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Gradient Descent with Large Step Size Restores Symmetry
in Deep Linear Networks with Multi-Pathway
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Abstract

Recent analyses of multi-pathway Deep Linear
Networks use Gradient Flow to predict a “winner-
takes-all” specialization in which path symmetry
breaks and each feature concentrates in a single
pathway. In this work, we show that discrete Gra-
dient Descent (GD) with a large step size tells
a different story. We prove that single-path so-
lutions are sharp minima, whereas distributing
signals across pathways reduces sharpness by a
factor that decreases with both the number of path-
ways and depth. Consequently, while early train-
ing reproduces the depth-driven symmetry break-
ing predicted by GF, oscillations at the Edge of
Stability subsequently override this tendency and
drive the network into a re-balancing phase, where
signals redistribute across pathways. Together,
these results clarify how depth shapes pathway
competition and explain why large-step GD fa-
vors shared representations rather than persistent
single-pathway dominance.

1. Introduction

Understanding the training dynamics of Deep Neural Net-
works remains a central challenge in deep learning theory.
Although deep architectures are highly expressive, how op-
timization algorithms select specific solutions among many
global minima—the implicit bias of the optimizer—remains
poorly understood (Zhang et al., 2017; Neyshabur et al.,
2017; Gunasekar et al., 2017; Soudry et al., 2018). To char-
acterize this bias, a growing body of work analyzes Deep
Linear Networks (DLNSs) (Saxe et al., 2014; Arora et al.,
2018; Lampinen & Ganguli, 2019; Shi et al., 2022), under
the Gradient Flow (GF) approximation, which assumes an
infinitesimally small learning rate.
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Recently, Shi et al. (2022) utilized the GF to argue that
multi-pathway DLNs undergo “symmetry breaking,” con-
verging to a sparse “winner-takes-all” solution where paral-
lel over-parameterization becomes redundant. However, this
continuous-time analysis overlooks the discrete dynamics
of Gradient Descent (GD) with large learning rates, which
characterize practical training at the Edge of Stability (Co-
hen et al., 2021). Given that GD actively interacts with
the loss curvature to avoid sharp minima, it remains a criti-
cal question whether the symmetry-breaking phenomenon
persists under GD with large learning rates.

In this work, we demonstrate that the answer is no: while GF
predicts symmetry breaking, the discreteness of GD induces
a fundamentally different phenomenon we term pathway re-
balancing. By analyzing the geometry of the loss landscape,
we prove that sparse, single-path solutions correspond to
sharp minima, whereas solutions balanced across multiple
pathways are significantly flatter. Consequently, when the
learning rate is sufficiently large, the implicit regulariza-
tion of GD drives the network away from unstable, sparse
configurations toward stable, balanced configurations.

Our main contributions are summarized as follows:

* Sharpness Reduction via Parallelism: We theoret-
ically derive the relationship between the number of
pathways H, depth L, and sharpness of global minima.
We prove that balancing signals across H pathways
reduces sharpness by H2/“~! (Theorem 4.2).

* Re-balancing Dynamics at the Edge of Stability:
We identify two distinct phases of training under large
step sizes. Initially, the network exhibits symmetry
breaking similar to GF. However, as the dominant path
sharpens, the model enters a re-balancing phase. Here,
violent oscillations force the network to flatten its land-
scape by distributing signals across multiple paths.

* Worst-Case Return Threshold: Based on a deep lin-
ear chain model, we derive a depth-dependent upper
bound on learning rate that guarantees the trajectory
survives violent oscillations. The ratio of this thresh-
old to the classical stability limit increases with depth,
broadening the window for re-balancing.
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Beyond the multi-pathway setting, our results suggest that
architectural biases predicted under Gradient Flow—a foun-
dation shared by many recent analyses of DLN-based mod-
els—may require re-examination once discrete dynamics
and finite learning rates are accounted for. This highlights
the essential role of discrete optimization in shaping the
final network structure and motivates revisiting GF-based
predictions through the lens of GD.

2. Related Work

Deep Linear Networks and Multi-Pathway Dynamics.
Deep linear networks (DLNs) serve as a canonical testbed
for isolating optimization and representation learning mech-
anisms (Baldi & Hornik, 1989; Saxe et al., 2014; Arora
et al., 2018). They have been extensively used to study
exact training dynamics and emergent phenomena (Saxe
et al., 2019; Lampinen & Ganguli, 2019; J] Dominé et al.,
2023; Nam et al., 2025). There has been recent attention to
multi-branch architectures. Notably, Shi et al. (2022) and
Saxe et al. (2022) demonstrate that under continuous-time
Gradient Flow (GF), parallel pathways exhibit a “winner-
takes-all” dynamic. Specifically, they identify that some
pathways dominate the feature learning driven either by
small initialization asymmetries (Shi et al., 2022) or by
structural asymmetry such as depth or shared representa-
tions across pathways (Saxe et al., 2022).

Implicit Bias of GD and Edge of Stability. In contrast to
GF, discrete-time Gradient Descent (GD) with large learning
rates induces distinct dynamical regimes, often operating
at the “Edge of Stability” (EoS) (Cohen et al., 2021; Wu
et al., 2018). Theoretical and empirical studies suggest that
instability in this regime acts as an implicit regularizer, driv-
ing models toward flatter minima (Damian et al., 2023) or
inducing transient “catapult” phases that favor generaliza-
tion (Lewkowycz et al., 2020; Zhu et al., 2024). Recent
works have formalized these discrete dynamics through
mechanisms like self-stabilization (Damian et al., 2023) and
central flows (Cohen et al., 2025), highlighting how GD
avoids the sharpest directions in the landscape.

GD in Linear Models. Recent research has begun to bridge
these insights specifically within linear models. Marion
& Chizat (2024) and Even et al. (2023) show that GD in
linear networks explicitly favors flat minima, differing from
the implicit bias of GF. Most relevant to our work, Ghosh
et al. (2025) analyze deep matrix factorization beyond the
stability threshold, identifying oscillatory behaviors and
convergence properties that violate GF predictions. Our
work extends these findings to the multi-pathway setting of
Shi et al. (2022), demonstrating that the stability constraints
of large-step GD override the symmetry-breaking tendency
of GF, forcing a re-balancing of features across pathways
to reduce sharpness.

3. Problem Setup

We study a deep linear network with H parallel pathways
indexed by h € [H| = {1,--- , H}. Pathway h has depth
Ly, and weight matrices Wy, € R4 for layers £ € [Ly,].
The architecture follows the multi-pathway formulation of
Shi et al. (2022). The end-to-end map of pathway h is the
ordered product

Qn = Whe, Whr,—1-Wha. (1)
The overall input—output map of the network is the sum of
the pathway maps:

H

M = Zh:1 Q. )

As in prior theoretical work on deep matrix factorization
(Ghosh et al., 2025), we focus on the square case W}, €
R¥*¢ for theoretical analysis.

3.1. Optimization Objective

Let © = {Whe}he(n),ee[z,) denote all parameters. We fit
a target matrix M, € R%*? by minimizing the squared
Frobenius loss

1
L) = 5 [IM = M. 3)
We consider discrete-time gradient descent updates
th(t + 1) = Wh[(t) - anhéﬁ(G(t))ﬂ “4)

with stepsize 7 > 0.

3.2. Target-Aligned Parametrization and the SVS Set
Let the target admit the SVD

M, =Ux,V,, ¥, = diag(o,1, - ,04a).  (5)
A standard simplification in the analysis of deep linear net-
works aligns each pathway’s end-to-end singular vectors
with those of the target, so the dynamics decouple across
modes (Saxe et al., 2014). We adopt the multi-pathway
extension of this parametrization, the singular vector sta-
tionary (SVS) set of Ghosh et al. (2025). The SVS set
consists of parameter configurations © for which each layer

factors as

Whe = Qres1Z0eQngy Qni = Vi, Qnry1 =Us, (6)

with fixed orthogonal matrices {Q, ¢} and diagonal X,.
Under (6), adjacent orthogonals cancel in the product, so
every pathway map is diagonal in the target basis:

O = U*<H£:’1 zhe) Al %
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Gradient descent preserves the SVS set: if O(¢) lies in the
set, so does O(¢ + 1) (Appendix E.1). Analogous target-
aligned reductions appear in Saxe et al. (2014; 2022); Arora
et al. (2019); Gidel et al. (2019); Varre et al. (2023); Chou
et al. (2024); Kwon et al. (2024).

We index modes by the target singular vector pairs (t,;, Ux;),
the i-th columns of U, and V., and track the scalar mode
coefficients

oni(t) == uLQh(t) Vgis 8)

oilt) = u Mt v =Y o). ©)

On the SVS set, o,,;(t) equals the i-th singular value of
Qn(t), and the learning dynamics decouple across modes
i€ [d].

Mode-wise decoupling on the SVS set decomposes the loss
into independent scalar mode losses:

H
L@ =Yt Li=(You-oa). a0
1 h=1

3.3. Depth-Balanced Initialization

We initialize each pathway with
Wie(0) = e/ ™" I, (1n

where o, > 0 are small pathway-dependent scales. This
initialization places ©(0) in the SVS set and equalizes the
layerwise singular values within each pathway. It therefore
lies on the depth-balanced manifold, defined by

o = o VhelH| (L] ied, (12
where a,(fi) denotes the i-th singular value of layer ¢ in

pathway h. The trajectory remains on this manifold (and
in the SVS set) throughout training for symmetric targets
M, = V,%,V." (Proposition B.4 in Appendix E.1). The
scales avy, may differ across pathways. Such tiny initializa-
tion asymmetries trigger the symmetry-breaking dynamics
analyzed in Section 5.

4. Sharpness Reduction in Multi-Pathway
Deep Linear Models

In this section, we derive the relationship between the num-
ber of pathways H and the loss sharpness at global min-
ima in depth-balanced manifold. We assume homogeneous
depth L, = L in this section. We demonstrate that distribut-
ing a target feature across multiple pathways significantly
reduces sharpness. Detailed proofs for all results are pro-
vided in the Appendix C.

4.1. Sharpness Analysis

The sharpness of the loss is determined by the maximum
eigenvalue of the Hessian V2£(©) at a global minimum
where M = M,. On the SVS set (Section 3.2), the Hessian
decomposes across modes, so we can analyze the Hessian
contribution from each mode ¢ € [d] independently.

Proposition 4.1 (Mode-Wise Dominant Eigenvalue). At
any global minimum within the SVS set restricted to the
depth-balanced manifold, the Hessian contribution from
mode 1 has a single nonzero eigenvalue given by:

H
N=LY an " (13)
h=1

Since the Hessian on this manifold is block-diagonal across
modes with rank-one blocks, the loss sharpness equals
)\max = max,;e[d] )\z

This result highlights that sharpness depends on how the
total singular value o,; is distributed among the [ path-
ways. We now state the main theorem regarding the optimal
distribution of these values.

Theorem 4.2 (Sharpness Reduction via Parallelism). As-
sume L > 2. Among all global minima satisfying the con-
straint Zle Ohi = O, the mode-wise sharpness \; is min-
imized when the target singular value is distributed equally
across all H pathways:

013 =" =0Hi = &5 - (14)

The minimal eigenvalue on the depth-balanced manifold is
given by:

. _2
D ) : S (15)
Theorem 4.2 implies a significant reduction in sharpness
compared to a single-pathway model. Comparing the bal-
anced multi-pathway sharpness to that of a single pathway

(AMIn(H = 1)), we obtain the reduction factor:

Apin 2
e =HI ' <L 16
)\;mn(H — 1) ( )
Since 2/L — 1 < 0 for L > 2, increasing either H or L
strictly decreases this ratio.

Under the conventional ordering o, > 04 > --- >
044, the largest target mode dominates the sharpness:
max; A" = \Min The reduction factor H2/L~1 applies
every mode, so re-balancing benefits any mode 7 whose
single-path sharpness S; = Lafi_ /L exceeds the stability
threshold 2/ (Section 5).
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Figure 1. Training dynamics of GD with multi-path DLNs (L = 20, H = 2, 0,1 = 1) across different learning rates 7. The evolution of
pathway singular values is shown in blue (011, h = 1), light blue (021, h = 2), and gray (01 = 011 + 021). While small 7 leads to a
single-path solution, GD with a larger learning rate (n > 2/S1) drives the system toward a more balanced configuration where singular
values are distributed across pathways. Consequently, the sharpness Amax (purple dots) is suppressed and converges to 2/7.

5. Dynamics of GD Beyond Classical Stability

We now study how multi-pathway DLNs learn when 7 ex-
ceeds the stability threshold of the sharpest minima. The
dynamics reflect two opposing forces: the architectural bias
of GF toward “winner-takes-all” specialization, and the im-
plicit bias of large-step GD toward flat minima. Small learn-
ing rates let the former dominate and reproduce GF’s sym-
metry breaking; large learning rates let the latter override it,
driving the network into a distinct re-balancing phase.

5.1. Two Stages of Training with Large Learning Rate

We focus on mode + = 1 with homogeneous depth L, where
S; = Laf; /I is the sharpness of the “winner-takes-all”
solution carrying the entire target in a single pathway (
011 = 041 and op1 = 0 for h # 1). To trigger symmetry
breaking, we initialize each pathway with a slightly different

scale (a; > g > -+ > ag).

Small Learning Rate Regime (n < 2/S7). When the
learning rate is small, the discrete GD dynamics closely
approximate the continuous GF. In this regime, small dif-
ferences in initialization lead to the “winner-takes-all” sym-
metry breaking (Shi et al., 2022): the relative growth rate
Ghi/oki = (oni/ori)*~! amplifies infinitesimal initial
asymmetries through the depth-L exponent, so the pathway

with the largest initialization for a given mode grows expo-
nentially faster than the others and suppresses competing
gradients. As shown in the first row of Figure 1, the network
converges to a dominant-path solution (011 = 0,;1) while
other pathways stay near zero, yielding a sharp minimum
(/\max ~ Sl)

Large Learning Rate Regime (7 > 2/57). Training with
a learning rate large enough to destabilize the single-path
solution exhibits two distinct phases:

¢ Phase 1: Symmetry Breaking. Early in training, the
singular values are small, so local sharpness stays be-
low 2/7. The dynamics track GF, and the same depth-
L amplification mechanism that drives the small-LR
regime concentrates the signal in the dominant path-
way.

¢ Phase 2: Re-balancing (Drift via Oscillations). As
the 017 approaches o,, the sharpness rises near S;
and eventually exceeds 2/n. GD can no longer settle
into this sharp minimum and enters the Edge of Sta-
bility regime, where residuals oscillate around the loss
surface rather than decay. These oscillations are not
noise: they drive a systematic transfer of signal from
the dominant pathway to the others, reducing sharpness
toward the stability threshold.
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Figure 2. Trajectories of (c11, 021) for different learning rates . In the stable regime (left), the dominant pathway suppresses others.
Beyond the stability threshold (middle, right), the pathways bifurcate into the more balanced minimum (Amax < S1).

Appendix E identifies the mechanism driving this phase. On
the SVS depth-balanced manifold, the dynamics reduce to
a scalar recursion per mode and pathway. Under gradient
flow,a conserved quantity fixes the leaf coordinate z that
measures pathway imbalance, and the sharpness at any zero-
loss point grows quadratically in ||z||. Large-step GD at the
Edge of Stability breaks the conservation law: under local
self-stabilization, the residual alternates in sign, and ||z||
decays over pairs of steps. The oscillations thus act as a
directed drift toward flatter, more balanced minima.

This drift acts only while the sharpness exceeds 2/1, so the
trajectory re-balances until the oy,; are distributed enough
to enter the stability window

2/S) <n < 2/Apm

By Theorem 4.2, this balanced configuration is a signif-
icantly flatter minimum, \™** = H?/L-1G,  Atn =
2/ A0 the stopping boundary coincides with the fully bal-
anced minimum; at intermediate rates the trajectory halts at
a partially balanced configuration. Instability at the Edge of
Stability therefore acts not as noise but as a directed force
that selects flatter, pathway-balanced minima (Figures 2).

Nonlinear Setting. While our theory assumes linearity, we
observe the same transition in multi-pathway MLPs with
Tanh activation (Figure 3). Following Shi et al. (2022),
we use the canonical basis for inputs 2 and initialize the
weights from NV (0, nffi‘m ). We monitor learning dynamics
via the projection K1 = ulTthl. In the stable regime
(n = 1/51), we recover the “winner-takes-all” symmetry
breaking of linear networks. A large learning rate (n ~
2/ A0y instead drives the system toward a flatter, balanced
minimum (f(;; ~ K5;). suggesting that the re-balancing
mechanism extends to nonlinear architectures. Figure 7 in
Appendix G shows results at additional learning rates; MLPs
typically need slightly higher rates than linear networks to
fully balance.
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Figure 3. Symmetry Breaking vs. Re-balancing in Nonlinear
Networks. Training dynamics of a two-pathway MLP (L = 3,
H = 2, Tanh activation). Training with small 7 (Top row) shows
symmetry breaking and Training with larger n = 2/AT"" (Bottom
row) shows re-balancing phase.

5.2. Contrast with Depth-Wise Balancing

A fundamental distinction exists between the pathway re-
balancing observed in this work and the depth-wise bal-
ancing analyzed in single-pathway networks. Ghosh et al.
(2025) demonstrate that large learning rates minimize the
layer-wise balancing gap, which is contingent on explicit
initialization asymmetries and serves only to rectify unbal-
anced initial conditions. In standard Deep Linear Networks
(DLNs), layers naturally remain aligned throughout Gradi-
ent Flow (GF) trajectories due to conservation laws (e.g.,
W1 W,y — W, W, = const). The depth-wise balancing
is only prominent with highly unbalanced initializations
Wes1 W,y — W, W, > 0. However, for balanced or zero
initializations (W1 W};l — WZTWZ ~ 0), GF and GD
trajectories remain qualitatively indistinguishable regarding
their balancing dynamics.
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In contrast, symmetry breaking in multi-pathway architec-
tures is a spontaneous phenomenon. As shown by Shi et al.
(2022), GF dynamics inherently amplify infinitesimal asym-
metries, driving the system toward a dominant-path solution
(“winner-takes-all”’). Unlike depth-wise imbalance, which
depends on specific initial conditions, pathway imbalance
is the natural attractor of continuous-time dynamics. Our
results demonstrate that discrete-time instability actively
counteracts this intrinsic bias. Specifically, it destabilizes
the sharp, single-path minima favored by GF, thereby forc-
ing the network into a balanced configuration that continu-
ous dynamics cannot achieve.

5.3. Heterogeneous Depth between Pathways
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Figure 4. Trajectories of (011, 021) for heterogeneous depth mod-
els with learning rate n* = 2/A{™'". See Figure 2 together.

So far we assumed homogeneous depth L, where only ini-
tialization differences trigger symmetry breaking. We now
allow heterogeneous depths Lj, across pathways. Different
depths break symmetry structurally: even under balanced
initialization, gradient magnitudes scale with depth, so path-
ways accelerate at different rates.

We first extend the sharpness—allocation relationship to het-
erogeneous depths.

Proposition 5.1 (Sharpness with Heterogeneous Depth).
Consider a multi-pathway network where pathway h has
depth Ly. On the depth-balanced manifold, the dominant
eigenvalue of the Hessian for mode i is given by:

H
2.2
N = ZLh o " (17)
h=1

Unlike the homogeneous case, equal splitting (op; =
0/ H) no longer minimizes sharpness. The Lagrange con-
ditions for minimizing \; subject to ), op; = 0, give:

1—-2

2(Ly, — Vo, " =p, Vhe[H], (18)

where p is the Lagrange multiplier enforcing the constraint.
The condition equalizes d\;/Jop; across pathways. The
shallow pathway still carries the largest share of o,; but the
optimum spreads more mass into deeper pathways than the
“winner-takes-all” solution. These equations lack a closed
form, but we can solve them numerically for any {Lj} to
obtain the optimal allocation ¢} and minimum sharpness

min
Amin,

Kinetic bias vs. stability bias. Heterogeneous depth pro-
vides a stringent test of our theory. Under GF (or small 1),
the shallower pathway learns faster and absorbs the signal
(Saxe et al., 2022), so structural asymmetry alone drives
“winner-takes-all” toward the shallowest path. But Proposi-
tion 5.1 shows that concentrating the full signal in a shallow
pathway yields a sharper minimum than concentrating it in a
deep one, since 2 — 2/ Ly, shrinks as Ly, decreases. GF thus
favors shallow paths kinetically, while large-step GD favors
distributed paths for stability—the two forces conflict.

Training with large 7 resolves this conflict in two phases:

¢ Early Phase (Structural Symmetry Breaking): Near
initialization, the per-pathway growth rate scales as
U}(nghfl)/Lh, which is larger for smaller L; when
op; < 1. The shorter pathway (e.g., L1 = 3) re-
ceives larger gradients and grows exponentially faster
than the deeper pathway (e.g., L2 = 7), driving the
system toward a shallow-path-dominated solution.

¢ Late Phase (Re-balancing): Once the shallow path
captures most of the signal, local sharpness climbs past
2/mand the path destabilizes. The induced oscillations
(Section 5.1) keep the residual nonzero, which drives
the deeper, flatter pathway upward until the configura-
tion reaches the stability window.

Figure 4 shows the dynamics for (L1, Lo) € {3,5,7}2 at
n = 2/AP" (from our numerical solution). We initialize all
pathways with the same scale to isolate architectural effects.
The trajectories converge to the numerically predicted equi-
librium that equalizes marginal sharpness across pathways.
Large-step GD therefore overrides structural asymmetry and
restores a balanced representation, even when architecture
favors a single pathway. See Figure 9 in Appendix G for re-
sults across a wider depth range (L1, L2) € {3,4,5,6,7}2.
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6. A Worst-Case Return Threshold from a
Deep Linear Chain (Role of Depth)

Re-balancing demands a large step size: to destabilize the
sharp single-path minimum, 7 must exceed 2/S7, where
S1 = Laf; 2/L 5 the dominant mode’s sharpness; pushing
1 higher unseats more modes, balancing the top p (made pre-
cise below). But 7 has a ceiling. Re-balancing first passes
through a transient single-path phase, and an overlarge step
there drives the dominant pathway’s singular value across
zero—a sign flip that breaks the SVS description and aborts
re-balancing. The failure is worst when the signal concen-
trates in a single pathway: a deep linear chain, from which
we derive a depth-dependent ceiling nwcgr. The resulting
overshoot-but-return window, measured relative to the onset
scale, widens with depth, so deeper networks tolerate the
large steps required for re-balancing.

The binding constraint: the transient single pathway.
During symmetry breaking (Section 5), the dominant mode
concentrates in one pathway while the others remain near
zero. This dominant pathway is the sharpest component
of the landscape and therefore sets the tightest stability
constraint. Hence, a step size large enough to induce re-
balancing can drive it into violent oscillations. To keep the
SVS description valid, the dominant coordinate must remain
positive: crossing u,;,v,; < 0 corresponds to a singular-
vector sign flip across the origin saddle. Thus, the binding
question is whether the dominant coordinate survives its
overshoot.

Reduction to a deep linear chain. On the SVS depth-
balanced manifold, per-layer scalars ay; > 0 carry mode 1,
with end-to-end value o = aﬁl (Appendix F). When the
mode concentrates in a single pathway, the contributions of
the other pathways become negligible in the residual, and
the dynamics collapse to one scalar—the deep-chain map.

(wf —0a), (19

where w; = aq1(t) with target fixed point w, = ai{ L The

w1 prefactor makes the update highly sensitive to the
current per-layer scale: once the iterate overshoots w,, the
next correction can be large enough to cross the origin.

Wi41 = fn(wt) =Wy — "7th_1

The worst-case return threshold. We ask that the chain
recover from any overshoot without crossing the origin.

Definition 6.1 (Worst-case return threshold). With w, =
O'i{ L and fr from (19), a stepsize 7 is two-step return-safe if
every overshoot from (0, w, ) returns to the interval (0, w,)

after one further step:
Vw e (0,wy) @ fp(w) >w, = 0< f,‘;z(w) < Wy

The worst-case return threshold nwcr (L, 041) is the supre-
mum of all return-safe stepsizes.

L=5: Nwcr = 0.845, YWCR(L) =4.224

Nsate = 0.820 = 0.97 Nwcr
Nunsafe = 0.870 = 1.03 Nwcr
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GD follows the map (19). From wy, the maximizer of f,, producing
the largest overshoot w41, the second step w2 either returns to
(0, wy) (blue, n = 0.97 nwcr) or crosses the origin into w < 0
(red, n = 1.03nwcr). Mwcr is the knife-edge between the two.

Figure 5. Loss % (w

On the relevant overshoot branch, the binding case is the
largest overshoot, produced by the maximizer of f, (Ap-
pendix F); if that worst overshoot returns, every smaller
one does too. Figure 5 shows the knife-edge: at n ~
0.97 nwcnr the iterate bounces back into (0, w, ), while at
n ~ 1.03 nwcr it overshoots the origin into the sign-flip
region.

Closed-form scaling and the role of depth. The thresh-
old separates into a curvature scale and a depth factor. Writ-
ing 7 := nS1—so the overshoot-onset scale 71 = 1/5] is
~ = 1 and the classical stability bound 7s¢apie = 2/57 is
v = 2—we have

L
nwor (L, 041) = ”WCT?() (20)

with ywcr (L) depending only on depth.

Theorem 6.2 (Existence and computation). For every inte-
ger L > 2 there is a unique ywcr (L) > 2 for which (20)
satisfies Definition 6.1. It is the root of a single scalar
equation, computable by bisection (Appendix F).

Since ywcer(L) > 2, the safe ceiling always exceeds the
classical bound 7jstanie = 2/51: the chain tolerates steps
beyond the classical linear-stability threshold. The margin
over the onset scale is exactly this constant,

NTWCR
m

= ywcr(L), 2D

independent of the target o,;.
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Proposition 6.3 (Growth with depth). The normalized WCR
ratio ywcr (L) = nwcer/m1 grows unboundedly with depth
and admits the asymptotic scaling

ywcr(L) = O(log L). (22)

In particular, deeper chains admit a strictly larger window
of “overshoot-but-return” learning rates:

m <n<nwcr(L,04)
"V;fR —ywer(L) T asLt,  (23)

with

so that the maximal safe overshoot amplitude (in the worst-
case sense of Definition 6.1) increases with depth.

This is also visible in the return-map view in Appendix F
(Figure 6): at a fixed ratio n/71, the worst overshoot’s next
iterate stays positive as L grows, turning a sign flip at small
depth into a safe return at large depth.

The admissible window and rank-p balancing. We
can now identify which modes re-balance. On the depth-
balanced manifold, mode i has single-path sharpness S;
and flattest balanced sharpness A" = H2/L~1S; (Theo-
rem 4.2), and leaves the single-path attractor once n > 2/.5;.
Since S1 > - -+ > Sy, a step in the band

2 << mi { 2 }
min b) max )
Sp ! Spt1 !

s 3= min 52, mwon 24)

re-balances the top p modes and leaves the tail in the
GF-like regime; the achievable rank is the largest p with
2/S, < 7Nmax. The two ceilings in 7.y guard differ-
ent phases: 2/\P" keeps the balanced attractor stable,
while nwcr keeps the dominant path alive through the fran-
sient. Tn normalized units they read v = 2H'~2/% and
v = ywer(L); both increase with depth, and which one
binds depends on H and L. Either way, depth raises iax.,
and with it the number of modes that re-balance.

A mechanism for warm-up. The ceiling also hints at
why learning-rate warm-up helps. Sharpness peaks early,
while the dominant path is still forming, so a step large
enough to re-balance later may exceed nwcg during that
peak and trigger a sign flip. warm-up resolves the tension:
a small early step carries the trajectory safely through the
sharp transient, and a later increase sustains the drift toward
flat, multi-pathway minima. In this view, warm-up does
not change the re-balancing mechanism; it delays the large-
step regime until the trajectory has passed the most fragile
single-path bottleneck.

7. Discussion

Large-step Gradient Descent qualitatively changes the multi-
pathway learning predicted by continuous-time theories.
Beyond our specific setting, this finding affects how we in-
terpret a broader class of GF-based architectural bias results.

Theoretical accounts of over-parameterized models often
predict that training selects sparse, isolated substructures.
GF analyses of multi-pathway DLNs predict “winner-takes-
all” specialization (Shi et al., 2022; Saxe et al., 2022), and
the Lottery Ticket Hypothesis (Frankle & Carbin, 2019) con-
jectures that trained over-parameterized networks contain
sparse subnetworks carrying most of their function. Our
results suggest that, even within such a subnetwork view,
large-step GD’s preference for low-curvature minima can
reshape which substructures emerge: rather than concentrat-
ing signal in a single pathway, GD tends to spread it across
parallel ones. How this flat-minima bias interacts with the
formation of sparse subnetworks under large-step GD is an
open question worth exploring.

GF-based analyses also argue that structural asymmetries
(e.g., depth differences) drive the system toward a winner-
takes-all solution favoring the shallower path (Saxe et al.,
2022). Section 5.3 shows that large-step GD overrides such
asymmetries within the range of depths we test: once the
sharp single-path minimum becomes GD-unstable, the sys-
tem moves toward a flatter, distributed configuration even
when GF would predict a strongly asymmetric solution. In
this regime, the optimizer’s implicit bias toward flat min-
ima outweighs the structural bias toward shallow pathways
predicted by GF.

8. Conclusion

We studied how large-step Gradient Descent shapes learning
in multi-pathway Deep Linear Networks, and showed that
its behavior departs qualitatively from the continuous-time
picture. First, distributing a target feature equally across
H parallel pathways reduces sharpness by H2/~~1 relative
to a single-path solution (Theorem 4.2): sparse minima are
the sharpest configurations on the depth-balanced manifold,
while balanced ones are the flattest. Second, training at
the Edge of Stability proceeds in two phases. Symmetry
breaking concentrates the signal in a dominant pathway, as
GF predicts. Once local sharpness exceeds 2/7, oscillating
residuals transfer mass to subordinate pathways until the
configuration satisfies the stability constraint—overriding
both initialization-induced and depth-induced asymmetries.
Third, a Worst-Case Return threshold derived from a deep
linear chain bounds 1 from above to guarantee the trajectory
survives the transient oscillations. The ratio 7wcr /7stable
grows as O(log L), so deeper architectures admit a wider
window of re-balancing learning rates.
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Together, these results show that the symmetry break-
ing predicted by Gradient Flow does not persist once the
infinitesimal-learning-rate assumption is relaxed. Archi-
tectural biases derived under continuous-time dynamics
deserve re-examination through the lens of discrete opti-
mization. Extending this analysis to nonlinear and modular
architectures, such as Mixture-of-Experts and multi-head
attention, is a natural next step.
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A. Notation

The following table summarizes the key mathematical notations used throughout this paper.

Notation Description

H Number of parallel pathways in the network.

h Index for a specific pathway, h € [H] = {1,...,H}.

Ly, L Depth of pathway h, and homogeneous depth when L;, = L for all h.

d Dimension of the square weight matrices (d X d).

Whe Weight matrix of layer £ € [Ly] in pathway h.

Qp End-to-end transformation matrix of pathway h (2, = Wy, - Wp1).

M, M, Overall map of the network (M = Zthl Q) and the target matrix.

0,0, Set of all network parameters, and parameters specific to pathway h.

Ui s Vs i-th left and right singular vectors of the target matrix M,.

Oxi i-th target singular value.

opi(t) Singular mode coefficient of pathway h for mode i at time ¢.

oi(t) Total singular mode coefficient of the network for mode i (ZhH:1 Ohi =
uIZM Vgi)-

ap, Pathway-dependent initialization scale.

L(©),L; Total squared Frobenius loss, and independent scalar mode loss for mode <.

n Learning rate (step size) of discrete gradient descent.

i Dominant eigenvalue of the Hessian for mode 7 (sharpness).

Amin Minimal eigenvalue of the Hessian on the depth-balanced manifold.

Si Sharpness of a single-path (‘“winner-takes-all”’) solution for mode <.

api(t) Per-layer scalar parameter on the depth-balanced SVS manifold (aﬁi = Opi)-

Wi, Wy State variable representing a1 (t) and its target fixed point (O’i{ L) in the deep-
chain map.

Nstable Classical linear stability bound for the learning rate (2/.51).

TIWCR Worst-Case Return (WCR) threshold for the learning rate.

v,¥wcr(L) Normalized step size (7S1) and the depth-dependent constant for the WCR
threshold.
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B. Invariance of Depthwise Balancing under the SVS Assumption

This section justifies the restriction to the depth-balanced manifold used in our sharpness analysis. Our argument follows the
singular-vector-stationary (SVS) viewpoint developed for deep matrix factorization in (Ghosh et al., 2025) and adapts it to
the multi-pathway architecture.

Setting. We consider the multi-pathway deep linear network in Section 3: there are H parallel pathways. Pathway
h € {1,...,H} has depth L;, layer weights {W}, € RdXd}éL:"l, end-to-end map Q, := Wy, --- Wy, total map
M = Zthl Qp,, and squared Frobenius loss

1 .
L£(O) = 5||M — M, ||%, M, =UX,V,", %, =diag(or., - ,0d). (25)
Throughout, we work in the (mode) coordinates induced by the fixed singular vectors (Uy, V) of M,.

B.1. SVS parametrization and mode-wise decoupling

Definition B.1 (SVS parametrization for each pathway). We say O lies in the SVS set associated with M, if for each

pathway h there exist fixed orthogonal matrices {Q hg}f:hf ! such that Qr1 = Vi, Qnr,+1 = U, and each layer admits the

decomposition
. ¢ ¢
Wit = Quest Sne Qrer - Sne = diag(ay, ., 01)), (26)
for some diagonal X5, (with nonnegative diagonal entries, interpreted as layer singular values in the SVS chart).
Under Definition B.1, adjacent orthogonals cancel in products, so for each pathway
Lh

Q= War, -+ Win = U ([ e VT = UZaVT, 27)
/=1

where Xy, is diagonal and its i-th diagonal entry is the end-to-end singular value in mode ¢:

Ly
oni =[] oy (28)
(=1
Consequently,
H H
M:ZQh:U*(ZZh)V*T, (29)
h=1 h=1

so M shares the singular vectors (U,, V,) with M, and the loss decouples across modes.

Lemma B.2 (Mode-wise decoupling in the SVS set). If © lies in the SVS set, then the loss decomposes as

1< 2
LO) =Y Li0),  £u(®) =3(Yoni—ou) (30)
' h=1
where oy is defined in (28).

Proof. Since M — M, = U*( > b Sk — E*) V*T and Frobenius norm is unitarily invariant,

2 d H 2
= E ( E Ohi — U*i) )
F ‘
1 h=1

H
1M = M = || D=0 - =
h=1

which yields the claim. O

12



Gradient Descent with Large Step Size Restores Symmetry in Deep Linear Networks with Multi-Pathway

B.2. Depthwise-balanced manifold and its invariance

Definition B.3 (Depthwise-balanced manifold). For each pathway h and mode ¢, define the end-to-end singular value o},; as
in (28). The depthwise-balanced manifold B is the subset of the SVS set where, for all h and 1,

J,(fi) = aiZ/L" vee{l,...,Lp}, equivalently Ohli=""+=OhL, - 31

Proposition B.4 (Depthwise balancing is invariant under GD in the SVS set). Assume the iterates remain in the SVS set and
are updated by gradient descent:

Whie(t +1) = Whe(t) —nVw,, L(O(1)), Vh, (.

If ©(t) € B (Definition B.3) for some t, then O(t + 1) € B. Consequently, if the initialization is depthwise-balanced, then
O(t) € Bforallt > 0.

Moreover, letting the mode residual be
H
ri(t) = Z Ohi(t) — Ouis (32)
h=1
the GD update of each layer singular value (in the SVS coordinates) is, for all h, ¢, i,

o+ )=o) —nrt)  [[  ons®). (33)
jé{l,...,Lh},j;éi

Proof. Fix a pathway h and layer . The standard gradient formula for deep linear networks gives
Vw,, L = W}TLh:ZJrl (M — M) ijefma (34

where Wy, .1, := W, q - - - Wi, with the convention W, 4., = I when a < b.

Under Definition B.1, partial products collapse to the fixed bases with diagonal cores:

Lp -1
T * T T T
Wh L1 = Qh,e+1( 11 Eh,j)U v Whea = V*(H EhJ)Qh,E-

j=b+1 j=1

Also, since M = U, (Y, Zx)V*T, we have
M — M, = U, diag(ry,...,rq) V"',

with r; defined in (32). Substituting these expressions into (34) and using U* U, = I, V*TV, = I yields

Ly -1
Vw, L= Qh,£+1( H Eh,j>diag(7"1, ey Td) ( H Eh,j)Q;e-
j=1

j=t+1

All matrices in the middle are diagonal and commute, hence the gradient shares the same left/right orthogonals as W}, and

has diagonal entries
[VWMC} - =ri[[oni-
Y g
Therefore the GD update preserves the SVS chart and, at the level of diagonal entries, is exactly (33).

Now assume O(¢) € B. Then for each fixed (h, %) all layer singular values are equal: op,1 () = -+ = op,1,,.:(t) = sni(t).
Hence the multiplicative factor in (33) becomes

[ oni®) = sn@®" 1,
L
which is independent of £. Thus every layer in the same pathway receives the same update in mode 4, implying op, 1 ;(t+1)

-+ =0p,L,,:(t+1). This is precisely ©(¢t + 1) € B. The final claim follows by induction on ¢. O
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Implication for our initialization. Our depth-balanced diagonal initialization (Eq. (4)) satisfies 05,1,;(0) = --- =
oh.L,.i(0) for each pathway h and mode i. Hence, conditional on remaining in the SVS set, Proposition B.4 justifies
restricting the analysis to the depth-balanced manifold throughout training.

C. Sharpness Reduction in Multi-Pathway Linear Models

In this section, we rigorously derive the relationship between the number of parallel pathways H and the loss sharpness at a
balanced global minimum. We demonstrate that distributing a target feature across multiple pathways significantly reduces
the network’s sharpness, thereby extending the edge of stability regime.

C.1. Problem Formulation and Hessian Structure

Consider a Deep Linear Network (DLN) composed of H parallel pathways, where the output matrix M is the sum of the
outputs of individual pathways €2;,. The objective is to minimize the squared Frobenius loss:

2
1
L£(8) = SIIM = M7 = : (35)

F

1
2

H
Z On(Op) — M,
h=1

where ©), = (W, 1,..., W), 1) represents the parameters of the h-th pathway, and Q, = Wy, - Wp, 1.

To analyze the sharpness, we examine the Hessian of the loss, V2£(©), at a global minima where M = M,. Utilizing the
vectorization of parameters, the Hessian can be decomposed into blocks corresponding to the interactions between pathways
h and k. Following the derivation of Ghosh et al. (2025) in Appendix C.3.2, the (h, k)-th block of the Hessian is given by:

H i = Veee©n) Vieeo) £ = Ay A, (36)

C.2. Mode-Wise Decoupling in the SVS Set

We now refine the argument by leveraging the singular vector stationary (SVS) structure used in Ghosh et al. (2025).
Assume that training is restricted to the SVS set associated with the target SVD

M, =U% V', ¥, = diag(o,1, ..., 0xd),

so that the singular vectors of all layer matrices remain fixed (equal to those of M, ) throughout training. In particular, for
each pathway % and layer £ we may write

T .
Whe = UXpe V0, Yhe = diag(one,1;- - -, One,d),
hence each end-to-end map is

Q, = US, VT,

L
Zh = H Ehg = diag(ohl, ey Uhd)7
=1
L
l
Ohi @ = H cr,(n).
=1

Since M = Zthl Qy, and all , share the same singular vectors (U, V'), the total map is also diagonal in the same basis:

H
_ T
M = U(;zh)v
H

= o;(M)= Zahi for each mode 7 € [d].
h=1

14
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Therefore the loss decomposes into a sum of independent mode losses

d

1 ) 1 d H 5
£() = g|M =5 = 33 (D om—ou) =D L (37)

i=1 h=1 i=1
This SVS decoupling implies that the Hessian decomposes (up to permutation) into blocks indexed by modes ¢, and the
dominant positive-curvature directions can be analyzed mode-by-mode.
C.3. Mode-i; Hessian Eigenvalue on the Depth-Balanced Manifold

We refine the Hessian expression starting from

Hi, i = Veee(©,) Veee(o,) £ = Ap Ak

vec(Oy

at a global minimum (M = M,), where Ay, is the Jacobian of vec(Q2),) w.r.t. vec(©},). Inside the SVS set, the Jacobian
further decomposes across modes. Concretely, the scalar residual for mode 7 is

H
T = E Ohi = Oxi,
h=1

soL; = %rf and, at any global minimum, r; = 0 for all <. Hence the mode-¢ Hessian is a Gram matrix of the mode-i
Jacobian:
2 T
VL, o =i i

Depth-wise balance. We now specialize to the depth-balanced manifold within each pathway (consistent with balanced
initialization and the “balanced minimum” analyzed in Ghosh et al. (2025)):

o) = ol VhelH], telL], icld. (38)

That is, depth-wise the singular value for a fixed mode 7 is equally split across layers, while pathway-wise the end-to-end
values op,; may be unbalanced across h.

.. . . . ¢ . . L ¢
Jacobian in mode i. Consider the coordinates {a}(”) }h,e in mode 4. Since op; = [[,_, cr,(n), we have

dohi  Ohi (38) Ohi _ it
o~ (® — 1L Thi
doy,; Ohi Ohi

Because 1; = > 1 Thi — Oxi, the mode-i Jacobian entries are

or; Oon; 1-+
Ohi

o0 0oy)

Thus, restricted to these depth-balanced SVS coordinates, the mode-: Jacobian vector is

. 1-1/L 1-1/L _1-1/L 1-1/L 1-1/L 1-1/L
J; = (Uli yee s 0q; , Oy ey O . . ),

L entries L entries L entries

and therefore its squared norm is

H L H
G = S5 (o5 = LY ep (39)
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Lemma C.1 (Mode-wise dominant eigenvalue). At any global minimum within the SVS set, and restricted to the depth-
balanced manifold (38), the Hessian contribution from mode © has a single nonzero eigenvalue given by

o

H
2—
A= LY et (40)
h=1
with eigenvector proportional to the mode-i Jacobian direction J;.

Proof. At a global minimum r; = 0, we have V2L, = JiT J;, which is rank-one on the considered coordinates. Hence its
only nonzero eigenvalue equals ||.J;||3, which is (39). O

C.4. Pathway-Wise Balancing Minimizes Sharpness in Each Mode

Lemma C.1 shows that, for a fixed mode ¢, the sharpness contribution depends on the pathway end-to-end singular values
{opi}L | through the convex functional ), % with

For L > 2, we have p > 1,s0 x — P is convex on R .

At a global minimum, mode 7 must satisfy the constraint (from (37))

H
> oni = o (41)
h=1

We now optimize (40) subject to (41).

Theorem C.2 (Pathway-wise equal split minimizes mode-¢ sharpness). Assume L > 2 (so p > 1). Among all global minima
satisfying (41), the mode-i eigenvalue (40) is minimized when the pathway contributions are equal:

(o]
013 =+ =0H; = H-
In that case,

amin — p gE-lg2oE 42)

Proof. By Jensen’s inequality for the convex function x? (with p > 1),
H H p
1 1 Oyi\P
P . o *17

where we used the constraint (41). Multiplying by LH yields

H
O\ P
N=LS ol > H(lﬂ
Z Opi = L H )
h=1
with equality iff 01; = - - = oy = 0,;/H. Substituting p = 2 — % gives (42). O

Improvement over a “single-path” allocation. Consider the extreme (maximally unbalanced) allocation that places all
of mode 7 into one pathway:

O1i = Oy o2i =+ =o0mi =0.
Then (40) gives

2
one path __ 2—%
A, =Lo,, .

16
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Comparing with the minimum (42), we obtain the reduction factor

min Oxi 2_%

22
L
Lo,

one path
>\i

2_ .
Thus, for L > 3, distributing a mode evenly across H pathways strictly reduces its curvature by a factor (H)~ ! relative to
concentrating it in a single pathway.

C.5. From Mode-wise Eigenvalues to Global Sharpness

The full Hessian (restricted to the SVS) decomposes into independent mode contributions. Each mode ¢ contributes a
dominant positive eigenvalue \; given by (40), while additional eigenvalues correspond to symmetry/gauge directions (often
yielding zero eigenvalues) and to non-dominant curvature within each mode. Consequently, the sharpness satisfies

Amax = Mmax\;.
i€[d]
Under the common ordering 0,1 > 04,2 > -+ > 044, the minimized mode-wise eigenvalues (42) are monotone in oy,

hence the largest eigenvalue is achieved by the top target mode:

2_2

Amax = AP0 = LHE 1o T, (44)

Moreover, the remaining dominant eigenvalues align with the remaining target modes: for each ¢, the curvature scale is set
. . . 2

by o,; through (42). In particular, when L > 2, increasing the number of pathways H reduces Apa.x as HZ ~1, thereby

extending the edge-of-stability regime to larger learning rates.

C.6. Proof of Proposition 5.1

We extend the mode-wise SVS analysis to the case where pathway & has (possibly different) depth L;,. Recall that, in mode
1, each pathway contributes an end-to-end singular value

Ly
‘
Ohi = H 0—;”‘)7
=1
and the mode-7 residual and loss are
H
r; = ZO’}”'—O'H‘, ,Cl = %7‘12
h=1
At any global minimum we have r; = 0, hence (as in the homogeneous-depth case)
2 T
\ ’Ci|ri=0 = Jl i,

where .J; denotes the Jacobian of r; with respect to the mode-¢ coordinates.

Depth-balanced manifold with heterogeneous depth. Assume we restrict to the depth-balanced manifold within each
pathway:
o) = o}/"r YhelH], (€L, i€ ld (45)

That is, for fixed (h, i), the contribution of mode 7 is evenly split across the Ly, layers of pathway h.

Mode-i Jacobian entries. Fix a pathway h. Since o7,; = [[}, a,(fi), we have for each ¢ € [Ly]

Ooni  Oni @45 Oni Jl—ﬁ
© o /L, — Thi
doy, Ohi Ohi

Because 1; = > ' Ohti — O4; depends on oy, only through this additive term, it follows that

87“1- 80'}”' 11—
—5 = 0 = O " VLE[Ln]
doy,; doy,;

17
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Therefore, in the coordinate system {aﬁf;) } 1,0, the mode-i Jacobian vector J; consists of Ly, repeated entries of magnitude

0'}1”»_1/ En for each pathway h.

Rank-one Hessian and its dominant eigenvalue. Since V2£; lp;=0 = Jl-T J; is a Gram matrix of a single vector, it is
rank-one on these coordinates, with the unique nonzero eigenvalue equal to ||.J;||3. Using the structure above,

, H Ly R H S
H']i||2:ZZ<Uhi h) :ZLhahi "
h=1

h=1{¢=1

Hence, on the depth-balanced manifold, the dominant (and only nonzero) eigenvalue contributed by mode ¢ is

H o 2
>\i = Zthhi Lh,
h=1
with eigenvector proportional to .J;. This proves Proposition 5.1.

D. Stability Constraints Imply Drift Toward Pathway-Balanced Minima

Background: self-stabilization as constrained minimization. Self-stabilization theory (Damian et al., 2023) argues
that, near the edge of stability, gradient descent (GD) implicitly tracks a projected GD trajectory that solves a sharpness-

constrained problem:

2
m@%n L(O) st SO)< p (46)

where S(©) = Anax(V2L(0)) is the sharpness and 7 is the step size. (See Damian et al. (2023) for a formal projected-
dynamics statement.)

Our setting. We consider the SVS regime, where all layers share the singular vectors of the target M, = VX,V T, so the
dynamics decouple across modes 4 € [d] and

£(0) = ;zd: (Zam— - aﬂ-)z =Y L. 47)

i=1 h=1 i=1

We also restrict to the depth-balanced manifold within each pathway (homogeneous depth L): affi) = 0,1”(  for all h, ¢, 1.

D.1. Local GD stability at a global minimum equals a sharpness bound

Let O, be any global minimum within SVS and depth-balance, so > h Ohi = 0 for all 7. The mode-i Hessian contribution
is rank-one on the SVS depth-balanced coordinates, with the single nonzero eigenvalue

H
Ai(©.) =LY o T (48)
h=1

(Equivalently, V2£;(0,) = J," J; with || J;]|2 = \;.)

Proposition D.1 (GD stability < sharpness constraint). Consider full-batch GD ©,11 = ©; — nVL(O;). At a global
minimum O, (SVS + depth-balance), the linearized GD map has eigenvalues 1 — n)\;(©,) on each mode-i curvature
direction and eigenvalue 1 on the flat directions. Hence O, is (linearly) stable iff

n )\max(@*) < 27 Amax((%)*) = max )\i(@*)’ (49)
7
Le, iff S(0,) <2/n.
Proof. Linearizing GD at O, yields 60,1 = (I —nV?L(0,))60;. In SVS + depth-balance, the Hessian is block-diagonal
across modes, and each mode-: block is rank-one with eigenvalue \; in (48). Stability on a positive-curvature direction

requires |1 — nA;| < 1,i.e., 0 < n); < 2. Taking the maximum over ¢ gives (49). O
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D.2. Why the stability constraint selects pathway-balanced minima

For fixed mode ¢ and homogeneous depth L > 2, define p := 2 — % > 1. At any global minimum, the pathway end-to-end
singular values satisfy the conservation constraint Zle Ohi = 0, while the mode-i sharpness is proportional to y_, o,
by (48).

Theorem D.2 (Balanced split is the flattest global minimum in each mode). Assume L > 2. Among all global minima
satisfying >, 0ni = 04, the mode-i sharpness \; is minimized uniquely by the equal split

o

3 i 2_ 2
o1, =" =0H; = )\;,nm:LHL (U*i)

(50)

Proof. Since p > 1, x + &P is convex on R... By Jensen, £ 3=, oh. > (£ X, ohi)p = (04;/H)P, with equality iff all

op; are equal. Multiply both sides by LH and substitute p = 2 — 2/ L. O

Consequence (stability-driven drift). Combine Proposition D.1 and Theorem D.2. If the stepsize satisfies

2 2 one-path 2.2
)\one—palh <1< )\min ’ /\z = L(U*i) By (51)
L K3

?

then any sharp “winner-takes-all” minimum (single-path allocation) is unstable, while the equal-split minimum is stable.
Therefore, once GD enters a neighborhood where mode ¢ dominates the curvature, stability constraints alone rule out
convergence to sparse allocations and select balanced allocations as the only stable zero-loss solutions. This provides a
direct (assumption-free) mechanism linking “stability constraints” to drift toward pathway-balanced, flatter minima in our
multi-path DLN.

E. Decay of a Pathway Balancing Gap at the Edge of Stability

This appendix provides a local mechanism explaining why large-step GD reduces pathway imbalance near the balanced
minimum. The analysis is carried out on the SVS depth-balanced manifold, where each singular mode decouples and the
multi-pathway dynamics reduce to scalar recursions for the per-layer variables a,;(t). We first establish the invariance of
this reduction and introduce gradient-flow leaf coordinates that separate the balanced direction from the pathway-imbalance
directions. In these coordinates, the balanced minimum is the unique local minimizer of terminal sharpness, and deviations
from the balanced leaf increase sharpness quadratically.

The main part of the appendix analyzes how discrete GD moves across these gradient-flow leaves in the Edge-of-Stability
regime. We begin with a sign-free one-step contraction result in a strong-safety neighborhood. We then prove the central
two-step result: under a local self-stabilization condition stating that the sharpness remains bracketed near the stability
threshold, the residual normal form implies sign alternation and yields a two-step contraction of the pathway balancing gap,
with an explicit quadratic correction. Thus sign alternation is not imposed as an independent hypothesis; it follows from
the local EoS normal form together with sharpness bracketing. Finally, we translate the two-step contraction into a formal
slow-time central-flow description, where the drift is active only when the sharpness excess (nA — 2) . is positive, and we
state precisely which conclusions are rigorous local statements and which remain formal asymptotics.

E.1. Invariance of SVS and preservation of depth-wise balance

We extend the SVS invariance argument of Ghosh et al. (2025) (see also their deferred SVS proofs) to the multi-pathway
architecture M = Zthl Q;, with Qj, = Hngl Whe.

Lemma E.1 (SVS is invariant under diagonal (SVS) initialization). Assume the targetis M, = V¥,V T and the initialization
satisfies Wie(0) = VEn0(0)V'T with all $5,,(0) diagonal (in particular;, scalar multiples of the identity, as in our
initialization). Then for all GD iterates t > 0,

Whe(t) = VEn (VT with  p(t) diagonal, (52)

so the dynamics remain in the SVS set and decouple on singular values.
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Proof. Assume inductively that Wye(t) = VX,,(t)V " with diagonal ,(t) for all h,¢. Each pathway product is
Qn(t) = V(I1, Zne(t)) VT, hence the total map

is diagonal in the same basis. The residual R(t) := M (t) — M, therefore satisfies R(t) = VA(¢+)V T with diagonal A(t).
For the squared Frobenius loss,

Vi LO)) = W, i1 (8) T R(E) Whe—1(8)

Each factor is diagonal in the V' basis, so Vyy, ,£ = VG,V T with diagonal G},¢. The GD update preserves the diagonal
SVS form. O

Lemma E.2 (Depth-wise balance within each pathway is preserved). Assume homogeneous depth L and U}(L? t)y=---=

J}(Lf) (t) for every h,i at some iterate t. Then the same equalities hold at t + 1.

Proof. By Lemma E.1, the dynamics reduce to diagonal singular values. Fix a mode ¢ and let zp := 0,(1? (), sn =11, zne.
The mode-i residual is 7 := Y, s — 0,; and £; = %7"2. By the product rule, OL;/0xpe = 7 - sp/xhe =7 Hj# xpj. If
XTpy = -+ = Tp, then ] 0 Thj is independent of ¢, so every layer in pathway h receives the identical mode-i update.
Depth-wise balance is preserved. O

E.2. Mode-wise scalar dynamics on the depth-balanced manifold

By Lemma E.2, for each mode i and pathway h we can write O'}(fi) (t) = an;i(t) for all £ € [L], so the end-to-end pathway

singular value is 0;(t) = ap;(t)~. Let

H
ri(t) =Y ani(t)’ — o (53)
h=1
Then GD on {a;} obeys the exact recursion
api(t +1) = api(t) — nrs(t) ani(t)* " (54)

Notation for the remainder of this appendix. We fix a mode 7 and drop the index. Write a, := ap;, 7 := 1, and
1
a, = (o, /H)"*, a(t) == T z}:ah(t), On(t) := an(t) —a(t), g(t) == ;5h(t)2~

The balanced equilibrium is a;, = a, for all h, at which G = 0. The sharpness of the balanced minimum is Amin —
LHY=67 2 = LHa?b2,

E.3. Gradient-flow foliation and local leaf-sharpness expansion

The discrete dynamics (54) has a gradient-flow (GF) limit

ap = —r aﬁ_l.

In this subsection we identify the conserved quantities of this GF limit and use them to define leaf coordinates for pathway
imbalance. These coordinates separate motion along a GF leaf from motion across leaves. We then show that, on the
zero-loss manifold, the terminal sharpness increases quadratically with the leaf-coordinate norm near the balanced leaf.
Thus the balanced leaf is the unique local sharpness minimizer among nearby GF leaves.
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Centered leaf coordinates. Define

() =an(®)*F, q(t) = %Z an(t),  zn(t) = qn(t) = q(b),

s0 Y, zn(t) =0and 2(t) € 1+ C RH.
L-1

Proposition E.3 (GF foliation in centered coordinates). Let L > 2. Under the gradient flow a5, = —ra;’ ™,

%qh(t) =(L—-2)r(t) forallh,

so the centered vector z(t) is conserved. The phase space Rgo is therefore foliated by affine level sets in q-coordinates: for
each z € 11, the GF leaf is
qg=ml+ z, m>—m}3nzh, (55)

~1/(L-2)

and its image in a-coordinates is the one-dimensional curve ap, = (m + zp,) The unique leaf containing the

balanced minimum is z = 0.

Proof. Lq, = (2— L)a; "“an = (2— L)a; “(-ra;, ") = (L — 2)r, independent of h. Hence 2 (t) = q5(t) — q(t) is
constant. The lower bound on m in (55) ensures g;, > 0, equivalently a;, € Ry. O

Equivalence of V' and G. The quantity naturally controlled by the GF foliation is the variance of the centered leaf

coordinate, )
V()= zn(®)’ =Y (au(t) —at))". (56)

h h

The quantity used in the main text to measure pathway imbalance is

G(t) = ou(t)®,  On(t) :=an(t) —a(t).
h

Near the balanced point these two quantities are locally equivalent. Indeed, if a, = a, + 05, with >, §;, = 0, then Taylor

expansion of g, = aiiL around a, gives

qn — q = (27L)a1*L§h +O(62), €:= m};lix\5h|.
Consequently,
V =(L-2)2%a272tG+0(G%?). (57)

Thus contraction of the leaf-coordinate variance V is equivalent, locally, to contraction of the pathway balancing gap G up
to a positive multiplicative factor.

Proposition E.4 (Local sharpness expansion across GF leaves). Let a(z) € M = {a: Y., ak = 0.} be the zero-loss point
on the GF leaf indexed by z € 1+, and define the restricted-Hessian sharpness

Az) =LY an(2)* 72
h

Then z = 0 corresponds to the balanced minimum ay, = a, with A(0) = \™" = LHa?"~2, and

L(L—1)

A(z) =A™ 4+ 7

a0 2l + O([l2]P). (58)
Equivalently, with P denoting the orthogonal projection onto 1+,

2L(L —1
2L -1 all5pe0 on1t. (59)

Hleaf — L —2 *

Hence the balanced leaf z = 0 is the unique local minimizer of the terminal sharpness among nearby GF leaves.
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Proof sketch. Parametrize the leaf as g, = m + 2. The constraint ) _, aﬁ = o, fixes m = m(z) implicitly; at z = 0,
m = a2~ and a5, = a, for all h. A second-order expansion of A(z) using aj, = (m(z) + z,)~/(F~2) together with the
implicit derivative of m(z) yields (58). The first-order term in z vanishes by the Jensen argument of Theorem 4.2. O

Combining (58) with (57) gives, on the zero-loss manifold,

Ma) = A" 4 Oy G+ 0(G%?), COn:=L(L—-1)(L-2)a2*>0. (60)

E.4. Sign-free step-wise contraction (strong-safety regime)
The change of variable a; := ai_L converts the GD update (54) into a coordinate-wise application of a single one-
dimensional map.

Lemma E.5 (One-dimensional reduction). Set ay(t) := ax(t)2>~% and c(t) := nr(t). Then for every h,

an(t+1) = Fop (an(t)),  Folu) = vy (61)
provided u — ¢ > 0.

Proof. From (54), ap(t +1) = an(t)(1 — nr(t) an(t)L72) = an(t)(1 — c(t) /an(t)). Hence ap(t + 1) = ap(t +1)>7L =
an(t) (an(t)/(an(t) — c))L_z, which simplifies to the claimed form. O

The crucial point is that F, ;) does not depend on h. Hence V(¢ + 1) is determined entirely by the dispersion of F.(;) on
{an(t)}ily-
Lemma E.6 (Monotonicity and non-expansion of F.). Let L > 2 and suppose either (i) ¢ < 0, or (ii) ¢ > 0 with
¢ maxy, ay % < 1/(L —1). Then on I := [miny, ay, maxy, an),

0< Fl(u) <1, (62)

with strict inequality F!(u) < 1 whenever ¢ # 0.

Proof. F!(u) = u*"2(u— (L —1)c)/(u— c)*~'. The denominator is positive since u > c. The factor u — (L — 1)c is
positive when ¢ < 0, and when ¢ > 0 it is positive iff u > (L — 1)c. In terms of aj,, u = aj * > (L — 1)c rewrites as
nraj~? < 1/(L — 1), hypothesis (ii). For non-expansion, let g(c) := (u — ¢)*~! — u%=2(u — (L — 1)c). Then g(0) = 0
and ¢'(c) = (L — 1) [u""2 — (u — ¢)*7?] is strictly positive for ¢ > 0 and strictly negative for ¢ < 0, hence g(c) > 0 for

all ¢ # 0. This is equivalent to F(u) < 1. O
Definition E.7 (Strong-safety condition). At iterate ¢,
r(t) <0, or  r(t)>0andnr(t) max an(t)* 7% < . (*)

Theorem E.8 (Sign-free step-wise contraction). Let L > 2 and suppose the strong-safety condition () holds at iterate t.
Then
Vit+1) <V(t), (63)

with strict inequality whenever r(t) # 0 and the ay(t) are not all equal.

Proof. By LemmaE.5, ay,(t + 1) = Fi(y)(an(t)) for every h. By Lemma E.6, F ;) has derivative in [0, 1] on the relevant
interval, with F, ;) < 1 strictly whenever c(t) # 0. The mean-value theorem gives |Fe()(an) — Feqr)(ar)| < lan — axl,
strict unless @, = aj. The variance V' is proportional to ), , (an — )2, so summing pairwise inequalities yields
V(t+ 1) < V(t) with the stated strictness. O

Scope of Theorem E.8. The strong-safety condition (x) is strictly more restrictive than the linear stability bound nA™® < 2
characterizing the basin of the balanced minimum. In particular, large-amplitude EoS oscillations generally violate (x).
Theorem E.8 therefore guarantees step-wise monotonicity only inside an inner neighborhood of the balanced minimum,
where the strong-safety condition is automatically satisfied (since » — 0 implies ¢ — 0). To handle the EoS regime itself,
we pass to two-step contraction with explicit quadratic correction; this is the content of the next subsection.
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E.5. Two-step contraction from the EoS normal form

The one-step contraction theorem above applies only in the strong-safety regime. To analyze the actual Edge-of-Stability
regime, where the residual oscillates and the strong-safety condition may fail, we pass to a two-step description. The key
input is a local normal form for the scalar residual recursion, retained one order beyond the linear EoS approximation. This
normal form has two consequences: first, sign alternation of the residual follows from sharpness bracketing near the stability
threshold; second, the quadratic term in the residual recursion contributes a positive correction to the two-step contraction
coefficient.

Lemma E.9 (Residual recursion: EoS normal form). Let \(©;) := LY, an(t)*72 define A3(©;) = L(L —
)Y, an(t)32=4 and Ay(©) == L(L — 1)(L — 2) >, an(t)*F75, and set

2 3
B(t) :=2—-nA(0¢), A(t):=5A3(0:) >0, B(t):="%As(0;) > 0.
Then
r(t+1) = —r(t) + Bt)rt) + A®t) r(t)®> — Bt)r(t)* + O(r(t)*). (64)

Proof. Expand ap(t+1)% = a5 (£)* (1 —nr(t) ah(t)L_Q)L using (1 — )b =1— Lo+ (5)2? — (§)2® + O(z*) and sum
over h, identifying A, Az, Ay4. O
Hypothesis E.10 (Self-stabilized EoS regime). There exist a neighborhood N of the balanced minimum, constants
€0, o, Cg > 0, and a time ¢, such that for all t > ¢, with ©, € N:

1. Locality: maxy, |05 (t)| < eg and |r(t)| < pos

2. Sharpness bracketing: |3(t)| = |2 — n\(©:)| < Car(t)>.

Derived sign alternation. Hypothesis E.10(ii), combined with Lemma E.9, gives
r(t+1) = —r(t) + O(r(t)?).

Therefore, for all sufficiently small r(¢) # 0, the residuals 7(¢) and (¢ + 1) have opposite signs. In particular, the sign
alternation used in the two-step contraction is not imposed as a separate dynamical assumption; it is a local consequence of
the EoS residual normal form together with sharpness bracketing.

Two-step expansion. Under Hypothesis E. 10,
r(t)+r(t+1)=A@)rt)> +0(r@®)?),  r@Orit+1) =—rt)*+0(r(t)?). (65)
The crucial point — and the source of the corrected contraction coefficient — is that 7(t) + (¢ + 1) is O(r?2), not O(r3).
The frozen-linearization two-step transverse multiplier at the balanced point is
my = (1 — k(1) (1 — kar(t +1)) =1 — (k2 + 5.A®Q))r()* + O(r(8)?),
where x, = n(L — 1)al=2 hence m? = 1 — 2(rk2 + k, A(t))r(t)2 + O(r(t)?).

Robust formulation. For a fully local theorem, the step-to-step variation of «; around &, should be absorbed into the
local error term rather than claimed exactly. We state the robust form, which is the version we use.

Theorem E.11 (Robust two-step contraction from the EoS normal form). Let L > 2. Suppose Hypothesis E.10 holds at
iterate t and the iterates remain on the positive branch. Then there exist constants ¢y > 0 and C > 0, depending only on the
local neighborhood, such that

G(t+2) < (1 —cor(t)?+CO(Ir@®)]* +r(t)%e: + r(t)Qaf)) G(t), (66)

where €, := maxy, |05 (t)|. Equivalently, the remainder is o(r(t)?) relative to the leading term under the local scaling
assumptions. Moreover, if the transverse linearization is frozen at the balanced point, the leading coefficient admits the
explicit form

co = 2(&3 + KJ*A*), ke =n(L — 1)af_2, A, = gL(L - 1)H afL_4.

Whenever the error terms in (66) are dominated by cy r(t)?, the balancing gap contracts: G(t + 2) < G(t).
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Proof sketch. The relations (65) imply the linear part of the two-step transverse update has multiplier 1 —c7(t)? +O(r ()3 +
7(t)%e;) for some ¢ > 0. Squaring gives the leading factor 1 — ¢ r(¢)2. The nonlinear transverse contributions from the
quadratic Taylor correction of the per-pathway update are proportional to powers of 7(¢) (since the GD map reduces to the
identity at r(t) = 0), contributing O ((|r(¢)|> + r(t)%;)G(t)). This yields (66). O

Remark on the remainder. The GD update a;lF =ap —nr aﬁ ~! reduces to the identity when 7 = 0, so every term in the
two-step error must carry at least one factor of r(¢). This is reflected in (66): there is no standalone €} contribution. The
compact form is R(t) = o(r(t)? G(t)) under the EoS scaling.

Relation to the sign-alternating formulation. A weaker way to state the two-step mechanism is to assume directly that
the residual forms a small-amplitude two-cycle,

rt+1) = —r(t) +O(r(t)?).
Under this assumption, the leading part of Theorem E.11 reduces to the familiar contraction form
G(t+2) < (1—cr()?)G(1)

for some ¢ > 0. The present formulation is stronger in two respects: the small-amplitude sign alternation is derived from the
EoS sharpness bracketing, and the retained quadratic term in the residual normal form contributes the positive correction
K+ A, to the leading frozen contraction coefficient.

E.6. Formal central-flow description of the balancing gap

We now translate the local two-step contraction into a formal slow-time ODE in the spirit of central flows (Cohen et al.,
2025). This subsection should be read as a leading-order asymptotic description, not as a finite-time approximation theorem.
Its purpose is to identify the direction of the slow cross-leaf drift and the stopping boundary selected by the EoS stability
constraint.

The resulting picture distinguishes two cases. At the critical learning rate 7 = 2/A\™®, the formal drift continues until full
balance G = 0. At intermediate learning rates, the drift stops earlier at the one-sided boundary where the sharpness reaches
2/n; the prediction is then partial balance rather than exact balance.

Sign convention. Use the sharpness excess x(©) := nA(©) — 2. The EoS regime is x > 0, where sustained residual
oscillations occur; below the threshold, x < 0, the residual decays exponentially and the central-flow drift is absent.

Self-stabilized variance. The cubic restoring term in Lemma E.9 pins the time-averaged squared residual to scale with the
positive part of y:

(r*)(©) = K(©) x(8)+ + O(x*), (67)
where K (©) > 0 depends locally on A3, A4 via the standard self-stabilization calculation (Damian et al., 2023, Section 3).
Crucially, the positive part x4 appears: below the EoS threshold there is no oscillation and no drift.

Theorem E.12 (Formal slow ODE for the balancing gap). Let L > 2 and suppose Hypothesis E.10 holds along the
trajectory. Define slow time T := t/2. To leading order in G,
dg

- =~ Ko (1\(9) —2) . G +0(¢%), (68)

where Ky > 0 collects the per-step contraction coefficient from Theorem E.11 and the self-stabilized residual scale, and
A(G) is given by (60).

Stopping boundary, not stable equilibrium. The right-hand side of (68) contains x4, not x. Hence the drift acts only
when A(G) > 2/n and is identically zero when A\(G) < 2/n. There is no restoring force in the opposite direction. The
correct dynamical picture is therefore a one-sided sliding boundary: G decreases monotonically until A(G) reaches 2/7, at
which point the drift switches off and the iterate halts (at the slow-ODE level).

Combining with (60), the stopping condition is
2

2_77)\min
fy— 2 T
AGY n’ g nL(L —1)(L —2) a2

+ O((pAmin — 2)3/2). (69)
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Three regimes.

1. Intermediate window 2/S, < n < 2/\™", Here pA™™ < 2, so the balanced point G = 0 is below the EoS threshold
(x(0) < 0). The drift is active when G > Gt > 0 and inactive when G < GT. The formal ODE predicts drift until
the sharpness reaches 2 /1, then stop; the resulting state is partially balanced, not fully balanced. This is a stopping
boundary, not a two-sided stable equilibrium.

2. Critical n = 2/\™", Here nA\™" = 2, 50 x(0) = 0 and G = 0. The stopping boundary coincides with the balanced
center, and the drift drives the trajectory all the way to G = 0. At this learning rate the formal ODE selects the fully
balanced minimum.

3. Super-critical n > 2/A\™". Here x(0) > 0: even the balanced minimum is GD-unstable in the local model. The slow
ODE has no zero-loss stopping boundary in G > 0; the trajectory must leave A or enter a different nonlinear regime,
consistent with the worst-case-return analysis of Section 6.

Recovery of the stability window (17). The window 2/S; < n < 2/A\™" of the main text is precisely the set of 7 for
which (a) the sharp single-path minimum is GD-unstable (so the symmetry-breaking phase cannot terminate there) and
(b) the slow ODE admits a nontrivial stopping boundary G' € [0, G!P4"). The endpoint = 2/A™ is the unique learning
rate at which the stopping boundary collapses to the fully balanced minimum.

Geometric interpretation. Combining Theorem E.12 with Propositions E.3 and E.4: GD oscillations of amplitude
(r?) o< x4+ produce a one-sided cross-leaf drift dG/dr o< —x . G. Via (57), the leaf coordinate z tracks G, so the trajectory
drifts across GF leaves in the direction of decreasing ||z||. The drift switches off precisely at the leaf whose terminal
sharpness equals 2/17 — i.e., at the boundary between the EoS regime and the linearly stable regime — and the trajectory
stops there. At intermediate learning rates this stopping leaf is not z = 0 but a partially balanced leaf; at = 2/\™", the
stopping leaf is exactly z = 0.

E.7. Scope of the local analysis

We conclude by separating the rigorous local statements from the formal asymptotic interpretation.

1. Rigorous reductions and local identities. We prove SVS invariance and preservation of depth-wise balance (Lem-
mas E.1 and E.2), the exact scalar recursion aﬁ =ap —nr aﬁ “Lin (54), the GF foliation in centered coordinates
z € 1+ (Proposition E.3), and the local sharpness expansion across GF leaves in (58). We also prove one-step
contraction of the leaf-coordinate variance V' under the strong-safety condition (Theorem E.8) and the residual normal
form (Lemma E.9).

2. Local EoS contraction under self-stabilization. The two-step contraction theorem (Theorem E.11) is a local statement
near the balanced minimum, conditional on the self-stabilized EoS bracketing

2= nA(©)] = O(r(t)*).

Given this bracketing, the residual normal form implies sign alternation and the pathway balancing gap contracts over
two steps whenever the local error terms are dominated by the leading quadratic contraction term. The bracketing
condition itself is imported from the self-stabilization theory of GD at the EoS and is not proved from first principles
here.

3. Formal slow-time interpretation. The central-flow equation (68) is a leading-order asymptotic description. It explains
the direction of the slow drift and the one-sided stopping boundary selected by the stability threshold n\ = 2, but it is
not a finite-time approximation theorem.

4. Not proved globally. We do not prove that every winner-takes-all transient enters the local self-stabilized EoS
neighborhood in finite time. Establishing such a result would turn the local mechanism in this appendix into a full
global re-balancing theorem. The experiments in Figures 1-4 support this global picture, but the present proof is local.
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Figure 6. Deep linear chain update map (19) for different values of /71 and L. The worst-case overshoot (¢, f,(c)) and the return point
(fn(c), fa(fq(c))) illustrate how larger depth permits larger normalized steps before a sign flip occurs.

F. Worst-Case Return Threshold for Deep Chains

This appendix provides the proofs and computational details for Section 6. Our goal is to characterize the largest learning
rate for which the deep-chain GD map cannot cross the origin after the worst overshoot from the positive branch.

F.1. From one-path concentration to a deep-chain map

On the SVS set restricted to the depth-balanced manifold, each pathway—mode pair admits a per-layer scalar ap1(t) > 0
whose end-to-end singular value is 0,1 (t) = a1 (t)*. The corresponding mode-wise GD recursion is

apt(t+1) = an1(t) — nri(t) ap ()", (70)

Tl(t) = Zakl(t)L — Ox1-
k=1

If, during symmetry breaking, the dominant mode is concentrated in one pathway h = 1 so that a11(¢)% > 37 k1 k1 (tL,
then the residual satisfies 71 (t) &~ a11(t)” — o,1. Substituting this into (70) yields the single-variable deep-chain map

w1 = wy —nwrTHwk —o,1),  w = an(t),

which is (19).

F.2. Normalization and geometric preliminaries

Let w, = (0*1)1/ L and define normalized variables
w
ui= € (0, 00), o =1 (0.)>"YE (71)

Then (19) becomes the dimensionless map
ut =go(u) i=u—aul = 1) =u+ aut (1 —ub). (72)

The overshoot-onset threshold 17, = 1/.5 corresponds to o« = 1/L, since S; = L(a*1)2*2/L.

Lemma F.1 (Overshoot regime and monotonicity for u > 1). Assume o > 1/L. Then (i) there exist u € (0,1) such that
ga(u) > 1 (overshoot occurs), and (ii) g, is strictly decreasing on [1,0).
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Proof. We have g,(1) = 1 and
gh(u) =1— auH((QL — 1)t — (L - 1))7 g.(1)=1-aL<0 (a>1/L),
S0 g exceeds 1 for u < 1 sufficiently close to 1, proving (i). For (ii), note that for every u > 1,
(2L — )ut — (L —-1) > L, ul=2 > 1,
hence ¢/, (u) <1—aL < 0forallu > 1. O
F.3. Worst-case overshoot and the reduction to a single inequality
For o > 1/L, define the worst-case overshoot value

max = «a . 73
Umax (@) ax g (u) (73)

By continuity, the maximum exists; by Lemma F.1(i), we have vyax () > 1 in the overshoot regime.

Before stating the reduction, write the two-step return property in normalized coordinates:
Vue (0,1): go(u)>1 = 0<g2%(u) <1. (74)
Lemma F.2 (Two-step return reduces to positivity at vyax). Assume o > 1/L. Then the WCR property (74) is equivalent to
o (Vmax(a)) > 0. (75)
Proof. Fixa > 1/Landletu € (0, 1) be such that g, (u) > 1. By Lemma F.1(ii), g, is strictly decreasing on [1, 0c), hence

9o (90 () = ga (vmax(@)).

Moreover, because g,, is decreasing on [1, c0) and g, (1) = 1, we automatically have g, (go(u)) < 1 whenever g, (u) > 1.
Therefore the only nontrivial part of two-step return is the lower bound g (g, (v)) > 0, which is ensured for all overshooting
w iff the worst case is positive: gq (Umax(c)) > 0. O

F.4. Boundary system and the 1D root equation
Let ¢ € (0, 1) be any maximizer attaining vmax(a) = ga(c); then necessarily g/, (¢) = 0. Define
yi=c"  Aly):=(02L-2y—-(L-2), B(y):=Q2L-1y-(L-1).

A direct substitution yields the standard identities

1 y2/ L1
gh(c)=0<=a= IRy By (76)
Umax (@) = ga(c) = ¢ ggz% (77)

Definition F.3 (Normalized WCR constant). Define

awcr (L) :=sup{a > 0: gq(vmax(a)) > 0}. (78)

Equivalently, awcr (L) is the unique boundary value for which g, (vmax(«)) = 0.

Lemma F.4 (Boundary system). Ar o = awcr (L), there exists ¢ € (0,1) such that

9o(©) =0,  ga(galc)) =0. (79)

Conversely, any («, ¢) satisfying (79) yields o = awer (L)
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Proof. By Lemma F.2, the boundary is characterized by go, (vmax(c)) = 0. At the maximizer ¢ attaining vyax (@) = ga(c)
we have ¢/, (c) = 0, hence (79). Conversely, if (79) holds, then the worst overshoot lands exactly at the origin in the next
step, so the corresponding « is the WCR boundary. O

Combining the boundary identities gives the one-dimensional root equation

B(y)* " = AW 2 (y Alw)* - Bw)*"), (30)
on the interval
€ (L -1 1)
Y- )
Once this root is found, the normalized WCR constant is
yz/L—l
ywer(L) =L . (81)

Proof of Theorem 6.2. Let (o, c) satisfy (79). Using (76) and (77), write y = c* and vpmax = cA/B. The condition
9o (Vmax) = 0 implies

1
0= ——s——.
’UTIFIEXQ (vrlr/lax - 1)
Combining this with (76) and substituting v, = y(A/B)F yields, after cancellation and algebra, (80). Finally,
rwor(L) = nworSt = Lawcer (L) and awer (L) = y*/ £~ /B(y) by (76), proving (81) and (20). O

F.5. Numerical computation (bisection) and representative values
Equation (80) is one-dimensional on the interval y € (&=L,
bisection in that interval and then compute ywcgr (L) by (81).

1) (which ensures B(y) > 0). In practice, we solve it via

Representative values (computed to high precision) are:

L | 2 3. 4 5 6 8§ 10 20
ywer(L) = nwor/m1 | 3196 3.661 3.979 4.224 4.427 4751 5.008 5.844

(82)
and the values continue to increase with L (e.g., ywcr (50) &~ 7.04, ywcr (100) =~ 8.02).

F.6. Asymptotic growth with depth

In this subsection we justify Proposition 6.3. Let ywcr (L) = Lawcr (L), and let y = y(L) be the solution of (80). Define
t:=2y—1€(0,1) (soy = (1+1)/2). A convenient form of the boundary algebra (equivalent to (80)) is

By) = )" 2 (yr@)* — 1), r(y) = 22‘3 (83)

For large L, the root satisfies ¢ | 0 and hence y | 1/2. In that regime, a standard expansion shows

=14 to(g). = W =ew(g o). 549

Moreover, since B(y) = Lt + O(1) and y = 1/2 4+ O(t), equation (83) implies (to leading order)
1
exp(t) - It (85)

Using ywer (L) = Lawcr (L) and awer (L) = y*/*~1/B(y), we have ywer (L) ~ 2/t (because y — 1/2and B ~ Lt).
Substituting ¢ ~ 2/~vwcr into (85) yields

'VWCR(L)> . L 26
exp( 2 " ywer(L)’ (80)
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which implies ywcr (L) = ©(log L). More refined manipulations yield the Lambert-WW scaling
ywer(L) =2W(O(L)) = 2log L — 2loglog L + O(1), (87)

establishing Proposition 6.3.
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Figure 7. Training dynamics of GD with multi path MLP (L = 3, H = 2, 0,1 = 1) according to learning rate . GD with larger learning
rate 7) mitigate sharp minima with Ayax > 2/7.
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Figure 8. Trajectory of (011, 021) for heterogeneous depth model with learning rate n*.
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