficiently with local features.
Input: Input

Parameter: window size w

Output: Attention

Compute () = Linear(z), K = Linear(z), V = Linear(z).

Divide @, K,V into Q,, K, V., with window size w.

Apply RoPE to @, K.

Compute window attention W A = softmax(Q., K. 5 Wap.

Compute V;, = LePE(V).

Compute V4 = Average V' along the sequence dimension.

Return WA + Vi + Vy

AN A ol e
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