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Abstract
In recent years, decentralized optimization has
gained significant attention for solving machine
learning problems where data are distributed
across multiple devices. However, existing de-
centralized optimization algorithms are primarily
designed for single-level and two-level optimiza-
tion tasks, limiting their application to more com-
plex problems such as decentralized stochastic
K-level optimization, where K > 2. In this work,
we propose a novel decentralized stochastic K-
level variance-reduced gradient descent algorithm
to address the significant computation and com-
munication overhead caused by the multi-level
structure in decentralized stochastic K-level opti-
mization problems. Moreover, we propose a novel
theoretical analysis to tackle the recursive depen-
dence issue caused by the multi-level structure
when establishing the convergence rate of our al-
gorithm. Finally, the experimental results confirm
the effectiveness of our proposed algorithm.

1. Introduction
In real-world machine learning tasks, data are often dis-
tributed across devices, making central aggregation diffi-
cult due to privacy and legal constraints. Decentralized
optimization (Lian et al., 2017) addresses this challenge
via peer-to-peer communication, offering greater reliability
than the parameter-server framework. Meanwhile, a spe-
cial stochastic 2-level optimization, i.e., stochastic bilevel
optimization (SBO), which minimizes an upper-level ob-
jective subject to a nested lower-level problem, has seen
growing interest in tasks such as hyperparameter tuning
(Feurer & Hutter, 2019), meta-learning (Rajeswaran et al.,
2019), and reinforcement learning (Giovannelli et al., 2025).
Building on this, stochastic multi-level optimization (SMO)
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where K > 2, involving multiple lower-level problems, has
emerged in applications such as compositional optimization
(Yang et al., 2019) and graph neural networks (Liu et al.,
2021). However, most existing work remains limited to
bilevel settings, restricting applicability to more complex
and general K-level problems.

In this paper, we aim to develop an efficient distributed
optimization algorithm to solve the general stochastic K-
level optimization problem, i.e., the distributed stochastic
multi-level optimization (SMO) problem:
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where y∗0(x) = x. This paper primarily investigates dis-
tributed SMO problem in the decentralized setting, where
a system with N workers performs peer-to-peer commu-
nication. The n-th worker has its own loss functions:
f
(n)
K+1(·, ·) = E[f (n)(·, ·; ξ(n)K+1)] is the upper-level loss func-

tion on the n-th worker and f (n)k (·, ·) = E[f (n)k (·, ·; ξ(n)k )]
is the k-th (k ∈ {1, 2, · · · ,K}) lower-level loss function on
the n-th worker, {ξ(n)k }K+1

k=1 denotes the random samples on
the n-th worker.

There has been increasing interest in developing optimiza-
tion algorithms for the special case of Eq. (1), i.e., de-
centralized SBO problems (Yang et al., 2022; Chen et al.,
2023; Gao et al., 2023a; Zhang et al., 2026b; Zhu et al.,
2024; Chen et al., 2024; Kong et al., 2025). For exam-
ple, (Chen et al., 2024) proposed a decentralized stochastic
bilevel gradient method; (Yang et al., 2022) incorporated
momentum techniques, and (Gao et al., 2023a) applied vari-
ance reduction to accelerate convergence. A key challenge
in decentralized SBO lies in estimating the hypergradient
∇xf

(n)
K+1(x, y

∗
K(x)), which requires computing Jacobian
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and Hessian matrices across all workers. This challenge is
further amplified in decentralized SMO problems due to the
recursive dependence across levels — both within indi-
vidual workers and between workers — particularly when
multiple lower-level subproblems (K > 1) are involved.

Dependence
across
Levels
(local)

Dependence across workers (global)

Figure 1. An illustration of the recursive dependence across levels
and workers in Eq. (1).

Specifically, as shown in Figure 1, the recursive dependence
in Eq. (1) manifests in two ways in the decentralized setting:
locally, across levels within a single worker; and globally,
through communication across workers. This local and
global recursive structure introduces two key challenges in
estimating the hypergradient on each worker:

• Computation Challenge: Due to locally recursive
dependence, each worker must compute the Hessian-
inverse–vector product at every level, incurring a large
computation overhead.

• Communication Challenge: Due to globally recursive
dependence, each worker has to perform communication
between different workers at every level when calculat-
ing the Hessian-inverse-vector product, leading to a high
communication cost.

Due to these unique challenges from the multi-level struc-
ture, existing decentralized SBO algorithms cannot be di-
rectly applied to decentralized SMO. To address this, (Yang
et al., 2023) proposed a decentralized stochastic multi-level
gradient descent algorithm using moving average to esti-
mate gradients, Jacobian matrices, and Hessian matrices.
However, this method suffers from two key issues: (1) it
needs to communicate the high-dimensional Jacobian and
Hessian matrices, which is not practical for real-world ma-
chine learning models; (2) its convergence analysis relies on
some assumptions that do not hold simultaneously. In par-
ticular, (Yang et al., 2023) assumes both uniformly bounded
gradients and strong convexity of the lower-level objective.
However, strongly convex functions generally do not satisfy
globally bounded gradient assumptions, making these condi-
tions potentially contradictory. Beyond (Yang et al., 2023),
no existing methods solve Eq. (1). Hence, it remains unclear
how to effectively handle the locally and globally recur-
sive dependence across levels to efficiently optimize the
decentralized SMO problem in Eq. (1) and what theoretical
convergence rate can be achieved in this setting.

Therefore, to address the computational and communica-
tion challenges in solving Eq. (1), we propose an efficient

decentralized multi-level gradient descent algorithm with
rigorous theoretical guarantees under mild assumptions.
Specifically, to reduce computation overhead, we design
a fast-converging algorithm that finds stationary points in
fewer iterations. To lower communication cost, we com-
press communicated variables and gradients without impair-
ing the convergence performance. Notably, no prior work
has explored how to reduce both computation overhead
and communication cost for decentralized SMO problems,
and existing methods cannot address the unique challenges
caused by the multi-level structure.

1.1. Contribution

We propose a computation- and communication-efficient de-
centralized stochastic multi-level variance-reduced gradient
descent algorithm (CE-DMSGD-VR) to optimize Eq. (1),
with the following contributions:

• Algorithm design: We introduce a novel recursive
Hessian-inverse-vector product to estimate the hyper-
gradient, computed locally and communicated across
workers to address both locally and globally recursive
dependence. A recursive variance reduction strategy is
further used to accelerate convergence. To reduce com-
munication cost, we compress variables and recursive
Hessian-inverse-vector product using error-feedback
compression, updating each with local full-precision gra-
dients and global compensated error.

• Convergence analysis: The triple-recursive dependence
across levels, workers, and iterations brings significant
challenges. We derive recursive upper bound for opti-
mization errors, gradient estimation errors, consensus
errors, and compression errors to capture those triple-
recursive dependencies, and construct a novel potential
function with carefully designed coefficients. This al-
lows us to establish a convergence rate of O(1/(Nϵ3(1−
λ)4δ2)), where ϵ > 0 is the accuracy of the solution,
1− λ is the spectral gap, and δ ∈ (0, 1) reflects compres-
sion quality. To the best of our knowledge, this is the
first work to propose decentralized SMO algorithms with
rigorous theoretical guarantees.

At last, we apply our algorithm to hyperparameter optimiza-
tion in a novel way, demonstrating broader applicability.
Extensive experimental results confirm the computational
and communication efficiency of our method.

2. Related Works
As a special case of decentralized multi-level optimization,
decentralized bilevel optimization has been extensively ex-
plored recently. Numerous decentralized bilevel optimiza-
tion algorithms (Yang et al., 2022; Gao et al., 2023a; Chen
et al., 2023; Liu et al., 2022; Lu et al., 2022; Liu et al., 2023;
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Zhang et al., 2026b; Zhu et al., 2024; Chen et al., 2024;
Dong et al., 2025; Kong et al., 2025; Zhang et al., 2026a)
and several extensions in federated learning (Gao, 2022;
Zhang et al., 2025) have been proposed and their theoreti-
cal convergence rates have been established. In particular,
(Lu et al., 2022; Liu et al., 2022; 2023) focus on the decen-
tralized bilevel optimization problem where the lower-level
subproblem is not distributed on different workers, while
the other existing methods focus on the case where both
the upper-level and lower-level problems are distributed on
different workers. For example, (Liu et al., 2022) proposed
to directly compute the Hessian inverse to estimate the hy-
pergradient in each worker and then to compute the SPIDER
gradient estimator to update local variables. Obviously, the
computation overhead is large when directly computing the
Hessian inverse matrix. (Yang et al., 2022) proposed to
use Neumman expansion series approach to approximately
compute the Hessian inverse matrix. However, it requires
to communicate the high-dimensional Jacobian and Hes-
sian matrices, which can incur high communication costs.
(Chen et al., 2024) proposed to compute and communicate
the Jacobian-Hessian-inverse product to estimate the hyper-
gradient on each worker. However, the Jacobian-Hessian-
inverse product is still a high-dimensional matrix, so there
is no advantage in saving communication costs compared to
(Yang et al., 2022). (Gao et al., 2023a) focuses on the homo-
geneous setting so that the hypergradient can be estimated
with the local Jacobian and Hessian matrices. Recently, to
address the problem of high communication cost, (Zhang
et al., 2026b) developed a communication-efficient single-
loop decentralized bilevel optimization algorithm based on
the Hessian-inverse-vector product, where this product and
two variables are communicated between workers. As a
result, (Zhang et al., 2026b) can significantly save commu-
nication costs compared to (Yang et al., 2022; Chen et al.,
2023; 2024). Due to its efficacy in saving communication
costs, the Hessian-inverse-vector product based single-loop
algorithm has been studied in different settings recently,
such as the deterministic setting (Dong et al., 2025), the gos-
sip communication setting (Kong et al., 2025), and various
communication strategies (Zhu et al., 2024). However, all
these existing methods focus solely on the bilevel problem.

Only a recent work (Yang et al., 2023) explored the de-
centralized multi-level problem. However, as an extension
of (Yang et al., 2022), it still needs to communicate the
high-dimensional Jacobian and Hessian matrices. With
increasing levels, the issue of high communication costs
becomes more severe. Moreover, several important ma-
chine learning models can be formulated as a special case
of multi-level optimization, namely compositional optimiza-
tion problems (Zhang & Xiao, 2021; Jiang et al., 2022;
2025), which have been extensively studied in decentralized
(Gao & Huang, 2021; Gao, 2024a) and federated learning

settings (Gao et al., 2022; Gao, 2024b). In addition, deep
AUC maximization (Yuan et al., 2022; Zhang & Gao, 2025b)
can also be formulated as a multi-level compositional mini-
max optimization problem (Zhang et al., 2023; 2024; Zhang
& Gao, 2025a). Motivated by these applications, this paper
considers a more general decentralized multi-level optimiza-
tion framework. Consequently, developing communication-
efficient algorithms together with rigorous theoretical guar-
antees remains an important open problem.

To save communication costs in distributed optimization,
performing compression for variables or gradients has been
actively studied recently (Seide et al., 2014; Stich et al.,
2018; Alistarh et al., 2017; Wen et al., 2017; Karimireddy
et al., 2019; Richtárik et al., 2021; Gao & Huang, 2020;
Gao et al., 2021; 2023b). However, compressing variables
or gradients could degrade the convergence performance.
To address this issue, the error-feedback mechanism (Seide
et al., 2014) was proposed, where the compression residual
is used to compensate for the compression loss. After that,
the error-feedback compression mechanism has been ap-
plied to different settings. As for decentralized optimization,
(Koloskova et al., 2019) studied how to apply the error-
feedback mechanism to the commonly used gossip commu-
nication method. Later, (Zhao et al., 2022; Yau & Wai, 2023;
Yan et al., 2023) developed decentralized stochastic gradient
descent algorithms for minimization problems based on dif-
ferent gradient estimators. In particular, (Zhao et al., 2022)
focuses on the standard stochastic gradient, while (Yau &
Wai, 2023) uses the variance-reduced gradient estimator
(Cutkosky & Orabona, 2019). (Yan et al., 2023) focuses
on the stochastic proximal gradient descent algorithm. As
far as we know, the error-feedback compression mechanism
has never been explored for decentralized bilevel or multi-
level optimization problems. We are only aware of a work
(He et al., 2024) that used the error-feedback compression
mechanism under the centralized setting. Therefore, it is
necessary to develop communication efficient algorithms
for decentralized multi-level optimization problems because
the communication cost becomes higher when the number
of levels is large.

3. Preliminaries
3.1. Problem Setup

We first introduce several standard assumptions commonly
adopted in existing works (Gao et al., 2023a; Yang et al.,
2023; Zhang et al., 2026b).

Assumption 3.1. For k ∈ {1, · · · ,K}, the k-th lower-
level loss function fk(yk, yk−1) is µ-strongly-convex with
respect to yk ∈ Rdk for any given yk−1 ∈ Rdk−1 , where
µ > 0 is a constant value.

Assumption 3.2. For n ∈ {1, · · · , N}, the upper-level loss
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Deterministic hypergradient:
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J
(n)
k and H(n)

k denote the Jacobian and Hessian matrices of the k-th level loss function on the n-th worker.

Hessian-inverse-Jacobian product ẑ∗k(x):
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−1JT

2︸ ︷︷ ︸
ẑ∗
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n=1 J

(n)
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N

∑N
n=1H

(n)
k .

Figure 2. Deterministic hypergradient and Hessian-inverse-Jacobian product.

function f (n)K+1(·, ·) satisfies the Lf -Lipschitz smoothness
in expectation, where Lf > 0 is a constant value. Addition-
ally, E[∥∇2f

(n)
K+1(·, ·; ξK+1)∥2] ≤ C2

f where Cf > 0 is a
constant value.

Assumption 3.3. For n ∈ {1, · · · , N}, k ∈ {1, · · · ,K},
(yk, yk−1) ∈ Rdk × Rdk−1 and (y′k, y

′
k−1) ∈ Rdk × Rdk−1 ,

the k-th lower-level loss function f (n)k (·, ·) satisfies the Lg-
Lipschitz smoothness in expectation with respect to the
first variable, where Lg > 0 is a constant value. Addi-
tionally, the Jacobian matrix ∇2

12f
(n)
k (·, ·) is LJ -Lipschitz

continuous in expectation, where LJ > 0 is a constant value.
Moreover, the Hessian matrix ∇2

11f
(n)
k (·, ·) is LH -Lipschitz

continuous in expectation, where LH > 0 is a constant
value. Furthermore, µI ⪯ ∇2

11f
(n)
k (yk, yk−1; ξk) ⪯ LgI,

E[∥∇2
12f

(n)
k (yk, yk−1; ξk)∥] ≤ CJ .

Assumption 3.4. For n ∈ {1, · · · , N} and k ∈
{1, · · · ,K + 1}, the stochastic gradient, stochastic Jaco-
bian matrix, and stochastic Hessian matrix are unbiased
estimators of their deterministic counterparts respectively.
Additionally, their variances are upper bounded by σ > 0.

When considering the decentralized setting, we have the
following assumptions (Koloskova et al., 2019; Zhao et al.,
2022; Yan et al., 2023):

Assumption 3.5. The adjacency matrix W = [wij ] ∈
RN×N

+ satisfies: W = WT and W1 = 1. Here, wij > 0
indicates the i-th worker and the j-th worker are connected.
Otherwise, wij = 0. Moreover, the absolute value of its
eigenvalues satisfies: |λn| ≤ · · · ≤ |λ2| < |λ1| = 1. The
spectral gap of W is denoted by 1− λ, where λ = |λ2|.

Assumption 3.6. The compression operator C : Rd → Rd

satisfies the following condition:

∥x− C(x)∥2 ≤ (1− δ)∥x∥2 , (5)

where δ ∈ (0, 1].

Of the widely used compression operators, both the Top-K
operator (Stich et al., 2018) and the scaled sign operator
(Karimireddy et al., 2019) meet this requirement.

3.2. Challenges of DSMO

Following (Yang et al., 2023), for Eq. (1), the determin-
istic hypergradient is given in Figure 2. From Eq. (3), it
is clear that the deterministic hypergradient ∇F (n)

K+1(x)

on worker n relies on all {(J (n)
k , H

(n)
k )}K,N

k=1,n=1 across
K levels and N workers, resulting in high computation
and communication costs. For example, (Yang et al., 2023)
directly communicate (J (n)

k , H
(n)
k ) at each level k and com-

pute the Hessian inverse via Neumann series expansion.
However, this approach incurs substantial overhead due
to high dimensionality of matrices and iterative nature of
Neumann series expansion.

An alternative approach for (Yang et al., 2023) is to extend
the method designed for decentralized bilevel optimization
problems to compute the hypergradient in Eq. (2). Specifi-
cally, a straightforward extension for (Zhang et al., 2026b;
Zhu et al., 2024; Kong et al., 2025) is to introduce the
Hessian-inverse-Jacobian product ẑ∗k(x) for each level
k independently, as Eq. (4). Then, by viewing each ẑ∗k(x)
as the optimal solution of a quadratic strongly convex opti-
mization problem as (Zhang et al., 2026b; Zhu et al., 2024;
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Kong et al., 2025), this approach can avoid introducing addi-
tional loops to compute the Hessian inverse. However, this
straightforward extension still suffers from high commu-
nication costs because the dimensionality of ẑ∗k(x) is still
large.

4. Algorithm
4.1. Recursive Hessian-Inverse-Vector Product

To address the aforementioned computation and commu-
nication challenges, we introduce the recursive Hessian-
inverse-vector product z∗k(x) ∈ Rdk×1 as follows:

[H1]
−1JT

2 · · · [HK−1]
−1JT

K [HK ]−1∇2fK+1(x, y
∗
K(x))︸ ︷︷ ︸

ẑ∗
K

(x)∈RdK×1︸ ︷︷ ︸
ẑ∗
K−1

(x)∈RdK−1×1︸ ︷︷ ︸
z∗1 (x)∈Rd1×1

. (6)

It can be seen that z∗k(x) is computed recursively. More
specifically, it is computed as follows:

z∗k(x) =

 1

N

N∑
ik=1

H
(ik)
k

−1  1

N

N∑
jk=1

J
(jk)
k

 z∗k+1(x) . (7)

Obviously, the recursive Hessian-inverse-vector product
z∗k(x) ∈ Rdk×1 has a much smaller dimensionality than
the Hessian-inverse-Jacobian product ẑ∗k(x) ∈ Rdk−1×dk .
As a result, communicating z∗k(x) can save communication
costs significantly than communicating ẑ∗k(x).

Based on this novel recursive Hessian-inverse-vector prod-
uct, we can compute the hypergradient as follows.
Lemma 4.1. Given Assumptions 3.1-3.4, the deterministic
hypergradient can be computed as follows:

∇FK+1(x) ≜
1

N

N∑
n=1

∇F (n)
K+1(x) =

1

N

N∑
n=1

∇1f
(n)
K+1(x, y

∗
K(x))

+ (−1)K
( 1

N

N∑
i=1

∇2
12f

(i)
1 (y∗1(x), x)

)T
z∗1(x) . (8)

It is worth noting that z∗k(x) at the k-th level depends on the
{(J (n)

k , H
(n)
k )}Nn=1 at the k-th level for all workers and

z∗k+1(x) at the (k + 1)-th level , which indicates both the
locally and globally recursive dependence. Such recursive
dependence does not occur in traditional SBO problems,
highlighting the unique challenges.

Notations. Throughout the paper, we use capital notation
to represent all variables in the decentralized network, such
as X = [x(1), x(2), · · · , x(N)]. Additionally, we denote
J = 1

N 11T .

4.2. CE-DSMGD-VR

We propose a novel computation- and communication-
efficient decentralized stochastic multi-level gradient de-

scent with variance reduction (CE-DSMGD-VR) algorithm
in Algorithm 1. The detail is shown below.

Algorithm 1 CE-DSMGD-VR

Input: x0, {yk,0}Kk=1, {zk,0}Kk=1, η > 0, αx > 0, αy > 0,
αz > 0, γx > 0, γy > 0, γz > 0, βx > 0, βy > 0, βz > 0.

1: for t = 0, · · · , T − 1 do
2: Update variables:

Xt+1 = Xt − γxηPt + ρxηX̂t(W − I),
Yk,t+1 = Yk,t − γyηQk,t + ρyηŶk,t(W − I) ,
Zk,t+1 = P(Zk,t − γzηRk,t + ρzηẐk,t(W − I)),

3: Variance-reduced gradient estimator:
Update {Mx

t+1} as Eq. (15) ,
Update {My

k,t+1}
K
k=1 as Eq. (13) ,

Update {Mz
k,t+1}Kk=1 as Eq. (10) ,

4: Gradient tracking:
Pt+1 = Pt +Mx

t+1 −Mx
t + βxP̂t(W − I),

Qk,t+1 = Qk,t +My
k,t+1 −My

k,t + βyQ̂k,t(W − I),
Rk,t+1 = Rk,t +Mz

k,t+1 −Mz
k,t + βzR̂k,t(W − I),

5: Error Feedback and Communication:
X̂t+1 = X̂t+C(Xt+1−X̂t), P̂t+1 = P̂t+C(Pt+1−

P̂t),
Ŷk,t+1 = Ŷk,t + C(Yk,t+1 − Ŷk,t), Q̂k,t+1 = Q̂k,t +

C(Qk,t+1 − Q̂k,t),
Ẑk,t+1 = Ẑk,t+C(Zk,t+1− Ẑk,t), R̂k,t+1 = R̂k,t+

C(Rk,t+1 − R̂k,t),
6: end for

Update recursive Hessian-inverse-vector product. To
alleviate both the globally and locally recursive dependence
issue, we estimate z∗k(x) locally and then communicate it
across workers. Specifically, z∗k(x) can be interpreted as the
optimal solution of the following strongly-convex quadratic
optimization problem:

min
zk,

k∈{1,··· ,K−1}

hk(zk) ≜
1

N

N∑
n=1

( 1

2
zTk H

(n)
k zk − zTk J

(n)
k+1z

∗
k+1(x)︸ ︷︷ ︸

h
(n)
k

(zk)

)
,

hK(zK) =
1

N

N∑
n=1

(
1

2
zTKH

(n)
k zK − zTK∇2f

(n)
K+1(x, y

∗
K(x))︸ ︷︷ ︸

h
(n)
K

(zK)

) .

On the n-th worker, we compute a local z(n)k,t to approximate
the global z∗k(x̄t) at the t-th iteration with the following
local gradient:

v
(n)
k,t = ∇2

11f
(n)
k (y

(n)
k,t , y

(n)
k−1,t)z

(n)
k,t

−∇2
12f

(n)
k+1(y

(n)
k+1,t, y

(n)
k,t )z

(n)
k+1,t , (9)

where x̄t = 1
N

∑N
n=1 x

(n)
t denotes the global variable, z(n)k,t

and y(n)k,t represent the variables on the n-th worker at the
t-th iteration for any k ∈ {1, · · · ,K}.

In practice, to update {z(n)k,t }Kk=1, we compute a stochastic re-
cursive variance-reduced gradient estimator {Mz

k,t+1}Kk=1
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as follows:

Mz
k,t+1 = (1− αzη

2)(Mz
k,t − Ṽk,t,t+1) + Ṽk,t+1,t+1, (10)

where αz > 0 and αzη
2 < 1, the matrix Ṽk,t+1,t+1 =

[ṽ
(1)
k,t+1,t+1, · · · , ṽ

(N)
k,t+1,t+1] includes the local stochastic

gradient on all workers (so do Ṽk,t+1,t+1, Mz
k,t, M

z
k,t+1),

and the local stochastic gradient ṽ(n)k,t,t+1 and ṽ(n)k,t+1,t+1 are
defined as:

ṽ
(n)
k,t,t+1 = ∇2

11f
(n)
k (y

(n)
k,t , y

(n)
k−1,t; ξ

(n)
k,t+1)z

(n)
k,t

−∇2
12f

(n)
k+1(y

(n)
k+1,t, y

(n)
k,t ; ξ

(n)
k+1,t+1)z

(n)
k+1,t ,

ṽ
(n)
k,t+1,t+1 = ∇2

11f
(n)
k (y

(n)
k,t+1, y

(n)
k−1,t+1; ξ

(n)
k,t+1)z

(n)
k,t+1

−∇2
12f

(n)
k+1(y

(n)
k+1,t+1, y

(n)
k,t+1; ξ

(n)
k+1,t+1)z

(n)
k+1,t+1 , (11)

where {ξ(n)k,t+1}Kk=1 denotes the random sample at the t+1-
th iteration on the n-th worker.

We then apply the gradient tracking approach to communi-
cate the gradients between workers, as shown in step 4 in
Algorithm 1. Here, Rk,t+1 estimates the global variance-
reduced gradient, R̂k,t is an auxiliary variable in step 5,
which stores the compression residual as follows:

R̂k,t+1 = R̂k,t + C(Rk,t+1 − R̂k,t) , (12)

where the compression operator C(·) compresses the differ-
ence between the full-precision variable Rk,t+1 and the aux-
iliary variable R̂k,t. Furthermore, R̂k,t(W − I) denotes the
compressed residual communicated between each worker
and its neighbors to reduce communication cost. Similarly,
variable z(n)k,t+1 is also compressed.

After obtaining {Rk,t+1}Kk=1, our algorithm updates the lo-
cal variable {Zk,t}Kk=1 using the local gradient estimator
and its neighbor’s compression residuals as shown in step 2
in Algorithm 1. Here, P(·) denotes a projection step since
∥z∗k(x)∥ is upper bounded (Lemma D.4), and ρx > 0 is a hy-
perparameter that controls the update from the compression
residual. Each worker n communicates C(z(n)k,t+1 − ẑ

(n)
k,t )

with its neighbors and stores their compression residuals
{ẑ(n

′)
k,t+1 : wnn′ > 0}. Thus, Ẑk,t(W − I) is computed

locally without involving communication.

Update lower-level variables. Similarly, to update
{y(n)k,t }Kk=1 we use the current iterate yk,t to approximate
the optimal y∗k,t(xt), and compute stochastic recursive
variance-reduced gradient estimators {My

k,t+1}Kk=1 as:

My
k,t+1 = (1− αyη

2)(My
k,t − Ũk,t,t+1) + Ũk,t+1,t+1, (13)

where αy > 0 and αyη
2 < 1, the matrix Ũk,t,t+1 =

[ũ
(1)
k,t,t+1, · · · , ũ

(N)
k,t,t+1] includes the stochastic gradient on

all workers (so do Ũk,t,t+1, My
k,t+1, and My

k,t), and the

stochastic gradient ũ(n)k,t,t+1 and ũ(n)k,t+1,t+1 are defined as:

ũ
(n)
k,t,t+1 = ∇1f

(n)
k (y

(n)
k,t , y

(n)
k−1,t; ξ

(n)
k,t+1) ,

ũ
(n)
k,t+1,t+1 = ∇1f

(n)
k (y

(n)
k,t+1, y

(n)
k−1,t+1; ξ

(n)
k,t+1) . (14)

Update upper-level variable. Based on {z(n)k,t }Kk=1 and

{y(n)k,t }Kk=1 at the t-th iteration, we can compute a recursive
variance-reduced gradient estimator for hypergradient as:

Mx
t+1 = (1− αxη

2)(Mx
t − G̃t,t+1) + G̃t+1,t+1, (15)

where αx > 0 and αxη
2 < 1, the matrix G̃t,t+1 =

[g̃
(1)
t,t+1, · · · , g̃

(N)
t,t+1] includes the stochastic gradient on

all workers (so do G̃t,t+1, Mx
t+1, and Mx

t ), and the
stochastic hypergradient g̃(n)t,t+1 ≜ ∇̂F (n)

K+1(x
(n)
t ; ξ̂

(n)
t+1) and

g̃
(n)
t+1,t+1 ≜ ∇̂F (n)

K+1(x
(n)
t+1; ξ̂

(n)
t+1) are defined as follows:

∇̂F (n)
K+1(x

(n)
t ; ξ̂

(n)
t+1) = ∇1f

(n)
K+1(x

(n)
t , y

(n)
K,t; ξ

(n)
K+1,t+1)

+ (−1)K∇2
12f

(n)
1 (y

(n)
1,t , x

(n)
t ; ξ

(n)
1,t+1)z

(n)
1,t , (16)

∇̂F (n)
K+1(x

(n)
t+1; ξ̂

(n)
t+1) = ∇1f

(n)
K+1(x

(n)
t+1, y

(n)
K,t+1; ξ

(n)
K+1,t+1)

+ (−1)K∇2
12f

(n)
1 (y

(n)
1,t+1, x

(n)
t+1; ξ

(n)
1,t+1)z

(n)
1,t+1 ,

where ξ̂(n)t+1 = {ξ(n)K+1,t+1, ξ
(n)
1,t+1} denotes random samples

at the t+ 1-th iteration on the n-th worker.

The other variables and gradient estimators are compressed,
communicated, and updated in the same manner.

5. Theoretical Analysis
5.1. Convergence Rate

For simplicity, we use opt-errz to represent the optimiza-
tion estimation error for {zk,0}Kk=1 at initialization summed
across all levels, i.e.,

∑K
k=1 E[∥z̄k,0 − z∗k(x̄0)∥2]. Similarly,

we use opt-erry to represent
∑K

k=1 E[∥ȳk,0 − y∗k(x̄0)∥2].
Theorem 5.1. Given Assumptions 3.1-3.5, by setting η ≤
min{ 1

2γxLF
, 1
γzµ

, 1√
αx
, 1√

αy
, 1√

αz
, 1ρ , 1}, αy > 0, and

αz > 0, βx = βy = βz = β, ρx = ρy = ρz = ρ, when
the conditions in Eq. (58) are satisfied, Algorithm 1 has the
following convergence upper bound:

1

T

T−1∑
t=0

E[∥∇FK+1(x̄t)∥2] ≤
2(FK+1(x0)− FK+1(x∗))

ηγxT

+O
( αz

αxηγyT

)
opt-erry +O

( 1

γzηT

)
opt-errz

+O
( γz
αxNηT

)
opt-errz +O

( γz
β2(1− λ)2ηT

)
opt-errz

+O
( 1

β(1− λ)ηT

) 1

N

N∑
n=1

E[∥∇1f
(n)
K+1(x0, yK,0)∥2]
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+O
( 1

β(1− λ)ηT

) 1

N

N∑
n=1

K∑
k=1

E[∥∇1f
(n)
k (yk,0, yk−1,0)∥2]

+O
( αz

αxαyη2T

1

NS0

)
+O

( 1

αxη2T

1

NS0

)
+O

(α2
zη

2

αxN

)
+O

(αzαyη
2

αxN

)
+O

(αxη
2

N

)
+O

( 1

β2(1− λ)2ηTS0

)
+O

(
αyη

2

N

)
+O

( 1

β2(1− λ)2ηT

)
+O

( α2
xη

3

β2(1− λ)2

)
+O

( α2
yη

3

β2(1− λ)2

)
+O

( α2
zη

3

β2(1− λ)2

)
.

Remark 5.2. αy > 0 and αz > 0 are free hyperparameters.
The upper bound of αx, γx, γy, and γy, β in Eq. (58) only
relies on the Lipschitz constant, the strong convexity con-
stant and compression hyperparameter δ, which does not
affect the order of the convergence rate.
Remark 5.3. According to Eq. (58), for ϵ ∈ (0, 1), by
setting T = O

(
δ−2

N(1−λ)4ϵ3

)
, S = O( 1ϵ ), η = O(Nϵ),

γx = γy = γz = O(δ2(1 − λ)4), β = O(δ(1 − λ)),
ρ = O(δ(1 − λ)), αx = O(1/N), αy = O(1/N),
αz = O(1/N), Algorithm 1 can achieve the ϵ-accuracy
solution:

1

T

T−1∑
t=0

E[∥∇F (x̄t)∥2] ≤ O(ϵ2) .

To the best of our knowledge, this is the first communication-
efficient decentralized multi-level optimization algorithm
with theoretical guarantees. Moreover, this is the first time
to reveal how the hyperparameter δ of the compression
operator affects the convergence rate.

Remark 5.4. The iteration complexity T = O
(

1
N(1−λ)4ϵ3

)
surpasses that of the decentralized SMO algorithm proposed
in (Yang et al., 2023) and is consistent with the state-of-the-
art results for decentralized SBO algorithms as presented
in (Zhang et al., 2026b). To our knowledge, this is the
first time that the iteration complexity T = O

(
1

N(1−λ)4ϵ3

)
has been achieved for decentralized multi-level (K > 1)
optimization problems. Here, we omit the compression
parameter δ when comparing with DSMO/DSBO baselines,
since those methods do not employ compressor operators.

5.2. Unique Challenges and Proof Sketch

Unique challenges and proof sketch are provided in Ap-
pendix B, and the complete proof is given in Appendix C-
G.

6. Experiment
In this section, we apply our algorithm to the hyperparame-
ter optimization task in a novel manner to demonstrate its

performance. We believe that this novel application can
advance the development of multi-level optimization.

6.1. Hyperparameter Optimization via Multi-Level
Optimization

In this experiment, we propose to use the multi-level opti-
mization algorithm to solve the hyperparameter optimiza-
tion task, where the lower-level optimization problem is
nonconvex. Specifically, given a binary classification task
where the classifier is a deep neural network, the lower-level
optimization problem learns the weight of the neural net-
work, which is a nonconvex optimization problem, and the
upper-level optimization problem learns the hyperparameter,
which is the coefficient of the regularization term. Formally,
we have the following optimization problem:

min
x

1

N

N∑
n=1

L(w∗(x);V(n))

s.t. w∗(x) = argmin
w

1

N

N∑
n=1

L(w;D(n)) +R(x,w) , (17)

where R(x,w) represents the regularization term
1

d1d2

∑d1

p=1

∑d2

q=1 exp(xl,q)w
2
l,pq for the weight of each

layer of the neural network and l is the layer index, D(n)

denotes the training set, while V(n) denotes the validation
set on the n-th worker, w denotes the weights of all layers.

Since the lower-level optimization problem is nonconvex,
most of existing decentralized bilevel optimization algo-
rithms cannot be used to solve it because they are designed
for the bilevel optimization problem with a strongly-convex
lower problem. To handle this practical model, we propose
to convert the bilevel optimization problem in Eq. (17) into
a multi-level optimization problem and then we can use the
multi-level optimization algorithm to solve it. Specifically,
we propose to use the gradient descent algorithm to update
w for one step and enforce the new update to satisfy the
regularization explicitly by solving the following problem:

min
y

1

N

N∑
n=1

1

|D(n)|
∑

i∈D(n)

∥y − (w − θ∇L(w;D(n)
i ))∥2

+R(x, y) . (18)

Here, w − θ∇L(w;D(n)
i ) denotes the one-step update via

stochastic gradient of the loss term and θ > 0 is the learning
rate. Then, the first term in this loss function is to enforce
the new weight y close to the update from gradient descent,
while the second term R(x, y) is to enforce the new weight
y to be effectively regularized by the regularization. Based
on this reformulation, we perform multiple updates on the
model weights, leading to a multi-level optimization prob-
lem, whose full expression is given in Eq. (19). Note that in
each iteration we reset the weight w of the neural network
to y∗K(x) in the last iteration. Obviously, each lower-level
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Figure 3. The upper-level loss function value with respect to the number of iterations.
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Figure 4. The upper-level loss function value with respect to the communicated megabytes (MB).

optimization problem is strongly convex, which satisfies our
problem setting. Then, we can use our Algorithm 1 to solve
it.

6.2. Comparison with Multi-Level Baselines

Experimental Settings. The datasets used in this experi-
ment include a9a, w8a, and ijcnn1, which are obtained from
LIBSVM1. The neural network used in this experiment is a
two-layer fully connected neural network. The size of the
hidden layer has 10, and the size of the output layer is 1.
Additionally, the number of levels K is set to 2. Therefore,
it is a three-level optimization problem. As for the base-
line method, to the best of our knowledge, there exists only
one baseline method, Gossip-DSMO (Yang et al., 2023).
In addition, to evaluate the impact of compression on per-
formance and communication cost, we include an ablated
variant of our method that replaces the compressed opera-
tion with full communication while retaining the recursive
Hessian-inverse-vector product, referred to as DSMGD-VR.
Therefore, we compare our CE-DSMGD-VR with these two
baseline methods for the multi-level optimization problem
in Eq. (19). Throughout this experiment, we set the solution
accuracy ϵ to 0.1 for those three datasets. Then, according
to the convergence analysis in (Yang et al., 2023), we set
its learning rate to ϵ2 and those of DSMGD-VR and CE-
DSMGD-VR to ϵ. For all methods, we set the coefficient

1https://www.csie.ntu.edu.tw/˜cjlin/
libsvmtools/datasets/

of the momentum to 0.1. Moreover, for our Algorithm 1,
we set γx = γy = γz = 0.9 and select αx, αy , and αz from
{0.1, 0.3, 0.5, 0.7, 0.9}. Then, we run all these algorithms
on eight workers, which are connected via a ring graph, and
set their batch size to 100 on each worker. The compression
operator is Top-20%.
Experimental Results. We plot the upper-level loss func-
tion with respect to the number of iterations in Figure 3
and the communicated megabytes (MB) in Figure 4. From
Figure 3, we can observe that both DSMGD-VR and CE-
DSMGD-VR, converge much faster than Gossip-DSMO,
which confirms the superior convergence rate of our algo-
rithm. Moreover, we can observe that DSMGD-VR and
CE-DSMGD-VR have almost the same convergence perfor-
mance in terms of the number of iterations, which confirms
that the compression operation in our CE-DSMGD-VR does
not impair the convergence performance. Furthermore, from
Figure 4, we can observe that DSMGD-VR has a much
smaller communication cost than the baseline method. The
reason is that our proposed recursive Hessian-inverse-vector
product can save communication costs in each iteration
significantly. Moreover, our algorithm CE-DSMGD-VR
has a much less communication cost than the full-precision
DSMGD-VR, which confirms the communication efficiency
of CE-DSMGD-VR.

6.3. Comparison with Bilevel Baselines

Given the availability of more baselines for decentralized
bilevel optimization, we further evaluate Algorithm 1 on this

8
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Figure 5. The upper-level loss function value with respect to the communicated megabytes (MB).
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Figure 6. The upper-level loss function value with respect to the number of iterations.

problem. We still consider the hyperparameter optimization
problem in Eq. (17), but use logistic regression instead of
deep neural networks. As a result, the lower-level problem
is strongly convex, while the upper-level problem remains
nonconvex. This setting enables comparison with exist-
ing decentralized bilevel optimization algorithms designed
under this assumption, including Algorithm 1.

In particular, we compare our Algorithm 1 against state-
of-the-art full-precision decentralized bilevel methods, in-
cluding DSBO (Chen et al., 2024), gossip-DSBO (Yang
et al., 2022), MA-DSBO (Chen et al., 2023), MDBO (Gao
et al., 2023a), VRDBO (Gao et al., 2023a), DSVRBGD-
S (Zhang et al., 2026b), and DSVRBGD-A (Zhang et al.,
2026b). Throughout this experiment, we set the solution
accuracy ϵ to 0.05 for the those three datasets. Then, accord-
ing to the convergence analysis in (Yang et al., 2022; Chen
et al., 2023; Gao et al., 2023a; Chen et al., 2024), we set
the learning rate of DSBO, gossip-DSBO, and MDBO to ϵ2

and that of VRDBO, DSVRBGD-S, DSVRBGD-A, and our
Algorithm 1 to ϵ. For all momentum-based methods, we set
the coefficient of the momentum to 0.1. Moreover, for our
Algorithm 1, we use the same hyperparameter settings as in
the previous experiments. With these experimental settings,
we run all these algorithms on eight workers, which are
connected via a ring graph, and set their batch size to 100
on each worker.

In Figure 5, we plot the upper-level loss function value with
respect to the communicated megabytes (MB) when using

the Top-K compression operator with K being 20%. It
can be observed that our Algorithm 1 has a much smaller
communication cost than all baseline methods for conver-
gence, which confirms the communication efficiency of
CE-DSMGD-VR. Moreover, we plot the upper-level loss
function value with respect to the number of iterations in
Figure 6. It can be observed that the compression operation
in CE-DSMGD-VR does not degrade the convergence per-
formance compared to all full-precision baseline methods,
which further confirms the effectiveness of our algorithm.

Additional experiments on hyperparameter sensitivity are
provided in Appendix A.

7. Conclusion
In this paper, we developed a novel decentralized stochastic
multi-level optimization algorithm, aiming to address the
large computation and communication cost caused by the
multi-level structure. Specifically, we developed a novel
recursive Hessian-inverse-vector product to reduce the com-
putation and communication cost. Moreover, we proposed
to compress the communicated variables to further save
communication costs. With these novel algorithm designs,
our algorithm achieves superior performance in practical
applications. Moreover, we established the convergence rate
of our algorithm, which is the first time to provide theoret-
ical guarantees for decentralized multi-level optimization
under mild assumptions.
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A. More Experiments
In our experiments, we consider the following hyperparameter optimization via multi-level optimization:

min
x

1

N

N∑
n=1

L(y∗K(x);V(n))

s.t., y∗K(x) = argmin
yK

R(x, yK) +
1

N

N∑
n=1

1

mn

∑
i∈D(n)

∥yK − (y∗K−1(x)− θ∇L(y∗K−1(x);D
(n)
i ))∥2

· · · (19)

y∗2(x) = argmin
y2

R(x, y2) +
1

N

N∑
n=1

1

mn

∑
i∈D(n)

∥y2 − (y∗1(x)− θ∇L(y∗1(x);D
(n)
i ))∥2

y∗1(x) = argmin
y1

R(x, y1) +
1

N

N∑
n=1

1

mn

∑
i∈D(n)

∥y1 − (w − θ∇L(w;D(n)
i ))∥2 .

where mn = |D(n)| denotes the number of training samples on the n-th worker.

We further conduct experiments to study the impact of different hyperparameters on the convergence of our algorithm,
including the learning-rate coefficient γ, momentum coefficient αη2, and compression-related coefficients β and ρ. We also
investigate different compression ratios and communication topologies for Algorithm 1.

In Figure 7, we run our two algorithms on a9a dataset with γ ∈ {0.1, 0.3, 0.5, 0.7, 0.9}, while keeping all other settings
unchanged. From its two subplots, we can conclude that a larger γ can accelerate the convergence speed because it is the
coefficient of the learning rate. In Figure 8, we run our two algorithms on a9a dataset with αη2 ∈ {0.1, 0.3, 0.5, 0.7, 0.9},
while keeping all other settings unchanged. From its two subplots, we can conclude that the coefficient in the variance-
reduced gradient estimator does not have a significant influence on the convergence rate.
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Figure 7. The upper-level loss function value on a9a dataset when using different values for γ.
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Figure 8. The upper-level loss function value on a9a dataset when using different values for αη2.

We also tune the hyperparameters ρ and β used for compression in Algorithm 1. In Figure 9, we run CE-DSMGD-VR on a9a
dataset with ρ ∈ {0.1, 0.3, 0.5, 0.7, 0.9}, while keeping all other settings unchanged. In Figure 10, we run CE-DSMGD-VR
on a9a dataset with β ∈ {0.1, 0.3, 0.5, 0.7, 0.9}, while keeping all other settings unchanged. From these two figures, we can
conclude that these two hyperparameters do not have a significant influence on the convergence rate.
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Figure 9. The upper-level loss function value on a9a dataset when using different values for ρ.
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Figure 10. The upper-level loss function value on a9a dataset when using different values for β.
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Figure 11. The upper-level loss function value with respect to the number of iterations and the communicated megabytes when using
different compression ratios for a9a dataset.

To further demonstrate the performance of our algorithm, we use different compression ratios for a9a dataset, including
Top-10% and Top-5%. As shown in the left subfigure of Figure 11, when using a large compression ratio, CE-DSMGD-VR
consumes less communication costs. Meanwhile, as shown in the right subfigure of Figure 11, our algorithm can maintain
its convergence performance even when using a large compression ratio. These observations confirm the robustness of
CE-DSMGD-VR .

Moreover, we conducted an additional experiment to demonstrate the performance of our algorithm on different communica-
tion topologies. In particular, we use two additional graphs: a torus graph and random graph, where we use the Erdos-Renyi
random graph with an edge probability being 0.4. From Figure 12, we can find that the convergence performance of
CE-DSMGD-VR is robust to different communication topologies.

In addition, to further demonstrate the effectiveness of our algorithm, we conduct experiments with larger levels K, more
workers, and heterogeneous data distributions. In particular, we perform an additional experiment with K = 3 using 16
workers. To simulate data heterogeneity, we partition the dataset such that each worker maintains a unique class distribution.
Specifically, the local training and validation sets are sub-sampled to achieve target positive class ratios linearly spaced from
0.1 to 0.45 across workers. As shown in Figure 13, our algorithm consistently outperforms the baselines while achieving
performance comparable to its full-precision counterpart.
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Figure 12. The upper-level loss function value with respect to the number of iterations and the communicated megabytes when using
different communication topologies for a9a dataset.
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Figure 13. The upper-level loss function value with respect to the number of iterations and the communicated megabytes when K = 3 for
a9a dataset.

B. Proof Sketch and Unique Challenges of Theorem 5.1
Step 1: Establish a potential function. To establish the convergence rate of our Algorithm 1 in Theorem 5.1, we developed
a novel potential function as follows:

Lt+1 = E[FK+1(x̄t+1)]

+
∑K

k=1 akE[∥ȳk,t+1 − y∗k(x̄t+1)∥2] +
∑K

k=1 bkE[∥z̄k,t+1 − z∗k(x̄t+1)∥2]

+
∑K

k=1 ckE[∥(M
y
k,t+1 − Uk,t+1)1

1
N
∥2] +

∑K
k=1 dkE[∥(M

z
k,t+1 − Vk,t+1)1

1
N
∥2] + eE[∥(Mx

t+1 −Gt+1)1
1
N
∥2]

+
∑K

k=1 c̃k
1
N
E[∥My

k,t+1 − Uk,t+1∥2F ] +
∑K

k=1 d̃k
1
N
E[∥Mz

k,t+1 − Vk,t+1∥2F ] + ẽ 1
N
E[∥Mx

t+1 −Gt+1∥2F ]

+ ω 1
N
E[∥Xt+1(I − J)∥2F ] +

∑K
k=1 νk

1
N
E[∥Yk,t+1(I − J)∥2F ] +

∑K
k=1 τk

1
N
E[∥Zk,t+1(I − J)∥2F ]

+ ω̃ 1
N
E[∥Pt+1(I − J)∥2F ] +

∑K
k=1 ν̃k

1
N
E[∥Qk,t+1(I − J)∥2F ] +

∑K
k=1 τ̃k

1
N
E[∥Rk,t+1(I − J)∥2F ]

+ θ 1
N
E[∥Xt+1 − X̂t+1∥2F ] +

∑K
k=1 ϕk

1
N
E[∥Yk,t+1 − Ŷk,t+1∥2F ] +

∑K
k=1 ψk

1
N
E[∥Zk,t+1 − Ẑk,t+1∥2F ]

+ θ̃ 1
N
E[∥Pt+1 − P̂t+1∥2F ] +

∑K
k=1 ϕ̃k

1
N
E[∥Qk,t+1 − Q̂k,t+1∥2F ] +

∑K
k=1 ψ̃k

1
N
E[∥Rk,t+1 − R̂k,t+1∥2F ] .

Other than the loss function FK+1(x̄t+1), there are four classes of estimation errors in the potential function Lt+1, which
are marked with different colors. In particular, there are optimization errors with respect to the lower-level variables

and the recursive Hessian-inverse-vector product, gradient estimation errors with respect to the gradient of hypergradient,
lower-level gradients, and the gradient of the recursive Hessian-inverse-vector product, consensus errors of all variables
and gradient estimators, and compression errors raised from the compression operation.

Step 2: Establish the upper bound for each term in the potential function (Section D-F). In this step, we establish the
upper bound for each class of estimation errors. Specifically, we established the upper bound for the optimization errors

in Lemma D.2 and Lemma D.3, for the gradient estimation errors in Lemmas E.1, E.2, E.3, E.4, E.5, E.6, for the
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consensus errors in Lemmas F.2, F.3, and for the compression error in Lemmas F.4, F.5.

Dependence across levels

Dependence across iterations

Dependence across workers

Figure 14. The triple dependence across levels, workers, iterations in the upper bound of the the optimization error E[∥z̄k,t+1 −
z∗k(x̄t+1)∥2].

Due to the multi-level structure in the loss function, the resulting upper bounds exhibit recursive dependencies across
levels, workers, and iterations. For example, the upper bound of the optimization error E[∥z̄k,t+1 − z∗k(x̄t+1)∥2] in
Lemma D.3 involves a triple dependence across levels, workers, and iterations. This triple dependence incurs significant
challenges for establishing the upper bound of Lt+1 − Lt in the subsequent analysis.

Moreover, the analysis reveals a nontrivial interdependence between the consensus error and the compression error .
Specifically, the bounds in Lemma F.2 and Lemma F.4 show that these two error terms depend on each other, which further
increases the difficulty of selecting appropriate coefficients in the potential function.

∥Xt+1(I − J)∥2F ≤ (1− ρxη(1− λ))∥Xt(I − J)∥2F + 8
ρxη

(1− λ)
∥X̂t −Xt∥2F + 2

γ2
xη

ρx(1− λ)
∥Pt(I − J)∥2F .

∥X̂t+1 −Xt+1∥2F ≤ (1− δ

4
)∥X̂t −Xt∥2F +

12γ2
xη

2

δ
∥Pt(I − J)∥2F +

12γ2
xη

2

δ
N∥m̄x

t ∥2 +
48ρ2xη

2

δ
∥Xt(I − J)∥2F .

Step 3: Establish the upper bound for Lt+1 −Lt by determining the coefficient of each term in the potential function.
(Section G). To establish the upper bound of Lt+1−Lt, we need to select the coefficients in the potential function, including
{ak}Kk=1, {bk}Kk=1, {ck}Kk=1, {dk}Kk=1, {c̃k}Kk=1, {d̃k}Kk=1, {νk}Kk=1, {τk}Kk=1, {ν̃k}Kk=1,{τ̃k}Kk=1, {ϕk}Kk=1, {ϕ̃k}Kk=1,
{ψk}Kk=1, {ψ̃k}Kk=1, {e, ẽ, ω, ω̃, θ, θ̃}, such that the coefficients (marked in blue) in Eqs. (35), (38), and analogous
expressions, are non-positive. As a result, we can remove the corresponding terms from the upper bound of Lt+1 − Lt.

The unique challenges in determining those coefficients lie in the recursive dependence in the multi-level optimization
problem. For example, when determining the coefficient {bk}Kk=1 for the optimization error E[∥z̄k,t − z∗k(x̄t)∥2], due to the
recursive dependence,{bk}Kk=1 should satisfy the following recursive dependence:

bk−1 ≤ bk
µ2

256C2
J

.

Meanwhile, they should satisfy some conditions, such as

bk ≥ 3072γxγz
µ

(
16C2

JL
2
g

αxN
+

320C2
JL

2
g

β2
z (1− λ)2

)
C

2(k−1)
J

L
2(k−1)
g

.

These constraints make it more challenging to determine the value of {bk}Kk=1 compared to the existing decentralized
bilevel optimization algorithms.
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By incorporating various constraints, we finally obtain the following coefficient:

bk =
L2k
g

µ2k

(256CJ)
2(k−1)

L
2(k−1)
g

3072γxγz
µ

(
80C2

J

γ2z
+

80C2
JL

2
g

αxN
+

320C2
JL

2
g

β2
z (1− λ)2

+
320C4

J

β2
x(1− λ)2

)
,

which actually also has a recursive structure with level k. For other coefficients, we follow a similar strategy to determine
their values.

In addition, due to the interdependence between the consensus error and compression error, it is more challenging to
determine their coefficients. For example, when determining the value of {τk}Kk=1 and {ψk}Kk=1, they will depend on each
other. Specifically, when setting the coefficient of E[∥Ẑk,t − Zk,t∥2F ] in Eq. (38) to be non-positive, we have

τk
8ρzη

(1− λ)
+ 16ρ2zη

2Zk − ψk
δ

4
≤ 0 .

When setting the coefficient of E[∥Zk,t(I − J)∥2F ] in Eq. (38) to be non-positive, we have

Dz,k = 3bk + bk
48γzη

µ
L2
g + bk−1

48γzη

µ
C2

J + ψk
48ρ2zη

2

δ
+ ψk

144γ2zη
2L2

g

δ
+ ψk−1

144γ2zη
2C2

J

δ

+ 16ρ2zη
2Zk + 48γ2zη

2L2
gZk + 48γ2zη

2C2
JZk−1 − τkρzη(1− λ) ≤ 0 . (20)

From these two inequalities, we observe that {τk}Kk=1 and {ψk}Kk=1 are mutually dependent, which complicates the
determination of the coefficients in the potential function. To address the issue of the interdependence between different
coefficients, we propose to use one class of coefficients, e.g., {τk}Kk=1, to replace the other class, e.g., {ψk = τk

32ρzη
δ(1−λ) +

64
δ ρ

2
zη

2Zk}Kk=1 and then solve inequalities regarding {τk}Kk=1 to determine their values. After that, we can obtain the values
of {ψk}Kk=1.

All in all, due to the multi-level structure, it is much more challenging to determine the values of the coefficients in the
potential function than existing two-level methods. We successfully addressed these unique challenges by leveraging the
recursive structure to determine these coefficients. We believe that this novel design for coefficients can benefit more
multi-level optimization algorithms.
Step 4: Obtain the convergence rate. Based on Step 3, we obtain the following upper bound, which leads to the
convergence rate of our algorithm.

1

T

T−1∑
t=0

E[∥∇FK+1(x̄t)∥2] ≤
2(L0 − LT )

ηγxT
+

2F0

ηγxT
. (21)

where F0 is defined in Eq. (34).

C. Properties of SMO Problems
Lemma C.1. (Restatement of Lemma 8) Given Assumptions 3.1-3.4, for any x ∈ Rd0 , the full hypergradient can be
computed as:

∇FK+1(x) = ∇1fK+1(x, y
∗
K(x)) + (−1)K(∇2

12f1(y
∗
1(x), x))

T z∗1(x) . (22)

Proof. Based on the definition of ∂y∗
k(x)
∂x and z∗k(x), the hypergradient ∇F (x) can be represented as follows:

∇FK+1(x) = ∇1fK+1(x, y
∗
K(x)) +

(
∂y∗K(x)

∂x

)T

∇2fK+1(x, y
∗
K(x))

= ∇1fK+1(x, y
∗
K(x))−

(
∂y∗K−1(x)

∂x

)T (
∇2

12fK(y∗K(x), y∗K−1(x))
)T

× [∇2
11fK(y∗K(x), y∗K−1(x))]

−1∇2fK+1(x, y
∗
K(x))︸ ︷︷ ︸

z∗
K

(x)
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= ∇1fK+1(x, y
∗
K(x)) +

(
∂y∗K−2(x)

∂x

)T (
∇2

12fK−1(y
∗
K−1(x), y

∗
K−2(x))

)T
× [∇2

11fK−1(y
∗
K−1(x), y

∗
K−2(x))]

−1 (∇2
12fK(y∗K(x), y∗K−1(x))

)T
z∗K(x)︸ ︷︷ ︸

z∗
K−1

(x)

= · · ·

= ∇1fK+1(x, y
∗
K(x)) + (−1)K−k

(
∂y∗k(x)

∂x

)T (
∇2

12fk+1(y
∗
k+1(x), y

∗
k(x))

)T
z∗k+1(x)

= · · ·

= ∇1fK+1(x, y
∗
K(x)) + (−1)K

(
∇2

12f1(y
∗
1(x), x)

)T
[∇2

11f1(y
∗
1(x), x)]

−1(∇2
12f2(y

∗
2(x), y

∗
1(x))

)T
z∗2(x)︸ ︷︷ ︸

z∗1 (x)

.

Lemma C.2. (Continuity of y∗k(x)) Given Assumptions 3.1-3.4, for k ∈ {1, · · · ,K} and any x ∈ Rd0 , y∗k(x) is Cyk
-

Lipschitz continuous, where Cyk
=

Ck
J

µk .

Proof. According to the definition of ∂y∗
k(x)
∂x , when k = 1, we have∥∥∥∥∂y∗1(x)∂x

∥∥∥∥ =
∥∥∥−(∇2

12f1(y
∗
1(x), x))

T [∇2
11f1(y

∗
1(x), x)]

−1
∥∥∥ ≤ CJ

µ
,

where the last step follows from Assumption 3.3 and Assumption 3.1.

When k > 1, we use the induction approach to prove it. In particular, we assume ∥∂y∗
k−1(x)

∂x ∥ ≤ Ck−1
J

µk−1 , then it is easy to
know that ∥∥∥∥∂y∗k(x)∂x

∥∥∥∥ =

∥∥∥∥−∂y∗k−1(x)

∂x
(∇2

12fk(y
∗
k(x), y

∗
k−1(x)))

T [∇2
11fk(y

∗
k(x), y

∗
k−1(x))]

−1

∥∥∥∥
≤
∥∥∥∥−∂y∗k−1(x)

∂x

∥∥∥∥ CJ

µ
≤ Ck

J

µk
,

where the second step follows from Assumption 3.3 and Assumption 3.1.

Lemma C.3. (Continuity of z∗k(x)) Given Assumptions 3.1-3.4, then for k ∈ {1, 2, · · · ,K} and any x1, x2 ∈ Rd0 , we have

• ∥z∗k(x1)∥ ≤ ∆k =
CK−k+1

J

µK−k+1 ,

• ∥z∗k(x1)− z∗k(x2)∥ ≤ Czk∥x1 − x2∥,

where CzK =
Lf

µ +
Lf

µ
CK

J

µK +
CfLH

µ2

CK
J

µK +
CfLH

µ2

CK−1
J

µK−1 and Czk = CJ

µ

(
Lf

µ +
Lf

µ
CK

J

µK +
CfLH

µ2

CK
J

µK +
CfLH

µ2

CK−1
J

µK−1

)
+(∑K−k−1

j=0
Cj

J

µj

)
(
CK−1

J

µK−1
CJLH

µ2 +
CK

J

µK
LJ

µ )(CJ

µ + 1) for k ∈ {1, 2, · · · ,K − 1}.

Proof. When k = K, we have

∥z∗K(x)∥ = ∥[∇2
11fK(y∗K(x), y∗K−1(x))]

−1∇2fK+1(x, y
∗
K(x))∥ ≤ Cf

µ
,

where the second step follows from Assumption 3.2 and Assumption 3.1.

When k ∈ {1, · · · ,K − 1}, we use the inductive approach to prove it. In particular, we assume ∥z∗k+1(x)∥ ≤ CK−k
J

µK−k , then

∥z∗k(x)∥ = ∥[∇2
11fk(y

∗
k(x), y

∗
k−1(x))]

−1(∇2
12fk+1(y

∗
k+1(x), y

∗
k(x)))

T z∗k+1(x)∥ ≤ CJ

µ
∥z∗k+1(x)∥ ≤ CK−k+1

J

µK−k+1
,
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where the second step follows from Assumption 3.3 and Assumption 3.1.

When k = K, we have

∥z∗K(x1)− z∗K(x2)∥ = ∥[∇2
11fK(y∗K(x1), y

∗
K−1(x1))]

−1∇2fK+1(x1, y
∗
K(x1))

− [∇2
11fK(y∗K(x2), y

∗
K−1(x2))]

−1∇2fK+1(x, y
∗
K(x2))∥

≤ ∥[∇2
11fK(y∗K(x1), y

∗
K−1(x1))]

−1∇2fK+1(x1, y
∗
K(x1))− [∇2

11fK(y∗K(x1), y
∗
K−1(x1))]

−1∇2fK+1(x2, y
∗
K(x2))∥

+ ∥[∇2
11fK(y∗K(x1), y

∗
K−1(x1))]

−1∇2fK+1(x2, y
∗
K(x2))− [∇2

11fK(y∗K(x2), y
∗
K−1(x2))]

−1∇2fK+1(x, y
∗
K(x2))∥

≤ 1

µ
∥∇2fK+1(x1, y

∗
K(x1))−∇2fK+1(x2, y

∗
K(x2))∥+

Cf

µ2
∥∇2

11fK(y∗K(x2), y
∗
K−1(x2))−∇2

11fK(y∗K(x1), y
∗
K−1(x1))∥

≤ Lf

µ
∥x1 − x2∥+

Lf

µ
∥y∗K(x1)− y∗K(x2)∥+

CfLH

µ2
∥y∗K(x1)− y∗K(x2)∥+

CfLH

µ2
∥y∗K−1(x1)− y∗K−1(x2)∥

≤
(Lf

µ
+
Lf

µ

CK
J

µK
+
CfLH

µ2

CK
J

µK
+
CfLH

µ2

CK−1
J

µK−1

)
∥x1 − x2∥ ,

where the third step follows from Assumption 3.2, Assumption 3.3 , Assumption 3.1, and last step follows Lemma C.2.

When k ∈ {1, · · · ,K − 1}, we have

∥z∗k(x1)− z∗k(x2)∥ = ∥[∇2
11fk(y

∗
k(x1), y

∗
k−1(x1))]

−1∇2
12fk+1(y

∗
k+1(x1), y

∗
k(x1))

T z∗k+1(x1)

− [∇2
11fk(y

∗
k(x2), y

∗
k−1(x2))]

−1∇2
12fk+1(y

∗
k+1(x2), y

∗
k(x2))

T z∗k+1(x2)∥

≤ ∥[∇2
11fk(y

∗
k(x1), y

∗
k−1(x1))]

−1∇2
12fk+1(y

∗
k+1(x1), y

∗
k(x1))

T z∗k+1(x1)

−[∇2
11fk(y

∗
k(x2), y

∗
k−1(x2))]

−1∇2
12fk+1(y

∗
k+1(x1), y

∗
k(x1))

T z∗k+1(x1)∥︸ ︷︷ ︸
T1

+ ∥[∇2
11fk(y

∗
k(x2), y

∗
k−1(x2))]

−1∇2
12fk+1(y

∗
k+1(x1), y

∗
k(x1))

T z∗k+1(x1)

−[∇2
11fk(y

∗
k(x2), y

∗
k−1(x2))]

−1∇2
12fk+1(y

∗
k+1(x2), y

∗
k(x2))

T z∗k+1(x1)∥︸ ︷︷ ︸
T2

+ ∥[∇2
11fk(y

∗
k(x2), y

∗
k−1(x2))]

−1∇2
12fk+1(y

∗
k+1(x2), y

∗
k(x2))

T z∗k+1(x1)

−[∇2
11fk(y

∗
k(x2), y

∗
k−1(x2))]

−1∇2
12fk+1(y

∗
k+1(x2), y

∗
k(x2))

T z∗k+1(x2)∥︸ ︷︷ ︸
T3

.

For T1, we obtain

T1 ≤ CK−k
J

µK−k

CJ

µ2
∥∇2

11fk(y
∗
k(x1), y

∗
k−1(x1))−∇2

11fk(y
∗
k(x2), y

∗
k−1(x2))∥

≤ CK−k
J

µK−k

CJLH

µ2
(∥y∗k(x1)− y∗k(x2)∥+ ∥y∗k−1(x1)− y∗k−1(x2)∥)

≤ CK−k
J

µK−k

CJLH

µ2
(
Ck

J

µk
∥x1 − x2∥+

Ck−1
J

µk−1
∥x1 − x2∥) ,

where the first and second steps follow from Assumption 3.3 and Assumption 3.1, and the last step follows Lemma C.2.
Similarly, for T2, we obtain

T2 ≤ 1

µ

CK−k
J

µK−k
∥∇2

12fk+1(y
∗
k+1(x1), y

∗
k(x1))−∇2

12fk+1(y
∗
k+1(x2), y

∗
k(x2))∥

≤ CK−k
J

µK−k

LJ

µ
(∥y∗k+1(x1)− y∗k+1(x2)∥+ ∥y∗k(x1)− y∗k(x2)∥)

≤ CK−k
J

µK−k

LJ

µ
(
Ck+1

J

µk+1
∥x1 − x2∥+

Ck
J

µk
∥x1 − x2∥) .

For T3, we obtain T3 ≤ CJ

µ ∥z∗k+1(x1)− z∗k+1(x2)∥.

Plugging all these bounds into the inequality yields

∥z∗k(x1)− z∗k(x2)∥ ≤ CJ

µ
∥z∗k+1(x1)− z∗k+1(x2)∥+ (

CK−1
J

µK−1

CJLH

µ2
+
CK

J

µK

LJ

µ
)(
CJ

µ
+ 1)∥x1 − x2∥ .
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Recursively applying above inequality, we obtain

∥z∗k(x1)− z∗k(x2)∥ ≤ CJ

µ
∥z∗K(x1)− z∗K(x2)∥+

(K−k−1∑
j=0

Cj
J

µj

)
(
CK−1

J

µK−1

CJLH

µ2
+
CK

J

µK

LJ

µ
)(
CJ

µ
+ 1)∥x1 − x2∥

≤

(
CJ

µ

(Lf

µ
+
Lf

µ

CK
J

µK
+
CfLH

µ2

CK
J

µK
+
CfLH

µ2

CK−1
J

µK−1

)
+
(K−k−1∑

j=0

Cj
J

µj

)
(
CK−1

J

µK−1

CJLH

µ2
+
CK

J

µK

LJ

µ
)(
CJ

µ
+ 1)

)
∥x1 − x2∥ .

Lemma C.4. (Smoothness of Hypergradient) Given Assumptions 3.1-3.4, then ∇FK+1(x) is LF -Lipschitz continuous,
where LF = Lf (1 + CyK

) + ∆1LJ(1 + Cy1
) + CJCz1 .

Proof. For any x1, x2 ∈ Rd0 , we have

∥∇FK+1(x1)−∇FK+1(x2)∥

= ∥∇1fK+1(x1, y
∗
K(x1)) + (−1)K∇2

12f1(y
∗
1(x1), x1)

T z∗1(x1)−∇1fK+1(x2, y
∗
K(x2))− (−1)K∇2

12f1(y
∗
1(x2), x2)

T z∗1(x2)∥

≤ ∥∇1fK+1(x1, y
∗
K(x1))−∇1fK+1(x2, y

∗
K(x2))∥+ ∥∇2

12f1(y
∗
1(x1), x1)

T z∗1(x1)−∇2
12f1(y

∗
1(x2), x2)

T z∗1(x1)∥

+ ∥∇2
12f1(y

∗
1(x2), x2)

T z∗1(x1)−∇2
12f1(y

∗
1(x2), x2)

T z∗1(x2)∥
≤ Lf (∥x1 − x2∥+ ∥y∗K(x1)− y∗K(x2)∥) + ∆1LJ(∥x1 − x2∥+ ∥y∗1(x1)− y∗1(x2)∥) + CJ∥z∗1(x1)− z∗1(x2)∥
≤ Lf (1 + CyK )∥x1 − x2∥+∆1LJ(1 + Cy1)∥x1 − x2∥+ CJCz1∥x1 − x2∥
= (Lf (1 + CyK ) + ∆1LJ(1 + Cy1) + CJCz1)∥x1 − x2∥ ,

where the third step follows from Assumptions 3.1, 3.3, the second to last step follows from Lemmas C.2, C.3.

Lemma C.5. Assuming that Assumptions 3.1 through 3.5 hold, for any t ≥ 0, the following inequality is true:

1

N
E[∥G̃t,t −Gt∥2F ] ≤ σ̂2

F ≜ (2 + 2∆2
1)σ

2 .

Proof. From the definition of Gt, we derive

1

N
E[∥G̃t,t −Gt∥2F ] =

1

N

N∑
n=1

E[∥∇1f
(n)
K+1(x

(n)
t , y

(n)
K,t; ξ

(n)
t ) + (−1)K∇2

12f
(n)
1 (y

(n)
1,t , x

(n)
t ; ζ

(n)
1,t )z

(n)
1,t

−∇1f
(n)
K+1(x

(n)
t , y

(n)
K,t)− (−1)K∇2

12f
(n)
1 (y

(n)
1,t , x

(n)
t )z

(n)
1,t ∥

2]

≤ 2
1

N

N∑
n=1

E[∥∇1f
(n)
K+1(x

(n)
t , y

(n)
K,t; ξ

(n)
t )−∇1f

(n)
K+1(x

(n)
t , y

(n)
K,t)∥

2]

+ 2
1

N

N∑
n=1

E[∥∇2
12f

(n)
1 (y

(n)
1,t , x

(n)
t ; ζ

(n)
1,t )z

(n)
1,t −∇2

12f
(n)
1 (y

(n)
1,t , x

(n)
t )z

(n)
1,t ∥

2]

≤ (2 + 2∆2
1)σ

2 .

Lemma C.6. Assuming that Assumptions 3.1 through 3.5 hold, when k ∈ {1, · · · ,K − 1}, the following inequality is true:

1

N
E[∥Vk,t − Ṽk,t,t∥2F ] ≤ 2∆2

kσ
2 + 2∆2

k+1σ
2 .

When k = K, the following inequality is true:

1

N
E[∥VK,t − ṼK,t,t∥2F ] ≤ 2∆2

Kσ
2 + 2σ2 .

Proof. When k ∈ {1, · · · ,K − 1}, we derive

1

N
E[∥Vk,t − Ṽk,t,t∥2F ] =

1

N

N∑
n=1

E[∥∇2
11f

(n)
k (y

(n)
k,t , y

(n)
k−1,t)z

(n)
k,t −∇2

12f
(n)
k+1(y

(n)
k+1,t, y

(n)
k,t )z

(n)
k+1,t
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−∇2
11f

(n)
k (y

(n)
k,t , y

(n)
k−1,t; ζ

(n)
k,t )z

(n)
k,t +∇2

12f
(n)
k+1(y

(n)
k+1,t, y

(n)
k,t ; ζ

(n)
k+1,t)z

(n)
k+1,t∥

2]

≤ 2
1

N

N∑
n=1

E[∥∇2
11f

(n)
k (y

(n)
k,t , y

(n)
k−1,t)z

(n)
k,t −∇2

11f
(n)
k (y

(n)
k,t , y

(n)
k−1,t; ζ

(n)
k,t )z

(n)
k,t ∥

2]

+ 2
1

N

N∑
n=1

E[∥ − ∇2
12f

(n)
k+1(y

(n)
k+1,t, y

(n)
k,t )z

(n)
k+1,t +∇2

12f
(n)
k+1(y

(n)
k+1,t, y

(n)
k,t ; ζ

(n)
k+1,t)z

(n)
k+1,t∥

2]

≤ 2∆2
kσ

2 + 2∆2
k+1σ

2 .

When k = K, we derive

1

N
E[∥VK,t − ṼK,t,t∥2F ] =

1

N

N∑
n=1

E[∥∇2
11f

(n)
K (y

(n)
K,t, y

(n)
K−1,t)z

(n)
K,t −∇2f

(n)
K+1(x

(n)
t , y

(n)
K,t)

−∇2
11f

(n)
K (y

(n)
K,t, y

(n)
K−1,t; ζ

(n)
K,t+1)z

(n)
K,t +∇2f

(n)
K+1(x

(n)
t , y

(n)
K,t; ξ

(n)
t+1)∥

2]

≤ 2
1

N

N∑
n=1

E[∥∇2
11f

(n)
K (y

(n)
K,t, y

(n)
K−1,t)z

(n)
K,t −∇2

11f
(n)
K (y

(n)
K,t, y

(n)
K−1,t; ζ

(n)
K,t+1)z

(n)
K,t∥

2]

+ 2
1

N

N∑
n=1

E[∥ − ∇2f
(n)
K+1(x

(n)
t , y

(n)
K,t) +∇2f

(n)
K+1(x

(n)
t , y

(n)
K,t; ξ

(n)
t+1)∥

2]

≤ 2∆2
Kσ

2 + 2σ2 .

Lemma C.7. Assuming that Assumptions 3.1 through 3.5 hold, for any t ≥ 0, the following inequality is true:

1

N
E[∥G̃t+1,t+1 − G̃t,t+1∥2F ] ≤ 3(L2

f +∆2
1L

2
J)

1

N
E[∥Xt −Xt+1∥2F ] + 3C2

J
1

N
E[∥Z1,t − Z1,t+1∥2F ]

+ 3∆2
1L

2
J
1

N
E[∥Y1,t − Y1,t+1∥2F ] + 3L2

f
1

N
E[∥YK,t − YK,t+1∥2F ] .

Proof. From the definition of G̃t+1,t+1, we derive

1

N
E[∥G̃t+1,t+1 − G̃t,t+1∥2F ] =

1

N

N∑
n=1

E[∥∇1f
(n)
K+1(x

(n)
t , y

(n)
K,t; ξ

(n)
t+1) + (−1)K∇2

12f
(n)
1 (y

(n)
1,t , x

(n)
t ; ζ

(n)
1,t+1)z

(n)
1,t

−∇1f
(n)
K+1(x

(n)
t+1, y

(n)
K,t+1; ξ

(n)
t+1)− (−1)K∇2

12f
(n)
1 (y

(n)
1,t+1, x

(n)
t+1; ζ

(n)
1,t+1)z

(n)
1,t+1∥

2]

≤ 3
1

N

N∑
n=1

E[∥∇1f
(n)
K+1(x

(n)
t , y

(n)
K,t; ξ

(n)
t+1)−∇1f

(n)
K+1(x

(n)
t+1, y

(n)
K,t+1; ξ

(n)
t+1)∥

2]

+ 3
1

N

N∑
n=1

E[∥∇2
12f

(n)
1 (y

(n)
1,t , x

(n)
t ; ζ

(n)
1,t+1)z

(n)
1,t −∇2

12f
(n)
1 (y

(n)
1,t , x

(n)
t ; ζ

(n)
1,t+1)z

(n)
1,t+1∥

2]

+ 3
1

N

N∑
n=1

E[∥∇2
12f

(n)
1 (y

(n)
1,t , x

(n)
t ; ζ

(n)
1,t+1)z

(n)
1,t+1 −∇2

12f
(n)
1 (y

(n)
1,t+1, x

(n)
t+1; ζ

(n)
1,t+1)z

(n)
1,t+1∥

2]

≤ 3L2
f
1

N
E[∥Xt −Xt+1∥2F ] + 3L2

f
1

N
E[∥YK,t − YK,t+1∥2F ] + 3C2

J
1

N
E[∥Z1,t − Z1,t+1∥2F ]

+ 3∆2
1L

2
J
1

N
E[∥Y1,t − Y1,t+1∥2F ] + 3∆2

1L
2
J
1

N
E[∥Xt −Xt+1∥2F ] .

Lemma C.8. Assuming that Assumptions 3.1 through 3.5 hold, when k ∈ {1, · · · ,K}, the following inequality is true:

1

N
E[∥Ũk,t+1,t+1 − Ũk,t,t+1∥2F ] ≤ L2

g
1

N
E[∥Yk,t − Yk,t+1∥2F ] + L2

g
1

N
E[∥Yk−1,t − Yk−1,t+1∥2F ] .

Note that Y0,t = Xt.
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Proof. Similarly, we derive

1

N
E[∥Ũk,t+1,t+1 − Ũk,t,t+1∥2F ] =

1

N

N∑
n=1

E[∥∇1f
(n)
k (y

(n)
k,t+1, y

(n)
k−1,t+1; ζ

(n)
k,t+1)−∇1f

(n)
k (y

(n)
k,t , y

(n)
k−1,t; ζ

(n)
k,t+1)∥

2]

≤ L2
g
1

N
E[∥Yk,t − Yk,t+1∥2F ] + L2

g
1

N
E[∥Yk−1,t − Yk−1,t+1∥2F ] .

Lemma C.9. Assuming that Assumptions 3.1 through 3.5 hold, when k ∈ {1, · · · ,K − 1}, the following inequality is true:

1

N
E[∥Ṽk,t+1,t+1 − Ṽk,t,t+1∥2F ] ≤ 4L2

g
1

N
E[∥Zk,t+1 − Zk,t∥2F ]

+ 4C2
J
1

N
E[∥Zk+1,t+1 − Zk+1,t∥2F ] + 4∆2

kL
2
H

1

N
E[∥Yk−1,t+1 − Yk−1,t∥2F ]

+ 4(∆2
kL

2
H +∆2

k+1L
2
J)

1

N
E[∥Yk,t+1 − Yk,t∥2F ] + 4∆2

k+1L
2
J
1

N
E[∥Yk+1,t+1 − Yk+1,t∥2F ] .

Note that Y0,t = Xt. When k = K, the following inequality is true:

1

N
E[∥ṼK,t+1,t+1 − ṼK,t,t+1∥2F ] ≤ 3L2

g
1

N
E[∥ZK,t − ZK,t+1∥2] + 3L2

f
1

N
E[∥Xt+1 −Xt∥2]

+ 3∆2
KL

2
H

1

N
E[∥YK−1,t − YK−1,t+1∥2] + 3(∆2

KL
2
H + L2

f )
1

N
E[∥YK,t − YK,t+1∥2] .

Proof. When k ∈ {1, · · · ,K − 1}, we derive

1

N
E[∥Ṽk,t+1,t+1 − Ṽk,t,t+1∥2F ]

=
1

N

N∑
n=1

E[∥∇2
11f

(n)
k (y

(n)
k,t+1, y

(n)
k−1,t+1; ζ

(n)
k,t+1)z

(n)
k,t+1 −∇2

12f
(n)
k+1(y

(n)
k+1,t+1, y

(n)
k,t+1; ζ

(n)
k+1,t+1)z

(n)
k+1,t+1

−∇2
11f

(n)
k (y

(n)
k,t , y

(n)
k−1,t; ζ

(n)
k,t+1)z

(n)
k,t +∇2

12f
(n)
k+1(y

(n)
k+1,t, y

(n)
k,t ; ζ

(n)
k+1,t+1)z

(n)
k+1,t∥

2]

≤ 4
1

N

N∑
n=1

E[∥∇2
11f

(n)
k (y

(n)
k,t+1, y

(n)
k−1,t+1; ζ

(n)
k,t+1)z

(n)
k,t+1 −∇2

11f
(n)
k (y

(n)
k,t+1, y

(n)
k−1,t+1; ζ

(n)
k,t+1)z

(n)
k,t ∥

2]

+ 4
1

N

N∑
n=1

E[∥∇2
11f

(n)
k (y

(n)
k,t+1, y

(n)
k−1,t+1; ζ

(n)
k,t+1)z

(n)
k,t −∇2

11f
(n)
k (y

(n)
k,t , y

(n)
k−1,t; ζ

(n)
k,t+1)z

(n)
k,t ∥

2]

+ 4
1

N

N∑
n=1

E[∥ − ∇2
12f

(n)
k+1(y

(n)
k+1,t+1, y

(n)
k,t+1; ζ

(n)
k+1,t+1)z

(n)
k+1,t+1 +∇2

12f
(n)
k+1(y

(n)
k+1,t+1, y

(n)
k,t+1; ζ

(n)
k+1,t+1)z

(n)
k+1,t∥

2]

+ 4
1

N

N∑
n=1

E[∥ − ∇2
12f

(n)
k+1(y

(n)
k+1,t+1, y

(n)
k,t+1; ζ

(n)
k+1,t+1)z

(n)
k+1,t +∇2

12f
(n)
k+1(y

(n)
k+1,t, y

(n)
k,t ; ζ

(n)
k+1,t+1)z

(n)
k+1,t∥

2]

≤ 4L2
g
1

N
E[∥Zk,t+1 − Zk,t∥2F ] + 4C2

J
1

N
E[∥Zk+1,t+1 − Zk+1,t∥2F ] + 4∆2

kL
2
H

1

N
E[∥Yk−1,t+1 − Yk−1,t∥2F ]

+ 4(∆2
kL

2
H +∆2

k+1L
2
J)

1

N
E[∥Yk,t+1 − Yk,t∥2F ] + 4∆2

k+1L
2
J
1

N
E[∥Yk+1,t+1 − Yk+1,t∥2F ] .

When k = K, we derive

1

N
E[∥ṼK,t+1,t+1 − ṼK,t,t+1∥2F ] =

1

N

N∑
n=1

E[∥∇2
11f

(n)
K (y

(n)
K,t, y

(n)
K−1,t; ζ

(n)
K,t+1)z

(n)
K,t −∇2f

(n)
K+1(x

(n)
t , y

(n)
K,t; ξ

(n)
t+1)

−∇2
11f

(n)
K (y

(n)
K,t+1, y

(n)
K−1,t+1; ζ

(n)
K,t+1)z

(n)
K,t+1 +∇2f

(n)
K+1(x

(n)
t+1, y

(n)
K,t+1; ξ

(n)
t+1)∥

2]

≤ 3
1

N

N∑
n=1

E[∥∇2
11f

(n)
K (y

(n)
K,t, y

(n)
K−1,t; ζ

(n)
K,t+1)z

(n)
K,t −∇2

11f
(n)
K (y

(n)
K,t, y

(n)
K−1,t; ζ

(n)
K,t+1)z

(n)
K,t+1∥

2]

+ 3
1

N

N∑
n=1

E[∥∇2
11f

(n)
K (y

(n)
K,t, y

(n)
K−1,t; ζ

(n)
K,t+1)z

(n)
K,t+1 −∇2

11f
(n)
K (y

(n)
K,t+1, y

(n)
K−1,t+1; ζ

(n)
K,t+1)z

(n)
K,t+1∥

2]
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+ 3
1

N

N∑
n=1

E[∥ − ∇2f
(n)
K+1(xt, yK,t; ξt+1) +∇2f

(n)
K+1(xt+1, yK,t+1; ξt+1)∥2]

≤ 3L2
g
1

N
E[∥ZK,t − ZK,t+1∥2] + 3L2

f
1

N
E[∥Xt+1 −Xt∥2] + 3∆2

KL
2
H

1

N
E[∥YK−1,t − YK−1,t+1∥2]

+ 3(∆2
KL

2
H + L2

f )
1

N
E[∥YK,t − YK,t+1∥2] .

D. Key Descent and Optimization Errors
Lemma D.1. Assuming that Assumptions 3.1 through 3.5 hold, and η ≤ 1

2γxLF
, the following inequality is true:

E[FK+1(x̄t+1)] ≤ E[FK+1(x̄t)]−
ηγx
2

E[∥∇F (x̄t)∥2]−
ηγx
4

E[∥m̄x
t ∥2] + ηγxE[∥(Gt −Mx

t )1
1

N
∥2]

+ 6ηγx∆
2
1L

2
JE[∥y∗1(x̄t)− ȳ1,t∥2] + 6ηγxL

2
fE[∥y∗K(x̄t)− ȳK,t∥2] + 6ηγxC

2
JE[∥z∗1(x̄t)− z̄1,t∥2]

+ 6ηγx(L
2
f +∆2

1L
2
J)

1

N
E[∥Xt(I − J)∥2F ] + 6ηγx∆

2
1L

2
J
1

N
E[∥Y1,t(I − J)∥2F ]

+ 6ηγxL
2
f
1

N
E[∥YK,t(I − J)∥2F ] + 6ηγxC

2
J
1

N
E[∥Z1,t(I − J)∥2F ] .

Proof. Since F (x) is LF -smooth, we derive

E[FK+1(x̄t+1)] ≤ E[FK+1(x̄t)] + E[⟨∇FK+1(x̄t), x̄t+1 − x̄t⟩] +
LF

2
E[∥x̄t+1 − x̄t∥2]

= E[FK+1(x̄t)]− ηγxE[⟨∇FK+1(x̄t), m̄
x
t ⟩] +

η2γ2
xLF

2
E[∥m̄x

t ∥2]

= E[FK+1(x̄t)]−
ηγx
2

E[∥∇FK+1(x̄t)∥2]−
ηγx
2

E[∥m̄x
t ∥2] +

ηγx
2

E[∥∇FK+1(x̄t)− m̄x
t ∥2] +

η2γ2
xLF

2
E[∥m̄x

t ∥2]

≤ E[FK+1(x̄t)]−
ηγx
2

E[∥∇FK+1(x̄t)∥2]−
ηγx
4

E[∥m̄x
t ∥2] +

ηγx
2

E[∥∇FK+1(x̄t)− m̄x
t ∥2]

≤ E[FK+1(x̄t)]−
ηγx
2

E[∥∇FK+1(x̄t)∥2]−
ηγx
4

E[∥m̄x
t ∥2] + ηγxE[∥(Gt −Mx

t )1
1

N
∥2] + ηγxE[∥∇FK+1(x̄t)−

1

N
Gt1∥2] ,

where the second to last step follows from η ≤ 1
2γxLF

. As for E[∥∇FK+1(x̄t)− 1
NGt1∥2], we decompose it as follows

E[∥∇FK+1(x̄t)−
1

N
Gt1∥2] = E[∥ 1

N

N∑
n=1

∇1f
(n)
K+1(x̄t, y

∗
K(x̄t)) +

1

N

N∑
n=1

(−1)K∇2
12f

(n)
1 (y∗1(x̄t), x̄t)z

∗
1(x̄t)

− 1

N

N∑
n=1

∇1f
(n)
K+1(x

(n)
t , y

(n)
K,t)−

1

N

N∑
n=1

(−1)K∇2
12f

(n)
1 (y

(n)
1,t , x

(n)
t )z

(n)
1,t ∥

2]

≤ 6E[∥ 1

N

N∑
n=1

∇1f
(n)
K+1(x̄t, y

∗
K(x̄t))−

1

N

N∑
n=1

∇1f
(n)
K+1(x̄t, ȳK,t)∥2]︸ ︷︷ ︸

T1

+ 6E[∥ 1

N

N∑
n=1

∇1f
(n)
K+1(x̄t, ȳK,t)−

1

N

N∑
n=1

∇1f
(n)
K+1(x

(n)
t , y

(n)
K,t)∥

2]︸ ︷︷ ︸
T2

+ 6E[∥ 1

N

N∑
n=1

(−1)K∇2
12f

(n)
1 (y∗1(x̄t), x̄t)z

∗
1(x̄t)−

1

N

N∑
n=1

(−1)K∇2
12f

(n)
1 (ȳ1,t, x̄t)z

∗
1(x̄t)∥2]︸ ︷︷ ︸

T3

(23)

+ 6E[∥ 1

N

N∑
n=1

(−1)K∇2
12f

(n)
1 (ȳ1,t, x̄t)z

∗
1(x̄t)−

1

N

N∑
n=1

(−1)K∇2
12f

(n)
1 (y

(n)
1,t , x

(n)
t )z∗1(x̄t)∥2]︸ ︷︷ ︸

T4

24



Distributed Stochastic K-Level Optimization Over Networks

+ 6E[∥ 1

N

N∑
n=1

(−1)K∇2
12f

(n)
1 (y

(n)
1,t , x

(n)
t )z∗1(x̄t)−

1

N

N∑
n=1

(−1)K∇2
12f

(n)
1 (y

(n)
1,t , x

(n)
t )z̄1,t∥2]︸ ︷︷ ︸

T5

+ 6E[∥ 1

N

N∑
n=1

(−1)K∇2
12f

(n)
1 (y

(n)
1,t , x

(n)
t )z̄1,t −

1

N

N∑
n=1

(−1)K∇2
12f

(n)
1 (y

(n)
1,t , x

(n)
t )z

(n)
1,t ∥

2]︸ ︷︷ ︸
T6

.

By bounding each term, we derive

T1 ≤ 6L2
fE[∥y∗K(x̄t)− ȳK,t∥2] , T2 ≤ 6L2

f
1

N

N∑
n=1

E[∥x(n)
t − x̄t∥2] + 6L2

f
1

N

N∑
n=1

E[∥y(n)
K,t − ȳK,t∥2] ,

T3 ≤ 6∆2
1L

2
JE[∥y∗1(x̄t)− ȳ1,t∥2] , T4 ≤ 6∆2

1L
2
J
1

N

N∑
n=1

E[∥x(n)
t − x̄t∥2] + 6∆2

1L
2
J
1

N

N∑
n=1

E[∥y(n)
1,t − ȳ1,t∥2] ,

T5 ≤ 6C2
JE[∥z∗1(x̄t)− z̄1,t∥2] , T6 ≤ 6C2

J
1

N

N∑
n=1

E[∥z̄1,t − z
(n)
1,t ∥

2] .

Combining these bounds yields

E[∥∇FK+1(x̄t)−
1

N
Gt1∥2] ≤ 6∆2

1L
2
JE[∥y∗1(x̄t)− ȳ1,t∥2] + 6L2

fE[∥y∗K(x̄t)− ȳK,t∥2] + 6C2
JE[∥z∗1(x̄t)− z̄1,t∥2]

+ 6(L2
f +∆2

1L
2
J)

1

N
E[∥Xt(I − J)∥2F ] + 6∆2

1L
2
J
1

N
E[∥Y1,t(I − J)∥2F ] + 6L2

f
1

N
E[∥YK,t(I − J)∥2F ] + 6C2

J
1

N
E[∥Z1,t(I − J)∥2F ] .

Therefore, we complete the proof.

Lemma D.2. (Optimization error regarding y) Assuming that Assumptions 3.1 through 3.5 hold, and γy ≤ 1
6Lg

, when
k ∈ {1, · · · ,K}, the following inequality is true:

E[∥ȳk,t+1 − y∗k(x̄t+1)∥2] ≤ (1− γyηµ

4
)E[∥y∗k(x̄t)− ȳk,t∥2]−

3ηγ2
y

4
E[∥m̄y

k,t∥
2] +

5ηγ2
x

γyµ
C2

ykE[∥m̄
x
t ∥2]

+
10γyη

µ
L2

gE[∥y∗k−1(x̄t)− ȳk−1,t∥2] +
20γyηL

2
g

µ

1

N
E[∥Yk,t(I − J)∥2F ] +

20γyηL
2
g

µ

1

N
E[∥Yk−1,t(I − J)∥2F ]

+
20γyη

µ
E[∥(My

k,t − Uk,t)1
1

N
∥2] .

Note that y∗0(x̄t)− ȳ0,t = 0 and Y0,t = Xt.

Proof. Here, we introduce a virtual variable ¯̃yk,t+1 = ȳk,t − γym̄
y
k,t. Then, it is easy to know that ȳk,t+1 = ȳk,t +

η(¯̃yk,t+1 − ȳk,t). Since fk(ȳk, y∗k−1(x̄)) is µ-strongly convex regarding ȳk, we derive

fk(y, y
∗
k(x̄t)) ≥ fk(ȳk,t, y

∗
k(x̄t)) + ⟨∇1fk(ȳk,t, y

∗
k(x̄t)), y − ȳk,t⟩+

µ

2
∥y − ȳk,t∥2

= fk(ȳk,t, y
∗
k(x̄t)) + ⟨∇1fk(ȳk,t, y

∗
k(x̄t)), ¯̃yk,t+1 − ȳk,t⟩+ ⟨∇1fk(ȳk,t, y

∗
k(x̄t)), y − ¯̃yk,t+1⟩+

µ

2
∥y − ȳk,t∥2 .

≥ fk(¯̃yk,t+1, y
∗
k(x̄t))−

Lg

2
∥¯̃yk,t+1 − ȳk,t∥2 + ⟨∇1fk(ȳk,t, y

∗
k(x̄t)), y − ¯̃yk,t+1⟩+

µ

2
∥y − ȳk,t∥2 .

The third term can be decomposed as

⟨∇1fk(ȳk,t, y
∗
k(x̄t)), y − ¯̃yk,t+1⟩ = ⟨∇1fk(ȳk,t, y

∗
k(x̄t))− m̄y

k,t, y − ỹk,t+1⟩+ ⟨m̄y
k,t, y − ¯̃yk,t+1⟩

= ⟨∇1fk(ȳk,t, y
∗
k(x̄t))− m̄y

k,t, y − ¯̃yk,t+1⟩+ ⟨m̄y
k,t, y − ȳk,t⟩+ ⟨m̄y

k,t, ȳk,t − ¯̃yk,t+1⟩ .

Combining these results yield

fk(y, y
∗
k(x̄t)) ≥ fk(¯̃yk,t+1, y

∗
k(x̄t)) +

µ

2
∥y − ȳk,t∥2 + (γy −

γ2
yLg

2
)∥m̄y

k,t∥
2
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+ ⟨∇1fk(ȳk,t, y
∗
k(x̄t))− m̄y

k,t, y − ¯̃yk,t+1⟩+ ⟨m̄y
k,t, y − ȳk,t⟩ .

Then, by setting y = y∗k(x̄t), we obtain

fk(y
∗
k(x̄t), y

∗
k−1(x̄t)) ≥ fk(¯̃yk,t+1, y

∗
k−1(x̄t)) +

µ

2
∥y∗k(x̄t)− ȳk,t∥2 + (γy −

γ2
yLg

2
)∥m̄y

k,t∥
2 + ⟨m̄y

k,t, y
∗
k(x̄t)− ȳk,t⟩

+ ⟨∇1fk(ȳk,t, y
∗
k−1(x̄t))− m̄y

k,t, y
∗
k(x̄t)− ¯̃yk,t+1⟩

= fk(¯̃yk,t+1, y
∗
k−1(x̄t)) +

µ

2
∥y∗k(x̄t)− ȳk,t∥2 + (γy −

γ2
yLg

2
)∥m̄y

k,t∥
2 + ⟨m̄y

k,t, y
∗
k(x̄t)− ȳk,t⟩ −

1

2γyη
∥ȳk,t − y∗k(x̄t)∥2

− γyη

2
∥m̄y

k,t∥
2 +

1

2γyη
∥ȳk,t+1 − y∗k(x̄t)∥2 + ⟨∇1fk(ȳk,t, y

∗
k−1(x̄t))− m̄y

k,t, y
∗
k(x̄t)− ¯̃yk,t+1⟩︸ ︷︷ ︸

T1

,

where the last step follows from ∥ȳk,t+1 − y∗k(x̄t)∥2 = ∥ȳk,t + η(¯̃yk,t+1 − ȳk,t) − y∗k(x̄t)∥2 = ∥ȳk,t − y∗k(x̄t)∥2 +
γ2yη

2∥m̄y
k,t∥2 − 2ηγy⟨ȳk,t − y∗k(x̄t), m̄

y
k,t⟩. In particular, T1 can be decomposed as

T1 = ⟨∇1fk(ȳk,t, y
∗
k−1(x̄t))− m̄y

k,t, y
∗
k(x̄t)− ȳk,t⟩+ ⟨∇1fk(ȳk,t, y

∗
k−1(x̄t))− m̄y

k,t, ȳk,t − ¯̃yk,t+1⟩

≥ − 1

µ
∥∇1fk(ȳk,t, y

∗
k−1(x̄t))− m̄y

k,t∥
2 − µ

4
∥y∗k(x̄t)− ȳk,t∥2 −

1

µ
∥∇1fk(ȳk,t, y

∗
k−1(x̄t))− m̄y

k,t∥
2 − µ

4
∥ȳk,t − ¯̃yk,t+1∥2 .

Combining these results with µ ≤ Lg yields

fk(y
∗
k(x̄t), y

∗
k−1(x̄t)) = fk(¯̃yk,t+1, y

∗
k−1(x̄t)) + (

µ

4
− 1

2γyη
)∥y∗k(x̄t)− ȳk,t∥2 + (

γy
2

−
3γ2

yLg

4
)∥m̄y

k,t∥
2

− 2

µ
∥∇1fk(ȳk,t, y

∗
k−1(x̄t))− m̄y

k,t∥
2 +

1

2γyη
∥ȳk,t+1 − y∗k(x̄t)∥2 .

Because y∗k(x̄t) is the optimal solution of the strongly convex problem, we have fk(¯̃yk,t+1, y
∗
k−1(x̄t)) ≥

fk(y
∗
k(x̄t), y

∗
k−1(x̄t)). Then, we obtain

(
µ

4
− 1

2γyη
)∥y∗k(x̄t)− ȳk,t∥2 + (

γy
2

−
3γ2

yLg

4
)∥m̄y

k,t∥
2 − 2

µ
∥∇1fk(ȳk,t, y

∗
k−1(x̄t))− m̄y

k,t∥
2 +

1

2γyη
∥ȳk,t+1 − y∗k(x̄t)∥2 ≤ 0 .

By setting γy ≤ 1
6Lg

, we have

∥ȳk,t+1 − y∗k(x̄t)∥2 ≤ (1− γyηµ

2
)∥y∗k(x̄t)− ȳk,t∥2 −

3γ2
yη

4
∥m̄y

k,t∥
2 +

4γyη

µ
∥∇1fk(ȳk,t, y

∗
k−1(x̄t))− m̄y

k,t∥
2 . (24)

Then, we have

∥ȳk,t+1 − y∗k(x̄t+1)∥2 ≤ (1 + c)∥ȳk,t+1 − y∗k(x̄t)∥2 + (1 + 1/c)∥y∗k(x̄t+1)− y∗k(x̄t)∥2

≤ (1 + c)(1− γyηµ

2
)∥y∗k(x̄t)− ȳk,t∥2 − (1 + c)

3γ2
yη

4
∥m̄y

k,t∥
2

+ (1 + c)
4γyη

µ
∥∇1fk(ȳk,t, y

∗
k−1(x̄t))− m̄y

k,t∥
2 + (1 + 1/c)∥y∗k(x̄t+1)− y∗k(x̄t)∥2 (25)

≤ (1− γyηµ

4
)∥y∗k(x̄t)− ȳk,t∥2 −

3ηγ2
y

4
∥m̄y

k,t∥
2 +

5γyη

µ
∥∇1fk(ȳk,t, y

∗
k−1(x̄t))− m̄y

k,t∥
2 +

5ηγ2
x

γyµ
C2

yk∥m̄
x
t ∥2 .

where the last step follows from c =
γyηµ
4 . In addition, we derive:

∥∇1fk(ȳk,t, y
∗
k−1(x̄t))− m̄y

k,t∥
2 ≤ 2∥∇1fk(ȳk,t, y

∗
k−1(x̄t))−∇1fk(ȳk,t, ȳk−1,t)∥2 + 2∥∇1fk(ȳk,t, ȳk−1,t)− m̄y

k,t∥
2

≤ 2L2
g∥y∗k−1(x̄t)− ȳk−1,t∥2 + 4∥ 1

N

N∑
n=1

∇1f
(n)
k (ȳk,t, ȳk−1,t)−

1

N

N∑
n=1

∇1f
(n)
k (y

(n)
k,t , y

(n)
k−1,t)∥

2

+ 4∥ 1

N

N∑
n=1

∇1f
(n)
k (y

(n)
k,t , y

(n)
k−1,t)− m̄y

k,t∥
2 . (26)
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≤ 2L2
g∥y∗k−1(x̄t)− ȳk−1,t∥2 +

4

N
∥Yk,t(I − J)∥2F +

4

N
∥Yk−1,t(I − J)∥2F + 4∥(My

k,t − Uk,t)1
1

N
∥2 .

Finally, combining Eq. (24), (25), and (26), we obtain

E[∥ȳk,t+1 − y∗k(x̄t+1)∥2]

≤ (1− γyηµ

4
)E[∥y∗k(x̄t)− ȳk,t∥2]−

3ηγ2
y

4
E[∥m̄y

k,t∥
2] +

5ηγ2
x

γyµ
C2

ykE[∥m̄
x
t ∥2] +

10γyη

µ
L2

gE[∥y∗k−1(x̄t)− ȳk−1,t∥2]

+
20γyηL

2
g

µ

1

N
E[∥Yk,t(I − J)∥2F ] +

20γyηL
2
g

µ

1

N
E[∥Yk−1,t(I − J)∥2F ] +

20γyη

µ
E[∥(My

k,t − Uk,t)1
1

N
∥2] .

Lemma D.3. (Optimization error regarding z) Assuming that Assumptions 3.1 through 3.5 hold, when η < 1
γzµ

, for
k ∈ {1, · · · ,K − 1}, the following inequality is true:

E[∥z̄k,t+1 − z∗k(x̄t+1)∥2] ≤ (1− γzηµ

8
)E[∥z̄k,t − z∗k(x̄t)∥2] +

15γzηC
2
J

µ
E[∥z̄k+1,t − z∗k+1(x̄t)∥2]

+
15γzη

µ
L2

J∆
2
k+1E[∥ȳk+1,t − y∗k+1(x̄t)∥2] +

15γzη

µ
(L2

H∆2
k + L2

J∆
2
k+1)E[∥ȳk,t − y∗k(x̄t)∥2]

+
15γzη

µ
L2

H∆2
kE[∥ȳk−1,t − y∗k(x̄t−1)∥2] + 3ηγ2

z
1

N
E[∥Rk,t(I − J)∥2F ] +

9γ2
xη

γzµ
C2

zkE[∥m̄
x
t ∥2]

+
12γzη

µ
E[∥(Mz

k,t − Vk,t)1
1

N
∥2] + 45γzη

µ
(∆2

kL
2
H +∆2

k+1L
2
J)

1

N
E[∥Yk,t(I − J)∥2F ]

+
45γzη

µ
∆2

kL
2
H

1

N
E[∥Yk−1,t(I − J)∥2F ] +

40γzη

µ
∆2

k+1L
2
J
1

N
E[∥Yk+1,t(I − J)∥2F ]

+ (
45γzη

µ
L2

g + 3)
1

N
E[∥Zk,t(I − J)∥2F ] +

45γzη

µ
C2

J
1

N
E[∥Zk+1,t(I − J)∥2F ] .

Note that Y0,t = Xt and ȳ0,t − y∗0(x̄t) = 0.

When k = K, the following inequality is true:

E[∥z̄K,t+1 − z∗K(x̄t+1)∥2] ≤ (1− γzηµ

8
)E[∥z̄K,t − z∗K(x̄t)∥2] +

15γzη

µ
(L2

H∆2
K + L2

J∆
2
K+1)E[∥ȳK,t − y∗K(x̄t)∥2]

+
15γzη

µ
L2

H∆2
KE[∥ȳK−1,t − y∗K(x̄t−1)∥2] + 3ηγ2

z
1

N
E[∥RK,t(I − J)∥2F ] +

9γ2
xη

γzµ
C2

zKE[∥m̄x
t ∥2]

+
12γzη

µ
E[∥(Mz

K,t − VK,t)1
1

N
∥2] + 45γzη

µ
(∆2

KL
2
H +∆2

K+1L
2
J)

1

N
E[∥YK,t(I − J)∥2F ]

+
45γzη

µ
∆2

KL
2
H

1

N
E[∥YK−1,t(I − J)∥2F ] + (

45γzη

µ
L2

g + 3)
1

N
E[∥ZK,t(I − J)∥2F ] .

Proof. For any k ∈ {1, · · · ,K − 1}, we have

E[∥z̄k,t+1 − z∗k(x̄t)∥2] = E[∥ 1

N

N∑
n=1

P(z
(n)
k,t − γzηr

(n)
k,t + η

∑
j∈Nn

wnj(z
(j)
k,t − z

(n)
k,t ))− z∗k(x̄t)∥2]

≤ 1

N

N∑
n=1

E[∥P(z
(n)
k,t − γzηr

(n)
k,t + η

∑
j∈Nn

wnj(z
(j)
k,t − z

(n)
k,t ))− z∗k(x̄t)∥2]

≤ 1

N

N∑
n=1

E[∥z(n)
k,t − γzηr

(n)
k,t + η

∑
j∈Nn

wnj(z
(j)
k,t − z

(n)
k,t )− z∗k(x̄t)∥2]

=
1

N

N∑
n=1

E[∥η
∑
j∈Nn

wnjz
(j)
k,t − ηz̄k,t − ηγzr

(n)
k,t + ηγz r̄k,t + (1− η)z

(n)
k,t − (1− η)z̄k,t + z̄k,t − ηγz r̄k,t − z∗k(x̄t)∥2]

≤ 1

N

N∑
n=1

E[∥η
∑
j∈Nn

wnjz
(j)
k,t − ηz̄k,t − ηγzr

(n)
k,t + ηγz r̄k,t + (1− η)z

(n)
k,t − (1− η)z̄k,t∥2]

27



Distributed Stochastic K-Level Optimization Over Networks

+ 2
1

N

N∑
n=1

E
[〈
z̄k,t − ηγz r̄k,t − z∗k(x̄t), η

∑
j∈Nn

wnjz
(j)
k,t − ηz̄k,t − ηγzr

(n)
k,t + ηγz r̄k,t + (1− η)z

(n)
k,t − (1− η)z̄k,t

〉]
+ E[∥z̄k,t − ηγz r̄k,t − z∗k(x̄t)∥2]

=
1

N

N∑
n=1

E[∥η
∑
j∈Nn

wnjz
(j)
k,t − ηz̄k,t − ηγzr

(n)
k,t + ηγz r̄k,t + (1− η)z

(n)
k,t − (1− η)z̄k,t∥2]︸ ︷︷ ︸

T1

+ E[∥z̄k,t − ηγz r̄k,t − z∗k(x̄t)∥2] ,

where the sixth step follows from the fact 1
N

∑N
n=1(

∑
j∈Nn

wnjz
(j)
k,t − ηz̄k,t − ηγzv

(n)
k,t + ηγz v̄zk,t + (1− η)z

(n)
k,t − (1−

η)z̄k,t) = 0. For T1, we derive

T1 ≤ 1

N

N∑
n=1

(1 +
1− η

η
)η2E[∥

∑
j∈Nn

wnjz
(j)
k,t − z̄k,t − γzr

(n)
k,t + γz r̄k,t∥2] +

1

N

N∑
n=1

(1 +
η

1− η
)(1− η)2E[∥z(n)

k,t − z̄k,t∥2]

≤ 2η
1

N

N∑
n=1

E[∥
∑
j∈Nn

wnjz
(j)
k,t − z̄k,t∥2] + 2ηγ2

z
1

N

N∑
n=1

E[∥r(n)
k,t − r̄k,t∥2] + (1− η)

1

N

N∑
n=1

E[∥z(n)
k,t − z̄k,t∥2]

≤ 2
1

N
E[∥Zk,t(I − J)∥2F + 2ηγ2

z
1

N
E[∥Rk,t(I − J)∥2F ,

where the last step follows from
∑N

n=1 ∥
∑

j∈Nn
wnjz

(j)
k,t − z̄k,t∥2 ≤ λ2

∑N
n=1 ∥z

(n)
k,t − z̄k,t∥2 = λ2∥Zk,t(I − J)∥2F and

2ηλ2 + 1− η ≤ 2η + 1− η ≤ 1 + η ≤ 2. Thus, we obtain

E[∥z̄k,t+1 − z∗k(x̄t)∥2] ≤ 2
1

N
E[∥Zk,t(I − J)∥2F + 2ηγ2

z
1

N
E[∥Rk,t(I − J)∥2F + E[∥z̄k,t − ηγz r̄k,t − z∗k(x̄t)∥2] . (27)

As for ∥z̄k,t − ηγz r̄k,t − z∗k(x̄t)∥2, we have

E[∥z̄k,t − ηγz r̄k,t − z∗k(x̄t)∥2] = E[∥z̄k,t − ηγz v̄k,t − z∗k(x̄t)∥2]

≤ (1 +
γzηµ

4
)E[∥z̄k,t − z∗k(x̄t)− ηγz(∇2

11fk(ȳk,t, ȳk−1,t)z̄k,t −∇2
12fk+1(ȳk+1,t, ȳk,t)z̄k+1,t)∥2]︸ ︷︷ ︸

T2

+ (1 +
4

γzηµ
)η2γ2

z E[∥∇2
11fk(ȳk,t, ȳk−1,t)z̄k,t −∇2

12fk+1(ȳk+1,t, ȳk,t)z̄k+1,t − v̄k,t∥2]︸ ︷︷ ︸
T3

, (28)

where the first step follows from r̄k,t = v̄k,t.

For T2, we decompose it as follows

T2 = E[∥z̄k,t − z∗k(x̄t)− ηγz
(
∇2

11fk(ȳk,t, ȳk−1,t)z̄k,t −∇2
12fk+1(ȳk+1,t, ȳk,t)z̄k+1,t

)
+ ηγz

(
∇2

11fk(y
∗
k(x̄t), y

∗
k−1(x̄t))z

∗
k(x̄t)−∇2

12fk+1(y
∗
k+1(x̄t), y

∗
k(x̄t))z

∗
k+1(x̄t)

)
∥2]

= E[∥(I − ηγz∇2
11fk(ȳk,t, ȳk−1,t))z̄k,t − (I − ηγz∇2

11fk(y
∗
k(x̄t), y

∗
k−1(x̄t))z

∗
k(x̄t)

+ ηγz
(
∇2

12fk+1(ȳk+1,t, ȳk,t)z̄k+1,t −∇2
12fk+1(y

∗
k+1(x̄t), y

∗
k(x̄t))z

∗
k+1(x̄t)

)
∥2]

≤ (1 +
γzηµ

2
)E[∥(I − ηγz∇2

11fk(ȳk,t, ȳk−1,t))z̄k,t − (I − ηγz∇2
11fk(ȳk,t, ȳk−1,t))z

∗
k(x̄t)∥2]︸ ︷︷ ︸

T2,1

+ 3(1 +
2

γzηµ
)E[∥(I − ηγz∇2

11fk(ȳk,t, ȳk−1,t))z
∗
k(x̄t)− (I − ηγz∇2

11fk(y
∗
k(x̄t), y

∗
k−1(x̄t))z

∗
k(x̄t)∥2]︸ ︷︷ ︸

T2,2

+ 3η2γ2
z (1 +

2

γzηµ
)E[∥∇2

12fk+1(ȳk+1,t, ȳk,t)z̄k+1,t −∇2
12fk+1(ȳk+1,t, ȳk,t)z

∗
k+1(x̄t)∥2]︸ ︷︷ ︸

T2,3

+ 3η2γ2
z (1 +

2

γzηµ
)E[∥∇2

12fk+1(ȳk+1,t, ȳk,t)z
∗
k+1(x̄t)−∇2

12fk+1(y
∗
k+1(x̄t), y

∗
k(x̄t))z

∗
k+1(x̄t)∥2]︸ ︷︷ ︸

T2,4

.
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By bounding each term, we derive

T2,1 ≤ (1− γzηµ)
2E[∥z̄k,t − z∗k(x̄t)∥2] , T2,2 ≤ C2

JE[∥z̄k+1,t − z∗k+1(x̄t)∥2] ,
T2,3 ≤ L2

H∆2
kE[∥ȳk,t − y∗k(x̄t)∥2] + L2

H∆2
kE[∥ȳk−1,t − y∗k(x̄t−1)∥2] ,

T2,4 ≤ L2
J∆

2
k+1E[∥ȳk+1,t − y∗k+1(x̄t)∥2] + L2

J∆
2
k+1E[∥ȳk,t − y∗k(x̄t)∥2] .

Combining these bounds with η < 1
γzµ

yields

T2 ≤ (1− γzηµ

2
)E[∥z̄k,t − z∗k(x̄t)∥2] +

9γzηC
2
J

µ
E[∥z̄k+1,t − z∗k+1(x̄t)∥2] +

9γzη

µ
L2

J∆
2
k+1E[∥ȳk+1,t − y∗k+1(x̄t)∥2]

+
9γzη

µ
(L2

H∆2
k + L2

J∆
2
k+1)E[∥ȳk,t − y∗k(x̄t)∥2] +

9γzη

µ
L2

H∆2
kE[∥ȳk−1,t − y∗k(x̄t−1)∥2] .

For T3, following Eq. (23), we decompose it and bounding each term, and obtain

T3 ≤ 2E[∥(Mz
k,t − Vk,t)1

1

N
∥2] + 8(∆2

kL
2
H +∆2

k+1L
2
J)

1

N
E[∥Yk,t(I − J)∥2F ] + 8∆2

kL
2
H

1

N
E[∥Yk−1,t(I − J)∥2F ]

+ 8∆2
k+1L

2
J
1

N
E[∥Yk+1,t(I − J)∥2F ] + 8L2

g
1

N
E[∥Zk,t(I − J)∥2F ] + 8C2

J
1

N
E[∥Zk+1,t(I − J)∥2F ] .

Finally, plugging T2 and T3 into Eq. (28), combining Eq. (27) with η < 1
γzµ

, we obtain

E[∥z̄k,t+1 − z∗k(x̄t+1)∥2] ≤ (1 +
γzηµ

8
)E[∥z̄k,t+1 − z∗k(x̄t)∥2] + (1 +

8

γzηµ
)E[∥z∗k(x̄t+1)− z∗k(x̄t)∥2]

≤ (1 +
γzηµ

8
)E[∥z̄k,t − ηγz r̄k,t − z∗k(x̄t)∥2] + 2(1 +

γzηµ

8
)
1

N
E[∥Zk,t(I − J)∥2F ]

+ 2ηγ2
z (1 +

γzηµ

8
)
1

N
E[∥Rk,t(I − J)∥2F ] + (1 +

8

γzηµ
)E[∥z∗k(x̄t+1)− z∗k(x̄t)∥2]

≤ (1− γzηµ

8
)E[∥z̄k,t − z∗k(x̄t)∥2] +

15γzηC
2
J

µ
E[∥z̄k+1,t − z∗k+1(x̄t)∥2] +

15γzη

µ
L2

J∆
2
k+1E[∥ȳk+1,t − y∗k+1(x̄t)∥2]

+
15γzη

µ
(L2

H∆2
k + L2

J∆
2
k+1)E[∥ȳk,t − y∗k(x̄t)∥2] +

15γzη

µ
L2

H∆2
kE[∥ȳk−1,t − y∗k(x̄t−1)∥2]

+
12γzη

µ
E[∥(Mz

k,t − Vk,t)1
1

N
∥2] + 45γzη

µ
(∆2

kL
2
H +∆2

k+1L
2
J)

1

N
E[∥Yk,t(I − J)∥2F ]

+
45γzη

µ
∆2

kL
2
H

1

N
E[∥Yk−1,t(I − J)∥2F ] +

40γzη

µ
∆2

k+1L
2
J
1

N
E[∥Yk+1,t(I − J)∥2F ]

+ (
45γzη

µ
L2

g + 3)
1

N
E[∥Zk,t(I − J)∥2F ] +

45γzη

µ
C2

J
1

N
E[∥Zk+1,t(I − J)∥2F ]

+ 3ηγ2
z
1

N
E[∥Rk,t(I − J)∥2F ] +

9γ2
xη

γzµ
C2

zkE[∥m̄
x
t ∥2] .

With the same approach, we prove the case for k = K so that we omit its proof.

Lemma D.4. (Upper bound regarding momentum of z) Assuming that Assumptions 3.1 through 3.5 hold, for any
k ∈ {1, · · · ,K − 1}, the following inequality is true:

E[∥m̄z
k,t∥2] ≤ 3E[∥(Mz

k,t − Vk,t)1
1

N
∥2] + 12L2

g
1

N
E[∥Zk,t(I − J)∥2F ] + 12C2

J
1

N
E[∥Zk+1,t(I − J)∥2F ]

+ 12(∆2
kL

2
H +∆2

k+1L
2
J)

1

N
E[∥Yk,t(I − J)∥2F ] + 12∆2

kL
2
H

1

N
E[∥Yk−1,t(I − J)∥2F ]

+ 12∆2
k+1L

2
J
1

N
E[∥Yk+1,t(I − J)∥2F ] + 12(∆2

kL
2
H +∆2

k+1L
2
J)E[∥ȳk,t − y∗k(x̄t)∥2]

+ 12∆2
kL

2
HE[∥ȳk−1,t − y∗k−1(x̄t)∥2] + 12∆2

k+1L
2
JE[∥ȳk+1,t − y∗k+1(x̄t)∥2]

+ 12L2
gE[∥z̄k,t − z∗k(x̄t)∥2] + 12C2

JE[∥z̄k+1,t − z∗k+1(x̄t)∥2] .

Note that ȳ0,t − y∗0(x̄t) = 0. When k = K, the following inequality is true:

E[∥m̄z
K,t∥2] ≤ 3E[∥(Mz

K,t − VK,t)1
1

N
∥2] + 12L2

g
1

N
E[∥ZK,t(I − J)∥2F ] + 12L2

f
1

N
E[∥Xt(I − J)∥2F ]
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+ 12(∆2
KL

2
H + L2

f )
1

N
E[∥YK,t(I − J)∥2F ] + 12∆2

KL
2
H

1

N
E[∥YK−1,t(I − J)∥2F ]

+ 12(∆2
KL

2
H + L2

f )E[∥ȳK,t − y∗K(x̄t)∥2] + 12∆2
KL

2
HE[∥ȳK−1,t − y∗K−1(x̄t)∥2] + 12L2

gE[∥z̄K,t − z∗K(x̄t)∥2] .

Proof. When k ∈ {1, · · · ,K − 1}, we obtain

1

N
E[∥V̄k(Xt, {Yk′,t}Kk′=1, {Zk′,t}Kk′=1)− V̄k(X̄t, {Ȳk′,t}Kk′=1, {Z̄k′,t}Kk′=1)∥2F ]

= E[∥ 1

N

N∑
n=1

∇2
11f

(n)
k (y

(n)
k,t , y

(n)
k−1,t)z

(n)
k,t − 1

N

N∑
n=1

∇2
12f

(n)
k+1(y

(n)
k+1,t, y

(n)
k,t )z

(n)
k+1,t

−∇2
11gk(ȳk,t, ȳk−1,t)z̄k,t +∇2

12gk+1(ȳk+1,t, ȳk,t)z̄k+1,t∥2]

≤ 4E[∥ 1

N

N∑
n=1

∇2
11f

(n)
k (y

(n)
k,t , y

(n)
k−1,t)z

(n)
k,t − 1

N

N∑
n=1

∇2
11f

(n)
k (y

(n)
k,t , y

(n)
k−1,t)z̄k,t∥

2]

+ 4E[∥ 1

N

N∑
n=1

∇2
11f

(n)
k (y

(n)
k,t , y

(n)
k−1,t)z̄k,t −∇2

11gk(ȳk,t, ȳk−1,t)z̄k,t∥2]

+ 4E[∥ − 1

N

N∑
n=1

∇2
12f

(n)
k+1(y

(n)
k+1,t, y

(n)
k,t )z

(n)
k+1,t +

1

N

N∑
n=1

∇2
12f

(n)
k+1(y

(n)
k+1,t, y

(n)
k,t )z̄k+1,t∥2]

+ 4E[∥ − 1

N

N∑
n=1

∇2
12f

(n)
k+1(y

(n)
k+1,t, y

(n)
k,t )z̄k+1,t +∇2

12gk+1(ȳk+1,t, ȳk,t)z̄k+1,t∥2]

≤ 4L2
g
1

N
E[∥Zk,t(I − J)∥2F ] + 4C2

J
1

N
E[∥Zk+1,t(I − J)∥2F ] + 4(∆2

kL
2
H +∆2

k+1L
2
J)

1

N
E[∥Yk,t(I − J)∥2F ]

+ 4∆2
kL

2
H

1

N
E[∥Yk−1,t(I − J)∥2F ] + 4∆2

k+1L
2
J
1

N
E[∥Yk+1,t(I − J)∥2F ] . (29)

Moreover, when k ∈ {1, · · · ,K − 1}, we derive

1

N
E[∥V̄k(X̄t, {Ȳk′,t}Kk′=1, {Z̄k′,t}Kk′=1)∥2F ] = E[∥∇2

11fk(ȳk,t, ȳk−1,t)z̄k,t −∇2
12fk+1(ȳk+1,t, ȳk,t)z̄k+1,t∥2]

= E[∥∇2
11fk(ȳk,t, ȳk−1,t)z̄k,t −∇2

12fk+1(ȳk+1,t, ȳk,t)z̄k+1,t

−∇2
11fk(y

∗
k(x̄t), y

∗
k−1(x̄t))z

∗
k(x̄t) +∇2

12fk+1(y
∗
k+1(x̄t), y

∗
k(x̄t))z

∗
k+1(x̄t)∥2]

≤ 4E[∥∇2
11fk(ȳk,t, ȳk−1,t)z̄k,t −∇2

11fk(y
∗
k(x̄t), y

∗
k−1(x̄t))z̄k,t∥2]

+ 4E[∥∇2
11fk(y

∗
k(x̄t), y

∗
k−1(x̄t))z̄k,t −∇2

11fk(y
∗
k(x̄t), y

∗
k−1(x̄t))z

∗
k(x̄t)∥2]

+ 4E[∥ − ∇2
12fk+1(ȳk+1,t, ȳk,t)z̄k+1,t +∇2

12fk+1(y
∗
k+1(x̄t), y

∗
k(x̄t))z̄k+1,t∥2]

+ 4E[∥ − ∇2
12fk+1(y

∗
k+1(x̄t), y

∗
k(x̄t))z̄k+1,t +∇2

12fk+1(y
∗
k+1(x̄t), y

∗
k(x̄t))z

∗
k+1(x̄t)∥2]

≤ 4(∆2
kL

2
H +∆2

k+1L
2
J)E[∥ȳk,t − y∗k(x̄t)∥2] + 4∆2

kL
2
HE[∥ȳk−1,t − y∗k−1(x̄t)∥2]

+ 4∆2
k+1L

2
JE[∥ȳk+1,t − y∗k+1(x̄t)∥2] + 4L2

gE[∥z̄k,t − z∗k(x̄t)∥2] + 4C2
JE[∥z̄k+1,t − z∗k+1(x̄t)∥2] , (30)

where the second step follows from ∇2
11fk(y

∗
k(x̄t), y

∗
k−1(x̄t))z

∗
k(x̄t)−∇2

12fk+1(y
∗
k+1(x̄t), y

∗
k(x̄t))z

∗
k+1(x̄t) = 0, the last

step follows from Assumption 3.3 and the projection regarding z.

By combining Eq. (29) and Eq. (30), we derive

E[∥m̄z
k,t∥2] =

1

N
E[∥M̄z

k,t∥2F ]

≤ 3
1

N
E[∥M̄z

k,t − V̄k(Xt, {Yk′,t}Kk′=1, {Zk′,t}Kk′=1)∥2F ] + 3
1

N
E[∥V̄k(X̄t, {Ȳk′,t}Kk′=1, {Z̄k′,t}Kk′=1)∥2F ]

+ 3
1

N
E[∥V̄k(Xt, {Yk′,t}Kk′=1, {Zk′,t}Kk′=1)− V̄k(X̄t, {Ȳk′,t}Kk′=1, {Z̄k′,t}Kk′=1)∥2F ]

≤ 3E[∥(Mz
k,t − Vk,t)1

1

N
∥2] + 12L2

g
1

N
E[∥Zk,t(I − J)∥2F ] + 12C2

J
1

N
E[∥Zk+1,t(I − J)∥2F ]

+ 12(∆2
kL

2
H +∆2

k+1L
2
J)

1

N
E[∥Yk,t(I − J)∥2F ] + 12∆2

kL
2
H

1

N
E[∥Yk−1,t(I − J)∥2F ]

+ 12∆2
k+1L

2
J
1

N
E[∥Yk+1,t(I − J)∥2F ] + 12(∆2

kL
2
H +∆2

k+1L
2
J)E[∥ȳk,t − y∗k(x̄t)∥2]
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+ 12∆2
kL

2
HE[∥ȳk−1,t − y∗k−1(x̄t)∥2] + 12∆2

k+1L
2
JE[∥ȳk+1,t − y∗k+1(x̄t)∥2]

+ 12L2
gE[∥z̄k,t − z∗k(x̄t)∥2] + 12C2

JE[∥z̄k+1,t − z∗k+1(x̄t)∥2] .

Similarly, we prove the cases for k = K. Therefore, we omit it.

E. Gradient Estimation Errors
Lemma E.1. (Global gradient estimation error regarding x) Assuming that Assumptions 3.1 through 3.5 hold, and
αxη

2 ∈ (0, 1), the following inequality is true:

E[∥(Gt+1 −Mx
t+1)1

1

N
∥2] ≤ (1− αxη

2)E[∥(Mx
t −Gt)1

1

N
∥2] + 3(∆2

1L
2
J + L2

f )
1

N2
E[∥Xt −Xt+1∥2F ]

+ 3C2
J

1

N2
E[∥Z1,t − Z1,t+1∥2F ] + 3L2

f
1

N2
E[∥YK,t − YK,t+1∥2F ] + 3∆2

1L
2
J

1

N2
E[∥Y1,t − Y1,t+1∥2F ] + 2α2

xη
4 σ̂

2
F

N
.

When t = 0, E[∥(Mx
0 −G0)1

1
N ∥2] ≤ σ̂2

F

NS0
, S0 is the batch size for initialization.

Proof. According to the definition of m(n)
x,t+1, we derive

E[∥(Mx
t+1 −Gt+1)1

1

N
∥2] = E[∥((1− αxη

2)(Mx
t − G̃t,t+1) + G̃t+1,t+1 −Gt+1)1

1

N
∥2]

= E[∥((1− αxη
2)(Mx

t −Gt) + (1− αxη
2)(Gt − G̃t,t+1 + G̃t+1,t+1 −Gt+1) + αxη

2(G̃t+1,t+1 −Gt+1))1
1

N
∥2]

= E[∥((1− αxη
2)(Mx

t −Gt))1
1

N
∥2] + 1

N2
E[∥(1− αxη

2)(Gt − G̃t,t+1 + G̃t+1,t+1 −Gt+1) + αxη
2(G̃t+1,t+1 −Gt+1)∥2F ]

≤ (1− αxη
2)E[∥(Mx

t −Gt)1
1

N
∥2] + 2

1

N2
E[∥G̃t+1,t+1 − G̃t,t+1∥2F ] + 2α2

xη
4 1

N2
E[∥G̃t+1,t+1 −Gt+1∥2F ]

≤ (1− αxη
2)E[∥(Mx

t −Gt)1
1

N
∥2] + 3(∆2

1L
2
J + L2

f )
1

N2
E[∥Xt −Xt+1∥2F ] + 3C2

J
1

N2
E[∥Z1,t − Z1,t+1∥2F ]

+ 3L2
f

1

N2
E[∥YK,t − YK,t+1∥2F ] + 3∆2

1L
2
J

1

N2
E[∥Y1,t − Y1,t+1∥2F ] + 2α2

xη
4 σ̂

2
F

N
,

where the third step follows from the fact E[(1−αxη
2)(Gt− G̃t,t+1+ G̃t+1,t+1−Gt+1)+αxη

2(G̃t+1,t+1−Gt+1)] = 0,
and the fact that the sampling operation on different workers is independent, the fourth step follows from αxη

2 ∈ (0, 1)
and the fact E[∥a− E[a]∥2] ≤ E[∥a∥2] for any random variable a, the last step follows from Lemma C.5 and Lemma C.7.
When t = 0, it directly follows from Lemma C.5, with batch size as S0.

Lemma E.2. (Local gradient estimation error regarding x) Given Assumptions 3.1-3.4 and αxη
2 ∈ (0, 1), the following

inequality is true:

1

N
E[∥Mx

t+1 −Gt+1∥2F ] ≤ (1− αxη
2)

1

N
E[∥Mx

t −Gt∥2F ] + 3(∆2
1L

2
J + L2

f )
1

N
E[∥Xt −Xt+1∥2F ]

+ 3C2
J
1

N
E[∥Z1,t − Z1,t+1∥2F ] + 3L2

f
1

N
E[∥YK,t − YK,t+1∥2F ] + 3∆2

1L
2
J
1

N
E[∥Y1,t − Y1,t+1∥2F ] + 2α2

xη
4σ̂2

F .

When t = 0, 1
NE[∥Mx

0 −G0∥2F ] ≤
σ̂2
F

S0
, S0 is the batch size for initialization.

This lemma can be proved as Lemma E.1. Therefore, we ignore the proof.
Lemma E.3. (Global gradient estimation error regarding y) Assuming that Assumptions 3.1 through 3.5 hold, and
αyη

2 ∈ (0, 1), for k ∈ {1, · · · ,K}, the following inequality is true:

E[∥(My
k,t+1 − Uk,t+1)1

1

N
∥2] ≤ (1− αyη

2)E[∥(My
k,t − Uk,t)1

1

N
∥2]

+ 2L2
g

1

N2
E[∥Yk,t − Yk,t+1∥2F ] + 2L2

g
1

N2
E[∥Yk−1,t − Yk−1,t+1∥2F ] + 2α2

yη
4 σ

2

N
.

Note that Y0,t = Xt. When t = 0, E[∥(My
k,0 − Uk,0)1

1
N ∥2] ≤ σ2

NS0
.
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Proof. Following the proof of Lemma E.1, we derive

E[∥(My
k,t+1 − Uk,t+1)1

1

N
∥2] ≤ (1− αyη

2)E[∥(My
k,t − Uk,t)1

1

N
∥2] + 2

1

N2
E[∥Ũk,t+1,t+1 − Ũk,t,t+1∥2F ]

+ 2α2
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4 1
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≤ (1− αyη
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1

N
∥2] + 2L2

g
1

N2
E[∥Yk,t − Yk,t+1∥2F ] + 2L2

g
1

N2
E[∥Yk−1,t − Yk−1,t+1∥2F ] + 2α2

yη
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2

N
.

Lemma E.4. (Local gradient estimation error regarding y) Assuming that Assumptions 3.1 through 3.5 hold, and
αyη

2 ∈ (0, 1), for k ∈ {1, · · · ,K}, the following inequality is true:

1

N
E[∥My
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4σ2 .

Note that Y0,t = Xt. When t = 0, 1
NE[∥My

k,0 − Uk,0∥2F ] ≤ σ2

S0
.

This lemma can be proved as Lemma E.3. Therefore, we omit its proof.
Lemma E.5. (Global gradient estimation error regarding z) Assuming that Assumptions 3.1 through 3.5 hold, and
αzη

2 ∈ (0, 1), when k ∈ {1, · · · ,K − 1}, the following inequality is true:

E[∥(Mz
k,t+1 − Vk,t+1)1

1

N
∥2] ≤ (1− αzη
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N
∥2] + 4α2
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When t = 0, E[∥(Mz
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N ∥2] ≤ 2(∆2

k +∆2
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σ2

NS0
. When k = K, the following inequality is true:
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K + 1) σ2
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.

Proof. Following the proof of Lemma E.1, when k ∈ {1, · · · ,K − 1}, we derive

E[∥(Mz
k,t+1 − Vk,t+1)1

1

N
∥2]

≤ (1− αzη
2)E[∥(Mz
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E[∥Ṽk,t+1,t+1 − Ṽk,t,t+1∥2F ] + 2α2

zη
4 1

N2
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,

where the last step follows from Lemma C.9 and Lemma C.6.

Then, we use the same approach to prove the cases where k = K. Here, we omit the proof.
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Lemma E.6. (Local gradient estimation error regarding z) Assuming that Assumptions 3.1 through 3.5 hold, and
αzη

2 ∈ (0, 1), when k ∈ {1, · · · ,K − 1}, the following inequality is true:
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.When k = K, the following inequality is true:
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NE[∥Mz

K,0 − VK,0∥2F ] ≤ 2(∆2
K + 1)σ

2

S0
.

This lemma can be proved by following Lemma E.5. Thus, we omit the proof.

F. Consensus and Feedback Errors
Lemma F.1. (Zhao et al., 2022) Assuming that Assumption 3.5 holds, the spectral gap of I + α(W − I) is α(1− λ) when
α ∈ (0, 1).

Additionally, since W is a double stochastic matrix, it is easy to know (W − I)J = 0 where I is an identity matrix. Then,
based on X̄t = XtJ where J = 1

N 11T , we obtain

X̄t+1 = X̄t − γxηP̄t , P̄t+1 = P̄t + M̄x
t+1 − M̄x

x,t ,

Ȳk,t+1 = Ȳk,t − γyηQ̄k,t , Q̄k,t+1 = Q̄k,t + M̄y
k,t+1 − M̄y

k,t ,

Z̄k,t+1 = Z̄k,t − γzηR̄k,t , R̄k,t+1 = R̄k,t + M̄z
k,t+1 − M̄z

k,t ,

P̄t = M̄x
t , Q̄k,t = M̄y

k,t , R̄k,t = M̄z
k,t . (31)

Lemma F.2. (Consensus error regarding variables) Assuming that Assumptions 3.1 through 3.6 hold, when η ≤
min{ 1

ρx
, 1
ρy
, 1
ρz
}, when k ∈ {1, · · · ,K}, the following inequalities are true:

∥Xt+1(I − J)∥2F ≤ (1− ρxη(1− λ))∥Xt(I − J)∥2F +
8ρxη

(1− λ)
∥X̂t −Xt∥2F +

2γ2
xη

ρx(1− λ)
∥Pt(I − J)∥2F .

∥Yk,t+1(I − J)∥2F ≤ (1− ρyη(1− λ))∥Yk,t(I − J)∥2F +
8ρyη

(1− λ)
∥Ŷk,t − Yk,t∥2F +

2γ2
yη

ρy(1− λ)
∥Qk,t(I − J)∥2F .

∥Zk,t+1(I − J)∥2F ≤ (1− ρzη(1− λ))∥Zk,t(I − J)∥2F +
8ρzη

(1− λ)
∥Ẑk,t − Zk,t∥2F +

2γ2
zη

ρz(1− λ)
∥Rk,t(I − J)∥2F .

Proof. From the update rule of Xt+1, we derive

∥Xt+1(I − J)∥2F = ∥(Xt − γxηPt + ρxηX̂t(W − I))(I − J)∥2F
= ∥Xt + ρxηXt(W − I)− ρxηXt(W − I) + ρxηX̂t(W − I)− X̄t + γxηP̄t − γxηPt∥2F
= ∥Xt(I + ρxη(W − I))− X̄t + ρxη(X̂t −Xt)(W − I) + γxη(P̄t − Pt)∥2F
≤ (1 + a)∥Xt(I + ρxη(W − I))− X̄t∥2F + (1 + 1/a)∥ρxη(X̂t −Xt)(W − I) + γxη(P̄t − Pt)∥2F
≤ (1 + a)(1− ρxη(1− λ))2∥Xt(I − J)∥2F + 2(1 + 1/a)ρ2xη

2∥(X̂t −Xt)(W − I)∥2F + 2(1 + 1/a)γ2
xη

2∥Pt(I − J)∥2F
≤ (1 + a)(1− ρxη(1− λ))2∥Xt(I − J)∥2F + 8(1 + 1/a)ρ2xη

2∥X̂t −Xt∥2F + 2(1 + 1/a)γ2
xη

2∥Pt(I − J)∥2F
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≤ (1− ρxη(1− λ))∥Xt(I − J)∥2F + 8
ρxη

(1− λ)
∥X̂t −Xt∥2F + 2

γ2
xη

ρx(1− λ)
∥Pt(I − J)∥2F ,

where first inequality follows from Young’s inequality, the second inequality holds due to Lemma F.1, the last step holds
due to a = ρxη(1−λ)

1−ρxη(1−λ) and ρxη(1− λ) < 1.

In addition, by denoting Zk,t = P(Z̃k,t), we derive

1

N
E[∥Zk,t+1(I − J)∥2F ] =

1

N

N∑
n=1

E[∥P(z̃
(n)
k,t+1)−

1

N

N∑
m=1

P(z̃
(m)
k,t+1)∥

2]

=
1

N

N∑
n=1

E[∥P(z̃
(n)
k,t+1)− P(

1

N

N∑
m=1

z̃
(m)
k,t+1) + P(

1

N

N∑
m=1

z̃
(m)
k,t+1)−

1

N

N∑
m=1

P(z̃
(m)
k,t+1)∥

2]

=
1

N

N∑
n=1

E[∥P(z̃
(n)
k,t+1)− P(

1

N

N∑
m=1

z̃
(m)
k,t+1)∥

2]︸ ︷︷ ︸
T1

+E[∥P(
1

N

N∑
m=1

z̃
(m)
k,t+1)−

1

N

N∑
m=1

P(z̃
(m)
k,t+1)∥

2]︸ ︷︷ ︸
T2

+ 2
1

N

N∑
n=1

〈
P(z̃

(n)
k,t+1)− P(

1

N

N∑
m=1

z̃
(m)
k,t+1),P(

1

N

N∑
m=1

z̃
(m)
k,t+1)−

1

N

N∑
m=1

P(z̃
(m)
k,t+1)

〉
︸ ︷︷ ︸

T3

.

For T3, we derive

T3 = 2

〈
1

N

N∑
n=1

(
P(z̃

(n)
k,t+1)− P(

1

N

N∑
m=1

z̃
(m)
k,t+1)

)
,P(

1

N

N∑
m=1

z̃
(m)
k,t+1)−

1

N

N∑
m=1

P(z̃
(m)
k,t+1)

〉

= −2E[∥P(
1

N

N∑
m=1

z̃
(m)
k,t+1)−

1

N

N∑
m=1

P(z̃
(m)
k,t+1)∥

2] .

Combining T1, T2, and T3 yields

1

N
E[∥Zk,t+1(I − J)∥2F ] ≤

1

N

N∑
n=1

E[∥P(z̃
(n)
k,t+1)− P(

1

N

N∑
m=1

z̃
(m)
k,t+1)∥

2]

≤ 1

N

N∑
n=1

E[∥z̃(n)
k,t+1 −

1

N

N∑
m=1

z̃
(m)
k,t+1∥

2] =
1

N
E[∥Z̃k,t+1(I − J)∥2F ] ,

where the second step follows from the non-expansiveness of the projection operation.

Lemma F.3. (Consensus error regarding momentum) Assuming that Assumptions 3.1 through 3.6 hold, when βx < 1,
βy < 1, βz < 1, when k ∈ {1, · · · ,K}, the following inequalities are true:

∥Pt+1(I − J)∥2F ≤ (1− βx(1− λ))∥Pt(I − J)∥2F +
8βx

(1− λ)
∥P̂t − Pt∥2F +

2

βx(1− λ)
∥Mx

t+1 −Mx
t ∥2F .

∥Qk,t+1(I − J)∥2F ≤ (1− βy(1− λ))∥Qk,t(I − J)∥2F +
8βy

(1− λ)
∥Q̂k,t −Qk,t∥2F +

2

βy(1− λ)
∥My

k,t+1 −My
k,t∥

2
F .

∥Rk,t+1(I − J)∥2F ≤ (1− βz(1− λ))∥Rk,t(I − J)∥2F +
8βz

(1− λ)
∥R̂k,t −Rk,t∥2F +

2

βz(1− λ)
∥Mz

k,t+1 −Mz
k,t∥2F .

When t = 0, the following inequalities are true:

1

N
E[∥P0(I − J)∥2F ] ≤ 12(1 + ∆2

1)
σ2

S
+ 24∆2

1C
2
J + 24

1

N

N∑
n=1

E[∥∇1f
(n)
K+1(x0, yK,0)∥2] .

1

N
E[∥Qk,0(I − J)∥2F ] ≤

6σ2

S
+ 12

1

N

N∑
n=1

E[∥∇1f
(n)
k (yk,0, yk−1,0)∥2] .

1

N
E[∥Rk,0(I − J)∥2F ] ≤ 12(∆2

k +∆2
k+1)

σ2

S
+ 24C2

J(∆
2
k +∆2

k+1) .
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Proof. From the update rule of Pt+1, we derive

∥Pt+1(I − J)∥2F = ∥(Pt +Mx
t+1 −Mx

t + βxP̂t(W − I))(I − J)∥2F
= ∥Pt + βxPt(W − I)− βxPt(W − I) + βxP̂t(W − I)− P̄t +Mx

t+1 −Mx
t − M̄x

t+1 + M̄x
t ∥2F

= ∥Pt(I + βx(W − I))− P̄t + βx(P̂t − Pt)(W − I) +Mx
t+1 −Mx

t − M̄x
t+1 + M̄x

t ∥2F
≤ (1 + a)∥Pt(I + βx(W − I))− P̄t∥2F + 2(1 + 1/a)∥βx(P̂t − Pt)(W − I)∥2F + 2(1 + 1/a)∥Mx

t+1 −Mx
t − M̄x

t+1 + M̄x
t ∥2F

≤ (1 + a)(1− βx(1− λ))2∥Pt(I − J)∥2F + 8(1 + 1/a)β2
x∥P̂t − Pt∥2F + 2(1 + 1/a)∥Mx

t+1 −Mx
t ∥2F

≤ (1− βx(1− λ))∥Pt(I − J)∥2F +
8βx

(1− λ)
∥P̂t − Pt∥2F +

2

βx(1− λ)
∥Mx

t+1 −Mx
t ∥2F ,

where the first inequality follows from Young’s inequality, the second inequality holds due to Lemma F.1, the last step holds
due to a = βx(1−λ)

1−βx(1−λ) and βx < 1. When t = 0, we derive

1

N
E[∥P0(I − J)∥2F ] ≤ 2

1

N

N∑
n=1

E[∥∇1f
(n)
K+1(x0, yK,0; ξ

(n)
0 )− 1

N

N∑
n′=1

∇1f
(n′)
K+1(x0, yK,0; ξ

(n′)
0 )∥2]

+ 2
1

N

N∑
n=1

E[∥(−1)K∇2
12f

(n)
1 (y1,0, x0; ζ

(n)
1,0 )z1,0 −

1

N

N∑
n′=1

(−1)K∇2
12f

(n′)
1 (y1,0, x0; ζ

(n′)
1,0 )z1,0∥2]

≤ 6
1

N

N∑
n=1

E[∥∇1f
(n)
K+1(x0, yK,0; ξ

(n)
0 )−∇1f

(n)
K+1(x0, yK,0)∥2]

+ 6
1

N

N∑
n=1

E[∥∇1f
(n)
K+1(x0, yK,0)−

1

N

N∑
n′=1

∇1f
(n′)
K+1(x0, yK,0)∥2]

+ 6
1

N

N∑
n=1

E[∥ 1

N

N∑
n′=1

∇1f
(n′)
K+1(x0, yK,0)−

1

N

N∑
n′=1

∇1f
(n′)
K+1(x0, yK,0; ξ

(n′)
0 )∥2]

+ 6
1

N

N∑
n=1

E[∥(−1)K∇2
12f

(n)
1 (y1,0, x0; ζ

(n)
1,0 )z1,0 − (−1)K∇2

12f
(n)
1 (y1,0, x0)z1,0∥2]

+ 6
1

N

N∑
n=1

E[∥(−1)K∇2
12f

(n)
1 (y1,0, x0)z1,0 −

1

N

N∑
n′=1

(−1)K∇2
12f

(n′)
1 (y1,0, x0)z1,0∥2]

+ 6
1

N

N∑
n=1

E[∥ 1

N

N∑
n′=1

(−1)K∇2
12f

(n′)
1 (y1,0, x0)z1,0 −

1

N

N∑
n′=1

(−1)K∇2
12f

(n′)
1 (y1,0, x0; ζ

(n′)
1,0 )z1,0∥2]

≤ 12(1 + ∆2
1)
σ2

S
+ 24∆2

1C
2
J + 24

1

N

N∑
n=1

E[∥∇1f
(n)
K+1(x0, yK,0)∥2] . (32)

Lemma F.4. (Feedback error regarding variables) Assuming that Assumptions 3.1 through 3.6 and {ρx, ρy, ρz} ≤ δ
8
√
3

hold, the following inequalities are true:

∥X̂t+1 −Xt+1∥2F ≤ (1− δ

4
)∥X̂t −Xt∥2F +

12γ2
xη

2

δ
∥Pt(I − J)∥2F +

12γ2
xη

2

δ
N∥m̄x

t ∥2 +
48ρ2xη

2

δ
∥Xt(I − J)∥2F .

∥Ŷk,t+1 − Yk,t+1∥2F ≤ (1− δ

4
)∥Ŷk,t − Yk,t∥2F +

12γ2
yη

2

δ
∥Qk,t(I − J)∥2F +

12γ2
yη

2

δ
N∥m̄y

k,t∥
2 +

48ρ2yη
2

δ
∥Yk,t(I − J)∥2F .

∥Ẑk,t+1 − Zk,t+1∥2F ≤ (1− δ

4
)∥Ẑk,t − Zk,t∥2F +

12γ2
zη

2

δ
∥Rk,t(I − J)∥2F +

12γ2
zη

2

δ
N∥m̄z

k,t∥2 +
48ρ2zη

2

δ
∥Zk,t(I − J)∥2F .

Proof. From the update rule of X̂t+1, we derive

∥X̂t+1 −Xt+1∥2F = ∥X̂t + C(Xt+1 − X̂t)−Xt+1∥2F
≤ (1− δ)∥Xt+1 − X̂t∥2F
≤ (1− δ)(1 + a)∥Xt − X̂t∥2F + (1− δ)(1 + 1/a)∥Xt+1 −Xt∥2F
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≤ (1− δ

2
)∥X̂t −Xt∥2F +

3

δ
∥Xt+1 −Xt∥2F ,

≤ (1− δ

2
)∥X̂t −Xt∥2F +

3

δ

(
4γ2

xη
2∥Pt(I − J)∥2F + 4Nγ2

xη
2∥m̄x

t ∥2 + 16ρ2xη
2∥X̂t −Xt∥2F + 16ρ2xη

2∥Xt(I − J)∥2F
)
,

≤ (1− δ

4
)∥X̂t −Xt∥2F +

12γ2
xη

2

δ
∥Pt(I − J)∥2F +

12γ2
xη

2

δ
N∥m̄x

t ∥2 +
48ρ2xη

2

δ
∥Xt(I − J)∥2F ,

where the second step holds due to Assumption 3.6, a = δ
2 , the second to last step follows from Lemma F.6 and the last

step follows from ρx ≤ δ
8
√
3

.

Lemma F.5. (Feedback error regarding momentum) Assuming that Assumptions 3.1 through 3.6 hold and {βx, βy, βz ≤ δ
12 ,

the following inequalities are true:

∥P̂t+1 − Pt+1∥2F ≤ (1− δ

4
)∥Pt − P̂t∥2F +

9

δ
∥Mx

t+1 −Mx
t ∥2F +

36β2
x

δ
∥Pt(I − J)∥2F .

∥Q̂k,t+1 −Qk,t+1∥2F ≤ (1− δ

4
)∥Qk,t − Q̂k,t∥2F +

9

δ
∥My

k,t+1 −My
k,t∥

2
F +

36β2
y

δ
∥Qk,t(I − J)∥2F .

∥R̂k,t+1 −Rk,t+1∥2F ≤ (1− δ

4
)∥Rk,t − R̂k,t∥2F +

9

δ
∥Mz

k,t+1 −Mz
k,t∥2F +

36β2
z

δ
∥Rk,t(I − J)∥2F .

When t = 0, the following inequalities are true:

1

N
E[∥P0 − P̂0∥2F ] ≤ 2(1 + ∆2

1)
σ2

S
+ 4∆2

1C
2
J + 4

1

N

N∑
n=1

E[∥∇1f
(n)
K+1(x0, yK,0)∥2] .

1

N
E[∥Qk,0 − Q̂k,0∥2F ] ≤

σ2

S
+ 2

1

N

N∑
n=1

E[∥∇1f
(n)
k (yk,0, yk−1,0)∥2] .

1

N
E[∥Rk,0 − R̂k,0∥2F ] ≤ 2(∆2

k +∆2
k+1)

σ2

S
+ 4C2

J(∆
2
k +∆2

k+1) .

Proof. From the update rule of P̂t+1, we derive

∥P̂t+1 − Pt+1∥2F = ∥P̂t + C(Pt+1 − P̂t)− Pt+1∥2F
≤ (1− δ)∥Pt+1 − P̂t∥2F
≤ (1− δ)(1 + a)∥Pt − P̂t∥2F + (1− δ)(1 + 1/a)∥Pt+1 − Pt∥2F

≤ (1− δ

2
)∥Pt − P̂t∥2F +

3

δ
∥Pt+1 − Pt∥2F

≤ (1− δ

2
)∥Pt − P̂t∥2F +

3

δ

(
3∥Mx

t+1 −Mx
t ∥2F + 12β2

x∥P̂t − Pt∥2F + 12β2
x∥Pt(I − J)∥2F )

≤ (1− δ

4
)∥Pt − P̂t∥2F +

9

δ
∥Mx

t+1 −Mx
t ∥2F +

36β2
x

δ
∥Pt(I − J)∥2F ,

where the second step holds due to Assumption 3.6, a = δ
2 , the second to last step follows from Lemma F.7 and the last

step follows from βx ≤ δ
12 . When t = 0, it can be handled in the same manner as in Eq. (32).

Lemma F.6. (Descent rule regarding variables) Assuming that Assumptions 3.1 through 3.6 hold, when k ∈ {1, · · · ,K},
the following inequalities are true:

∥Xt+1 −Xt∥2F ≤ 4γ2
xη

2∥Pt(I − J)∥2F + 4Nγ2
xη

2∥m̄x
t ∥2 + 16ρ2xη

2∥X̂t −Xt∥2F + 16ρ2xη
2∥Xt(I − J)∥2F .

∥Yk,t+1 − Yk,t∥2F ≤ 4γ2
yη

2∥Qk,t(I − J)∥2F + 4Nγ2
yη

2∥m̄y
k,t∥

2 + 16ρ2yη
2∥Ŷk,t − Yk,t∥2F + 16ρ2yη

2∥Yk,t(I − J)∥2F .

∥Zk,t+1 − Zk,t∥2F ≤ 4γ2
zη

2∥Rk,t(I − J)∥2F + 4Nγ2
zη

2∥m̄z
k,t∥2 + 16ρ2zη

2∥Ẑk,t − Zk,t∥2F + 16ρ2zη
2∥Zk,t(I − J)∥2F .

Proof. From the update rule of Xt+1, we derive

∥Xt+1 −Xt∥2F = ∥Xt − γxηPt + ρxηX̂t(W − I)−Xt∥2F
= ∥ − γxη(Pt − P̄t + P̄t) + ρxη(X̂t −Xt +Xt − X̄t)(W − I)∥2F
≤ 4γ2

xη
2∥Pt(I − J)∥2F + 4Nγ2

xη
2∥m̄x

t ∥2 + 16ρ2xη
2∥X̂t −Xt∥2F + 16ρ2xη

2∥Xt(I − J)∥2F ,

where the last step follows from ∥(X̂t −Xt)(W − I)∥2F ≤ ∥W − I∥22∥X̂t −Xt∥2F ≤ 4∥X̂t −Xt∥2F .

36



Distributed Stochastic K-Level Optimization Over Networks

Lemma F.7. (Descent rule regarding momentum) Assuming that Assumptions 3.1 through 3.6 hold, when k ∈ {1, · · · ,K},
the following inequalities are true:

∥Pt+1 − Pt∥2F ≤ 3∥Mx
t+1 −Mx

t ∥2F + 12β2
x∥P̂t − Pt∥2F + 12β2

x∥Pt(I − J)∥2F .

∥Qk,t+1 −Qk,t∥2F ≤ 3∥My
k,t+1 −My

k,t∥
2
F + 12β2

y∥Q̂k,t −Qk,t∥2F + 12β2
y∥Qk,t(I − J)∥2F .

∥Rk,t+1 −Rk,t∥2F ≤ 3∥Mz
k,t+1 −Mz

k,t∥2F + 12β2
z∥R̂k,t −Rk,t∥2F + 12β2

z∥Rk,t(I − J)∥2F .

Proof. From the update rule of Pt+1, we derive

∥Pt+1 − Pt∥2F = ∥Pt +Mx
t+1 −Mx

t + βxP̂t(W − I)− Pt∥2F
= ∥Mx

t+1 −Mx
t + βxP̂t(W − I)∥2F

= ∥Mx
t+1 −Mx

t + βx(P̂t − Pt)(W − I) + βxPt(W − I)∥2F
= ∥Mx

t+1 −Mx
t + βx(P̂t − Pt)(W − I) + βx(Pt − P̄t)(W − I)∥2F

≤ 3∥Mx
t+1 −Mx

t ∥2F + 12β2
x∥P̂t − Pt∥2F + 12β2

x∥Pt(I − J)∥2F .

G. Proof of Theorem 5.1
Proof. To establish the convergence rate, we introduce the following potential function:

Lt+1 = E[FK+1(x̄t+1)]︸ ︷︷ ︸
Lemma D.1

+

K∑
k=1

ak E[∥ȳk,t+1 − y∗k(x̄t+1)∥2]︸ ︷︷ ︸
Lemma D.2

+

K∑
k=1

bk E[∥z̄k,t+1 − z∗k(x̄t+1)∥2]︸ ︷︷ ︸
Lemma D.3

+

K∑
k=1

ck E[∥(My
k,t+1 − Uk,t+1)1

1

N
∥2]︸ ︷︷ ︸

Lemma E.3

+

K∑
k=1

dk E[∥(Mz
k,t+1 − Vk,t+1)1

1

N
∥2]︸ ︷︷ ︸

Lemma E.5

+eE[∥(Mx
t+1 −Gt+1)1

1

N
∥2]︸ ︷︷ ︸

Lemma E.1

+

K∑
k=1

c̃k
1

N
E[∥My

k,t+1 − Uk,t+1∥2F ]︸ ︷︷ ︸
Lemma E.4

+

K∑
k=1

d̃k
1

N
E[∥Mz

k,t+1 − Vk,t+1∥2F ]︸ ︷︷ ︸
Lemma E.6

+ẽ
1

N
E[∥Mx

t+1 −Gt+1∥2F ]︸ ︷︷ ︸
Lemma E.2

+ ω
1

N
E[∥Xt+1(I − J)∥2F ] +

K∑
k=1

νk
1

N
E[∥Yk,t+1(I − J)∥2F ] +

K∑
k=1

τk
1

N
E[∥Zk,t+1(I − J)∥2F ]︸ ︷︷ ︸

Lemma F.2

+ ω̃
1

N
E[∥Pt+1(I − J)∥2F ] +

K∑
k=1

ν̃k
1

N
E[∥Qk,t+1(I − J)∥2F ] +

K∑
k=1

τ̃k
1

N
E[∥Rk,t+1(I − J)∥2F ]︸ ︷︷ ︸

Lemma F.3

+ θ
1

N
E[∥Xt+1 − X̂t+1∥2F ] +

K∑
k=1

ϕk
1

N
E[∥Yk,t+1 − Ŷk,t+1∥2F ] +

K∑
k=1

ψk
1

N
E[∥Zk,t+1 − Ẑk,t+1∥2F ]︸ ︷︷ ︸

Lemma F.4

+ θ̃
1

N
E[∥Pt+1 − P̂t+1∥2F ] +

K∑
k=1

ϕ̃k
1

N
E[∥Qk,t+1 − Q̂k,t+1∥2F ] +

K∑
k=1

ψ̃k
1

N
E[∥Rk,t+1 − R̂k,t+1∥2F ]︸ ︷︷ ︸

Lemma F.5

. (33)

Applying above Lemmas, with descent rule regarding variables in Lemma F.6, descent rule regarding momentum in
Lemma F.7, and upper bound regarding momentum of z in Lemma D.4, we obtain the upper-bound of Lt+1 − Lt.

The right-hand side can be expressed as the sum of six terms, which we bound separately: estimation errors (F1), other
errors related to z (F2), optimization errors (F3), other errors related to x (F4) and y (F5), together with the momentum
term (F6).

Thus, we derive

Lt+1 − Lt ≤ −ηγx
2

E[∥∇FK+1(x̄t)∥2] + F0 + F1 + F2 + F3 + F4 + F5 + F6 ,
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where F0 is the term denoted by

F0 = 2α2
yη

4 σ
2

N

K∑
k=1

ck +

K−1∑
k=1

dk4α
2
zη

4(∆2
k +∆2

k+1)
σ2

N
+ 4dKα

2
zη

4(∆2
K + 1)

σ2

N
+ 2eα2

xη
4 σ̂

2
F

N
+ 2α2

yη
4σ2

K∑
k=1

c̃k

+

K−1∑
k=1

d̃k4α
2
zη

4(∆2
k +∆2

k+1)σ
2 + 4d̃Kα

2
zη

4(∆2
K + 1)σ2 + 2ẽα2

xη
4σ̂2

F + ω̃
8α2

xη
4

βx(1− λ)
σ̂2
F +

K∑
k=1

ν̃k
8α2

yη
4

βy(1− λ)
σ2

+

K−1∑
k=1

τ̃k
16α2

zη
4

βz(1− λ)
(∆2

k +∆2
k+1)σ

2 + τ̃K
16α2

zη
4

βz(1− λ)
(∆2

K + 1)σ2 + θ̃
36α2

xη
4

δ
σ̂2
F +

K∑
k=1

ϕ̃k
36α2

yη
4

δ
σ2

+

K−1∑
k=1

ψ̃k
72α2

zη
4

δ
(∆2

k +∆2
k+1)σ

2 + ψ̃K
72α2

zη
4

δ
(∆2

K + 1)σ2 . (34)

We next bound these terms one by one.

G.1. Estimation errors (F1)

For F1, it consists of three types of errors: the momentum feedback error, the local estimation error, and the global estimation
error. Specifically, we have

F1 =
(
ω̃

8βx
(1− λ)

− θ̃
δ

4

) 1

N
E[∥P̂t − Pt∥2F ] +

K∑
k=1

(
ν̃k

8βy
(1− λ)

− ϕ̃k
δ

4

) 1

N
E[∥Q̂k,t −Qk,t∥2F ]

+

K∑
k=1

(
τ̃k

8βz
(1− λ)

− ψ̃k
δ

4

) 1

N
E[∥R̂k,t −Rk,t∥2F ] +

(
ω̃

8α2
xη

4

βx(1− λ)
+ θ̃

36α2
xη

4

δ
− αxη

2ẽ
) 1

N
E[∥Mx

t −Gt∥2F ]

+
(
ηγx − αxη

2e
)
E[∥(Mx

t −Gt)1
1

N
∥2] +

K∑
k=1

(
ν̃k

8α2
yη

4

βy(1− λ)
+ ϕ̃k

36α2
yη

4

δ
− c̃kαyη

2
) 1

N
E[∥My

k,t − Uk,t∥2F ]

+

K∑
k=1

(
ak

20γyη

µ
− ckαyη

2
)
E[∥(My

k,t − Uk,t)1
1

N
∥2] +

K∑
k=1

(
τ̃k

8α2
zη

4

βz(1− λ)
+ ψ̃k

36α2
zη

4

δ
− d̃kαzη

2
) 1

N
E[∥Mz

k,t − Vk,t∥2F ]

+

K∑
k=1

(
bk

12γzη

µ
+ ψk

36γ2
zη

2

δ
+ 12γ2

zη
2Zk − dkαzη

2
)
E[∥(Mz

k,t − Vk,t)1
1

N
∥2] , (35)

where

Z1 =
8L2

gd1

N
+

3eC2
J

N
+ 8L2

gd̃1 + 3ẽC2
J +

12ω̃C2
J

βx(1− λ)
+

16L2
g τ̃1

βz(1− λ)
+ θ̃

54C2
J

δ
+

72L2
gψ̃1

δ
,

Zk =
8L2

gdk

N
+

8C2
Jdk−1

N
+ 8L2

gd̃k + 8C2
J d̃k−1 +

16L2
g τ̃k

βz(1− λ)
+

16C2
J τ̃k−1

βz(1− λ)
+

72L2
gψ̃k

δ
+

72C2
J ψ̃k−1

δ
, k ∈ {2, · · · ,K}.

(1.1) For the coefficient of feedback errors:

We set θ̃ = ω̃ 32βx

δ(1−λ) such that the coefficient of 1
NE[∥P̂t − Pt∥2F ] is zero, i.e., ω̃ 8βx

(1−λ) − θ̃ δ
4 = 0. Similarly, we set

ϕ̃k = ν̃k
32βy

δ(1−λ) and ψ̃k = τ̃k
32βz

δ(1−λ) , such that the coefficients of 1
NE[∥Q̂k,t −Qk,t∥2F ] and 1

NE[∥R̂k,t −Rk,t∥2F ] are zero
for any k ∈ {1, · · · ,K}.

(1.2) For the local estimation errors:

We set ẽ = 16γx

β2
x(1−λ)2

3C2
J

8L2
g

and ω̃ = γx

βx(1−λ)
3C2

J

8L2
g

such that the coefficient of 1
NE[∥Mx

t − Gt∥2F ] is non-positive, i.e.,

ω̃
8α2

xη
4

βx(1−λ) + θ̃
36α2

xη
4

δ − ẽαxη
2 ≤ ω̃ 16αxη

2

βx(1−λ) − ẽαxη
2 = γx

βx(1−λ)
3C2

J

8L2
g

16αxη
2

βx(1−λ) −
16γx

β2
x(1−λ)2

3C2
J

8L2
g
αxη

2 = 0, where we use

αxη
2 ≤ 1 and βx ≤ δ

12 in the first step.

Similarly, we set d̃k = 16γx

β2
z(1−λ)2

3C2k
J

8L2k
g

and τ̃k = γx

βz(1−λ)
3C2k

J

8L2k
g

such that the coefficient of 1
NE[∥Mz

k,t−Vk,t∥2F ] is non-positive
for any k ∈ {1, · · · ,K}.
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Moreover, we set c̃k = 16γx

β2
y(1−λ)2

3C2k
J

8L2k
g

and ν̃k = γx

βy(1−λ)
3C2k

J

8L2k
g

such that the coefficient of 1
NE[∥My

k,t − Uk,t∥2F ] is non-
positive for any k ∈ {1, · · · ,K}.

(1.3) For global estimation errors:

(1.3.a) Global estimation error regarding x: Here, we set e = γx

αxη
such that the coefficient of E[∥(Mx

t −Gt)1
1
N ∥2] is

zero, i.e., ηγx − αxη
2e = 0.

(1.3.b) Global estimation error regarding y: To make the coefficient of E[∥(My
k,t − Uk,t)1

1
N ∥2] non-positive, i.e.,

ak
20γyη

µ − ckαyη
2 ≤ 0, we derive ck = ak

20γy

αyηµ
.

(1.3.c) Global estimation error regarding z: In the following, we aim to set the coefficient of E[∥(Mz
k,t − Vk,t)1

1
N ∥2] to

be non-positive,i.e.,

bk
12γzη

µ
+ ψk

36γ2
zη

2

δ
+ 12γ2

zη
2Zk − dkαzη

2 ≤ 0 .

Specifically, we enforce

bk
12γzη

µ
≤ 1

2
dkαzη

2 , ψk
36γ2

zη
2

δ
+ 12γ2

zη
2Zk ≤ 1

2
dkαzη

2 , (36)

Then, we obtain

dk =
γx
αxη

∆dk , where ∆dk =
3C2k

J

8L2k
g

, k ∈ {1, · · · ,K} , and bk ≤ αzηµ

24γz
dk . (37)

We will solve the second inequality after determining the value of ψk.

G.2. Other errors related to z (F2)

The term F2 comprises three types of errors related to z: the variable feedback error, the variable consensus error, and the
momentum consensus error. Specifically, we have

F2 ≤
K∑

k=1

(
τk

8ρzη

(1− λ)
+ 16ρ2zη

2Zk − ψk
δ

4

) 1

N
E[∥Ẑk,t − Zk,t∥2F ] +

K∑
k=1

Dz,k
1

N
E[∥Zk,t(I − J)∥2F ]

+

K∑
k=1

(
3bkηγ

2
z + τk

2γ2
zη

ρz(1− λ)
+ ψk

12γ2
zη

2

δ
+ ψ̃k

36β2
z

δ
+ 4γ2

zη
2Zk − τ̃kβz(1− λ)

) 1

N
E[∥Rk,t(I − J)∥2F ] , (38)

where

Dz,1 = 3b1 + b1
48γzη

µ
L2

g + 6ηγxC
2
J + ψ1

48ρ2zη
2

δ
+ ψ1

144γ2
zη

2L2
g

δ
+ 16ρ2zη

2Z1 + 48γ2
zη

2L2
gZ1 − τ1ρzη(1− λ) ,

Dz,k = 3bk + bk
48γzη

µ
L2

g + bk−1
48γzη

µ
C2

J + ψk
48ρ2zη

2

δ
+ ψk

144γ2
zη

2L2
g

δ
+ ψk−1

144γ2
zη

2C2
J

δ
+ 16ρ2zη

2Zk

+ 48γ2
zη

2L2
gZk + 48γ2

zη
2C2

JZk−1 − τkρzη(1− λ) , k ∈ {2, · · · ,K} .

(2.1) Feedback error regarding z: To eliminate 1
NE[∥Ẑk,t − Zk,t∥2F ], when k ∈ {1, · · · ,K}, we enforce

τk
8ρzη

(1− λ)
+ 16ρ2zη

2Zk − ψk
δ

4
≤ 0 , and obtain ψk = τk

32ρzη

δ(1− λ)
+

64

δ
ρ2zη

2Zk .

(2.2) Consensus error regarding z: When k ∈ {2, · · · ,K}, to eliminate 1
NE[∥Zk,t(I − J)∥2F ], from the definition of ψk,

we enforce

Dz,k = ηγx
3bk
ηγx

+ ηγxbk
48γz
γxµ

L2
g + ηγxbk−1

48γz
γxµ

C2
J + τk

32ρzη

δ(1− λ)

144γ2
zη

2L2
g

δ
+

64

δ
ρ2zη

2Zk
144γ2

zη
2L2

g

δ
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+ τk−1
32ρzη

δ(1− λ)

144γ2
zη

2C2
J

δ
+

64

δ
ρ2zη

2Zk−1
144γ2

zη
2C2

J

δ
+ 48γ2

zη
2L2

gZk + 48γ2
zη

2C2
JZk−1

+ τk
32ρzη

δ(1− λ)

48ρ2zη
2

δ
+

64

δ
ρ2zη

2Zk
48ρ2zη

2

δ
+ 16ρ2zη

2Zk − τkρzη(1− λ) ≤ 0 .

Firstly, we enforce

τk
32ρzη

δ(1− λ)

144γ2
zη

2L2
g

δ
≤ 1

12
τkρzη(1− λ) , τk

32ρzη

δ(1− λ)

48ρ2zη
2

δ
≤ 1

12
τkρzη(1− λ) .

Then we obtain

γz ≤ δ(1− λ)

96
√
6Lg

, ρz ≤ δ(1− λ)

96
√
2

. (39)

Then, from ρz ≤ δ
8
√
3

, and by setting τk−1
C2

J

L2
g
≤ τk, Zk−1

C2
J

L2
g
= Zk, we have

ηγx
3bk
ηγx

+ ηγxbk
48γz
γxµ

L2
g + ηγxbk−1

48γz
γxµ

C2
J + 96γ2

zη
2L2

gZk + 32ρ2zη
2Zk ≤ 1

2
τkρzη(1− λ) .

We will prove this setting hold after determining the value of τk.

Therefore, we set

E1,zk =
3bk
ηγx

+ bk
48γz
γxµ

L2
g + bk−1

48γz
γxµ

C2
J , E2,zk = 96γ2

zη
2L2

gZk + 32ρ2zη
2Zk ,

τk =
2γxE1,zk

ρz(1− λ)
+

2E2,zk

ρzη(1− λ)
.

When k = 1, to eliminate 1
NE[∥Z1,t(I − J)∥2F ] , we enforce

Dz,1 = 3b1 + b1
48γzη

µ
L2

g + 6ηγxC
2
J + ψ1

48ρ2zη
2

δ
+ ψ1

144γ2
zη

2L2
g

δ
+ 16ρ2zη

2Z1 + 48γ2
zη

2L2
gZ1 − τ1ρzη(1− λ) ≤ 0 .

From the definition of ψk, we have

Dz,1 = ηγx
3b1
ηγx

+ ηγxb1
48γz
γxµ

L2
g + 6ηγxC

2
J + τ1

32ρzη

(1− λ)

144γ2
zη

2L2
g

δ2
+

64

δ
ρ2zη

2Z1
144γ2

zη
2L2

g

δ

+ 48γ2
zη

2L2
gZ1 + τ1

32ρzη

δ(1− λ)

48ρ2zη
2

δ
+

64

δ
ρ2zη

2Z1
48ρ2zη

2

δ
+ 16ρ2zη

2Z1 − τ1ρzη(1− λ) ≤ 0 .

Firstly, from Eq. (39), we obtain

τ1
32ρzη

(1− λ)

144γ2
zη

2L2
g

δ2
≤ 1

9
τ1ρzη(1− λ) , τ1

32ρzη

δ(1− λ)

48ρ2zη
2

δ
≤ 1

9
τ1ρzη(1− λ) .

Then, since ρz ≤ δ
8
√
3

, we have

ηγx
3b1
ηγx

+ ηγxb1
48γz
γxµ

L2
g + 6ηγxC

2
J + 96γ2

zη
2L2

gZ1 + 32ρ2zη
2Z1 ≤ 1

2
τ1ρzη(1− λ) .

Therefore, we set

E1,z1 =
3b1
ηγx

+ b1
48γz
γxµ

L2
g + 6C2

J , E2,z1 = 96γ2
zη

2L2
gZ1 + 32ρ2zη

2Z1 ,

τ1 =
2γxE1,z1

ρz(1− λ)
+

2E2,z1

ρzη(1− λ)
.

(2.3) Consensus error regarding momentum of z: In the following, we aim to set the coefficient of 1
NE[∥Rk,t(I − J)∥2F ]

to be non-positive, when k ∈ {1, · · · ,K}, i.e.,

3bkηγ
2
z + τk

2γ2
zη

ρz(1− λ)
+ ψk

12γ2
zη

2

δ
+ ψ̃k

36β2
z

δ
+ 4γ2

zη
2Zk − τ̃kβz(1− λ) ≤ 0 .
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Firstly, we enforce

τ̃k
32βz

δ(1− λ)

36β2
z

δ
≤ 1

3
τ̃kβz(1− λ) , and we obtain βz ≤ δ(1− λ)

24
√
6

.

Then, from the definition of τk, we enforce

3bkηγ
2
z +

γxE1,zk

ρz(1− λ)

2γ2
zη

ρz(1− λ)
+ E2,zk

2γ2
z

ρ2z(1− λ)2
+ ψk

12γ2
zη

2

δ
+ 4γ2

zη
2Zk ≤ 2

3
τ̃kβz(1− λ) .

Specifically, from the definition of τ̃k = γx

βz(1−λ)
3C2k

J

8L2k
g

, we enforce

3bkηγ
2
z ≤ γx

9

3C2k
J

8L2k
g

,
γxE1,zk

ρz(1− λ)

2γ2
zη

ρz(1− λ)
≤ γx

9

3C2k
J

8L2k
g

,

E2,zk
2γ2

z

ρ2z(1− λ)2
≤ γx

9

3C2k
J

8L2k
g

, ψk
12γ2

zη
2

δ
≤ γx

9

3C2k
J

8L2k
g

, 4γ2
zη

2Zk ≤ γx
18

3C2k
J

8L2k
g

. (40)

To solve the first inequality in Eq. (40), from bk ≤ αzηµ
24γz

dk, we obtain γz ≤ αx

72αzµ
.

To solve the second inequality in Eq. (40), when k ∈ {2, · · · ,K}, from the definition of E1,zk, we enforce

3bk
ηγx

2γ2
zηγx

ρ2z(1− λ)2
≤ γx

27

3C2k
J

8L2k
g

, bk
48γz
γxµ

L2
g

2γ2
zηγx

ρ2z(1− λ)2
≤ γx

27

3C2k
J

8L2k
g

,

bk−1
48γz
γxµ

C2
J

2γ2
zηγx

ρ2z(1− λ)2
≤ γx

27

3C2k
J

8L2k
g

.

Therefore, from bk ≤ αzηµ
24γz

dk, we obtain γz ≤
{

4αxρ
2
z(1−λ)2

27αzµ
,
√
αxρz(1−λ)

6
√
3αzLg

}
.

When k = 1, from the definition of E1,z1, we only enforce the unique inequality here, i.e.,

6C2
J

2γ2
zηγx

ρ2z(1− λ)2
≤ γx

27

3C2
J

8L2
g

, and we obtain γz ≤ ρz(1− λ)

12
√
6Lg

.

To solve the last inequality in Eq. (40), from the definition of Zk, when k ∈ {2, · · · ,K}, we have

Zk =
8L2

gdk

N
+

8C2
Jdk−1

N
+ 8L2

gd̃k + 8C2
J d̃k−1 +

16L2
g τ̃k

βz(1− λ)
+

16C2
J τ̃k−1

βz(1− λ)
+

72L2
gψ̃k

δ
+

72C2
J ψ̃k−1

δ

≤
8L2

gdk

N
+

8C2
Jdk−1

N
+ 10L2

gd̃k + 10C2
J d̃k−1

=
8L2

g

N

γx
αxη

3C2k
J

8L2k
g

+
8C2

J

N

γx
αxη

3C
2(k−1)
J

8L
2(k−1)
g

+ 10L2
g

16γx
β2
z(1− λ)2

3C2k
J

8L2k
g

+ 10C2
J

16γx
β2
z(1− λ)2

3C
2(k−1)
J

8L
2(k−1)
g

=
(16C2

J

N

γx
αxη

+
320γxC

2
J

β2
z(1− λ)2

)3C2(k−1)
J

8L
2(k−1)
g

. (41)

Here, it is easy to prove that Zk−1
C2

J

L2
g
= Zk.

Therefore, we enforce

4γ2
zη

2
(16C2

J

N

γx
αxη

+
320γxC

2
J

β2
z(1− λ)2

)3C2(k−1)
J

8L
2(k−1)
g

≤ γx
18

3C2k
J

8L2k
g

.

Specifically, we enforce

4γ2
zη

2 16C
2
J

N

γx
αxη

3C
2(k−1)
J

8L
2(k−1)
g

≤ γx
36

3C2k
J

8L2k
g

, 4γ2
zη

2 320γx
β2
z(1− λ)2

C2
J

3C
2(k−1)
J

8L
2(k−1)
g

≤ γx
36

3C2k
J

8L2k
g

.
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Then, we obtain γz ≤
{√

αxN
48Lg

, βz(1−λ)

96
√
5Lg

}
.

When k = 1, we have

Z1 =
8L2

gd1

N
+

3eC2
J

N
+ 8L2

gd̃1 + 3ẽC2
J +

12ω̃C2
J

βx(1− λ)
+

16L2
g τ̃1

βz(1− λ)
+ θ̃

54C2
J

δ
+

72L2
gψ̃1

δ

≤
8L2

gd1

N
+

3eC2
J

N
+ 10L2

gd̃1 + 6ẽC2
J

=
8L2

g

N

γx
αxη

3C2
J

8L2
g

+
3C2

J

N

γx
αxη

+ 10L2
g

16γx
β2
z(1− λ)2

3C2
J

8L2
g

+ 6C2
J

16γx
β2
x(1− λ)2

3C2
J

8L2
g

=
(16L2

g

N

γx
αxη

+
160γxL

2
g

β2
z(1− λ)2

+
96γxC

2
J

β2
x(1− λ)2

)3C2
J

8L2
g

. (42)

Therefore, we enforce

4γ2
zη

2
(16L2

g

N

γx
αxη

+
160γxL

2
g

β2
z(1− λ)2

+
96γxC

2
J

β2
x(1− λ)2

)3C2
J

8L2
g

≤ γx
18

3C2
J

8L2
g

.

Specifically, we enforce

4γ2
zη

2 16L
2
g

N

γx
αxη

3C2
J

8L2
g

≤ γx
36

3C2
J

8L2
g

, 4γ2
zη

2 160γxL
2
g

β2
z(1− λ)2

3C2
J

8L2
g

≤ γx
72

3C2
J

8L2
g

,

4γ2
zη

2 96γxC
2
J

β2
x(1− λ)2

3C2
J

8L2
g

≤ γx
64

3C2
J

8L2
g

.

The first two inequalities are already satisfied. And from the last inequality in Eq. (42), we obtain γz ≤ βx(1−λ)
144CJ

.

To solve the fourth inequality in Eq. (40), we enforce

(τk
32ρzη

δ(1− λ)
+

64

δ
ρ2zη

2Zk)
12γ2

zη
2

δ
≤ γx

9

3C2k
J

8L2k
g

.

Specifically, we enforce

τk
32ρzη

δ(1− λ)

12γ2
zη

2

δ
≤ γx

18

3C2k
J

8L2k
g

,
64

δ
ρ2zη

2Zk
12γ2

zη
2

δ
≤ γx

18

3C2k
J

8L2k
g

. (43)

Since ρz ≤ δ
8
√
3

, the second inequality in Eq. (43) holds.

To solve the first inequality in Eq. (43), from the definition of τk, we enforce

2γxE1,zk

ρz(1− λ)

32ρzη

δ(1− λ)

12γ2
zη

2

δ
≤ γx

36

3C2k
J

8L2k
g

,
2E2,zk

ρzη(1− λ)

32ρzη

δ(1− λ)

12γ2
zη

2

δ
≤ γx

36

3C2k
J

8L2k
g

.

From the definition of E2,zk and Eq. (39), the second inequality is already satisfied.

To solve the first inequality, when k ∈ {2, · · · ,K}, from the definition of E1,zk, we enforce

3bk
ηγx

64γxη

(1− λ)2
4γ2

zη
2

δ2
≤ γx

36

3C2k
J

8L2k
g

, bk
48γz
γxµ

L2
g

64γxη

(1− λ)2
4γ2

zη
2

δ2
≤ γx

36

3C2k
J

8L2k
g

,

bk−1
48γz
γxµ

C2
J

64γxη

(1− λ)2
4γ2

zη
2

δ2
≤ γx

36

3C2k
J

8L2k
g

.

Therefore, from bk ≤ αzηµ
24γz

dk ,we obtain γz ≤
{

αxδ
2(1−λ)2

1152αzµ
,
√
αxδ(1−λ)

96
√
2αzLg

}
.

When k = 1, from the definition of E1,z1, we only enforce the unique inequality here, i.e.,

6C2
J

64γxη

(1− λ)2
4γ2

zη
2

δ2
≤ γx

36

3C2
J

8L2
g

, and we obtain γz ≤ δ(1− λ)

384Lg
.
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To solve the last inequality in Eq. (40), from the definition of E2,zk, we enforce

96γ2
zη

2L2
gZk

2γ2
z

ρ2z(1− λ)2
≤ γx

18

3C2k
J

8L2k
g

, 32Zk
2γ2

zη
2

(1− λ)2
≤ γx

18

3C2k
J

8L2k
g

.

Since γz ≤ ρz(1−λ)

12
√
6Lg

, the first inequality is already satisfied.

To solve the second inequality, from the definition of Zk, when k ∈ {2, · · · ,K}, we enforce

32
16C2

J

N

γx
αxη

3C
2(k−1)
J

8L
2(k−1)
g

2γ2
zη

2

(1− λ)2
≤ γx

36

3C2k
J

8L2k
g

,

32
320γx

β2
z(1− λ)2

C2
J

3C
2(k−1)
J

8L
2(k−1)
g

2γ2
zη

2

(1− λ)2
≤ γx

36

3C2k
J

8L2k
g

.

We obtain γz ≤
{√

αxN(1−λ)
192Lg

, βz(1−λ)2

384
√
5Lg

}
.

When k = 1, we only enforce the unique inequality

32
96γxC

2
J

β2
x(1− λ)2

3C2
J

8L2
g

2γ2
zη

2

(1− λ)2
≤ γx

54

3C2
J

8L2
g

, and we obtain γz ≤ βx(1− λ)2

576CJ
.

Here, after determining the value of ψk, we now turn to the second inequality in Eq. (36). Specifically, we enforce

ψk
36γ2

zη
2

δ
≤ 1

3

γx
αxη

3C2k
J

8L2k
g

αzη
2 , 12γ2

zη
2Zk ≤ 1

6

γx
αxη

3C2k
J

8L2k
g

αzη
2 . (44)

To solve the second inequality in Eq. (44), from the definition of Zk, we enforce

12γ2
zη

2 16C
2
J

N

γx
αxη

3C
2(k−1)
J

8L
2(k−1)
g

≤ 1

12

γx
αxη

3C2k
J

8L2k
g

αzη
2 ,

12γ2
zη

2 320γx
β2
z(1− λ)2

C2
J

3C
2(k−1)
J

8L
2(k−1)
g

≤ 1

12

γx
αxη

3C2k
J

8L2k
g

αzη
2 ,

12γ2
zη

2 96γxC
2
J

β2
x(1− λ)2

3C2
J

8L2
g

≤ 1

54

γx
αxη

3C2
J

8L2
g

αzη
2 .

Then, we obtain γz ≤
{√

αzN
48Lg

,
√
αzβz(1−λ)

96
√
5αxLg

,
βx(1−λ)

√
αz

144
√
3αxCJ

}
.

To solve the first inequality in Eq. (44), we enforce

(τk
32ρzη

δ(1− λ)
+

64

δ
ρ2zη

2Zk)
36γ2

zη
2

δ
≤ 1

3

γx
αxη

3C2k
J

8L2k
g

αzη
2 .

Specifically, we enforce

τk
32ρzη

δ(1− λ)

36γ2
zη

2

δ
≤ 1

6

γx
αxη

3C2k
J

8L2k
g

αzη
2 ,

64

δ
ρ2zη

2Zk
36γ2

zη
2

δ
≤ 1

6

γx
αxη

3C2k
J

8L2k
g

αzη
2 .

Since ρz ≤ δ
8
√
3

, the second inequality holds.

To solve the first inequality, from the definition of τk, we enforce

2γxE1,zk

ρz(1− λ)

32ρzη

δ(1− λ)

36γ2
zη

2

δ
≤ 1

12

γx
αxη

3C2k
J

8L2k
g

αzη
2 ,

2E2,zk

ρzη(1− λ)

32ρzη

δ(1− λ)

36γ2
zη

2

δ
≤ 1

12

γx
αxη

3C2k
J

8L2k
g

αzη
2 .

From the definition of E2,zk and Eq. (39), the second inequality is already satisfied.
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To solve the first inequality, from the definition of E1,zk, we enforce

3bk
ηγx

64γxη

(1− λ)2
12γ2

zη
2

δ2
≤ 1

12

γx
αxη

3C2k
J

8L2k
g

αzη
2 , bk

48γz
γxµ

L2
g

64γxη

(1− λ)2
12γ2

zη
2

δ2
≤ 1

12

γx
αxη

3C2k
J

8L2k
g

αzη
2 ,

bk−1
48γz
γxµ

C2
J

64γxη

(1− λ)2
12γ2

zη
2

δ2
≤ 1

12

γx
αxη

3C2k
J

8L2k
g

αzη
2 , 6C2

J
64γxη

(1− λ)2
12γ2

zη
2

δ2
≤ 1

12

γx
αxη

3C2
J

8L2
g

αzη
2 .

Therefore, from bk ≤ αzηµ
24γz

dk ,we obtain γz ≤
{

δ2(1−λ)2

1152µ , δ(1−λ)

96
√
2Lg

,
√
αxδ(1−λ)

384
√
αxLg

}
G.3. Optimization errors (F3)

The term F3 comprises three optimization errors related to x, y, and z, respectively. Specifically, we have

F3 =

K∑
k=1

Dy∗,kE[∥y∗k(x̄t)− ȳk,t∥2] +
K∑

k=1

Dz∗,kE[∥z̄k,t − z∗k(x̄t)∥2] ,

where

Dy∗,1 = 6ηγx∆
2
1L

2
J + a2

10γyη

µ
L2

g + b1
15γzη

µ
(L2

H∆2
1 + L2

J∆
2
2) + b2

15γzη

µ
L2

H∆2
2 + ψ1

144γ2
zη

2

δ
(∆2

1L
2
H +∆2

2L
2
J)

+ ψ2
144γ2

zη
2

δ
∆2

2L
2
H + 48γ2

zη
2Z1(∆

2
1L

2
H +∆2

2L
2
J) + 48γ2

zη
2Z2∆

2
2L

2
H − a1

γyηµ

4
,

Dy∗,k = ak+1
10γyη

µ
L2

g + bk+1
15γzη

µ
L2

H∆2
k+1 + bk

15γzη

µ
(L2

H∆2
k + L2

J∆
2
k+1) + bk−1

15γzη

µ
L2

J∆
2
k

+ ψk
144γ2

zη
2

δ
(∆2

kL
2
H +∆2

k+1L
2
J) + ψk+1

144γ2
zη

2

δ
∆2

k+1L
2
H + ψk−1

144γ2
zη

2

δ
∆2

kL
2
J

+ 48γ2
zη

2Zk(∆
2
kL

2
H +∆2

k+1L
2
J) + 48γ2

zη
2Zk+1∆

2
k+1L

2
H + 48γ2

zη
2Zk−1∆

2
kL

2
J − ak

γyηµ

4
, k ∈ {2, · · · ,K − 1} ,

Dy∗,K = 6ηγxL
2
f + bK−1

15γzη

µ
L2

J∆
2
K + bK

15γzη

µ
(L2

H∆2
K + L2

J∆
2
K+1) + ψK−1

144γ2
zη

2

δ
∆2

KL
2
J

+ ψK
144γ2

zη
2

δ
(∆2

KL
2
H + L2

f ) + 48γ2
zη

2ZK−1∆
2
KL

2
J + 48γ2

zη
2ZK(∆2

KL
2
H + L2

f )− aK
γyηµ

4
,

Dz∗,1 = 6ηγxC
2
J + ψ1

144γ2
zη

2L2
g

δ
+ 48γ2

zη
2L2

gZ1 − b1
γzηµ

8
,

Dz∗,k = bk−1
15γzηC

2
J

µ
+ ψk

144γ2
zη

2L2
g

δ
+ ψk−1

144C2
Jγ

2
zη

2

δ
+ 48γ2

zη
2L2

gZk + 48γ2
zη

2C2
JZk−1 − bk

γzηµ

8
, k ∈ {2, · · · ,K} .

(3.1) Optimization error regarding z: In the following, we aim to enforce the coefficient of E[∥z̄k,t − z∗k(x̄t)∥2] to be
non-positive when k ∈ {2, · · · ,K}. From the definition of ψk and ρz ≤ δ

8
√
3

, we have

Dz∗,k ≤ bk−1
15γzηC

2
J

µ
+ τk

32ρzη

(1− λ)

144γ2
zη

2L2
g

δ2
+ τk−1

32ρzη

(1− λ)

144C2
Jγ

2
zη

2

δ2

+ 96γ2
zη

2L2
gZk + 96γ2

zη
2C2

JZk−1 − bk
γzηµ

8
≤ 0 .

Then, from τk−1
C2

J

L2
g
≤ τk, Zk−1

C2
J

L2
g
= Zk, we obtain

Dz∗,k ≤ bk−1
15γzηC

2
J

µ
+ τk

64ρzη

(1− λ)

144γ2
zη

2L2
g

δ2
+ 192γ2

zη
2L2

gZk − bk
γzηµ

8
.

Specifically, we enforce

bk−1
15γzηC

2
J

µ
≤ bk

γzηµ

16
, τk

64ρzη

(1− λ)

144γ2
zη

2L2
g

δ2
+ 192γ2

zη
2L2

gZk ≤ bk
γzηµ

16
. (45)

To solve the first inequality in Eq. (45), we obtain bk−1 ≤ bk
µ2

256C2
J

. In addition, we derive τk−1
C2

J

L2
g
≤ τk, since τk depends

on bk and Zk, and bk−1
C2

J

L2
g
≤ bk and

L2
g

µ2 ≥ 1 are satisfied.
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To solve the second inequality in Eq. (45), firstly, from the definition of τk, we obtain

2γxE1,zk

ρz(1− λ)

64ρzη

(1− λ)

144γ2
zη

2L2
g

δ2
≤ bk

γzηµ

32
,

2E2,zk

ρzη(1− λ)

64ρzη

(1− λ)

144γ2
zη

2L2
g

δ2
+ 192γ2

zη
2L2

gZk ≤ bk
γzηµ

32
. (46)

Specifically, to solve the first inequality in Eq. (46), we enforce

64
3bk
ηγx

2γx
(1− λ)2

144γ2
zη

2L2
g

δ2
≤ bk

γzηµ

96
, 64bk

48γz
γxµ

L2
g

2γx
(1− λ)2

144γ2
zη

2L2
g

δ2
≤ bk

γzηµ

96
,

64bk−1
48γz
γxµ

C2
J

2γx
(1− λ)2

144γ2
zη

2L2
g

δ2
≤ bk

γzηµ

96
. (47)

Therefore, from bk−1 ≤ bk
µ2

256C2
J

, we obtain γz ≤
{

µδ2(1−λ)2

384×144×96L2
g
, µδ(1−λ)

9216L2
g
, δ(1−λ)

576Lg

}
.

To solve the second inequality in Eq. (46), from the definition of E2,zk, and Eq. (39), we obtain

96γ2
zη

2L2
gZk

128

(1− λ)2
144γ2

zη
2L2

g

δ2
+ 32ρ2zη

2Zk
128

(1− λ)2
144γ2

zη
2L2

g

δ2
+ 192γ2

zη
2L2

gZk

≤ 32γ2
zη

2L2
gZk + 32γ2

zη
2L2

gZk + 192γ2
zη

2L2
gZk

= 256γ2
zη

2L2
gZk ≤ bk

γzηµ

32
.

Therefore, we obtain bk ≥ 3072γxγz

µ

(
16C2

JL
2
g

αxN
+

320C2
JL

2
g

β2
z(1−λ)2

)
C

2(k−1)
J

L
2(k−1)
g

. Since Lg/µ > 1, for any k ∈ {2, · · · ,K}, we define

bk =
L2k

g

µ2k

(256CJ)
2(k−1)

L
2(k−1)
g

3072γxγz
µ

(
80C2

J

γ2
z

+
80C2

JL
2
g

αxN
+

320C2
JL

2
g

β2
z(1− λ)2

+
320C4

J

β2
x(1− λ)2

)
≜ ∆bk

γxγz
µ

(
80C2

J

γ2
z

+
80C2

JL
2
g

αxN
+

320C2
JL

2
g

β2
z(1− λ)2

+
320C4

J

β2
x(1− λ)2

)
.

We verify that bk−1 ≤ bk
µ2

256C2
J

for any k ∈ {3, · · · ,K}.

In the following, we aim to enforce the coefficient of E[∥z̄k,t− z∗k(x̄t)∥2] to be non-positive when k = 1, from the definition
of ψ1, ρz ≤ δ

8
√
3

, we have

Dz∗,1 ≤ 6ηγxC
2
J + τ1

32ρzη

δ(1− λ)

144γ2
zη

2L2
g

δ
+ 96γ2

zη
2L2

gZ1 − b1
γzηµ

8
≤ 0 .

This inequality can be handled analogously, and we omit the detailed derivation for brevity. We therefore obtain b1 ≤
b2

µ2

256C2
J

, with the same definition of b1. Finally, to ensure bk ≤ αzηµ
24γz

dk in Eq. (37), we enforce

L2k
g

µ2k

(256CJ)
2(k−1)

L
2(k−1)
g

3072γxγz
µ

(
80C2

J

γ2
z

+
80C2

JL
2
g

αxN
+

320C2
JL

2
g

β2
z(1− λ)2

+
320C4

J

β2
x(1− λ)2

)
≤ αzηµ

24γz

γx
αxη

3C2k
J

8L2k
g

.

To make this inequality hold, we enforce

L2k
g

µ2k

(256CJ)
2(k−1)

L
2(k−1)
g

3072γxγz
µ

80C2
J

γ2
z

≤ αzηµ

48γz

γx
αxη

3C2k
J

8L2k
g

,

L2k
g

µ2k

(256CJ)
2(k−1)

L
2(k−1)
g

3072γxγz
µ

(
80C2

JL
2
g

αxN
+

320C2
JL

2
g

β2
z(1− λ)2

+
320C4

J

β2
x(1− λ)2

)
≤ αzηµ

48γz

γx
αxη

3C2k
J

8L2k
g

,

which leads to

αx ≤ αz

1024× 640× 48

µ2(k+1)

L
2(k+1)
g 2562(k−1)

,
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γz ≤ µk+1

Lk+1
g 256(k−1)

√
αz

3072× 128αx

/√
80L2

g

αxN
+

320L2
g

β2
z(1− λ)2

+
320C2

J

β2
x(1− λ)2

.

(2.2) Optimization error regarding y: In the following, we aim to enforce the coefficient of E[∥y∗k(x̄t)− ȳk,t∥2] to be
non-positive. Firstly, from the definition of ψk, τk, Eq. (39) and Eq. (47), we obtain

ψk
144γ2

zη
2

δ
= τk

32ρzη

δ(1− λ)

144γ2
zη

2

δ
+

64

δ
ρ2zη

2Zk
144γ2

zη
2

δ

≤ 2ηγxE1,zk

(1− λ)2
32

144γ2
zη

2

δ2
+

2E2,zk

(1− λ)2
32

144γ2
zη

2

δ2
+ 48γ2

zη
2Zk

≤ 3bk
ηγx

2ηγx
(1− λ)2

32
144γ2

zη
2

δ2
+ bk

48γz
γxµ

L2
g

2ηγx
(1− λ)2

32
144γ2

zη
2

δ2
+ bk−1

48γz
γxµ

C2
J

2ηγx
(1− λ)2

32
144γ2

zη
2

δ2

+ 96γ2
zη

2L2
gZk

2

(1− λ)2
32

144γ2
zη

2

δ2
+ 32ρ2zη

2Zk
2

(1− λ)2
32

144γ2
zη

2

δ2
+ 48γ2

zη
2Zk

≤ bk
γzη

192µ
+ bk

8γzη

µ
+ bk−1

8γzη

µ

C2
J

L2
g

+ 16γ2
zη

2Zk + 16γ2
zη

2Zk + 48γ2
zη

2Zk

≤ bk
17γzη

µ
+ 80γ2

zη
2Zk . (48)

Therefore, when k ∈ {2, · · · ,K − 1}, we enforce

Dy∗,k = ak+1
10γyη

µ
L2

g + bk+1
32γzη

µ
L2

H∆2
k+1 + bk

32γzη

µ
(L2

H∆2
k + L2

J∆
2
k+1) + bk−1

32γzη

µ
L2

J∆
2
k

+ 128γ2
zη

2Zk(∆
2
kL

2
H +∆2

k+1L
2
J) + 128γ2

zη
2Zk+1∆

2
k+1L

2
H + 128γ2

zη
2Zk−1∆

2
kL

2
J − ak

γyηµ

4
≤ 0 .

Specifically, we enforce

ak+1
10γyη

µ
L2

g ≤ γyηµ

16
ak ,

bk+1
32γzη

µ
∆2

k+1L
2
H + bk

32γzη

µ
(∆2

kL
2
H +∆2

k+1L
2
J) + bk−1

32γzη

µ
∆2

kL
2
J

+ 128γ2
zη

2(∆2
kL

2
H +∆2

k+1L
2
J)Zk + 128γ2

zη
2∆2

k+1L
2
HZk+1 + 128γ2

zη
2∆2

kL
2
JZk−1

≤ αzηµ

24γz
dk+1

32γzη

µ
∆2

k+1L
2
H +

αzηµ

24γz
dk

32γzη

µ
(∆2

kL
2
H +∆2

k+1L
2
J) +

αzηµ

24γz
dk−1

32γzη

µ
∆2

kL
2
J

+ 128γ2
zη

2(∆2
kL

2
H +∆2

k+1L
2
J)Zk + 128γ2

zη
2∆2

k+1L
2
HZk+1 + 128γ2

zη
2∆2

kL
2
JZk−1

≤ 3γyηµ

16
ak ,

where we use bk ≤ αzηµ
24γz

dk in the second step of the last inequality.

For the second inequality, from Lg/µ > 1, for any k ∈ {2, · · · ,K − 1}, we define

Ea =
80C2

J

αxN
+

480C2
JL

2
g

β2
z(1− λ)2µ2

+
80L4

g

µ2αxN
+

640L4
g

β2
z(1− λ)2µ2

+
96C2

JL
2
g

β2
x(1− λ)2µ2

ak =
160K−kC2K

J

µ2K

(
L2

f +
C2

J

µ2
L2

H +
L2

g

µ2
L2

J + L2
H

)
γx
γyµ

(
32 +

16αz

3αx
+ 256γ2

zEa

)
≜ ∆ak

γx
γyµ

(
32 +

16αz

3αx
+ 256γ2

zEa

)
.

The cases k = 1 and k = K follow by analogous arguments.

G.4. Other errors related to x (F4)

The term F4 comprises three types of errors related to x: the variable feedback error, the variable consensus error, and the
momentum consensus error. Specifically, we have

F4 ≤
(
ω

8ρxη

(1− λ)
+ 16ρ2xη

2X − θ
δ

4

) 1

N
E[∥X̂t −Xt∥2F ] +Dx

1

N
E[∥Xt(I − J)∥2F ]
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+
(
ω

2γ2
xη

ρx(1− λ)
+ θ

12γ2
xη

2

δ
+ θ̃

36β2
x

δ
+ 4γ2

xη
2X − ω̃βx(1− λ)

) 1

N
E[∥Pt(I − J)∥2F ] .

where

X =
2L2

gc1

N
+

8L2
Hd1
N

∆2
1 +

8L2
fdK

N
+

3e

N
(∆2

1L
2
J + L2

f ) + 2L2
g c̃1 + 8L2

H d̃1∆
2
1 + 8L2

f d̃K + 3ẽ(∆2
1L

2
J + L2

f )

+
4L2

g ν̃1

βy(1− λ)
+

16L2
H τ̃1∆

2
1

βz(1− λ)
+

16L2
f τ̃K

βz(1− λ)
+

12ω̃(∆2
1L

2
J + L2

f )

βx(1− λ)
+

18L2
gϕ̃1

δ
+

72L2
H ψ̃1

δ
∆2

1 +
72L2

f ψ̃K

δ
+

54θ̃

δ
(∆2

1L
2
J + L2

f ) ,

Dx = 6ηγx(L
2
f +∆2

1L
2
J) + a1

20γyηL
2
g

µ
+ b1

48γzη

µ
∆2

1L
2
H + bK

48γzη

µ
L2

f + θ
48ρ2xη

2

δ
+ 16ρ2xη

2X

+ ψ1
144γ2

zη
2

δ
∆2

1L
2
H + ψK

144L2
fγ

2
zη

2

δ
+ 48γ2

zη
2Z1∆

2
1L

2
H + 48γ2

zη
2L2

fZK − ωρxη(1− λ) .

(4.1) Feedback error regarding x: To eliminate 1
NE[∥X̂t −Xt∥2F ], we enforce

ω
8ρxη

(1− λ)
+ 16ρ2xη

2X − θ
δ

4
≤ 0 , and obtain θ = ω

32ρxη

δ(1− λ)
+

64

δ
ρ2xη

2X . (49)

(4.2) Consensus error regarding x: To eliminate 1
NE[∥Xt(I − J)∥2F ], following Eq. (48), we enforce

Dx ≤ 6ηγx(L
2
f +∆2

1L
2
J) + a1

20γyηL
2
g

µ
+ b1

48γzη

µ
∆2

1L
2
H + bK

48γzη

µ
L2

f + θ
48ρ2xη

2

δ
+ 16ρ2xη

2X + b1
17γzη

µ
∆2

1L
2
H

+ 80γ2
zη

2Z1∆
2
1L

2
H + bK

17γzη

µ
L2

f + 80γ2
zη

2ZKL
2
f + 48γ2

zη
2Z1∆

2
1L

2
H + 48γ2

zη
2L2

fZK − ωρxη(1− λ)

= 6ηγx(L
2
f +∆2

1L
2
J) + a1

20γyηL
2
g

µ
+ b1

65γzη

µ
∆2

1L
2
H + bK

65γzη

µ
L2

f + θ
48ρ2xη

2

δ
+ 16ρ2xη

2X

+ 128γ2
zη

2Z1∆
2
1L

2
H + 128γ2

zη
2L2

fZK − ωρxη(1− λ) ≤ 0 .

From the definition of θ, we have

6ηγx(L
2
f +∆2

1L
2
J) + a1

20γyηL
2
g

µ
+ b1

65γzη

µ
∆2

1L
2
H + bK

65γzη

µ
L2

f + ω
32ρxη

δ(1− λ)

48ρ2xη
2

δ
+

64

δ
ρ2xη

2X 48ρ2xη
2

δ

+ 16ρ2xη
2X + 128γ2

zη
2Z1∆

2
1L

2
H + 128γ2

zη
2L2

fZK − ωρxη(1− λ) ≤ 0 .

Firstly, we enforce

ω
32ρxη

δ(1− λ)

48ρ2xη
2

δ
≤ 1

12
ωρxη(1− λ) , and obtain ρx ≤ δ(1− λ)

96
√
2

. (50)

Then from ρx ≤ δ
8
√
3

, we have

6ηγx(L
2
f +∆2

1L
2
J) + a1

20γyηL
2
g

µ
+ b1

65γzη

µ
∆2

1L
2
H + bK

65γzη

µ
L2

f

+ 32ρ2xη
2X + 128γ2

zη
2Z1∆

2
1L

2
H + 128γ2

zη
2L2

fZK ≤ 11

12
ωρxη(1− λ) .

Then, due to bk ≤ αzηµ
24γz

dk and the upper bound of γz , we have

6ηγxL
2
f +

20γxηL
2
g

µ2
∆a1

(
32 +

5αz

2αx
+

12C2
J

µ2
+

15L2
g

µ2

)
+

3C2K
J

8µ2K

(
16ηγxL

2
J + ηγx

3αz

αx
(L2

H
C2

J

µ2
+ L2

f ) + 4ηγx(
C2

J

µ2
L2

H + L2
f )
)
+ 32ρ2xη

2X − 1

2
ωρxη(1− λ) ≤ 0 .

Then, we set

∆aa =
(
32 +

5αz

2αx
+

12C2
J

µ2
+

15L2
g

µ2

)
, ∆xx =

(
16L2

J +
3αz

αx
(L2

H
C2

J

µ2
+ L2

f ) + 4(
C2

J

µ2
L2

H + L2
f )
)
,
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E1,x = 6L2
f +

20L2
g

µ2
∆a1∆aa +

3C2K
J

8µ2K
∆xx , E2,x = 32ρ2xη

2X , ω =
2γxE1,x

ρx(1− λ)
+

2E2,x

ρxη(1− λ)
.

(4.3) Consensus error regarding momentum of x: In the following, we aim to set the coefficient of 1
NE[∥Pt(I − J)∥2F ] to

be non-positive, i.e.,

ω
2γ2

xη

ρx(1− λ)
+ θ

12γ2
xη

2

δ
+ θ̃

36β2
x

δ
+ 4γ2

xη
2X − ω̃βx(1− λ) ≤ 0 .

Firstly, we enforce

ω̃
32βx

δ(1− λ)

36β2
x

δ
≤ 1

3
ω̃βx(1− λ) , and obtain βx ≤ δ(1− λ)

24
√
6

.

Then, from the definition of ω, we enforce

2γxE1,x

ρx(1− λ)

2γ2
xη

ρx(1− λ)
+

4γ2
xE2,x

ρ2x(1− λ)2
+ θ

12γ2
xη

2

δ
+ 4γ2

xη
2X ≤ 2

3
ω̃βx(1− λ) .

Specifically, from the definition of ω̃ = γx

βx(1−λ)
3C2

J

8L2
g

, we enforce

2γxE1,x

ρx(1− λ)

2γ2
xη

ρx(1− λ)
≤ γx

6

3C2
J

8L2
g

,
2E2,x

ρxη(1− λ)

2γ2
xη

ρx(1− λ)
≤ γx

6

3C2
J

8L2
g

,

θ
12γ2

xη
2

δ
≤ γx

6

3C2
J

8L2
g

, 4γ2
xη

2X ≤ γx
12

3C2
J

8L2
g

. (51)

To solve the last inequality in Eq. (51), from the definition of X , we have

X ≤ 3C2K
J

8µ2K

( 8γx
αxηN

(L2
f +

C2
J

µ2
L2

H + L2
J) + (

160L2
Hγx

β2
z(1− λ)2

+
72L2

Jγx
β2
x(1− λ)2

)
C2

J

L2
g

)
+

3C2K
J

8L2K
g

160L2
fγx

β2
z(1− λ)2

+
( 72L2

fγx

β2
x(1− λ)2

+
40L2

gγx

β2
y(1− λ)2

)3C2
J

8L2
g

+
3γx
αxηN

L2
f +

2

N

20γxL
2
g

αyηµ2
∆a1∆aa .

Therefore, by setting ∆2
L = (L2

f +
C2

J

µ2 L
2
H + L2

J), we enforce

4γ2
xη

2 3C
2K
J

8µ2K

8γx
αxηN

∆2
L ≤ γx

96

3C2
J

8L2
g

, 4γ2
xη

2 3C
2K
J

8µ2K

160L2
Hγx

β2
z(1− λ)2

C2
J

L2
g

≤ γx
96

3C2
J

8L2
g

,

4γ2
xη

2 3C
2K
J

8µ2K

72L2
Jγx

β2
x(1− λ)2

C2
J

L2
g

≤ γx
96

3C2
J

8L2
g

, 4γ2
xη

2 3C
2K
J

8L2K
g

160L2
fγx

β2
z(1− λ)2

≤ γx
96

3C2
J

8L2
g

,

4γ2
xη

2 72L2
fγx

β2
x(1− λ)2

3C2
J

8L2
g

≤ γx
96

3C2
J

8L2
g

, 4γ2
xη

2 40L2
gγx

β2
y(1− λ)2

3C2
J

8L2
g

≤ γx
96

3C2
J

8L2
g

,

4γ2
xη

2 3γx
αxηN

L2
f ≤ γx

96

3C2
J

8L2
g

, 4γ2
xη

2 2

N

20γxL
2
g

αyηµ2
∆a1∆aa ≤ γx

96

3C2
J

8L2
g

. (52)

Then, we obtain

γx ≤
{ µK

LgC
K−1
J

√
αxN

32
√
3∆L

,
µK

CK
J

βz(1− λ)

64
√
15LH

,
µK

CK
J

βx(1− λ)

96
√
3LJ

,
LK−1

g

CK−1
J

βz(1− λ)

64
√
15Lf

,

βx(1− λ)

96
√
3Lf

,
βy(1− λ)

32
√
15Lg

,

√
αxNCJ

32
√
3LfLg

,

√
αyNµ

64
√

10∆a1∆aa

CJ

L2
g

}
.

To solve the third inequality in Eq. (51), from the definition of θ, we enforce

ω
32ρxη

δ(1− λ)

12γ2
xη

2

δ
≤ γx

12

3C2
J

8L2
g

,
64

δ
ρ2xη

2X 12γ2
xη

2

δ
≤ γx

12

3C2
J

8L2
g

.
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Since ρx ≤ δ
8
√
3

, the second inequality holds. To solve the first inequality, from the definition of ω, we enforce

2γxE1,x

ρx(1− λ)

32ρxη

δ(1− λ)

12γ2
xη

2

δ
≤ γx

16

3C2
J

8L2
g

,
2E2,x

ρxη(1− λ)

32ρxη

δ(1− λ)

12γ2
xη

2

δ
≤ γx

64

3C2
J

8L2
g

.

From Eq. (50), the second inequality is already satisfied. To solve the first one, from the definition of E1,x, we enforce

6L2
f

64ηγx
(1− λ)2

12γ2
xη

2

δ2
≤ γx

48

3C2
J

8L2
g

,
20L2

g

µ2
∆a1∆aa

64ηγx
(1− λ)2

12γ2
xη

2

δ2
≤ γx

48

3C2
J

8L2
g

,

3C2K
J

8µ2K
∆xx

64ηγx
(1− λ)2

12γ2
xη

2

δ2
≤ γx

48

3C2
J

8L2
g

.

Then, we obtain γx ≤
{

δ(1−λ)CJ

768LfLg
, µδ(1−λ)CJ

256
√

30∆a1
∆aaL2

g

, µK

LgC
K−1
J

δ(1−λ)

192
√
∆xx

}
.

To solve the first inequality in Eq. (51), from the definition of E1,x, we enforce

6L2
f

2γx
ρx(1− λ)

2γ2
xη

ρx(1− λ)
≤ γx

18

3C2
J

8L2
g

,
20L2

g

µ2
∆a1∆aa

2γx
ρx(1− λ)

2γ2
xη

ρx(1− λ)
≤ γx

18

3C2
J

8L2
g

,

3C2K
J

8µ2K
∆xx

2γx
ρx(1− λ)

2γ2
xη

ρx(1− λ)
≤ γx

18

3C2
J

8L2
g

.

Then, we obtain γx ≤
{

ρx(1−λ)CJ

24
√
2LfLg

, µρx(1−λ)CJ

16
√

15∆a1∆aaL2
g

, µK

LgC
K−1
J

ρx(1−λ)

6
√
2∆xx

}
.

To solve the second inequality in Eq. (51), from the definition of E2,x, we have

32X 4γ2
xη

2

(1− λ)2
≤ γx

6

3C2
J

8L2
g

.

Then, we solve it as in Eq. (52). We omit the details here and obtain

γx ≤
{ µK

LgC
K−1
J

(1− λ)
√
αxN

128
√
3∆L

,
µK

CK
J

βz(1− λ)2

256
√
15LH

,
µK

CK
J

βx(1− λ)2

384
√
3LJ

,
LK−1

g

CK−1
J

βz(1− λ)2

256
√
15Lf

,

βx(1− λ)2

384
√
3Lf

,
βy(1− λ)2

128
√
15Lg

,
(1− λ)

√
αxNCJ

128
√
3LfLg

,
(1− λ)

√
αyNµ

256
√

10∆a1∆aa

CJ

L2
g

.

G.5. Other errors related to y (F5)

The term F5 comprises three types of errors related to y: the variable feedback error, the variable consensus error, and the
momentum consensus error. Specifically, we have

F5 ≤
K∑

k=1

(
νk

8ρyη

(1− λ)
+ 16ρ2yη

2Yk − ϕk
δ

4

) 1

N
E[∥Ŷk,t − Yk,t∥2F ] +

K∑
k=1

Dy,k
1

N
E[∥Yk,t(I − J)∥2F ]

+
K∑

k=1

(
νk

2γ2
yη

ρy(1− λ)
+ ϕk

12γ2
yη

2

δ
+ ϕ̃k

36β2
y

δ
+ 4γ2

yη
2Yk − ν̃kβy(1− λ)

) 1

N
E[∥Qk,t(I − J)∥2F ] ,

where the definitions of Dy,k and Yk will be specified in the following analysis.

(5.1) Feedback error regarding y: To eliminate 1
NE[∥Ŷk,t − Yk,t∥2F ], when k ∈ {1, · · · ,K},

νk
8ρyη

(1− λ)
+ 16ρ2yη

2Yk − ϕk
δ

4
≤ 0 , and obtain ϕk = νk

32ρyη

δ(1− λ)
+

64

δ
ρ2yη

2Yk .

(5.2) Consensus error regarding y: When k = 1, to eliminate 1
NE[∥Y1,t(I − J)∥2F ] , we enforce

Dy,1 = 6ηγx∆
2
1L

2
J + a1

20γyηL
2
g

µ
+ a2

20γyηL
2
g

µ
+ b1

48γzη

µ
(∆2

1L
2
H +∆2

2L
2
J) + b2

48γzη

µ
∆2

2L
2
H + ϕ1

48ρ2yη
2

δ
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+ ψ1
144γ2

zη
2

δ
(∆2

1L
2
H +∆2

2L
2
J) + ψ2

144γ2
zη

2

δ
∆2

2L
2
H + 48γ2

zη
2(∆2

1L
2
H +∆2

2L
2
J)Z1 + 48γ2

zη
2Z2∆

2
2L

2
H

+ 16ρ2yη
2Y1 − ν1ρyη(1− λ) ≤ 0 .

From Eq. (48) and the definition of ϕk, we have

Dy,1 ≤ 6ηγx∆
2
1L

2
J + (a1 + a2)

20γyηL
2
g

µ
+ b1

65γzη

µ
(∆2

1L
2
H +∆2

2L
2
J) + b2

65γzη

µ
∆2

2L
2
H + 128γ2

zη
2(∆2

1L
2
H +∆2

2L
2
J)Z1

+ 128γ2
zη

2Z2∆
2
2L

2
H + ν1

32ρyη

δ(1− λ)

48ρ2yη
2

δ
+

64

δ
ρ2yη

2Y1
48ρ2yη

2

δ
+ 16ρ2yη

2Y1 − ν1ρyη(1− λ) ≤ 0 .

Firstly, we enforce

ν1
32ρyη

δ(1− λ)

48ρ2yη
2

δ
≤ 1

12
ν1ρyη(1− λ) , and obtain ρy ≤ δ(1− λ)

96
√
2

. (53)

Then from ρy ≤ δ
8
√
3

, we have

6ηγx∆
2
1L

2
J + (a1 + a2)

20γyηL
2
g

µ
+ b1

65γzη

µ
(∆2

1L
2
H +∆2

2L
2
J) + b2

65γzη

µ
∆2

2L
2
H

+ 128γ2
zη

2(∆2
1L

2
H +∆2

2L
2
J)Z1 + 128γ2

zη
2Z2∆

2
2L

2
H + 32ρ2yη

2Y1 ≤ 11

12
ν1ρyη(1− λ) .

Then, due to bk ≤ αzηµ
24γz

dk and the upper bound of γz , we have

20γxηL
2
g

µ2
(∆a1 +∆a2)

(
32 +

5αz

2αx
+

12C2
J

µ2
+

15L2
g

µ2

)
+

3C2K
J

8µ2K

(
16ηγxL

2
J + ηγx

6αz

αx
(
C2

J

µ2
L2

H + L2
J) + 8ηγx(

C2
J

µ2
L2

H + L2
J)

)
+ 32ρ2yη

2Y1 −
1

2
ν1ρyη(1− λ) ≤ 0 .

Therefore, we set

∆yy =
(
16L2

J +
6αz

αx
(L2

f +
C2

J

µ2
L2

H + L2
J) + 8(L2

f +
C2

J

µ2
L2

H + L2
J)
)

E1,y1 =
20L2

g

µ2
(∆a1 +∆a2)∆aa +

3C2K
J

8µ2K
∆yy , E2,y1 = 32ρ2yη

2Y1 , ν1 =
2γxE1,y1

ρy(1− λ)
+

2E2,y1

ρyη(1− λ)
.

When k = K, to eliminate 1
NE[∥YK,t(I − J)∥2F ] , we enforce

Dy,K = 6ηγxL
2
f + aK

20γyηL
2
g

µ
+ bK

48γzη

µ
(∆2

KL
2
H + L2

f ) + bK−1
48γzη

µ
∆2

KL
2
J + ϕK

48ρ2yη
2

δ

+ ψK−1
144γ2

zη
2

δ
∆2

KL
2
J + ψK

144γ2
zη

2

δ
(∆2

KL
2
H + L2

f ) + 48γ2
zη

2ZK−1∆
2
KL

2
J + 48γ2

zη
2ZK(∆2

KL
2
H + L2

f )

+ 16ρ2yη
2YK − νKρyη(1− λ) ≤ 0 .

This inequality can be handled analogously. Therefore, we set

E1,yK = 6L2
f +

20L2
g

µ2
∆aK∆aa +

3C2K
J

8µ2K
∆yy , E2,yK = 32ρ2yη

2YK , νK =
2γxE1,yK

ρy(1− λ)
+

2E2,yK

ρyη(1− λ)
.

When k ∈ {2, · · · ,K − 1}, to eliminate 1
NE[∥Yk,t(I − J)∥2F ] , we enforce

Dy,k = ak
20γyηL

2
g

µ
+ ak+1

20γyηL
2
g

µ
+ bk

48γzη

µ
(∆2

kL
2
H +∆2

k+1L
2
J) + bk+1

48γzη

µ
∆2

k+1L
2
H + bk−1

40γzη

µ
∆2

kL
2
J

+ ψk
144γ2

zη
2

δ
(∆2

kL
2
H +∆2

k+1L
2
J) + ψk+1

144γ2
zη

2

δ
∆2

k+1L
2
H + ψk−1

144γ2
zη

2

δ
∆2

kL
2
J

+ 48γ2
zη

2(∆2
kL

2
H +∆2

k+1L
2
J)Zk + 48γ2

zη
2Zk+1∆

2
k+1L

2
H + 48γ2

zη
2Zk−1∆

2
kL

2
J
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+ ϕk
48ρ2yη

2

δ
+ 16ρ2yη

2Yk − νkρyη(1− λ) ≤ 0 ,

and we obtain

E1,yk =
20L2

g

µ2
(∆ak +∆ak+1)∆aa +

3C2K
J

8µ2K
∆yy , E2,yk = 32ρ2yη

2Yk , νk =
2γxE1,yk

ρy(1− λ)
+

2E2,yk

ρyη(1− λ)
.

(5.3) Consensus error regarding momentum of y: In the following, we aim to set the coefficient of 1
NE[∥Qt,k(I − J)∥2F ]

to be non-positive when k ∈ {1, · · · ,K}, i.e.,

νk
2γ2

yη

ρy(1− λ)
+ ϕk

12γ2
yη

2

δ
+ ϕ̃k

36β2
y

δ
+ 4γ2

yη
2Yk − ν̃kβy(1− λ) ≤ 0 .

Firstly, from the definition of ϕ̃k, we enforce

ν̃k
32βy

δ(1− λ)

36β2
y

δ
≤ 1

3
ν̃kβy(1− λ) , and obtain βy ≤ δ

24
√
6
(1− λ) .

Then, from the definition of νk, we enforce

2γxE1,yk

ρy(1− λ)

2γ2
yη

ρy(1− λ)
+

2E2,yk

ρyη(1− λ)

2γ2
yη

ρy(1− λ)
+ ϕk

12γ2
yη

2

δ
+ 4γ2

yη
2Yk ≤ 2

3
ν̃kβy(1− λ) .

Specifically, from the definition of ν̃k = γx

βy(1−λ)
3C2k

J

8L2k
g

, we enforce

2γxE1,yk

ρy(1− λ)

2γ2
yη

ρy(1− λ)
≤ γx

6

3C2k
J

8L2k
g

,
2E2,yk

ρyη(1− λ)

2γ2
yη

ρy(1− λ)
≤ γx

6

3C2k
J

8L2k
g

,

ϕk
12γ2

yη
2

δ
≤ γx

6

3C2k
J

8L2k
g

, 4γ2
yη

2Yk ≤ γx
12

3C2k
J

8L2k
g

. (54)

When k ∈ {2, · · · ,K − 1}, we have

Yk =
2L2

gck

N
+

2L2
gck+1

N
+

8dk
N

(∆2
kL

2
H +∆2

k+1L
2
J) +

8dk−1

N
∆2

kL
2
J +

8dk+1

N
∆2

k+1L
2
H

+ 2L2
g c̃k + 2L2

g c̃k+1 + 8d̃k(∆
2
kL

2
H +∆2

k+1L
2
J) + 8d̃k−1∆

2
kL

2
J + 8d̃k+1∆

2
k+1L

2
H

+
4L2

g ν̃k

βy(1− λ)
+

4L2
g ν̃k+1

βy(1− λ)
+

16τ̃k
βz(1− λ)

(∆2
kL

2
H +∆2

k+1L
2
J) +

16τ̃k−1∆
2
kL

2
J

βz(1− λ)
+

16τ̃k+1∆
2
k+1L

2
H

βz(1− λ)

+
18L2

gϕ̃k

δ
+

18L2
gϕ̃k+1

δ
+

72ψ̃k

δ
(∆2

kL
2
H +∆2

k+1L
2
J) +

72ψ̃k−1

δ
∆2

kL
2
J +

72ψ̃k+1

δ
∆2

k+1L
2
H ,

≤ 2

N

20γxL
2
g

αyηµ2
(∆ak +∆ak+1)∆aa +

40γx(L
2
g + C2

J)

β2
y(1− λ)2

3C2k
J

8L2k
g

+
3C2K

J

8µ2K

16γx
αxηN

∆2
L +

3C2K
J

8µ2(K−k+1)L
2(k−1)
g

320γx
β2
z(1− λ)2

∆2
L .

Therefore, to solve the last inequality in Eq. (54), we enforce

4γ2
yη

2 2

N

20γxL
2
g

αyηµ2
(∆ak +∆ak+1)∆aa ≤ γx

60

3C2k
J

8L2k
g

, 4γ2
yη

2 40γx(L
2
g + C2

J)

β2
y(1− λ)2

3C2k
J

8L2k
g

≤ γx
60

3C2k
J

8L2k
g

,

4γ2
yη

2 3C
2K
J

8µ2K

16γx
αxηN

∆2
L ≤ γx

60

3C2k
J

8L2k
g

, 4γ2
yη

2 3C2K
J

8µ2(K−k+1)L
2(k−1)
g

320γx
β2
z(1− λ)2

∆2
L ≤ γx

60

3C2k
J

8L2k
g

. (55)

Then, we obtain

γy ≤
{ Ck

J

L
(k+1)
g

√
αyNµ

160
√

(∆ak +∆ak+1)
,

βy(1− λ)

40
√

6(L2
g + C2

J)
,

µK

CK−k
J Lk

g

√
αxN

16
√
15∆L

,
µK−k+1

CK−k
J Lg

βz(1− λ)

160
√
3∆L

}
.

Similarly, when k = 1, we have

Y1 =
2L2

gc1

N
+

2L2
gc2

N
+

8d1
N

(∆2
1L

2
H +∆2

2L
2
J) +

8d2
N

∆2
2L

2
H +

3e

N
∆2

1L
2
J
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+ 2L2
g c̃1 + 2L2

g c̃2 + 8d̃1(∆
2
1L

2
H +∆2

2L
2
J) + 8d̃2∆

2
2L

2
H + 3ẽ∆2

1L
2
J

+
4L2

g ν̃1

βy(1− λ)
+

4L2
g ν̃2

βy(1− λ)
+

16τ̃1
βz(1− λ)

(∆2
1L

2
H +∆2

2L
2
J) +

16τ̃2∆
2
2L

2
H

βz(1− λ)
+

12ω̃∆2
1L

2
J

βx(1− λ)

+
18L2

gϕ̃1

δ
+

18L2
gϕ̃2

δ
+

72ψ̃1

δ
(∆2

1L
2
H +∆2

2L
2
J) +

72ψ̃2

δ
∆2

2L
2
H +

54θ̃

δ
∆2

1L
2
J ,

≤ 2

N

20γxL
2
g

αyηµ2
(∆a1 +∆a2)∆aa +

40γx(L
2
g + C2

J)

β2
y(1− λ)2

3C2
J

8L2
g

+
3C2K

J

8µ2K

16γx
αxηN

(L2
f +

C2
J

µ2
L2

H + L2
J)

+
3C2K

J

8µ2K

( 320γx
β2
z(1− λ)2

(L2
f +

C2
J

µ2
L2

H + L2
J) +

72γx
β2
x(1− λ)2

C2
J

L2
g

L2
J

)
.

We only enforce the unique inequality, i.e.

4γ2
yη

2 3C
2K
J

8µ2K

72γx
β2
x(1− λ)2

C2
J

L2
g

L2
J ≤ γx

60

3C2
J

8L2
g

, and obtain γy ≤ µK

CK
J

βx(1− λ)

24
√
30LJ

.

When k = K, we have

YK =
2L2

gcK

N
+

8dK
N

(∆2
KL

2
H + L2

f ) +
8dK−1

N
∆2

KL
2
J +

3eL2
f

N
+ 2L2

g c̃K + 8d̃K(∆2
KL

2
H + L2

f ) + 8d̃K−1∆
2
KL

2
J + 3ẽL2

f

+
4L2

g ν̃K

βy(1− λ)
+

16τ̃K
βz(1− λ)

(∆2
KL

2
H + L2

f ) +
16τ̃K−1∆

2
KL

2
J

βz(1− λ)
+

12L2
f ω̃

βx(1− λ)

+
18L2

gϕ̃K

δ
+

72ψ̃K

δ
(∆2

KL
2
H + L2

f ) +
72ψ̃K−1

δ
∆2

KL
2
J +

54L2
f θ̃

δ

≤ 2

N

20γxL
2
g

αyηµ2
∆aK∆aa +

3L2
f

N

γx
αxη

+
40L2

gγx

β2
y(1− λ)2

3C2K
J

8L2K
g

+
3C2K

J

8µ2K

16γx
αxηN

(L2
f +

C2
J

µ2
L2

H + L2
J)

+
3C2K

J

8µ2L
2(K−1)
g

( 320γx
β2
z(1− λ)2

(L2
f +

C2
J

µ2
L2

H + L2
J)
)
+

72L2
fγx

β2
x(1− λ)2

3C2
J

8L2
g

.

We only enforce the unique inequality, i.e.

4γ2
yη

2 3L
2
f

N

γx
αxη

≤ γx
60

3C2K
J

8L2K
g

, 4γ2
yη

2 72L2
fγx

β2
x(1− λ)2

3C2
J

8L2
g

≤ γx
60

3C2K
J

8L2K
g

.

Then, we obtain γy ≤
{

CK
J

LK
g

√
αxN

8
√
30Lf

,
CK−1

J

LK−1
g

βx(1−λ)

24
√
30Lf

}
.

To solve the third inequality in Eq. (54), from the definition of ϕk, we enforce

νk
32ρyη

δ(1− λ)

12γ2
yη

2

δ
≤ γx

12

3C2k
J

8L2k
g

,
64

δ
ρ2yη

2Yk
12γ2

yη
2

δ
≤ γx

12

3C2k
J

8L2k
g

. (56)

Since ρy ≤ δ
8
√
3

, the second inequality holds. To solve the first inequality, from the definition of νk, we enforce

2γxE1,yk

ρy(1− λ)

32ρyη

δ(1− λ)

12γ2
yη

2

δ
≤ γx

16

3C2k
J

8L2k
g

,
2E2,yk

ρyη(1− λ)

32ρyη

δ(1− λ)

12γ2
yη

2

δ
≤ γx

64

3C2k
J

8L2k
g

.

From Eq. (53), the second inequality is already satisfied. To solve the first inequality, when k ∈ {1, · · · ,K − 1}, from the
definition of E1,yk, we enforce

20L2
g

µ2
(∆ak +∆ak+1)∆aa

64γxη

(1− λ)2
12γ2

yη
2

δ2
≤ γx

32

3C2k
J

8L2k
g

,

3C2K
J

8µ2K
∆yy

64γxη

(1− λ)2
12γ2

yη
2

δ2
≤ γx

32

3C2k
J

8L2k
g

.

Then, we obtain

γy ≤
{ µCk

J

Lk+1
g

δ(1− λ)

512
√

5(∆ak +∆ak+1)∆aa

,
µK

CK−k
J Lk

g

δ(1− λ)

64
√

6∆yy

} .
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When k = K, from the definition of E1,yK , we only enforce the unique inequalities here,

6L2
f

64γxη

(1− λ)2
12γ2

yη
2

δ2
≤ γx

64

3C2K
J

8L2K
g

,
20L2

g

µ2
∆aK∆aa

64γxη

(1− λ)2
12γ2

yη
2

δ2
≤ γx

64

3C2K
J

8L2K
g

.

We obtain γy ≤
{

CK
J

LK
g

δ(1−λ)

512
√
3Lf

,
CK

J µ

LK+1
g

δ(1−λ)

512
√

10∆aK
∆aa

}
.

To solve the first inequality in Eq. (54), from the definition of E1,yk, we have

4γxηγ
2
yE1,yk

ρ2y(1− λ)2
≤ γx

6

3C2k
J

8L2k
g

,
20L2

g

µ2
(∆ak +∆ak+1)∆aa

4γxηγ
2
y

ρ2y(1− λ)2
≤ γx

12

3C2k
J

8L2k
g

,

3C2K
J

8µ2K
∆yy

4γxηγ
2
y

ρ2y(1− λ)2
≤ γx

12

3C2k
J

8L2k
g

, 6L2
f

4γxηγ
2
y

ρ2y(1− λ)2
≤ γx

24

3C2K
J

8L2K
g

,

20L2
g

µ2
∆aK∆aa

4γxηγ
2
y

ρ2y(1− λ)2
≤ γx

24

3C2K
J

8L2K
g

,

we obtain

γy ≤
{ µCk

J

Lk+1
g

ρy(1− λ)

16
√

10(∆ak +∆ak+1)∆aa

,
µK

CK−k
J Lk

g

ρy(1− λ)

4
√

3∆yy

,
CK

J

LK
g

ρy(1− λ)

16
√
6Lf

,
CK

J µ

LK+1
g

ρy(1− λ)

32
√

5∆aK∆aa

}
.

To solve the second inequality in Eq. (54), from the definition of E2,yk, we have

32Yk
4γ2

yη
2

(1− λ)2
≤ γx

6

3C2k
J

8L2k
g

.

Then, we solve it as in Eq. (55). We omit the details here and obtain

γy ≤
{ Ck

J

L
(k+1)
g

(1− λ)
√
αyNµ

640
√

(∆ak +∆ak+1)
,

βy(1− λ)2

160
√

6(L2
g + C2

J)
,

µK

CK−k
J Lk

g

(1− λ)
√
αxN

64
√
15∆L

,
µK−k+1

CK−k
J Lg

βz(1− λ)2

640
√
3∆L

,

CK
J

LK
g

(1− λ)
√
αxN

32
√
30Lf

,
µK

CK
J

βx(1− λ)2

96
√
30LJ

,
CK−1

J

LK−1
g

βx(1− λ)2

96
√
30Lf

}
.

G.6. Momentum (F6)

For F6, it consists of two terms: the momentum for variables x and y. Specifically, we have

F6 ≤
( K∑

k=1

ak
5ηγ2

x

γyµ
C2

yk +
K∑

k=1

bk
9γ2

xη

γzµ
C2

zk + θ
12γ2

xη
2

δ
+ 4γ2

xη
2X − ηγx

4

)
E[∥m̄x

t ∥2]

+

K∑
k=1

(
ϕk

12γ2
yη

2

δ
+ 4γ2

yη
2Yk − ak

3ηγ2
y

4

)
E[∥m̄y

k,t∥
2] .

(6.1) Momentum for x: Firstly, we set the coefficient of E[∥m̄x
t ∥2] to be non-positive:

K∑
k=1

ak
5ηγ2

x

γyµ
C2

yk +

K∑
k=1

αzηµ

24γz
dk

9ηγ2
x

γzµ
C2

zk + θ
12γ2

xη
2

δ
+ 4γ2

xη
2X − ηγx

4
≤ 0 .

Specifically, we enforce

K∑
k=1

ak
5ηγ2

x

γyµ
C2

yk ≤ ηγx
16

,

K∑
k=1

αzηµ

24γz
dk

9ηγ2
x

γzµ
C2

zk ≤ ηγx
16

,

θ
12γ2

xη
2

δ
≤ ηγx

16
, 4γ2

xη
2X ≤ ηγx

32
.
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From the first and second inequalities, we derive γx ≤
{

γyµ

4
√

5
∑K

k=1 ∆ak
C2

yk
Ã
,

√
αxγz√

6αz∆dk
C2

zk

}
. Then, we use a similar

approach for the third and fourth inequalities as Eq. (51). We omit the details here and obtain

γx ≤
{ µK

CK
J

√
αxN

32
√
3∆L

,
µKLg

CK+1
J

βz(1− λ)

64
√
15LH

,
µKLg

CK+1
J

βx(1− λ)

96
√
3LJ

,
LK

g

CK
J

βz(1− λ)

64
√
15Lf

,
βx(1− λ)Lg

96
√
3LfCJ

,

βy(1− λ)

32
√
15CJ

,

√
αxN

32
√
3Lf

,

√
αyNµ

64Lg

√
10∆a1∆aa

,
δ(1− λ)

768Lf
,

µδ(1− λ)

256
√

30∆a1∆aaLg

,
µK

CK
J

δ(1− λ)

192
√
∆xx

}
.

(6.2) Momentum of y: Then, we set the coefficient of E[∥m̄y
k,t∥2] to be non-positive:

ϕk
12γ2

yη
2

δ
+ 4γ2

yη
2Yk − ak

3ηγ2
y

4
≤ 0 .

Specifically, we enforce

ϕk
12γ2

yη
2

δ
≤ ak

3ηγ2
y

8
, 4γ2

yη
2Yk ≤ ak

3ηγ2
y

16
.

To solve the second inequality, when k ∈ {2, · · · ,K − 1}, we have

4γ2
yη

2 2L
2
g

N

20γy
αyηµ

(ak + ak+1) + 4γ2
yη

2 40γx(L
2
g + C2

J)

β2
y(1− λ)2

3C2k
J

8L2k
g

+ 4γ2
yη

2 3C
2K
J

8µ2K

16γx
αxηN

∆2
L

+ 4γ2
yη

2 3C2K
J

8µ2(K−k+1)L
2(k−1)
g

320γx
β2
z(1− λ)2

∆2
L ≤ ak

3ηγ2
y

16
.

Specifically, we enforce

4γ2
yη

2 2L
2
g

N

20γy
αyηµ

(ak + ak+1) ≤ ak
3ηγ2

y

80
, 4γ2

yη
2 40γx(L

2
g + C2

J)

β2
y(1− λ)2

3C2k
J

8L2k
g

≤ ak
3ηγ2

y

80
,

4γ2
yη

2 3C
2K
J

8µ2K

16γx
αxηN

∆2
L ≤ ak

3ηγ2
y

80
, 4γ2

yη
2 3C2K

J

8µ2(K−k+1)L
2(k−1)
g

320γx
β2
z(1− λ)2

∆2
L ≤ ak

3ηγ2
y

80
.

Then, we obtain

γy ≤
{ 3∆akαyµN

12800L2
g(∆ak +∆ak+1)

,
β2
y(1− λ)2L2k

g ∆ak Ã

1600µ(L2
g + C2

J)C
2k
J

,
αxNµ

2K−1∆ak Ã

640C2K
J ∆2

L

,
µ2K−2k+1L

2(k−1)
g ∆ak Ã

12800C2K
J ∆2

L

β2
z(1− λ)2

}
.

Similarly, when k = 1 and k = K, we only enforce the unique inequalities, i,e,

4γ2
yη

2 3C
2K
J

8µ2K

72γx
β2
x(1− λ)2

C2
J

L2
g

L2
J ≤ a1

3ηγ2
y

80
, 4γ2

yη
2 3L

2
f

N

γx
αxη

≤ aK
3ηγ2

y

80
, 4γ2

yη
2 72L2

fγx

β2
x(1− λ)2

3C2
J

8L2
g

≤ aK
3ηγ2

y

80
.

Then, we obtain

γy ≤
{ µ2K−1L2

g∆a1Ã

2880L2
JC

2(K+1)
J

β2
x(1− λ)2 ,

αxN∆aK Ã

320L2
f

,
L2

g∆aK Ã

2880µC2
JL

2
f

β2
x(1− λ)2

}
.

To solve the first inequality, we follow the approach in Eq. (56). Here, we omit the details and obtain

γy ≤
{ µδ2(1− λ)2∆ak Ã

1280× 96L2
g(∆ak +∆ak+1)∆aa

,
µ2K−1δ2(1− λ)2∆ak Ã

2304C2K
J ∆yy

,
δ2(1− λ)2∆aK Ã

384× 192µL2
f

,
µδ2(1− λ)2Ã

1280× 192L2
g∆aa

}
.

G.7. Final Step

In summary, by choosing the parameters appropriately so that all coefficients are non-negative, all terms Fi vanish:

Ea =
80C2

J

αxN
+

480C2
JL

2
g

β2
z(1− λ)2µ2

+
80L4

g

µ2αxN
+

640L4
g

β2
z(1− λ)2µ2

+
96C2

JL
2
g

β2
x(1− λ)2µ2

,
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ak = ∆ak

γx
γyµ

Ã , Ã =

(
32 +

16αz

3αx
+ 256γ2

zEa

)
, ∆ak =

160K−kC2K
J

µ2K

(
L2

f +
C2

J

µ2
L2

H +
L2

g

µ2
L2

J + L2
H

)
bk = ∆bk

γxγz
µ

B̃ , ∆bk = 3072
L2k

g

µ2k

(256CJ)
2(k−1)

L
2(k−1)
g

,

B̃ =

(
80C2

J

γ2
z

+
80C2

JL
2
g

αxN
+

320C2
JL

2
g

β2
z(1− λ)2

+
320C4

J

β2
x(1− λ)2

)
,

ck = ak
20γy
αyηµ

, dk =
3C2k

J

8L2k
g

γx
αxη

≜
γx
αxη

∆dk ,

e =
γx
αxη

, ẽ =
16γx∆d1

β2
x(1− λ)2

, ω̃ =
γx∆d1

βx(1− λ)
, θ̃ = ω̃

32βx
δ(1− λ)

c̃k =
16γx∆dk

β2
y(1− λ)2

, ν̃k =
γx∆dk

βy(1− λ)
, ϕ̃k = ν̃k

32βy
δ(1− λ)

,

d̃k =
16γx∆dk

β2
z(1− λ)2

, τ̃k =
γx∆dk

βz(1− λ)
, ψ̃k = τ̃k

32βz
δ(1− λ)

,

∆aa =
(
32 +

5αz

2αx
+

12C2
J

µ2
+

15L2
g

µ2

)
, ∆xx =

(
16L2

J +
3αz

αx
(L2

H
C2

J

µ2
+ L2

f ) + 4(
C2

J

µ2
L2

H + L2
f )
)

E1,x = 6L2
f +

20L2
g

µ2
∆a1∆aa +

3C2K
J

8µ2K
∆xx , E2,x = 32ρ2xη

2X ,

ω =
2γxE1,x

ρx(1− λ)
+

2E2,x

ρxη(1− λ)
, θ = ω

32ρxη

δ(1− λ)
+

64

δ
ρ2xη

2X ,

∆yy =
(
16L2

J +
6αz

αx
(L2

f +
C2

J

µ2
L2

H + L2
J) + 8(L2

f +
C2

J

µ2
L2

H + L2
J)
)
, E1,yK = 6L2

f +
20L2

g

µ2
∆aK∆aa +

3C2K
J

8µ2K
∆yy

E1,yk =
20L2

g

µ2
(∆ak +∆ak+1)∆aa +

3C2K
J

8µ2K
∆yy , E2,yk = 32ρ2yη

2Yk ,

νk =
2γxE1,yk

ρy(1− λ)
+

2E2,yk

ρyη(1− λ)
, ϕk = νk

32ρyη

δ(1− λ)
+

64

δ
ρ2yη

2Yk ,

E1,z1 =
3b1
ηγx

+ b1
48γz
γxµ

L2
g + 6C2

J , E1,zk =
3bk
ηγx

+ bk
48γz
γxµ

L2
g + bk−1

48γz
γxµ

C2
J , E2,zk = 96γ2

zη
2L2

gZk + 32ρ2zη
2Zk

τk =
2γxE1,zk

ρz(1− λ)
+

2E2,zk

ρzη(1− λ)
, ψk = τk

32ρzη

δ(1− λ)
+

64

δ
ρ2zη

2Zk , ∆2
L = (L2

f +
C2

J

µ2
L2

H + L2
J) , (57)

and we obtain

Lt+1 − Lt ≤ −ηγx
2

E[∥∇FK+1(x̄t)∥2] + F0 .

By summing over t from 0 to T − 1, we have

1

T

T−1∑
t=0

E[∥∇FK+1(x̄t)∥2] ≤
2(L0 − LT )

ηγxT
+

2F0

ηγxT
.

For the hyperparameter setting, by denoting

ℓ =max

{
Lf , Lg + CJ ,

LfCJ

µ
,
Lk

g

µk

CK−k
J

µK−k
(∆L +

√
∆xx +

√
∆yy) ,

Ck
J

Lk
g

Lg + CJ + Lf√
∆ak

,

√√√√ K∑
k=1

∆dkC
2
zk ,√√√√ K∑

k=1

∆akC
2
yk ,

Lg

µ

(
Lg +

√
(∆ak +∆ak+1)(1 + ∆aa)√

∆ak

+
√

∆a1∆aa

)
,

Lf√
∆aK

,

CK−1
J

µK−1

(
∆L +

CJ

µ

(
∆L +

(∆L + CJLJ
Lg

+
√

∆yy)√
∆ak

))
,

K∑
k=1

Lk
g

Ck
J

(
Lf +

√
(∆ak +∆ak+1)∆aaLg

µ

)}
.

we have

ρx ≤ min
{ δ

8
√
3
,
δ(1− λ)

96
√
2

}
, ρy ≤ min

{ δ

8
√
3
,
δ(1− λ)

96
√
2

}
, ρz ≤ min

{ δ

8
√
3
,
δ(1− λ)

96
√
2

}
,
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βx ≤ min
{ δ

12
,
δ(1− λ)

24
√
6

}
, βy ≤ min

{ δ

12
,
δ(1− λ)

24
√
6

}
, βz ≤ min

{ δ

12
,
δ(1− λ)

24
√
6

}
,

αx ≤ αz

1024× 640× 48

µ2(k+1)

L
2(k+1)
g 2562(k−1)

,

γx ≤ min
{ (1− λ)

√
αxN

128
√
3ℓ

,
(1− λ)

√
αyN

256
√
10ℓ

,
βz(1− λ)2

256
√
15ℓ

,
βx(1− λ)2

384
√
3ℓ

,
βy(1− λ)2

128
√
15ℓ

,
δ(1− λ)

256
√
30ℓ

,
ρx(1− λ)

16
√
15ℓ

,

√
αxγz√
6αzℓ

,
γyµ

4
√

5Ãℓ

}
,

γy ≤ min
{ (1− λ)

√
αxN

64
√
15ℓ

,
(1− λ)

√
αyN

640ℓ
,
βx(1− λ)2

96
√
30ℓ

,
βy(1− λ)2

160
√
6ℓ

,
βz(1− λ)2

640
√
3ℓ

,
δ(1− λ)

512
√
10ℓ

,
ρy(1− λ)

32
√
5ℓ

,

αyNÃ

12800ℓ2µ
,
αxNÃ

640ℓ2µ
,
β2
x(1− λ)2Ã

2880ℓ2µ
,
β2
y(1− λ)2Ã

1600ℓ2µ
,
β2
z(1− λ)2Ã

12800ℓ2µ
,
δ2(1− λ)2Ã

1280× 192ℓ2µ

}
,

γz ≤ min

{
αxδ

2(1− λ)2

1152αzµ
,
4αxρ

2
z(1− λ)2

27αzµ
,

√
αxρz(1− λ)

12
√
6αzℓ

,

√
αxδ(1− λ)

9216
√
αzℓ

,
(1− λ)

√
αxN

192ℓ
,
(1− λ)

√
αzN

48ℓ
,

βz(1− λ)2

384
√
5ℓ

,
βx(1− λ)2

576ℓ
,

αxδ
2(1− λ)2

384× 144× 96αzℓ
,

µk+1

Lk+1
g 256(k−1)

√
αz

3072× 128αx

/√
80L2

g

αxN
+

320L2
g

β2
z(1− λ)2

+
320C2

J

β2
x(1− λ)2

}
. (58)

Taking Big-O notation, we obtain γx = γy = γz = O(δ2(1− λ)4).

For the term 2F0

ηγxT
, from the definition of F0 in Eq. (34), taking the Big-O notation, we obtain

O
( 2F0

ηγxT

)
= O

(
αyη

2

N

)
+O

(
αzαyη

2

αxN

)
+O

(
α2
zη

2

αxN

)
+O

(
αxη

2

N

)
+O

(
α2
xη

3

β2(1− λ)2

)
+O

(
α2
yη

3

β2(1− λ)2

)
+O

(
α2
zη

3

β2(1− λ)2

)
.

When t = 0, we have

L0 = E[FK+1(x̄0)] +

K∑
k=1

∆ak

γx
γyµ

ÃE[∥ȳk,0 − y∗k(x̄0)∥2] +
K∑

k=1

∆bk

γxγz
µ

B̃E[∥z̄k,0 − z∗k(x̄0)∥2]

+

K∑
k=1

∆ak

γx
γyµ

Ã
20γy
αyηµ

E[∥(My
k,0 − Uk,0)1

1

N
∥2] +

K∑
k=1

γx
αxη

∆dkE[∥(M
z
k,0 − Vk,0)1

1

N
∥2] + γx

αxη
E[∥(Mx

0 −G0)1
1

N
∥2]

+

K∑
k=1

16γx∆dk

β2
y(1− λ)2

1

N
E[∥My

k,0 − Uk,0∥2F ] +
K∑

k=1

16γx∆dk

β2
z(1− λ)2

1

N
E[∥Mz

k,0 − Vk,0∥2F ] +
16γx∆d1

β2
x(1− λ)2

1

N
E[∥Mx

0 −G0∥2F ]

+
γx∆d1

βx(1− λ)

1

N
E[∥P0(I − J)∥2F ] +

K∑
k=1

γx∆dk

βy(1− λ)

1

N
E[∥Qk,0(I − J)∥2F ] +

K∑
k=1

γx∆dk

βz(1− λ)

1

N
E[∥Rk,0(I − J)∥2F ]

+
32γx∆d1

δ(1− λ)2
1

N
E[∥P0 − P̂0∥2F ] +

K∑
k=1

32γx∆dk

δ(1− λ)2
1

N
E[∥Qk,0 − Q̂k,0∥2F ] +

K∑
k=1

32γx∆dk

δ(1− λ)2
1

N
E[∥Rk,0 − R̂k,0∥2F ] . (59)

Applying Lemma E.1- E.6, Lemma F.3, Lemma F.5 with t = 0, and taking the Big-O bound, we derive

O
(2(L0 − LT )

ηγxT

)
= O

(FK+1(x0)− FK+1(x∗)

ηγxT

)
+

αz

αxηγyT

K∑
k=1

E[∥ȳk,0 − y∗k(x̄0)∥2] +O

(
1

γzηT

) K∑
k=1

E[∥z̄k,0 − z∗k(x̄0)∥2]

+O

(
γz

αxNηT

) K∑
k=1

E[∥z̄k,0 − z∗k(x̄0)∥2] +O

(
γz

β2(1− λ)2ηT

) K∑
k=1

E[∥z̄k,0 − z∗k(x̄0)∥2]

+O

(
1

β(1− λ)ηT

)
1

N

N∑
n=1

E[∥∇1f
(n)
K+1(x0, yK,0)∥2] +O

(
1

β(1− λ)ηT

)
1

N

N∑
n=1

E[∥∇1f
(n)
k (yk,0, yk−1,0)∥2]
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+O

(
αz

αxαyη2T

1

NS0
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+O

(
1
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1

NS0

)
+O

(
1

β2(1− λ)2ηTS0

)
+O

(
1
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)
.

Finally, combining these results, we complete the proof of the Theorem

1

T
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t=0

E[∥∇FK+1(x̄t)∥2]
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+
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1
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+O

(
γz

αxNηT

) K∑
k=1

E[∥z̄k,0 − z∗k(x̄0)∥2] +O

(
γz

β2(1− λ)2ηT

) K∑
k=1
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(
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(
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