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Abstract

Gradient clipping is widely used to stabilize
stochastic gradient methods and is often theoreti-
cally motivated by heavy-tailed gradient noise,
where even second moments may be infinite,
seemingly contradicting the finite-sum ERM set-
ting, where all empirical moments are finite once
the dataset is fixed. We resolve this paradox by
explicitly separating data sampling from optimiza-
tion randomness: although moments are finite
conditional on the dataset, heavy-tailed data in-
duce dataset-dependent noise whose second mo-
ment typically grows with the dataset size N.
In particular, when ||V f(z,,&)|| has tail index
a € (1,2), the quantity & S ||V f (2, &)|?
scales as Na~1, leading to deteriorating con-
vergence guarantees for standard SGD as N in-
creases. In contrast, we show that SGD with clip-
ping avoids this growth and admits finite-sum
convergence guarantees under heavy-tailed data
for broad step-size and clipping schedules. We
further derive generalization bounds for strongly
convex smooth objectives and show that the tail
behavior of gradients at the population minimizer
is the key quantity linking optimization and gen-
eralization under heavy-tailed data.

1. Introduction

Gradient-based training is the workhorse of modern ma-
chine learning, yet in many large-scale applications the raw
stochastic gradients can be highly erratic. A simple and
widely used remedy is gradient clipping, which rescales a
stochastic gradient whenever its norm exceeds a prescribed
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threshold. Clipping was originally introduced in deep learn-
ing to mitigate exploding gradients (Pascanu et al., 2013;
Mikolov et al., 2012), and it has since become a standard
component in training large attention-based models (Zhang
et al., 2020; Yukhimchuk et al., 2026; Gorbunov et al.,
2025). Empirically, stochastic gradients in these settings
often exhibit heavy tails (Gurbuzbalaban et al., 2021; Bars-
bey et al., 2021; Jiao & Keller-Ressel, 2024), motivating
a growing body of theory on stochastic optimization un-
der heavy-tailed noise and the benefits of robust updates
such as clipping (Zhang et al., 2020; Gorbunov et al., 2020;
Chezhegov et al., 2024; Sadiev et al., 2023; Nguyen et al.,
2023a).

In this paper, we study the population risk minimization
problem

min F(z) := Eewp [f(2, )] (1)

where ¢ is a random data point and f(z, &) is the loss of
a model with parameters z € X C R? on this data point.
This population formulation is standard in statistics and
machine learning (Snyman et al., 2005; Shalev-Shwartz &
Ben-David, 2014; Goodfellow et al., 2016).

In practice we observe a dataset S = {&;}Y, drawn i.i.d.
from D and solve the empirical risk minimization (ERM)
problem

N
min Fiy (z) := %Zf(a:,fi). 2)
=1

zeX

A central question is how the ERM minimizer & €
arg min F approximates the population minimizer z, €
argmin F'. It is well known that the estimation error de-
creases with the sample size (Shalev-Shwartz et al., 2010;
Valle-Pérez & Louis, 2020), which favors large datasets that
better reflect the underlying distribution. At the same time,
increasing N also changes the optimization regime: practi-
cal training is typically compute-limited (a fixed number of
iterations or epochs), and for a fixed budget the optimization
error can become dominated by dataset-dependent noise
effects.

Among the most popular algorithms for solving equation 1
and its empirical counterpart equation 2 are gradient-based
methods (Robbins & Monro, 1951; Moulines & Bach, 2011;
Ruder, 2016). For F'y, stochastic gradient descent (SGD)



From Optimization to Generalization under Heavy-Tailed Data: The Role of Gradient Clipping

samples an index 4; ~ Unif({1,..., N}) and performs

ot =t = V(' &) 3)
While simple and effective, SGD is not always stable; for
instance, it is sensitive to exploding gradients (Mikolov
et al., 2012). In this work, we focus on stochastic gradient
descent with clipping (ClipSGD),

$t+1 = xt -Vt Clip)\t (Vf($t7 git))’
where clip,(v) := min (17 ||C|) V.
v

A common formalization of heavy-tailed stochastic gra-
dients is that the centered gradient has only a finite a-th
moment for some « € (1,2]:

E||Vf(z,£) — VF(2)||" < oo, VeeX. 4
Under such assumptions, classical variance-based analyses
of SGD no longer apply, whereas clipped (or truncated)
methods admit non-asymptotic guarantees and can attain op-
timal or near-optimal rates for broad problem classes (Zhang
et al., 2020; Gorbunov et al., 2020; Sadiev et al., 2023;
Nguyen et al., 2023a).

At first glance, this “heavy-tailed noise” perspective seems
at odds with finite-sum optimization: conditioned on a fixed
dataset S, all moments of V f(x,&;) are finite, and stan-
dard finite-sum analyses quantify stochasticity via dataset-
dependent quantities such as

N
1 ~
O2,N = NZHVf(%fi)W
i=1
= Eicvurvp IVFE, &), (5)

which is finite for every N. Therefore, the heavy-tailed noise
seems not to affect the optimization complexity for finite-
sum minimization, which is at odds with empirical observa-
tions. We resolve this apparent tension by explicitly separat-
ing data sampling (drawing S) from optimization random-
ness (sampling indices during training). Under heavy-tailed
data, the dataset-dependent proxy in equation 5 typically
grows with N: larger datasets contain more extreme sam-
ples, and these extremes can dominate the second-moment
quantities that enter SGD convergence bounds when the
compute budget is fixed.

To capture this effect sharply, we go beyond moment
(non)existence and use tail asymptotics. We assume a regu-
larly varying tail of the form

PV f(ze, Ol =) ~er™,
for some « € (1,2]. Such distributions lie in the domain
of attraction of an a-stable law (Gnedenko & Kolmogorov,
1968; Uchaikin & Zolotarev, 2011), which yields sharp scal-
ing for dataset averages of heavy-tailed quantities — precisely
the objects that appear in finite-sum optimization guarantees.
This perspective explains when and why clipping removes
the harmful growth with NV and enables clean links between

r — 00,

optimization and generalization under heavy-tailed data.

1.1. Contributions

Our main contributions are summarized below.

* Finite-sum convergence with clipping under heavy-
tailed data. We prove convergence guarantees for
ClipSGD on Fl in a finite-sum setting where the
dataset is sampled from a heavy-tailed distribution.
The bounds hold for broad non-increasing step-size
schedules and clipping thresholds above an explicit
stability level.

* Dataset-size dependence of noise terms. Using
stable-law scaling, we characterize how heavy tails in-
duce a dataset-dependent noise proxy that grows with
N for unclipped SGD (typically as N %_1), while clip-
ping removes this growth.

* Generalization under heavy tails and the role of
the minimizer. For strongly convex smooth objec-
tives we derive first ERM generalization bounds under
heavy-tailed data and connect them to optimization
guarantees, highlighting that the tail behavior near the
population minimizer governs the relevant constants.

2. Related work

The literature on gradient clipping, heavy-tailed stochas-
tic optimization, and generalization is vast. We therefore
focus on three closely related directions: (i) convergence
guarantees for clipped/truncated first-order methods under
heavy-tailed noise, (ii) generalization bounds under weak
tail assumptions, and (iii) finite-sum analyses of SGD and
related variance-reduced methods, with particular emphasis
on how the relevant “noise-at-the-optimum” quantities enter
the bounds.

Gradient clipping under heavy-tailed noise. Gradient
clipping was introduced in deep learning as a practical safe-
guard against exploding gradients (Pascanu et al., 2013)
and has since become a standard component of training
pipelines, including large attention-based models (Zhang
et al., 2020). Its use is often motivated by empirical and
theoretical evidence that stochastic gradients can exhibit
heavy-tailed behavior (Simsekli et al., 2019; Gurbuzbala-
ban et al., 2021; Barsbey et al., 2021; Jiao & Keller-Ressel,
2024). On the theory side, robust stochastic optimization
under weak moment assumptions predates modern deep
learning: Nemirovskij & Yudin (1983) analyzed Mirror De-
scent with only an a-th moment, and Vural et al. (2022)
sharpened these guarantees and established matching lower
bounds for uniformly convex objectives. More directly
related to clipping/truncation, Nazin et al. (2019) studied
truncated stochastic mirror descent and obtained early high-
probability guarantees under mild noise assumptions.
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A line of work then developed convergence guarantees
specifically for clipped gradient methods under heavy tails.
Zhang et al. (2020) provided one of the first analyses of
ClipSGD under bounded central a-th moments, covering
smooth non-convex and strongly convex objectives and link-
ing clipping to the empirical success of attention models.
Subsequent papers established high-probability bounds with
polylogarithmic dependence on the confidence level, start-
ing with accelerated clipping schemes for smooth convex
and strongly convex problems (Gorbunov et al., 2020) and
extending to broader settings, including non-smooth and
composite/distributed formulations (Gorbunov et al., 2024a;
Parletta et al., 2024; Sadiev et al., 2023; Nguyen et al.,
2023b;a; Gorbunov et al., 2024b; Das et al., 2024; Chezhe-
gov et al., 2025a;b). Beyond clipping, closely related ro-
bust updates based on normalization or sign operators have
also been analyzed in the heavy-tailed regime (Cutkosky
& Mehta, 2021; Hiibler et al., 2024; Kornilov et al., 2025).
Complementary results study when plain SGD can still
converge under infinite-variance noise (typically under ad-
ditional structural assumptions) and characterize stable-law
limits (Wang et al., 2021; Fatkhullin et al., 2025). In addi-
tion, convergence of different analogs of ClipSGD under
symmetric (and close to symmetric) heavy-tailed noise are
studied by Armacki et al. (2023; 2024); Puchkin et al. (2024).
Finally, orthogonal to clipping-based techniques, Davis et al.
(2021) shows how to boost low-probability guarantees to
high confidence in stochastic convex optimization via an
inexact proximal-point framework combined with robust
distance estimation.

Most of the above analyses are stated for the streaming
setting and quantify stochasticity through moment/tail con-
ditions that hold uniformly along the trajectory. In contrast,
we explicitly separate data sampling and optimization ran-
domness in the finite-sum regime: the dataset itself is drawn
from a heavy-tailed distribution, which makes the classi-
cal “variance-at-the-optimum” terms random and typically
growing with N. Our results characterize this dataset-size
dependence via stable-law scaling and show how clipping
removes the harmful growth.

Generalization and stability under heavy-tailed data.
Stability-based generalization theory originates with Bous-
quet & Elisseeff (2002), with extensions to randomized
algorithms by Elisseeff et al. (2005); Shalev-Shwartz et al.
(2010) further shows that stability is essentially equivalent
to learnability. For SGD, Hardt et al. (2016) derived uni-
form stability bounds under smoothness and bounded gra-
dients, and Bottou & Bousquet (2007) popularized the de-
composition of excess error into approximation, estimation,
and optimization terms. In the heavy-tailed regime, con-
centration may fail and ERM analysis requires different
tools: Mendelson (2015) derived sharp estimation error
bounds without relying on classical concentration. More

recent work studies generalization of heavy-tailed stochas-
tic dynamics and sample-average approximation: Raj et al.
(2023) analyze algorithmic stability via heavy-tailed SDEs
(for Lipschitz losses), and Oliveira & Thompson (2023)
provide non-asymptotic bounds for heavy-tailed sample-
average approximation under weak assumptions. Closest to
our setting, Liu & Tong (2024) derive in-expectation and
high-probability excess-risk bounds for convex and strongly
convex smooth losses without requiring Lipschitzness, un-
der bounded gradient variance. Our generalization analysis
builds on this stability/SAA perspective and extends it to set-
tings with potentially unbounded variance, highlighting that
the tail behavior of V f(z., §) at the population minimizer
is the key quantity that controls the constants.

Finite-sum minimization. Classical finite-sum analyses
of SGD in the strongly convex regime (Moulines & Bach,
2011) and their extension to arbitrary sampling via stochas-
tic reformulation (Gower et al., 2019) yield rates that depend
on variance bounds of stochastic gradients at the empirical
minimizer. Similar dependence appears in incremental meth-
ods such as SAG (Schmidt et al., 2017). In contrast, other
methods such as SDCA, SVRG, and SAGA and their accel-
erated variants avoid explicit dependence on the variance at
the optimum, at the cost of convergence bounds that depend
explicitly on NV (Shalev-Shwartz & Zhang, 2013; Johnson
& Zhang, 2013; Defazio et al., 2014; Allen-Zhu, 2018). Our
work connects these finite-sum viewpoints to heavy-tailed
data: under heavy-tailed sampling, the usual noise proxy at
the optimum can itself scale with NV even though it is finite
conditional on a fixed dataset, and we show that gradient
clipping removes precisely this dataset-size deterioration.

3. Main results

Notation. We use the standard Euclidean norm for vec-
tors: ||z|| := <x,z)1/2 ,z € R%. We consider stochastic
realizations to be differentiable functions, furthermore, we
assume that differentiation and expectation can be inter-
changed, so that VF (z) = E¢up [V f(2,€)]. By z, we
denote the optimum of the initial problem (1), and by Z the
minimizer of the finite-sum problem (2). By V f;(z) we
denote V f(z, &;). For positive sequences { X} and {ax},
we write Xy = Op(ay) if for every § € (0, 1) there exist
constants 0 < ¢5 < Cs < oo and Ny such that

P(csan < Xy < Csan) >1-46, VN > No.
Assumptions. Below, we provide all the assumptions used

in the paper. Our results are derived either for convex and
strongly convex problems.

Assumption 3.1 (Convexity). For almost every &, the func-
tion f(x,€) is convex on RY, i.e.,

Assumption 3.2 (Strong convexity). For almost every &,

Vz,y € R
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the function f(x,&) is p-strongly convex with y > 0, i.e.,
F@,) 2 £, +(V(@,0,y—a)+ 5 ly—al*, va,y € .

Convexity and strong convexity are not only standard as-
sumptions in optimization (Nesterov et al., 2018), but also
common in the analysis of generalization error (Shalev-
Shwartz et al., 2010; Liu & Tong, 2024), as they rule out
non-global local optima.

Next, we rely on the following assumptions about smooth-
ness, the domain, and tail index.

Assumption 3.3 (Smoothness). For almost every &, the
Sunction f(x,&) is L-smooth, ie.,

IVf(z,8) = VI, Ol < L

Assumption 3.4 (Compact set). The set X C R4 is closed,
convex, and has finite diameter, i.e.,

A :=max{|lz —y| 2,y € X} < cc.

y—z|, Vr,ye€ R%.

Assumption 3.5 (Heavy-tailed noise at the minimizer).
There exist ¢ > 0 and a tail index € (1, 2] such that

P(||V (24, &) = VF(z)|| = 7) ~ecr™®.
When VF (x,) = 0, this condition reduces to the tail as-
sumption on ||V f (x4, &)l

The last assumption encompasses the standard conditions on
the existence of moments. The importance of stochasticity
at the optimum has been known for a long time from the sta-
tistical point of view, since weak convergence of estimators
is characterized by the variance at the minimizer (Kushner
& Clark, 2012). Focusing on the minimizer avoids imposing
uniform tail or moment bounds along the entire optimiza-
tion trajectory, which is particularly important when the tail
index changes during training. For heavy-tailed noise this
is especially relevant, as its tail index may change signifi-
cantly along the optimization trajectory, and the noise at the
optimum may have lighter tails than the noise encountered
along the optimization path (Simsekli et al., 2019).

The structure of the stochastic noise during training has also
been the subject of extensive recent investigation (Simsekli
et al., 2019; Wang et al., 2021; Gurbuzbalaban et al., 2021;
Lim et al., 2022; Barsbey et al., 2021). One explanation for
its behavior is that it belongs to the class of stable distribu-
tions (Uchaikin & Zolotarev, 2011). While this assumption
is quite expressive, a subtle issue is that stability of the
vector
e:=Vf(z,&) — VF(x)

does not imply stability of, for instance, ||¢||, and vice versa.
However, stability of either of these variables still leads to
heavy-tailed noise. To relax such strong assumptions on
exact stability, we assume only the asymptotic tail behavior.

3.1. Generalization bounds

We begin with algorithm-agnostic bounds on the excess
population risk of ERM under heavy-tailed data.

Theorem 3.1. Let the Assumptions 3.2, 3.3, 3.4, 3.5 be
satisfied with tail index « € (1,2). Then for any q € (1, @)
1

LA%4

=1
and for N = Q ( = ) , we have
I~ H(E(V f(zx,)]|7) T

Moreover, with probability at least 1 — 3,

= A2 9E||V f(zy, )|
Fi@) - Fle.) = o S EE ) g

Theorem 3.1 characterizes the influence of the heavy-tailed
noise on the generalization bounds. The bounds are simi-
lar in spirit to the classical O(1/N) rates under the finite
variance (Bousquet & Elisseeff, 2002; Shalev-Shwartz et al.,
2010; Liu & Tong, 2024).

We next show that this degradation is unavoidable under
heavy tails by exhibiting a one-dimensional construction
where the ERM excess risk matches the rate in Theorem 3.1
up to any infinitesimal difference in the exponent.

Lemma 3.1. Consider the minimization problem F(z) =
Ef(z,&) on the domain [—%, %] with f(x,&) = §a?+&x,
where £ is drawn from two-sided Pareto distribution with
index o. Then, we have
A27o¢
) . ®)

E[F(Z) — F(x,)] = Q (u@—lN@—l

In addition to the strongly convex setup, generalization
bounds for convex setup with Tikhonov regularization can
also be derived. The corresponding results and all the nec-
essary proofs are given in Appendix A.

3.2. Convergence guarantees for convex functions

We now analyze ClipSGD (Algorithm 1) for minimizing
convex smooth finite-sum objectives under heavy-tailed data.
The goal is to obtain bounds that depend on noise properties
at (or near) the minimizer rather than uniform bounds along
the whole trajectory.

Algorithm 1 ClipSGD

1: Input: step sizes {;}+>1, clipping radii {\;};>1, ini-
tial point ! € X, constraint set X

2: fort=1,2,...,Tdo

3: sample i, ~ Unif({1,...,N})

4 2" =projy (a' — e clipy, (Vf(2,&,)))

5: end for

Theorem 3.2. Let the Assumptions 3.1, 3.3 and 3.4 be
satisfied. Additionally, demand the step size sequence to be
non-increasing Ye+1 < Vi, Ve < ﬁ, and Ny > 2°3°LA +
2[VEN(xY)|. Then, for Yo € (1,2] the iterates of the
ClipSGD satisfy
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Eolg [FN @) - FN@)]

o[ A% EVA@IIT LAY G~ s
_O<’YTT+ T Z’Yt)\t
T

AR ||V fi(z)||* + LA 1-a
+ T ;,\t

t=1

2 e
A2—a [[2—a 2=2a
WOPPE LR S )

t=1

T
where T! = % >~ 2!, Eaig is the expectation with respect

t=1
to the random indices sampled during the algorithm, condi-

tionally on the dataset, and IE; denotes the uniform average
over the fixed dataset.
Corollary 3.3. There exist horizon-fixed 4 ~ ﬁ, A ~

T and horizon-free ~; ~ tl%, ¢ ~ tY* schedules, that
l-a

give O (T e > convergence rates.

The stability condition involves ||V F (x!)]||. This quantity
can be replaced by ||V Fy (2°)]| for any fixed reference point
29 € X; we choose 2! because the initial point is known
before the algorithm starts. In practice, this threshold can
be treated as a conservative clipping parameter rather than
computed exactly.

A notable feature of Theorem 3.2 is that the bound depends
on gradient statistics at the population minimizer x,, rather
than requiring uniform moment bounds along the entire
trajectory. This aligns with empirical observations that the
tail index can vary substantially during training and supports
using larger step sizes early on (Simgekli et al., 2019).

While the optimization target is Fy, our bounds are written
in terms of quantities at x, to enable a clean link to general-
ization: controlling gradients at the population minimizer
provides a dataset-level proxy that governs both the ERM
excess risk and the optimization noise terms.

An important implication of Theorem 3.2 is that clipping
can be beneficial even when one does not know the exact
tail index in advance: the method converges under broad
schedules, and the main role of « is to determine how to
tune {7, A\+} to optimize the rate, as we discuss below.

Comparison to unclipped SGD. To highlight the role of
clipping in the finite-sum regime, we compare our bounds
to standard SGD bounds (Bach, 2024), which depend on a
second-moment such as o9  defined in (5):

Eag [Fv (@) - Fy(@)] = 0 (%)

(8 EIVAE)P
_O(\/T+ VT )

where we use oo n = E;|V£i(Z) &£ Vfi(z)|? <

V@) — Vi) + Bl V@) L

QEF — w2 + 2E V)2 S 202A2 +
2F,; ||V fi(z)||?. At first glance, classical SGD bounds may
suggest a better dependence on 71'. The key distinction in
our setting is that the noise proxy entering SGD bounds is
dataset-dependent. Under heavy-tailed data, this proxy can
grow with IV as the dataset contains more extreme samples,
and this growth can dominate the overall error when NN is
large. The classical result (Gnedenko & Kolmogorov, 1968;
Feller, 1991) states that for heavy-tailed random variables,
after appropriate normalization, converge to an a-stable law.
In our setting, this yields sharp scaling for dataset averages

such as % Zf\; IV f (@, &)1

Theorem 3.4. Let the Assumption 3.5 be satisfied. Then,
for oo < 2 we have

N
1 2 _
S IVA@IE=0e (NET), O
i=1
and for oo = 2 we have

1 N
5 2V Fi(z)]* = 0p (n ). (10)
i=1

We note that V F'(«,) is a deterministic vector, meaning that
IVf(zs,&) — VF(z,)| and ||V f(z4, )| have the same
tail index. A precise high-probability version and its proof
are given in Appendix B. It is also worth noticing that the
asymptotics of 3 Zf\;l IV f(x,&)|P for p € (1,2) can
also be established, as shown below.

Theorem 3.5. Let the Assumption 3.5 be satisfied with
a < 2. Then, for p < o we have

1 N
v 2 IV fi)lP = ep (1), (11
=1
forp=a
1 N
& 2 [V fi@ )l = ©p (n N), (12)
=1
and forp > «
1 ,
N L IVE@IP =6 (NE1). a3
i=1

As a consequence, convergence of unclipped SGD deteri-
orates as N grows because its noise term scales with the
dataset-dependent quantity in Theorem 3.4:

VT =~ VT
In contrast, aggressive clipping removes the polynomial
growth in NV caused by the empirical second moment:

2 2 _q
Eag [FN(TT) - FN(E)] =0p <A + N ) , (14
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Eag |[Fn(@") = Fn(@)] = 0 ( Ay EH\V&E@)H“) 7

15)
where the last term does not increase with the growth of
N. If the clipping is chosen at the critical tail index, the
growth is only logarithmical, which is significantly better
than polynomial one. This provides a finite-sum explanation
for why clipping is effective in large-scale regimes.
Step-size-dependent and tail-index-agnostic bounds.
While Corollary 3.3 suggests choosing 7; ~ t~/® and
A\t ~ t'/2 the convergence holds regardless of the prob-
lem’s heavy-tailed index. Hence, it might be beneficial to
choose ~; and \; to be not related to the true index. It is
therefore important to understand how performance changes
when the tuning parameter differs from the true tail index.

Here and further we denote by a1 the index used to tune
the schedules ~; ~ t—1/aaz and A\, ~ t1/%az and by Qtrue
the tail index in the Assumption 3.5.

Corollary 3.6. Let all the Assumptions for the Theorem 3.2
be satisfied, as well as Assumption 3.5. Let the step sizes be
chosen as v, = ot~/ s, where ~y < ﬁ, and clipping
radii be chosen as Ay = Aot/ =, where \y > 288LA +
2|[VEN(z1)|. Then, depending on the relation between
Qla1g and airye We obtain the following convergence:

1. If aalg < Qtrye, then,

Ealg [FN @") - Fy (55)}

A2
= O]p ( Calg—1 +
T Calg

2. [faalg = Qtrue then,

Eutg [P (a") — P (@)]

A? In N
=0Op ( a1 + ol 1 ) ;
T “alg T “alg

EHVf(x*,f)a"“g) _

Calg— 1

T Xalg

3. If Qalg > Qgrues then,
Eag | Fn(37) - Py (@)]

Yalg
O A2 N‘ltrue 1
- P Xalg—1 + Xalg—1 '
T

Aalg T “alg

Note, that expectation [ in the RHS of the first bound stands
for the expectation across all the distribution, not only across
the samples drawn from the dataset.

One benefit of the analysis is that it applies to arbitrary
scheduling parameter cv,;. The trade-off, caused by the
mismatch between the tail indices is dependent on the size
of the dataset. Previously, several works analyzed tail-index
agnostic clipping (Koloskova et al., 2023; Hiibler et al.,

2024), however, they have provided bounds in the non-
convex setup and do not ERM setting, while we provide
bounds in the convex and strongly convex cases and char-
acterize the effect of the heavy-tailed data in the finite-sum
setting.

It can be seen that with different regimes, depending on the
number of samples N and number of iterations 7 it might be
preferable to choose av,); not matching the cv,ye. Basically,
there are three distinct regimes, based on relation between
N and T, where the convergence bounds differ significantly:
N>T N~T,and N < T.

When N > T, the number of samples significantly exceeds
the number of iterations, and the problem setting is similar
to online optimization (Orabona, 2019), where a new data
sample is drawn at each iteration. In this setup, the effect of
heavy-tailed noise is most pronounced, since the algorithm
does not capture the ERM structure. This is consistent with
our previous results, in which we drew new samples from
the dataset independently at each step. In contrast, when
N < T, we perform multiple passes over the dataset. This
regime is typical, for instance, in computer vision problems
(He et al., 2016), where the presence of heavy-tailed noise
is less influential. The last setup, but no less important, is
when the number of samples and the number of iterations
are comparable: N =~ T'. In this scenario, both ERM and
stochastic effects influence the optimization process equally
and cannot be ignored. Typical examples of this regime
include both pre-training and fine-tuning of LLMs (Brown
et al., 2020; Touvron et al., 2023), where the number of
epochs rarely exceeds 10.

Therefore, depending on the relation between N and 7' it
might be preferable to choose different ), for scheduling
the step sizes and clipping radii for ClipSGD.

Lemma 3.2. Let all the Assumptions for the Theorem 3.2
and Assumption 3.5 be satisfied. Then, for 3 different
regimes, based on relation between N and T we have fol-
lowing optimal choice of oa1g:

1. For N > T the optimal choice is Qtalg = Qttrue, Which
Xtrue —1
results in overall bound O <ln N/T Strue )

2. For N =T the optimal choice is 0ta1g = Qttrue Which
Strue—1
results in overall bound © <ln T /T owrue )

3. For N < T the optimal choice is o1g = 2 which
results in overall bound O (l/ﬁ)

When ), approaches ay,,e from below, the corresponding
population moment becomes increasingly large, which can
make constants unstable in finite samples. For this reason
we focus on choices a1z > Qiirue When discussing fixed
finite budgets.
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If we additionally tune the hyperparameters o and Ag on
dataset statistics as follows:

1/ alg
N
A , (16)
(Zf\il [V fi(w)]| e )

1/alg
<NZ||sz ||“ﬂg> an

then, assuming, they satisfy the constraints from the Theo-
rem, it can rate can be further be improved, analogously to
variance-dependent tuning in classical SGD.

Yo =

Ao

Lemma 3.3. Let all the Assumptions for the Theorem 3.2
and Assumption 3.5 be satisfied and the tuned o, Ao are
used as defined above. Then, for 3 different regimes, based
on relation between N and T we have the following optimal
choice of aalg:

1. For N > T the optimal choice is ttalg = Qttrue, Which

Strue—1

results in overall bound O ((ln N)l/o‘”“e [T etrue )

2. For N = T the optimal choice is taig > Qirye Which
rue 1
result in overall bound O (l/T Strae )

3. For N < T the optimal choice is og = 2 which
results in overall bound O (1/\/?)

Overall, even coarse information about the heaviness
of the tails can be useful for selecting conservative
clipping and step-size schedules, since asymptotics of
LSV [V fiz,)]|os ~ N can be similarly de-
rived as in Theorem 3.4. This is especially useful when NV
is large relative to the number of iterations.

3.3. Convergence guarantees for strongly convex
functions

Analogously to the convex case, we obtain the convergence
bounds for the strongly convex setup.

Theorem 3.7. Let the Assumptions 3.2, 3.3, 3.4 be
satlsﬁed Then, for any a € (1,2] choosing v =
m,)\ = )\Otl/a Wlth )\O > max{2532LA =+
2| VEN (ab)|, (222532 L (A VEN (2!)]| + LAZ)*!

-u‘l) 1/(2(a_1))} results in the following convergence
bounds for ClipSGD:

Eag [Fn (@) - Fx(@)] = 0 (i’ﬂﬁ+

Ei|[V fi(z)[[* A0~

2(a—1)
o

B[V fiw)lI*)* A"
2(a—1)

pI'™ e %

Jr

+ faster decaying terms> ,

and if \; is chosen as Ny = ot with \g > 2°32LA +
2|V Ex (21,
of ClipSGD:

L2A?
pI?

Ealg [FN(ET) - FN(/J?\)] = O( +

L ElVA@IPNE"
,LLTO‘_I

AR ||V fi()[|* A~
To— 1

+ faster decaying terms) ,

_ 16L
where TT = W Z wixt, Wp = tzjl wy, wy =t +
Eaig is the expectanon with respect to the random mdlces

sampled during the algorithm, conditionally on the dataset,
and E; denotes the uniform average over the fixed dataset.

The main difference from the convex setup is the possibility
of two distinct bounds, that arise from different analyses.
When previously, the latter bound was was not taken into
consideration, due to the worse dependence on 7', the first
one suffers from (E;||V f;(x4)]|*)?, which influences the
convergence more significantly, incase N > T or N = T
Similar to the convex case we analyze the different regimes
of ClipSGD:

Lemma 3.4. Let all the Assumptions for Theorem 3.7 and
Assumption 3.5 be satisfied. Depending on the relation
between the a1y and ourye the noise terms admit three
regimes

term scales as

2(aq1g—1)

)2/ T e

1. If oalg < Qirue  the

Op [ min ¢ (E[|V f(z.,

E||Vf(x*’ 5) ||Oéalg/Taalg—1 })

2. If  oag = scales  as

2(ap)g—1)
Op (min {(lnN)2/T “alg ;lnN/T%lg—l})

Qltrue it

3. If aag > Qurue it Scales as

2(aa1g—1) a
. 2oalg Lalg 4 1
Op [ min < N true /T “alg 5 N etue  [T%0le

Lemma 3.5. Let all the Assumptions for Theorem 3.7 and
Assumption 3.5 be satisfied. Then, for 3 different regimes,
based on relation between N and T, we have the following
optimal choice of ag:

1. For N > T the optimal choice is tialg = Qitrue Which
results in overall bound O (ln N/Ta"ue_l). The sec-
ond bound is optimal.
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Figure 1. First row: population excess risk F/(Z7 ) — F(x,). Second row: optimization error Fix (Z*) — Fn ().

2. For N = T the optimal choice is a,1g = 2 which re-

2(agrye—1)
sults in overall bound O (1/T true ) The second
bound is optimal.

3. For N < T the optimal choice is og = 2 which
results in overall bound O (1/T). Both bounds are
optimal.

It can be seen, that bound with better dependence on 7" turns
out to be worse, if we take into consideration the dataset size.
To improve the bound we can tune \q trying to equilibrate
the tradeoff in the first bound:

1 N 1 /aalg
Yo = | ¥ 2 IVAa) (18)
i=

Tuned A for strongly convex setup turns out to be the same
as for the convex one, which allows to use it without ex-
amining the problem’s convexity properties. Similarly the
constraint on clipping radius from the Theorem should be
satisfied.

Lemma 3.6. Let all the Assumptions for Theorem 3.7 be
satisfied and the tuned )\ is used as defined above. Then,
for 3 different regimes, based on relation between N and T
we have the following choice of oug:

1. For N >> T the optimal choice is ttalg = Otgrue Which
results in overall bound O (ln N/To‘tr“‘)’l). The sec-
ond bound is optimal.

2. For N = T the optimal choice is talg > Qirye Which

2(atrye—1)
results in overall bound O (I/T true ) The first
bound is optimal.

3. For N < T the optimal choice is cag = 2 which
results in overall bound O (1/T). Both bounds are
optimal.

With tuned Ao we can use more aggressive clipping without
worsening convergence guarantees.

We have analyzed both generalization and optimization er-
rors under heavy-tailed noise and have shown, how the
heavy-tailed stochasticity influences the ClipSGD. It turns
out, that if clipping is utilized, it can be set to a wide range
of options, not particularly depending on the true heavy-tail
index. We have also derived, that impact of heavy-tailed
noise increases with the rising dataset sizes.

4. Experimental validation

Since the performance of the ClipSGD has been thoroughly
studied, in this section, we focus on the effect of increasing
dataset sizes on the optimization process, as well as validat-
ing the assumptions on the tail indices of the square of the
stochastic gradient’s norm.

We validate the predicetd dependence on the number of
samples. We consider function F(z) = %|z|* with
F(.€) = Y|z|* + (€, z). where €)% is SBS with § = &
and E £ = 0. Proper £ is sampled as follows: according
to (Kanter, 1975) we construct a positive strictly 5 stable
7 with scale = 1; then we sample a vector uniformly from
the sphere u € U (Sd’l). We define £ = VU, where
c is deterministic and stands for the scale parameter. We
take ¢ = 10. We consider o € {1.05,1.1,1.5,1.9}, and
for each o draw N € {10,102,10%, 10*,10%,10%,107}
samples from the corresponding distribution. We run SGD
and ClipSGD with \, = 1/, v, = t=V/« /4 for T = 10?
iterations over 100 runs, with {£;}Y, being fixed — the
stochasticity is only in the choice of &; at every iteration.
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The obtained results are plotted in Figure 1.

It can be seen, that with the increasing dataset sizes and fixed
number of iterations, optimization error Fiy (z7) — F (%)
is sometimes comparable between ClipSGD and SGD. How-
ever, population excess risk F(z') — F () decreases for
ClipSGD and increases or stabilizes for SGD, which co-
incides with the derived theory. With a@ = 1.9 the noise
is close to the finite-variance regime, therefore, SGD and
ClipSGD demonstrate similar results.

5. Conclusion

This work analyzes ClipSGD for finite-sum minimization.
We demonstrate the convergence bounds for arbitrary non-
increasing step sizes and clipping radii. Our analysis shows
that if the sample functions are drawn from a distribution
with heavy-tailed noise, clipping is not necessary for con-
vergence of the finite-sum method, but it can significantly
improve the rates, when the number of samples is compara-
ble to or greatly exceeds the number of iterations. Next, we
demonstrate problem-aware and problem-agnostic bounds.
Another theoretical contribution is the derivation of gener-
alization bounds, which also demonstrate the impact of the
heavy-tailed noise on the empirical minimization problem.

Our work develops the understanding of clipping and closes
the gap between the finite-sum minimization and heavy-
tailed noise. Several open questions arise from this work for
future research: deriving convergence rates with high proba-
bility, connecting generalization and optimization bounds
in the convex setup, considering more general smoothness
assumptions. Another unresolved problem is linking our
observed effects with the results of (Woodworth & Srebro,
2021), where the finiteness of the second moment is derived
from plausible assumptions.
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A. Generalization bounds
First, we formulate the auxiliary lemmas.

Lemma A.1. Lerx > 0, u,v > 0, p € (0,1) and suppose that the following inequality holds:
< u+vxP.
Then, if

we have

Proof. If x = 0, then the desired inequality is satisfied. Otherwise, suppose the opposite, that z > 2u. Then, we obtain
r<u+vaf < g—&—vxp.

After rearranging the terms we have

< wvaP.

Divide both sides by x and use the monotonicity of " with r < O:

1
3 <ozl < 11(2u)”_1 <

N =

This is a contradiction. O

Lemma A.2. Lerx > 0, u,v > 0, p € (0,1) and the following inequality is satisfied:
x < u+vaxP.

Then, we have
1
x < 2u+ (20)T-r.

Proof. We have either x < (QU)ﬁ orva? < z/2 = x < 2u. O

Then, we proceed with the proof of the main theorems.

Theorem A.1. Let the Assumptions 3.2 to 3.5 be satisfied with tail index o € (1,2]. Then for any q € (1, ) and for

- =1
N—q ( LAZ~4 2q> | a9)
pa= BNV f (s, El9)

we have

E[F(Z) — F(x,)] = (9( AZ—QMIEY]];(;Y f)”q) . (20)

Proof. By E¢ we define the expectation across randomness £ ~ D. Then,
Be [F(Z) — F(x,)] = B [F(Z) — Fy ()] < Ee [F(Z) - Fn(2)] -

As in previous analyses (Shalev-Shwartz et al., 2009; Liu & Tong, 2024) we introduce FJ(\f ) = + < f(@, &)+ > f(=, §Z)> ,
i#]
where ¢’ is an i.i.d. copy of &;. Introduce 2z = argmin FI(\;)(LU) Then,
TeX

) 72U €)= f(7. €. .
i#]

_ f(f(j)agjzv_ [(7,85) . f(f(j),fjl.?]v— fz, f;) + F](Vj)(f(j)) _ F](\?)(f)
o J@V.g) - @) fEYV.E) - @)

- N N

< (V6D )59 - 7)1 - (VIG5 -79).

13
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Invoking Young’s inequality C.1 leads to

1
cigN
By strong convexity of Fiy and the fact that  minimizes Fy we have

Fy(@D) = Fy(@) > (VEn(@),39 - 7) + L3V - 2] > £)130 — 22,

q
Ny N 1 Ny N 2c57(q = 1) | iy oy
FN(x(])) - Fy(@) < mllVf(x(”,Ej)Hq + va(%f;‘)ﬂq + Tllw(” — =T,

where the second inequality holds according to Lemma C.3. Combining previous inequalities, we get

o~ 2 . 2 - 4cTT(q=1) 5 o
0 _ 32 < V(70 g9 v A ) _ 3||a=.
79— 37 < = SIVIGD N+ oG IV € + = T )~ 3
From the boundedness of the set, we get
2—gq 2—q q 2—gq
() Ay L 22q 0y 2A =1 (i 2A =1 N dea—T A (q—1) oy oo
139 — 77 < A0 - 32 < 225 v rE9, 6| + 2o V4@, €))| + =1 1500 _ gy,

pcigN pelgN pgN

q 2—gq 2—q 2—q
derT AT (g —1) \ | iy o~y 2A 1 Nz 2A 71 -
1— ) _ b < ) ¢.\)9 V119
( N B9 27 < CCERIVAGY. )+ o VG

After taking expectation, since (Z, ;) 4 (), £h), we get

deT T AT (g — 1) o AN R
1— Ee o120 — o= < Ee o A
< N e ||TY) =7 S g es IV£(Z,&)]
a1 a1 ,
Take ¢ = (8(q[£1)> ! (”;V%] , so the left-hand side equals to 1E||Z(%) — Z[|7-7. Then, we have
(- 1)\ ATEE
~(i oy _a 8 (8(q—1 VAN T R
Ee o I(J)fx 7—1 << > E: . vf I,glv q.
ol - gt < 2 (M B IV
Since (7, ) 4 (1), ¢;), we have
1 1
E¢[F(@) - Fn@)] = B [F@) - @) =EBee | Y F@) - f(@¢)| =EBee sz(f’ &) — f@,&)
j=1 j=1
1Y , 1 &
= D Eee [/@€) — 1@, )] < © D Fee (VI@€),7 - 30)
j=1 j=1
L« e, P 1) o ~0) _ A
< pqu;Ef,f’va(l‘,fj)H +T;Eé,é/”$ — |7
N _a_ —1 20=4> N
1 - p(g—1)8 (8(¢g—1)\" AT o ot
< Eee IV (@, 6117 + - Eee IV f(z, &)
quN; e IVF@, &)l N g . (#N)q; eIV, &)
L . . S\ _ 4L 2= .
To minimize the right-hand side, set p = (qul) “ ,wherex =q,y = qu% (8(qq 1)) A(#N)lq . Then, we obtain
e @ s (M (Sam0)TYT A 1 o e
TR G FA @ q pITINGTN B

Then, we focus on the second term E¢ ¢ ||V f (7, ) [|9. After using the convexity of the || - ||? we have

Eeel|VF@, )7 <27 Be e IVFF,€) = V(@ 17 + 27 Bee [V f (@, )11,
We focus on the first term. From smoothness and convexity we have:

EeeIVF(Z,8) = V(@ & < (Bee V(@) — Vf(x*,§§)||2)% < (2LE¢ [F(Z) — F(24)])

vk

14



From Optimization to Generalization under Heavy-Tailed Data: The Role of Gradient Clipping

Therefore, we have

~ ~ CA?~1 ~ o g
Be[F(@) ~ Fy(@)] < v (BIVA@ Ol + QLR [F@) - Fx@)F)
where C' = Wi;ll))q_l. Then, we apply Lemma A.1 with x = E¢ [F(Z) — Fn(2)], u = ca’ :E‘v];(f*’g)uq,
(g—=1) 7 q9
v = %ﬁq@f/z and p = 1. Therefore, for
LA%~4 o
pa= BV f (2., E)[7)
we obtain

20A*IE||V f (24, €)||4

B [F(2) ~ F(3)] € ——— s

O
Corollary A.2. If one is interested in bounds regardless of N being exceeding a certain threshold, we use the Lemma A.2
R R 2 T 2— q/2
with x = E¢ [F(Z) — Fn(Z)], u = ¢4 :qE”vaq( O ) = Cﬁq fﬁf)l , p = 4 and obtain
- A2 9E|V (2., )|l A%%;
E¢ [F(x) - F(x*)] =0 ( P I Na-1 + MQ(Qq:;)Nqu:;) (21)

The second term decays faster with the growth of N.

Since random variable F'(Z) — F(z,) is nonnegative, we can apply Markov’s inequality and obtain the bounds with high
probability

Corollary A.3. With probability at least 1 — 6,
F(z)—F(z,)=0 (

AP IRV f (2, )|
pi—1Na-1§ ’

We also consider the convex problem with Tikhonov regularization:

N
. 2
min {FN A _E (z,&) + ||x Zol| } . (22)

Theorem A.4 (Tikhonov-regularized ERM generalization). Let the Assumptions 3.1, 3.3, 3.4, 3.5 be satisfied with tail index
€ (1, 2]. Consider the stochastic average approximation problem with Tikhonov regularization as in Equation (22). Then,
forany q € (1, «) and for

1

2— q-1
N ( (L + A)AZ—4 _ ) | -
ATHE(V f (24,0, ) + A(@sx — 20)]7)
we have ) )
- A*TIE|V f(z,n, AMxyn — 7 AA
E[F(m)—F(x*)hO( Az e — ol 22 ) 4

where x, ) = argmin F(z) + 3|z — zo[/%
TeEX

Proof. Define F)(z) = F(z) + %||z — zo[|* and Z) = argmin Fiy . Then, we have
TeX

F(z)) — F(zi) = F(2)) = Fa(@en) + Fa(@ep) — F(zi) < F(@)) — Fa(@a,0) + Fa(zs) — F(zy)
A2

N A .
= F(@) = Pa(wan) + Sz - zo||? < F(Zy) — Fa(wsn) + =

Since F) is A-strongly convex, from previous theorem we might obtain the generalization bounds. For instance, analyzing
in expectation for sufficiently large N we obtain

EW@»H@H—O(

AP IRV (a5, €) + Mo x —x0)]|7 | AA?
A= N1 )

15
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The high-probability bounds are analogous: with probability at least 1 — 5 we obtain

Az_ *,A * — AQ
P - Fla = 0 (X EIT e Mrea sl 28,

O

In order to derive the bounds for the tuned parameter A, first, we apply the Young’s inequality (Lemma C.1) to the first term:

E|Vf(2ex,€) + Maun — 0) |1 < 3T HEVf (20, O + EIV (24, ) = VI (@ex, T+ N[y — 2ol|) (25)
Keeping the first term unchanged, we bound the second one using the smoothness of f(x,&):

E[Vf(20,6) = V(@ ) < QL(F(xa5) = F(z)™?,
and then from the fact, that
A A
F(a) + 550 = oll* < F@) + 5 o = o
we obtain ,
E[VF(22,€) = V@, O < (LA —0]2) " < L/2X9/2A0.

The third term in 25 is bounded as follows: \?||z, x — xo||? < A?A9. Altogether, combining these with 24 we get

N APIR||V f (x4, )| LY2N19/2A% AA2 \A?
E[F(:c,\)—F(:c*)]zO( iyt Nty T )

where the leading terms are the first and the last ones. Optimizing with A we obtain the following:

Corollary A.5. Minimizing the right hand side in the equation 24 by taking X ~ —2— (E||V f(x,, ) Hq)l/q, with
AN

_ (L+ M)A i
M= (((EWf(xﬂs)w)l/q) ) ' 26)
we obtain /
E[F(2) — F(z.)] = O (A (=¥ S, O ) | -

To obtain guarantees with probability at least 1 — 3, we choose A ~ —*—— (E||V f (24, ) 19)"9, hence:
A

ﬂqu

A (E . q\1/a
Fa) — Pl — o | AEIT 010" o8)
BaN @
Without bounds on N we have
R A (E||V (24, )]|9) " AT L7
E[F(@)) -~ Flz.)] = 0< Elv7e 0N~ 4 <> , 9)
N (E]IV f(z, O)l1) 0 ot
and with probability at least 1 — 3:
_ A (B||V £ (2, )] 1) A5 L% gy
F(l‘/\) - F(l‘*) =0 ( || {( 41751)” ) + ’-qul) 2(q—1) (30)
BN (B[ (z, O)}0) 15 N3

To prove, that heavy-tail noise indeed influence the generalization bound we provide the lower bound:

Lemma A.3. Let £ be distributed as a two-sided Pareto random variable, i.e. P(§ > x) ~ kx™% x — oo, and £ is
symmetric. Consider problem F(x) = %xQ with f(x,&) = %xQ + &, on a bounded set X = [ 4. A]. Then,

E[F() - F(z,)] = 9 (uaf;—l) . o

2

N
Proof. The minimum of function F'(z) = 422 is #, = 0, whereas the minimum of Fiy () = 422 + £+ > &u is
i=1

N
~ . . 1
7 = projy(7) = proj¢ (—MN ;g) .

16
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Therefore, F(Z) — F(x,) = 5. To derive the lower generalization error we consider only the case, where Z lies on the

boundary of the set A’
~ ~ pA?
E[F(@E) ~ F(z.)] > B(7] > A/2)- 12

According to Theorem 1 in (Nagaev, 1982), from the symmetry of the two-sided Pareto distribution for ¢ > 0 we have

N N
P (Z & > CN> ~ NP(§ > cN), P <Z & < —cN) ~ NP( < —cN).
1=1

i=1
]P (

Therefore,

N
D&
=1

> cN> ~ NP(|¢] > ¢N). 31)

Take ¢ = %, then

N N
~ 1 A UAN 20+
> = — > —| = > ~ > ~—_—
P17 2 A/2) P( mOCIE ) P(}Z_jl = ) NB(E| > pAN/2) ~ s ()
Putting this into the lower bound we obtain
BIF@) - Fla)] > B > Af2) - 25— (-2 (33)
z Tx)| = Tl = 8 Ma—lNa—l '
O

17
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B. Heavy-tailedness

In this section we analyze the effect of heavy-tailed noise for finite-sum minimization.

Theorem B.1 (Chapter 7 Theorem 2 from (Gnedenko & Kolmogorov, 1968)). Let the random variable n satisfy the
following conditions:

Pn<0)=0,P(n>z)~cx™®, «a€(0,2), z>0. (34)
Then, there exist sequences { A;} and { B;}, such that
N
1 d
Bx ;:1 (mi — An) = G, (35)

where G, is a strictly stable random variable with parameters o, f = 1.

It is important to notice, that the uniqueness is not claimed. The example of sequences {A,,} and {B,,} can be found, for
example, in Table 2.1 in (Uchaikin & Zolotarev, 2011):

(0% AN BN
0<a<l 0 (me)/ (2T (o) sin(ar/2)) /o N/«
a=1 cln N wceN/2
l<a<?2| En | (mc)V/*20(a)sin(ar/2)) /N

Table 1. Sequences { An } and { By }, constant ¢ is from Theorem B.1, I'(-) stands for a Gamma function.

First of all, we prove the asymptotic of the Zfil IV f(z4, & )||P. If the objective function satisfied Assumption 3.5 with
the tail index a € (1, 2), then, ||V f(z.), {||” has the tail index {. Using B.1, the fact, that strictly stable random variable
G o is positive and has everywhere continuous CDF, from the Portmanteau lemma and constants Ay and By we have the
following:

Theorem B.2. Let the Assumption 3.5 be satisfied with o < 2. Then, for p < o we have

LS Il 0 1), 36)
forp=a -
= Z IV fi(2.)]|” = ©p (In N), (37)
and forp > «
}Viwmnp =0 (NE71). (38)

Then we analyze the effect of clipping on the optimization bounds. Suppose, step sizes and clipping radii are selected

according to the index aalg, and objective function satisfies Assumption 3.5 with index aiye. Then, the tail index of

[V f (s, €)[| %= equals to Ziu=. Denote by k = e € (1/2;2) and by ¢(NV) = sup |Psy (z) — Pg, (2], where P(:)
e e z€R

stands for the CDF of £ and Sy for the normalized sum. Therefore, we can obtain

N N
: (zlv SV () < C) - (Z IV F (€)% < N C)

i=1 =1

) (Z IV f (s, &) = An(r)) SN(C—AN(“))>

=2 (s ST 1 A £ 50 v
B(r) 2 (V7 = B
>P(GK<B§V(H)(C Av(e)) = a(N) 2 1= 5.

18
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where (3 is from the definition. Therefore,

Fo (€~ Av() = P! (1= B a(V),
and
€= Ante) + P pot (1 g4 g(v)).

We want to focus on Pg: (1 = 8+ q(N)). From Markov’s inequality for any w € (0, k) we can obtain P (|G| < t) >

| EG”
> m (Elew )”w

> min [ ———

we(0,5) \ B — q(N)

we have P(G,; < t) > P(|Gx| <t) >1— 5+ q(N).
Combining the above, we derive the following result:

. Therefore for

Theorem B.3. Let the Assumption 3.5 be satisfied and N be great enough, so 3 > q(N). Then with probability at least
N

1 — B the following bounds on & > ||V f (x4, &)||*= hold:
i=1

With Ualg < Otrue

we(o,Gme) \ - —q(N)

7 aalg

1 & Calg g . E|G e /ame|” 1w
3 SV &)1 = O (BIV S ose + N iy (St} ) 9
=1

With ctalg = Qgrue

LS 9 =0 (N i (EIOL) (40)
N Twy &)l = n min [ ———— )
N i=1 . we(0,1) \ f — q(N)
With Qalg > Qtrue
al wN 1/w
1 Qalg g . ]E‘Gat Joval |
i Vf(x ;fi ||(¥alg = O | N @true min (rueag ) (41)
¥ 2 I weor By \ T B — (M)

B.1. Analysis of ¢(NV)

In order to derive non-asymptotic bounds, we need to bound ¢(V). The literature shows, that the tail behavior influences
q(N) significantly. Under the mildest conditions, when the heavy-tailed Assumption 3.5 is satisfied, we can use the results
from (Juozulynas & Paulauskas, 1998; Christoph & Wolf, 1992), that demonstrate

¢(N) <CN~?(InN)",
where § = [{a #1/2,0 < a <1} +2[{a=1/2} + E2I{l < a < 2}, 7 = 2I(a = 1).

In this setting, one should take By = N 1/ and A ~ as follows:

0, a<1/2
Ay = m, 12<a<2,a#1
(m+27r~'InN), a=1
(r—2)(2m)1L, a=1/2
m = 27 (v + 1+ In(7/2)), a=1

—a((1 — a)m) T (a)|sin(an)|V/*, 1/2<a<2,a#1
This choice of {4;} and {B;} does not influence the asymptotics in Theorem B.3.

Regularly varying tail To derive more precise bounds on ¢(N) we use the results from (de Haan & Peng, 1999), where
they considered the regularly varying tail: P(§ > ) ~ cx~“(1 + I(x)). Therefore, if we know, that

P(IVf (s, )l > x) ~ ca™me (1 +1(2)),

19
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then,

ue —%true

PV [ (22, )% > 2) ~ ez oo (14 Uz ™)) = e oo (1+m(z)).

Lemma B.1. Ifl(x) is regularly varying with index s and cua1z > 0, then, m(z) will be regularly varying with index

S

aalg.
Proof. From regular variation of [ by definition we have
lim H(tz) =x°.
t—o0 l(t)
Therefore,
1 1
t I((tx) “al l “al s
lim m(tr) = lim 7(( :c)l *) = lim 7(“8 ) = x%als
t— 00 m(t) t—o00 l(tflg) r—00 l(?")

Therefore, from Theorems 1,2 and 3 from (de Haan & Peng, 1999) we can derive following asymptotics on g(N):

1 0 [e 71 [e 7% s s Qtrue
1 < Quue ] ] < Qtme _ <9 < — 5
N> o Qalg ’ Qalg Qalg ? Qalg Qalg
alg
l( Atrue )7 0 < Otrue < 1’ 1 < Otrue __ S < 27 _ Otrue < S
q(N) ~ - Qalg Qalg Qalg Qalg Qalg
alg
l( Strue )7 Qirue — 1, 71 < 5 < O
ol Qalg Qalg
alg
l( Strue ) 1 Otrue 2 Otrue S 2 S < 0
’ < Qalg <4 Qalg < Qalg + 2 Qalg —

20
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C. Optimization bounds
Convex case.
First of all, we provide the useful lemmas, that we will use throughout the proof.
Lemma C.1 (Young’s inequalities).
zy < il + y747 Vz,y > 0;p,q > l,s.t.} + 1 =1,
p q p q

p 1
<$,y> < §Hx||2+27p”y”2a V$7y€Rdvp>0~

Lemma C.2. Let X be a convex closed set, and proj 1 (+) : R? — R< be a projection operator onto this set. Then,

Iproj (z) — projx (W)l < llz —yll, Va,y € R (42)
Lemma C.3. Let X be a convex closed set, and y € R? be the minimum of convex differentiable function g on this set. Then,
(Vg(y),z—y) 20, VoelX. (43)

Lemma C.4. Let X be a random vector in R® and X = clip, (X). Then, for Vo € [0, 2]
E||IX|* < X[ X" (44)

Proof. For Vt > 0 we have
t< A= 1272 < \27e,
Therefore,
2 < AT,
For ¢ > )\ we can derive similar result, by replacing t <+ A, a <= 2 — «. Hence,
min {t2, )\2} < N2
Choosing ¢t = || X|| and taking expectation of both sides we obtain the needed. O

Lemma C.5 (Lemma C.1 from (Sadiev et al., 2023)). Let X be a random vector in R¢ and X = clip, (X). If
EX =2, E|X —z|* < oo,

fora > 1and||z|| < 2, then,

o1

Theorem C.1 (3.2). Let the Assumptions 3.1, 3.3 and 3.4 be satisfied. Additionally, assume the step size sequence to be

non-increasing yi+1 < Ve, v < 75> and Ay > 2°32LA + 2||VEn (x1)||. Then, for Vo € (1,2] the iterates of the ClipSGD

satisfy

IEX — z|| <

E|X — x|“. (45)

_ A? | EVia)ll* + LA S~ oia, AR|Vfi(m)]|® + LOAT G- 1o
T ~ _ 7 7 * 2—a 7 (3 * l—a
Ealg [FN(I ) FN(x)] - 0 <7TT n - ;%)\t n - ; Al
2 a T
A2—a [,2-a 2—2a
I 2)————MM— 2o 4
(o #2) = 2:; A ) ! (46)
T

where T = % 3= at, Eaig is the expectation with respect to the random indices sampled during the algorithm, conditionally

t=1
on the dataset, and E; denotes the uniform average over the fixed dataset.

Proof. First of all, we show, that the projection does not affect the convergence:
I+ = llprojx (2" — yeclipy, (Vfi(z"))) — Zl| = llproj (z" — yeclipy, (Vfi(z"))) — projx (7)]]
< 2’ = yelipy, (Vfi(a")) — 2.

_§|

Then,
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o+t = Z)* < fla* = Z|* - 2% ChP,\t (Vfi(a") 2" = T) + 7 |clipy, (Vfi(z")) |I?
=la* = Z||* — 27 (clipy, (Vfilz")) 2" = T) + 7 clipy, (Vfi(a")) £ clipy, (V£i(2)) |I°
<lz" = Z|* = 29 {clipy, (Vfi(a")) ;2" = T) + 297 elipy, (Vfi(z")) —clipy, (Vi(@)) I* + 297 [[elipy, (V£i(@)) ||
<[l" = Z[* — 2 (clip,, ( ( )) 2t =) + 297V fi(a") = V@) + 297 [lelipy, (V (7)) |
<z’ = &) = 2 (Fw (a* (@) = 27 (clipy, (Vfi(a")) = VFn(a"),2" = &) + 297||V fi(2") = V£(@)]
+ 297 |[elipy, (V£i(7)) ||27 47)

where in the last step we used the convexity of Fiy : Fy(z') — Fn(Z) < (VFEn(z'),2" — Z). After taking conditional
expectation over index i we need to analyze three terms: —2v,E; (clip,, (V f;(z")) — VFy(2"), 2" — Z), 277 E||V fi(2")—
Vfi(@)|? and 297E; |[clip,, (V £i(2)) [1>.

From smoothness we have
IVEN ()] < IVEN(2") = VEN (')l + [VEn (2] < LA + [V Ey ()],
therefore for \; > 2LA + 2|V Ex (z!)|| we bound the first term as follows:
— 2v,E; {clipy, (Vfi(z")) = VFn(a"),2" — Z) = =27, (Eqclip,, (Vfi(2")) — VFn(2!),2" — T)
<2y |[Eiclipy, (Vfi(z")) = VEN (") - 2" = Z|| < 29 |[Eiclipy, (Vfi(2")) — VEN (2")] - A

2a+1,7A N 2a+13a—1,yA e e N
S?jEillvfi(wt)—VFN(xt)H STIt(EiHVfi(xt)—Vfi(:c)H +E|V @) + [VEN(z)]*)
t t

2a+13a 1’7¢A t ~\ [l ~\ [ a—1 «@ a—1 o7
_T(Eillvﬁ(w)—vﬂ(w)ll +E| V@) + 207 VEN(2') = VEN (@) + 227 VEN(@)])

(48)
where the first inequality holds due to the Cauchy-Schwarz inequality, the second is due to the Lemma C.5, and the last two
due to the Jensen’s inequality, as || - ||* is convex function.

From Hoélder’s inequality, for random variable 77 we have

Elnl* < (Elnl*)*
Therefore, first and third terms in (48) can be bounded as follows:

EVfi(e') - VAE@* < (BlVAE) - VAE@))? < (2L (Fa(') - Fy(@))?
IVEN (") — VEN@) = (IVEx(") = VEN@)|?)? < (2L (Fx(a') — Fx(3)))?
The last term in (48) is bounded via the convexity of || - ||*:
@ N

IVEN(Z)[|* =

1 N
v 2 VI@.&)
i=1

Z\foa

Combining inequalities above we obtain

2&+13a—1 A
— 2y E; <clip)\t (Vfl(act)) — VEn(2'), 2" — §> < 20 ha

(3(2L)% (Fn(a2') — Fn(Z

/-\
\/
=

Wl

= +IEVH@).
t
(49)
For a < 2 from applying Young’s inequality, we gain
2% I3 L5 A . C e O a 2an? e
—ar— n(Fn(a") = Fn (@)% = g n(Fn(a') — Fn(3)% = ma%y” J(Fy(a') — Fn(2))®
A A A¢ a?
2—« P o
C12 —a [ Caz 2 a\ Cz—aqz-a
<5 ( L ) + S (P — Fy(@) = (1-5) T—ame— + 5 (Fa(a') = Fn (@),
t

where C' = 2% +132 [ A,
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For o = 2, the term above becomes linear in the objective gap:

2432 LA R
" Vi (FN(xt) - FN(@) :

By the definition we have \; > 2°32LA. Therefore,

2432LA N N
= (Fn(a') - Fy (@) < % (Fn(z') — Fn(3)).
t
The second term in (47) is bounded as follows:
297Ei |V fi(a") = Vfi(@)|> < 47 L (Fn(a') — Fn(Z)) - (50)

For 7; < -+ we have

iL
—27(Fn(2') — Fn(Z)) + 49 L(Fn (2') — Fn (%)) < =y (Fn(2') — Fn(2)).
The third term in 47 is bounded as follows:
Cc4
22Ei|clipy, (VA (@) |2 S 22N B[V £:(3). (51)
Plugging (49), (50) and (51) in (47), we obtain:

~ . v . C e o o C
Eillz™*! = 2|* < |l2" - 2% - é (Fn(z") — Fn(@)) + 7)\ai1%Ei”vfi(x)” + 292N OB VA @) + o # 2)—g
t )\t2—o<

Define 6; = Eqjq ||z — Z||%. Then, after summing over the iterations, taking full expectation with respect to the randomness
of the method and applying the convexity, we obtain
T

T T

21 AR, ||V £ (7)) o 20.E||V (@) ,a
Ealg I:FN(i‘T) —FN(Z‘)} < TZ%(ét _6t+1)+MZAE ’Yt+ 1 ||Tf( )H Z)\%
t=1 t=1 t=1
202 T 221294
+I(a7é2)72)\t «
t=1
2 & 11 25, 26 AR ||V £:(3)]|* 201 K|V £5()]|* — 20 o | 22
_Z (5 - 71_ T+1 4 7 4 )\270& + 149 T )\1704_’_]' a 9 72 )\ﬁ
Tt; t(w %_1> WT T T ; e T ; ‘ (#27 ; t
2 11 25 AE;| V(@) — 201K ||V £:(2) ]| 20 o | 22
<ENTo (= - — )+ = TR N ey, T M4 T(a#£2) 223 A7
I O AL A e DL P S IAN  a # E YON
T a+1 i i « i (U i «@ T
Szzgt (1 1 > 200 22 (il Vi)l + EillV£i(@) = V(e )ZAtQ_a%
T " \m 7 nT T |
P T
2¢C ]Ez Vfl Ty « +Ez sz xTr) — Vfl Ty « —a 2C 2212:
L 200 B[ Vi) TII (@) ( )”)in +I(O‘#2)TQZ/\1E
t=1 t=1
T T
2 11 285, 20 (B |V fi(z,)||® + LOA®) .
<=NT6 (= - =4 A2=
th:; t(% %1) T T ; e
290y (B||V fi(wo)|* + LYA%) = 11 20, o | 2o
+ 1( H f(; )H + )Z)\% a+l(a#2)TQZAt2—a.
t=1 t=1
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If Y41 S Yts then,
Eaig [Fn(z7) — Fn(@)] <

1 2A2  20HL (B |V £i(20) ]| + LOAY) o 54
TZA2<_%_1>+71T+ (Ei| f(T)II )ZAf o

t=1

2

+2a01 (Ei||V fiz,)]|* + LYAY)

T
n Z)\lo‘JrIa;éQTZ::

t=1

2 a+1 . . « a A\« T «@ . . «@ a A\«
L2472 (B[ Vi )" + LA )ZA%Q%+ 2°Cy (B[ Vfi(z)[|* + LA )Z)\l o

< + I«
T T =1 T =1 =1

After inserting all the constants C; and C5 we obtain the desired bound.

l\D
glie
Ma

O

Corollary C.2. Under the Assumptions of Theorem C.1, let the step sizes and clipping radii be chosen as v, = Yot~ /%, A\ =
Xt/ where o < 2 and N > 2°32LA + 2|V Fy (a1)||. Then, for o € (1,2), we have

Ealg [FN(gz ) — FN(a:)]

2 2—a ) ) a a A Ao AE; (1) LAAT! 2—2a
— A{H 4 0% (Ez\lvfzjf:)ll +L7A%) | Ao ( IIVf((a;zH + )+A2 2 [P\ Ra(T)
’}I()TT T & T &
(52)
where
2(a—1)

T oG, 1<a<y?2,
log(eT)

Ro(T):==q 7 a=2,
1
—, 2<a<?.
T Vi<a

For o = 2, the last term is absent and the bound becomes

i N A% o (B[ Vfi(z)|* + L2A%) A" (AR Vi(z)|” + L2A%)
Eag |Fn(z") - F, =0 + + . 53
i [Pe(@) - P (@)] (’YO\/T VT VT 9
Proof. We substitute 7, = Yot~/ and \; = Aot'/® into Theorem C.1. First,
A? A?
T 4T
Next,
T —a T a T —«
lZ:%/\Q‘O‘ B T D TR e PR (70/\3 >
L7\ - - a—1 ’
T t=1 r t=1 T t=1 =
and similarly,
A o ioe Ae
Z»a: ta_O( 0)
T P T%
It remains to handle the last term, wh1ch appears only for o < 2:
2—2a
2—2a )\ 2@ T 2(a—1)
P o Ry,
r =
The last sum gives the three regimes in the definition of R, (T): if 2((2 a)) < 1,i.e. a < v/2, the sum is polynomial; if
o = /2, it is logarithmic; and if & > /2, it is bounded by a constant. This proves the claim. Note, that for any a € (1,2)
the last term decays faster than the previous three. O

Corollary C.3. Under the Assumptions of Theorem C.1, let the step sizes and clipping radii be chosen as

1 _
Y =T m1n{4L TZ(/)O‘}’ At = A1 :max{2532LA+2||VFN(551)||7)\0T1/Q}a
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where vy, A\g > 0. Then,
Eug [Fv(2") - Py (@)]

AQ — y2-a o a A yl-« o a A
=(9<7 T (EillV fi(za) | + LYA%) + Xp ™ (AE:||V fi(wa)|| + L*ATY)
T
5 o _2-2a
Y I(a#2APa LN . (54)

In particular, for all a € (1, 2] this implies the simplified rate
Eug [Fx (") - Fx(@)]
B o((L 2 DAY | 0 (F70AT 4 V)P +28) BV A + L7A%)

a—1 a—1
T @ T e
2—2«a
>\1 (AR ||V £ () ||* + L* A>T ATa [ 75\ 2@
( I fT i ) —i—[(a;éQ)—TL_l 0 . (55)

Proof. Since the schedules are constant in ¢, Theorem C.1 gives
Eag [Fn(2") — Fn(2)]

2
Yol

4 I(a £ 2)ATE LN 5)

@ a a A yl-o @ a A
B[V filz)[|* + LEAY) + g (AR V fiwo) | + LYAYHY)

which proves the first part.

For the simplified bound, we use

1 Tl/oz
— <4L+ ) Fr < #,
T Yo Tt/

and, since 2 — o > 0,

Xo © < (2P32LA + 2| VN (2Y)]) T + AZeT

Moreover, since 1 — a < 0,
< et
Finally, for o < 2,

_2-2a 2—2a 2—2a
AT AT
Combining these estimates proves the second bound. O

Strongly convex case.
Now that we have obtained the bounds for the convex scenario, we proceed with the strongly convex one. We provide two

different rates, that differ in their dependence on T" and E;||V f;(x4)||. We further point out, that optimal bounds in terms of
the number of iterations 7" may be suboptimal, if we take into account influence of the sample size.

Theorem C.4. Let the Assumptions 3.2, 3.3 and 3.4 be satisfied. Then, for any o € (1, 2] choosing v¢ = m, A =

AotV with Ao > max{232LA + 2|V Fy (z1)|, (222932 Lo (A||V Fy (21) ]| + LA2)2 1 /) C ™) vesuits in the
following convergence bound for ClipSGD:

. _ L2A? (E||VAE@E) )Y By V@) A2
Eug [Fy(E") — Fx(@)] = 0< S GIVAOID A0 = BIVADOITN 7). (56)
K ul' ul'
T
where TT = Z wixt, Wp = Z wy, Wy = t+ 6L , Ealg is the expectation with respect to the random indices sampled

=1
during the algorlthm condltlonally on the dataset, and E; denotes the uniform average over the fixed dataset.
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Proof. Similarly to the convex case, projection onto the closed convex set X does not affect the convergence bounds.
Therefore, we obtain

ot = 3P < o' = 3P — 2 (lip, (VSia")) 0" = 3) & 12l (VFia') I
=lla* — &> — 29 (elipy, (V/i(a") 2" — &) + 2 lelipy, (V/i(a")) % clipy, (V£i(®)) |
<lla — 2]> — 29 (clipy, (Vfi(a")) .2 — &) + 297 |lclipy, (Vi(a")) —clipy, (V£i(@)) |2 + 27 lclipy, (V@) |1
<Jla* — 712 — 27 (clipy, (V/i(a")) 2" — &) + 27 [Vfila®) - V@) + 2w3|\cnpAt (V@) |
<(1—mp)lla’ — &l — 2 (Fi(a') — Fn(@)) — 27 (clipy, (Vi(2") - VEy ('), 2" - &) + 242V fi(a') — V1@
+ 293 clipy, (V£:(@) [1*
Then we take the conditional expectation and use the Young’s inequality:
Eillz"™ = 2| < (1 = wp)||2* — Z))> = 27 (Fn (2') — Fn(Z)) — 2y (Eiclipy, (Vfi(z")) — VFn(a'),2" — Z)
+ 292E|Vfi(a") — V@) + 207Esclipy, (V£:(@)) |’
~ ~ ~ 4 .
<1 = sule’ = 317 = 2F(at) — F(@) + 20 (§la" =3P+ S Bictipy, (V(a) = TEw (O]
+ 297 E |V fi(a') = V fi(@)]1? + 27 Ei clip,, (sz( ) II?
= (1= 25) o' = 31 - 23 (P (') — Fv(@)) + Tnmcnmt (Vfi(a")) = VEN )P + 292El|V £ (") — V(@)

+ 297 Ei|clipy, (V fi(@)) ||
As in convex case, further we use the smoothness and Lemma C.4:

Bula' ™ =32 < (1= 20) lla' =37 + (92 = 200) (F(e') = P (@) + "2 [Biclipy, (V(a")) = V(')
+ 297Eiclipy, (V£i(@) |1
< (1 - M) l2* = Z||* + (477 L — 2) (Fn(2') = Fn(2)) + %HENHPM (Vfi(z") = VEx(a")|?
+ 2N RV S|
With v, < E
Bula ™! =3 < (1= 22) ! = 3l° — (P (") = (@) + "2 Biclips, (V:(a") = VP (e
+ 200X TOEV (@)

With \; > 2LA + 2||VFy(x!)| we can apply Lemma C.5:
22a

[Eiclipy, (V/fi(z")) = VFy(2")|? < 2D (Ei||V fi(a) — VEx(2')]%)?
t

22a32(a 1) e e a2
S)\Q(T (Ei||V fi(a") = V(@) + B[ VHE@) Y + IVEN(29)]|?)
t
220432((1 1) e e o1 . o a1 a2
gw(E iIVAi(a') = VE@* + Bl VL@ + 227 | VEy (') = VEN @) + 227 [VEN (D)]1%)

22a32(a 1) e e o
Sw(E IV fi(@t) = VHE@) + 3EV £:(@)|* + 20|V Ex (a!) — VEN @)
t
Similar to the convex case we derive
' 22&32(0471) o o e 2
[Eiclip,, (V4i(a")) = VEN (@) < = =y (30 (Fy(e") - Fn (@) + 3BV £:(@)")
t
22a32(a—1) N e e
<oy (180" (Fx(@) - Fv@)” + 18 @IV A@))°).
t
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Combining these inequalities altogether we obtain the following:

N i fh R 23a+432aLa,y v R
Eilla*! -3 < (1- 28 o - 2+ (W(FN(xt) — Fn(@)"7! = | (Fn(a") — Fy (@)
HAg
22@-‘,—432@,7 e 70[ e
)\QT,Ut Eil|V£@))? + 292N B[V £ (D))
KA
Then we work with the second term. From smoothness and the boundedness of the set X we have
Fy(a') = Fn(Z) < (VFn(a'), 2" = %) < |[VEn(2")| - [la" — Z[| < A VEN(2")]]
< A(IVEN@Y| + IVFN(2') — VEN(2")]]) < A([VFN (") 4+ LA).

Therefore, with the choice of \; as following:

o 23&-&-532&[/@ ae
NV 2 = (AIVEx (@) + LAY) y
we have
R Vel R v R 22a+432a,yt a2
Billet ™ =37 < (1= 25 ) e' = 317 = S (Fw () = En@) + — iyt EIVA@)
HAy
+ 27 NTOR IV £ (@)|
Then we sum this inequality with weights w; = ¢ + 1?TL. Choose v = @. Define z7
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T
2
T EnT X

Eag [Fn(z") — Fn(2)] <

(T+1+32L)

4 T
<
(T+1+3ff)T;

Yt

22a+632a

M(T+1+%)T

>

t=1

(EillV fi(z

i
(T+1+28) T

(t“ff) (-

32

(t + 1%) xt. Then, since the objective function is convex, we obtain

Zwt alg FN )

Fn(z)])

w (1 — 2 . w ~
t( PVtU/ )Ealgnxt _ xH2 _ ,ytEalgH'ﬁt—i_l _ xHQ]
t

Zwt 2(1 o¢)+ (

T+1+

16L ~
7 — 2) Ealngt — ./L'”2 — (t +

T
f Ei[VA@ ) A
)T =

16L\ 2 .
) Eag ||z —w||21
"

22a+632a 91— a 22a+1032o¢L T 2
397 (E ”sz Zt)\ ( 2 397 (E vaz QZAt
p(T+1+2L)T (T+1+2L)T =
32 L
+ Ei|[Vf(@)1* ) A
p(T+1+2L)T ;
T 2 2
16L 16L
< . > (t +— - 1) Eaigllat — 2% - (t + ) Eaig o™ — fn?]
(T+1+28) 75 p p
22a+632a 91— a 22a+1032aL T 2
- El V@ }th( - o B V@) YN
p(T+1+2L)T (T+1+28)T =
32 L
+ Ei|[Vf(@)1* ) A
p(T+1+2L)T f;
16L\ 2 R 16L .
<t ()nf—xW—(T+) Eagla™! —
(T+1+2L)T[\ A p
n
22a+632a 22a+1032aL
+ (E||V£i(Z ZN“ ) 4 (E||V£i (@ Z)\Q(l )
(T+1 32L)T 2(T+1+%)T
T
32
+ BV fi(@)]* D AT
p(T+1428)T ;
If we take \; = \ot/®, then, we obtain
- L' 37 | EIVAE@A | Bl V@) LA
]Ea F T —F T = ? v 0 7 K3 N T
lg[ N(x ) N(x)] O< /J’TQ + I,LT2<a 1 'u R ( )+
where )
ﬁ, ]. << 2,
Ra( ) = N
log(eT)
. a=2.
T2

Theorem C.5. Let the Assumptions 3.2, 3.3, 3.4 and 3.5 be satisfied. Then, for any o € (1,2] choosing
)|| results in the following convergence bounds for ClipSGD:

At = Aot with Mg > 2532LA + QHVFN(‘Tl

4
W(EF16L77)

28

Eil|V£i(@)[|1*X5 "

2(a 1)

wl

(57)

O
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~ LA? | Ei| VL@ | AE|VA@)]* A"
T o~ 7 7 7 7
]Ealg |:FN($ ) - FN(Z’)] = O( /.LTZ + /J,Tail 0 + Ta—1 0 5 (58)
T
where TT = E wixt, Wp = Swp, we =t4+ 16L , Ealg is the expectation with respect to the random indices sampled
t=1
during the algorlthm conditionally on the dataset, and E; denotes the uniform average over the fixed dataset.
Proof. As in previous theorem we obtain the following inequality:
2"t — 22 <1 — pep)llat — 2| — 27 (Fnv(2") — Fn(3)) — 27 {clipy, (Vfi(z')) — VEn(z"), 2" — T)
+ 22|V fila®) = Vi@)||* + 277 |clipy, (VF:(@)) |1*.
Similar to convex case with y; < 7= and A, > 2532LA + 2|[VFy (z!)||, we obtain the following bound:
~ ~ ~ C N a
Byfla™! — &2 <(1— o) = FI® — 2Py (@) ~ Fx (@) + 3or il V£(@)|
t
2—« « C
+ 2N BV @) + I # 2) 5= =
AT
Rearranging the terms we get
21— N 2 N 2C1E; ||V f: (2) ||«
FN(JCt) _ FN(.Z‘) < ( ’Yt,u) ||It _ Q:H2 _ 7Ei”xt+1 _ l‘||2 + 1 ZHa_fllZ( )”
Ve Yt >\t
2—« )\ || e C(2
+ 4’Yt/\t EzHsz(l“)H + 2[(04 7& 2) 2a-2
AtQ—a
2(1 — 2 . 2 N 2C1E; ||V f: () ||«
PO ez 2 e 4 OBV
Yt Ve )\t
2—« «@ C
+ AT OB VL@ + 2 (o # 2) -
A 2—a
Then, we sum this inequality with weights w, = t + 16L. Choose v; = ﬁ. Define 77 =
T H
2 16L t . . . . .
7(T+1+ =LyT t; (t + m ) x*. Then, since the objective is convex we obtain

Eag [Fn (@) — F(3)] <

wt agF Fn(z
(T+1+32L)T; s [Fiv(a’) = Fv @)

’Yt,u/2)

T
< > | " Rk

<T+1+ 32L)T =1

N w
Eaglla® — 2% — TIEalng

ACIE||V £,(@) | e, SEIVAE@)| e, ACI(a#2) (i
+ oy Ad A
(T+1+32L) Z (T+1+32L) Z% . (T+1+3iL)T;wt '

16L\ > ~ L6 X CE s )
< © )T ((M) ”xl ,‘T||2 — <T+ M> alngTJrl IE||2> + 1 ” f H Zt/\l o

(T+1+22L (T+1+2L) 75
~ T ~ T T
64LCYE; ||V f:(Z)]| B 32K, |V i (2)|| B ACyI(a # 2 2-20
N B[V (@) SO IV£i@)| Sz 2l (a # 2) S
u(T+1+ﬁ>Tt:1 u<T+1+%)Tt:1 (T+1+%)Tt:1
GALCHI(a # 2) o | 2o
At

(T+1+ 32L)Tt:1
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If we take A\; = \gt, then, we obtain

L2 1 _ 22 AE ayl—a LAIE () [|ay 11— E () ||ay2—a
O( e~ F | ARV AE)|A IVEEIN o BIVA@]

Ealg [FN (%T) - Fn (f)] HTQ Ta-1 o MT‘X*l

22 2a
2—2c Az—a aLQ— )\ @
+I(o # 2)ATw LT ST Ro(T, o) 4 I(a #2) Rg(T,@)),
where
_ 2(a—1) 3 — 4
1 T 727, 1<a<y, T 7=, 1<a<g,
— I1<a<?, 1 1 T
Ta og(eT) 3 og(eT) 4
Rl(TaO‘) = log(eT) RQ(T, Oz) = T2 =75, Rg(T,Oz) = T2 =73
2 a:27 1 1 4
T T3 %<a<2, T2 s<a<2
(59)
O

To combine the optimization bounds with the high-probability generalization bounds, fix any g € (1, «) and any § € (0, 1).
Here 0 denotes the failure probability. By Theorem 3.1, with probability at least 1 — § with respect to the draw of the dataset,

~ A IE||V f (2., )1
£ - Fe =0 (S, <6°>
On this event, we can control the empirical gradient moment at & through the one at x,:

B[V fi(z) ]|

| X
NZ IVf(@, &)
i=1

204le alN

S T L IVIE@ G+ T ) IVI@E &) = Vs 60
< 2TV il )| + 207 1L“le—w*ll
< 20TE|V i)t + 207 L (i)Q (F(@) — F(2,))#
a a(2 ) %
< Vi@ 4O (L A (EHX{EIHE)H ) > ©61)
pENTT 6%

In the last step we used equation 60. Therefore, the optimization bounds can be combined with generalization by replacing
every occurrence of E; ||V f;(Z)||* by the right-hand side of equation 61.

Corollary C.6. Let the assumptions of Theorem C.4 be satisfied. Fix any q € (1, «) and 6 € (0,1). Then, with probability
at least 1 — § with respect to the draw of the dataset, running ClipSGD with \; = Aot/ gives

. N LQAQ E; ()| 2)\2(1—0) L2O¢Aa(27q) E . a 2(1_0‘)
Eag [PxGT) - Fn@)] = o( 1 EdVhi@)l?) " EIVS (. I

iz MTQ(“ & poa+1 Nela— D gapat

E [V fi(@) | A6~ L B[V f (2., E)]9) 2 X2
TQ(Q 1) + aq+1N (g— 1)6 T2(a—1) : (62)
w ) 2 a

Moreover, under the assumptions of Theorem C.5, running ClipSGD with A\ = Aot gives

ay2—a « q) 3 -
LA RGN L E[V (., )| E A2
T2 To/—l ocq 1 (q 1) _
M M 02 +ln 52T"‘ 1

Ealg [FN(fT)—FN(EE)] - o<

a —« oY a(27 ) =4 —a
SABIVA@IA | LA™ @9/ (@, 1) A

Ta-1 0 Nﬂ(q 1)63Ta_1

2-2a Perl gt =
(o # 2)ATS LTSNS Ro(T,a) + Ia £ 2) 2 Lzu Ao

Rs(T, a)> . (63)
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Where Ry and R are defined as in 59.

D. Combining Optimization and Heavy-Tailedness bounds

N
In this section we analyze the optimization bounds with the obtained earlier bounds on + Y ||V f (., &)||**= and derive
i=1

optimal step size and clipping radii schedules

Lemma D.1. Let the Assumptions 3.1, 3.3 3.4 and 3.5 be satisfied. Then, running ClipSGD with v, = ~ot~ /s and
A = Aot/ e with o, Ao according to Theorem C.1 results in following bounds with high probability according to the
drawn samples:

1. If aalg < Qigrue the overall bound is

(64)

Calg— 1

T Xalg

Eo [Fy(@") — Fy(2)] = Op <E||Vf(x*7§)aalg> |

2. If aiag = Qurue the overall bound is

Eog [Fx(E) — Fy(3)] = Op < I Y ) . (65)

O‘algfl

T “alg

3. If aag > Qirue the overall bound is

“alg
~ No‘true -1
Ealg [FN(ET) — Fn(Z)] = Op <al> . (66)

alg

T “alg

Proof. The stochastic term in Theorem C.1 is the following:

N
v 2 IV f(as &)

O’alg_l

T “alg

]Ealg [FN(ET) — FN(.’Z\)] =0

Since Assumption 3.5 is satisfied, applying the Theorem B.3 results in the following bounds with high probability according
to the drawn samples. O

Then we derive the optimal o, based on different relations between N and T'. As in the main paper we note that from
the Assumption 3.5 with a1y — @grue — 0, we have E||V f(z,, )]s — oo. Therefore, as the number of samples
and iterations is considered to be finite, in choosing the optimal a,); we distinguish only two cases: Qg = Qtgrue and
Ualg > Oftrue-

Lemma D.2. Let all the Assumptions for the D.1 be satisfied. Then, for 3 different regimes, based on the relation between
N and T, we have the following optimal choice of Qalg:

1. If N > T, the optimal choice is (ta1g = Qtrue, Which results in overall bound

Eue [Fx(e™) - Fl@) = 0 (s ) (7

Qtrue —
Xtrue

2. If N = T, the optimal choice is ttalg = Qtrue, Which results in overall bound

Eag [Fn(E") — Fn(2)] = O (mN) : (68)

Qtrue—1
Strue

3. If N < T, the optimal choice is c,1g = 2, which results in overall bound

Eag [Fn(E") — Fn(2)] =0 (%) . (69)

Proof. If N > T, then, in order to mitigate the effect of rising IV one should choose va1g = Qttrye-
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If N < T, then, N Fore L < /T therefore, the optimal choice is the one with the best asymptotics in 7', which is
Qalg = 2.
If N =~ T, then, for aagy = itrue the stochastic term becomes proportional to

InN InT

Struye—1 Strue—1 °

~
T Atrue T Xtrue

For a1y > Qugrye it is proportional to

“alg Yalg

N Strue -1 T Atrue -1 1
Qgle—1 ~ cale—1 “al :
alg alg _ “alg 1 +2
T “alg T “alg T “true  “alg

The minimum of function —%— + é — 2 is obtained at o = /a0, Which is strictly less than cvrye € (1, 2]. Therefore,

Qtrue

taking a1g = Qugrue + €, for € > 0 we compare

2
Qltrue — ]- and Qtrue (atrue - 1) — €

Olgrye (atrue + E)Oétrue
Multiplying by ctrue(@true + €) and eliminating the common terms this results in comparing

e(rye —1) and — g2

The left side is always greater, than, the right one, therefore, the optimal choice of ava)g 1S Qtalg = Qtgrue- O

In case we additionally tune o and )\ as follows:

N 1/aalg
v ’ (70)
<le\i1 ||Vfi(£v*)||%lg>

1 N 1/0‘&1?;
(N > Ilvmmu‘”lg) | "
i=1

we can obtain better convergence rates with different optimal choice of cva1g

Lemma D.3. Let all the Assumptions for the D.1 be satisfied and ~y and \y be tuned as in equations 70. Then, for 3
different regimes, based on the relation between N and T’ we have the following optimal choice of ca)g:

Ao

1. If N > T, the optimal choice is 0ta1g = Qtrue, Which results in overall bound

R In N) Free
Eag [Fn(T") - Fn(@)] = O <(at)1> : (72)
2. If N = T, the optimal choice is tialg > CQirue, Which results in overall bound
N 1
Ealg [FN(ET) - FN(Z‘)] =0 (W) . (73)

3. If N < T, the optimal choice is cag = 2, which results in overall bound

B [F(@) — (@) =0 =) (14)

Proof. From Theorem C.1 the following convergence rates, including o and Ao can be derived:

N N
8 (E S el) AN (4 S 19 61 )

Enig [Fy(@7) — Fy(®)] = 0

Palg—1 + alg— 1L + alg 1L

’Y()T Yalg T “alg T “alg

This expression is minimized with vy and A chosen as in equations 70, with resulting bound

N e
A <zlv ; IIVf(r*,&)II"‘“g>

O‘alg_l

T “alg

Ealg [FN(fT) — FN(EC\)] =0
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With ava1g < @igrye this scales as
1
(E[[Vf (@, ]| *a1e) 2ot

Calg—1

T Calg

With aa1g = Orgrye this scales as
1
(ln N) true

Strue—1
true

With aa1g > Qigrue this scales as

Calg 1

N( Atrue _1) “alg

O‘algfl
T Aalg
Cases N > T and N < T are derived as previously. The most interesting is the case with N ~ T'. For aalg > Qrgrye it

results in

Qalg ) 1 Xalg ~ Ytrue Qalg Xalg ~ Ytrue Calg

N( Qtrue

o @ o o 1
M [N e o T (s icagenTen _ gt _ L
aplg—1 - Qale—1 ~ Qg —1 - - T atrue—1
T e e TR
which is faster, than with choice a4l = true due to logarithmic factors. O

Corollary D.1. Though, all results above are obtained for horizon-free scheduling, they also hold for horizon-fixed
scheduling with ~; = T~/ %15 Ny = \gT'V/ @als,

As for the convex case, similar results for the strongly convex one can also be achieved.

Lemma D.4. Let the Assumptions 3.2, 3.3, 3.4 and 3.5 be satisfied. Then, running ClipSGD with v; = j and

4
At = Aot/ 1= or N\, = Aot with \g satisfying the conditions of Theorems C.4 and C.5 respectively results in following
bounds with high probability according to the drawn samples:

1. If aalg < Qtgrue the overall bound is

(EIV S (s, ) VS (s, )]

Eag [Fn(37) = Fn (2)] = Op 2(aq1g—1) ' T =1 (75)
MT “alg
2. If aag = Qirue the overall bound is
~ ~ . (In N)? In N
Eag [Fn(3") — Fn(Z)] = Op [ min oD a1 (76)
I’I‘T Palg
3. If aalg > Qurue the overall bound is
2a,)g “alg
B R ) Notrue 2 Nowae
Eaig [P (Z7) = Fn(2)] = O | min 2(oatg = Tl L (77
/’(‘T Falg
T T
where T = WLT STwgrt, W = 3wy, wy = £+ 1/6—LL. Taking the better of the two clipping schedules yields the minimum
t=1 t=1

of the two bounds.

Proof. According to the Theorem C.4, if the clipping is taken as \; = A\gt'/®'= the main stochastic term has asymptotic

N 2
(% ZIvse )
2(a1g—1) )

uT Aalg

o
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and to the Theorem C.5 with \; = A\gt:
N
¥ 3 IVS G &)

O MTaalg -1

Since Assumption 3.5 is satisfied, applying the Theorem B.3 results in the following bounds with high probability according
to the drawn samples. O

Lemma D.S. Let all the Assumptions for the D.4 be satisfied. Then, for 3 different regimes based on the relation between N
and T we have the following optimal choice of ca)g:

1. If N > T, the optimal choice is cta1g = Qtrue, Which results in overall bound

InN
Eug [Fn(ZT) — Fn(2)] = O (Tan—1> : (78)

the second bound is optimal.

2. If N =T, the optimal choice is cag = 2, which results in overall bound

Xtrue

" . 1
Eag [Fn(Z7) — Fn(2)] = O <W> ) (79)
T

the second bound is optimal.

3. If N K T, the optimal choice is c,1g = 2, which results in overall bound

Eag [Fn (") — Fn(2)] = O G) , (80)

both bounds are optimal.

Proof. If N > T, then, in order to mitigate the effect of rising IV one should choose ortrye = (ta1g, therefore, the second
bound will be optimal, since it includes In N and not (In N)?2.

If N < T, then the optimal choice is the one with the best asymptotic in T". For both cases this is a1 = 2, which results in
O 1/T).

If N = T, then, with az1g = 4rye the bound becomes

) (InT)? InT
? (mm { X T (]

With va1g > aigrye the second bound becomes proportional to the following:

Xalg “alg
—1 £ 1
V Atrue T”true “alg 1
~ — Tatrue 1~ Qalgtl _
~ = =
Taa1g71 Taalgfl Strue—1 "’

T8 "atrue

which reaches its minimum with o1, = 2. The first bound, on the other way, with oa1g > v¢rue becomes the following:

2a, 200,]e
alg alg 2
N “true -2 T “true -2 2071g —4alg Ytrue +2%rue
~ = Atrue Yalg
~ =
2(a1g—1) 2(dalg—1)
T “alg T “alg

The minimum of this power is obtained at oa1g = /Qttrue, Which is less than ovpye. Substituting aalg = Qvgrue We obtain
2(1—agyye)

T ewue , therefore, with a1y > Qgrue, this bound will be worse. O]

Similar to the convex case, one can additionally tune the A as following:

1 N 1/aalg
ho = (N;Wfi(fm)ll ) , 81)

which improves the convergence bounds with \, = #/®als

Lemma D.6. Let all the Assumptions for the D.4 be satisfied, and \q is tuned as in equation 81. Then, for 3 different
regimes based on the relation between N and T’ we have the following optimal choice of cuag:
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1. If N > T, the optimal choice is (ialg = Qtyrue, Which results in overall bound

Eag [Fn (@) — Fn(3)] = O ( In ¥ ) , (82)

T true—1

the second bound is optimal.

2. If N = T, the optimal choice is (talg > OQtrue, Which results in overall bound

1
Eu [P0 - F@)] = 0 (b ). v
T

Strue

the first bound is optimal. The second bound matches it with a,g = 2.

3. If N < T, the optimal choice is c,1g = 2, which results in overall bound

Eug [Fy(ET) = Fn(3)] = O G) , (84)

both bounds are optimal.

Proof. From Theorem C.4 the following convergence rates, including \g can be derived:

2(1—aalg) 1 N 2 2— ) 1 N
par N (R IVSaee) 3 (§ S 196l
]Ealg I:FN(JTT) - FN(E)] =0 ’U,TQ + Zi2(aa1g—1) + L 20— 1)
,uT alg MT %alg

This equation is minimized with Ay chosen as in equation 81, with resulting bound

N ajlg
+ v Ly Gi aalg)
e (AZ VI8

NTQ 2(aa1g—1)
/“LT “alg

Eag [Fn(z") — Fn(2)] =0

With aa1e < aigrye this scales as

2
(E[|V f(zs, §)||*1e) “eis
2(ag1g—1) :
T “alg
With ava1g = aigrue this scales as

(In N) Foree

2(atrue—1) °
Atrue

With cva1g > igrye this scales as
“alg 2

N

2(aa1g—1)

T Aalg
Cases N > T and N < T do not change. However, with N = T for a1z > t¢rue the first bound now scales as

“alg 2 “alg 2
N Atrue QXalg T\ @true 1 QXalg 1
~ =
2(ca1g—1) 2(oq1g—1) 2(ogrue—1) °
T “alg T “alg T atrue
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