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Abstract

In recent years, decentralized optimization has
gained significant attention for solving machine
learning problems where data are distributed
across multiple devices. However, existing de-
centralized optimization algorithms are primarily
designed for single-level and two-level optimiza-
tion tasks, limiting their application to more com-
plex problems such as decentralized stochastic
K -level optimization, where K > 2. In this work,
we propose a novel decentralized stochastic K-
level variance-reduced gradient descent algorithm
to address the significant computation and com-
munication overhead caused by the multi-level
structure in decentralized stochastic K -level opti-
mization problems. Moreover, we propose a novel
theoretical analysis to tackle the recursive depen-
dence issue caused by the multi-level structure
when establishing the convergence rate of our al-
gorithm. Finally, the experimental results confirm
the effectiveness of our proposed algorithm.

1. Introduction

In real-world machine learning tasks, data are often dis-
tributed across devices, making central aggregation diffi-
cult due to privacy and legal constraints. Decentralized
optimization (Lian et al., 2017) addresses this challenge
via peer-to-peer communication, offering greater reliability
than the parameter-server framework. Meanwhile, a spe-
cial stochastic 2-level optimization, i.e., stochastic bilevel
optimization (SBO), which minimizes an upper-level ob-
jective subject to a nested lower-level problem, has seen
growing interest in tasks such as hyperparameter tuning
(Feurer & Hutter, 2019), meta-learning (Rajeswaran et al.,
2019), and reinforcement learning (Giovannelli et al., 2025).
Building on this, stochastic multi-level optimization (SMO)
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where K > 2, involving multiple lower-level problems, has
emerged in applications such as compositional optimization
(Yang et al., 2019) and graph neural networks (Liu et al.,
2021). However, most existing work remains limited to
bilevel settings, restricting applicability to more complex
and general K-level problems.

In this paper, we aim to develop an efficient distributed
optimization algorithm to solve the general stochastic K-
level optimization problem, i.e., the distributed stochastic
multi-level optimization (SMO) problem:
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where y(z) = x. This paper primarily investigates dis-
tributed SMO problem in the decentralized setting, where
a system with N workers performs peer-to-peer commu-
nication. The n-th worker has its own loss functions:
fl(;:)_l( N =E[f™)(., ,fKH)] is the upper-level loss func-
tion on the n-th worker and fk "(., ) =E| ,g")(-, ¥ ,(C"))]
is the k-th (k € {1,2,--- , K}) lower-level loss function on
the n-th worker, {f,(f) }K + denotes the random samples on
the n-th worker.

There has been increasing interest in developing optimiza-
tion algorithms for the special case of Eq. (1), i.e., de-
centralized SBO problems (Yang et al., 2022; Chen et al.,
2023; Gao et al., 2023a; Zhang et al., 2026b; Zhu et al.,
2024; Chen et al., 2024; Kong et al., 2025). For exam-
ple, (Chen et al., 2024) proposed a decentralized stochastic
bilevel gradient method; (Yang et al., 2022) incorporated
momentum techniques, and (Gao et al., 2023a) applied vari-
ance reduction to accelerate convergence. A key challenge
in decentralized SBO lies in estimating the hypergradient

Vaf I(glll(x, Yi(x)), which requires computing Jacobian
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and Hessian matrices across all workers. This challenge is
further amplified in decentralized SMO problems due to the
recursive dependence across levels — both within indi-
vidual workers and between workers — particularly when
multiple lower-level subproblems (X > 1) are involved.
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Figure 1. An illustration of the recursive dependence across levels
and workers in Eq. (1).

Specifically, as shown in Figure 1, the recursive dependence
in Eq. (1) manifests in two ways in the decentralized setting:
locally, across levels within a single worker; and globally,
through communication across workers. This local and
global recursive structure introduces two key challenges in
estimating the hypergradient on each worker:

¢ Computation Challenge: Due to locally recursive
dependence, each worker must compute the Hessian-
inverse—vector product at every level, incurring a large
computation overhead.

¢ Communication Challenge: Due to globally recursive
dependence, each worker has to perform communication
between different workers at every level when calculat-
ing the Hessian-inverse-vector product, leading to a high
communication cost.

Due to these unique challenges from the multi-level struc-
ture, existing decentralized SBO algorithms cannot be di-
rectly applied to decentralized SMO. To address this, (Yang
et al., 2023) proposed a decentralized stochastic multi-level
gradient descent algorithm using moving average to esti-
mate gradients, Jacobian matrices, and Hessian matrices.
However, this method suffers from two key issues: (1) it
needs to communicate the high-dimensional Jacobian and
Hessian matrices, which is not practical for real-world ma-
chine learning models; (2) its convergence analysis relies on
some assumptions that do not hold simultaneously. In par-
ticular, (Yang et al., 2023) assumes both uniformly bounded
gradients and strong convexity of the lower-level objective.
However, strongly convex functions generally do not satisfy
globally bounded gradient assumptions, making these condi-
tions potentially contradictory. Beyond (Yang et al., 2023),
no existing methods solve Eq. (1). Hence, it remains unclear
how to effectively handle the locally and globally recur-
sive dependence across levels to efficiently optimize the
decentralized SMO problem in Eq. (1) and what theoretical
convergence rate can be achieved in this setting.

Therefore, to address the computational and communica-
tion challenges in solving Eq. (1), we propose an efficient

decentralized multi-level gradient descent algorithm with
rigorous theoretical guarantees under mild assumptions.
Specifically, to reduce computation overhead, we design
a fast-converging algorithm that finds stationary points in
fewer iterations. To lower communication cost, we com-
press communicated variables and gradients without impair-
ing the convergence performance. Notably, no prior work
has explored how to reduce both computation overhead
and communication cost for decentralized SMO problems,
and existing methods cannot address the unique challenges
caused by the multi-level structure.

1.1. Contribution

We propose a computation- and communication-efficient de-
centralized stochastic multi-level variance-reduced gradient
descent algorithm (CE-DMSGD-VR) to optimize Eq. (1),
with the following contributions:

e Algorithm design: We introduce a novel recursive
Hessian-inverse-vector product to estimate the hyper-
gradient, computed locally and communicated across
workers to address both locally and globally recursive
dependence. A recursive variance reduction strategy is
further used to accelerate convergence. To reduce com-
munication cost, we compress variables and recursive
Hessian-inverse-vector product using error-feedback
compression, updating each with local full-precision gra-
dients and global compensated error.

Convergence analysis: The triple-recursive dependence
across levels, workers, and iterations brings significant
challenges. We derive recursive upper bound for opti-
mization errors, gradient estimation errors, COnsensus
errors, and compression errors to capture those triple-
recursive dependencies, and construct a novel potential
function with carefully designed coefficients. This al-
lows us to establish a convergence rate of O(1/(Ne3(1—
A)42)), where € > 0 is the accuracy of the solution,
1 — X is the spectral gap, and ¢ € (0, 1) reflects compres-
sion quality. To the best of our knowledge, this is the
first work to propose decentralized SMO algorithms with
rigorous theoretical guarantees.

At last, we apply our algorithm to hyperparameter optimiza-
tion in a novel way, demonstrating broader applicability.
Extensive experimental results confirm the computational
and communication efficiency of our method.

2. Related Works

As a special case of decentralized multi-level optimization,
decentralized bilevel optimization has been extensively ex-
plored recently. Numerous decentralized bilevel optimiza-
tion algorithms (Yang et al., 2022; Gao et al., 2023a; Chen
etal., 2023; Liu et al., 2022; Lu et al., 2022; Liu et al., 2023;
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Zhang et al., 2026b; Zhu et al., 2024; Chen et al., 2024;
Dong et al., 2025; Kong et al., 2025; Zhang et al., 2026a)
and several extensions in federated learning (Gao, 2022;
Zhang et al., 2025) have been proposed and their theoreti-
cal convergence rates have been established. In particular,
(Lu et al., 2022; Liu et al., 2022; 2023) focus on the decen-
tralized bilevel optimization problem where the lower-level
subproblem is not distributed on different workers, while
the other existing methods focus on the case where both
the upper-level and lower-level problems are distributed on
different workers. For example, (Liu et al., 2022) proposed
to directly compute the Hessian inverse to estimate the hy-
pergradient in each worker and then to compute the SPIDER
gradient estimator to update local variables. Obviously, the
computation overhead is large when directly computing the
Hessian inverse matrix. (Yang et al., 2022) proposed to
use Neumman expansion series approach to approximately
compute the Hessian inverse matrix. However, it requires
to communicate the high-dimensional Jacobian and Hes-
sian matrices, which can incur high communication costs.
(Chen et al., 2024) proposed to compute and communicate
the Jacobian-Hessian-inverse product to estimate the hyper-
gradient on each worker. However, the Jacobian-Hessian-
inverse product is still a high-dimensional matrix, so there
is no advantage in saving communication costs compared to
(Yang et al., 2022). (Gao et al., 2023a) focuses on the homo-
geneous setting so that the hypergradient can be estimated
with the local Jacobian and Hessian matrices. Recently, to
address the problem of high communication cost, (Zhang
et al., 2026b) developed a communication-efficient single-
loop decentralized bilevel optimization algorithm based on
the Hessian-inverse-vector product, where this product and
two variables are communicated between workers. As a
result, (Zhang et al., 2026b) can significantly save commu-
nication costs compared to (Yang et al., 2022; Chen et al.,
2023; 2024). Due to its efficacy in saving communication
costs, the Hessian-inverse-vector product based single-loop
algorithm has been studied in different settings recently,
such as the deterministic setting (Dong et al., 2025), the gos-
sip communication setting (Kong et al., 2025), and various
communication strategies (Zhu et al., 2024). However, all
these existing methods focus solely on the bilevel problem.

Only a recent work (Yang et al., 2023) explored the de-
centralized multi-level problem. However, as an extension
of (Yang et al., 2022), it still needs to communicate the
high-dimensional Jacobian and Hessian matrices. With
increasing levels, the issue of high communication costs
becomes more severe. Moreover, several important ma-
chine learning models can be formulated as a special case
of multi-level optimization, namely compositional optimiza-
tion problems (Zhang & Xiao, 2021; Jiang et al., 2022;
2025), which have been extensively studied in decentralized
(Gao & Huang, 2021; Gao, 2024a) and federated learning

settings (Gao et al., 2022; Gao, 2024b). In addition, deep
AUC maximization (Yuan et al., 2022; Zhang & Gao, 2025b)
can also be formulated as a multi-level compositional mini-
max optimization problem (Zhang et al., 2023; 2024; Zhang
& Gao, 2025a). Motivated by these applications, this paper
considers a more general decentralized multi-level optimiza-
tion framework. Consequently, developing communication-
efficient algorithms together with rigorous theoretical guar-
antees remains an important open problem.

To save communication costs in distributed optimization,
performing compression for variables or gradients has been
actively studied recently (Seide et al., 2014; Stich et al.,
2018; Alistarh et al., 2017; Wen et al., 2017; Karimireddy
et al., 2019; Richtarik et al., 2021; Gao & Huang, 2020;
Gao et al., 2021; 2023b). However, compressing variables
or gradients could degrade the convergence performance.
To address this issue, the error-feedback mechanism (Seide
et al., 2014) was proposed, where the compression residual
is used to compensate for the compression loss. After that,
the error-feedback compression mechanism has been ap-
plied to different settings. As for decentralized optimization,
(Koloskova et al., 2019) studied how to apply the error-
feedback mechanism to the commonly used gossip commu-
nication method. Later, (Zhao et al., 2022; Yau & Wai, 2023;
Yan et al., 2023) developed decentralized stochastic gradient
descent algorithms for minimization problems based on dif-
ferent gradient estimators. In particular, (Zhao et al., 2022)
focuses on the standard stochastic gradient, while (Yau &
Wai, 2023) uses the variance-reduced gradient estimator
(Cutkosky & Orabona, 2019). (Yan et al., 2023) focuses
on the stochastic proximal gradient descent algorithm. As
far as we know, the error-feedback compression mechanism
has never been explored for decentralized bilevel or multi-
level optimization problems. We are only aware of a work
(He et al., 2024) that used the error-feedback compression
mechanism under the centralized setting. Therefore, it is
necessary to develop communication efficient algorithms
for decentralized multi-level optimization problems because
the communication cost becomes higher when the number
of levels is large.

3. Preliminaries
3.1. Problem Setup

We first introduce several standard assumptions commonly
adopted in existing works (Gao et al., 2023a; Yang et al.,
2023; Zhang et al., 2026b).

Assumption 3.1. For k € {1,---, K}, the k-th lower-
level loss function fy (v, yx—1) is p-strongly-convex with
respect to i, € R% for any given y,_; € R%-1, where
> 01is a constant value.

Assumption 3.2. Forn € {1,---, N}, the upper-level loss
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Deterministic hypergradient:

VFgi1(z

where

(52) - i (5

I = V3 10 (@) via (), HYY

N
ZVFK+1 7%2 1(?-")-1

@

T 1 N
(ir) (Jk)
§ I, > H :
) N & 7F 3)

’Lkl

= V2 £ (g (@), yi_1 (2))

J, ,En) and H, ,gn) denote the Jacobian and Hessian matrices of the k-th level loss function on the n-th worker.

Hessian-inverse-Jacobian product Z; (x):
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Figure 2. Deterministic hypergradient and Hessian-inverse-Jacobian product.

function f I(?ll(~, -) satisfies the L ¢-Lipschitz smoothness
in expectation where Ly > 0 is a constant value. Addition-
ally, [||V2fK+1( ;5 €x41)|?] < CF where Cp > 0is a
constant value.

Assumption 3.3. Forn € {1,--- N}, k € {1,--- K},
(k> Yr—1) € R x R%1 and (yj,y;,_,) € R% x R,

the k-th lower-level loss function fk") (+,-) satisfies the Lg-
Lipschitz smoothness in expectation with respect to the
first variable, where L, > 0 is a constant value. Addi-
tionally, the Jacobian matrix V2, f\"(-, ) is L -Lipschitz
continuous in expectation, where L ; > 0 is a constant value.
Moreover, the Hessian matrix V%, ]gn) (+,-) is Ly-Lipschitz
continuous in expectation, where Ly > 0 is a constant
value. Furthermore, ul < Vflf,in)(yk,yk_l;gk) < LI,

E[|V2, ™ gk, yi—1: &)] < C.

Assumption 34. For n € {l,---,N} and k €
{1,---, K + 1}, the stochastic gradient, stochastic Jaco-
bian matrix, and stochastic Hessian matrix are unbiased
estimators of their deterministic counterparts respectively.
Additionally, their variances are upper bounded by o > 0.

When considering the decentralized setting, we have the
following assumptions (Koloskova et al., 2019; Zhao et al.,
2022; Yan et al., 2023):

Assumption 3.5. The adjacency matrix W = [w;;] €
RfXN satisfies: W = W7T and W1 = 1. Here, w;; > 0
indicates the i-th worker and the j-th worker are connected.
Otherwise, w;; = 0. Moreover, the absolute value of its
eigenvalues satisfies: [A,| < -+ < |A2| < |A\1] = 1. The
spectral gap of W is denoted by 1 — A, where A = |Az].

Assumption 3.6. The compression operator C : R? — R?
satisfies the following condition:

lz = C@)II* < (1 = &), )
where ¢ € (0, 1].

Of the widely used compression operators, both the Top-K
operator (Stich et al., 2018) and the scaled sign operator
(Karimireddy et al., 2019) meet this requirement.

3.2. Challenges of DSMO

Following (Yang et al., 2023), for Eq. (1), the determin-
istic hypergradient is given in Figure 2. From Eq. (3), it
is clear that the deterministic hypergradient VFI(("+)1 (z)

on worker n relies on all {(.J\", H("))}k 1.n—1 ACTOSS
K levels and N workers, resulting in high computatlon
and communication costs. For example, (Yang et al., 2023)
directly communicate (J, én), H ,2")) at each level k and com-
pute the Hessian inverse via Neumann series expansion.
However, this approach incurs substantial overhead due
to high dimensionality of matrices and iterative nature of

Neumann series expansion.

An alternative approach for (Yang et al., 2023) is to extend
the method designed for decentralized bilevel optimization
problems to compute the hypergradient in Eq. (2). Specifi-
cally, a straightforward extension for (Zhang et al., 2026b;
Zhu et al., 2024; Kong et al., 2025) is to introduce the
Hessian-inverse-Jacobian product Z; (x) for each level
k independently, as Eq. (4). Then, by viewing each 2} (x)
as the optimal solution of a quadratic strongly convex opti-
mization problem as (Zhang et al., 2026b; Zhu et al., 2024,
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Kong et al., 2025), this approach can avoid introducing addi-
tional loops to compute the Hessian inverse. However, this
straightforward extension still suffers from high commu-
nication costs because the dimensionality of Z;(x) is still
large.

4. Algorithm

4.1. Recursive Hessian-Inverse-Vector Product

To address the aforementioned computation and commu-
nication challenges, we introduce the recursive Hessian-

inverse-vector product z; (z) € R%*! as follows:

[Hy] "' Jy -+ [Hi )Tk [He) ' Vafxi (2, 9k (2)) . (6)
é}k((x)G]RdK X1
25 (m)erIK -1 X!

2} (z)€RIL XL

It can be seen that z; (x) is computed recursively. More
specifically, it is computed as follows:

1

ip=1

N
% ST I zialz) . (D)
Je=1
Obviously, the recursive Hessian-inverse-vector product
2 (z) € R%>! has a much smaller dimensionality than
the Hessian-inverse-Jacobian product 2} (z) € R%x-1%dx,
As aresult, communicating z; () can save communication
costs significantly than communicating 2 (z).

Based on this novel recursive Hessian-inverse-vector prod-
uct, we can compute the hypergradient as follows.

Lemma 4.1. Given Assumptions 3.1-3.4, the deterministic
hypergradient can be computed as follows:

N
V(o) £ 5 VR )

N
“( > VA6

It is worth noting that z; (x) at the k-th level depends on the

{(J, H™)}N_ | at the k-th level for all workers and
2p,1(z) at the (k + 1)-th level , which indicates both the
locally and globally recursive dependence. Such recursive
dependence does not occur in traditional SBO problems,
highlighting the unique challenges.

Zvlf}(+1 €T, yK( )

:c))Tzf(z) . 8)

Notations. Throughout the paper, we use capital notation
to represent all variables in the decentralized network, such
as X = [z 2@ ... 2(N)] Additionally, we denote
J = 511"

4.2. CE-DSMGD-VR

We propose a novel computation- and communication-
efficient decentralized stochastic multi-level gradient de-

scent with variance reduction (CE-DSMGD-VR) algorithm
in Algorithm 1. The detail is shown below.

Algorithm 1 CE-DSMGD-VR

Input: o, {yr,0}ie1s {zK0}iet, 7 > 0, x> 0, ay > 0,
az > 0,7 >0,v >0,7 >0,05; >0,8, >0, 5. >0.

1: fort =0,--- , T —1do

2:  Update variables:
Xiv1 =Xt —vamPr + pngt(W - 1),
Yitr1 = Yo — Yy Qut + pyn Vit (W — 1),

Zii+1 = P(Zr,t — v2mRi,t + p=0Zk, (W — I)),
3:  Variance-reduced gradient estimator:

Update { M’} as Eq. (15),

Update { M}, }i—; as Eq. (13),

Update {Mljﬂ_l},{;1 as Eq. (10),
4:  Gradient tracking:

Pip1 = P+ My — MY + B P(W = 1),
Qre+1 = Qe + M ) — M, + ByQr (W — I),
Ry t41 = Rit + M;f,hq — M;f,t + B2 R (W — 1),

5:  Error Feedback and Communication:

Xt+1 =X, +C(Xitt1 _Xt), pt+1 =P, +C(Pi+1—
p‘): . . . .
Yiit1 =Y +C(Yt41 — Yirr)s Qi1 = Quye +
C(Qrt+1 — Qk t)s
Zk,t+1 = Zk t+C(Zk, 441 — Zy t)s Rk,t+1 = Rk,t +
C(Rk,t+1 — Rk,t),
6: end for

Update recursive Hessian-inverse-vector product. To
alleviate both the globally and locally recursive dependence
issue, we estimate z; () locally and then communicate it
across workers. Specifically, z}(x) can be interpreted as the
optimal solution of the following strongly-convex quadratic
optimization problem:

N
. 1 1 T T *
min hi(zx) 2 E (ﬁzk H,i")zk — 2 J,ii)lzkﬂ(m)) ,

m™ (2)

Vak — 2k Vaf L (2, vk () -

h (e

On the n-th worker, we compute a local z,g f) to approximate

the global z; (Z;) at the ¢-th iteration with the following
local gradient:

Ul(c t 1fkn (yknt)’ yl(c )1 t)zl(@ t)
v12 Igi)l(yl(cn—o—)l ) yl(c t))zl(:&-)l to &)

(n)

where Ty = + Zn 1 xt”) denotes the global variable, z;,

and y") represent the variables on the n-th worker at the

t-th iteration for any k € {1,--- , K'}.

In practice, to update {z,C } 1, We compute a stochastic re-
cursive variance-reduced gradient estimator { M{ , +1} ]
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as follows:

M1 = (1— o) (Mg, — Vitt1) + Viepr,e41,  (10)

where a, > 0 and a,n? < 1, the matrix Vi 41111 =

[ﬁ,(clt) FRURTEEE 17,2]\1521 ++1] includes the local stochastic

gradient on all workers (so do Vi 141,441, M,it, M,j7t+1),

and the local stochastic gradient ﬁlint)_t 4, and 17,(;;) 1441 ATE
defined as:

~(n (n n n n n

Ul(c L+l vllf >(yIE: t)7yl(s )1 2 I<ct)+1) o)

n) n n n
- vl?fk+1(yl<g+1 ) yl(c t)v I(H—)l t+1)zl(c+)1 to

~(n) (n), (n) (n) (n)
Uk, t41,641 — v11f " (ys, Lt+17ylc 1 t+17£k,t+l)zk t4+1

(n) (n) .
- Vl?fk:—l(yk-&—l t+17yk,t+17£k+1,t+1)zl(:!—)1,t+l ) an

where {f,(cnt) 1}/, denotes the random sample at the ¢ + 1-
th iteration on the n-th worker.

We then apply the gradient tracking approach to communi-
cate the gradients between workers, as shown in step 4 in
Algorithm 1. Here, Ry ;11 estimates the global variance-
reduced gradient, RM is an auxiliary variable in step 5,
which stores the compression residual as follows:

Ry 111 = Rpt +C(Ri+1 — Riyt) s (12)
where the compression operator C(-) compresses the differ-
ence between the full-precision variable Ry, ;1 and the aux-
iliary variable Ry, ;. Furthermore, Ry, ;(W — I) denotes the
compressed residual communicated between each worker
and its neighbors to reduce communication cost. Similarly,
variable z,(ft) 1 is also compressed.

After obtaining { Ry, + 41}, our algorithm updates the lo-
cal variable {Z; ¢ }X_, using the local gradient estimator
and its neighbor’s compression residuals as shown in step 2
in Algorithm 1. Here, P(+) denotes a projection step since
Iz (2)]| is upper bounded (Lemma D.4), and p, > 01is a hy-
perparameter that controls the update from the compression
residual. Each worker n communicates C (z,(vnt) 1~ A,(C"t))
With its neighbors and stores their compression residuals
{zk t41 @ Wnp > 0} Thus, Zy,1(W — I) is computed
locally without involving communication.

Update lower-level variables. Similarly, to update
{yk )} 1+, we use the current iterate yj , to approximate
the optimal y} ,(z;), and compute stochastic recursive
variance-reduced gradient estimators { M, |}/, as:

MY, = (L= ayn®) (MY, = Uk 1) + Uneraen, (13)

where o, > 0 and ayn2 < 1, the matrix ﬁmﬂ_l =

) (N

) s . .
Up, ;1107 Uy g4y q) includes the stochastic gradient on

all workers (so do Uk,t,t—&-l’ M,gt_H, and M} ,), and the

; cent o™ 7 (n) .
stochastic gradient @y, ; ;.4 and 4y, ;. ,, are defined as:

aént)wl = Vlfén)(yg?, yl(cn)l 3t I(;:‘)+1)

~(n) _ (n), (n) (n) (n)
U101 = VI Wit Unon 15 ) - (14)

Update upper-level variable. Based on {zk : } i, and

{yk )} 1, at the ¢-th iteration, we can compute a recursive
variance-reduced gradient estimator for hypergradient as:

M = (1 — awn®)(MF — Gri1) + Gert,o11, (15)

where o, > 0 and a,n® < 1, the matrix Gy y1 =
[g§1t)+17~-~ jgﬁl] includes the stochastic gradient on
all workers (so do Gy 41, Mtﬂl, and Mx) and the

stochastic hypergrad1ent gy;)ﬂ AVF I(?) 1z (n) ,ﬁt +1) and

gt(+)1 41 = VFK+1 (xtH, ft ) are defined as follows:

VFI(<n)1( (n)agt(i)l) = f}(Z)ﬂ(xgn): yg)t: $i1,t+1)
+(~1 ) v12f1n (ygnt)vxgn)vgl t+1)Z1 t o (16)

VFI((?L+)1( Ej—)lvgt(i)l) = vlf;:lﬂxii)lvy%iﬂvfkﬂ t+1)

+ (- ) v12f<n)(y£nt)+17 xii)h 51 t+1)Z1 t+1

where §t+1 = {£K+1 41> fﬁ)ﬂ} denotes random samples
at the ¢ + 1-th iteration on the n-th worker.

The other variables and gradient estimators are compressed,
communicated, and updated in the same manner.

5. Theoretical Analysis
5.1. Convergence Rate

For simplicity, we use opt-err, to represent the optimiza-
tion estimation error for {25 o} 2| at initialization summed

across all levels, ie., Zkl,(zl E[||Zk.0 — 2;(Zo)|?]. Similarly,
W3k,0 = yi(@o) IP]-
Theorem 5.1. Given Assumptions 3.1-3.5, by setting n <

; 1 1 1 1
mm{z«/ L) vap Vag) 7\/077\/77;71} a, > 0, and

az>051—5y— . =08 ps = p —pz—p,when
the conditions in Eq. ( 58 ) are satisfied, Algorzthm 1 has the
following convergence upper bound.:

K
we use opt-err,, to represent ;. E

O( P )opt -err, +O(’Y 17T)opt-errz
O( ~ )OPI T +O(52(jﬁ)opt-errz
+O(ﬂ ) ZE[HVlfKH (0, yx,0)|]
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)

+O<a?vn >+O(52( ) (g )
(g tae) Ol )

Remark 5.2. o, > 0 and o, > 0 are free hyperparameters.
The upper bound of o, v, vy, and 7y, B in Eq. (58) only
relies on the Lipschitz constant, the strong convexity con-
stant and compression hyperparameter ¢, which does not
affect the order of the convergence rate.

Remark 5.3. According to Eq. (58), for e € (0,1), b

setting T = O(Mlij) S = 0(}), n = O(Ne),
Yo = = = 0(F*(1 =N, B = 0((1 - X)),
p = 061 —N), a, = O(1/N), ay = O(1/N),

a, = O(1/N), Algorithm 1 can achieve the e-accuracy
solution:

Z [IVF(z

t=0

1?] < O(e?) .

To the best of our knowledge, this is the first communication-
efficient decentralized multi-level optimization algorithm
with theoretical guarantees. Moreover, this is the first time
to reveal how the hyperparameter § of the compression
operator affects the convergence rate.

Remark 5.4. The iteration complexity 7' = O (W)
surpasses that of the decentralized SMO algorithm proposed
in (Yang et al., 2023) and is consistent with the state-of-the-
art results for decentralized SBO algorithms as presented
in (Zhang et al., 2026b). To our knowledge, this is the
first time that the iteration complexity 7' = O (W)
has been achieved for decentralized multi-level (KX > 1)
optimization problems. Here, we omit the compression
parameter 0 when comparing with DSMO/DSBO baselines,
since those methods do not employ compressor operators.

5.2. Unique Challenges and Proof Sketch

Unique challenges and proof sketch are provided in Ap-
pendix B, and the complete proof is given in Appendix C-
G.

6. Experiment

In this section, we apply our algorithm to the hyperparame-
ter optimization task in a novel manner to demonstrate its

performance. We believe that this novel application can
advance the development of multi-level optimization.

6.1. Hyperparameter Optimization via Multi-Level
Optimization

In this experiment, we propose to use the multi-level opti-
mization algorithm to solve the hyperparameter optimiza-
tion task, where the lower-level optimization problem is
nonconvex. Specifically, given a binary classification task
where the classifier is a deep neural network, the lower-level
optimization problem learns the weight of the neural net-
work, which is a nonconvex optimization problem, and the
upper-level optimization problem learns the hyperparameter,
which is the coefficient of the regularization term. Formally,
we have the following optimization problem:
N

mln — Z V(")

st.w(z) = argmm = Z L(w; D™ + R(z,w), (17)

where R(x,w) represents the regularization term
d11d2 Zz;l ZZ; exp(x1,q)w; ,, for the weight of each
layer of the neural network and [ is the layer index, D(™)
denotes the training set, while V(1) denotes the validation
set on the n-th worker, w denotes the weights of all layers.

Since the lower-level optimization problem is nonconvex,
most of existing decentralized bilevel optimization algo-
rithms cannot be used to solve it because they are designed
for the bilevel optimization problem with a strongly-convex
lower problem. To handle this practical model, we propose
to convert the bilevel optimization problem in Eq. (17) into
a multi-level optimization problem and then we can use the
multi-level optimization algorithm to solve it. Specifically,
we propose to use the gradient descent algorithm to update
w for one step and enforce the new update to satisfy the
regularization explicitly by solving the following problem:

N
m S S e DY) |2
II”;JIH N 2 \D(">| ly — (w 9V£(W7Di NI

ieD(n)
+R(z,y) - (18)

Here, w — 0V L(w; Dgn)) denotes the one-step update via
stochastic gradient of the loss term and 6 > 0 is the learning
rate. Then, the first term in this loss function is to enforce
the new weight y close to the update from gradient descent,
while the second term R(x,y) is to enforce the new weight
1y to be effectively regularized by the regularization. Based
on this reformulation, we perform multiple updates on the
model weights, leading to a multi-level optimization prob-
lem, whose full expression is given in Eq. (19). Note that in
each iteration we reset the weight w of the neural network
to Y% (x) in the last iteration. Obviously, each lower-level
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Figure 4. The upper-level loss function value with respect to the communicated megabytes (MB).

optimization problem is strongly convex, which satisfies our
problem setting. Then, we can use our Algorithm 1 to solve
it.

6.2. Comparison with Multi-Level Baselines

Experimental Settings. The datasets used in this experi-
ment include a9a, w8a, and ijennl, which are obtained from
LIBSVM!. The neural network used in this experiment is a
two-layer fully connected neural network. The size of the
hidden layer has 10, and the size of the output layer is 1.
Additionally, the number of levels K is set to 2. Therefore,
it is a three-level optimization problem. As for the base-
line method, to the best of our knowledge, there exists only
one baseline method, Gossip-DSMO (Yang et al., 2023).
In addition, to evaluate the impact of compression on per-
formance and communication cost, we include an ablated
variant of our method that replaces the compressed opera-
tion with full communication while retaining the recursive
Hessian-inverse-vector product, referred to as DSMGD-VR.
Therefore, we compare our CE-DSMGD-VR with these two
baseline methods for the multi-level optimization problem
in Eq. (19). Throughout this experiment, we set the solution
accuracy € to 0.1 for those three datasets. Then, according
to the convergence analysis in (Yang et al., 2023), we set
its learning rate to €2 and those of DSMGD-VR and CE-
DSMGD-VR to e. For all methods, we set the coefficient

'nttps://www.csie.ntu.edu.tw/~cjlin/
libsvmtools/datasets/

of the momentum to 0.1. Moreover, for our Algorithm 1,
we set v, = v, = 7. = 0.9 and select o, oy, and o, from
{0.1,0.3,0.5,0.7,0.9}. Then, we run all these algorithms
on eight workers, which are connected via a ring graph, and
set their batch size to 100 on each worker. The compression
operator is Top-20%.

Experimental Results. We plot the upper-level loss func-
tion with respect to the number of iterations in Figure 3
and the communicated megabytes (MB) in Figure 4. From
Figure 3, we can observe that both DSMGD-VR and CE-
DSMGD-VR, converge much faster than Gossip-DSMO,
which confirms the superior convergence rate of our algo-
rithm. Moreover, we can observe that DSMGD-VR and
CE-DSMGD-VR have almost the same convergence perfor-
mance in terms of the number of iterations, which confirms
that the compression operation in our CE-DSMGD-VR does
not impair the convergence performance. Furthermore, from
Figure 4, we can observe that DSMGD-VR has a much
smaller communication cost than the baseline method. The
reason is that our proposed recursive Hessian-inverse-vector
product can save communication costs in each iteration
significantly. Moreover, our algorithm CE-DSMGD-VR
has a much less communication cost than the full-precision
DSMGD-VR, which confirms the communication efficiency
of CE-DSMGD-VR.

6.3. Comparison with Bilevel Baselines

Given the availability of more baselines for decentralized
bilevel optimization, we further evaluate Algorithm 1 on this


https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/

Distributed Stochastic K -Level Optimization Over Networks

—e— DSVRBGD-A DSVRBGD-S -+- DSBO v Gossip-DSBO -4+~ MA-DSBO ---- MDBO VRDBO

a%a w8a ijjcnnl
12

x-- CE-DSMGD-VR

s 8 i i

i 084"
3t

Loss
Loss
;

A

b
o

b S
-
M A S
MR S S SPEIIN

0 200 400 600 800 1000
MB

+
kY
0.4 .
Lo AL
0 100 200 300 400 500 600
MB

Figure 5. The upper-level loss function value with respect to the communicated megabytes (MB).

—e— DSVRBGD-A DSVRBGD-S -+- DSBO v Gossip-DSBO --4+-- MA-DSBO --=—- MDBO VRDBO x-- CE-DSMGD-VR
a%a w8a ijcnnl
5 8 1.2
7 "k

Loss

Loss
=

Loss

\ X
| .

0.4

v

e i SN . P
RS- = S TS S I gy

0 200 400 600 800 1000 0 200 400 600 800 1000 0 100 200 300 400 500 600
Iter Iter Iter

Figure 6. The upper-level loss function value with respect to the number of iterations.

problem. We still consider the hyperparameter optimization
problem in Eq. (17), but use logistic regression instead of
deep neural networks. As a result, the lower-level problem
is strongly convex, while the upper-level problem remains
nonconvex. This setting enables comparison with exist-
ing decentralized bilevel optimization algorithms designed
under this assumption, including Algorithm 1.

In particular, we compare our Algorithm 1 against state-
of-the-art full-precision decentralized bilevel methods, in-
cluding DSBO (Chen et al., 2024), gossip-DSBO (Yang
et al., 2022), MA-DSBO (Chen et al., 2023), MDBO (Gao
et al., 2023a), VRDBO (Gao et al., 2023a), DSVRBGD-
S (Zhang et al., 2026b), and DSVRBGD-A (Zhang et al.,
2026b). Throughout this experiment, we set the solution
accuracy e to 0.05 for the those three datasets. Then, accord-
ing to the convergence analysis in (Yang et al., 2022; Chen
et al., 2023; Gao et al., 2023a; Chen et al., 2024), we set
the learning rate of DSBO, gossip-DSBO, and MDBO to €2
and that of VRDBO, DSVRBGD-S, DSVRBGD-A, and our
Algorithm 1 to e. For all momentum-based methods, we set
the coefficient of the momentum to 0.1. Moreover, for our
Algorithm 1, we use the same hyperparameter settings as in
the previous experiments. With these experimental settings,
we run all these algorithms on eight workers, which are
connected via a ring graph, and set their batch size to 100
on each worker.

In Figure 5, we plot the upper-level loss function value with
respect to the communicated megabytes (MB) when using

the Top-K compression operator with K being 20%. It
can be observed that our Algorithm 1 has a much smaller
communication cost than all baseline methods for conver-
gence, which confirms the communication efficiency of
CE-DSMGD-VR. Moreover, we plot the upper-level loss
function value with respect to the number of iterations in
Figure 6. It can be observed that the compression operation
in CE-DSMGD-VR does not degrade the convergence per-
formance compared to all full-precision baseline methods,
which further confirms the effectiveness of our algorithm.

Additional experiments on hyperparameter sensitivity are
provided in Appendix A.

7. Conclusion

In this paper, we developed a novel decentralized stochastic
multi-level optimization algorithm, aiming to address the
large computation and communication cost caused by the
multi-level structure. Specifically, we developed a novel
recursive Hessian-inverse-vector product to reduce the com-
putation and communication cost. Moreover, we proposed
to compress the communicated variables to further save
communication costs. With these novel algorithm designs,
our algorithm achieves superior performance in practical
applications. Moreover, we established the convergence rate
of our algorithm, which is the first time to provide theoret-
ical guarantees for decentralized multi-level optimization
under mild assumptions.
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A. More Experiments

In our experiments, we consider the following hyperparameter optimization via multi-level optimization:

mln—Z[,

s,y () = argmin R(z, yx +fz 7 llyx — Wic-a (@) — OV L (Y51 (x); D))

where m,, = |D(

ys (z) = arg mlnR (z,y2)

V("))
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zGD(">

’LED(")

(w—60VL(

)| denotes the number of training samples on the n-th worker.

NZ D vz — i (=) — OVL(yi (2); D)1

w; DI))|I?

19)

We further conduct experiments to study the impact of different hyperparameters on the convergence of our algorithm,
including the learning-rate coefficient v, momentum coefficient an?, and compression-related coefficients 3 and p. We also
investigate different compression ratios and communication topologies for Algorithm 1.

In Figure 7, we run our two algorithms on a9a dataset with v € {0.1,0.3,0.5,0.7,0.9}, while keeping all other settings
unchanged. From its two subplots, we can conclude that a larger -y can accelerate the convergence speed because it is the
coefficient of the learning rate. In Figure 8, we run our two algorithms on a9a dataset with an? € {0.1,0.3,0.5,0.7,0.9},
while keeping all other settings unchanged. From its two subplots, we can conclude that the coefficient in the variance-
reduced gradient estimator does not have a significant influence on the convergence rate.
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We also tune the hyperparameters p and /3 used for compression in Algorithm 1. In Figure 9, we run CE-DSMGD-VR on a9a
dataset with p € {0.1,0.3,0.5,0.7,0.9}, while keeping all other settings unchanged. In Figure 10, we run CE-DSMGD-VR
on a9a dataset with 3 € {0.1,0.3,0.5,0.7,0.9}, while keeping all other settings unchanged. From these two figures, we can
conclude that these two hyperparameters do not have a significant influence on the convergence rate.
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075 075 X

0.70 070 \

065 065

0.60 060

—e— B=0.9

§055 \ ﬁoss B=0.7
S 3 —a- B=0.5

050 050 v B=03

045 045 . e B=0.1

0.40 040 \\,\’

035 gy 035 M‘*i—*«g

0 200 400 600 800 1000 1200 1400 0 200

400 600 800 1000
MB

Iter

Figure 10. The upper-level loss function value on a9a dataset when using different values for J3.
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Figure 11. The upper-level loss function value with respect to the number of iterations and the communicated megabytes when using
different compression ratios for a9a dataset.

To further demonstrate the performance of our algorithm, we use different compression ratios for a9a dataset, including
Top-10% and Top-5%. As shown in the left subfigure of Figure 11, when using a large compression ratio, CE-DSMGD-VR
consumes less communication costs. Meanwhile, as shown in the right subfigure of Figure 11, our algorithm can maintain

its convergence performance even when using a large compression ratio. These observations confirm the robustness of
CE-DSMGD-VR .

Moreover, we conducted an additional experiment to demonstrate the performance of our algorithm on different communica-
tion topologies. In particular, we use two additional graphs: a torus graph and random graph, where we use the Erdos-Renyi

random graph with an edge probability being 0.4. From Figure 12, we can find that the convergence performance of
CE-DSMGD-VR is robust to different communication topologies.

In addition, to further demonstrate the effectiveness of our algorithm, we conduct experiments with larger levels K, more
workers, and heterogeneous data distributions. In particular, we perform an additional experiment with K = 3 using 16
workers. To simulate data heterogeneity, we partition the dataset such that each worker maintains a unique class distribution.
Specifically, the local training and validation sets are sub-sampled to achieve target positive class ratios linearly spaced from

0.1 to 0.45 across workers. As shown in Figure 13, our algorithm consistently outperforms the baselines while achieving
performance comparable to its full-precision counterpart.
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Figure 12. The upper-level loss function value with respect to the number of iterations and the communicated megabytes when using
different communication topologies for a9a dataset.
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Figure 13. The upper-level loss function value with respect to the number of iterations and the communicated megabytes when K = 3 for

a9a dataset.

B. Proof Sketch and Unique Challenges of Theorem 5.1

Step 1: Establish a potential function. To establish the convergence rate of our Algorithm 1 in Theorem 5.1, we developed
a novel potential function as follows:

Lit1 = E[Fri1(Te+1)]

+ Y akBll|Fk 41 — YE @) I1P] + oy bRE[l|Zk 041 — 25 (Fr41)17]

+ e GBI (ME ) — U )) 1 1]+ 25y Bl (M oy — Vieer) 1 |1] + B[ (M — Ger) 15 17]

+ Yo SN EIIME 1y — Ul 5] + 25 e BUIME 41 — Vi |5 + EREI M — Gen||7]

+ WRE[IXer (I = DIE] + 5, ve Bl Y+ (L= DIF] + 5, ™

NElIZr 41T = DIIF]

+ ONE[Per1(I = NIE] + iy oo v BN Qo1 (I = NIE] + iy o wEll Ree1 (T = J)|17]

+ OLE[|Xe+1 — Xeq1lF] + Xn, e mElllYe,er1 — Yeer1lF] + Soney ¥k Ell Zr,e1 — Ziyer1| 7]

+ OLE[|Pis1 — P | 3] + o Ok E|Qrts1 — QuerillF] + Xrey ¥k mE[l| Rie+1 — Riev1ll3] -

Other than the loss function Fk1(Z¢+1), there are four classes of estimation errors in the potential function £; 1, which
are marked with different colors. In particular, there are optimization errors with respect to the lower-level variables

and the recursive Hessian-inverse-vector product, gradient estimation errors with respect to the gradient of hypergradient,
lower-level gradients, and the gradient of the recursive Hessian-inverse-vector product, consensus errors of all variables
and gradient estimators, and compression errors raised from the compression operation.

Step 2: Establish the upper bound for each term in the potential function (Section D-F). In this step, we establish the
upper bound for each class of estimation errors. Specifically, we established the upper bound for the optimization errors

in Lemma D.2 and Lemma D.3, for the gradient estimation errors in Lemmas E.1, E.2, E.3, E4, E.5, E.6, for the
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consensus errors in Lemmas F.2, F.3, and for the compression error in Lemmas F.4, E.5.

Dependence across levels

l Dependence across iterations l
- .l V=T _ ./ 15vy,nC>
Ell|Zk041 = 2 (@) |P] < (1= L5)El 20 — 22 (@) 7] + . L E || 2k, — Zh (@]
157177 157277 _ (s
LIAR A E[Gkr1e — Yk (@)IP] + = (LHAR + LIAR )E[|5k.e — yi(ze) %]

157 - . (2 9z A
Ly ATEl G ykm_l)nﬂ + 3mzﬁE[an,t(1 = Dl + 2L Rl )

127.n 2 45%71 1
+ TE[”(Mk,t = Vi)l || |+ —(ARLE + Ak+1L2J)N]E[”Yk,ﬁ(I - J)|%]

45v,n 1 40v,1n 1
+ uz A%L%{_E[”kal,i([_‘])”F] . AiHL%NJE[IIYHu(I IE]

45 .
X ’70 FENZrira(T = DIF -

457,
+( Z”L2+3> E[l Zia(I = T)|IF] +
Dependence across workers

Figure 14. The triple dependence across levels, workers, iterations in the upper bound of the the optimization error E[||Zx 141 —
* [ — 2
2 (Zeg)[I7]-

Due to the multi-level structure in the loss function, the resulting upper bounds exhibit recursive dependencies across
levels, workers, and iterations. For example, the upper bound of the optimization error E[[|Zy 141 — 2j(Z441)]|%] in
Lemma D.3 involves a triple dependence across levels, workers, and iterations. This triple dependence incurs significant
challenges for establishing the upper bound of £, — L; in the subsequent analysis.

Moreover, the analysis reveals a nontrivial interdependence between the consensus error and the compression error .

Specifically, the bounds in Lemma F.2 and Lemma F.4 show that these two error terms depend on each other, which further
increases the difficulty of selecting appropriate coefficients in the potential function.

2
1Xera(T = Dl < (1= pan(t = MIX(T = DlfF + 85 1% = Xl + 2%%(1 - -

121 481
|| PUL = )+ el

12920° .
LN | + X2 = D3

R 5.
[ Xer1 — Xeqalz <(1-— Z)HXt - Xi|lF +

Step 3: Establish the upper bound for £;; — £, by determining the coefficient of each term in the potential function.
(Section G). To establish the upper bound of £; 1 — £;, we need to select the coefficients in the potential function, including
{actior {bdizrs {entizes {dedisn {@ iy {dkisn {wehizes {mhicn (oA {orhirs {orhies
{p s { L {e, é,w,@, 0,0}, such that the coefficients (marked in blue) in Egs. (35), (38), and analogous
expressions, are non-positive. As a result, we can remove the corresponding terms from the upper bound of £; 1 — L.

The unique challenges in determining those coefficients lie in the recursive dependence in the multi-level optimization
problem. For example, when determining the coefficient {b; } 2, for the optimization error E[||Zx ; — 2;(Z+)||?], due to the
recursive dependence,{by } 5_, should satisfy the following recursive dependence:

2

W
bro1 < by .
=Tk o56C2

Meanwhile, they should satisfy some conditions, such as

2712 2712 2(k—1
L 3072y, (16C3LG | 3200315 Atk |
= [ azN ﬂ?(l _ )\)2 L(Q](k—l)

These constraints make it more challenging to determine the value of {bk}i(:l compared to the existing decentralized
bilevel optimization algorithms.
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By incorporating various constraints, we finally obtain the following coefficient:

by =

L2% (256C,)20-D) 30729,7. [ 80C3 800%;L2 320C5L2 32007
prk gt 1 v &N B ) RO

which actually also has a recursive structure with level k. For other coefficients, we follow a similar strategy to determine
their values.

In addition, due to the interdependence between the consensus error and compression error, it is more challenging to
determine their coefficients. For example, when determining the value of {7 } & ; and {1} }5_,, they will depend on each
other. Specifically, when setting the coefficient of E[|| Zy ; — Z.;||%] in Eq. (38) to be non-positive, we have

. 8p=1
NE=DY

+16p°1° 2y — w,f <0.

When setting the coefficient of E[|| Zy. +(I — J)||%] in Eq. (38) to be non-positive, we have

487, 48+, 48 144~2n2 L2 144~20*C?
D. o = 3bg + by — 2012 by 202 gy p +wk%+wm%
+ 1620 2y, + 48v20" L2 2, + 48+2n°C5 Jzk_l —Tpn(1=X) <0. (20)

From these two inequalities, we observe that {7;}#_; and {t;}/* | are mutually dependent, which complicates the
determination of the coefficients in the potential function. To address the issue of the interdependence between different
coefficients, we propose to use one class of coefficients, e.g., {Tk}kK 1» to replace the other class, e.g., {¢x = 7% 5(lp 2)7\;) +

654 0Pt Z K i—1 and then solve inequalities regarding {m}E 1 to determine their values. After that, we can obtain the values

of {wk}kzl

All in all, due to the multi-level structure, it is much more challenging to determine the values of the coefficients in the
potential function than existing two-level methods. We successfully addressed these unique challenges by leveraging the
recursive structure to determine these coefficients. We believe that this novel design for coefficients can benefit more
multi-level optimization algorithms.

Step 4: Obtain the convergence rate. Based on Step 3, we obtain the following upper bound, which leads to the
convergence rate of our algorithm.

T—1
1 N2 2(50 — CT) 2Fo
— < .
F 2 EIVFenEl < 2B 4 I e

where F is defined in Eq. (34).

C. Properties of SMO Problems

Lemma C.1. (Restatement of Lemma 8) Given Assumptions 3.1-3.4, for any x € R, the full hypergradient can be
computed as:

VFi1(2) = Vifra (@, yic (@) + (1) (Vi fi(yi (@), 2)" =1 («) - 22

ayk(”ﬁ)

Proof. Based on the definition of and z;(z), the hypergradient VF'(x) can be represented as follows:

VFrs1 () = Vi freon (2, v () + (M) Vol (@, v (@)

Ox
= Vaficnspic(o)) = (22D ) (O i), i1 (0)

X (Vi fx (i (@), yic -1 ()] 7' Va e (2, yk (2))

25 (@)

T
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= Vifrsi(z,yx(z)) + (W) (V%2fK71(y;<71(5€)7y;(fz(ﬂf)))T
* [V fr 1 (i1 (@), k-2 (@) 7 (Viafx (Wi (@), gk -1 ()" 2k (@)

2o (@)

= Vs @) + (-0 (PE) (i s (2.9 @) 5 (0)

= Vifr1(m,yk (@) + () (Vifilyi (2),2) " [V i @),0)] 7 (Tiafa(y3 (2), 57 (2))
EHO!

z5(x) .

O

Lemma C.2. (Continuity of y;(x)) Given Assumptions 3.1-3.4, for k € {1,--- | K} and any x € R%, yi(x) is Cy, -
K
Lipschitz continuous, where Cy;, = %

Proof. According to the definition of ay’“ (w) , when k = 1, we have
oyr . . _ C
| 28] — |- s i a0 (Vs i) < 2

where the last step follows from Assumption 3.3 and Assumption 3.1.

k—1
y’“ 1(36) I < S;j,l , then it is easy to

When k > 1, we use the induction approach to prove it. In particular, we assume ||

know that
0 Y1 (= . . . « -
| 2| -2 (9, o) i () 19, s )]
< H 8yk71( ) ‘CJ CJ
S\ S
"
where the second step follows from Assumption 3.3 and Assumption 3.1. O

Lemma C.3. (Continuity of z;(z)) Given Assumptions 3.1-3.4, then for k € {1,2,--- , K} and any x1, 15 € R%, we have

K—k+1
sz(xl)” <Ap = CK T

* llzi(an) =z (z2)ll < Copflzn — 2|,

L L; CK C¢Ly C¥ CyLy C¥~1 L, Ly C¥ CsLy C¥ CsLy CK1
where C,,, = =L + =L =52 =) fHﬂlandCzk:QTf-i-*ffJ Lyt L =& +

w popk pu2 ok pu? pk- W popkK u2  pk p2 pk-t
. j K-1 K
(ZJK:Ok ' %)(Sé—l CI/ILQH + %%)(% + 1)f0rk S {1723 T 7K - 1}
Proof. When k = K, we have
* 2 * * -1 * Cf
25 (@)1l = Vi1 fx (v (%), yre -1 (2))] Vafrri(z, yx (2))] < o
where the second step follows from Assumption 3.2 and Assumption 3.1.
K—k
When k € {1,---, K — 1}, we use the inductive approach to prove it. In particular, we assume ||z}, ()| < S;’(—,k, then
* 2 * * —1 2 * * T = CJ * CK k1
Iz (@)1l = Vi1 fa (Y (@), yr—1 (@)™ (Viafot1 (Wrs1(2), Y& (@) 2r1 (@) < 7||Zk+1( z)|| < W )
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where the second step follows from Assumption 3.3 and Assumption 3.1.
When k£ = K, we have

2k (1) — 2k (@2) || = [I[VT1 fre (Wi (@1), k-1 (21))] ™ Va frepr (@1, vk (21))
— [V fr (Wi (22), yic— 1 (22))] Vafrci (@, yic (22)) |
<NV Fr (Wi (1), Y1 (20))] 7 Vafrer (@1, vk (21)) = [V fx Wi (21), Yk -1 (21)] 7' Va fresr (w2, yic (2)) |
+ VT Fre (Wi (1), yie—1 (20))] 7' Va frei (w2, vk (w2)) — [V (i (02), Yk -1 (€2))] 7' Va fresr (@, vk (22))]

1 * * C * * * *
< ;||V2fK+1(fE1,yK($1)) = Vafri1(z2, yr (x2))] + Tguv?lfK(yK(x?):nyl(fm)) = Viifx (yic (1), yk—a (1))
L Ly . . /L CsL
: 7f|‘x1 — 2| + 7f||yK(m1) — i (@2) | + L5 Iy (@1) — yic (@) | + L5 lykc -1 (21) = yic 1 (2)]|
Ly Ly C? C¢Ly Cf C¢Ly oK1
< (4 e T e+ el el

where the third step follows from Assumption 3.2, Assumption 3.3 , Assumption 3.1, and last step follows Lemma C.2.
When k € {1,---, K — 1}, we have

12k (1) = 2k (@2) || = [[Vi1 fu(yk (1), g (@2))] 7 Vi frra (Wi (@1), yic(21) " 204 (21)
- [vilfk(yl:(xQ)vyZ—l(xQ))} Vlsz+1(yk+1($2) yZ(xg))TzZH(xz)H
< Ve (i (@), vk -1 (@0))] ™ Via frerr (i (21), gk (21)) 2 (1)
— (Vi1 fr(Wk (2), g1 (€2))] 7 V2 fera (hrr (1), vk (21)) T 2ign (@1) |

Vi1 i (yk (2), Y1 (@2))] 7 Vi frrr (e (21), vk (1)) 2041 (21)
—[Vi1fs (i (@2), g1 (22)] 7 Vs frrr (g (22), yi (22)) " 24 (20)

Ty
+ || [vilfk (yZ (552)7 yZ—1($2))er?2fk+1 (?JZ+1($2)7 yl: (xz))TZZ-H (wl)
Vi e Wi (@2), i1 (22))] Vo fart Wiorr (w2), yi (22) 21 (2)]] -

T3
For T}, we obtain
CK kCJ * 2 * *
T < L ||V11fk(yk(x1) Ye—1(21)) = Vidfr (Ui (22), yr—1(22)) |

CK*C Lu . ) . .

< M,‘Q,k ‘LQH (lyx(z1) — ye (@)l + llye—1(z1) — yr—1(x2)]])
cEX*kCy;Ly ,Ck c’H

< T LQH( = 1—w2H+ Tz — 22|,

where the first and second steps follow from Assumption 3.3 and Assumption 3.1, and the last step follows Lemma C.2.
Similarly, for 75, we obtain

CK k * * * *
T, < — 1 E V22 frir Wigr (21), vk (21) = Via frs1 (yir (v2), yi (z2) |
KL,
< Kk gy (1Yt (@1) = yra (@) + llyr(z1) — yic(z2)])
Kk L, bt ck
< LK T(WHM za| + Lz — o)) -

For T3, we obtain T3 < %||z,’g+1(x1) — 25 (x2)]]-
Plugging all these bounds into the inequality yields

« X Cy, « X Cﬁ(fl CyLy C¥ Ly Cy
2k (z1) — zx (z2)[| < 7||Zk+1($1) =z (@2)[| + (/LK_I 2 + F{?)(T + Dz — 22| -
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Recursively applying above inequality, we obtain

K—k—-1

. . Cyye . CiN CX P CyLy | CX Ly, Cy
2k (21) — 2k (22)| S?HZK(wl)_zK(mQ)H"*’( ;0 M])(MK T o ) Dl s
_(Co(Ls Ly CF | CiLu CF | CiLu OF7 &N OF T ealy | CF Ly Cy .
“\k (u Tk T e T uK*) 2 )Gk )G Y el
j=0

O

Lemma C.4. (Smoothness of Hypergradient) Given Assumptions 3.1-3.4, then V F 1 (x) is Lp-Lipschitz continuous,
where Lp = Ly(1+ Cy,. ) + ALy (14+Cy,) + CyC,.

Proof. For any x1, 29 € R4 we have

VFri1(z1) — VFk 4 (22) ||
= |Vifri1 (@1, yi(21) + (1) Visfi(yi (x1),21) 21 (21) — Vafrer1 (@2, yic (22)) — (=1 Via fi(yi (22), 2)" 27 (22) |
< |IVafrsr (@1, yic (21)) = Vi frr1 (@2, yie(@2)) || + ([ Viafi(yi (z1), 21) 21 (21) — Viafi(yi (x2), 22)" 21 (z1)||
+ V21 (i (2), 22) T 21 (21) — Viafi (yi (w2), 22) T 21 (22)
< Ly(lzn — 22| + llyx (21) — yx (@2)[]) + ArLo([|z1 — 22l + [[y7 (z1) — y1 (@2)]]) + Csllzi (z1) — 27 (22)||
< Lp(1+ Cyp )l — 22| + ALy (14 Cyy )|z — 22| + CoCx flz1 — 22|
= (Ly(1+ Cyy) + A1Ls(1 + Cyy) + CsCxy) |21 — 22,

where the third step follows from Assumptions 3.1, 3.3, the second to last step follows from Lemmas C.2, C.3. O
Lemma C.5. Assuming that Assumptions 3.1 through 3.5 hold, for any t > 0, the following inequality is true:

*E[HGt ¢ = Gi||7] < 6% £ (2+247)0”
Proof. From the definition of G, we derive

FElGe: — Gillz] }:Emv FEL @™y e + () SO M ) 2l )

— Vi @ i) — (D) SV A ) 2 A |17
N
}j (IVFE) @,y €)= Vafe @™y 1]

1 n n n n n n n n
+2N (Vi i e D2 = Vi @i ) )]
+

@’L‘Mz

<(2
O
Lemma C.6. Assuming that Assumptions 3.1 through 3.5 hold, when k € {1,--- , K — 1}, the following inequality is true:

1 -
5 ElVie — Viiillp] < 28307 + 247 107 .
When k = K, the following inequality is true:
1
NE[”VKt VKttHF} < 2A% 6% + 207 .

Proof. Whenk € {1,--- | K — 1}, we derive

N
n), (n)  (n) (n) (n) (n)y,(n)
Z Hvufk ykt7yk lt)zkt v12fk+1(yk+1 t:ykt)zk+1t

~EVie = Vi,
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(n),, (n) (n) | ~(n) (”) n) (n), ~(n)
T (it s Y—1,65 Chot )2 +V12fk+1(yk+1t7ykt’ hi1.t) k+1t” ]
N

Z (RN RN T S P A vl AR T IR AT e O Pl

(n)y (n) 2 p(n)  (n) (n), ~(n) (n)
+ 2* ZE[H vl?fk+1(yk+1 tr Ykt )Zk+1 ¢t vl?fk+1(yk+1 t1 Ykt Skt t)szrl t” ]
< 2A%5% + 2Ak+102 )

When k = K, we derive

N
1 n n n n n n n
W ENVice = Vil = 7 SOBIVH S W v 025 = V2filla o™ i)

n n n n n n n 2
= VIR Wi vk )i + Vo it @ w6 1)

2 \

N
Z (VIS Wil v s Dzl = Vi i i GEL ) 2]

to ZE[H = Vo il @™ i) + Ve Sl @ v &0 1)

< 2A% 0% 4207 .
O
Lemma C.7. Assuming that Assumptions 3.1 through 3.5 hold, for any t > 0, the following inequality is true:
<E[|Gir1e41 — Geana||F] < 3(LF + AQLJ)N (I1X: = Xeqall7] + 3C7— ]E[HZI ¢ = Zrp||7]
1
+ 3A§L3N]E[|\Y1,t —Yiell 7] + 3L§NE[HYK¢ — Y, e11l7] -
Proof. From the definition of ét+1,t+1’ we derive
CEMGesri41 = Graa 7] = ZE[HvlfésL 2y ) + (D) VLA @) 2l ()Y
- vlfml(:ciiﬁ,yﬁﬁiﬂ,ai’l) — (VA e e G )2 ]
N
1 )
<35 DL EIVIAL @yl 60 — Vil @ i 60D
n=1
1 N
+3 5 2BV (1 a5 ) A = Via " il 2™ () )
n=1
1 N
+35 D EIVERAT 017 25 () = Vi 0 2 )2 1]
n=1
< BL2LE[IX, — X |2 21 2 2 1 2
<3Lj5; [|| t — Xev1|l7] + 3LfN]E[HYKt — Y t1l|7] + 3CJNE[HZM — Z1,441]¥]
+3ATLY ~ENYL: =11 w1l|B] +3ATL5 ~ElXe — Xer|F] -
O

Lemma C.8. Assuming that Assumptions 3.1 through 3.5 hold, when k € {1,--- | K}, the following inequality is true:
1 ~ ~ 2 21 2 21 2
NE[HUk,tH,tH — Uk, te+1l7] < LgﬁE[”Yk¢ = Yii1ll7] + LQNE“lYk*lJ —Yi1,e41l7] -

Note that Yy, = X.
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Proof. Similarly, we derive

1 - .
FENTw 10010 = T eallie] = ZE VI G 0 ) = VIR s G0 1)
n=1

< LQ*E[HYM Yies1l7] +L2 E[||Yi-1,6 — Yeo1,e41]/7] -

O
Lemma C.9. Assuming that Assumptions 3.1 through 3.5 hold, when k € {1,--- | K — 1}, the following inequality is true:

1 ~ ~ 1
NEH|V1€¢+1¢+1 — ViarllF] < 4L§NEH|ZW+1 — Zial7)
1 1
+ 403*E[\|Zk+1,t+1 — Zegr|| )+ 4AiL§{NE[HYk71,t+1 =Y 1.47]

1
+4(ARLy + Af L) =

1
N E[| Vi, 41 — Yeul 7] + 4Ai+1L3NE[||Yk+1,t+1 — Yir1el7] -

Note that Yy = X;. When k = K, the following inequality is true:
1 ~ ~ 1 1
*E[HVK,tH,tH — Vi) < 3L§NE[||ZK¢ - ZK,t+1||2] + 3L?NE[HXH1 - X%
+ 3AKLH E[[[Yi 1,0 = Yi—1,041]1%] + 3(A%K L + Lf) E[|[Yi,e — Yice41%] -
Proof. Whenk € {1,--- , K — 1}, we derive

ZE[||Vi,e41,041 — Vit || 7]

(n) (n) (n) . ~(n) (n) 2 p(n) ( (n) (n) . +(n) (n)
E :E[Hvllf (Yn a1 Yk—1,¢410 Ck,t+1)zk,t+l - vl?fk+1(yk+1,t+l7yk,t+l7 Ck+1,t+1)zk+1,t+1
(n),, (n)  (n) (n) (n) (n) (n), ~(n)
7V11f (yktvyk 1t’Ck,t+1)Zkt +v12fk+1(yk+1 e Ynt s Cara, t+1)zk+l t” ]

(n) (n) (n) (n) (n) 2 p(n), (n) (n) (n)
Z ||V11f Z/k t+10 Y- 1t+1ka,t+1)2k i1 — Vil (ykt+17yk 1,6417 kt+1) ||]

N
Z [||V f(n)(yl(cnt)-!—l?yi:n)l t+1’§k t+1) (n) ank (yl(cnt)vyk >1 t7 Iint)+1) (n)H]

N
1 (n) n) (n)
+ 4N § E[|| - V12fk+1(ykj-1 t+1> yk t+17 Ck+1 t+1)zl(c+1 41 T Vl?fk+1(yk+1 t+1>yk t+17 Ck+1 t+1)zk+1 tH ]

N
1 2 ¢(n) ¢ (n) (n) (n) (n) 2 ¢(n) ¢ (n) (n), ~(n) (n) 2
+ 4N § E[|| - Vl?fk+1(yk+1,t+17 Ye t+1 <k+1,t+1)zk+l,t + V12fk+1(yk+1 tr Ykt ;<k+1,t+1)zk+l,t|| ]

1
7]+ 405 = E[HZkJrl 41 — i1l 7] 4+ 4A L?INE[”Yk—l,tﬂ —Yio1,ll7]

7l

1
< 4L§—E[|\Zk¢+1 -

+4(ARLE + AMLJ) E[[[Yi,t+1 —

7]+ 4Ak+1LJN (Yet1,e41 —

When k£ = K, we derive

SE Vi1 = View e [F] = NZE[Hvuf(“(yﬁ:i,yﬁ?wcﬁ?im — Vol @ i 6

f(n)(ygl)uﬁvy;?)lt+1’<§(n,3£+1) ;?)H»l +V2fl(?4)rl(x§i)17y§?3&+17 gﬂ)” ]
N
(n) (n)  (n) (n) (n) ¢, (n)  (n) (n) (n)
Z [”Vl f th,yK 1t7(Kt+1) v11f (th:yK 1t7CK,t+1) Kt+1|| ]

N
Z |v11f(n> yﬁ?i,yﬁg) 1,t0 ?1+1)2$1+1 - Vllf(m(yﬁ?)t-&-p yglll,t-!—l; C$1+1)2$1+1” ]
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N
SN Z El| = Vafit)y (e, yr,is &e41) + Vaf il (@ern, yicans € |I°)

1 1 1
< 3L2*E[|\Zm - Zien|®] + SL?N (1 Xe1 — Xel|?) + 3A% Ly N ENYr—1e — Yic-1,41°]

(AKLH-i-Lf) [HYKt_YKt+1|| ].

D. Key Descent and Optimization Errors

Lemma D.1. Assuming that Assumptions 3.1 through 3.5 hold, and n < s L , the following inequality is true:

ElFici1(@es1)] < ElFici1(@)] - DEBIVEE)) ~ R[]+ Bl (G — MLy )
+ 6177 AT LIE(||yr (Z:) ’]

Lf]E[HyK(xt) = G| *] + 6112 CTE[| 21 ()
1 1
+ 67 (L] + A?L%)NIE[HXAI — D)IIF] + 677%A?L3NEHIY1¢(I — DIIF]

1 1
+ 6072 L7 Bl Yico(I = )|E] + 6m7:CF Bl 21T = T[] -
Proof. Since F(x) is Lp-smooth, we derive

E[Fx+1(Zt41)] < E[Fx41(Z¢)] + EXVFk41(Zt), Te41 — o)) + %’E[H@H — %]

_ ey MELe g0
= E[Fx+1(T0)] — m=E[(VFr+1(2:), m¢)] + TEH my 7]

2.2
— ‘L x — I x — — T IEL — T
= ElFic1(20)] - DER[IV Frcan @0)]1%) — DEEm 1) + TR Fica (20) — 5 2] + T2 R )

< E[Fici (7)) - ’”’” E[|[VFic1(@)|%] = DEE[Imi |*) + DEE[IV Ficia (@) — w1

— CL‘ x — T x 1 — 1
< ElFics (@) - ’” E[|[V i (@0)1%] = TEE[m 2] + nyElll(Ge — M1 1P + BV Exc i (&) = 1G],

[IVFk41(%:) — 7 G+1]%], we decompose it as follows

N
_ 1 n N
E[[|VFk41(2¢) — NGJHQ] H*Zlvlfkﬂ(xt’yK z¢)) Nzl Vlzf( )(241 (Zt), Z¢) 21 (Z4)
1 N N
¥ Vi@ ) — 5 S VA () )= )
=1 n=1
N
<6E[ll 5 Zvlfml(xuy;( z.)) NZ: Vi (@ i) |1
T
N
+6E||—Zv1fK+l<xuym Z FEL @™,y
Ts
1 N N
+6E[||N;( D Vi (yi (), 7)1 (2 g K™ (e, 8021 (@0) )] (23)
T3
1 & 1 &
+6E[||N;—n’fvéﬁ")(yl,t,@)zf(@)—N;(—n‘fv@ff M a )z @0))
Ty
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N N
1 n n n n n n
O[5 S (-0 VRAD G, )2 @) — 1 DD R AP o))
n=1 n=1
Ts
1 N N
O[5 DD TR AT 6 )z — 1+ S VAT W, w0
n=1 n=1
Ts
By bounding each term, we derive
1 N N
T1 < 6LFE[lyi (z0) 1, Tzswiﬁglmuxi — 2’ +6LF 5 Z sy = gl
N 1 N
T < 6ATLIEl|yi (70) %, T <6AlLE Z [l — 2)*) + 6ATLS 5 > Elllys’y 1,

N
“my s 1
T5 < 6CIE[|25 (20) — 2ll”], To < 60T~ D Elllze — 217 II°] -

Combining these bounds yields

1 %/ _ * g _ %/ _
E[|V Fr+1(Z¢) — NGt1||2] < 6ATLIE[||yi (Et) — g1.¢1*] + 6LIE[||yx (Z¢) — Trc.el|’] + 6CTE[|| 25 (7¢) — Z1,¢]|°]
1
+6(L?+A§L3)NE[HXt(I—J)H ] +6A3L3 wEYL (I~ J)||F]+6Lf E[lYk (I - J)||F]+60J E(| Z1+(I = J)||7] -

Therefore, we complete the proof. O

Lemma D.2. (Optimization error regarding y) Assuming that Assumptions 3.1 through 3.5 hold, and vy, < when

ke {l,---, K}, the following inequality is true:

GL’

2 2
_ . Yyt e 3, _ MY e
Elllgk.e41 — v (@) IP] < (1 — 71’4 JE[|lyk (z¢) — - 1 LE[|my %] + ol Cy E[||lmf ||
y
10 . _ 207y, nL2 20~ 77L 1
LRl (F) = el 0 GBI = DIE] + GV (1 = )]

20vyn 1
+ = CENOR, - Ukl 517
Note that y§(Z¢) — Go, = 0and Yy = X,

Proof. Here, we introduce a virtual variable g 111 = Jk.t — yym;’é ;- Then, it is easy to know that ¥ ¢11 = Jr¢ +
N(Tkt+1 — U.t)- Since fr(Jx, yi_,(Z)) is p-strongly convex regarding g, we derive

Fe(¥, uk (@) 2 fr(Gre, Y (Te)) + (Vi fu(Gr,e, ur (%), Y — Trpe) + g”y — Tl

= fe(@r.t, Ui (%)) + (Vi fu(hts Ui (Z0)), Gkotrr — Gre) + (Vi fe(Groe, yi(T)), Y — Grev1) + g“y — Jrall®

(Vi (Trts Ur (%)), Yy = Groye1) +

= ./ Ly, = _
> fe(Gr o1, yi (@) — 1 Gr.e1 = O,
The third term can be decomposed as

(Vi fu (Gt Ur (@), Y = Goer1) = (Vi fi(Groe, Y (B)) — MY oY — Tryes1) + (M5 1y — Gre41)
= (Vi fi(@re,yu(Ze)) = MY oY = yer) + (ML 1y = Gre) + (MY 4 Gt — Grye1) -

Combining these results yield

2
Yo L 2
L) |

Few v (@) = (G vi (@) + 5 lly = Gidl® + (s —
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AV (Grests YR (Te)) — M} 1y = Grer) + (MY Y — Gieyt) -

Then, by setting y = y}(Z:), we obtain

FGR(E0, 32 (R0) 2 funesssvia(E) 4 i ) = Gl + O — D)+ (i ) — )
)-

2
+ (Vi fr(Tr.ts Y1 (Te) o UR(Te) = Uree1)

= fr(Urt1, Yo—1(Ze)) + E||y?§(3?t)

2 ’Yy g —y * 0 — = _ 1 — (= 2
+ (v — 5 MmN+ (my vk (Ze) — Gr,e) r%nﬂyk,t Y (Tl

2+ —Ilyk 41 = Y (@) + (Ve @ Ui 1 (Z0)) — MYy, vk (Be) = Grern) 5

Ty

’Yy"7|
2

where the last step follows from ||, L Ui @))? = Uk + 0Gr41 — Trt) — Yi(@)? = e — yi (@) +
Yo I 12 = 207y (Gk,¢ — y3:(Z+), ], ). In particular, T; can be decomposed as

Ty = (Vi fu(Trts Y1 (Te)) — M3 1 vk (Te) = Trege) + (Vi fu(Trses Y1 (Te)) = MY 45 Tt — Gr,e1)

Vv
|
\
<
=
=
=
<
=
<
=
s
—
8
N
=
3\
bl

. _ 1 _ . _ [ -
2— ZHyk(xt) — Trell® = ;Hvlfk(yk,tvykfl(xt)) —my I - 29kt = e |?

Combining these results with ;1 < L, yields

- L
Fe(Wi (@), yi1(20)) = FielGrern yia (@) + (5 = =) Wi (@) — Geal® + (2 - 3731 D lmi |1

2 _ * _ _ 2 1 — * 2
= =V (@rst, Yie—1 (Ze)) — MY N7+ o= |Ur,t+1 — & (Te) |
1 ! BT 2y

Because y;(%;) is the optimal solution of the strongly convex problem, we have fi(k+1,Y5_1(Z¢))

Fie(Wi(Ze), y5_1(Z¢)). Then, we obtain ’ ; fe >
(% 271 n)”yk(l‘t) — e ? (% - 3%?%)\ my | - %||V1fk(17k,t,y2_1(:?t)) Y I + 7”% o — i@ <0
By setting 7, < g7, we have

e = yZ(jt)‘F s@- %)Hy;(ft) - 3757” @t t” 4’jjn||V1fk(ﬂk,t,y271(ft)) - mk,tHZ . 24)

Then, we have

1Fk.041 — v (@) < A+ O)|Tresr — ye (@12 + (14 1/0) |y (@es1) — yi (@)1
< L+ - 228 i (20)

37,m
—(1+¢ yl vl

4 — * —_ —_ * —
(1 c)%nvlfuyk,t,yk,l(m)) —m 7+ (14 1/0) |97 (Zesr)

— (@) (25)
2 2
Yy _ 3Ny - 5YyN _ s _ MYz _
<(1- y Myis(Ze) — Trell? = =2 mi |I° + Tyl‘vlfk(yk,hyk—l(xt)) —mp 4l u Cy, lImi|)?
where the last step follows from ¢ = 4% In addition, we derive:
IV 1 i (Tt i (T2)) — |12 < 2||V1fk(?]k s Yh1(Te)) — Vlfk(?)k 3 Tr—1,011 + 2V 1 fro (Grots Go—1,e) — ?
< 2L2|lyi 1 (@) — Gror])® +4II—ZV1fk (Gt Fr—1.0) Zv K7 w2 DIl
n=1
1 N
4l SV W ) — 26)

26



Distributed Stochastic K -Level Optimization Over Networks

. 4 4 1
< 2Lglyi -1 (21) Ve = Dl + 5 1Yemre (= DI + 4N, = U)1

Finally, combining Eq. (24), (25), and (26), we obtain

E[|gk.t+1 — g (Zes1) ]

37y ey MYz _ 10 . /n _
< (1= OBy @) = gl = =R+ . S OBl )+ = LBl (30) = Gl
207, nL 1 207, nL 1 20 1
+ = R (T = D) + =22 SR = DIF) + = PRI, — Un)1 1]
O
Lemma D.3. ( Optimization error regarding z) Assuming that Assumptions 3.1 through 3.5 hold, when n < —, for

V= u
ke{l,---, K — 1}, the following inequality is true:

_ . - . . 157107 1 . (n
Blllak.e1 = 2 (@e)] < (1 = ORIz — 2 @07 + =2 Bl — i @)l

157, _ " _ 157, _ .,
+ ””L%AiHEmyw,tfyw(xt)n?] ” (LHAR + L3AE )E[|Fe — yi (@)1
157. 9v2 4
+ Z”LHAkEum Lt — i (Ee 1>||1+3mz E[||Re.e(I — J)||3] + j Tc2 gl|lmi)?]

12+,

1 457.1m
+ RO~ Vi) )+ =

(AR LH+Ak+1LJ) E[[|Ys.«(I — J)|I7]

407,
” AL LA~ E[Hnﬂ,t(I—J)u%]

457, 1
+ AR G EIYe-1a(T - J>||%]

45 >
””CQ—E[HZW(I NI

457, 1
+( Z "L§ + 3)NEH|ZM(I - DIF] +

Note that Yy s = Xy and 4o 1 — y3(T¢) = 0.
When k = K, the following inequality is true:

(LHAZ +LJAK+1) [H?jK,t—y;((jt)Hg}

- . 2 _ . 157
Bz = 2ic(@e)l) < (1 = BEE(laice - sic @)l + ==

157zn

_ . 1 9v2 x
+ L%{A%(Emymt—yK<:ct71>||2]+3m£—EmRK,t<I—J>H%]+ ] T2 E[|lm|?)

127, 457217

1
MnE[H(MKt Vie) 1| +

+ (A% LH+AK+1LJ) E[|Yk.«(I — J)|I7]

45’7z77 45'7z77

1
+ AKL2 E[|Yi—1.:(I = J)|I% ]+( L2+3 E[| Zxc(I = J)I[7] -

Proof. Forany k € {1,--- , K — 1}, we have

N
_ . 1 .
B[z 41 = 20 @I°] = Elll 57 D P = venril) 40 Y wai (2] = 57)) = 2 @I
=1 JENR

N
1 n * [ 2
5 D EUPGE = venrl) 0 Y7 wai(50) = 27) =z @)]°)
n=1 JENR

IN

1

N
n n * [ — 2
< 5 DBl = vl 4 n Y was () - 57)) -z (@))1°)
n=1 JENR
N .
= SCE Y waisl) — nzes — el e+ (1= )20 = (1= )z + Fed — 1 — 20@)]17)
N= e ’ '
N .
= NZ [l > waszly = nzke = mrerild + merie+ (=m0 — (1= n)zi )]

JENR
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+2— Z [<Zk t — NYThkyt — Zk Tt) Z wn]zkg — NZg,t — n’yzrk i +n’yzrk t + (1 — ) 254 m_ (1 — n)Zk,t>]
n=1 JENR

+ E[ka ¢ = Tk — 24 (Z0) ]

N ZE[Hn D wnizl) = ke — ) st + (L= 0)z7) = (U= n)zid)
n=1 JEN,

Ty

+E[||Zk.e — =T — 22 (Z)])°]

where the sixth step follows from the fact Zg:l(zje/\/n wnjz,(cjz o n’yzv,(cnt) + Y0z 0 + (1 — n)z](gnt) -(1-

1)Zk,) = 0. For T1, we derive

N N
Z IR D waizd) = Zre — e + e, Z 1+— 1 —n)’E[|]z") 2]
n=1 JENR n=1
N
<2n—ZE[H S wns2d) = Eal?) + 2072 ZE[HT(”)—MII J+(1—7 Z (2 — 2i.el%]
JEN, n:l

1
< 2NE[HZ1@¢(I = DIl + 2777§N1E[\|Rk,z(1 — Dl

where the last step follows from 32 | > ien, wn]z,(gt) — 2P < AN 12 — 212 = A2 Zka (T — )|/ and
29A%2 +1—n<2n+1—n<1+n < 2. Thus, we obtain

EflZn,e41 — 22 (@)]%] < 2+ E[I\Zk (I = J)I\F+2mz E[| Riee(I = DIE + ElllZk,e =m0 — 22(@)°] . @7

2, we have

As for ||Zk,t — 77’}/27:k7t — ZZ (1_71‘)‘

|20 — 1y = 2 (@0)I°] = Elll2k, — myevie — 2 (@011
< (14 EE)Elzke — 2@ — = (V3 s @, G103, = Viafi @i, G1.0) 21,0 ]

To

Tty W)U V2 BNV fr (Fh,ts T —1,6) 20, = Viafrr1 (Tn1,e, Th,t) Bt 1,6 — Oeel”] (28)

T3

where the first step follows from 7, ; = Uy, ¢.

For T5, we decompose it as follows

Ty = E[||Zk,t — 2 (Zt) — 07= (Vifk(?jk,t, Jk—1,t) Zh,t — V%szﬂ(ﬂkﬂ,t, ﬂk,t)5k+1,t)
1= (VW 0), i1 (30)28(31) = Vo fors (04 (@), 93 (80) 2141 (30) ) 7]
= B[ (1 = 19 Vi1 (Gt B0t — (1 = 17931 (0 (@), i1 (20)) 38 (20)
177 (Ve G, B e = Viafions (0 (20), i (30) 2 (7)) )

<1+ ’yz;m El(I = nv-Vi1fe@rt, Ge—1,6))Zre — (I — 17V 1 fic(Trts Tr—1,)) 2 (Z0) ||

T2,1

VENI = 1=V fis (Gt Grem1.0)) 20 (@) — (1= 07V fu(yi (Ze), i1 (20)) 2 (20) ]

T2 2

+3(1+

Y=

2 _ o\ _ _ .
+ 302 (1 + m) E[|Viafrt1 (e, Trnt)Zuit,e — Viafos1 (it s Tot) 2hs1 (Te) ]
z
Ta,3

2 — — * — * — * — * —
+ 3072 ( nM)E[HV?kaH(ka,t’ Uit)2hs1(T) — Via o1 W1 (Te), ya (Be))zia (70)||7] -

To 4
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By bounding each term, we derive

o < (1 —72np)’El|Zne — 20(@)|], To2 < CTE[||Zks1,e — 2o (2)])°]
Tos < LHEARE(|Gk: — v (@))1*] + LEAREGr-1.0 — v (Z-1)[|7] ,
Tou < LIALE(|Tk41.e — Yiar (B)11°] + LI AT AE[ Gk — i (@)]]°] -

Combining these bounds with 1 < ﬁ yields

2 . . 9%:nCF s . on 97 _ .
To < (1= OBl — 2 (@) + = El2 e — s @)I]+ =2 LS AL ARGk 10 = v (2]

=1

97 _ . _ .
+ = TRAL+ LI AL Rk = i (@)) + = 2 LR ATEl 10— i) ]
For T3, following Eq. (23), we decompose it and bounding each term, and obtain

: 1
T3 < 2E“|(Mk,t - Vk,t)lﬁll ]+ 8(AR LY + Ak+1LJ) E[|[Yeo(T = J)|F] + 8ARLE E[I\Yk—l oI = J)|%]

+8AG LT+ E[HYHM(I — D7+ 8L§ﬁE[||Zk,t(I — 7]+ 8CJ*]E[HZI€+1 (I = D)|F]

Finally, plugging T and T3 into Eq. (28), combining Eq. (27) with < ﬁ, we obtain

— * 0 — z = * 0 — 8 * 0 — *
B2k = #2(@e) ] < (04 Bl 1 = 2 @) ] + (4 Bl @) - 2@l

z = — * = z 1
< (1 TR0 —mmis — 2 @)1+ 200+ ) B Zeo (- T)][7]
z 8 * 0 — * f—
2721+ ) TERea( = DIE + (1 + Bl ) = @011

. 157.nC3 o 1572 _ oo
< (1= EIORz0e = 2 @)I) + ZE TR 20— s @]+ = LA B 10 = i (7))

157, 157, _ Ko
+ Z”(LHAHLJAHI) Tk, — vk (@)|12] + Z"L%Aiﬂ*:mykfl,t—ykwonﬂ

127, 1
BN ~ Vi1 7]+

NI +Ak+1LJ) E[[|Yae(I — J)|17]

45v.1m
n gt
o

407.n

457, 1
+ A Ly LRl es T = D))+ AL L LB Vi1 - D

45'an

457, 1 1
+ <%L§ +3) Bl Zao (T = D) + 203 LBl Zea, (1 = DF)

97z x
+3mz E[|Rie.e(I - J)||%] + ”c B[] .

With the same approach, we prove the case for £ = K so that we omit its proof. O
Lemma D.4. (Upper bound regarding momentum of z) Assuming that Assumptions 3.1 through 3.5 hold, for any
ke{l,---, K — 1}, the following inequality is true:

3 1 1
E[[|mi||*] < 3E[| (M, — Vk,t)lﬁll ] + 1215 *E[Ilet(I NF] + 12C3N]E[||Zk+1,t(1— )]

1
F12(AR LY + AR L) BV (T = D)+ 1288 L BV .07 = 7)]3]

1 _ .
+ 1280 LG G BlYerve( = )IIE] +12(A8LE + A1 L3)E[| e — vk (o))

+ L2ARLHE]|k-1.t — Y1 (@)°] + 1288 1 LIE[|Th4 1,6 — Yig1 (Z0)]|]
+ 12L2E(||Zk,e — 25(Zo) 1] + 12CTE[[| Zeg1.e — 241 (@)% -

Note that §o + — yg(Z) = 0. When k = K, the following inequality is true:
z = 1 1 1
Ellbmicl) < B[N (Mi — Vie)1 5 IP] + 123 £ Bl Zica (1 = J)I3] + 1223 S E{IX(L = )]

29



Distributed Stochastic K -Level Optimization Over Networks

+12(A% Ly + Lf) E[|Yic.e(I = I)F] + 12AKLH E[|Yi—1.:(I = J)II7]
+12(A% Ly + L7)E HIyK,t —yk(@)II"] + 12AKLHE[H:UK71¢ = yie—1(@)|°] + 12L5E |2k — 25 (20)]1°] -

Proof. When k € {1,--- | K — 1}, we obtain
i1[3[||‘_/1e(Xt: Y i do—1:A 20 Yo —1) = Ve (X, (Vi =1, { 2o Ho =) |7
=E] ||* Z vllf(n) yk Lo yl(cn)l +) Zl(cnz> Z vl?f}ii)l yl(crjr)1 ) yl(cnt))zl(!-l&-)l t
- Vngk(yk £y Th—1,6) 2kt + V2@t 1 (Trt1,ts Thot) Zrot1,e]|]

< 4E[ H* Z vllf(n) yl(cnt)> yl(cn)l t Zl(cnt) Z vi f(n) yl(cnt)7 yl(cn)l t)_ 2}

+4E| H— Z VIS W) ) Dz — Vi gk e Gr-1.6) 2.t ]

+4E[|| - = Z v12f<:LL)1 yl(:r)l ) yl(cnt) Zk+1 N Z vl2f}£i)1 yl(ci)l tr Yk, t))zk+1,t||2]
+4E[|| - Z Vi fe D s oyl D) 2 + Viagest (Gt G2 ]
< 4L§*E[||Zk (I = D)7 + 403*E[||Zk+1 t(f — D)IIF] + 4(ARLE + Ak+1LJ) E[|Yeo (I = J)|F]
+4AkLH E[[[Yi—1,e(I = J)[I7] +4Ak+1LJ E[[[Yies1,e(1 = )] - 29
Moreover, when k € {1,--- , K — 1}, we derive

1 P — - _ _ _ _ _ _
ﬁE[HVk(Xt, Yt AZwr =) 7] = BNV T fr @kts em1,6) 2kt — Vizfrtt Grst,ts Te,e) Zosne)’]

= E[||[VT1fir,t, Tro1,6) 20t — Viafor1 (Grit,ts Thoe) Zot1,e
= Vi fe Wi (@), i1 () 2 () + Viaferr Wir1 (), v (T0)) 241 (T0)|1%]
< AR[|| VT fx (Thots Tr—1,0) Zre — V1 Fr (i (T0), Yiom 1 (B0)) 2|
+ ARV T fr (Wi (Z0), Y1 (Z0)) 2 — Vi fe (Wi (@), Y1 (30)) 2 (30)[|?]
+AB[|| — Vo fit1 (Ths 1, Trt) Zri1,e + Viaferr Wie1 (), v (@) 2]
+AB[|| — Vi fir1 Wi (@), Ui (80)) Zrpr,e + Viaferr W1 (F0), v (@0)) 2is1 (T0)|1%]
< A(ALLE + AR LDE[|Tk,e — vi (@) 1] + AALLEEGr—1,0 — yi—1(22)[|°]
+ AAF A LIE(|Grs1,0 — Yiar () 1°] + ALGE]| 2k 0 — 270(20)|1%] + 4CTE[|| Zht1,6 — 2011 (B0)]17] (30

where the second step follows from V3, fi. (yj: (%), 1 (Z:)) 25 (%) — Vigfer1 (Wh 1 (Ze), Ui (T4)) 2541 (Z:) = 0, the last
step follows from Assumption 3.3 and the projection regarding z.

By combining Eq. (29) and Eq. (30), we derive
Ellmi. o) = BV 3
< B BN ¢ = Va(Xe, Wi M, A Hom) 3] 4+ 3 BV (e, (T Mo 2 o) 3]
+ 3BV CXe, (Vi Moo (2o M) = VA, (T} (2 )
< BEII(M — Ve 112+ 12L8 Bl Zie(T = DIF] + 1265 LBl Zua ol = DI
+12(AFLE + AR L) BV = D3]+ 1283 Lk L ElIYiaa (T - T3]
1287 LY LBV o] = DIF + 120 + AL LBl — i)l
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+ 12ARLHE]|Fk-1.0 — Y1 (@))1*] + 1288 1 LIE[|Th41,6 — Yis (7))
+ 12L5E[|| 2kt — 2 (@) |1*] + 12CTE[| Zrs1,e — 2i41(20)]|7] -

Similarly, we prove the cases for £ = K. Therefore, we omit it. O

E. Gradient Estimation Errors

Lemma E.1. (Global gradient estimation error regarding x) Assuming that Assumptions 3.1 through 3.5 hold, and
azn? € (0,1), the following inequality is true:

. 1 1
E[l[(Ges1 — Mi%) I*H ] < (1= awn®)E[|(M{ - Gt)lfl\zl +3(ATLT + L)~ Bl Xs — Xeta [|7)

N2

2

1
+307 =5 RE IE[HZl t— Zillp] + 3L — NE E[HYK ¢ — Yice||7] + 3ATLT — Nz E[IY1: — Y141 7] + 2030 WF

When t = 0, E[||(Mg — Go)1% 2]

Proof. According to the definition of mint) 11, we derive

) 1 L . 1
E[|(M{y — Gt+1)1ﬁ||2] =E[||[(1 — aen’) (M — Gra41) + Gegr,e41 — Gt+1)1ﬁ|\2]
. . . . 1
=E[||(1 — 0wn®) (M7 — Gi) + (1 — aan®) (Gt — Grie41 + Gryri11 — Gegr) + 2w (Grga41 — Gt+1))1NH2]
. 1 1 . . .
= E[|[((1 — axn®) (M — Gt))lﬁm + =Bl - aen’)(Ge = Grer + Gerrerr — Ger) + @en’(Gerren — Genn)|[7]

. 1 . . 1 -
< (1 — amn)E[|| (M - Gt)lﬁuz} + 25 E[|Gri1,041 — oo | F] + 2ain4ﬁE[\|Gt+1,t+1 — Geral|7]

1
gl
. 1 1 1
< (1= aan”)E[|(M7 = GO I°] + 3(ATLS + L7) 15 EllIXe — XeallF] +3CT (5B Z1e — Zuena |[7]

1 1 6%
+ 3L?FEU|YK¢ — Ve |[F] + 3A%L2JFEH|Y1¢ — Yien|[F] + 2029 WF

where the third step follows from the fact E[(1 — c,?) (Gt — Gri1 + Geotoe1 — Ger1) + @ (Giin 41 — Ge1)] = 0,
and the fact that the sampling operation on different workers is independent, the fourth step follows from a,n? € (0,1)
and the fact E[|la — E[a]||?] < E[||a||?] for any random variable a, the last step follows from Lemma C.5 and Lemma C.7.
When ¢ = 0, it directly follows from Lemma C.5, with batch size as Sp. O

Lemma E.2. (Local gradient estimation error regarding x) Given Assumptions 3.1-3.4 and a,n* € (0, 1), the following
inequality is true:

1 oc
E[| M1 — G lp] < (1— awn ) E[|M{ — Gill¥] + 3(ATL + Lf) E[l| Xt — Xet1[|7]

1 1 .
+ 303N]E[\|Zl,t — Ziam|F]+ 3Lf E[|| Ykt — Y 41l7] + 347 L2 E[|Y1,e — Vil 7] + 2020" 6% .

.2
Whent = 0, E[|M§ — Gol|%] < g—’z So is the batch size for initialization.

This lemma can be proved as Lemma E.1. Therefore, we ignore the proof.

Lemma E.3. (Global gradient estimation error regarding y) Assuming that Assumptions 3.1 through 3.5 hold, and
ayn? € (0,1), fork € {1,--- , K}, the following inequality is true:

1 1
E[l[(M 414 Uk,z+1)1ﬁll2} < (1= ayn”)E[| (M, — Uk,t)1ﬁ||2]

1 1 o2
+2L; 2 Elll Y. — Yi, e ll3] + 2L 7z ElllYe-1,e — Yeorap ]+ 20%2;?74ﬁ :

Note that Yo, = X. Whent = 0, E[||(M}/ , — Uko)l+

2] <
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Proof. Following the proof of Lemma E.1, we derive

1 1 1 - -
E[(M{ ;1 — Uk,t+1)1ﬁ|\2] < (1= ayn)E[||(M}, — Uk,t)lﬁ\m + QWE[HUMHJH — Ukt 7]
1 N
+205n" 5Bl Uk 41,001 = Uk [ 7]

1 o?
< (1= ayPEINMY, — U )1 P] + 23 Bl Vi — Yiasal[] + 2L3 <o BlIYi 10 = Yiovava 3] + 2080 %

O
Lemma E.4. (Local gradient estimation error regarding y) Assuming that Assumptions 3.1 through 3.5 hold, and
ayn? € (0,1), fork € {1,--- , K}, the following inequality is true:

1
N EUME 11 — Une1li] < (1 —ayn ) E[| M, — Uk.ll7]

+2L2*E[|\th Yot 7] +2L§N]E[|\Yk—1t Yio1,e1l[ 7] + 205m"0” .

Note that Yo ; = X;. Whent = 0, +E E[|[My o — Ukollz] < So

This lemma can be proved as Lemma E.3. Therefore, we omit its proof.
Lemma E.5. (Global gradient estimation error regarding z) Assuming that Assumptions 3.1 through 3.5 hold, and
a,n? € (0,1), whenk € {1,--- , K — 1}, the following inequality is true:

2

2 1 2 1
B[N (M o1 = Vees )13 ) < (1= s BIIME  — Vi) 1 1%) + da2n* (A7 + A1) -

1 1
+8L§N2E[|\Zk 41— 2]+8O§WJE[||Z;€+M+1 - 7l +8AiL2HﬁE[HYk—LH—1 — Y14/ 7]
1
+ 8(ARLY +Ak+1LJ) E[[|Yi,e4+1 — 2]+8Ai+1L2JmEH|Yk+I,t+1 - ¥l
When t = 0, E[||(M} g — Vi,0)1 L2 <2(A% + Ak+1) . When k = K, the following inequality is true:

»

(o2

2 1 . 1
B[Il(Mk 141 — VK,z+1)1N|I2] < (1= a.n”)E[|(Mi,; — VK,t)lﬁl\Q] +4aZn' (A% + N

N
1 1
Y . nzEllZsc = Zic s |[7] +8LF 5 BIIX e — XllE] +8A% LTy 55 D Bl Vic-1,0 = Yic-1,041 7]
+8(A% LY + Lf) E[|Yic,t — Yc,e41]|7] -
2
When t = 0, E[| (M o — Vic0)15 %] < 2(A% +1) 3%

Proof. Following the proof of Lemma E.1, when k € {1,--- , K — 1}, we derive

. 1
E[I[(MZ 141 — Vk,t+1)1ﬁ||2]
z 1 / %
< (1= azn)E[[(Mi, — Vk,t)lﬁH ]+ QWE[HVk,tJrLtJrl Viter 7] + 2020 Ng E[|[Ve,e41,641 = Vieyea | 7]
~ 1
< (1 — ) E[|[(M§, — Vk,t)l—H ]+ 8Ls2; 2Bl Zh,+1 = Z t||2F] + 803WE[HZIG+1¢+I - 7]

1
+ SAiL%—QE

N (Ye-1041 — Yio1e ] + 8(ARLE + AR L) —

N E[||Ye, 141 — Vil 7]

0_2

2 2
)+ o' (A + AF ) S

+8AF 1 LT N2 E[[Yet1,641 —

where the last step follows from Lemma C.9 and Lemma C.6.

Then, we use the same approach to prove the cases where £ = K. Here, we omit the proof. O
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Lemma E.6. (Local gradient estimation error regarding z) Assuming that Assumptions 3.1 through 3.5 hold, and
a.n? € (0,1), when k € {1,--- | K — 1}, the following inequality is true:

1 2
E[|| My 441 — Vk,t+1\|%] <(1—axm ) H'Mk t—

1 1
+ 8L3NE[HZI€ t+1 — Zk t”i“] + SCENE[”ZIC-!—IJ-&-I — Zprrell7] + SAiL%{NE[”Yk—I,t+1 -

P+ 4020t (AR + Af4)o”

7]

1
B(ARLY + AR LT ) E[|Ye,e41 — Vit 7] + 8Ai+1L3ﬁE[|‘Yk+l,t+l -
Whent = 0, RE[||M , — Viollz] < 2(A7 + A7) z.When k = K, the following inequality is true:
1 P
VEIME 1 = Vicen[[7] < (1= azn ) E[| Mk, — Vicel#] + 4an" (A% +1)o”

N
1 1
+ 8L§NE[|\ZK¢ — Zrem||7] + 8Lf v ElllXers — Xoll7] + BA%L%N D E[Vi-1, = Yie-1,41][7]

1
+8(A% LY + L})~ E[HYKt — Y es1ll7] -

Whent =0, + E[|[ME o — ViollF] < 2(A% + 1)%

n=1

This lemma can be proved by following Lemma E.5. Thus, we omit the proof.

F. Consensus and Feedback Errors

Lemma F.1. (Zhao et al., 2022) Assuming that Assumption 3.5 holds, the spectral gap of I + (W — I) is a(1 — X\) when

€ (0,1).

Additionally, since W is a double stochastic matrix, it is easy to know (W — I)J = 0 where I is an identity matrix. Then,

based on X; = X;J where J = 3117, we obtain

Xip1 =Xy —venPr, Pyr = P+ M7, — MZ,

th+1:th—Vy77th, th+1:th+M;ft+1—M;ft7

)

Zp41 = Ziy — V=NRit , Ripqyr = Rie + Mg, — ME,

Pt Mtant_MktaRkt_Mkt

€1V}

Lemma F2 (Consensus error regarding variables) Assuming that Assumptions 3.1 through 3.6 hold, when n <

mln{p—, o p— , when k € {1,--- , K}, the following inequalities are true:
2 2 SPI 2 271
[ Xesr (I = DlE < (1= pan(l = )| Xe(I = )7 + =Y X — X7 + ﬁHPt(I N -
2 2 ST 2 2%77
Yit+1(X = DllE < (1= pyn(1 = )Yt (I = )| + - )||Yk,t = YiullF + mll@k (= D)lE .
8p.1 2v;
12002 (T = D) < (U= peni(l = M) Za( = D5+ 7255 150 = Ziell + %nm (1= D)%

Proof. From the update rule of X 1, we derive

[ Xe41(I = D = (Xt = v2nPr + penXe(W = 1)) = J)|F

= || Xt + penXe(W — I) = panpXe(W — I) + penXe(W — I) — Xy + 7anPs — vanPi|| B
= |Xe(I + pan(W = 1)) = X + pan(Xe — Xo)(W = I) +van(Py — P)||7
< (1L+a)|Xe(T + pen(W = 1)) = X7 + (1 + 1/a) || pan(Xe — Xo)(W = I) + von(P: — )%

< (14 a) (1= pan(1 = X)) Xe(I = DIF +2(1 + 1/a)pin’||(Xe —
< (L+a)(1 = pan(1 = A)2IXe(I = )| F +8(1 + 1/a)pan” || Xe —
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2
< (1= pen(1 = M)IX(T = D5+ 8 555 1K = Xillp o+ 2SI P = Dl

where first inequality follows from Young’s inequality, the second inequality holds due to Lemma F.1, the last step holds
duetoa = % and pn(1 — ) < 1.

In addition, by denoting Zj, , = ’P(ZM), we derive

N N
1 1 N
S Ziani (T = D3 = + SCEIPGE,) - & 3 PEI
71:1 m=1
1 & L al L N N
n ~(m m m 2
N Z E[HP('Z’(“ t>+1 Z Zl(c t+1) Z I(c t)+1 Z Zl(c t<)|>1
n=1 m:l m:l m:l
1 L al 1 X N
= ¥ 2 ElIPE",) - Z AP+ EIP G 32 20 — + 30 P
n=1 =1 m:l m=1
T1 T
1 1 & 1 & 1 &
+25 30 <7>(z£f?+1) Pl 2 B Py 2 Z) = 37 2o p(zml)>
n=1 m=1 m=1 m=1

1 & 1 & 1 & 1 &
CEHEP M CEVREETD W N KD IERERD o C Ry
1 & 1 &
= —2E(IP(5 D &) — 7 2 PEIIP

Combining T4, 15, and T3 yields

N
n 1 m
NENZh e (T = D] < ZE 1P =Pl D2 Ek) )
n=1 m:l
N N 1 _
Z 127051 — Z B = Bl Zeern (I = DIF,
where the second step follows from the non-expansiveness of the projection operation. O
Lemma F.3. (Consensus error regarding momentum) Assuming that Assumptions 3.1 through 3.6 hold, when S, < 1,
By <1, B, <1 whenk e {l,---,K}, the following inequalities are true:
2 2 8z 2 2 z @2
[Per (I = Dl < (1= Be(1 =PI =)+ 1P = Pillfe + 75 | M1 = M7 -
(1=2X) Bz(1—A)
8 2
1Qk1(I = I < (1= By(1 = A)IQre(I — )7 + = By ) |Qrt — Quell + m“ME,tH - M E -
Y
85 2

| Rper (I — D3 < (1= Bo(1 = )| Rit (I — D3 + ——c | Riet — Ri |3 + | M7 o1 — Mi 4|7 -

(1-X B:(1-X)

When t = 0, the following inequalities are true:

L BRI = )3 < 120+ AD % + 242 cJ+24—ZEmv1f§<”ll (0, yx,0)|1%] -

S

602

& Ell@ro(L — DNlF) < <t 12 ZE V1A (.0, yr-1.0)1°] -

SE[|Rro(I — D3] <12(A2 + A} )% - 24C5 (A} + Afyy)

S
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Proof. From the update rule of P, we derive

[Pea(I = D F = (P + My — MY + B (W — D)(I = J)|[%
= ||P; + BuPi(W — I) — Bo Pi(W — I) + B Pi(W — I) — P, + M,y — M{ — M{, + M ||%
= |P(I+ Bo(W = 1)) = P+ B (P — P)(W — I) + My — M{ — My + M ||
< A+ a)||P(I + Bo(W = 1)) = Pof[# +2(1+ 1/0)||Bo (Pr — PY(W = D|7 + 2(1 + 1/a) || My — MY — My + MY ||
< (14 a)(1 = Ba(1 = NPT = D)7 +8(1 + 1/a) B2 (| P — Pe||% + 2(1 + 1/a)[| My, — MY |7

2, 86 —
< (1= A= WIAU = D+ 52 )HPt Bl + 55 —n

where the first inequality follows from Young’s inequality, the second inequality holds due to Lemma F.1, the last step holds

due to a = % and 5, < 1. When t = 0, we derive

1M = M7 ||

N

—E[HPOU D7) < 2 Z 1V f 1 (0, yic0:65™) — szlfK+1($07yKoy NI
n=1 n’/=1
1 N N , ,
+ 237 2B A v a0i )10 - Z D VERA™ (10,20: 60 )00l
1 N
<6 D EIIVAFRL (@0,9m0:€67) = Vil (o, o) )
n=1
1 N N
+6N; H|v1f}<+1($0»yK0 Z fK+1 xO:yKO)”]
1 & ,
+6NZ Hi ZvlfKJrl(mO’yKO Zvlf}(+1(x07y1{0’ (n))”2]
n=1 n’:l n’ 1

N
1 n n n
Y S E[I(=1D) Vi £ (51,0, 205 ¢ 21,0 = (1) Vi £ (41,0, 20) 21,01%]

n=1
1 N N
+6 S E(=1) V£ (41,0, w0) 71,0 — Z ) V3£ (y1,0,w0)210]7]
n=1 r—1
1 N N N ,
+ 6~ Z Z K" (y1,0,20) 21,0 Z 21 (1.0, 203 ¢ )20l
0' . N .
<12(1+ AT) g +24ATCT + 24+ Z V1 £ (o, yr0) 1] - (32)
O
Lemma F.4. (Feedback error regarding variables) Assuming that Assumptions 3.1 through 3.6 and {p, py, p-} < 7

hold, the following inequalities are true:

. 5w 122 1272 _ 48p2n’?
Keer = Xear b < (1= D150 = X0+ 2 1 - )+ 2 N 2 1 202 1y

127y77 89y77

~ [N 12+2 17 _
Vi1 — Yeg |z < (1— Z)HYk,t —YaulF + 1Qr(I = J)|I7 + ; N|m 1% +

Yot (= I -

X 5. 12 2 12920° 48 :
Zris = Zral < (1= Do = Zealfe + 22 R (1 = D + 22 N+ 222 2, 1 - )

Proof. From the update rule of Xt+1, we derive

[Xer1 — XevalF = [ Xe + C(Xep1 — Xo) — X |[7
<(1- 5)\|Xt+1 .ar
<1 =81+ a)|Xe — Xi|[F + (1= 8)(1+ 1/a)[| X4 — Xo||7
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TN 3
<@ =ZlXe - XellF + 5K — Xell&

3 . )
: (473772”1%(1 = D)+ ANZ [ 4+ 1602071 K = Xel[b + 160207 1K (1 = )3

5. 12~2 12920 .
< (1= D% = X3+ 2 s = )+ 2 g +

where the second step holds due to Assumption 3.6, a = g, the second to last step follows from Lemma F.6 and the last

S A
<(1- §)||Xt - XillF +
48pz

1Xe(1 = D,

s
step follows from p, < VR O

Lemma F.5. (Feedback error regarding momentum) Assuming that Assumptions 3.1 through 3.6 hold and { By, By, B < 12,
the following inequalities are true:

R 5 . 9, z 36085
HPtﬂLl_PtJrlHQFS(I_Z)HPt_PtHQF"_g”Mt-H_Mt 1% + 6 1P(I = J)|% -
. 5 . 9 365
1Qk,t+1 — Qrea |7 < (1 — *)HQk,t — QrellF + S'lMlg,t+1 - M;:,t”% + =@k (I = D)7 -
D 9 z z 36 z
[Rkt41 — Ripsa |7 < (1— *)HRk t— S”Mk,t-H — M7 % + ﬂ Rk e(I = J)1% .

When t = O, the following inequalities are true:

LE(|P - ] <20+ AD % +4AIC3 + 4 ZEmvlf}?ll (w0, y2c0) )

2 1 N n
O 2k S BT (e o))

n=1

FEUQk0 — Qroll) <

1 . 2
FEIRR0 = RiolF] < 2(A% + A%) % +4CH (AR + A%4).

Proof. From the update rule of If’H_l, we derive
|Pev1 = Prsa |3 = | P + C(Prs1 — Pr) — Pea|| %
< (1=0)||Piyr — P
<(1-8)(1+a)P - Ptn% + (1= 8)(1 4 1/a)[| P — P}

1)
S(l—i)HPt P%+ < ||Pt+1 Pil7

5 N )
S@=ZlP— P+ = (3\|Mt+1 M{ % + 1283 Py — Pulf + 1262 P(1 = J)I[F)
36&0

0 - z ©
S@=PlP = Pl + glIMt+1 - M7 |7 + 1P:(1 = D)%

where the second step holds due to Assumption 3.6, a = g, the second to last step follows from Lemma F.7 and the last
step follows from 3, < %. When ¢ = 0, it can be handled in the same manner as in Eq. (32). L]

Lemma F.6. (Descent rule regarding variables) Assuming that Assumptions 3.1 through 3.6 hold, when k € {1,--- | K},
the following inequalities are true:

[ Xer1 — Xe|| 7 < 420 | P — D)7 + AN20° i ]]® + 16p5n0° | Xe — X7 + 16pam [ Xe(I = )7 .
¥ < Avon?l|Qure (I — D3 + ANvin’ lml 1% + 1657 | Vit — o Yo (I = )% -
¥ <A | Rio (I = D7 + ANY20?|[mi o ||* + 160207 Zi,e — 0N Ze (I = DT -

1Yk t41 —

| Zk,t41 —

Proof. From the update rule of X1, we derive
[ Xer1 — Xel| B = |1 Xe = van P + pen Xe(W — I) — X7
= || = vn(Pe = P+ Po) + pan( Xy — Xo + Xo = X)W = D[
<Az | BT = D|E + AN | | + 16p50° | Xe — Xol[fo + 160507 | X (I = D)|F

where the last step follows from [|(X; — X, )(W — I)||Z < [|[W — I])3|| X, — X,||% < 4]| X, — X,|%. 0
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Lemma F.7. (Descent rule regarding momentum) Assuming that Assumptions 3.1 through 3.6 hold, when k € {1,--- | K},

the following inequalities are true:
|Piy1 — Pl < 3||MFy — MY |3 4 1282|| P, — Pi||3 + 1282||P(I — J)||7 .
1Qre41 = Queall < BIMY oy = MY N + 128311 Qre — QuetllF + 1267 1Que (1 = )17 -
IRker1 = Ricelle < BlIMi egn = MEL||F +1282|| Rie — Riellfe + 12682 Rie (T = )| -

Proof. From the update rule of P, we derive

|Pis1 — Pl = ||Py + M{y ) — MY + B Po(W — 1) — P||%
= [|ME — MY+ B P(W — D[
= | My — MY + Bo(P = PY(W = I) + Bo Po(W — I)[[
= |M{yy = MY + Bo(Pr = PY(W = I) + B2 (P, — P)(W — ||
<3| My — MP || %+ 1282||P — Pi|| % + 1262 || P.(T = )17 -

G. Proof of Theorem 5.1
Proof. To establish the convergence rate, we introduce the following potential function:

K

K
Lo = E[Frn (@) + D an B[|1gk 01 — v (@) + D b Ell|Zre1 — 22 (Zera)||’]
—_—

Lemma D.1 k=1 Lemma D.2 k=1 Lemma D.3

K K
1 . 1 . 1
+ ch E[[| (M} 441 — Uk,t+1)1N||2] + Z di B[[|(MF, 141 — Vk,t+1)1ﬁ|\2] +eE[||(M41 — Gt+1)1NH2]
k=1

k=1
Lemma E.3 Lemma E.5 Lemma E.1

K K

1 -1 ; 1 .

+ 36 MY o — Vs B+ 30 GBIIME cn = Vet [F] 46 GEIDE - Gun ]
B Lemma E.4 B Lemma E.6 Lemma E.2

K K
1 1 1
W Bl Xea (1~ NIFE]+ D v v Bl ea (= NIE] + kz_lﬂc 5 EllZr,e41 (1 = DIIE]

k=1

Lemma F.2

K K
21 1 1
+ OGP (]~ ]+ ZukﬁE[HQk,t+l(I — D]+ ZTkN]E[HRk,tH(I — I)¥]

k=1 k=1
Lemma F.3
1 Koo GO
+OGElXe — Xepall7] + ; P Elll Y e1 — Vi l7] + ;TﬁkﬁE[szn&H — Zraiall7]
Lemma F4

K K
1 . o1 . -1 .
+ OBl Perr — PealF]+ ) én 7 Ell@k,t41 — Qrer1llF] + > v Bl Rk 41 — Rien|¥] -
k=1 k=1

Lemma F.5

(33)

Applying above Lemmas, with descent rule regarding variables in Lemma F.6, descent rule regarding momentum in

Lemma F.7, and upper bound regarding momentum of z in Lemma D.4, we obtain the upper-bound of £;1 — L.

The right-hand side can be expressed as the sum of six terms, which we bound separately: estimation errors (F7), other
errors related to z (F2), optimization errors (F3), other errors related to x (F4) and y (F5), together with the momentum

term (Fg).

Thus, we derive

Lo — Lo < fn;”IE[HVFKH(:Et)Hﬂ +Fo+Fi+Fo+Fo+ Fot Fs+ Fs,
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where Fy is the term denoted by

K—-1

Fo = 2ay7] N ch + Z drdo’n® (A7 + Aiﬂ)% + 4dKa3n4(AK + 1) N —|— 2ea’n® ]\I; + 204377402 3 Cr
k=1 k=1 k=1
£ dedadnt (A2 4 A2, )o? 4 ddkalnt (A% 4 D)o + 26aln'ed + 05081 52 i LT
=1 Be(1—A =B, (1-))
+ I:__ll Tk /61?1065_17)\) (Ai + Ai+1)02 + Tk 751((??_”1) (A%( + 1)02 + é%O‘TW&% + lé (Z;k 360:55774 o’
+ Kﬁl% 72%; i (A% +Af)o” + e 72‘:;’7 (A% +1)o” (34)

We next bound these terms one by one.

G.1. Estimation errors (F7)

For F, it consists of three types of errors: the momentum feedback error, the local estimation error, and the global estimation
error. Specifically, we have

K
_ ([~ 85% _ ~é i D 861/ _ 1 A _ 2
Fi= (o5 ~07) wEIA - P +;( - )NE[an,t Qucll3]
K 4
. 8p. 1 A 2 ~ 8%:77 ~36C¥ 2~ i z 2
+3 (Ao~ D) Wl R — Rl + (5752 + 020 — o) TEIME - Gl
K 2 4 2 4
. 2 L + 360y, _x 2\ 1 y 2
+ (e = cwre ) EQI(MF — Go1 |1 +;( Gy oy aewn’) G EIAMY, 7l
K K 2 4 2
20 ~ 36a;
+ 37 (@ 2 — e BN, - Vet 517+ 3 (7o YRR S ) B~ Vil
k=1 k=1
() 1292 36v2n° ) 5 1o
£ 30 (0e +un 120 20 2 — dyon )E[H(Mz,t ~ Vet lPl, (35)
k=1
where
8Lyd1  3eC?3 - 12005 16137 | -54C3%  T2L2
Z = g J L2d ~ 2 J g 0 J
1 N + N +8 91+3ec‘]+ﬁm(1—>\)+62(1—>\)+ 5 + 5 ,
8L2d),  8C2dj_y . - 16L27,  16C%F_1  T2L20, 72020,
Z, = 9 J 1% 24 9 J 1 9 J 1 2... K\
(1.1) For the coefficient of feedback errors:
We set = 035?12753) such that the coefficient of %]E[HPt P;||%] is zero, i.e., @(fﬁ/\) 5% = 0. Similarly, we set
br = U, 6(2%) and ¢, = 7 5? 52) such that the coefficients of N]E[”Qk,t - 2] an. E[||Rkt — Ry 4||%] are zero

forany k € {1,--- , K}.

(1.2) For the local estimation errors:

2 2
We set € = ﬁ% and © = m% such that the coefficient of R-E[|[M — G,||3] is non-positive, i.e.,
~ 8aZn* 536a2nt - 2 ~ 16a,n> ~ Yo 3C3% 16a,n> 16y,  3C3
Sy 075 — toan® < OF G5 — C0an’ = GOSN LA B Gon — mGoa7 szd Oall” = 0. where we use
azn? < land B, < 1% in the first step.
Similarly, we set dy = -2 395" and 7, = 2= 3C7 Guch that the coefficient of LE[|MZ,~ Vi ¢]|%] is non-positive
Y k= BZ-x)2 8L2k Tk = B.(1—N) SL2F N kit VktlE P

forany k € {1,--- ,K}.
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167, 3C§k ~ Ye 3C§k . 1 Yy 27 -
Moreover, we set ¢ = WST?“ and 7y, = By(I=X) SLIF such that the coefficient of FE[||M}, — Uk .|/%] is non-

positive for any k& € {1,--- , K}.

(1.3) For global estimation errors:

(1.3.a) Global estimation error regarding x: Here, we set e = 1= such that the coefficient of E[|| (M}* — Gyl is
zero, i.e., Ny, — agn?e = 0.

(1.3.b) Global estimation error regarding y: To make the coefficient of E[||(M}/, — Uk,+)1% %] non-positive, i.e.,

20vyn 207y
Iz aynp’

(1.3.¢) Global estimation error regarding z: In the following, we aim to set the coefficient of E[|| (M} , — V)1 +? to
be non-positive,i.e.,

ak —Ck ayn < 0, we derive ¢, = ag

12 - 2,2
=1 + Pk 36?” + 12’y§n22k — dkoez772 <0.

I

br

Specifically, we enforce

12+, 36202 1
be Z < dkozzn , wk% +12920° 2 < Gy’ (36)
Then, we obtain
dy = = A here A, =300 pen K d by < My 37
k_axn dy » where dk_SLgkv E{,"', }7 an k_24'}/z k - ( )

We will solve the second inequality after determining the value of .

G.2. Other errors related to z (F3)

The term F> comprises three types of errors related to z: the variable feedback error, the variable consensus error, and the
momentum consensus error. Specifically, we have

Fa2 <

K
8p=n 2 2 oy 1 5 2 1 2
(7 + 160207 2 — ) Bl e Zelf) + 3D Ell el = I

12929° | - 36f2 - 1
L4 530 gtz - (- ) B R DB, G)

+

[~ Nk

292n
3brmYs + Te—r i+ P
( p=(1—A)

1

ol
Il

where

48p%n? 144~2n? L2
Py gy T 162 2 4 AL — mipen(1- ),

48 . 48p2n? 144~2n* L2 144~2n2C>
77702 + o 9677 + 75 + 1 7677 7

+ 489N Ly 2y + 48920  CT 2k — mipon(1 = N) k€ {2, -+ K}

48,
D1 = 3b + bl%Lﬁ +677.C3 +

487,
D..j = 3bk + bk%Lﬁ + b + 162022,

(2.1) Feedback error regarding z: To eliminate %E[HZM — Zit||%]), when k € {1,--- , K}, we enforce

32pzn 64 5 o
SN T g P

- (ff’j’;) + 160202 2, — wk% <0, andobtain 1ty =75

(2.2) Consensus error regarding z: When k € {2,--- , K}, to eliminate +E[[| Zy ¢ (I — J)||%], from the definition of 1,
we enforce

3by. 48
DZ k = — + Vzbk
e Nz K Yz b

32p.n 14472n°L2 64 5 ,_ 144y2n°L2
L2 zb C 9 + — 2 9
M=0k— 1 ez fb 7t 5(1 —A) 1) § P <k 0

’
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32p.n 144720*C3 % 2 2 144~2n*C3 2 272 2 2 ~2
+7'k715(1 Y 5 + 5P Z—1 s + 48y LgZk + 48v:n"C3 2,1
32p.nm 48pIn° | 64 o 48p2n*
—_— —pan" 2k 1 Z — .n(1—XA) <0.
ML TE RS v i 2 3 +16p20° 2, — Tepa(1 — A) <0
Firstly, we enforce
T 82p.n_14472n"Lg < ir (1-=X) T _32pn_ A8p%n” < ir n(l =)
SA-N) 6 12 7+P=1 ’ RSN 8 = 12Tkl '
Then we obtain
< J(1=N) < 5(1—X) ‘ (39)

=96v6L, T 77 o6v2

2 2
Then, from p, < %, and by setting Tk,l% < T, Zk,l% = Z;, we have

3bk
Yz
We will prove this setting hold after determining the value of 7.

Vz 12
L, +

48
+ 7Y bi Vebr—1
Y b

48, 1
Yz L CF +9692n° L 2k + 32020" 2k < Grwpan(1 = X)

Therefore, we set

3b 48, 48
gl,zk = T]’)/k + by il L2 + br_1 _ il CJ R gz,zk = 9673172L§Zk + 32pz’l72zk R
_ 278k 28 2k
Tk =

p=(L=2X)  pam(l—A) "

When k = 1, to eliminate +E[||Z; (I — J)||%] , we enforce

48~ 48p%n? 144~2n2 L2
D1 = 3b1 + b Z SN2 4 6y, C2 + 4 ’;" Ty 7677 9 416970221 + 48720 L3221 — mipan(1— M) < 0.
From the definition of 1}, we have
487, o 2 32p.m 14473772[/3 64 5 o 144’75772L3
D,1 = b L 61y, C —pn 2 ————=
A= Yo g T 617 J+7—1(1_)\) 52 5 P=n 2 5
32p.mn 48p; 64 487
+48’yz77L21—|—7'15(1p7;) % —l—? 2022, % +16p27° Z1—1ip-n(l —=X) <0.

Firstly, from Eq. (39), we obtain

32p.n 1449In°L;
-y o2

32p.n 48pin° _ 1
(1=, LU < Zripan(l— ).
T1p2n(1 — A) TSa-N 0 T1p2n(1 = A)

©

: 5
< 2
Then, since p, < sv3 We have

3b1

T

T1pzn(1 = A) .

N | =

48+,
MVa + 177201 71 L3+ 607.C5 +9672n° L2 21 + 320207 21 <

Therefore, we set

487,
gl,zl = + b1 i L?; + 6C3 ) 52,.21 = 9673772‘[/12]21 + 32p§77221 )

x T

"= 27x51,z1 252,z1
p=(L=2A) = pzn(l—2A)

(2.3) Consensus error regarding momentum of z: In the following, we aim to set the coefficient of +E[|| Ry (I — J)|%]
to be non-positive, when k € {1,--- , K}, i.e.,

2+2 12+2n% - 3682 N
3brnyz + T (;j/\)-i-iﬁk rgn + i f +4920* 2k — TuB.(1— N) <0.
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Firstly, we enforce
_ 328. 36@ 1. , S(1=N)
I - - < =2
Tk S0-2 o 3 T1B-(1 — XA), and we obtain 3, < YW

Then, from the definition of 75, we enforce

o 272 272 12+2n° 2.
Polsk 200 g 2y, ?’7 + 442022, < 37B(1 =)

3bemys +
p=(1=A) p=(1 = A) pZ(1—A)?
Specifically, from the definition of 7, = ﬁ 222 =, we enforce
Sbem? < 7. 3C7 Yoz 293 _ 72 3CF
79 8L2k p=(1=X) p-(1—X) = 9 8Lk’
2'75 Yz 303k 1273772 Yz 303k 2 2 ’Yz 30%
~ < = , -— , dvin~Z, < . 4
E22h B T— N2 = 9 L2 VRS S g R Yk S g Lok “0)

To solve the first inequality in Eq. (40), from by, < O‘ZW dk, we obtain 7y, < == e

To solve the second inequality in Eq. (40), when k € {27 .-+, K}, from the definition of & .5, we enforce

b 2920va ESC’?,’“ 48v. 1o 29INVe Wi30§k
M. p2(1= N2 = 278L3F " pp Up2(1—N)? T 27 8L3F
48v: 2 2VInve  _ 72 3CTF
bk71 J S By :
Yapp2(1—A)? T 27 8L
o doap2(1-X0)?  fazp.(1-X
Therefore, from by, < de, we obtain v, < { = 2p7o(¢zu ) ) g\/%Lg )}'

When k = 1, from the definition of &£; .1, we only enforce the unique inequality here, i.e.,

2727771 Ve 302} . pz(l _ >‘)
6C2 =1l o Iz d bt . < .
Ty 27 L2 and we obtain -y 12V,

To solve the last inequality in Eq. (40), from the definition of Z;, when k € {2,--- , K}, we have
8L2d),  8C%dy_: ) - ) - 16027, 16C37% 1 T2L%, | 72C% 4
8L5dx + 8CTdy— g J L
N TN TSGR T 5 - 5 5
8L%d 2 djo_ - .
]f] by SCJN’“ L 4+ 10L2dx + 10C5di—y
_8LG y. 3C3 | 803 4 3037V, 16y, 8CF . 16y, 3057
C N aun8LF TN a0 T B (L- A2 8L T B2 (1 - N 520D
2(k—1)
3C7 @n

2(k—1)
120D

Zy =

IN

B (1603 Vo 3207,C% )
VN aen B2l N)?
ey s 2
Here, it is easy to prove that Zj,_1 74 = Z.
g9

Therefore, we enforce

IA

2 2(1603 Va 3207, C? )36’3(’“71) ¥z 305" .
N azn  B2(1—-A)?/gr2k—1 — 18 8L

Specifically, we enforce
320% o 307 4. 303 ‘
A)2 8L§(k_l) ~ 36 8L2k

2(k—1) 2k
4y’ 16C5 92 8C, ~ 930S dyin?
N azngr*=1 — 36 8L3F B2(1
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i Vag N B-(1=X)
Then, we obtain 7, < { TSL, * 96vEL, }

When k£ = 1, we have
16L37 5402  T2L

2= 8L13vd1 + 36153 +8Lody +38C5 + 61(2:)?])\) a-n " T

< SLE,dl + 3653 +10L2d, + 6eC3

- o SN O s O e s

- (¥ m  w )i

Therefore, we enforce

1607, L 96y, C? )303 < 3C2
8L2 — 18 8L2

1612
2 g Yz
Wi (e BT T A

Specifically, we enforce
2 16072 L5 3C5 _ 7. 3C5
A2 8L2 ~ 72 8L2

a2 16Lg 7 307 _ 72307
' N an8L; ~ 368L%° TEa—N

967,C5 303 _ v, 3C3
4202 J J o Je oty
T 321 = \)2 812 = 64 8L2

Bax(1=X)

The first two inequalities are already satisfied. And from the last inequality in Eq. (42), we obtain v, < =33 oTRE
To solve the fourth inequality in Eq. (40), we enforce
32p:n 64 5 o 129207 _ 7. 3CT
— + = Z < = .
(esa—ny T 5P B 5 S g s
Specifically, we enforce
2,2 2k 2,2 2k
o 52p=n_12792m < 307 7 64 5 2, 12737 < 3¢ @3)
S1—X) 9 18 8L2k 5 5 18 8L2k
Since p, < %, the second inequality in Eq. (43) holds.
To solve the first inequality in Eq. (43), from the definition of 75, we enforce
2v.E126 32p2n 129207 _ 7. 3CFF 282k 32p.m 12930 _ 7. 3CF"
p=(1=X)6(1—X) & ~ 368LZ’ p=n(1—=X)6(1—X) & ~ 368LZ
From the definition of & .1 and Eq. (39), the second inequality is already satisfied
To solve the first inequality, when k € {2, --- , K'}, from the definition of &; ., we enforce
3be 64v.n 4v2n’? 3C3* p 487z p2 64yen 420 _ y. 3CT
k I(1—AN)? 4§ ~ 368L2+’

me (1—X)? 62 = 36 8L2F’ Vol
b, 28z 2 647am 420" _ ya 3CF
- T(A=XN2 8 T 368L2k°

Y b
. 202(1-0)2  Jaz6(1-)
S i, swe obtain y; < {ans(zazu) ) 921/2(042119) }

Therefore, from b, <
When k = 1, from the definition of &£; .1, we only enforce the unique inequality here, i.e

2 64van 4in® _ 4. 3C5 . 5(1—N)
YTREESY) < = d bt. L < =7
6C5 TA=NE 07 =36 8L and we obtain 7. < 3841,
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To solve the last inequality in Eq. (40), from the definition of &, ., we enforce

22 _ 730 220" _ 7. 3CT

2 2752
L Z — 2Z .
W LaZn s ae S 1ssrr 0 2Py S 1z 8L
Since v, < ’i;(\lf L’\) , the first inequality is already satisfied.
To solve the second inequality, from the definition of Z;, when k € {2,--- | K}, we enforce

16C3% 4, 3C2F1 942y ~ %303

32 e
N agngr2k=1 (1—X)2 — 36 8L2F

3207, 302D oy2p2 o 302
J — -~ - .
B2(1—N)2 782k (1—X)2 ~ 36 8L3k

_ VagN(1-)) B.(1-))?
We obtain v, < { 192L,  ’ 384V/5L, }

32

When k& = 1, we only enforce the unique inequality

967.C7 3C3 29in* _ 72 3C5

Bz(1—X)2
B2(1—X)? 8L (1—X)? = 54 8L3

32
576C

, and we obtain v, <

Here, after determining the value of ¢, we now turn to the second inequality in Eq. (36). Specifically, we enforce

36+2n? 1w 3C%
1 30@7] 8L2Zk

l'Yz 30 2
= 6 aun BL2F a:n” . (44)

W w1290 2 <

To solve the second inequality in Eq. (44), from the definition of 2, we enforce

2 216CJ Ya 302(k D

12 1 7 3c3 2
TN o g2k T 12 am 8LGF

az1

3200 2307V 1 4, 303 o
52(1 _ )\)2 18L2(k71) = 12 aun 8L§’€ 21

96’YICJ SCJ < = 1 Y SCJQ 772
ﬂQ( )2 8L2 ~ 54 azn 8L2 ’

12+2n°

124272

Vo N ozB:(1-2) B(1-N)az
48Lg ? 96\/5(1ng ’ 144+/30,Cy :

To solve the first inequality in Eq. (44), we enforce

Then, we obtain v, < {

32p2n 64 2 2 36757] 1 7 30 2
— 4+ — Z <= .
S —xy T3 BT S 3a s
Specifically, we enforce
32p.m 367in® _ 1 v 3C3* 5 64 o 5, 36927° _ 1 4 3C3"
_— < = N, —pn 2 .
ES(I—X) 0 = 6amnsLk 5 P ER 5 S Gaen 8Lk

Since p, < %, the second inequality holds.

To solve the first inequality, from the definition of 73, we enforce

2%E1:6 32pem 369207 _ 1 4w 3CT

p-(1=N31—X 6 — 12a.n8L2F*">
285k 32p.n 367202 <1 1 7. 3C% oar?
p=n(1=X)d5(1—-X) 12 azm 8L2k '

From the definition of & .1 and Eq. (39), the second inequality is already satisfied.
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To solve the first inequality, from the definition of &; ., we enforce

3bp 647van 12292 <1 1 7, 3C% 2 b 487, L2 64v.n 12v2n? <L 1 v, 3C%
e L= N2 02 = 12apn 8L2F 1 R /\)2 52 12 a,n SL2F
48y o 64yem 129207 _ 1 v, 307" 5 2 64ven 12920 _ 1 v, 3C5
br— < = 6022l = 2
P A=A 82 T 12.a.n 8L 7 TA=XN2" 02 = 12awnsnz ™"

" . 52(1-XN)2%  §(1-)) aLd(1-X)
Therefore, from b;, < (;425 dy, ,we obtain 7y, < { 1(152: , gé\/ﬂl W

G.3. Optimization errors (F3)

The term F3 comprises three optimization errors related to x, y, and z, respectively. Specifically, we have

K K
Fs = Dy sElyi (@) — Gl + D Dov kBl 2k,e — 20(20)[|] ,
k=1 k=1
where
10 157, 157, 144~27?
Dy 1 = 60y ATLT + as WLj Ny il ”(Li,A% + L3AY) + by Z N2 A2 +%%(A§L2 +AZL%)
144~2n? 2 2 2 2 272 Yy
+ Y —F— 5 ALY+ 48v2n* Z1(ATLY + ASLY) + 48v2n* 22 A3LE — @
10 157, 157, 157,
Dye s = app1 — L2 4 by iy Z DL2AZL L+ by Z D(LHA2 + L2AZ, ) +bk,1%L3Ai
1442 1442 144~2n?
o S AR 4 A ) e P A g M
+48y2n zk(AiL%; + AL LY) +48920° Zen Al Ly + 48920° 201 ARLS — a8 ke (2, K~ 1),
15, 157, 144~2n°
Dy i = 6n7s L3 + bic Z L3NG+ b= (L A + L M) + oreos — - A LS
144’73772 2 ;2 2 2 2 2 12 2 2 2 ;2 2 Yyl
+ ¢KT(AKLH + Ly) +48v:n Zr 1Ak Ly +48v.n Zx (A Ly + Ly) — aK =
144~2n2 L2 .
D1 = 607,07 + wl# + 48y’ L2 2 — bl% 7
15v.nC? 144~2n2 L2 144C%~2n? .
Dae gy = bppq Ty 225020 2y SRR 80202 2 2 4 A8y 2 O 2k — b B ke {2,

0 ]

az1

2
)

K}

(3.1) Optimization error regarding z: In the following, we aim to enforce the coefficient of E[||zx : — 2} (Z:)]|?] to be

non-positive when k € {2,--- | K'}. From the definition of ¢;, and p, < 8%, we have
Do < bis 157.nC? . 32p.n 14472n°L? - 32p.n 144C%~2n?
PR (1-X) 52 D)) 52

+ 96722 L2 2y, + 96720  C2 25y — bk% <0.

c? .
Then, from 75, _ 1 7 <7, Zr_1 L2 = Z;,, we obtain

15v.nC3 i 64p.n 14472n°L2

Das i < b Ty 2 192920° Ly 2 — b 5
Specifically, we enforce
(1572nC5 ) yenp 64p.n 144720 L3 2 2 v
br— < b, 192 L Zr <b

(45)

2 2
To solve the first inequality in Eq. (45), we obtain by_; < bk%’éﬁ. In addition, we derive 75,1 % < Ty, since 7 depends
J g

2 L? .
on by and Z, and bk,l% < by and ”—3 > 1 are satisfied.
g
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To solve the second inequality in Eq. (45), firstly, from the definition of 73, we obtain

27:E1,.6 64p.m 144vIn° L7 < b
p-(I—N(1-N) o2 32

265 64p.m 144y2n°L 2 2 Y=
: 192 L Zr <b
(=N (=N 2 RSk S bk

(46)

Specifically, to solve the first inequality in Eq. (46), we enforce

3by 2y,  1ddy2n’L <, 2= 6ty 130= 22 144920 Ly <, 2=
s (1 —N)2 52 9% ’ Yepr 9 (1= N)2 52 9 ’
487.

2 2
o2 2y, 1442n°L3 < b I

64bk_1 T 5 o 7)

2 2 2
1 : po=(1=X) pé(1=X)  6(1-X)
Therefore, from b1 < by, 35603 , we obtain v, < {384X144X96L3 ) ‘02162 B76L, |-

To solve the second inequality in Eq. (46), from the definition of & ., and Eq. (39), we obtain
128 144v2n°L; 128  144v2n°L;
Tl 2oy 32p20° Zx 2
(1=X)2 62 (1—=X)2 92
< 329In°L2 2k + 32920 L 21 + 192v20° L 25
:MMﬁ@asm%y

96721 L2 2y,

+192+20° L2 2k

2(k—1)

. C c2L? .
Therefore, we obtain by, > 3072,]”2 (16%" + 2;?1;’)\)%) %’(k,l) .Since Ly/p > 1, forany k € {2,--- , K}, we define

b — L3* (256C,)** 1) 3072v,7. (80C5 | 80CTL; N 320C5L2 N 320C%
VIS T T N T BN T BN
2 2L2 2 2L2 4
é Abk Yz V= SOCJ + 8OCJ g + 3 OCJ g + 320CJ
j oF; axN P21 -=X)?2  BE(1—A)?

We verify that b1 < bk% forany k € {3,--- | K}.
J

In the following, we aim to enforce the coefficient of E[|| 2y ¢ — z}:(Z+)||?] to be non-positive when k = 1, from the definition
of Y1, p. < %, we have

32p.m 144720 L; 2 2 Yanp
122 — b M <.
51— 5 + 96v:n — b1 3 <0

D:xa < 677%60.21 + 71

This inequality can be handled analogously, and we omit the detailed derivation for brevity. We therefore obtain b; <
2
ba 5657, with the same definition of b;. Finally, to ensure by, < O‘ZW Edy, in Eq. (37), we enforce
J

L3F (256C,)* 1) 3072v,7. (80C5 | 80CTL;  320C7Lg 320C% anp ve 3C3F
p2k 2= I 72 azN P21 -N)?2 BE1-MN)?2) T 24y. azn 8L

To make this inequality hold, we enforce

L2F (256C7)2* =1 30727,7. 80C2 < QT Y 302

p2k D) L 72 T 487. aan 8L’
L2F (256C7)* %~V 3072,7. (80C3L N 320C7L; N 320C75 aznp ve 3C7
ko g2y " aeN 7 BH(1-2)2 7 B1-N)?2) T 48y: an 8LFF

which leads to

o ’u2(k+1)

¥ = 1024 x 640 x 48 L2 o561
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Y o 80LG 3203 32002
T2 = TR 560 \ 3072 x 1280, / \| auN T B2(T— N2 ' B2(1— A)?

(2.2) Optimization error regarding y: In the following, we aim to enforce the coefficient of E[||y} (Z:) — ¥x¢||*] to be
non-positive. Firstly, from the definition of ¢, 7%, Eq. (39) and Eq. (47), we obtain

144~2n? 32p.n 144+2n? 64 144~2n>
Un V= 22PEN 77i+7222k#
5 s1—=X) & 5 5
20721 2k o0 1440207 2851, 1447207 2 2
< 2k 39 =k 39 4 Z
STt Taoapt e T
3br,  2nYa 144~2n? 487, 1o 207z 14427 487 2 2NYe 144~2n?
32 L 32 br— C 32
Sl - e T T e T At e
2 144’Yz77 2 2 2 144757]2 2 2
9620’ L2 Z 32 32020 Z 32 48vn° 2,
+ 967:n g%k (1 — )\)2 52 + 32p2n" Zk (1 — )\)2 52 + 487" 2k
. 87. 8v.m C2
<b 4, 7 b T 160202 25 + 169707 2 + 48970° 2
1924 p L2
177,
< b T g §n22k (48)
n
Therefore, when k € {2,--- , K — 1}, we enforce
10 32 32y, 327,
Dye ke = arss Zy"ﬁ + by Z DL2AZL L+ by Z L2 A2 + L3A2, ) + bes Z 2LV 12 N2

+ 128927 Z1(AR LY, + AF41 L) + 128920 Z1a A Ly + 1289207 200 ARLE — 0 0E < 0.

Specifically, we enforce

10vyn ;2 R
L2 <
Brt1 I 9= 16 s

32 32 32
b1 2 ZZ”(A%L%A%HL%HWA ZZ”A%LJ
+128v2n* (AR Ly + AR L3) 2k + 12820  Af 1 L Zipr + 128420° AR LS 2 s
< Q=Np 32% anp . 327.1m 2y | Q=N 32%17 2
it Az, 12 4 Qg AIL%G + A2 L dp_1 22 ZIAZL?
= o4y, u k+1LH + 24, L ( o+ ArLy) + 24y,
12 2 2 2752 2 2 2 242 2 2
+128v2n* (AR LY + AR 1 L) 2k + 128920° ARy LY 2 + 128y 0" AR LS 254
3yynp
< L2
T

z’”‘ Edj, in the second step of the last inequality.
K — 1}, we define

where we use b, <

For the second inequality, from Ly/p > 1, forany k € {2,---,
£ = 80C3 N 480C3 L} 80L; 640L; 96C5 L2

CaeN BRI - M) pPae N B2(1— N2 BE(1 - A)2p?

1605+ 2K C? L -
akZTJ(L?E‘F JLH+ gLJ+LH) L (
0 w2 Yyt

25a)

160,
30,

LA, (32 + + 25672E, )
Yyl

The cases k = 1 and k = K follow by analogous arguments.

G.4. Other errors related to x (F4)
The term F, comprises three types of errors related to x: the variable feedback error, the variable consensus error, and the

momentum consensus error. Specifically, we have

8pan
<
f‘**(“uq)

0\ 1 5 1
+ 160207 X — 07 ) FEIIXe = Xel[F] + Do GE[1X (1 = D]
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2v;n 12v;n° | +360;
+(wpz(1i/\)+9 5 +0 5

A2 X = 0B.(1 - X)) L ElIP( = D)3

where

Y 2L%e; N 8L%d; 8L7dx
N N N
~ ~ 2~ ~ 2712 2 71 7 2.7 0
4L 16047 A2 16L37x  120(ATL5 +L3)  18L2¢1 = 72L%4n AZ 4 T2L% K N 540 (A2L2 4 12),

TEA-N T BN TERA-N T Aa-N 5 5 5 5

20 L2 . , 2 2
Yy Lly 483 TA2L2 +bK4SZ ULZ} n 9481?77

AT+

+ %(ML% + L}) + 2026 + 8LEdi AT +8L7dk + 36(ATL + L)

D, = 6nv.(L} + AILY) + an + by +16p20° X

144L3v2n*

144~?2
! 5

2
+ i = ALLY + ¥ + 48y N 21 AT LY + 48920 LI 2k — wpen(1 - A) .

(4.1) Feedback error regarding x: To eliminate %E[H)A(t — X¢||%], we enforce

8p=n 2 2 1 . 32pz7m 64 o o
1 X —-0-< d obt 0=w——s+ — X. 4
w(l_)\)Jr 6pzm 4_(), and obtain w(s(l_)\)+6pw77 (49)

(4.2) Consensus error regarding x: To eliminate +E[[|X;(I — J)||%], following Eq. (48), we enforce

48p3n°

20v,nLg
! 5

4SZZUA%L%{ + bK 48327]L§ + 0

+ b1

D, < 6y (L3 + A2L2) +a F 160202 X + blT”A%L%

177
+ 802221 ALY + bK%L?@ + 807202 Zi L2 + 48y 2 21 AZLY + 48720 L2 2k — wpan(1 — A)

48p3n°
1)

207y 1L

657 657-
= 60y (L2 + A2L%) + ay +b Z TALE + bk Z Uy +16p20°X

+ 128920 Z1 ALY, + 128’737]2L?ZK —wpzn(1 —A) <0.

From the definition of 6, we have

20v,nL; 65721 \2 2 65727 - 2 32p.m 48p2n% 64 o o 48p2n?
o(L3 + AL Y9 4 p AL +b L el A A 2ty 2l
6nv. (L7 + A1L7) + a1 o T AL A b R i v Sl ¥ 5
+ 162> X + 128720° Z1ATLY +128v20 L Zx — wpan(1 — ) < 0.
Firstly, we enforce
32p.m 48p2n% 1 . S(1—X)
il 2l < —wpen(l =N, d obt y < ——— 2 50
YSa-N 5 S 1Y 7( ), andobtain p, < 9672 (50)

5
Then from p, < s We have

207y,nL3? 657 657
67ya (L2 + AZL2) 4 a) — 2129 4, ZnAfLil—ka%L?

11
+ 320207 X + 128y20° Z1ATLY + 128v20° L3 2k < Towpan(1=A).

Then, due to by, < 3125 dy, and the upper bound of ., we have

5a, 1202  15L2
« + JJr g)

20~y,nL?2
LG4+ A, 2
6y Tt MQ 1 32+ 200n MQ MQ

303K 3a. 5 C3 cs !
+ WJK (1677sz?, e Of“ (L?,M—g +L3)+ 47;%(“—ng + LZ})) +82p20° X = Jwpen(1—A) S 0.
Then, we set
5a, 1202  15L7 2 3a.,.4 C2 2 c? o, 9
Aga = (32+ o Tt ) N (16LJ (kg L)) +AC S T +Lf)) :
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2012 302K 272E1 0 2822
51 ,r — 6Lf + —L Aal Aa,a S,LLQK

pe(l=A)  pan(l—A)

Az, Eop = 32pi772)( , w=

(4.3) Consensus error regarding momentum of x: In the following, we aim to set the coefficient of {E[||P;(I — J)||%] to

be non-positive, i.e.,

272n 1292n° | 5365; 2 2. .
0 ] 4 X — (1 —X)<0.
wpx(l—A)Jr 5 TO0—5 T4 OB ( ) <0
Firstly, we enforce
_ 328, 3682 1. . 5(1 =)
< —wPx(1—A), andobtain [ < ——=.
S(1-X) & —3 Pal ) & 24+/6

Then, from the definition of w, we enforce

px(L=A) pa(1 =)~ p2(1—N)? 4

2
Specifically, from the definition of & = ﬁ %, we enforce
z g

+420%x < %&)/Bz(l —A).

2%E10 _ 29in 72 3C7 2624 2920 _ 723C3
pa(l=A) p2(1—A) = 6 8LZ ’ pan(l —A) pa(1—A) = 6 8L ’
1292n° _ 72 3C5 2 2 7= 3C5
< 422y < 2290
b= <wsy TY=133

To solve the last inequality in Eq. (51), from the definition of X, we have

3CH 1 &y, o C2 4, 16013, 72L%y, (C2\  3C* 160L}7v.
X< L3+ 213 +L = I
< S (M Mt )+ (a5 + s —ap) 1) SR R =
( 72L%vs N 40L27z )3(}?, 37z L2 2 207, L7 SA A
B2(1-A)2 " B(1—- X2/ 8L " awnN L N aynuz ~ T

Therefore, by setting A7 = (L7 + %;’L%{ + L?), we enforce

2 230" 8. A2

2 V= 3C2 > 23C7% 160L3v. CF < 3C7

Jr 4 S TTHTE

82K aunN "L = 968020 " 2K B2(1— N2 L2 ~ 96 8L2

23C3" T2L5v. CI _ 4w 3C7 2,2 305" 160L3ys 4, 3C7
82K B2(1— N2 L2 ~ 968L2 T RI2K B2(1—\)? = 96 8L2

2L - 2 2 -
42 27 ! 23Cg§'yiSC; a2 240Lg'y 23Cg§'yx3C;
B2(1— )2 8L2 ~ 96 8L2 B2(1— )2 8L2 ~ 96 8L2

72772 3’Yz L2 EE;C‘Q] 4’727722 20’7ng < 'Yz 3CJ
“ N = 96 8L2 TN aynu? T T 96 812

4fy2

Then, we obtain

{ pf VoeN  pf BN N B(1-N) Lyt B(1-2)
LyCX 71 32¢/3AL " CF 64v/15Ly ~ CF 96v3L; ~CX 7' 641515 7
B(L=X) By(1=X) +azNCy ayNp @}

96v/3L; ' 32v/15L,  32V3L;L, 64\/10A4, Aua L2

Yoz <

To solve the third inequality in Eq. (51), from the definition of 6, we enforce

2 2 2 2, 2 2
w 32pzm 1277 < Y= 3C5 ’ %pingxwvzn < Y= 3C5 .
SA-x 12 8L2 5 5 12 8L2

48

(61

(52)



Distributed Stochastic K -Level Optimization Over Networks

Since p; < %, the second inequality holds. To solve the first inequality, from the definition of w, we enforce

27:E1.2  32p2m 129277 <X 3C2 283 4 32p.m 12v2n? <% 3C2
pe(1—=N)8(1—X) & ~—168L2 7  pn(1—A)d(1—X) & ~ 648L2°

From Eq. (50), the second inequality is already satisfied. To solve the first one, from the definition of &; ,, we enforce

612 04 6417, 1293n° _ 72 3C3 20L§ A A Gl 12920° _ 72 3C5
TA=N2 6 ~488L%° pr TUTM (1 — N2 62 T 488127

302K A 641y, 12v2n? < 'yi3CJ

Su2K TTT(L—N)2 82 T 488L2Z

Then, we obtain y, < {5(1_’\)01 po(1—N)Cy p5a=N }

T68LyLg ? 256,/30A4; Aga L2’ L,CcK"T192VA,,
To solve the first inequality in Eq. (51), from the definition of &; ,, we enforce

2 29an 72 3C5 20L; AA 29, 2930 _ 7303
pa(l—X) po(1—A) — 18 8L2 "’ p2 T T p (1= A) pa(1—A) T 18 8L2

303K A 29 27v2n < 3C3
8u2K T p (1= X) po(1—X) — 18 8L

2
6L3

Then, we obtain v, < {pw(l”\)a’ ppe(1-NCy u" p*(l”\)}

24V2L5Lg 7 164/1580, Baal? ' LgCF ! 6V200,

To solve the second inequality in Eq. (51), from the definition of &, , we have

427 <o 3C?

BTN )\)2 =6 8Lz

Then, we solve it as in Eq. (52). We omit the details here and obtain

o <{ 1 A= MVaaN @ B(1=X)? pF B.(1-XN2 L' B.(1-N)?
—lr,of=t 128v3A, T CF 256v/15Ly T OF 384/3L, T CK' 256150,
Bx(1—=X)* B,(1=X)? (1=XNVa,NC; (1—-NoyNu Cy
384v3L; " 128V/15L, = 128v3L;L,  2561/10A, Aaq L2~

G.5. Other errors related to y (F5)

The term F5 comprises three types of errors related to y: the variable feedback error, the variable consensus error, and the
momentum consensus error. Specifically, we have

K K
8py 77 o\ 1 - 1
Fs < Z ( - y T 10 Py’ Vi — ¢kZ)N]E[HYk,t — Yaull#] + D Dy ElIYae (I = )F]

N

1292n% - 3682 ~ 1
Z( ’“’7 5 O BT e = 28,1~ ) Bl Qe ~ DI
k=

where the definitions of D, ;, and ), will be specified in the following analysis.
(5.1) Feedback error regarding y: To eliminate %E[Hfﬁg,t — Yiil|%]), whenk € {1,--- | K},

32pyn % 2 2
S TP Ve

l/k(18p_y7;)+16p3772yk,¢k§§0, and obtain ¢ = Vi

(5.2) Consensus error regarding y: When k = 1, to eliminate - E[||Y1 (I — J)||%] , we enforce

48v.1m 48;)57]2

)

48v:m

207, nL b 20, nL;

Dy1 = 607 A LS + ay +b (ATL3 + ASL3) + bo AZL% + ¢y
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14472 144~2

T ARL, + 8927 (AL + AYLA)Z) + 48320 ZoAR LY

+ (AILY + ASLY) + o —F

+16pyn” M —npyn(l—A) <0.

From Eq. (48) and the definition of ¢y, we have

6571

Dy1 < 6177 A7LS + (a1 + a2 + b1

20yynL; z
T (AL + AZL3) + b AT LG, + 1289 20° (ML, + A1) 2

48pyn”

0

32pyn 48P§772 64 5 5
TV A

+ 128922 22 A3 L% + 1 +16ppn° V1 — vipyn(1 —A) < 0.

Firstly, we enforce

32p,m 48pyn° _ 1 : 6(1—A)
el i ol it S - y < =2
V1 S—N 0 < 121/1pyn(1 A), andobtain p, < 9673 (53)
5
Then from p, < 53 We have

20y,nL?2
6772 ATLT + (a1 + az) 7277

65, 65-
9 4 by Zn(AfL%A—AgL%—%b—i%ﬂASLz

11
Svieyn(l—A).

+ 1289207 (ATLY + ASLY) 21 + 128920° 2o A5LY + 320" V1 < T

Then, due to by < 3225 dy, and the upper bound of ., we have

2. | w2 w2

207.nL;
2

2 1512
<Aa1+Aa2)<32+50‘z 126 )

2K

3C5 6o,
+ e <1677%LJ + 177

Cc3 c3 1
(NJL L7+ 877%(7‘2@?1 + L3)> +320,0° V1 — Srapyn(1 = X) <0

Qg

Therefore, we set

6a. c3 Cc3
Ay = (16LJ+ @2+ JLH+L?,)+8(L§+ITQJL§,+L3))
20L2 303 2 2 272€1,1 2E5 41
Ei1y1 = Agy + A0y)Ava + —Ayy Eay1 = 3202071, v = Y Y '
Yy ,LL ( 1 2) 8 2K vy Yy Yy py(lf/\) pyn(lf)\)

When k = K, to eliminate +E[||Yk (I — J)||%] , we enforce

48/)27]2

0

48v.m
+ bk =0

20v,nL;
n

48
Dy x = 6n7.L2 + ax (ALL% + L2) 4+ bg 4 Z”AKLJ+¢K

144~2 144~2n?
+Yr-_1 gnAKLJJrlDK gn

+16p;7°Vic — vicpyn(1 —X) <0.

(AXLY + L3) + 489207 2 1 AR LY + 48420  Zrc (AR LY + L3)

This inequality can be handled analogously. Therefore, we set

20L2 307" 2721,y K 2E2 K
Euur = L5 + = 5" M Daa + L By Eayic = 32 , = Dziy WK
Ly = 6L + i Baa g aR Sy ke =3y Vi vk = DTS ONET)

When k € {2,--- , K — 1}, to eliminate +E[|[Y}, (I — J)||%] , we enforce

20~,nL2 20y, nL? 48, 48+, 40+,
Dy, = a RN + Ght1 7177 9 4 =Y U(AiL?—I + AR LY) + by i nAiJrlL?—I +br—1 ’Z nAiL?z
144~2 144~2 144~2n?
o A1 4 A8 e T A 1 g M 018

+ 48+2n* (AkLH + AR LT) 2k + 48920 2ot AT (1 L + 48920° 21 AL LS
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+ ¢k

480ym°
Pl 16030V = vipyn(1 = 2) <0,

and we obtain
20L2 3C%K

_ 2 2 _ 272E14k 22,4k
(Aak + Aazﬁ—l)A + 8 2K A vy 82’yk - 32py77 M vk = py(l - )\) pyﬂ(l - )\) .

Eryk =

(5.3) Consensus error regarding momentum of y: In the following, we aim to set the coefficient of +E[||Q¢ (I — J)|%]
to be non-positive when k € {1,--- , K}, i.e.,

272 12v;n° - 363 2 2 _
) 4 — 1-2M)<0.
Vg PRCESY) + ¢k s ok 5 T4 Vi — By )<0

Firstly, from the definition of ék, we enforce

_ 320, 366y 1 . 0
[ S — — < —(1— .
U Y 31/ By(1 —A), andobtain Gy < 24\/6(1 A)

Then, from the definition of v, we enforce

27814k 29yM 262,k 2v,m 12+, 2 2 2
: + . + ¢k +4v,n Ve < sefBy(1 = A) .
(L= N Py =2 py(1 =N py(1 — N 5o T 371 =2)

Specifically, from the definition of 7y, = m ‘Ziz =, we enforce

27.E1 96 275M E?)C?zk 28E2 yk 2van < 230‘%
py(L=X) py(1—=A) = 6 8LFF " pyn(1—A) py(1—A) = 6 8L~
o 12?7] < %zgg: ;A < %zggz . (54)
When k € {2,--- , K — 1}, we have
Y — 2L]<27[ck N ngji:[kﬂ Sdk(A2LH+Ak+1LJ) 8, lAkLJ 8dk+1Ak+1LH
+ 2026 + 2L¢k11 + 8dk(ARLE + AR L) + Sdk VARLY + 8d 1 ARy Ly
4Ly, 4L 041 1675 (A2 + A2, L%) + 167, 1AZL% 1674108 1 L

TEa-N TR0 —N T Ba-N

+
Bz(1—=X) B=(1—=X)
18L2¢,  18L2%¢ 720
n P n 9 Pr+1 n Vi

720 729
(ARLY + AR LT) + dék LARLY + dgﬂ“ AR Ly,

5 5 B
2 207, L2 407, (L2 + C%) 3C% 303 16+, 302K 3207,
< 29 (Aak + A‘”H—l)A 2( . QJ) ;k ;K T A% + - 2(k—1) 32 7 2 2L .
N aynp BF(A—A)? 8Lgk  8u*c aznN gu2(K—k+1) [ 2(k=1) B2(1 — X)

Therefore, to solve the last inequality in Eq. (54), we enforce

4y 2 e 2 20%L2 (A N )Aua < 'LZSC?C 42 40%(113 +C3) 3C3" ﬁgcﬁk
TN on T Senpr)Ree = G0 gLk T B(I—N)2 8LEE T 60 8LgH
K N T = 6080 T g etk 2070 B2(T= AT T 60 L3

Then, we obtain

w < { Cy ay Ny By(1—X) p Ve N SR g —A)}
P ULEY 160, [(Auy + Auy,,) A0VB(E3+C3) T CFFLE16VIBAL T CF L, 160V3AL T

Similarly, when k£ = 1, we have

2L£2701 QLECQ 8d1 8d2

+ (ALY + ALY + —AQLH + eAfL?]

N=—y N N
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+ 2026 + 2128 + 8d1(ATLY + ASL3) + 8d2A5LY + 3¢ATLS
4L%in N 4L3 1 L 167 1672 A5 L%, N 120A7L5
By(L=2A)  By(1=A)  B(1-2X) B=(1=A)  Bz(1—2A)

18L2¢y 182 724 720 540
o | 18050 | T2 (nep s a3r) + 2 Ag g 4 O

2 20, L2 407 (L2 +C3)3C%  30% 167,
N L A
N aynu Bg(1—A)? 8L7  8u*K a;nN
302K ( 3207, 2v.  CF Lz)
B2(1—N)? B2(1—A)? LG

We only enforce the unique inequality, i.e.

+ (ALY + ASL%) +

iy

C?
(L} + =2 LH +L%)

C?
(L} + "LH+LJ)+

3C2K 12y, 2 ¥z 3C5 w® B (1=N)
4 2 2 J x “J < z OV g d bt . < B Pl —A) ]
Yyl 8u2K B2(1 — )2 L2 7 < 60 8L2 and obtain - 7yy > CK 24\/30L,

When k = K, we have

2L2%c 8d 8d 3eL? 5 . - ~
Vi = ]i]K K(AKLH L) + Bdr -1 \2 L3+4Nf +2L2¢xk + 8dx (A% L3 + L}) + 8dx—1A% L5 + 3¢L7

LG 167 2 12, 12y, 167Fk1ARLS | 12030
+ A%LY + L3) + +
Byl =) T A n) SRl ) e T
18L2¢ 72 oK 54126
T 6¢K + —?K (ALL% + L3) + wéK FARLY + 5
2 2001 Auo A+ 3L 40L%y, 3C2K 302K 167,
2 TR TN agn  B2(1— )2 8L2K 8u2K aznN
B2(1—N)28L2 "

+

2
< Li+ 2L} +L
N aynp L+ aln )

303K 3207z 5, CF o 2
e (g e L+ i+ 1)) +

We only enforce the unique inequality, i.e.

4’72772% V= E3C§K V2P 72Lf'71 3C3 <= 3C3"
vTUN aun = 60 8L2K T B2(1— N2 8L2 = 60 SL2K -

. Cf VazN  CF ' (1))
< J x J x .
Then, we obtain Ty { LE 8v30Ly * LE~T 24v/30L;

To solve the third inequality in Eq. (54), from the definition of ¢, we enforce

32pyn 129y0° _ 4. 3CF 64 5 o0 12990 _ v, 3CF
— 7T < = — < = . 6
USI—N o S 128 sV s S 13w (56)

Since p, < f’ the second inequality holds. To solve the first inequality, from the definition of v, we enforce

7€k 32p,m 127277 < 'yi3C?Jk 2E2 yk 32p,m 12792n? < WiSC’gk
pyI—No(1-N o 168028 ° pyn(l—N)0(1—X) &  — 648L2

From Eq. (53), the second inequality is already satisfied. To solve the first inequality, when k& € {1,--- , K — 1}, from the
definition of &, we enforce

20L2 64v,n 12v20% 4, 3C2F
Agy, +Dayiy)Aaa - Y =
iz Bant Do) e 73— < 3o g
302K Ay, 64v,n 12727 < 3C%
8u2K TY (1 - N2 52 T 328L2k°
Then, we obtain
uC* S(1—X) w81 =N }

Ty <
LEH 512\/5(A%+A%+1)AM CK FLE 64,/6A,,
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When k = K, from the definition of &1 ,x, we only enforce the unique inequalities here,

612 041 1299n* _ 70 3C5% QOLEA Ao 2021 220 7= 363
TA—NE 8 = 648L2K° pr TR (=N 2 T 64 8LK
i CK 51-) CKu 6(1—X) }
We obtain "Yy S {L.(I]( 512\/§Lf ? Lff"’l 512\/10AQKAaa )

To solve the first inequality in Eq. (54), from the definition of &£; 41, we have

Ay,n2E 2% 20L2 A1y, = 305

w < ’Yi:icgk ) (Aak + Aak+1)Aaa% < lgcgk ’

p(1—X)?2 = 6 8L} Pl = A 12805
s ooy S taszg e OH oy < aisme

QOLE 47367775 Yo 30?,K
p2 T (1 —\)2 T 24 812K

we obtain

< uCh py(1 =) e py(1=XN) CF py(1=X) Cip py(1=2) }
Y= Lkt 16\/10(A% + Do) Do TCRTRLE 43N, T LE 16V6L; T LET 32\/5A4, Aua
To solve the second inequality in Eq. (54), from the definition of £ 4%, we have

3C%
8L2k

Ay’
(1-X)2

32 < %

Then, we solve it as in Eq. (55). We omit the details here and obtain

D e R LT VTR WLt B (L= VaN a1 )
P VLI 640, /(Aup + Aay,,) 160V/6(LF +C3) T CFTELE 64VIBAL T OF T L, 640v3AL

CF (L=MVaN p* g(1-)> cf! ,31(1fA)2}
LE  32¢/30L; ' CJF 96v30L; Ly~ 96v/30L; J -

G.6. Momentum (Fg)

For Fg, it consists of two terms: the momentum for variables = and y. Specifically, we have

K
12 xT — I
Fe < (Za 5777%02 +Zb 9%7702 +0 ’gz 142 2 2X 7]1 )]EHmt”Q]
k=1 yH
K

12y, 3174 \ o~
+ 37 (00— + 4’V — an L ) EfmY )]
k=1

(6.1) Momentum for x: Firstly, we set the coefficient of E[||m¥]|?] to be non-positive:

5177 ~ aznp 9 12727 my
x 02 z d T C2 0 =T 4 2 ZX x <0.
Za ;24% k%u o T 5 + 1 =
Specifically, we enforce
S e Y S aenp I e om
ag L C S Z 3 zidk z Cz = . )
; Yyp Uk 16 ; 24y, " yau Ok 16
12920° _ e 2 2 NVa
gl < V2nPx < .
s — 160 T =739
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From the first and second inequalities, we derive v, < { Jyk VaeTe } Then, we use a similar

Ak Y

4\/5 EkK 1846, C2 A \/GazAdk C2k
approach for the third and fourth inequalities as Eq. (51). We omit the details here and obtain

< N VaiN  pfLg B(1—N) pR Ly B(1—=X) Lg B(1-A) Bu(l— NI,

C¥ 32v/3Ar " CX 1 64/15Ly " CX* 96v/3L; W CF 64y/15L;  96v/3LsCy

By(1 =X VayN ayNp 5(1—X) puo(1—N) u 51 =N }
32V15C, ' 32V3Ls ' 64L,\/10A0, Aaa = T68Lf ' 256./30A4, Awaly, CX 192vA,. 1

(6.2) Momentum of y: Then, we set the coefficient of E[[|nY,||?] to be non-positive:

19+2n2 32
o 76,1/77 + 4o’ Vi — ay, 774%/ <0.

Specifically, we enforce

12~2n? 3ny2
¢k%§ak 778% )

To solve the second inequality, when k € {2,--- , K — 1}, we have

3y,
6 -

475712% < ag

2L2 20~ 407, (L2 + C3) 3C% 3C%K 16+

2 2 Yy 2 2 J 2 2 J T
4 4

VTN aynu(akJrak“H W TR (I N)? 8LE AW G 2R N

303K 320,
+ 4%3772 J Y.

4y

3y,
A3 < CA
8M2(K,k+1>L§(k—1) ﬂg(l _ )\)2 L S ag 16

Specifically, we enforce

215 20 3 407, (L2 + C3) 3C% 32

2 p4alig 2U7y o 2407z (Lg 4 2 el

L9 Ay < 4 <
VTN (T W) S B AT e g S M

AL < 4 A2 < ‘

R 8u2K anN " = “780 X 8u2(K—k+1) 261 B2(1 = \)2 LS k=g

4y

Then, we obtain

30,y N B2(1 = N2L2 A A a,Np?K—1A,, A M2K*2k+1L3<k‘”A%Aﬂ2(l - )2}
12800L2(Aa,, + Aayy,) ' 1600u(L2 + C2)C2%F 7 640C3K A2 7 12800C2K A2 g '

Ty <

Similarly, when £ = 1 and k = K, we only enforce the unique inequalities, i,e,

s 23CFK T2y, CJLQ 3m7, 4n2 23L?; Yo 3nv, 2,2 72Lf’Yz 3CJ 37,

TyTl 82K B2(1— N2 L2 Yy YW awn =g Yy B2(1 - N2 8L2 S ar 5

Then, we obtain

<{N2K 1L2Aa1A

axNAL A LEAg A, )2}
2880L2 C2KHY

1—-2)? 1-
P =N Zg0rs  assopcaiz =

To solve the first inequality, we follow the approach in Eq. (56). Here, we omit the details and obtain

< { pd?(1 = A)2A,, A pPEI62(1 = A)2A0, A 02(1 = N)2Au A pué?(1— }
T = 11280 x 96L2(Aag + Dagyr)Baa 2304C2K A, " 384 x 192uL% 71280 X 192L2Aaa

G.7. Final Step
In summary, by choosing the parameters appropriately so that all coefficients are non-negative, all terms JF; vanish:

80C3 480C3 L} 80L; 640L; 96C7L?2

b= 0 YO e T B T BRI Ve
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1605+ 2K C L
28, ) AV T’ (Lf+ ’LH—I—/TgLJ—&—LH)

L2k (2560 )Q(k 1)

ax = Do, =A, A= (32
Yyl

by = Abk%é C A = 3072 5

72(k=1) ’
g
B 80C2%  80C3L: 32OOJL§ 320C4
V2 az N B2(1—=N)?2  p2(1—-N2) 7
. 207y, o 303k Y a Yz
k= aynu’ di = 8LZE an  agn 7
Y ~ 16’71Ad1 ~ ’YzAdl n ~ 3251
€= —, e = s Ww=——""—, 9 - —
Q1) ﬂz( ) ﬂx(l - )‘) 6(1 - )‘)
. 16’71Adk ~ VoA, 1 _ 328y
G = , Dp= 0=t Pp = )
By (L —A)? By(1 =) 5(L—=2A)
- 1674, 2 Wl = 7 328,
S CED N A VAR [F DV
_ 5a. | 12C0%  15L7 30z 12 c3 C3
Aaa_<32+ ettt ) Auo = (1613 + = (L +Lf)+4(u LH+Lf))
20L2 302K
2 2 2
gl,z = 6Lf + /l gAalAaa + — 8 oK Aa:z 5 ((/‘2,1 = 32/)@/'7 X )
27161 x 252 x 32[)1 64 2 2
w= — + - , 6= wi + —pan X,
pz(1=A) = pan(l = A) sa-xn " 5"
6o c? c? 20L 303K
Ayy = (16L3 + 22 (Lf + JLH + L3) +8(L7 + JLH +L2)) , Eiyx = 6L + "AGKAM + 5 =LAy

20L; 307
gl,yk /J/ (A + Aak+1 )Aaa + 8 Q2K Ayy 3 82,yk = 32P§772yk )

272E1,yk 2E2 yk 32pym 64 o o
Uk = : : , aﬁkzuiﬁ-f 7 Vi,
py(L=2X)  pyn(l—2A) sa-xN "8
3b 48, 3b 48, 48,
i1 = Ly i L2 +6C3, 1,2k = Wk + b Wvu L2 + b_1 77 o Eoak = 96’73772L§Zk + 32020° 24,
2'7181 zk 252 zk 32p.m 64 5 o 2 2 C?} 2 2
= : : = L 2Pz AL = (L3 L+ L 57
v e vl res VR s e v YA (L + b+ Lo, 57)

and we obtain

Loy = Lo < —DEE[|V Ficia(2)]*) + Fo

By summing over ¢ from O to T — 1, we have

T—1
1 e 2(Lo—Lr)  2F
— < .
T ;:O B[V Fr11(2:)[I] < T T

For the hyperparameter setting, by denoting

L;C L’“CKk ChL,+C;+L
¢=max{ Ly, Ly+Cy, 21 =0 —(Ar + VA + )7%M7
poo ks Ly VAa,

K Va8 )1+ Aad)

L L
Aa 02. , i L + Aa Aaa ) 71( )
2 A (1 Ve )
i AL+@(AL+ (At 52+ y Ayy)) EK:L;;(LfJF /(e +Aak“)AaaLg) .
pt p VA, = O p
we have
5 5(1-21) (5 s(1-=2)) 5§ S(1—2X)
xT < = 77 ) S = 77 z S - = 77
P = mm{sﬂ 96v/2 } Py mm{s\/ﬁ 96v/2 } P mm{&/ﬁ 96v/2 }
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5, < min {5 5(1—)\)}7 8, < min 3 6(1—)\)}7 Bz<mln{6 6(1—)\)}’

127 244/6 127 244/6 127 244/6
a, u2(k+1)
- 1024 x 640 x 48 LQ(k+1)2562(k 1’
v» < min { (1=MVaN (1=NyayN B.(1-X)7% B.(1-X1)> B,(1-XN)> 6(1=X) pz(1-X)
c = 12830 256\/E€ " 2561150 T 384y/3¢  128v/15¢ ' 2564/30¢  16v/15¢
VO Yy }
VBl 4\/5 40
vy < min { (1=MVaN (1=NyayN B.(1-X7 B,(1-X)° B(1-X)> 6(1-X) py(1—=X)
Y= 64v15¢ 640¢ T 96v30¢ T 160v60 T 640v/3¢ T 512v/10¢ 7 32v/5¢
ayNA o, NA Br(1-N2A Bj(1-X°A B21-)2A §°(1-))°4 }
12800¢2y ° 64002~ 2880¢2 160002 1280002 1280 x 192024
< min az62(1=N)? 4azp2(1 = N)? Vazp.(1—2A) az6(1=X) (1 -MVazN (1-MNVa.N
V== 1152a.0 ' 2Taap ' 12v6a.l | 9216y a.f ' 1920 480 ’
B2(1=X)? Bz(1—=X)2 az6%(1 = \)?
384\/6¢ ' 5766 7384 x 144 x 96a.L’
phtt a, 80L2 N 320L2 N 32002 (58)
LEF1956(-1) |/ 3072 x 1280, axN T B2(1—=N)2 T B2(1-N2 [

Taking Big-O notation, we obtain v, = v, = 7, = O(62(1 — \)*).

o(2) =0 (% )*O(*O‘;fﬁz)”(ai’fv)”(a? )
CK2 3 052 3
+0 (g >+0(52< 2 ) 0 (st te)

When t = 0, we have

K K
Lo =E[Fx41(%0)] + Y A, %AEHI%,O — g @)I1P + ] A, ”jjz BE[||zk,0 — 2k (Z0)||’]
k=1 v k=1

K
Yo 7207 Y - 1 ¥ N 1
B PV ELTIY Vo121 + 37 25 Mg BII(ME o — Vo)1 1] + = E[I(M — Go)l )

— Yylh QM 1 Qe Gzl

K K
16%Ad 1 167.Aq, 1 1672 Aq1 1
+ 2 g g EIML — Uolfi] + 7&3(1—!5 NELIME o = Viollt] + 5155 EIIME — ol

k=

+L«)fn@mpﬂu J) |\F1+Z Gt Qo = D)) +Z% NEIRR o = DI

Ba(1 )

327: A 1 327, A 1 327: A 1 A
+ 5 v IR - Po||p1+2 ! S v ElIQeo - Qko||F+Z T S N ElIRE = Rl F]. (59)

Applying Lemma E.1- E.6, Lemma F.3, Lemma F.5 with ¢ = 0, and taking the Big-O bound, we derive

O(%) _ O(FK+1(xO%7:£K+1($*)) + - 77’ny ZE[“yk o —ye(@o)|’] + O ( ) ZE[sz 0 — 2e(%0)]1?]

K
o (m) 2 Elllzko — (@) +0 (W) ZEum,o — 2(20) 1]

=1

1 & n
w0 (gatr) S BV, v +0 (sa=z) ¥ ZE 931 (o i1 0) 1)
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a; 1 1 1 1 1
o (azaynQT NSo) o (aanT NSo) o (62(1 - /\)277T50> o (62(1 - /\)2"7T) '
Finally, combining these results, we complete the proof of the Theorem

1 i E[IV Fic 1 (2)

T
< 2(FK+1(x(;7)%—TFK+1(x*)) n azn’ny ZE | Gk.0 — vi (Zo)||*] + O ( ;T) ZE 2,0 — 25 (Z0)|1*]
+o(m)zﬂi 20 — 22 (50) ] + O (W)ZE |20 = 20 (70) ]

1 1
(19255 (o >||1+0(7>— EV 7 (g0 vk 0)|]
ST 0 2 ElIT i - N; P 010
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0 (Wzmo) © () +0 (s +© (ma ) +0 ()
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