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Abstract

Research on the expressive power of neural net-
works has identified the minimum depth and
width of neural networks that enable universal
approximation and memorization. However, ex-
isting results are derived under exact arithmetic
and cannot be directly applied to real implemen-
tations on computers, which can only use a finite
set of numbers and inexact machine operations
with round-off errors. In this work, we study
floating-point ReLLU networks that have floating-
point parameters and use floating-point operations.
Specifically, we investigate their minimum depth
and width to represent all functions from the set
of floating-point vectors F? to the set of floating-
point numbers F. We first show that the minimum
depth for representing all functions from F¢ to
is exactly three, where two layers can be sufficient
if we consider a smaller domain and/or codomain.
We further show that the minimum width for rep-
resenting all functions from F< to IF lies between
2d and 2d + 4. In addition, if we restrict the do-
main to non-negative floats, it lies between d and
d + 4, where it can be smaller for a smaller do-
main, even beyond d. Our results show that the
existing results analyzed under exact arithmetic
do not extend to the floating-point setup.

1. Introduction

Depth and width are fundamental parameters determining
the expressive power of neural networks. Classical univer-
sal approximation results show that two-layer networks of
unbounded width can approximate any continuous func-
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tion on a compact domain if the activation function is non-
polynomial (Cybenko, 1989; Hornik et al., 1989; Leshno
et al., 1993; Pinkus, 1999). For the memorization problem
that aims to fit an arbitrary number of finite input-output
pairs, it is also known that two layers suffice (Baum, 1988;
Huang & Babri, 1998; Huang, 2003). These results im-
ply that the minimum depth required to enable universal
approximation and memorization properties is exactly two.

As a dual question, the minimum width for universal approx-
imation and memorization has also been studied. Several
studies show that the minimum width to approximate any
continuous function from a d-dimensional compact domain
to R lies between d and d+ ¢ for some constant ¢ for various
practical activation functions (Lu et al., 2017; Hanin & Sel-
lke, 2017; Johnson, 2019; Kidger & Lyons, 2020; Park et al.,
2021; Cai, 2023; Kim et al., 2024; Shin et al., 2025). On
the other hand, unlike the universal approximation results,
width 2 is sufficient for memorization since any finite set in
R? can be easily projected into distinct scalar values (Park
et al., 2021; Shin et al., 2025). However, these minimum
width and depth results are derived under exact arithmetic.
Hence, they cannot be directly applied to real neural net-
work implementations on computers using a finite set of
numbers and inexact machine operations with round-off
errors, especially floating-point arithmetic (IEEE, 2019).

Recently, Park et al. (2024) initiated research on the ex-
pressive power of neural networks that have floating-point
parameters and use floating-point operations for internal
computations. They show that four-layer floating-point net-
works using ReL U or the binary step function as the activa-
tion function can represent all floating-point functions (i.e.,
from floating-point vectors to floating-point values). This
result has also been extended to general activation functions
(Hwang et al., 2025b) and floating-point interval arithmetic
(Hwang et al., 2025a). Nevertheless, while existing results
imply that the minimum depth of floating-point networks
for representing floating-point functions is bounded by four,
the tightness of this bound is unknown. Furthermore, there
is no known bound for the minimum width.

In this work, we investigate the minimum depth and width
of floating-point networks for representing floating-point
functions when the activation function is ReLU. On the
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Table 1. A summary of known bounds on the minimum depth (/min) and width (wmin) of ReL U networks for universal approximation
and memorization under exact arithmetic, and floating-point function representation under floating-point arithmetic. Here, X C R denotes
a finite set, IF denotes the set of finite floating-point numbers, e+ = 2972 4 p+4and e; = 2972 4 p + 3 where p denotes the bits for the
mantissa and g denotes the bits for the exponent in floating-point formats, w and €2 denote the smallest and largest positive finite floats,

and Sr denotes S N F. See Section 2 for the precise definitions.

Reference \ Domain — Codomain | Upper/Lower Bounds
Pinkus (1999) 0,1 - R Lrnin = 2
Bubeck et al. (2020) X —>R Linin = 2
Park et al. (2024) Fi—TF lnin <4
Ours (Theorem 1) Fé S TF Lmin <3
Ours (Theorem 2) [-1,1]g = F Linin > 3
Ours (Theorem 3) 1,1 = [-1,1]F lrnin = 2
Ours (Theorem 4) 0,Qp = F finin = 2
Hanin & Sellke (2017) 0,1 - R Wmin = d+ 1
Park et al. (2021) X —>R Winin = 2
Ours (Theorem 5) FI S TF Win < 2d +4
Ours (Theorem 6) (—2¢t,2¢0) T — F Wnin > 2d
Ours (Theorem 7) 0,0/ - F Wiin < d +4
Ours (Theorem 8) [0,2¢)F — Wiin 2> d
Ours (Theorem 9) {0,w}¥ = TF Wmin < [d/(p+1) +4]

one hand, representing floating-point functions requires fit-
ting finite input-output pairs, which is similar to the mem-
orization problem. On the other hand, it is also related to
universal approximation since any floating-point function
can be interpolated by a continuous function. However, we
show that the minimum width and depth for representing
floating-point functions do not follow the existing univer-
sal approximation and memorization results. In particular,
our contributions can be summarized as follows, where F
denotes the set of finite floating-point numbers.

* We first show that three-layer floating-point networks can
represent all functions from F? to F (Theorem 1). This
result improves upon existing four-layer constructions.

* This bound is tight even for d = 1: there exists a floating-
point function that cannot be represented by a two-layer
floating-point network (Theorem 2). Namely, represent-
ing floating-point functions requires strictly more layers
than universal approximation and memorization under
exact arithmetic, where two layers are sufficient.

* However, two layers can be sufficient for a smaller do-
main and/or codomain (Theorems 3 and 4). Such a de-
pendency between the minimum depth and the domain/-
codomain does not arise under exact arithmetic since the
minimum depth and width do not change under invertible
affine transformations of the domain/codomain.

+ We next show that to represent all functions from F¢ to
F, width 2d + 4 is sufficient (Theorem 5) and width 2d
is necessary (Theorem 6). These results imply that rep-
resenting floating-point functions requires strictly more

width than universal approximation and memorization
under exact arithmetic, where width d + 1 and width 2
are sufficient for ReLU networks, respectively.

* Nevertheless, as in the minimum depth case, a smaller
width can be sufficient for a smaller domain. If the inputs
are non-negative floats, then width d + 4 is sufficient
(Theorem 7) while width d is necessary (Theorem 8).
This can be reduced further: if the inputs consist of zero
and the smallest positive float, then width [d/(p+1) +4]
suffices, where p is the number of bits in the mantissa.

2. Preliminaries
2.1. Notations

We use R, Z, N, and R to denote the set of real numbers, the
set of integers, the set of positive integers, and R U {400},
respectively. For n € N, we define [n] := {1,...,n}. For
xr€Rand S C R, weuse [z]s = inf{z € S: 2>z}
For a,b € R and a set S, we define (a,b) = {z € R :
a<x<b}ab={recR:a<x<b}(ab)s =
(a,b)NS, and [a, b]s := [a, b]NS. We also define half-open
intervals [a, b), (a, b], [a, b)s, and (a, b]s similarly. For a set
X,mneNzeX” MeX"™™ i€ nl,and j € [m],
we use x; to denote the ¢-th coordinate of x, M; to denote
the i-th row of M, and M;; to denote the element in the i-th
row and the j-th column of M here, x is a column vector.

2.2. Floating-point numbers

In this paper, we follow the IEEE-754 standard for floating-
point arithmetic (IEEE, 2019). For p, ¢ € N, F denotes the
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set of finite floating-point numbers defined as
Fpq={£(142) %25 £2x2"n: z€ M, € € [emin, tmax] }

where M, = {(2 — 1)/2P : 2 € [2P]}, epin = —2971 + 2,
and eya = 297! — 1. There are three additional non-
finite floating-point numbers —oo, co, NaN where oo are
numbers satisfying —oo < z < oo for all x € R, and
NaN is a special symbol denoting not a number, which can
be generated as an output of an invalid operation (e.g., 1/0,
—00+00). We use I, , to denote the set of all floating-point
numbers, i.e., F, , = F,, ,U{#+00,NaN}. Then, F,, , can be
represented using p + g + 1 bits: we use 1 bit for sign, p bits
for mantissa (i.e., x € M), and g bits for exponent. Since
we are only using 29 — 2 exponents in I, ,, we can represent
Fo00 and NaN using the remaining exponent encodings. If
p, q are clear from the context, we omit them and use F and
F to denote F,, , and F,, ,, respectively.

We introduce the following additional notation. Given p, g €
N, we use w = 2°»i»~P to denote the smallest positive float
and Q = (2 — 27P) x 2¢max to denote the largest finite float.
For x € F, we use 1 (and z7) to denote the smallest (and
largest) floating-point number that is larger (and smaller)
than z (e.g., 0" = wand (—Q)~ = —o0).

Throughout this paper, we assume Condition 1 on p, g. We
note that most practical floating-point formats satisfy this
condition, e.g., double/single/half-precision formats (IEEE,
2019), bfloat16 (Google), and FP8 (ESM2, EAM3, Micike-
vicius et al. (2022)). See Table 2 in Appendix.

Condition 1. 2 < p <2971 — 5,

2.3. Floating-point operations

To define floating-point operations, we first introduce
floating-point rounding HFp . RU {NaN} — F,, as
follows: ‘

argmin, g |z — y| if [z| < Q+ 9¢max—p—1

o) if z > Q4 20max—P—L
|_$J]F = . emax—p—1
pd —00 if o < =) — 26max—P7 4
NaN if z = NaN.

If there are two floating-point numbers closest to = € R,
then we follow the ties-to-even rule (IEEE, 2019): choose
[z] ¥, as the closest floating-point number that can be
represented as (1+ z) x 2° or z x 2°=i» for some z € M,,_4
and € € [emin, emax)z. If Fp 4 is clear from the context, we
use [-] to denote [-|5 .

For x,y € T, we define floating-point addition and multi-
plicationas t ®y = [+ y|andz @y = [z x y|. If z
or y is NaN, then the outputs of these operations are also
NaN. Forz = +ocandy €e F,2 @y =y b x = too. If
r = tooand y = Foo,thenx ®y = NaN. If x = £

andy > 0(ory < 0),thenz®y =y ® x = £00 (or Fo0).
Ifzx=4occandy =0,thenz ® y = y ® © = NaN. We
also define z © y = = @ (—y) where —NaN = NaN. We
note that these operations follow the IEEE-754 standard.

Moreover, floating-point operations are non-associative;
thatis, (x©y) ®z # 2 ® (y© 2) in general for © € {®, ®}.
Hence, specifying the order of operations is important. As
in standard arithmetic, we compute ® first and @ next, i.e.,
rPY®z = x®(y®z). Furthermore, we compute operations
in a left-associative way: for x4, ..., x, € F,

21D @®xy = (- (21Dx2) Ba3)® - BLp_1)DLp.

We define @?:1 T; =21 B --- P x, and also compute G
and €D in a left-associative way:

n m
@xz@@yjle@®xn@yl@@y7n (nH
i=1 j=1

We extend floating-point operations to matrices and vectors.

Forn,m e N, M € F™" andu,v € F", we define M @
veF" and u® v such that (M @ v); = D,_, (M, ®vy,)
and (u @ v); = u; @ v; hold for all i € [m] and j € [n].

2.4. Floating-point neural networks

To define floating-point neural networks, we first define
the activation function o : F — Fas o(z) = zif 2 > 0,
o(x) = 0if z < 0, and o(NaN) = NaN; o follows the
implementations of ReLU in PyTorch (Paszke et 311" 2019)
and TensorFlow (Abadi et al., 2016). Wecall f : F — Fa
floating-point network if there exist L, dyg = d,...,dr € N
and ¢;(r) = W; ® x @ b for some W; € F4xdi-1 and
by € Fd for all | € [L] such that f is defined as

f@)=¢roco---o00o0di(x) ()

where o is applied coordinate-wise. We define the width
of a floating-point network f as max{ds,...,dr_1} and
define the depth (or the number of layers) of f as L.

3. Minimum depth and width of FP networks
for FP function representation

In this section, we present upper and lower bounds on the
minimum depth and width of floating-point networks to
represent floating-point functions, and we compare them
with existing results derived under the exact arithmetic.

3.1. Minimum depth for FP function representation

We first show that three layers are sufficient to represent all
functions from F? to IF in the following theorem. The proof
of Theorem 1 is in Section 4.1.
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Theorem 1. For any d € N and f* : F* — T, there exists
a three-layer floating-point network f : F* — F such that
f(z) = f*(z) forall x € F4,

Theorem 1 improves the number of layers from the exist-
ing four-layer network constructions in (Park et al., 2024;
Hwang et al., 2025b) to three layers. We further show that
Theorem 1 is tight with respect to the number of layers: two
layers are generally insufficient, as stated in the following
theorem. The proof of Theorem 2 is in Section 4.3.

Theorem 2. Suppose p < 29~ — 7. Then, there exists
f* : [=1,1]p — F such that for any two-layer floating-point
network f : F — F, f(z) # f*(x) for some x € [—1, 1]p.

Classical universal approximation and memorization results
show that two-layer networks can approximate any continu-
ous function on a compact domain (Pinkus, 1999) and can
fit any finite input-output pairs (Bubeck et al., 2020) for var-
ious activation functions. Unlike these results, Theorems 1
and 2 implies that three layers are necessary and sufficient
for floating-point (ReLU) networks to represent all floating-
point functions from F? — F. As a floating-point function
can be interpolated by continuous functions on a compact
domain or regarded as finite input/output pairs, our results
show that results under exact arithmetic do not generalize to
floating-point arithmetic. Note that the condition on p and ¢
in Theorem 2 is satisfied in single/double-precision formats,
bfloat16, and FP8 (ESM2); see Table 2 in Appendix.

We prove Theorem 1 by explicitly constructing indicator
functions 1,—,' implemented by a two-layer floating-point
network for all z € F¢. We then represent the target function
as a sum of weights multiplied by indicator functions:

|F|
(@) = P () ® Lo=z,)
i=1
where 21, ..., zpe| denote all elements in F?. Then, f can
be implemented by a three-layer floating-point network.

To prove Theorem 2, we show that for any two-layer net-
work f, if f(0) = —Q and f(w) = f(—w) = Q, then
f(1) ¢ For f(—1) ¢ F. Specifically, we prove that
to construct the highly oscillating parts f(0) = —Q and
fw) = f(—w) = Q, an overflow must occur during the
intermediate computation of f(1) or f(—1). To enforce the
overflow, we use not only the wide range [F, but also proper-
ties of €2 and both the positive/negative parts of inputs.

The counterexample function in the proof of Theorem 2 has
a wide range F and contains both the positive and negative
parts in the domain. We further show in Theorems 3 and 4
that these properties are necessary to demonstrate the insuf-
ficiency of two layers. We present the proofs of Theorems 3
and 4 in Appendices C.1 and C.2.

e, =lifz=zand l,—, =0ifz # 2

Theorem 3. Forany f* : [—1,1]p — [—1, 1]p, there exists
a two-layer floating-point network f : F — F such that
fx) = f*(x) forall x € [-1, 1]p.
Theorem 4. For any f* : [0,00)r — F, there exists a
two-layer floating-point network f : F — F such that
f(x) = f*(x) forall z € [0, 00)p.

Theorem 3 shows that if we reduce the range from [F to
[—1, 1]r (compared to Theorem 2), then two layers are suf-
ficient. In particular, we can bypass the overflow that arises
in the proof of Theorem 2 by considering a smaller range.
We note that two layers are necessary since all one-layer
floating-point networks are coordinate-wise monotone. The-
orem 4 shows that if the domain consists of non-negative
numbers, then two layers are sufficient. That is, if we dis-
card negative (or symmetrically positive) inputs, then we
can bypass the overflow in the proof of Theorem 2.

Theorems 3 and 4 show that considering a different domain
or codomain can reduce the required number of layers to
represent floating-point functions. Such an observation does
not hold in the classical setting: two layers are sufficient for
the classical universal approximation under exact arithmetic,
as long as the domain is compact and the target function is
continuous, i.e., a compact codomain (Pinkus, 1999). This
is because, under exact arithmetic, we can easily transform
a unit cube (e.g., domain or codomain) to any other cube via
an invertible affine transformation without any information
loss. However, under floating-point arithmetic, this is not
the case due to overflow and round-off errors.

3.2. Minimum width for FP function representation

In this section, we present our upper and lower bounds on
the minimum width of floating-point networks for represent-
ing floating-point functions. We first show that width 2d + 4
is sufficient to represent all functions from F¢ to I in the
following theorem, whose proof is in Appendix C.3.

Theorem 5. Forany d € Nand f* : F* — T, there exists
a floating-point network f : F¢ — T of width 2d + 4 such
that f(z) = f*(x) for all z € F<.

In the proof of Theorem 5, we use width 2d to preserve the
d-dimensional input information (one for the positive value
and one for the negative value for each dimension), width
2 to compute intermediate values, and width 2 to store the
intermediate/final output.

Using the bit-counting argument, one might expect that
width 2d is not necessary: the number of possible inputs is
|| = (2p+1(29 — 1) — 1)¢ = 24(P+a+1) "but the number
of possible outputs after applying the first affine layer and
[ReLU]| is | [0, 00)r|?? = (2P(27 —1))?¢ ~ 224(r+4) Here,
we exclude co, NaN from the range since they would destroy
the final output (see Lemma 26 in Appendix). That is, even
for a small value of d, we have |F|¢ < |[0, 00)r|??1. Then,
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can we represent all functions from F? to F using a width
strictly smaller than 2d, or even close to d? In the following
theorem, we prove that the answer is no in general, even for
a smaller domain. See Appendix C.4 for its proof.

Theorem 6. Let €* = (emax + 2p + 9)/2 and suppose
that e* < emax + 1. For any d € N, there exists f* :
(—26* ,2¢7 )% — F such that for any floating-point network
fofwidth2d—1, f(x) # f*(x) for some x € (—2¢",2¢7 )&

Theorem 6 states that width 2d is necessary to represent
all functions from (—2¢,2°")¢ to F when e* = (emax +
2p4+9)/2 < emax + 1. Here, the condition on e* is satis-
fied for most floating-point formats used in practice: e.g.,
single/double-precision formats, bfloat16, and FP8 (ESM2).
To prove Theorem 6, we choose a finite set of input pairs
(say X). Then, we show that for any floating-point network
of width < 2d — 1, at least one pair of inputs in X should
have the same output by exploiting the round-off error. See
Appendix C.4 for more details.

Compared to existing results under exact arithmetic, the
lower bound 2d on the minimum width is strictly larger.
Under exact arithmetic, recent universal approximation re-
sults find that width d + ¢ suffices for approximating ar-
bitrary continuous functions from a compact domain to
R for some constant ¢, for various activation functions
(Kidger & Lyons, 2020; Shin et al., 2025). In particular,
width d + 1 is necessary and sufficient for ReLU networks
(Hanin & Sellke, 2017; Park et al., 2024; Kim et al., 2024).
This is because width d is sufficient for preserving the in-
put information; for the input domain [—k, k]d, consider
x +— ReLU(z + (k, ..., k)). However, such a transforma-
tion is impossible under floating-point arithmetic since non-
trivial addition is not injective in general due to round-off
error. Furthermore, to fit finite input/output pairs, width 2 is
sufficient for real ReL'U networks (Park et al., 2021). This
can be done by projecting a finite number of d-dimensional
inputs to distinct scalar values, which is also impossible
under floating-point arithmetic.

We next show that if the domain consists of non-negative
numbers only, then width d+-4 is sufficient (Theorem 7) and
width d is necessary (Theorem 8). The proofs of Theorems 7
and 8 are presented in Sections 4.2 and 4.4.

Theorem 7. Forany d € N and f* : [0,00)¢ — T, there
exists a floating-point network f : F¢ — TF of width d + 4
such that f(x) = f*(x) for all z € [0, 00)d.

Theorem 8. Let ¢* = (emax + 2p + 7)/2 and suppose that
€* < emax+1. Foranyd € N, there exists f* : [0, 26*)% —
[ such that for any floating-point network f of width d — 1,
f(x) # f*(x) for some x € [0,2° ).

Compared to Theorem 5, we reduce width d in Theorem 7.
This is possible because preserving the d-dimensional input
information can be done using width d: e.g., consider z —

o(z). As in our depth analysis in Section 3.1, Theorems 6
and 7 imply that the required width to represent floating-
point functions depends on the domain. We note that such
an observation cannot be made under exact arithmetic for
both universal approximation and memorization setups.

We finally show that the required width can be smaller
than d when the domain is tiny. This result contrasts with
the universal approximation results under exact arithmetic,
which generally require a width of > d. Specifically, we
prove that to represent all functions from [0, w]% to IF, width
[d/(p+ 1)]z + 4 suffices. Here, note that [0, w]r = {0, w}.
We present the proof of Theorem 9 in Appendix C.5.

Theorem 9. For any d € N and f* : [0,w]¢ — T, there
exists a floating-point network f : B¢ — T of width [d/(p +
1))z + 4 such that f(x) = f*(z) for all x € [0, w]d.

4. Proofs

In this section, we prove Theorems 1, 2, 7, and 8. To
better present our proofs, we first prove the upper bounds
on the minimum depth and width (Theorems 1 and 7) in
Sections 4.1 and 4.2, and prove the corresponding lower
bounds (Theorems 2 and 8) later in Sections 4.3 and 4.4.

4.1. Proof of Theorem 1

We first introduce the following technical lemma. The proof
of Lemma 10 is deferred to Appendix C.6.

Lemma 10. For any z € F and s € {—1, 1}, there exist
u, w, b € F such that for each x € T,

s fr)=u®oc(wz®b)=0ifsxx > s x zand

* flz) e -0

Let m = |F|%, {z1,...,2m} = F and z, =
(2i1,--.,2i,q) forall i € [m]. Foreachi € [m], j € [d],
and k£ € [2], we choose u; j g, Wik, bijr € F using
Lemma 10 such that

, —w|F otherwise.

Ui j1 @o(wij1 @Yy Dbiji) =0 ify>zy,
N < Ui @o(wij1 @YD biji) < —w ify <z,
Ui j2 @ o(Wij2®@YDbij2) =0 ify <z,
—Q< U ja@0(w; j2QYSbj0) <—w ify>z,,

forally € F,ie., o(w; jr ®y®b; i) € Fforal k € 2]
and y € F. For each i € [m], let h; : F — F be a two-layer
floating-point network defined as

d
hi @@ u1]1®0—w2]1®x]®bd1))
j=1

d
@® uz]2®gw132®$]@b7]2)) (3)
J=1
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T T x T
0 o (W;,0®2,,Dbi o) o(;1®x,®bi1) o (W 2®T,,BHb; 3) )
0 - 0 = [Yi,0=0(0i,0 @0 (Wi, 0Q2,,®bio)) | = |Vi,1 =0 (V0 DU, @0 (W1 @2, Db 1))
Qi1 Qi—1 Qi1 Oi—1z
Bi-1,0 Bi—1,2 Bi-1,a Bi-1,z _
z ) x x z |
o (Wi j41@,,,,Bbijr1) 0 0 0
= Vi =0 (i1 DU @0 (Wi @, B0 ) | | Le=z | 2 0 =10
Oéifl’m ai—l,m U(Qi—l,at@ma'x{f*(zi)a0}®]]-$:Zi) aiﬂ?
ﬂi—l,x ﬂi*l,z O—(Bifl,x@max{_f*(zi)v0}®]]-z:zi) ﬁi,z_
Figure 1. Tlustration of the construction of f; in the proof of Theorem 7.
We note that the summation in the above equation is com- Then, by the definitions of u; j, w; ;, b; ;, and o, we have
puted in a left-associative way (see Eq. (1)). Then, by the cr( @?i_gn(ﬂi,j ® o (i, ® T,,® (}”))) =1,_., (the inner
definitions of wu; j &, w; ; &, and b; ; 1., we have hi(z) = w sum is equal to g(x); in Eq. (4)). We will transform this
if v = z; and h(z) < 0if z # 2;. summation into a deep and narrow architecture.

We next use the following lemma. The proof of Lemma 11 For 4 € [rn] and j € [2d + n] U {0}, define v;,_; = 0 and
is deferred to Appendix C.7. R
Lemma 11. There existn € Nand a1, ...,a, € F such Vig = 0(Vij—1 @l @0 (Wi ® T, ® b))

that for any j € [n] and a floating-point number x < w, Then, by the properties of «; in Lemma 11 and definitions of

@ i =landr S @_, ;> 0ifr =w, Wi jk» Wi jk, bij i in Section 4.1, we also have v; 2q4n =
cro@r, o <0ifz <0 and 1,—.,. Foreachi € [] and z € [0, 00)g, let
@i, > 0ifr=0. Qg = @max{f*(zk), 0} ®1,—s,,
Let ag, ..., a, be the floating-point numbers in Lemma 11, kfl
and g(z) : F¢ — F™ be a two-layer network such that for . .
eachi € [m]and x = (z1,...,74) € F9, Pia = @max{—f (2k),0} @ Loy .
k=1
g(z); = hi(z) ® @(aj ®o(1)). (4)  Then, one can observe that o, » ® (=SB e) = f* ().
j=1

We are now ready to construct the target network f. To
Then, by the definition of g, one can observe that g(z); = 1 this end, for each i € [1h], we construct f; : [0, oo)fé“ N
if 2 = z;and —oo < g(x); < 0if x € F*\{z;}. Wedesign  [o, 00)&+* of the following form:
a target three-layer network f as

f@)=(f"(21),- o [ (zm)) T @ (00 g(x). ()

Then, one can observe that f = f* on F¢, which completes
the proof of Theorem 1.

fi(z) =00, 000---00¢;1(z)

for some L; € N and floating-point affine transformations
¢ir:F — T . Inparticular, we design f; so that

fi(xa 07 07 Q—1,z, ﬁifl,w) = (-T7 07 07 [0 7R Bi,$>7

by using d neurons to store x, one neuron to compute
In this proof, we convert the shallow and wide network  o(w;; ® x,,® IA),»J), one neuron to compute ; ;j, and two
construction in the proof of Theorem 1 into a deep and neurons to store o1, 3i—1,, and compute o , 3; »; see
narrow architecture. Let {z1,..., 24} = [0,00)%. Recall  Figure 1 for an illustration. Using f;, we construct the target

Egs. (3)-(5), and define 4, j,W; ;,b; ; € F and ¢; € [d] for network f as follows:
all j € [2d + n] U {0} as follows: f@)=(0,...,0,1,-1)T @ (fr 0+ 0 frooop(z))

4.2. Proof of Theorem 7

1,0,w,1 lf] =0, where p is a floating-point affine transformation that maps

ﬂi.j7 'Lbz 7 l;z s bj= Uik, 1o Wik, 1o bi7k71’ k lfj :k7 ke [d]7 T € [Oa OO)% to ($, Oa 0, 07 0) Then7 f(IL') = Qmx S

R Wi k2, Wi ke,2, b2, K if j=d+k, k€[], (—B..) = f*(x) forall z € [0,00)¢, which completes
ar,0,1,1 if j=2d+k,k€]n]. the proof.

6
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4.3. Proof of Theorem 2

We argue by contradiction. Let f* be a function from
[—1, 1]F to F such that

f(~w) = f*(w) =9, and f*(0) = —Q.

Suppose that there exists a two-layer floating-point network

flz) = (@ (wo; ®@o(wy; ©z® bl,i))) @b

i=1

such that f = f* on [—1, 1]p. Let

j
fi(z) = @ (w2, ® o(w1i @ x D by s)),
~

?

gj({L‘) = w2 j & U(ij QX x D blyj),

for all j € [n] U {0}. Then, to obtain f = f*, one can
observe that f;(x) and g;(x) must be finite for all z €
[-1,1]r. In this proof, we will show the following: if
f(—w) = f(w) = Qand f(0) = =, then gx(1) = co or
gx(—1) = oo for some k € [n], i.e., f(1) € For f(—1) &
F. Namely, there is no two-layer floating-point network that
represents f* on [—1, 1]r, which will complete the proof.

We first claim that the target values at —w, 0, and w must be
constructed in f,, before adding the bias term b.

Claim 12. f,(—w) = fn(w) = Qand f,(0) = —Q.

Proof. Suppose that the claim is false. Then, b must satisfy
b > 20max—P~l or h < —2tmax=P~1 o have f,(~w) @
b= folw)®b=Qand f,(0) ®b = —Q. However, if
b > 2¢max—P~1 then there is no z € FF such that zpb = —Q,
i.e., f,(0) @b cannot be — . Likewise, if b < —2¢max—P~1
then f,,(—w) @b and f,,(w) ®b cannot be 2. Hence, it must
hold that f,,(—w) = fn(w) = Q and f,(0) = —Q. O

Given Claim 12, let & € [n] be the smallest number such
that f;(—w) = f;(w) = Qand f;(0) = —Q forall j > k.
Then, we claim the following statement.

Claim 13. One of the following holds:

¢ fim1(w) =Q, fr—1(0) = —Q, and fi,—1(w) <
* fim1(—w) < fr—1(0) = —Q and fi—1(w) = Q.

Proof. By the definition of k, we have fr_1(—w) < €,
fre=1(0) > —=Q, or fr_1(w) < Q. First, consider the case
that fr_1(0) > —Q. Then, to have f(0) = —£2, it must
hold that g5 (0) < —2¢max=P~1 1n this case, since gy, is
monotone, we have gi(—w) < —2%max"P~1 or g; (w) <
—2¢max=P~1 which implies fi(—w) < Q or fr(w) < Q.
Hence, we cannot have fi,(—w) = fi(w) = Q.

Now, consider the remaining case that fr_1(0) = —Q
but fy_1(—w), fi—1(w) < Q. Then, gi(—w), gr(w) >
2¢max—P~1 which implies g, (0) > 2¢max—P~!1 by the mono-
tonicity of gi. In this case, we must have f;(0) > —€Q.
Hence, the claim is valid. O

Given Claims 12 and 13, without loss of generality, suppose
that f,_1(—w) = Qand f;_1(0) = —Q but fr_1(w) < Q.
We next claim that wy ;,w;,r > 0 and by > 0 where
Wa &, W1k, b1,% are in the definition of g,.

Claim 14. wy ,, w1, > 0and by, > 0.

Proof. Since fr(—w) = fr(w) = Q and fr(0) = -,
one can observe that gi(w) > 2%m=x=P~1 and g (0) <
2¢max—P~L First, consider the case wa i, < 0. In this case,
since o(z) > 0 for all z € F, it holds that gx(w) < 0.
Hence, we must have wg 3, > 0. If wa ;; > 0 and wy 3 <0,
then gi,(w) < gx(0) < 2°m=x=P~1 which implies that we
must have wy i, wa ; > 0.

Now, we assume wi j, w2 > 0 and consider the only
remaining case that by 5, < 0. In this case, since

wa k@ (w1 k ® W) > gg(w) > 26max—P71,

it holds that wy j, w9, > 2P (otherwise one of wy i, wa i
should exceed €2). This implies that

|—’w2’k X wy kg X UJJ = w2k ® U(’wl’k [029] UJ)
> wy g ®@o(wy g @w Dby ) = gr(w) > 20mex =P
where the first equality is from wy i, w2 > 2P and w is a

power of two. Furthermore, since gx(w) # gi(0), we must
have wy y ® w > —by . Since 1 > 22PT3 x w, it holds that

gr(1) =wo, @0(w1 1B b1 k) =wap @o(wy k1)

= (wl,k Xwg,kJ > 22p+3 |—’w1’k XWa, i XOJJ > 22max+;v+2_
This implies that g; (1) = oco. Hence, the claim is valid. [

Finally, we claim that given Claims 12-14, fi(—w) =
fr(w) = Q, and fi(0) = —£2, gx(1) must be infinite.

Claim 15. g;(1) = oo.

Proof. If wy € (2™~ 1, 2™]g for some m > 0 (otherwise,
w x®@w = 0 = wy ;®0), then w; x@w € [0, 26min=PT7 g,
Hence, to have gy (w) # gx(0), i.e.,

Wik Q@w® by g 7# wip ®0® by g,

it must hold that by , < 2°==*™+2_ This implies that
Wik @ w P by < 2%mintMFT2 Furthermore, to have
gr(w) > 2tmax=P~1 we need wq j > 2°max Cmin—P=m=3
However, since p < 2971 — 7, we have

wl,k‘ X wQ,k > QQmax*emin*P*ﬁl 2 22,,,ax+1,
ie., gx(1) > W, & (U)Lk ®1) =occ. ]

We note that gi(—1) = oo if we assumed fi_1(w) = Q
and fr_1(0) = —Q after Claim 13. Since g;(1) = oo, it
holds that f(1) ¢ IF. Thus, there is no two-layer network f
satisfying f = f* on [—1, 1]F, which completes the proof
of Theorem 2.
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4.4. Proof of Theorem 8

In this proof, we will explicitly construct f* : [0, 2¢” )¢ —TF
that cannot be represented by any floating-point network
of width strictly smaller than d. Without loss of generality,
we assume d > 2 here. For each i € [d], we define x; =
(Ti1y - Tia), @ = (2, ..., 2,) € [0,2° )¢ such that for

Tij = wy; = (2°°)" and 0 =z # 2} = w = 2°min P,
Here, although 2¢maxt1 & T, we let (2¢maxt1)~ = (2 —
27P)2%max = () for the case that e* = eyax + 1. Choose
f*:10,2¢)¢ — T such that

[ () # f*(2}) forall i € [d].

We now show that for any floating-point network f of width
d—1, f(z;) = f(x}), f(x;) = NaN, or f(z}) = NaN for

(3
some ¢ € [d], and hence, it cannot represent f*.

Let z — W ® z @ b be the floating-point affine transforma-
tion in the first layer of f for some d’ < d — 1, W € F*d,
and b € F. Let W; = (W;y,..., Wiq)T be the i-th row
of W for all ¢ € [d']. We will demonstrate the following
statement: if W; ® x; # Wy ® 2 for some 7 € [d] and
t € [d'], then one of the following holds:

(@ Wiy@z; = Wt®x; for all j # i.

(b) Wi ®z; = NaNor W; @ 2, = NaN for some j € [d].
Suppose that this statement is true. Then, since W ®
x; = NaN implies f(z;) = NaN # f*(z;) € F, we
may assume that (b) does not occur. If we assume (a), then
by the pigeonhole principle and since d’ < d — 1, we have

f(z;) = f(a%) for some i € [d], which will complete the
proof Theorem 8.

In the rest of this proof, we will show that if W; ® z; #
W, ® a, then (a) or (b) occurs. Without loss of generality,
we assume

Wy ®£17£W1®$; (6)

We first claim the following statement.

Claim 16. If [Wy;| > 2max=¢"+1 for some j € [d], then
(a) or (b) occurs.

Proof. Suppose that |y ;| > 2¢max=¢"+1 for some j € [d].
Then, since

|W1j| ® (26*)— > (Qemax—e*+l)+ ® (2e*)— = o0,
we have Wi; ® x5 = Wi ® x;j € {xoo} forall k # j.
This implies that for each k # j,
e Wi ®ap =W, ®a), € {£oo} or
e Wi ® z, = NaN or W7 ® zj, = NaN.

Hence, if j = 4, then (a) or (b) occurs. If j # i, then we
cannot have W ® x; = W1 ® « by the assumption Eq. (6),
which implies W7 ® z; = NaN or W; ® z} = NaN, i.e., (b)
occurs. Thus, the claim is valid. O

Given Claim 16, we now assume |[W7;| < Qemax—e"+1 for
all j € [d]. For each ! € [d], we define

l
 z2a) = P @ 7).

j=1

hl(Zl,...

Since W1 ® x; # W1 ® a by the assumption Eq. (6) (i.e.,
ha(z;) # hq(x})), we must have h;(z;) # h;(x}). We next
claim the following statement.

Claim 17. W1 @ z, = W1 @ z}, for all k > i.

Proof. By Claim 16, |[Wy;| < 2¢max—¢"+1 Then, since
(Wi @3], Wi @] < [Whi|@w < 20min—PHemax—e 1
to have h;(z;) # h;(z}), we must have |h;_1(z;)| <
2¢mintemax—€"+3 This also implies
i), |hia])| < 2emintemax=eT+3,

Furthermore, since w ® (2¢7 )~ = (2¢ Temin=P)~ and (e* +
min —P) — P — 2 > emin + emax — €* + 3 by the definition
of e*, we have

hi(x;) (Wi @ik ) = Wi @i = hi(x)) & (W1 @5y
for all Wy, € F\ {0} and k& > . Hence, to have W1 ® z; #

Wi ®@al, Wi, =0forall k > i,ie, Wi @z = Wi ® z,
for all £ > 4. Thus, the claim is valid. O

Lastly, we cover the remaining case in the following claim.
Claim 18. W1 @ z, = W1 @z}, for all k < i.

Proof. Suppose that W1 ® x, # W1 ® x, for some k < 1.
Then, as we argued in the proof of Claim 17, we must have
W1 = 0 for all I > k. However, this is not possible since
i > k but Wy; # 0 by the assumption Eq. (6). Hence, the
claim is valid. O

5. Conclusion

In this work, we present upper and lower bounds on the
minimum depth and width of floating-point networks for
representing floating-point functions. We first show that
the minimum depth is exactly three, which is strictly larger
than that under exact arithmetic. However, two layers are
sufficient if we consider a small domain or codomain. We
also show that the minimum width lies between 2d and
2d + 4 in general, while it is approximately d under exact
arithmetic. As in the minimum depth case, we prove that the
minimum width decreases as the domain gets smaller, even
beyond d. Our results show a clear discrepancy between
neural networks under floating-point arithmetic and exact
arithmetic. We believe our results help to better understand
real implementations of neural networks.
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A. Values of p and ¢ in Practical Floating-Point Formats

Table 2. Values of p and q in practical floating-point formats.

Floating-point format ‘ (p,q)
64-bit double-precision (IEEE, 2019) (52,11)
32-bit single-precision (IEEE, 2019) (23,8)
16-bit half-precision (IEEE, 2019) (10,5)
bfloat16 (Google) (7,8)
8-bit ESM2 (Micikevicius et al., 2022) | (2,5)
8-bit EAM3 (Micikevicius et al., 2022) | (3,4)

B. Technical lemmas

Lemma 19. Let z € (0, 1]p, e € Z such that z — z~ = 2%, and k € [emin — P, emax + € — 1]z. Then, there exist u,w,b € F
such that

2k ifr =2z,
g(x)zu@a(w@m@b):{o Zie[z—lz)p

and g(x) € [0,2¢maxte==g C F for all x € (z, 1|r where e,, denotes the integer satisfying 2°=~1 < x < 2¢,

Proof. We chooseb = —2",w =1,andu = 2k—¢_ Here, u € F since e < —p—1,ie,k—e € [emin + 1, emax — 1]z
Then, one can observe that g(x) = 0 if x € |1, z)r and g(z) = 2*. Furthermore, from our choices of b, w, u, it holds that
for each x € (z, 1]p,

0<g(x) <u®o(w®?2%) = ok—etes

Since e, < 0forall x € (0,1]r and k — e < epax — 1, we also have gk—eter < gtmax—ltes « oo This completes the
proof. O

Lemma 20. Let z € (0,1]p, e,e, € Z such that z — 2~ = 2¢ and 2%~ < z < 2%, and v = max {1, 2tmaxFez—1}
Then, for any y € [0,7]r, there exist n € Nand eq,... e, € [emin — D, emax + € — 1]z such that @), 2¢ = y and
y D @?:1<_26i) =

Proof. We first consider the case that v = 1. Since e > epin —pand epax +€ — 1 > epax + ein —p — 1 = —p, for
any y € [0, 1]p, there exist n € [2PF1] and €* € [emin — P, =)z C [€min — Ps emax + € — 1]z such that @], 2¢" = y and
Yy oD @;;1(*26*) = 0. Choosing ey, . .., e, = e* completes the proof for the case v = 1.

We now consider the case that y = 2fmaxte==1 [fe > e,u + 2 thene = e, — p — 1. Furthermore, for any
y € [0,2¢0maxte=—1]p there exist n € [2PF1] and €* € [emin — P, emax + €2 — P — 2]z = [emin — P» emax + € — 1]z such
that @?:1 2¢" = yandy ® @?:1(—2‘5*) = 0. Choosing €1, ...,e, = e* suffices for the proof. If e, < ey, + 1, then
€= emin —pand vy < 2,i.e., y € [0,2]r. Hence, one can find n € [2PT and e1,..., €, € [emin — Ps tmax + € — 1]z =
[emin — P, —p]z such that @}, 2¢" =y and y & P;__,(—2¢") = 0. This completes the proof. O

Lemma 21. Let z € (0,1]p. Then, for any g : [—1, 1] — F satisfying g(x) € [—7Vau,Va|r for all x € [z, 1|p where
Ve = max{1, 2tmaxte==1Y and e, denotes the integer satisfying 2¢=~1 < x < 2°=, there exist n € N and u;, w;,b; € F for
all i € [n] such that

h(z) = g(z) & @(Ui @o(w; ®x®b;)) =

i=1

g(fﬂ) lf.’E € [_1>Z)F7
0 lf.f € [Z7 1]]17’

forall z € [-1,1]p.

11



On Minimum Depth and Width of Floating-Point Neural Networks for Representing Floating-Point Functions

Proof. Letw = zy < 21 < -+- < z1 = 1 be all floats between w and 1. We inductively prove that the statement
of Lemma 21 is true for z = z,, for some m € [y]. Consider the base case m = 1 where z = 1. Consider g :
[—1,1]r — F satisfying g(1) € [—~1, v1]r where y; = 2°m=x~1_ Without loss of generality, we assume g(1) > 0. Choose
e=—-p—1lande, = 0sothat2° = z — 2~ and 2%~ ! < z < 2%, Then, by Lemma 20, there exist n € N and
€1,---,6n € [emin — P, emax + € — 1]z such that g(1) ® @;_,(—2%) = 0. Furthermore, by Lemma 19, there exist
Uy, W1, b1, ..oy Uy, Wy, by, € F such that for each i € [n],

@ o(w; @@ b;) 2 ife=,
(173 o\w; X i) — 3

0 ifexe[-1,1)p.
We choose

g(x) ifze[-1,1)f,
) ® i) ® i @ D b;
@ —w) @o(wi®T® b)) = {0 ifr=1,
which completes the proof for the base case z = 1 (i.e., m = 1).

We now consider general m > 1 (i.e., z = z,,). Consider g : [—1, 1]z — F satisfying g(x) € [—7vs, Vz]r forall x € [z, 1]p.
Without loss of generality, we assume g(z,,) > 0. Choose e, e, € Z such that 2¢ = z,,, — 2, and 2%m 1 < 2, < 26:m .
Then, by Lemma 20, there exist ! € Nand ey, ...,€; € [emin — D, émax + € — 1]z such that g(z,,) & @221(—2“) =0.
Furthermore, by Lemma 19, there exist uy, w1, by, ..., u;, w;, b; € F such that for each ¢ € [I],

2% ifx =z,

i ® i ®x@b;) =
U@ o(w ®z®b) {0 if 2 € [1, 2m)r,
u; @ o(w; @ @ by) € (0,20~ )p 0,7, ]p if x € (2,1]p. (7

Let go = g. We inductively define h; and g; for each i € [l + 1] and j € [[] as follows:

hi(z) = gi—1(x @69 i g @ o(wi, @@ b)),

94(x) = hj(z) @ ((_Uj) ® o(w; @ z @ by)),
where r; € N and u;’ k> wg’ P b;, . € IF are chosen by using the induction hypothesis, so that
i— ifz € _]-a m|F
i) = {1 T2 € Lzole
0 ifz € (2, 1]p.

We note that we can use the induction hypothesis here due to Eq. (7). Then, by the definitions of k; and g;, one can observe
that

g(z) . ifz €1, zm)r,
hi() = § 9(zm) ® By (—2°%)  if 2 = 2,
0 if z € (2, 1]F.
Hence, h = h;4; satisfies the desired property. This completes the proof. O
Lemma 22. Let g : [—1,1]p — F be a function satisfying g(x) € [—vVa,Velr for all x € (0,1|p where v, =

max{1,2%maxFte=1} and e, denotes the integer satisfying 2°=~1 < x < 2. Let f* : (0,1p — [~1,1]p. Then,
there exist n € N and u;, w;,b; € F for all i € [n] such that for any x € [—1,1]p,

{g(m) ifz € [~1,0]r,

W) = 9(@) O Pu @owi @z O =410 0,

i=1
Proof. Let0 = z; < 25 < --- < z, = 1 be all floats in [0, 1]y. We inductively show that for each m € [v], there exist
n; €N, Ui, 5, Wi j, bi)j € I for allj < [nl], and
hi(x) = g(z) & Pui; @ o(wi; @ xS b )
j=1

12
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such that

o g(x) ifz € [-1, 0],
hi(z) {f*(x) if # € (0, 2],

hl(l’) =0 ifx e (Zi, 1]]1?. ®)

Then, h = h,, satisfies the desired properties.

Consider the base case: m = 1. By Lemma 21, there exist » € N and u}, w}, b} € F such that

hi(z) = g(x) © Pu} © o(w] @ z B Y])) =

i=1

g(z) ifz € [-1,0],
0 if z € (0,1]g.

This proves the base case.

Now, consider the general case: m > 1. Lete,e,, € Z such that 2¢ = 2, — z,. and 2%m ~! < 2, < 2¢m . Choose
hm—1 satisfying Eq. (8); its existence is guaranteed by the induction hypothesis. By Lemma 20, there exist [ € N and
€1,.-,€l € [emin — D, emax + € — 1] such that | f*(z,,,)| = @221 2% since f*(zy) € [—1, 1]p. Furthermore, by Lemma 19,

there exist u;, w;, b; € F for all ¢ € [I] such that

2 ifx = zpy,
0 ifz € [-1,zm)r,

Y

u; @o(w; @z db;) €[0,7] ifz e (zm, 1. 9)

Let g9 = hym—1. To construct h,,, we inductively define f;, g; for all i € [I] as follows: for s € {—1,1} such that
)

m—1
sx f*(zm) >0

s

fi(z) = gi-1(z) ® ((sui) @ o(w; @ T b)),

gi(z) = fi(z) ® @(Uik ®o(wi ), @z @ b)),
k=1

where r; € Nand v ;, w; ;, b} ; € F are chosen by using Lemma 21, so that
filz) ifx e [-1,zn]r,
gi(z) = .
0 ifz € (2, 1]p,

for all 7 € [I]. We note that we can apply Lemma 21 due to Egs. (8) and (9). From the definitions of f;, g;, and by Eq. (9),
one can observe that for each i € [I] U {0},

g(x) if € [-1,0],
(@) =) 2 € (0, 2m)e,
9i @;:1((Suj)®o-(wj ®x€9bj)) if v = 2z,
0 ifz e (Zm71]IF-
Hence, choosing h,, = g; completes the proof. .

Lemma 23. Let z € [0,Q)r and v € {2° : € € [emin — P emax — P — 1]z} U{(25=>"P=1) T} Then, there exist u,w,b € F
such that

0 ifze(zQ,

u®a(w®x@b){ "
v ifx =z,

u®o(w®@r®b) €[0,(2=) g ifx € 0,2)p.

13
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Proof. Let e, € Z such that 2¢=—1 < » < 2% We first consider z > 2¢min ie., e, > enn. In this case, we choose
w=—2"%%land b= 277! x zt; we note that —27¢=F1 27¢=F1 x 2+ < Fsince e, > emin and p > 2. Then, we have

0 ifz € (z,Qp,
277 ifx =z,

U(U}@&UEBb):{
oclw®zadb) (0,2 ifx € |0,2)r.

If v = 2¢ for some € € [emin — Ps emax — P — 1]z, then choose u = 2¢P € F. If v = (2fmax—P~1)* then choose
u = (2¢max—1)* € [F. Under these choices of u, w, b, we have

0 ifze (29,

v ifax =2z,

J(ﬂ)@:t@b):{

ocw@z®b) € 0,(2™) ) ifx € [0,2)p.

If z < 2%min_then we choose w = —2 ¢min = —2tmax—1 gpnd h = 2~ %min x »F < 1. Then, it holds that
0 ifx € (Z, Q]]F,
27P  ifx =z,

o(w®@zdb) € |0,bly C[0,1]p ifz € [0, 2)p.

U(w®x@b):{

If v = 2¢ for some € € [emin — Psemax — P — 1]z, then choose u = 267 € F. If v = (2®max—P~1)* then choose
u = (2fmax—1)* € [F. Under these choices of u, w, b, we have

0 if Q
o'(w@x@b):{ ?.TE(Z» ]]Fa
v ifx =z,
o(w@x@b) € [0, (25" g ifx € [0, 2)p.
This completes the proof. O

Lemma 24. For any z; € [0,00|p and zo € [0,Q]p, there exist ni,ne € Nand vy,...,vp,,U1,...,Up, € {2°:¢ €
[emin — D emax — P — 1]z} U {(2%="P= )"} such that @, v; = z1 and zo & @2, (—u;) = 0.

Proof. We first consider z = z; = 29 € [0,Q]p. For z = 0, choose n; = ng = 0. For z € (0, 2], there exist
n € [2P*1] and €* € [emin — P, emax — P — 1]z such that z = @7, 2¢" and z ® @), (—2°") = 0. Choose ny = ny =n
and vy = ..., Uy, = U] = - = Up, = 2° . Let (2%m)F = 2; < 25 < -+ < 2001 = Q be all floats between (2¢max)+
and Q. For z = z; forsome j € [2P — 1], letng = ng = 2PTL + j, 01 = -+ = Vgpi1 = Ujp1 = +++ = Uy, = 2°max P71
and vgpi1yg =0 =, =up = = u; = (2% "P~)F Then, z; = @), v; and z & D2, (—u;) = 0.

Now, consider z; = oo. In this case, choose ] = 3 X 2P, v7 = - - - = Vgygp = 2¢max—P~1 and Vaxapt] = "+ = Usxop =
(20max=P=1)* Then, @, v; = 0o = z;. This completes the proof. O

Lemma 25. Let z € [0,Q)p. Then, for any g : [0,] — F U {zxoo} such that g([0, z|r) C F, there exist n € N and
Ui, wy, b; € F for all i € [n] such that

h(z) = g(z) & @(Ui @o(w;, @@ b;)) =
i=1

0 ifx €0, z]r,
g(x) ifz € (2,9,

forall z € [0, Q.
Proof. Let0 = 2z1 < 2 < -+ < z, = {1~ be all floats between 0 and 2~ and
V={2°:¢€ [emin — D, emax — P — 1]z} U {(28mx"P~ 1)+,

14
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Let z = z,,. Then, by Lemma 24, there exists [ € N and vy, ...,v; € V such that g(z,,) ® @izl(fv,;) = 0. Furthermore,
by Lemma 23, there exist u;, w;, b; € I such that

v, ifx=z,,
0 ifz€ (zm, U,
u@o(w;, @xdb) EF ifz €10, zm)F, (10)

ui®a(wi®x€9b)={

forall i € [I].

We prove Lemma 25 using mathematical induction on m. Without loss of generality, we assume g(z,,) > 0. For the base
case m = 1 (i.e., z = 0), we have

hle) = (x)@EIB((_“’)@?U(w*@xEBb))— 0 ifzr=0,
=g i=1 ! i Cgle)  ifze (0,Q.

Now, consider the general case: m > 1. Let gg = g. To prove the general case, we inductively construct h; and g; for each
i €[l + 1] and j € [I] as follows:

hi(z) = gi1 () ® P (), ® o(w] ), @ T O] ,)),
k=1
gj(.’lﬁ) = hj(m) ©® ((—Uj) &® O'(wj T D bj)),
where 7; € N and u; k> w§7 k> b;) . € IF are chosen by using the induction hypothesis and Eq. (10) so that
0 if 0, zZm—1]r,
hi(z) = itz € [0, 2m]r
gi—1(x) ifz € (zm-1, .

Then, by the definitions of h; and g;, we have

0 ifz e [O,Zm)[ﬁ‘,
hl(w) = g(zm) @ @;C_:ll(—ﬂk) ifx = 2z,
g(x) ifz € (2, Qr.
Hence, choosing h = h;4; completes the proof. 0

Lemma 26. Let d,d' € N, W € F¥*% and b € F¥. Let o € {+00,NaN} and X = {x = (xy,...,24) € . x] =
a,(W®xzab); #NaNVj € [d']}. Then, W @ x & b is identical for all x € X.

Proof. Since the proof is trivial if & = NaN, without loss of generality, suppose o = 0. Since (W ® x @ b); # NaN for
allz € X and j € [d'], all Wyy,..., Wg should be non-zero. Let s; = 1if W;; > 0and s; = —1if Wj; < 0 for all
j € [d']. Then, one can observe that W ® = @ b should be (s; ® 00, ..., S¢ ® 00). This completes the proof. O

15



On Minimum Depth and Width of Floating-Point Neural Networks for Representing Floating-Point Functions

C. Additional proofs
C.1. Proof of Theorem 3

Let ho(x) = f*(0) ® ReLU(0 ® @ 1). Then, ho(z) = f*(0) € [-1, 1]p for all z € [—1, 1]p. By Lemma 22, there exist
ny € Nand u;, w;, b; € Fforall i € [nq] such that

() = ho(a) © @) © o(ws 905 by) =

i=1

ho(z) ifz € [~1,0]g,
f*(x) ifz € (0,1],

ie., hi(z) = f*(z) for z € [0, 1]p and hq (z) € [-1, 1]f for x € [—1,0)r. Again, by Lemma 22 and symmetry, there exist

ny € Nand uf;, w’, b € F forall j € [na] such that

na

ho(z) = hy(z) & @(u; ®o(w; @z ®b;) = f*(x)

for all z € [—1, 1]p. Since hs can be represented by a two-layer network, choose f = hs. This completes the proof.

C.2. Proof of Theorem 4

Let0 =2, < zy—1 < -+ < 2z = €2 be all floats between 0 and (2, and

YV ={2°:¢ € [tmin — D, emax — P — 1]z} U {(28mx"P~ 1),

In this proof, we inductively construct two-layer networks h, ..., h, such that
0 if x € |0, zm)F,

T () = ifr € [0, zm)r (11)
f(x)  ifz € [zm, Qr,

for all m € []. For the base case m = 1, we choose
M) = J7(9) © (2 © 6 (2 x 20m)

Then, one can observe that h1(Q2) = f*(Q2) and h(z) = 0 for all z € [0, Q).

Now, we consider the general case m > 1. By the induction hypothesis, there exists h,,_1 satisfying Eq. (11). Furthermore,
by Lemma 24, there exist [ € N and vq,...,v; € F such that |f*(z,,)| = EBézl v;. Using Lemma 23, we choose
u;, w;, b; € Fforall ¢ € [I] such that

u @o(w;, @xdb;) €F ifz €10, zm)r,

v; ifx = 2z,

. (12)
0 ifx € (zm, Q.

u; @o(w; Qr db;) = {
Let go = hm—1. To construct h,,, we inductively construct f;, g; for i € [I] as follows: for s € {—1,1} such that
)

m—1
sX f*(zm) >0

s

fi(z) = gi-1(z) & ((swi) ® o(w; @ T ® b))

T4

gi(x) = fi(z) @ @(Ug,k ®o(w), @z @),
k=1

where r; € Nand u ., w} ., b}, € F are chosen by using Lemma 25 so that

o 0 if x € [0, 2)r,
gi(x) {fz(l’) if x € [2m, Qr.
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From the definitions of f;, g;, and by Eq. (12), one can observe that for each i € [I] U {0},

0 ifz €10, zm)F,
9:(x) = S By ((suj) @ o(w; @z B b)) ifa =z,
f(x) ifz € (2, Qp.

Hence, choosing h,, = g; completes the proof.

C.3. Proof of Theorem 5
Let g : F4 — F24 defined as g(x) = o(W @ z) for some W € F24%4 g0 that

g(x1,...,xq) = (o(x1),...,0(xq),0(—x1),...,0(—2q)).

Then, g is injective. Choose h* : F2¢ — F such that h* o g = f* on F¢. By Theorem 7, there exists a floating-point
network A : F2¢ — T of width 2d + 4 such that h = h* on F2?. Then, one can observe that ho g = f* on F¥ and h o g is a
floating-point network of width 2d + 4. This completes the proof.

C.4. Proof of Theorem 6

Let f be a floating-point network of width < 2d — 1 such that f = f* on (726* ,2¢" )r (f* will be decided later). Without
loss of generality, we assume that f has at least two layers; otherwise, f should be coordinate-wise monotone. Let W @ x ® b
be the first affine transformation for some d’ < 2d — 1, W € F¥*? and b = (b, ...,by) € F%. We further assume that
[Wi;| < 2¢max—¢"+1 Otherwise, if W;; > 2¢max—¢"+1 (or W;; < —2¢max=¢ +1) for some j € [d], then by Lemma 26
and since f contains at least two layers, there exists x € (—2¢,2¢ )& such that f(z) = NaN, or f(z) is identical for all
x=(r1,...,2q) € (=2 ,2° )¢ witha; = (2°7)" (orz; = —((2°7)7)).

For each i € [d], let z;, ', yi, Yl 2i, 2, € (—2¢7,2¢7 )& such that
* Tij = Tp; = Yij = Yy = 2ij = 2 = 0forall j <4,
° Iy = xéj =y = ygj =2z = zgj =(2¢ ) forall j > i,

>

min+4 — min+4 — min+4 — min+4)—.
o xyi =0, ), = w, yy; = 2tminTA gl = (2emint )T o = _2emintd gnd 2, = (—20minT)

here we let (2¢max+1)= = (). Consider a target function f* such that
frws) # @), [ () # £ (yi), and f*(z) # f* (%) forall i € [d].
Recall that f = f* on (—2°,2° )&, Let W; = (Wi1,..., Wiq) " be the i-th row of W for all i € [d']. In this proof, we
show that if Wy, @ x; @ by, # Wi, ® x} ® by, then
c Wr®x; = Wk®x;,Wk®yj = Wk®y§-,ande®zj =W, ®z§- for all j # 4, and
s o(Wi @y @by) = 0(Wi @y; ©bg) or (Wi ® 2; © bg) = o(Wi ® z; @ bg).

Namely, even if we use d rows to separate x;, x, the pair y;, y; (or z;, z}) is not separated. We will also show that to separate
them, additional d rows are required, which will complete the proof.

Without loss of generality, suppose that W1 ® x; @ by # W1 ® x} @ by; here, we also suppose W1; € (0, 22mx_‘3*+1hp
by the assumption made at the beginning of this proof. Then, we must have Wy, = 0 for all k& > i; otherwise, since
Wi @ (2°)7| > w® (2¢7)" = (2¢ temin=P)~ but [Wy;| @ w < 2¢maxtemin=p=e"+1 it holds that W ® z; = W ®
due to the round-off error and by the definition of e*. This implies that

Wi@op,=Wi @z, Wiy =Wy, and W1 ® 2z = W1 ® z;, forall k > i.

17
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One can also observe that Wi @ z, = Wi @ 2}, W1 @ yp, = W1 @y, and W1 ® 2z, = W1 ® 2, for all k£ < 4 since
|Wi @ (2¢7)7| > (2¢ Temin=P)~ and either |[Wy; ® (2¢7) 7| > (2¢ +emin=P)~ or Wy, = O foralll € {k+1,...,i— 1}
but [Wy; ® (2emin+4)+‘ < (26mm+4+emax—6*+1)+ < 2¢"+emin=2P=2  Fyrthermore, since

(Wi Qw)®by =W @, &by # Wy @x; ® by = by,

we must have |by| < 2¢mintewt3 where e,, is an integer such that 2¢= =1 < |Wy;| < 2¢v; here, e,, > 0 since Wy; ® w # 0.
Since |[Wy;| ® (28minT4) > 2emintewt3 > b, | this implies that o(W1 @ y; ® b1) = o(W1 ® y, ® by) if Wi; < 0 and
O'(Wl & z; @bl) = O'(Wl ®Z; @bl) if Wy; > 0.

So far, we proved that d rows are required to separate x; and } for all ¢ € [d], and for each i € [d], y;, y; or z;, 2 cannot be
separated by using that d rows. Without loss of generality, we assume that y;, y; are not separated for all i € [d]. We now
show that additional d rows are required to separate them. In addition, without loss of generality, suppose that W5 ® y; #
Wy ® y.. Then, as we previously argued, Wo, = 0 for all k > i since [Wy;| ® (26mint4)F < (2¢mintdtemax—e™+1)+
but either |Way| ® (26*)_ > (26*““""_”) or Wy = 0. Likewise, we have Wy ® y,, = Wa ® y}, for all k < i since
|Wai @ (2¢7)7| > (2¢" +emin=P)~ and either [Wy @ (2¢7)~| > (2¢ temin=P)~ or Wy, = 0foralll € {k+1,...,i—1}
but [Way, @ (26mint4)F| < (28mintdtemax—e 1)+ £ 9e"+emin—20=2_ Hence, 1, y}, cannot be separated by using Wa, by
for all k£ # 4. This completes the proof.

C.5. Proof of Theorem 9

Letd = a x (p 4 1) + b for some non-negative integers a and b € [0,p]z. Let g : F¢ — FI¥/(P+D1z defined as
g(x) = o(W @ z) for some W € Fl4/(p+1)]zxd 55 that

p+1 p+1 b
g(x1,...,Tq) = (@(211 R i), PR ® Ta-nypany+i), PR ® Ia(p+1)+i)>
=1 =1 =1

where the last coordinate exists if and only if b > 1. Then, g is injective. Choose h* : FI4/(?+1)1z _ Fsuch that h*og = f*
on F¢. By Theorem 7, there exists a floating-point network h : FI4/(P+11z — T of width [d/(p+1)]z + 4 such that b = h*
on FI4/(P+1)1z_ Then, one can observe that hog = f* on F¢ and h o g is a floating-point network of width [d/(p+1)]z + 4.
This completes the proof.

C.6. Proof of Lemma 10
Without loss of generality, assume s = 1. The case s = —1 follows similarly.

First, consider the case |z| > 1. In this case, we choose w = —272and b = z x 272. Then, for z > z,
clw®x®b) =0,
and for x < z,
Ox27'>0x2%® Q><2_2| >o(w®rd®b) > (z—z_) X 272> 9737P >,

By choosing u = —1, we obtain the desired conclusion.

Next, consider the case |z| < 1. In this case, we choose w = —1 and b = z. Then, for z > z,
clw®x®db) =0,

and for x < z,
Q>0 >20(we@z®b) > (2—27) > 0.

By choosing © = —1, we obtain the desired conclusion. This completes the proof.

C.7. Proof of Lemma 11

Lemma 27. For any k € [emin — D, ¢max — D — 1]z, there exists 0 < o € F such that 2F & a @ (—a) = 2F+1,
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Proof. Choose v = (287P+1) T then, 2% @ a = (28P+1)++ Hence, 2 ® a @ (—a) = 2F+L. O

By Lemma 27, there existm € Nand 0 < f1,...,08,, € Fsuchthatw @ 51 & (—=51) ® -+ @ B, @ (—Pim) = 1. Choose

n = 2m, ag; = —f;, and ag;—1 = B; for all i € [m]. Then, one can observe that all conditions in Lemma 11 are satisfied.
This completes the proof.
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