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Abstract

Reinforcement learning from human feedback is
the leading approach to aligning powerful Al sys-
tems so that they can be safe and helpful for hu-
manity. While RLHF is typically modelled as
a problem of learning a single preference rank-
ing from noisy feedback, true human preferences
are complex and often conflicting, representing
substantive disagreements stemming from the di-
versity of individual human values. With this
motivation, a recent line of research has studied
RLHF from the perspective of social choice the-
ory, which provides a set of well-established de-
sirable properties for aggregating diverse prefer-
ences. Seen through this lens, the standard learn-
ing objective in RLHF is equivalent to aggregating
diverse human preferences via the Borda count
rule. At the same time, several new RLHF al-
gorithms have been proposed, which turn out to
be equivalent to the von Neumann winner social
choice rule. However, the connection between so-
cial choice theory and RLHF has thus far ignored
the critical role of regularization to prevent diver-
gence from a reference policy, which is utilized
in essentially all practical RLHF algorithms. In
this paper, we study how regularization affects
the social choice axioms satisfied by different
RLHF algorithms, and prove that regularization
improves the axiomatic properties of the von Neu-
mann winner rule. In contrast, the Borda count
rule still fails to satisfy key social choice axioms
even when regularized. These results provide a
principled argument grounded in social choice the-
ory for utilizing practical RLHF algorithms that
correspond to the von Neumann winner, rather
than the standard RLHF objective.
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1. Introduction

Recent work on alignment of Al systems via human prefer-
ence rankings has drawn strong connections to social choice
theory. The analogy is as follows: one can view the possi-
ble outputs of an Al model as a set of candidates, human
raters as a set of voters, and the algorithm used for align-
ment as defining a rule to aggregate the individual voter
preference rankings over the candidates. Thus the problem
of designing algorithms for aligning Al systems becomes
a problem of designing social choice rules. The advantage
of this social choice viewpoint is that it explicitly considers
cases where voters express legitimate differences of opinion
in their preferences, going beyond many standard models
in machine learning which consider each human rating as
a sample from a single, coherent ground-truth preference
ranking (Huang et al.| [2024)). By taking pluralistic value
alignment into account, we can foster a more democratic
paradigm for human-Al interactions (Korkmaz, [2026).

Quite recently, there has been substantial progress in an-
alyzing alignment methods with the lens of social choice
theory. Standard approaches to reinforcement learning from
human feedback (RLHF) (Christiano et al.,|2017}; Bai et al.,
2022) based on the Bradley-Terry model (Bradley & Terryl,
1952) have been shown to implicitly apply the Borda count
social choice rule when aggregating human preference rank-
ings (Siththaranjan et al.|[2024). That is, the optimal model
output under the standard RLHF objective is equal to the
highest ranked output according to the Borda count rule
when considering raters as voters. Various alternative meth-
ods have also been proposed, including a recent line of work
utilizing the solution concept known as the von Neumann
winner (Dudik et al., 2015} Wang et al., 2023} Munos et al.
2024; |Swamy et al., 2024), which optimizes an objective
equivalent to the randomized social choice rule known as
maximal lotteries.

In general, the theory of social choice takes an axiomatic
approach to the selection of social choice rules, with a fo-
cus on trade-offs between desirable axiomatic properties
as exemplified by Arrow’s theorem (Arrow, |1951). The
key axioms studied in social choice theory include many
that are naturally desirable in the context of Al alignment.
Independence of irrelevant alternatives (I1A) ensures that
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the final policy is invariant to changing preferences over
irrelevant potential outputs that the model is very unlikely
to produce. Population consistency ensures that merging
two sets of ratings, each of which individually yield similar
policies, will not cause a sudden change in the behavior of
the model. The requirement that a rule is strategy-proof
ensures that no rater can influence the final policy for their
own gain by strategically misreporting their preferences.

While it is tempting to directly apply results from social
choice in order to choose between alignment methods, such
an approach leaves out key components of standard algorith-
mic pipelines. In particular, algorithms for alignment from
preference rankings typically include a KL-divergence regu-
larizer, to ensure that the aligned policy does not deviate too
far from some fixed reference policy. This regularization is
necessary in order to prevent the policy from straying so far
that it forgets how to write grammatical sentences, but also
has an impact on how human preferences are aggregated.

In this paper, we investigate Al alignment within the context
of social choice theory and ask the following question:

What is the impact of explicitly preserving the initial
pre-trained policy on alignment from the perspective of
axiomatic social choice?

1.1. Our Approach.

We model the problem of aligning artificial intelligence to
human preferences as a problem of social choice theory.
The alternatives for the output of the model play the role
of candidates and individual human raters play the role of
voters. The overall goal of an alignment algorithm is to
output a distribution over candidates that aggregates human
preferences in a principled way.

Al Alignment as probabilistic social choice. Our model
of alignment directly corresponds to the setting of proba-
bilistic social choice, where rather than producing an aggre-
gate ranking over candidates, the social choice rule produces
an aggregate ranking over distributions over candidates. The
probabilistic setting is quite natural in the case of aligning
LLMs, where the model already produces a distribution over
possible responses, rather than one deterministic outcome.

The probabilistic social choice model of alignment is more
general than that proposed in several recent papers on social
choice for alignment. A line of prior work that consid-
ers axiomatic social choice in alignment assumes that the
alignment algorithm initially learns a deterministic reward
function that aggregates individual preferences (Siththaran{
jan et al.| |2024; |Ge et al.| [2024). After the aggregate reward
function is learned, it is assumed that standard reinforce-
ment learning methods are used to train a policy distribution
that maximizes this learned reward. Due to the assump-

tion that a deterministic reward function is learned as an
intermediate step, this line of prior work inherently restricts
itself to the setting of deterministic social choice. While
this restriction is natural, in the sense that it corresponds
to the standard setup of the original RLHF algorithm as it
is applied to LLM alignment tasks, it brings with it all the
limitations known to exist for deterministic social choice.

There are many cases where known impossibility results
for deterministic social choice can be circumvented in the
probabilistic social choice setting. Most notably, Arrow’s
theorem (Arrow, |1951)) proves that any deterministic social
choice rule that satisfies pareto efficiency and independence
from irrelevant alternatives is a dictatorship. On the other
hand, |Brandl & Brandt|(2020) proved that Arrow’s impos-
sibility can be avoided in the setting of probabilistic social
choice. They showed that, not only is it possible to satisfy
Arrow’s axioms without resorting to dictatorship, but the
maximal lotteries social choice rule (Kreweras), 1965} [Fish{
burnl [1984) is the unique rule satisfying the axioms while
utilizing anonymous votes (which precludes dictatorship).

Interestingly, the alignment objective known as the von
Neumann winner (Dudik et al., |2015; |Wang et al., 2023}
Munos et al.| 2024) corresponds precisely to the maximal
lotteries rule. There are by now several different algorithms
proposed to optimize a version of the von Neumann winner,
and hence many different practical approaches for training
LLMs that enjoy the axiomatic advantages of the maximal
lotteries rule (Wang et al.| [2023; Munos et al.,|2024; Rosset
et al., 2024} Swamy et al., [2024).

The role of regularization. Commonly, alignment algo-
rithms employ a KL-divergence regularizer during training
to prevent the learned policy from deviating too far from
a given reference policy. The reference policy is typically
taken to be the initial pre-trained and instruction-tuned LLM,
that has not yet undergone alignment via RLHF or other
methods. While this regularization is necessary to avoid los-
ing capabilities learned from pre-training, it clearly affects
the final distribution on alternatives output by the alignment
algorithm, and hence the axiomatic guarantees of the social
choice rule. A priori, it seems that adding regularization to a
probabilistic social choice rule could have a negative impact
on the set of social choice axioms that it satisfies. However,
we will demonstrate that the opposite is true in the case of
the von Neumann winner rule.

1.2. Our Results

We prove that the KL-regularized von Neumann winner
is approximately strategy-proof i.e. an individual human
rater cannot change the outcome distribution by more than
O(1/n) in total variation distance, where n is the number
of raters. This stands in contrast to the unregularized setting,
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where we prove that a single rater can change the outcome
by a constant (independent of n) via strategic voting.

We further prove that the KL-regularized von Neumann
winner still satisfies key properties of the unregularized
rule including independence of irrelevant alternatives, pop-
ulation consistency, and (a regularized version of) Pareto
efficiency.

Finally, we prove that KL-regularization does not resolve
the issues of the Borda count rule, which remains not inde-
pendent of irrelevant alternatives. The Borda count rule is
especially significant in the context of alignment algorithms,
as it is implicitly implemented by standard RLHF based on
the Bradley-Terry preference model. Taken together, these
results suggest a strong axiomatic advantage to using the
KL-regularized von Neumann winner for Al alignment from
human preferences.

Our results provide principled analysis on which practi-
cal alignment methods inherently satisfy axioms of social
choice theory for free, with the ultimate goal of achieving
fair, pluralistic Al alignment.

2. Related Work

Along with the notable practical success of RLHF for align-
ing LLMs to human preferences, there has been a growing
body of work studying how to apply social choice theory
to RLHF algorithms, in order to take into account general
human preferences that may contain legitimate disagree-
ments on values. The work of |Siththaranjan et al.[ (2024)
pointed out a crucial connection between social choice and
Al alignment: the standard RLHF objective based on the
Bradley-Terry model implicitly aggregates the preferences
of different raters via the Borda count social choice rule.
Concurrently, the position papers of |(Conitzer et al.| (2024);
Mishral(2023) argued for the necessity of using social choice
theory to inform Al alignment from human preferences.
More recently, |Ge et al.|(2024)) proposed a theoretical model
for studying the social choice theoretic axioms satisfied by
alignment algorithms. This paper focused on axiomatic
social choice theory, in the setting of linear reward func-
tions, where both the aggregated reward and the individual
rater preferences are restricted to be linear in some feature
space. While the focus on evaluating alignment rules via so-
cial choice axioms is similar to our paper, this work differs
by working with deterministic, linear preferences, whereas
we consider probabilistic social choice with unrestricted
preference functions.

There has also been a parallel line of work that attempts
to directly address the issue of general, possibly disagree-
ing preferences in RLHF. In particular, [Wang et al.| (2023);
Swamy et al.[(2024); [Munos et al|(2024) all propose differ-
ent algorithms to implement the von Neumann winner rule.

Each of these papers provides explanations and examples of
situations where general, incoherent preferences are better
captured by the von Neumann winner than alternative rules.
Wang et al.| (2023) in particular mentions favorable social-
choice theoretic properties of the von Neumann winner as
a justification for the use of the rule. Our paper builds on
this work, by demonstrating that the regularization typically
used in RL training can improve the social-choice theoretic
properties of the von Neumann winner, while maintaining
the advantages of the unregularized rule.

3. The model of alignment as social choice

We assume there is a finite set H of n human raters and a
countable set U/ of alternatives corresponding to all potential
outputs of an Al model. For an LLM, U is the set of all
grammatically valid text of finite length. Each rater h € ‘H
is uniquely identified by an associated preference ranking
given by a total order >}, over alternatives a € {/. That is,
a >p, b means that rater h prefers alternative a to alternative
b. For a subset of alternatives A C U/ and a probability
distribution 7 over U, we use the notation 7| 4 to denote
the restriction of 7 to A i.e. the function on A that assigns
probability 7(a) to a € A.

A probabilistic preference relation is an anti-symmetric
mapping R : AU x AU — R, where for any two distri-
butions 7, " over alternatives, R(m, 7’) > 0 means that
the distribution 7 is preferred to the distribution /. For a
subset of alternatives A C U, we use R| 4 to denote the
restriction of the preference relation to pairs of distributions

(m, ") € AAx AA.

An alignment rule is a function F’ that takes as input a set of
raters H and a subset A C U of m alternatives, and outputs
a probabilistic preference relation R = F'(.A, H) that repre-
sents an aggregation of individual rater preferences. A dis-
tribution over a subset of alternatives 7* € AA is maximal
for a probabilistic preference relation R if R 4(7*,7) > 0
for all 7 € AA. Note that not all probabilistic preference re-
lations have maximal elements, but it is sufficient to require
that the probabilistic preference relations are continuous and
convex (see Brandl & Brandt (2020) for details). Hence, in
this paper we will only consider alignment rules that output
continuous and convex probabilistic preference relations.
An alignment rule naturally induces an objective for RLHF:
the goal is to train the model to output a distribution over
alternatives 7* that is maximal according to the probabilistic
preference ranking R = F(A, H).

We now turn to a set of natural probabilistic preference rela-
tions induced by the individual rater preferences. Formally,
we define the individual pairwise preference relation to be

Pulr, ') = Prlarnbl— Pr byl

b’ b~
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Thus, the pairwise preference relation gives the probability
that the rater h prefers alternatives sampled from 7 to those
from 7/, minus the probability that the rater prefers the
opposite. In particular, Py (7, #’) > 0 if and only if h
prefers alternatives sampled from 7 to those sampled from
7' on average. Observe that the pairwise preference relation
is anti-symmetric i.e. Pp(m, ") = —Pp (7', 7).

Given a set of raters H we define the corresponding aggre-
gate pairwise preference relation to be the function

Py (m,7') = hLEH[Ph(W, 7).

When the relevant set of raters is clear from context we will
simply write P (m, ’). We will also use the notation P(a, b)
for a,b € Ato denote the preference P(1,,1;) where 1, 15
are the probability distributions that puts all their mass on a
and b respectively.

Standard reinforcement learning training utilizes KL-
regularization to a reference policy. Thus, in our setting
the reference policy is a distribution p on ¢/, and we define
the regularized preference relation

P(r,7') = P(m,«') — 7Dxr(r||u) + 7Dxr (7' || 1)

where 7 > 0 is the KL-regularization parameter.

4. Axioms for probabilistic social choice

We next formally define the key social-choice axioms that
we will use to evaluate alignment rules.

Definition 4.1 (Pareto Optimality). Let F' be an alignment
rule, and let R = F(A,H). The alignment rule F is
Pareto optimal if Pp(mw,7’) > 0 for all h € H implies
that R(m,n’) > 0.

Pareto optimality is also referred to as unanimity in the
social choice setting. Intuitively, Pareto optimality requires
that there is no way to switch the aggregate preferences
R for any pair 7, 7’ without making at least one rater less
happy with the outcome. This intuition can be seen by taking

the contrapositive of the implication in

We next turn to independence of irrelevant alternatives, an
axiom which intuitively says that changes in raters’ prefer-
ences about alternatives outside of some subset A should
not affect the relative rankings of alternatives within A.

Definition 4.2 (Independence of irrelevant alternatives). An
alignment rule F satisfies independence of irrelevant alter-
natives if, for all subsets of alternatives A C B C U, and
all sets of raters H, M’ that have the same preferences over
alternatives in .4 we have

F(B,H)|a=TF (B H)a

We next define an approximate notion of independence of ir-
relevant alternatives that can be more applicable to practical
settings of training LLM policies 7 from samples.

Definition 4.3 (Approximate independence of irrelevant al-
ternatives). Let I’ be an alignment rule, and ¢ > 0. The
rule F’ satisfies e-approximate IIA if for all subsets of al-
ternatives A C B C U, and all pairs of subsets of raters
‘H, H' that have the same preferences over alternatives in A,
denoting R = F(B,H)|4 and R’ = F(B,H’)| 4, it holds
that for every 7, 7’ such that R(m, ") > 0, then there exist
policies 7, 7" with dyvy (7, #) < € and drv (7', 7’) < € such
that R’ (&, 7#") > 0.

Intuitively, this definition says that the relative ranking of
policies over A produced by F' is not sensitive to changes
in irrelevant alternatives outside of A, so long as we are
allowed to perturb the policies in question by up to € in total
variation distance. That is, if 7 is preferred to 7’ by R, then
there are two nearby policies 7, 7’ such that 7 is preferred to
7’ by R'. Clearly, if an alignment rule F' satisfies indepen-
dence of irrelevant alternatives, then it immediately satisfies
e-approximate independence of irrelevant alternatives with
e=0.

We next turn to the axiom of population consistency, which
requires that if two different sets of raters share a maximal
policy according to the alignment rule, then that policy is
still maximal when merging the two sets of raters. This
axiom can be seen as a form of stability under combining
sets of raters with similar aggregate preferences.

Definition 4.4 (Population consistency). Let # and H' be
two sets of raters and A a set of alternatives. An align-
ment rule F' satisfies population consistency if whenever
7* is maximal for both F'(A, H), F(A, H') then 7* is also
maximal for F'(A, HUH’).

Finally, we introduce an axiom limiting the opportunity for
strategic manipulation by raters. In particular, an alignment
rule is approximately strategy-proof, if a subset of raters that
strategically misreport their preferences cannot significantly
improve their own outcomes.

Definition 4.5 (Approximately strategy-proof). Let &k < n,
€ > 0, and H be a set of raters. Let H, be a subset of k
raters from H. Let H’ be the set where the raters h, &€
‘H.. replace their preference rankings <, with different
preference rankings <), . Let 7 be maximal for F'(A, H)
and 7’ be maximal for F'(A, H'). An alignment rule F' is
(k, €)-approximately strategy-proof if Py« (7', 7) < e for
all choices of H, H*, H’ satisfying the above assumptions.

A rule that is (1,0)-approximately strategy-proof corre-
sponds to the classical deterministic social choice definition
of strategy-proof.



The Axiomatic Value of Regularization in AI Alignment from Human Preferences

5. The von Neumann winner rule

In this section, we analyze the axiomatic properties of the
regularized von Neumann winner rule. Our main results
show that regularization improves the strategy-proofness of
the von Neumann winner, while at the same time preserving
the other key axioms that the unregularized rule satisfies.
We begin with the definition of the standard von Neumann
winner as follows. Given a set of alternatives A, the von
Neumann winner rule is defined by Fynw (A, H) = Pyl a-
Hence, the maximal distributions 7* for Fyny (A, H) are
given by
* . /

T € aigelfixﬂgéglAPH(ﬂ,ﬂ). (1)
The interpretation of this rule is game-theoretic. For a set
of alternatives A the pairwise preference relation Py |4
induces a symmetric zero-sum game, where the pure strate-
gies are alternatives a € 4, and the mixed strategies are
distributions 7 € AA. The von Neumann winner is the
minimax optimal strategy in this game. Because the game
is symmetric, the von Neumann minimax theorem implies
that there is always a solution 7 that achieves P(w,7’) > 0
i.e. a single distribution 7 that is preferred on average to all
other distributions 7. The von Neumann winner is known
to satisfy Pareto optimality, independence of irrelevant al-
ternatives, and population consistency (Brandl & Brandt,
2020; |Brandl et al., 2016)). However, a classic theorem of
(Gibbard, |1977), extending prior work on deterministic so-
cial choice (Gibbard, |1973} Satterthwaite, [1975), implies
that the von Neumann winner is not strategy-proof.

Our main results in this section will concern the regularized
version of the von Neumann winner, which is defined using
the regularized pairwise preferences Fynw (A, H) = Py a-
As above, the maximal distributions for ﬁvNW(A, H) are
given by
* : /!

™ e afrgé‘gljx fin Py (m, 7). )
Due to convexity of the KL-divergence, the preference rela-
tion P induces a convex-concave game which has a unique
Nash equilibrium (for proof see (Munos et al., 2024)). As
above, symmetry of the game or equivalently anti-symmetry
of P(m, ") implies that the minimax value of the game, and
hence the value achieved by , is zero. We summarize these
facts in the following proposition.
Proposition 5.1. There is a unique maximal distribution
m € AA for preference relation Fy,, (A, H) satisfying
Py (m,7") > 0 for all distributions ' € AA, with equality
holding only when ' = .

5.1. Stability of the regularized von Neumann winner

Our analysis of axioms for the regularized von Neumann
winner in the subsequent section will rely on stability prop-

erties of the regularized game. In particular, we will show
that the maximal distribution of the regularized von Neu-
mann winner rule is stable under perturbations that preserve
the concavity/convexity properties of the preference rela-
tion. To begin, we recall the fact that the KL-divergence
is strongly convex in its first argument with respect to the
f1-norm.

Lemma 5.2 (Strong Convexity of KL-divergence). The KL-
divergence is 1-strongly convex in its first argument with
respect to the {1-norm. That is,

(VaDxu(rllp) = Vo Dxp (' | ), m = ') > |l — |3

The proof of Lemma5.2]is provided in Section[A] We rely
on strong convexity of the KL-regularizer to prove that the
regularized preference relation is stable under perturbations.
The next theorem precisely quantifies this notion of stability.

Theorem 5.3 (Stability of P). Ler H(m,7') be an
anti-symmetric  function such that Py (m,7m') =
Py (m,7")y — H(m,7©') is concave in © and con-
vex in . Let ©* be maximal for E,NW(A, H)
and let m = argmax, ming, Py (m1,m2).  Then
7% = 7lly < FIVRH (7, 7)rmr |-

The proof of Theorem [5.3]is provided in Section [A] Intu-
itively, Theorem [5.3] states that a bounded perturbation to
the preferences will result in a bounded change to the output
of the perturbed rule. We now proceed to use this result to
show that strategic manipulation by a small subset of raters
cannot lead to significant gains.

5.2. Regularized von Neumann winner is approximately
strategy-proof

Our first main result in this section proves that adding regu-
larization causes the von Neumann winner rule to become
approximately strategy-proof whenever the number of raters
n is large. In particular, the individual gains that a set of &k
raters can achieve by strategically misreporting their prefer-
ences is at most %

Theorem 5.4 (Approximate Strategy-Proofness of Regu-
larized von Neumann Winner). Let 7 > 0 be the KL-
regularization parameter and let k < n. Then Fy,, is
(k, €)-approximately strategy-proof for € = E—ﬁ

We are now ready to prove that the regularized von Neumann
winner is approximately strategy-proof.

Proof of Theorem[5.4] Let M be an | A| x |.A| matrix where
Ma,b = 'Py(a, b)

Next consider the preference relation Pz, where H' is
given by letting a subset H.,. of k raters replace their prefer-
ences -, with some alternative set of preferences >,
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denoted by H,. Define M’ to be the matrix given by
Mc’hb = Py (a,b). Since Py and Py are both averages
over n raters’ preferences, and the only differences occur in

the k/n fraction of raters in .., we have that for all a, b,

Mo = MLyl =| B, [Patab] - B, [Prab)]

k k 2k
7,P7-L* (aab) - *,P"H; (avb)‘ < .
n n n

3)

Now observe that Py (m,7') = Py(m, ') — 7 (M —
M")w’. The function given by

H(r,7')=7n" (M — M)z’
is anti-symmetric because both M and M’ are. Further
Py (m, ') is concave in 7 and convex in 7’. Hence, if we

let 7* be maximal for Foxy, (A,H) and 7 be maximal for

Fuxw(A, H') we can apply Theorem 5.3 followed by |(3)|to
conclude that

1
Iw* =l < —lIVaH (7, 7) =]l

1
< = M,y — M
=7 a%X| a,b a,bl
2k

™

< “

Next we show a bound on the gain for H. when switching
from 7* to 7 in terms of the total variation distance,

PH* (7T7 ﬂ-*) = hmI%-L

Pr la-s b]]
brm™

- E P
h~H L‘LN:"; b a]]

IN

E
h~H

b~

drv(m,7*) + Pr[a -y b]]

- E lalzl;[b =p a] — dpv (T, 7T*)‘|
b~
= 2drv (7Ta 71—*) + PH* (71—7 7T)
< 2dTv(7T, ﬂ'*)

where the first inequality follows from the definition of the
total variation distance drv, and the final inequality follows
from anti-symmetry of Py, . Finally by [(4)]we conclude

2k
Pa, (m, %) < 2dry(m, 7)) = ||7 — 7|1 < -

Thus, if k raters strategically misreport their preferences,

then their gain is at most € = % O

Our next result shows that the level of approximate strategy-
proofness obtained by Theorem [5.4]is a significant improve-
ment over the unregularized version of the rule. In fact, we
show that strategic misreporting by just 1 out of n raters can
cause the unregularized rule to switch to outputting a policy
that this single rater prefers with constant (i.e. independent
of n) probability. Our result is based on modifying and
expanding a construction from prior work of (Aziz et al.|
2014), which showed that the von Neumann winner rule
(referred to in their paper as maximal lotteries) is not (1, 0)-
strategy-proof, when n = 5. That is, strategic manipulation
by 1 out of 5 raters can benefit that one rater. In contrast,
we are interested in the setting where n grows large, but still
a single rater can significantly impact the output of the rule
for their own gain.

Theorem 5.5 (Asymptotic Non-Strategy-Proofness of Unreg-
ularized von Neumann Winner Rule). For all natural num-
bers ny, there is an n > ng such that the rule F\y,, applied
on sets of n raters is not (1, €)-approximately strategy-proof
forany e < 4/15.

The proof of Theorem [5.5]is provided in the appendix Sec-
tion [Al The combined results of Theorem [5.4] and Theo-
rem [5.5] establish that regularization confers the property of
strategy-proofness upon the von Neumann winner rule.

5.3. Regularized von Neumann winner maintains other
axioms

We now turn to the question of how regularization affects
the axioms that are already satisfied by the unregularized
von Neumann winner. The standard von Neumann winner
satisfies independence of irrelevant alternatives, population
consistency, and Pareto optimality. We will show that these
axioms are also satisfied by the regularized von Neumann
winner, with the single caveat that one must consider a
regularized variant of Pareto optimality.

Independence of irrelevant alternatives. We begin with
independence of irrelevant alternatives, which states that
the output of the rule should be the same, regardless of the
preferences over independent alternatives that are not cho-
sen. In the alignment setting, independence of irrelevant
alternatives seems likely to be quite desirable. Consider
the setting of deciding whether or not to include some ad-
ditional alternative outputs judged by human raters in a
preference dataset. If the alignment rule is not independent
of irrelevant alternatives, then the final policy output may
change significantly, even when the newly included alter-
natives were generally dispreferred by the raters compared
to those already in the dataset. Hence failing to satisfy this
axiom makes the question of how to compose and curate an
alignment dataset much more difficult, whereas a rule that
does satisfy the axiom would simply be unaffected by the
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addition of irrelevant alternatives.

Proposition 5.6. The regularized von Neumann winner
satisfies independence of irrelevant alternatives.

The proof of is provided in Section [A]

Population consistency. We next consider population con-
sistency, which intuitively implies 7 is maximal for the rule
when combining two distinct subpopulations of raters that
each individually would rate 7 as maximal.

Proposition 5.7. The regularized von Neumann winner
satisfies population consistency.

The proof of is provided in Section [A]

Pareto Optimality Finally, we prove that the regularized
von Neumann winner satisfies a regularized variant of Pareto
optimality. The standard definition requires that if R is the
output of the rule, then Py (m,n’) > 0 for all h implies
R(m,n") > 0. We will consider a regularized variant, where
instead we require that Py (w, ') > 0 for all h implies
R(m,7") > 0.

Proposition 5.8. The regularized von Neumann winner
satisfies regularized Pareto optimality, meaning that if
R = Ene(A,H) then Py(m,7’") > 0 for all h implies
R(m,7") > 0.

The proof of [Proposition 5.8]is provided in Section[A] Over-

all, the results in this section show that regularization sub-
stantially improves strategy-proofness, while maintaining
other beneficial axiomatic properties of the von Neumann
winner rule.

6. The Borda Count Rule

In this section we analyze the axiomatic properties of the
regularized Borda count rule. This rule is of particular im-
portance in the RLHF setting, where it has been shown that
the standard methods based on the Bradley-Terry model
maximize a reward that produces precisely the same rank-
ings as the Borda count (Siththaranjan et al, [2024). We
begin with the standard definition of the Borda count rule.

Given a set of H of raters and a set A of n alternatives,
for each rater h € H and alternative a € A, assign the
score sp(a) = n — k if a is ranked in the k-th position by h
i.e. the top ranked alternative gets score n — 1, the second
ranked gets n — 2 and so on. The Borda count rule then
ranks the alternatives by their total score s(a) = ), su(a).
For the setting of probabilistic social choice, the rule ranks
alternatives by their expected total score. Formally, we
define the preference relation R = Fpoaa (A, H) output by

the Borda count rule by

R(m,7') = % (algﬂ > sul@)— E Y sh(a’)> .
heH heH

a’~m

The value of R (7, 7’) is non-negative if and only if 7 has a
higher expected total score than 7’. We have normalized the
total score by % above for convenience in the later analysis,
and this does not affect the relative ordering of any pair of
distributions under R. Observe that the score sp, (a) is equal
to the number of alternatives b such that a >j b. That is

1+ Pp(a,b n 1
Sh(a,)227§( )=§+§th(aab)
beA be A

Thus the relation R output by the Borda count rule can
equivalently be expressed in the form
R(m,7') = E E > Pu(a,b)

a~T h~H
be A

_ a/]]::ﬂ—, h,IEl’}-[ Z P, (a” b/)
b'eA
_ . Y
= GINEW E PH(G,J)) a’INE-;r/ E PH(G 0.

be A beA
Q)

Note that this form depends only on pairwise comparisons
between alternatives.

In practical RLHF the reward function r(a) for a € A pro-
duced via training with the Bradley-Terry model yields the
same ranking over alternatives as the Borda count. However,
this reward function is not numerically equal to the Borda
score. Hence, to appropriately model practical RLHF, we
will be interested in any relation Q derived from a reward r
which produces the same rankings over alternatives as the
Borda score s(a). That is, we consider all Q such that
Q(m, ') = aEﬂr(a,) — E r(d)

where (a) > r(b) if and only if s(a) > s(b).

As before, we will be interested in a regularized version
of the Borda count rule, as this matches the standard prac-
tice in RLHF. In particular, the standard RLHF algorithm
will output a policy 7 that maximizes the Borda count
score plus a KL-divergence regularization term. Hence,
we define the output of the regularized Borda count rule

R = FBorda(Aa H) by
R(ma)= E > Pulab)— E > Pyld,V)
T A beA

— Dxv(n||p) + Dxr(7'|| ).

We similarly define

Q(m,m') = Q(m,7") — Dxu(m|lp) + Dxr (7’| 1)
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Figure 1. Regularized and unregularized von Neumann winner policies throughout training for two sets of rater preferences 7P and P’ that
only differ due to strategic misreporting by a single rater who most prefers a;.

for any relation Q(r, 7’) induced by a reward r that pro-
duces the same rankings over alternatives as the Borda count.
Because the original, unregularized Borda count rule is a
deterministic, non-dictatorial rule, Arrow’s theorem (Arrowl,
1951)) implies that it must violate either Pareto optimality or
independence of irrelevant alternatives. As it turns out, it
violates the latter i.e. Fpodq 1S not independent of irrelevant
alternatives. However, as we saw for the von Neumann
winner, regularization sometimes has unexpected benefits.
In spite of this initial optimism, we will next prove that
the regularized Borda count also violates independence of
irrelevant alternatives.

Proposition 6.1. Let Q be any preference relation which
yield{ the same ranking over alternatives as the Borda count,
and Q be the regularized relation. For all € < 1/2, the align-
ment rule that outputs Q is not e-approximately independent
of irrelevant alternatives.

The proof of appears in Section[A] Hence,

the key axiom of independence of irrelevant alternatives re-
mains unsatisfied by the regularized Borda count rule. This
is unlike the case of the regularized von Neumann winner,
where regularization was able to significantly improve the
strategy-proofness of the rule.

7. Experiments

In this section we demonstrate the strategy-proofness of the
regularized von Neumann rule on synthetic data. We con-
sider the counterexample appearing in the proof of Theorem
in Section [A] with |A| = 3 alternatives and a set A of
n = 64 raters. In this setting there are two preference rela-
tions PP and P’ that differ only in that a single rater switches
their preferences from a1 > as > as in P to a1 > as > as
in P’. We compare the regularized and unregularized von
Neumann winner on the two preference relations P and
P’. We implement the Nash MD algorithm of (Munos
et al.} |2024) to compute the maximal policy given by the
regularized von Neumann winner rule with regularization
parameter 7 = 0.1. For the unregularized von Neumann
winner, we implement the self-play preference optimization
(SPO) algorithm of (Swamy et al.,[2024). Both algorithms
are initialized with a policy p that assigns probability 0.35,

0.21, and 0.43 to a1, ao, and ag respectively. The distribu-
tion p also serves as the regularizer for the regularized von
Neumann winner rule.

In Figure[I| we then plot for each algorithm the probability
assigned to each alternative aq, as, as as function of train-
ing steps. The results demonstrate that a strategic change
in reported preferences in this setting has a minor impact
on the regularized von Neumann winner, but results in a
very large change for the output of the unregularized rule.
Notably, this change dramatically increases the probability
of outputting a;, which is the most preferred option of the
single, strategically misreporting rater.

8. Discussion

We have shown that regularization to a reference policy
makes the von Neumann winner rule approximately strategy-
proof, while preserving other key social choice axioms. This
is a clear advantage over the Borda count rule implemented
by standard RLHF, which is not independent of irrelevant al-
ternatives in its regularized or unregularized variants. These
results provide strong theoretical motivation for using align-
ment methods that optimize the von Neumann winner ob-
jective such as Nash MD (Munos et al., |2024) or self-play
policy optimization (Swamy et al.,[2024)). Especially in the
setting of pluralistic alignment with possibly incompatible
and competing preferences, these methods will give more
stable and fair results than standard RLHF which implicitly
optimizes the Borda count.

On the limitations side, our results show that the regularized
von Neumann winner only satisfies a regularized version
of Pareto efficiency. This is in fact necessary for any regu-
larized rule, as the reference policy may assign arbitrarily
small probability to a particular outcome which all raters
may have as their favorite. This points to an avenue for fu-
ture research, where additional assumptions on the reference
policy might be used to recover Pareto efficiency. Another
avenue for future theoretical work is to identify additional
probabilistic social choice rules that interact positively with
KL-regularization. Such rules could inform the design of
future alignment algorithms that could potentially improve
upon the axiomatic properties of the von Neumann winner.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Proofs for Section 3

In this section we provide proofs of the results regarding stability of the regularized von Neumann rule from Section [5]

We begin with Lemma[5.2]

Proof of Lemma[5.2] Let H(m) = — ) _n(x)logm(x) denote the entropy of . By Pinsker’s inequality Dk, (, 1) >
sllm — ul?
2 1

1
sl = pllt < D, p) = —H(m) + H(p) + (= V. H (), m = p)
Hence the negative entropy is 1-strongly convex with respect to the ¢;-norm. Observe that

D () = Y- ) tog (2 ) = ()~ 3 (o) o).

x x

The first term is 1-strongly convex with respect to the ¢1-norm and the second term is linear. Hence Dgy, (7, i) is 1-strongly
convex with respect to the /1-norm. O

We next turn to the proof of Theorem [5.3] that shows that the regularized von Neumann rule is stable under sufficiently
bounded perturbations to the regularized preferences.

Proof of Theorem[5.3] Let M be an |A| x |A| matrix where M, ;, = Py (a,b). Then we can re-express the von Neumann
winner as the equilibrium in the symmetric two-player game with payoffs for 7 and 7’ given respectively by

Ry(m, ') = 7" Mr' — 7Dkr(nl|p)  Ry(n',w) = «'T Mm — 7 Dger, (7' [| )
The payoffs to each player are concave so the game has a Nash equilibrium by Theorem 1 of (Rosen, |1965)). Let 7 = (, 7’)

and define G(7) = (—V, R(m, '), =V R(7', 7)). Then (Rosen, [1965) shows that if #* = (7*,7'") is an equilibrium of
the game, then for any pair of distributions 77 = (n, ") we have

(G(7), 11 —7") 2 0. ©)

Next consider the perturbed preference relation Py, (m,7’) = Py (m, ') — H(m,7'), where by the assumptions of the
theorem we have that P}, (7, 7’) is concave in 7 and convex in 7’. As above Py, (7, 7’) defines a symmetric game with
payoffs for m and ' given by

Ry (m,7') = n" Mn' — H(m,7') — 7Dky (|| )
Ry (', 7) = 7'T Mr — H(x',7) — 7Dk (7' || ).

Furthermore, the payoffs are concave for both players, so as above we have that G’ (%) = (=V R}, (7, 7"), =V R}, (7', 7))

satisfies [(6)}

Hence, for any 7 = (m, ), 77 = (n,7'), by Lemma[5.2]and anti-symmetry of M we have

(G(®) = Gf),® — i) = =(x " Mr' +7'T Mr+n" My + 0T Mn) + (n" Mx' +'T My + =" My + 7" M)
+ 7 (Dxw(r[n) + Dxw(nl|7) + Dxw(7'[n') + Dxr(n'[|7))
= 7 (Dxw(r|ln) + Dxv(nll7) + Dxr(7’[|n") + Dxw(n'[|7"))
>7llm =i+l =7 @)

Let 7 = Fynw (A, H) and let 7 = arg max, ming, Py, (71, m2). Further let 7* = (7*, 7*) and 7 = (m, 7).

11
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By [(7)] we have
27|l — 7*||F < (G(7) — G(7), 7 - 77)
= (G(7), 7 = 7") = (G(T"), T = 7")
<(G(7),® —7") ((6)] applied to G(7*))
=(G(7) - G(®)+G'(7),7—7)
(G(7) = G'(7), 7 —7) + (G'(7), 7 — ")

<(G(®) -G (®), 7 — =) ((®) applied to G' (7))
<|GR) - G| - 17— 7, (Holder’s inequality)
= [IVaH (7, 7) | =nlloo - IF = 7"

Dividing both sides by 27 |7 — m*||, yields the desired result. O

Next, we turn to the proof that the standard von Neumann winner rule is not approximately strategy-proof.

Proof of Theorem[5.5] We proceed by constructing a set of alternatives .4 and raters 7 such that there exists a subset H.,
of k = 1 raters that can strategically misreport preferences to obtain constant gain. Consider a set A of three alternatives
a1, as,as3. We construct 8 disjoint subsets of raters H1,...,Hy and H1,...,H, as follows. Within each subset the
preferences of the raters are identical and are given by

Hi: a1 > as > as gll as > az > ay
Ho: a1 = as > as gz: as > ag > a1
Hz: ag > az > ay ﬂ3: ap > ag > ag
Ha: as>=a1 =as Ha: ag > ai > az

®)

Let ng be any natural number, and set [ such that n = 10/ — 5 > ny. Let the subsets of raters have sizes |H;| = |Ha| =
|Ha| = 1, [H3| = 2, and let [H1| = [Ha| = |H4| =1 — 1, and |H3| = 2] — 2. Let H = U?_, (H; U H;) and observe that
|#| = n. We can now write the preference relation Py (a, b) in the form of a 3 x 3 matrix,
0 1/n —1/n
Pu=1|-1/n 0 1/n )
1/n =1/n 0
This is just % times the payoffs of rock-paper-scissors, and the unique Nash equilibrium (and hence the von Neumann

winner) is given by 7 = (1/3,1/3,1/3). However if one rater h.. from #; switches their preferences to a; > as > as to
produce a manipulated set of rater preferences H’ then the preference relation P (a, b) becomes

0 1/n —-1/n
Pu = | —-1/n 0 3/n (10)
1/n —3/n 0

In this game the unique von Neumann winner is given by 7/ = (3/5,1/5,1/5). Observe that 7’ puts significantly more
weight on h,’s most preferred alternative. Further, direct calculation of the preference relation for h, yields

Ph,(n',m) = Pr [a>=b]— Pr[b>-a] =7/15—-3/15=4/15
an~/T a7
b~m b~m

which completes the proof. O

We now give the proof of that the regularized von Neumann winner is independent of irrelevant alternatives.

12
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Proof of[Proposition 3.6] Let A C B C U, and let 7, H' be two sets of raters that have identical preferences over A. Let
M be the matrix given by M, ;, = Py (a,b), and M’ the matrix given by M, , = Py (a,b). Let M 4 be the submatrix of
M restricted to A and M j4 the submatrix of M’ restricted to .A. Because H and H’ have identical preferences over A, we
have M 4 = M. Then for any 7, 7’ supported on A we have

Pu(m,x') = n " Mr' — 7D (l|p) + 7 Dx, ('] 1)

=7 My7’" — 7Dk (7| i) + 7Dk (7| 1) (7, n" are supported on A)
= ﬁq{/ (7, 7")
Hence ﬁVNW(B, H)|a= 73H| A =Py |la= ﬁvNW(B, H)ie. Fow is independent of irrelevant alternatives. O

Next we provide the proof of demonstrating that the regularized von Neumann winner satisfies population
consistency.

Proof of[Proposition 3.7} Let H and H’' be two disjoint sets of raters, and suppose that 7 is maximal for both ﬁVNW(.A, H)
and ﬁVNW(A, H'). Let
o

M|+ [H'|
Further let M be the matrix given by M,;, = Pyx(a,b) and M’ be the matrix given by M, , = Py(a,b). Then
Prunr(a,b) = AMep + (1 — A) M, . Hence, for any 7' € AA we have

A

ﬁHUH’ (m,7') = 7TT()\M + (1 = AN)M")m — 7Dg(r||p) + 7Dxr (7' || 1)
= A" Mn' — 7Dy (7||p) + 7D (|| 1))
+ (1= A\)(x " M'n" — 7Dy (x[|p) + 7 Dxcr (]| 1))
= APy (m,7') + (1 = NPy (m,7') > 0

where the final inequality follows from |[Proposition 5.1} Thus ﬁ%u?—t/(mﬂl ) > 0 for all 7’ i.e. 7 is maximal for
Foxw(AHUH). O

Next, we prove showing the regularized von Neumann winner rule satisfies regularized Pareto optimality.

Proof of Proposition 3.8, Suppose that 7, 7' € AA satisfy Py, (7, ') > 0 for all h. Since R = Py is the output of the von
Neumann winner rule Finy we have _ _
Pu(m,w') = E [Pulm,7)] 20

implying that the von Neumann winner satisfies Pareto optimality. O

Finally, we prove [Proposition 6.1]showing that the regularized Borda count rule does not satisfy approximate independence
of irrelevant alternatives.

Proof of[Proposition 6.1} We construct a counterexample with three alternatives and two raters for which regularized Borda
count violates independence of irrelevant alternatives. Let A = {a1,a2} C B = {a1, a2, a3} and let there be two raters
H = {h1, ha} with preferences

a1 >h, G2 >hy A3
az >hy 3 >hy 1

Let s(a) = > ;c 4 Pula,b). Then s(a1) = 2, s(az) = 3, and s(az) = 1. Consider also the alternative set of ratings
H' = {h}, hy} with preferences

a1 >hy @3 > hy Q2
az >hy A1 >hy G3

13
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Observe that H and H' have identical preferences over ay, as. Letting s'(a) = >, 4 Pw(a,b), we then have s'(a;) = 3,
s'(ag) = 2, and s'(az) = 1.

Next let the reference measure be uniform i.e. pu(a1) = p(az) = p(as) = 1/3. Further consider the two distributions
m = 1,, and 7’ = 1,, that put all their mass on a; and a5 respectively. Hence for any reward r that produces the same
rankings as the Borda score s we have 7(a1) < r(ag), and for any reward 7’ that produces the same rankings as the Borda
score s’ we have 7/ (a1) > ”/(as). Next let Q be the relation induced by 7, and Q be its regularized version. Then we have

Q(m,n') = Q(m, ') — Dxw(wp) + Dxr(w'||n)
=r(a1) —r(az) —log(3) 4+ log(3) = r(a1) — r(az) <0
where the last line follows because s(a;) < s(ag) which implies that r(aq) < r(ag) as they produce the same rankings.

Note that for any distributions 7, 7’ satisfying drv (7, 7) < 1/2 and drv (7', 7") < 1/2 we have 7 (a1) > 1/2, T(ag) < 1/2,
#'(a1) < 1/2, and 7' (ag) > 1/2. Therefore, for any relation Q' induced by the reward ' we have

Q(m, ') = Q(m,7') DKL(WHM) + Dk (7' || )
= B r'(a) - E_r'(a’) - log(3) + log(3)
= ft(a1) ' (a )+7T(a2)7”'( 2) — #'(a1) ' (a1) — 7'(az) r'(a2)
—_— N ——
>1/2 <1/2 <1/2 >1/2
>0

where the last line follows from the total variation bounds on 7, 7’ and because ’(a;) > 7’'(az). Thus, even though H

and H’ have identical preferences over a1, as, the relative order under Qand Q' is swapped, violating the e-approximate
independence of irrelevant alternatives for any € < 1/2. O
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