FedUSD: Unbiased Synthetic Data for Federated Learning

Weiying Xie! Chenhe Hao'! Haozhi Shi! Jitao Ma'! Daixun Li' Jiazhe Li' Hengyi Wang' Leyuan Fang >
Yunsong Li !

Abstract

Aggregation-Free Federated Learning enables
joint training by sharing synthetic data, aiming to
eliminate data heterogeneity across clients. How-
ever, existing methods fail to explicitly separate
the principal and residual components of dataset,
leading to biased synthetic data. In this paper,
we propose a novel Unbiased Synthetic Data opti-
mization method FedUSD for Aggregation-Free
Federated Learning, which is achieved by explor-
ing the High-energy Orthogonal Base (HOB) and
variance of dataset in feature space. Our FedUSD
is inspired by the discovery that principal compo-
nent concentrates in HOB while residual compo-
nent independently reflects in variance, regardless
of networks. Based on the observation, we de-
velop a method that mathematically optimizes
synthetic data by matching both HOB and vari-
ance with those of real data. Besides, we experi-
mentally show the superior effectiveness of lever-
aging HOB and variance to separately extract the
principal and residual components over existing
methods. We also theoretically prove that Fe-
dUSD achieves unbiased synthetic data and thus
convergence. Without introducing any constraints,
FedUSD thereby yields significant improvements
over the state-of-the-arts in terms of global model
performance, under equivalent communicational
costs. For example, on the SVHN dataset, Fe-
dUSD improves 6.74% to 30.82% which is higher
than others with Dirichlet coefficient & = 0.01.

1. Introduction

Federated Learning (FL), as a distributed machine learn-
ing paradigm, has been widely explored in fields such as
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Figure 1. Comparison of -SNE impact on CIFAR-10 under dif-
ferent Aggregation-Free Federated Learning frameworks. The
synthetic data generated by our proposed FedUSD better approxi-
mates the distribution of real data.

computer vision (Chen et al., 2023b; Wu et al., 2022), med-
ical analysis (Koutsoubis et al., 2024), and autonomous
driving (Fani et al., 2023). However, data heterogeneity is
an inherent challenge in FL (Wang et al., 2024a). Specifi-
cally, data collected by different clients often follow a non-
independently and identically distribution (Non-IID) due
to divergent preferences, which ultimately leads to perfor-
mance degradation.

Currently, numerous works aim to address data heterogene-
ity by designing aggregation scheme (Hsu et al., 2019; Lin
et al., 2020; Wang et al., 2020; Li et al., 2021). Typical
works either build novel strategies to enhance the aggrega-
tion phase (Wang et al., 2020; Zhang et al., 2024b), or adap-
tively adjust aggregation using learned local information as
a prior (Wang et al., 2024a; Chen et al., 2023a; Wang & Ji,
2023; Zhang et al., 2022). However, aggregation schemes
inherently struggle to eliminate data heterogeneity as they
fail to balance data distribution, thereby limiting the global
model performance. In contrast, recently Aggregation-Free
FL (AFFL) methods significantly eliminate data heterogene-
ity (Xiong et al., 2023; Wang et al., 2024c). On the basis
of dataset distillation (Zhang et al., 2025; Du et al., 2024;
Zhao & Bilen, 2021), each client generates class-balanced
synthetic data for majority classes, and each synthetic-set
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achieves similar performance with the real data. AFFL elim-
inates data heterogeneity by training on such a synthetic-set
at server. While certain AFFL methods have shown en-
couraging performance, the synthetic data still struggles to
capture the underlying characteristics of the real data. Cur-
rently, existing methods typically optimize synthetic data
based on distribution matching, with the purpose of approxi-
mating the real data. The core idea of distribution matching
is to guide optimization by balancing the contributions of
principal and residual component. When representing class-
level principal component, most existing approaches simply
use the mean of hidden representations. However, mean rep-
resentation contains both class-level principal component
and part of the uncontrollable residual component, which
introduces a bias during synthetic data optimization (see
Figure 1). As a result, the bias will lead to information loss
and ultimately harm the performance of global model.

In this paper, we propose an Unbiased Synthetic Data
optimization method FedUSD for Federated Learning to
mitigate data heterogeneity across clients. We innovatively
employ High-energy Orthogonal Base (HOB) and variance
as essential elements of FedUSD, since they accurately cap-
ture real data characteristics in feature space. In particular,
HOB extracts class-level principal component while vari-
ance independently captures residual component. Besides,
we use Split-and-Expand Augmentation (SEA) (Zhao et al.,
2023) to increase the information capacity of the synthetic
data. These designs make FedUSD a potential method appli-
cable to various FL scenarios. Specifically, we first initialize
the synthetic data on each client by using SEA. Next, each
client optimizes synthetic data by matching the HOB and
variance with those of real data. Then, each client sends
its synthetic data to server. Through this mechanism, data
privacy protection is substantially strengthened (shown in
Appendix). Finally, server receives the synthetic data, re-
stores each sub-synthetic data to the real data size, and
uses them for continue training. Extensive experiments are
consistent with the theoretical guarantee of unbiased opti-
mization, which demonstrates that FedUSD exhibits better
convergence as well as superior generalization. It enables
FedUSD to outperform other methods across different het-
erogeneity settings on various datasets and architectures.

Our main contribution are summarized as:

* We propose FedUSD, a novel Aggregation-Free FL.
method to eliminate data heterogeneity. To our best
knowledge, our FedUSD is the first work that designs
an unbiased synthetic data optimization in FL.

* We pioneeringly optimize the synthetic data with HOB
and variance which can independently extract the class-
level principal and residual component of dataset in
feature space, thereby greatly enhancing the ability of

synthetic data to represent real data.

* We propose the first unified convergence theory for
AFFL and FL under the same conditions, in which
AFFL consistently achieves better convergence. We
also derive the crossover round to explain its gains, and
prove that FedUSD satisfies differential privacy.

» Extensive experiments have demonstrated our high
communicational efficiency and better performance
over existing methods, while rigorous theoretical anal-
ysis also shows that FedUSD achieves unbiased opti-
mization. Besides, our designed ablation experiments
also show effectiveness in each of our module.

2. Related Works
2.1. Federated Learning

FL still remains many open problems to solve (Ye et al.,
2025; Li et al., 2020a; McMahan et al., 2017). In this work,
we focus on data heterogeneity in FL. Previous researches
have addressed it by designing aggregation schemes (Zhu
etal.,2021a; Wang et al., 2020; 2024b; Zhu et al., 2021b; Pil-
lutla et al., 2022). FedProx introduces a proximal regulation
term to constrain the deviation between the local and global
models (Li et al., 2020b). SCAFFOLD mitigates local up-
dated biases by introducing control variates (Karimireddy
et al., 2020). While these aggregation schemes partially
mitigate the impact of data heterogeneity on global model
optimization, they fail to balance the data distribution, thus
limiting global model performance.

Recently, some works introduce the AFFL to deal with data
heterogeneity (Shi et al., 2025). On the basis of dataset
distillation, they generate distribution-balanced synthetic
data on clients and send it to the server for training (Liu
et al., 2023). FedDM optimizes synthetic data by matching
the mean and variance (Xiong et al., 2023). Building upon
it, FedAF improves the performance of global model by
incorporating a regularization term (Wang et al., 2024c).
However, existing methods ignore flaws in their distillation
strategies, which our FedUSD focus to solve.

2.2. Dataset Distillation

Dataset distillation is a method of dataset compression. It
optimizes a small synthetic-set to match the performance
of the real data, thereby reducing computational overhead
(Sachdeva & McAuley, 2023; Wang et al., 2022; Du et al.,
2024). Some works aim to guide the optimization of syn-
thetic data by using metrics obtained during training (Zhao
& Bilen, 2021; Cazenavette et al., 2022). For example,
DC generates the synthetic data by matching the gradients
between real data and synthetic data (Zhao et al., 2021).
However, these methods rely on results during training, thus
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Figure 2. Overview of FedUSD. The right part illustrates the key of FedUSD: Compared to mean, using HOB to represent the principal
component results in smaller reconstruction error verging to zero. Thus, by collaboratively matching HOB and variance, we optimize the
synthetic data to better approximate the distribution of the real dataset.

typically incurring high computational overhead, which is
infeasible in FL. Some dataset distillation methods optimize
synthetic data by matching its distribution with that of the
real data (Zhao & Bilen, 2023; Zhang et al., 2024a). By
requiring no training but only feature embedding, they are
highly efficient and suitable for FL, that is also the basis
of AFFL (Zhao et al., 2023). Most methods optimize syn-
thetic data by adjusting the mean-variance ratio, however,
the mean includes uncontrollable class-level residual com-
ponents, which results in a biased optimization. In this
paper, we design new unbiased metrics to represent class-
level principal and residual components, thereby guiding
unbiased synthetic data optimization for FL.

3. Methodology

3.1. Preliminaries

Federated Learning. In the sequel, we denote vectors,
matrices and tuples by bold-faced letters. We use || - ||,, as
the £, norm of vectors or matrices, and [n] = 1,2,...,n
In our FL set up, the real dataset D = Uiil D; is divided
among N clients in a disjoint and Non-IID way, and each
client 7 has a data chunk D; consisted of n; = Zkem Nk
samples {(xij, yi;) } =, here x;; denotes the 4" data point
onclient ¢, y;; € [K] represents its corresponding target, and
n;, represents the number of samples belonging to target k
on client 7. Typically, the global model w is updated as:

N
= afgﬁi‘i]nZPiFi(W,Di)a ey

arg min F'(w)

|Ds]

Fy(w, D;) |D|Z£ (W, Xij, Yij ) )

where F;(w, D;) denotes the loss of client ¢, and ¢;(-) is the
training loss. Weight coefficient p; associated with client ¢

is proportional to | D;| and normalized by p; = |‘DDi“ .

Dataset Distillation with Distribution Matching. Suppose
a client i is assigned to optimize a synthetic dataset D} at
communication round ¢, and | Df| << |D;|. The client ini-
tializes the synthetic data X;; by sampling from real dataset
or Gaussian noise. Then, clients employ a feature extrac-
tor hw (+) to extract the hidden representation of data. The
means of hidden representations are computed as:

Nik ik

Z h X”7 Mzk - Z h Xz] k (3)

Wik =

Here, x;; 1, and X;; j, represent the j-th sample of class k
from D; and 5f respectively. n;, denotes the number of
samples under class k in l~)f After that, client ¢ can optimize
the D! by Distribution Matching (DM) loss as:

argmin £p (D!, D;) = arg min Z lpir — ity |l2. (4
D; D kex

3.2. Process Description

The overall framework of FedUSD is illustrated in Figure
2. For each communication round ¢, clients first engage
in collaborative dataset distillation. Then they share the
synthetic data with the server. Finally, the server expands
the synthetic data by using Split-and-Expand Augmentation
(SEA) (Zhao et al., 2023) and updates the global model.

Principal and Residual Component Matching. In DM,
using only mean would bias synthetic data toward class
centers, reducing diversity and generalization. Hence, to
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Figure 3. Energy spectrum of synthetic data and real data across different networks and datasets. In all cases, the majority of energy

consistently concentrates in the first orthogonal basis.

accurately fit the distribution of real data, we optimize the
synthetic data by matching both principal and residual com-
ponents. Following it, we minimize the gaps in principal
and residual components between synthetic and real data,
which re-defines unbiased synthetic data optimization:

I, 5

~PC

~RC
Zik ¢

D = argmin Auflz” — ZiG | + Aell2ii® — 25

ik

where szf and Efk(?t represent the principal component of
D, and D}, , while ziC and z},, representing the residual
component of D, and D}, respectively. D} represents the
optimal synthetic dataset on client ¢ for class &, k denotes the

classes with a selected sample size greater than the synthetic
Images Per Class (IPC) setting.

HOB Representation. Existing methods usually represent
the principal component of a class distribution by its mean
feature. However, the mean feature inevitably mixes the
dominant direction with residual, which may introduce bias
into synthetic data optimization. To obtain a more explicit
representation of the principal structure, we decompose the
hidden representations of real and synthetic data as:

Ziy = UpZy V), 2, = ULSL VI (6)
where Z;;, and ka denote the hidden representation sets of
Dy, and Efk respectively. The row vectors of V ;. and \N/'f,;r
form orthogonal bases, while X;;, and ifk characterize the
energy assigned to each orthogonal basis direction. We de-
fine the first orthogonal basis with the largest singular value
as the high-energy orthogonal base (HOB), which is used
to describe the principal direction of the class-conditional
feature distribution.

It is worth noting that singular vectors have inherent sign am-
biguity, i.e., v and —v represent the same direction. There-
fore, before computing the HOB matching loss, we adopt
a sign-invariant treatment to align the synthetic HOB with
the real HOB. Specifically, the matching is performed after
selecting the orientation that gives the smaller discrepancy
between the two directions. In this way, the loss measures
the difference between principal directions rather than being
affected by arbitrary sign flips in SVD.

In addition to HOB matching, we also match the feature-
wise variance to preserve the residual dispersion of the class
distribution. For both HOB and variance matching, we
use the Earth Mover’s Distance (EMD) to treat these vec-
tors as feature-space distributions and compare their overall
shapes. Compared with purely coordinate-wise distances,
EMD captures global mass relocation across feature dimen-
sions, which is better suited to deep representations where
different feature dimensions may be coupled or redundant.
Here, the dimension parameter in Eq. (14) denotes the di-
mensionality of the HOB or variance vector being matched.

As shown in Figure 3, the energy is concentrated in the first
orthogonal basis (v;; and \Nfﬁk). Thus we regard the High-
energy Orthogonal Base (HOB) v;;, and v}, as unbiased
extractor of the principal component for data, and propose
it as a more expressive substitute for the mean.

To prove it, we formulate the principal component repre-
sentation as a rank-1 reconstruction problem. We firstly
introduce an assumption utilized for our analysis.

Assumption 3.1 (Energy Concentration). For hidden rep-
resentation set derived from dataset, the energy is concen-
trated in the first orthogonal basis (HOB) of input space,
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and satisfies: o, >> o, m # 1,07 = X [m][m].

Due to consistent data distributions, hidden representations
of same-class samples tend to be approximate low-rank,
consisting of a dominant prototype direction with small
residuals. Consequently, the spectral energy is dominated
by the largest singular value. It is also observed in Figure 3,
supporting the validity of Assumption 3.1.

For any Z;;, belonging to the same class k on client ¢, rank-1
reconstruction problem can be described as:

BikGir |7+ Bik = [Bigs ---»

BT

(N
where, g;1, is the representation of principal component, (;x
is the projection of each hidden representation onto g;y.

min 1Zix —
g'ik157k7 ﬁ,k

The reconstruction error when using the HOB is:

N
enop = Y (0)*\ N = rank(Zy). ®)

m=2

The reconstruction error when using the mean is:

N
€mean = Z(U:Z)Q
m=2

+ ((01)? = | Zirpipl3). 9

Because of || Zirp, |2 < (k)% we can get the theorem
(proof is presented in Appendix).

Theorem 3.1 (Less Reconstruction Error for HOB). The
HOB yields a smaller reconstruction error than the mean:

€HOB SeHOB"‘QSemeana QZO (10)

The equality is achieved only if v ||k and hidden repre-
sentations have approximately the same magnitude. Under
the Assumption 3.1, the egop is close to 0.

Optimization Function. Based on Theorem 3.1, we use
the HOB to extract the principal feature direction with re-
duced mean induced bias, and use feature wise variance
to characterize the residual dispersion of class conditional
representations. By jointly matching these two statistics,
the synthetic data can better preserve both the principal and
residual structures of the real data. Moreover, instead of
using the Euclidean distance that enforces strict coordinate-
wise matching, we adopt the Wasserstein-1 distance, i.e.,
EMD, to align the overall distributional shape of the HOB
and variance vectors in the feature space. This is because
deep representations usually contain coupled and redundant
feature dimensions, where exact coordinate-wise correspon-
dence may be less important than the global way in which
feature energy is distributed across dimensions. Then, the
proposed USD Loss L7sp is defined as:

Lusp(Dh, Dir) = MLuos + MoLyar, (1)

Algorithm 1 Unbiased Synthetic Data for FL (FedUSD)
Input: Dataset D,; Network w; SEA factor [.
Output: Global model w.
Parameters: Communication round 7"; Local optimization
round E’; Global training round R.
1: fort =0,1,...,T —1do
2:  Server executes:
3 Send global model weights w(®) to all clients.
4:  for each client ¢ in parallel do
5: Initial the synthetic data D! by using SEA.
6.
7
8
9

fore=0,1,....F —1do _
Split and Expand the {X;;} in D} to {ii;l}
Calculate Lo p by using Equation 12.
Calculate Ly, by using Equation 13.

10: Update D! by minimizing Equation 11.

11: end for

12: Send the D! to server.

13:  end for

14: forr=20,1,.... R —1do

15: Server executes: _

16: Construct the D? by using Equation 16.

17: Split and Expand the {X;;} in D' to {xle .

18: Update the global model w(*) by using Dt.

19:  end for

20: end for
Lyop = EMD(vir, Vi), (12)
Lyar = EMD (i, $ly), (13)

where 1);;, = Var(Z;;,) denotes the variance of the hidden
representation set Z;x, and EMD can be calculated as:

mln Z Zﬂ-mn mns (]4)

mlnl

EMD (v, V'

where Vi, € Vi, V m v € vzk, Tmn > 0 is the mass
moved from v, i to vm s Gmn = || Vim, b — Vink || is unit
t M></\/( _ 1 T
ransport cost, and IT = {7 € R{ Tl = 1,7 1=
+ +71} forces uniform row/column sums to ﬁ (a scaled
doubly stochastic plan that conserves mass on both sets).

By using Ly sp, we get the unbiased synthetic dataset:

D% = argmin Lysp (DY, Dix). (15)
Dt

ik

Global Model Optimization. Instead of optimizing the
global model via Equation 1, each client uploads their local
synthetic data D! to the server after optimizing them. Syn-
thetic data satisfy the differential privacy requirements and
thus do not leak privacy (proof is presented in Appendix).
To reduce computation, the server trains only on synthetic
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data from the current and previous T — 1 rounds:

T-1 N

B - b (16)

m=01:=1

Then global model w(®) is updated by Dt:
wt)* = arg min F(w (f),f)t). a7

w(t)

Split-and-Expand Augmentation. To enhance the syn-
thetic features, we use SEA (Zhao et al., 2023). Since
fine-grained details are typically lost during feature extrac-
tion, we discard the fine details before feature extraction
while preserving semantics. It increases extractable features
without enlarging the data. Specifically, for each X;;, we
split it into [ x [ equal pieces and expand each sub-synthetic
data to size of x;; via differentiable augmentation:

= Expand(Split(X;;,1)). (18)

fort ] l><l
Xijs Xijs o

4. Convergence Analysis

In this section, we analyze the convergence of AFFL and FL.
It reveals that AFFL can give faster converge and reduce the
gap between w*=argmin,, F(w) and lim; ;o w(®).

4.1. Assumptions and Definitions

We begin by introducing four assumptions (Stich, 2019;
Basu et al., 2019; Li et al., 2020c; Cho et al., 2022) and two
definitions (Li et al., 2020c; Cho et al., 2022) to support the
analysis that follows.

Assumption 4.1 (L-smooth). F}, ..., Fiy are all L-smooth,

i.e., for all v and w, we have F;(v) < F;(w) + (v —
W) VEF(w) + 5 lv - wl3.
Assumption 4.2 (p-strongly Convex). Fi, ..., Fy are all

u-strongly convex, i.e., for all v and w, we have F;(v) >
Fi(w) + (v = w)TVFi(w) + v — w|3.

Assumption 4.3 (Bounded Variance of Gradients for FL).
For the mini-batch &; uniformly sampled at random from D,
the resulting gradient is unbiased, that is, E[g;(w;, ;)] =
VF;(w;). Also, the variance of stochastic gradients are
bounded: Eng(Wu 51)—VF1(W1)H2 < O’2 fori = 1, ceny N.
gi(wi, &) = VE;(w;, &).

Assumption 4.4 (Bounded Stochastic Gradient). The ex-
pected squared norm of stochastic gradients is uniformly
bounded, i.e., E||g;(w;, &)||? < G* fori =1,...,N.
Definition 4.1 (Degree of Non-iid). For the global
optimum of w*=argmin, F(w) and local optimum
w=argmin,, F;(w), we define the degree of non-iid as:

N N
=S niF = Y i F(w) - Bi(wD). (19)
=1 =1

This definition was first introduced by Li ef al. (Li et al.,
2020c). T reveals the degree of heterogeneity in the data
distribution. Usually, larger I" implies higher heterogeneity.

Definition 4.2 (Client Selection Bias). Forany i € S,
Es[m Yies(Fi(w') = )]
N *
Zizl pi(Fi(W/) - Fi(wz‘ ))
S represents a set of clients who participate in aggregation

at each epoch. Then, we define two related metrics that are
independent of w':

p(S, W,) =

o (20)

7 = min p(S, w'), 21)

7S (S W) (22)

The definition was introduced by Cho ef al. (Cho et al.,
2022). All p are only related to client selection strategy,
independent of dataset distillation, and p < p, p < 1.

4.2. Main Convergence Result

We present the convergence results in terms of I" and client
selection bias p, p (proof is presented in Appendix).
Theorem 4.1 (Convergence of FL) Under Assumptions
4.1 to 4.4, for learning rate n = (t+"/) and~y = —L, after
T iterations of FL with partial device participation, we have
the convergence as:

E[F(W(T))] _pr< 1 {4L(3272G2 + 02 /m)

T (T+) 3u*p
+8L2F Ly||w©® — w2 SLF(E )
G 2 3u-p
(23)

Theorem 4.2 (Convergence of AFFL) Under Assumptions
4.1 to 4.4, for learning rate n = u(H—’v) and vy = TL, after
T iterations, we have the convergence as:

1 32L
BIFv )] - F* < g | e @+ G
LT L (0) _ wr*||2
S Ll W] g

where (2 is upper bound of bias introduced by data distil-
lation, and &2 is bounded variance of gradients on server.

We respectively denote Axppr, Ap, and B as:
32L 4L(3272G? + 02 /m)
33 3u?p

N (52+C:2r)7 Ap, =
LT
B=® (”

3
(25)
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Table 1. The Top-1 accuracy (%) of FL methods with ConvNet.

CIFAR-10 CIFAR-100 SVHN

Methods
a=0.01 =005 a=01 a=001 =005 a=01 a=001 aa=005 a=0.1
FedAvg 40.23+143 54.14+138 60.32+127 20.14+202 22.37+194 25.92+183 58.65+09 78.26+077 80.72+0.61
FedNova 45.02+121 53.23+115 63.15£1.04 20.16+173 22.41+189 26.03+1.68 63.68+072 80.41+063 83.51+0.64
FedProx 40.72+125 54.72+118 59.14+117 20.37+184 22.51+178 25.81+1.66 58.71+079 79.24+0s86 80.93+0.57
SCAFFOLD 34.75+133 51.53+137 64.47+122 23.68+179 25.17+182 27.73+153 66.43+092 77.65+079 82.99-+0.64
FedConcat  30.52+139 35914126 46.26+125 18.65+196 21.43+171 21.31+162 57.41+085 73.59+068 77.03+053
FedDM 61.27+086 63.15+067 63.82+074 31.24+101 32.58+083 34.18+084 80.49+058 82.31+057 83.74+046
FedAF 63.85+£092 66.19+064 67.38+0.65 34.53+098 35.02+099 37.20+091 81.49+056 83.53+045 84.32+0.42

FedUSD(ours) 67.67+079 71.05+077 74.73+054 44.58+070 45.89+089 47.17+074 88.23+053 88.96+031 89.96-t0.37
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Figure 4. Convergence performance of different FL. methods with ConvNet, when o« = 0.05.

If Aapr > ApL, AFFL will still outperform after sufficient
rounds, and required number of rounds is:

T = [w — ). (26)

If Aapr. < ApL, AFFL is superior starting from first round.

It demonstrates the superior convergence performance of
AFFL and reveals that the most critical factor affecting its
convergence is distillation error (%. According to Theorem
3.1, our proposed FedUSD achieves minimum distillation
error, thereby enabling it to attain SOTA performance.

5. Experiments
5.1. Experiments Settings

Architectures and Datasets. Following previous studies
(Luo et al., 2023; Hao et al., 2025; Xiong et al., 2023; Wang
et al., 2024c), we compare the performance of methods on
CIFAR-10, CIFAR-100, SVHN (Sermanet et al., 2012) and
TinyImageNet. We apply joint learning on 10 clients, the
updates will be conducted across whole 10 clients, and the
number of synthetic IPC is set to 10 for CIFAR-10 and
SVHN, 5 for CIFAR-100 and TinyImageNet, all synthetic
data are initialized by sampling from the real data. We use
ConvNet (Zhao et al., 2021), ResNet-18 (He et al., 2016),
ViT-Tiny-Patch16-224 (ViT-Tiny-16) for CIFAR-10, and
ConvNet for other datasets.

Baseline. To demonstrate the superiority of our proposed Fe-
dUSD, we compare it against several existing Aggregation-
Based methods: FedAvg (McMabhan et al., 2017), FedProx
(Li et al., 2020b), FedNova (Wang et al., 2020), FedCon-
cat (Diao et al., 2024), SCAFFOLD (Karimireddy et al.,
2020), and Aggregation-Free methods: FedDM (Xiong
et al., 2023), FedAF (Wang et al., 2024c).

Implementation Details. Following common settings, for
Non-IID dataset partitioning, we use Dirichlet-a: sampling
(Hsu et al., 2019) where o measures the heterogeneity. The
smaller the «, the more imbalanced the data distribution. For
all experiences, we select the « from {0.01, 0.05,0.1}. For
synthetic data optimization, we sample 128 real data each
epoch, set learning rate to 1, both hyperparameters A\; and
Ao to 0.01, which will be discussed in Sec 5.3. To achieve
the best trade-off between performance and efficiency, we
set SEA factor [ to 2. For global model training on server, we
uses a cosine decay learning rate with an initial value 0.001,
and synthetic dataset participates in training for 3 rounds
(T = 3). For training epoch, communication round 7 is set
to 20, synthetic data optimization round F is set to 1000 on
each client, and the global model training epoch R is set to
300 on the sever. The mean values for the average accuracy
over last 50 epoch of global model training stage on server
are calculated from 10 experiments using 5 different random
seeds and can be found in Table 1, 2 and figure 4, 5, the best
results are bolded.
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Figure 5. Convergence performance of AFFL methods on TinyImageNet with ConvNet.

Table 2. The Top-1 accuracy (%) of AFFL methods on CIFAR-10.

ConvNet ViT-Tiny-16
0.01 0.05 01 0.01 005 0.1

FedDM 61.27 63.15 63.82 38.04 43.93 45.33
FedAF  63.85 66.19 67.38 36.71 45.33 47.81
FedUSD 67.67 71.05 74.73 45.41 53.93 57.07

Methods

Table 3. Communication costs of FedUSD and two representative
methods using ConvNet under o = 0.01.

Dataset FedAvg FedDM FedUSD
CIFAR-10  256.0MB 35.2MB 35.2MB
CIFAR-100 403.5MB  326.0MB 326.0MB
SVHN 256.0MB 37.5MB 37.5MB

5.2. Performance Analysis

Overall Performace. As shown in Table 1, Figure 4 and Fig-
ure 5, under different conditions, FedUSD achieves impres-
sive performance compared to all methods. For example,
when o = 0.1 on CIFAR-10, FedUSD outperforming other
methods by 7.35%-28.47%. Meanwhile, FedUSD shows the
fastest convergence reaching the final performance of other
methods within just one communication round. As shown
in Table 5, even using only Ly sp, FedUSD outperforms
other methods, demonstrating the superiority of Lyysp. It
empirically shows that HOB has a stronger capability than
the mean in extracting principal components.

To further investigate the performance of different AFFL
methods, we conduct experiments on CIFAR-10 with dif-
ferent models. As shown in Table 2, FedUSD achieves
superior performance across various models. For example,
when o = 0.1 on ViT-Tiny-16, FedUSD outperforming
other methods by 9.26%-11.74%.

Communication Costs. As shown in Table 3 and 4, we
compare the communication costs of FedUSD with two
representative FL method across 3 datasets using different

Table 4. Communication costs of FedUSD and two representative
methods using ResNet-18 under o = 0.01.

Dataset FedAvg FedDM FedUSD
CIFAR-10 8.7GB 35.2MB 35.2MB
CIFAR-100 8.8GB 326.0MB 326.0MB
SVHN 8.7GB 37.5MB 37.5MB

networks. Since the communication costs of Aggregation-
Based FL are similar, we use FedAvg as a representation.
To ensure fairness, all architectures and image sizes are
uniformly measured in float32 format. The tables summa-
rize the cumulative communication costs of 20 rounds with
10 clients for each method. Aggregation-based FL incurs
overhead mainly from uploading local parameters, which be-
comes costly and inefficient with large models. In contrast,
AFFL transmits small synthetic data rather than larger model
weights, sharply reducing communication costs and making
it more suitable for training large models in FL. Furthermore,
the experiment results demonstrate that FedUSD achieves
great performance improvements in the global model with-
out incurring any extra communication cost.

5.3. Ablation Study

Implementation Details. We design three sets of experi-
ments to investigate the impact of IPC, loss function set-
tings, and each module under the performance of FedUSD.
To investigate the module impact, we first design a base-
line (BL) where each client randomly samples data and
uploads it for server-side training without dataset distilla-
tion. Based on BL, we then incrementally add USD opti-
mization and the SEA module to observe their effects for
performance on CIFAR-10 and CIFAR-100. For IPC im-
pact, we train ConvNet on CIFAR-10 under 7 IPC settings
and observe the results to choose the optimal IPC. To an-
alyze the parameter sensitivity, we perform a grid search
over A1, Ao € {107%,1072,1072,0.1, 1} by training Con-
vNet on CIFAR-10 with o = 0.1. The mean values for the
average accuracy over last 50 epoch of each global model
training stage on server are calculated from 10 experiments
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Table 5. The Top-1 accuracy (%) of methods with different compo-
nents on CIFAR-10 and CIFAR-100 under 3 heterogeneity levels.

CIFAR-10 CIFAR-100
Components
0.01 0.05 0.1 0.01 0.05 0.1
Baseline  56.30 60.03 62.15 28.61 31.27 33.24
+SEA 64.50 69.81 72.50 37.78 41.12 43.47

+USD Loss 65.41 68.13 69.61 35.57 37.59 39.52
FedUSD 67.67 71.05 74.73 44.58 45.89 47.17

Table 6. The Top-1 Accuracy (%) of FedUSD with different IPC
values under three levels of heterogeneity.

Coeffecient a=0.01 a=0.05 a=0.1
1 48.14 48.59 48.14
5 58.88 61.13 68.61
10 67.67 71.05 74.73
20 73.59 75.14 78.23
30 76.41 77.69 79.46
40 79.36 79.09 80.66
50 79.24 80.08 81.14

using 5 different random seeds and can be found in Table 5,
6 and Figure 6, the best results are bolded.

Impact of Core Components. As shown in Table 5, across
all datasets, the removal of either USD Loss or the SEA
results in a noticeable drop in accuracy, demonstrating the
critical role these two components play in the effectiveness
of the FedUSD framework. For example, when training
ConvNet on CIFAR-10 with o = 0.1, accuracy decreases
by 5.12% without USD Loss and 2.23% without SEA. Re-
moving both leads to a decrease of 12.58%. Simikar trends
are also observed in other experiments.

Impact of IPC. As IPC increases, performance improves
(Table 6) which demonstrates the effectiveness of synthetic
data optimized by FedUSD. Nonetheless, the improvement
becomes marginal when IPC>10, and the performance
nearly converges when IPC reaches 30. Thus, to balance
communication efficiency and overall performance, we set
IPC value as 10 for CIFAR-10. We adopt the same pro-
cedure to set IPC for other datasets and methods, aiming
to achieve stable performance gains across diverse settings
while balancing communication and computation overhead.

Hyperparameter Sensitivity. FedUSD matches the HOB
and variance between synthetic and real data. To determine
the optimal configuration that regulates the contributions
of class-level principal and residual components, we con-
duct a grid search on the CIFAR-10 dataset with Dir(a))=0.1
to obtain the best-performing parameter set. As shown in
Figure 6, the deep red area is notably concentrated around
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Figure 6. The Top-1 Accuracy (%) grid of FedUSD with changing
hypeparameters A1 and A2 on CIFAR-10.

A1 = 0.01, Ay = 0.01, it highlights the parameter region as-
sociated with strong global model performance. Therefore,
we set A1 and As to 0.01 in all experiments.

6. Limitation

This work mainly validates the core effectiveness of the
proposed method under a unimodal setting. In future work,
we will further investigate its applicability to cross-modal
tasks, where heterogeneous feature spaces and modality
gaps may introduce additional challenges. Extending the
proposed method to such scenarios will help evaluate its
broader generalization ability.

7. Conclusion

In this paper, we propose FedUSD as an AFFL method.
By collaboratively matching HOB and variance, we opti-
mize the synthetic data to achieve unbiased synthetic data
optimization. Sufficient theoretical proof has verified that
FedUSD can generate unbiased synthetic data, and exten-
sive experiments have demonstrated its superior over other
existing methods in FL. Additionally, we conduct ablation
studies to verify the effectiveness of each module in Fe-
dUSD and investigate its hyperparameter settings. These
findings reveal the potential of FedUSD to significantly im-
prove the global model performance without introducing
any additional communicational cost in FL.
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A. Preliminaries for Proof
A.1. Notation

Necessary notations are introduced as follows.

* Z;i: Hidden representation set of dataset D,;, on client ¢ for class k.

* z;; . Hidden representation j in Z.

* g;x: The representation of principal component on client 4 for class k. (mean g5, HOB v;i.)
e (o)?: The energy of the m-th orthogonal basis.

o N =rank(Z).

o ik = |Zig|.

* Bik = [Bh.. ..., B*]T: Projection of each hidden representation onto g;.

. wl@: Local weight vector on client 4 at epoch ¢.

. gi(wgt), ggt)) =VF; (wz@, §i(t)), {i(t) is mini-batch uniformly sampled at random from D;.

s wit) = % >ies Wz(t)

¢ (;: Upper bound on the gradient deviation between the real data and the synthetic data at round ¢.

* &2: Upper bound on the server-side mini-batch gradient variance of the synthetic data.

B. Proof of Theorem 3.1
B.1. Minimal Reconstruction Error of HOB

We formulate the principal component representation as a rank-1 reconstruction problem, and denoted as:

min - Lpc(gik, Bir) = [|Zir — BikGir | 7-

n
gikvﬁilkv---aﬁjkl )

Then optimize [3;, for fixed g;:

Lpe(gir, Bir) = Tr[(Zix — Bingiy) (Zix — Bingir) ']
= Zi|% — 285 Zikgix + || Bix 13-
Setting the gradient to 0 yields:

0L,
=7 = —2Zikgik + 2Bir = 0.
a5, kYik + 2Bik

So, we can get a solution:
Bix = ZirGix-
Substitute it back to Equation 28:
Loc(git: Bix) = | Zikll% — | Ziwgixll3,
where we can denote ||Z;1gix||3 as:
1Zingirlls = 95k Zi Zingix = 93k Cin

where C' = Z, Z;1,, hence the original problem (Equation 27) is equivalent to:

T
max g;;Cgik.
llgirll2=1

13

27)

(28)

(29)

(30)

(3D

(32)

(33)
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It is the Rayleigh-quotient problem, its maximum is the largest eigenvalue of C, i.e. (¢}, )? attain at g;, = V;;C. Therefore,

we can get the conclusion that the optimal principal component direction is:

o
G = Vi, By =< Zij ks, Vik >, 34

and the minimal error is: N
erop =minLye = Y (o). (35)

m=2

B.2. Minimal Reconstruction Error of Mean

To fairest compare with SVD, we define the mean as:

ik = nTA ]'Tzik
K2 - ?
1" Zik

Nik

1=11,..1)" e RmM**1, (36)

We fix all coefficients to 1, then the reconstruction matrix is 1%, and the minimal error is:

€mean — ||Z'Lk: - 1:[1/1/6”%‘

(37)
= 1Zi % + | LpirlF — 2Tr(Zir(1pix) ).
B.3. Comparison of eiyop and e,0qn
By computing Equation 37, we can get:
Tr(Zir(1pir) ') = Tr(Zirgixl ")
= 1" Zirgin (38)
=1"(Zirgir)-
We denote M = Z;1.gik, |M||2 = ||Zirgix |2, then, substitute Equations 38 into Equation 37, we obtain:
emean = || Zik||F + nax — 21T M. (39)
Apply Cauchy—Schwarz to 17 M:
1M < [[1]|| M2 = /g | M2 (40)
So, we can get a lower bound for e,,¢qn:
€mean 2 ||sz:||%‘ + Nk — 2\/ nzkHMH2 (41)
Leta = [|[M]z > 0:
€mean Z ||sz||%1 - (12 + (a -V nik)2 (42)
> || Zi |7 — a®.
So, we can get:
€mean > ||Z'Lk:||2F - ||szgzk||§ (43)
Because g;x, = 1), satisfies ||gix|l2 = 1,
1Zixgik|l3 = 9L ZikGik- (44)

The symmetric positive-semidefinite matrix C' = Z, Z;; has maximum eigenvalue o7, the Rayleigh-quotient theorem
shows:

95.Cgix < (01,)%, 45)

14
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with equality only when g;;, = VZ-Tk, so:

|1Zirgirll3 < (oi)*. (46)

Substituting Equation 46 into Equation 43 yields:
emean 2 | Zikll% — (o32)?, (47)
emean 2 (01 + (04)? — 1Zaksi L I3). (48)

According to the Assumption 3.1 in section “Methodology”, we can get (o}, )% — || Zixp |3 > 0, so we get the conclusion:

€mean = €HOB- (49)

Assume that all hidden representations satisfy:

T, =T =
Zijk = ViVik + 25, < Ej, vig >=0. (50)

When v ||k, substituting Equation 50 into Equation 48 yields:
N
Emean = Z(U%)2 +Var(’7j)HViTkH2~ (S
m=2

So, equality is achieved if and only if v;|| ;. and all hidden representations have approximately same magnitude.

C. Preliminaries for Proof of Theorem 4.1 and 4.2

We present the preliminary lemmas used for proof of Theorem 4.1 and 4.2. We will denote the expectation over the sampling
random source S(t) as s () and the expectation over all the random sources as [E.

Lemma C.1. Suppose F; is L-smooth with global minimum at w7}, then for any w; in the domain of F;, we have that

IVFi(wi)|[* < 2L(F;(w;) — F;(w})). (52)

Proof.
1
N 1

Fi(wi) — Fy(w;) ZEHVFi(Wi)Hz- (54)
Lemma C.2 (Expected average discrepancy between w(*) and wl(t) fori € S(t)).

1

Il 1) ® _ w®2) < 16n272G2. 55

LY I P <16 (55)

Proof.

- Z lw® E”||2= 3 ||— S Wl - w2

ZES (t) ZES (t) i’ €S(t)

LS Y el W

i€S(t) i/ €S(t)

IA

1
=— > lwd —wP (56)
i#i’
i €S(t)
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Moreover, for any ¢, there is a ¢y such that w(t”) ,Et‘)) and 0 <t —ty < 7, because the selected clients are updated with

the global model at every 7 . Hence, even for an arbitrary ¢, we have the difference ||W(/t ) (t) |? and it is upper bounded

by 7 updates. With non-increasing n; over ¢ and 7;, < 27, Equation 56 can be further bounded as,

to+7—1

— > W =W P 3T Y witee (w67 —siw )
i#i’ i Jj=to
i,i’€S(t) i,i'€S(t)
"7 to+7—1
<IN Y e wd ) —giw €
i#i! Jj=to
i, €S(t)
"7 to+7—1
<t Y 2 [2leewd e + 2lmwl €))
i#d J=to
i, €S(t) (57)

By taking expectation over Equation 57, we can get E[-13 >~ ;. ||Wl(f) — Wgt) 2.

i, €S(t)
1 277 to+7—1
t t j
Bl > Il —wIP < =5TEL Y Y (e (w62 + g (w67 2)]
i#i z;éz Jj=to
i,i'€S(t) i,i'€S(t)
o2 T to+7-1 nr
< nfb‘; Esol D, D, 26°]=—5Esyl Y, 279G
i’ j=to i
i,i'€S(t) i,i'€S(t)
1 2 -1 22
< Wnlm = VT°C 62202, (58)

m

Lemma C.3 (Upper bound for expectation over |[w®) — w*|)). By using E [-], we have the upper bound of the total
expectation over all random sources as:

* 1 *
Ellw! —w*] < —E[ D w;” —w|’]. (59)
i€S(t)
Proof.
Ellw® —w' | =B~ 3w —w P =B~ 3w —w)P < B Y e w60
zeS(t 1€S(t) 1€S(t)
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D. Proof of Theorem 4.1
With g = L >ies() 8i (WZ@, 52@), we have that:
R L
= Hw(t) ,mg(t —wr = Z VFi(w (f) Z VE(w (t) ”2
M iEs )
= ||w® W*—g'Z:VF W+mm Z:VF —g|?
1€S(t ’LES
+ 21 < wt) — w* — @ Z VFZ'(W(t) Z VF;(w (t) g(“ >
i€S(t) ZGS(t)
= [|lw® —w*|? — 25, < w Z VFE(w (t)
zES(t
+2n; < w) — w* ——ZVF ZVF —g¥ >
1€S(t) zes (t)
Pl S VROl S VR - g (61)
) )
Then we define:
A = -2, < wt Z VF;(w (62)
165 t)
Ay =2 < w) —w' = LN TE(wl"), Z VEw") —g? >, (63)
zes(t zes(t)
A=l S VEWO)?, (64)
1€S(t)
1 _
As=nt|— 37 VE(w) -g. (65)
1€S(t)
First, to obtain the upper bound of A; (Equation 62):
2
—2n, < wit) — Z VE(w) > = 7% Y <w® —wr VE (W) >
zeS(t) 1€S(t)
2 (t)
= mz<w —WZ,VF( ) >
1€8(t)
2 .
- % Y <wl —w VE W) > (66)
i€S(t)

By using the Cauchy inequality and AM-GM inequality, we can derive a new inequality:

2nt Z <w® —W VF( (t)) > _ 2 Z <w§t) —w*,VFi(wgt)) >
m

7€S(t) ies()
Z 1 9 )
SE ; (E”W(t) B Wl(t)||2 + 77t||VFz‘(Wz(t))”2) - Trr’; ‘ E < Wgt) - W ’VFi(WEt)) >
ies () ies(t)
“ LS WO PSS RO -2 S <l - w R w?) >
m ! m ¢ v m i ) i i .
i€S(t) i€S(2) ieS(t) -
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Due to the Lemma C.1, we can get a new inequality:

1 ? 2
l 0 _ w®p2 4 M VE (w2 _ =T cw® _wt VE(w®) >
- > W —w| + > )II i(wi )l = — > <w —w VE(w")

ieS(t) ieS(t ieS(t)
1 2Ln? 2

= 3w = w2+ =N (mw) - B = 22 S < wl) - wt TR(w) >

m 1€8(t) m 1€S(t) m 1€S(t) (68)

Due to the p-convexity of F; (Assumption 4.2):

1 2L} o _ 20 .
3 O WP T S (R - F) - T Y <wl - w VE(w) >

i€S(t) i€S(t) i€S(t)
2L} o 21 oy o M ]
<L Y W w2 2 S () — ) - 2 S ((R(w?) — Fi(w) + S P
zES(t i€S(t) i€S(t)

Due to the Lemma C.2:

1 o2 . 2Ln? o _ 20 T
=3 W = w P = ST () - F) = S S ((Fiw) = Fi(w) + g [l - wr ]

m 2
i€S(t) ieS(t) i€S(t)
et a2, 2Ln? o 20 \
<167 G = 5 3w —wr P T ST (Fi(w ) - F) = T Y (Fi(w) - Fi(w?)).
ieS(t) ieS(t) ieS(t)
(70)
Next, in expectation, E[A3] = 0 due to the unbiased gradient. Then, we obtain the upper bound of A3 (Equation 64).
@2 ONTP 2L} (t) .
Rl S VRO = Z IVEwIP < =5 37 (Fw) = F7). (71
ZES (t) zeS(f) 1€S(t)
Finally, we can bound A4 by using the bound of variance of stochastic gradients (Assumption 4.3):
Eln; ||— > VE(w) —g"|P) = nZE]| Z wi, &) = VE w7
zeS(t) zES(t)
2
n
= LEswl Y Elgi(w”.&") ~ VE(w)|
i€S(t)
2 2
< M9 (72)
m

Using the upper bounds of A; (Equation 70), A3, A3 (Equation 71) and A4 (Equation 72), we know the expectation of
Equation 61 is bounded as:

2 .2
Elllw ) — w*|2] < B[w® — w2 - ZER[ 37wl - w|?] + 1650262 + T
m 1€S(t)
+—LE[ Y (Fi(w”) = F)l = —E[ Y (Fi(w”) = Fi(w")]
1€S(t) i€S(t) (73)
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Due to the Lemma C.3, we can get the bound of equation 73:

2 .2
Efj w1 — w[?) < (1= nn)Efjw® — w|[?) + 165772G2 4 T
ALnj oy _ 21 "
+ LR (F(w) = FD] = B[ Y (Fi(w”) — Fi(w")].
1€S(t) 1€S(t)
Then we define: )
ALn oy _ 2N .
A5 = —TE[ Y (F(wi") — F))) = TRE[ Y (Fi(w() — Fi(w?))]
i€S(t) i€S(t)
We can represent A5 in a different form as:
AL} o2 .
E—0 Y (Fiw) = F7) = =5 37 (Fi(w,) = Fy(w™))]
i€S(t) i€S(t)
4Ln? 2 2 . . 2 . ALn? .
=E[~ 3 F(w") = T8 3 Rw) - TR N (R - Rw) + T8 YD B ST F
m m m m m
1€S(t) 1€S(t) 1€S(t) 1€8(t) 1€S(t)
=E[~— Y (F(w(") = F)l + 0Bl D~ (Fi(wi) — F)l.
1€S(t) 1€S(t)

Now, we define:

2n¢(2Lny — 1
Ag =2 S (i) - ).
ies(t)

Now, with 7; < ﬁ and v, = 21;(1 — 2Ln,), Ag can be bounded as:

— 2 (Rw) = B(w®) + Fi(wl) - F)
m
i€S(t)
== LY (Rw) - Bw®) = 37 (B(w®) - FY)
- m 7 i 7 m 7 1/
i€S(t) i€S(t)

Due to the p-convexity (Assumption 4.2):

v v "
— Y (W)~ Ew) - ST (R(wY) - F)
i€S(t) i€S(t)
b (w®), w® —w® s p Eye® g 2} _ % (w®)) —
<o 2 S VRO W —wl s Pl - wO ] - S (R - E).
1€S(t) 1€S(t)

Due to the Lemma C.1 and the AM-GM inequality and Cauchy—Schwarz inequality:

Ut t I t Ut *
- [< VE(w®), w® - w® > +§||Wz( ) _ W(t)HZ] _ Z (Fy(w®) = F¥)
i€S() i€S(t)
v . L p v .
<N InL(F(wD) = F) + (= = S)wi? = w2 — =L S (F(w®) - FY)
m 2y 2 m
i€S(t) i€S(1)
__ U (wr () * Ut el ® ()2
=—2L(1-nL F, —F - ) _ .
e LmE) 32 (RO = B+ (gt =58 3wl —wl)]
1€S(t) 1€S(t)

(74)

(75)

(76)

(77)

(78)

(79)

(80)
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We can easily prove that 7”(12;77:“”) < 1, thus we can obtain:

—La-mLl) Y (EwO) = B+ (= o) Y [l - w2
m

1€S(t) 2mem 1€5(t)
v " 1
< (-ml) Y (FEWD) = F) 4+ — 3w - wR,
1€S(t) i€S(t)

By using Equation 81, we can bound AS (Equation 75) as:

TS (R~ ) = Y (R(w) - F(w))

1€S(t) i€S(t)

<TEBL Y Wl - w7 - B Y (R(w) - F) 4 TR Y (Fi(w) -

1€S(t) 1€S(t) 1€S(t)

v % 2 * *
<16mPr2G? = (1= L)E[ Y (F(w() = B + “LE[ Y (Fi(w') - F7)).
ieS(t) i€S(t)

Due to the Definition 4.1 and 4.2, we can get:

167G — (1= L)EL Y (Fi(w®) ~ E7)]+ 2E[ 3 (Fi(w®) ~ EY)]

€S (1) i€S(t)
N
=167;7°G* — v, (1 — n L)E[p(S(t), w)(F(w) =Y " pi )] + 2nE[p(S(t) szF*
i=1
<169} 7°G* — v (1 — 1 L)p(E sz + 2mpl.

Then, we define:

Ay = —v(1 = e L)p(E[F(w")] ipF)
We can expand A, (Equation 84) as:
A7 == (1 —nL)p(E (t) szF*
=—u(l—nlL prZ Fi(w)] — F* + F* — F}).

N
=—v(1—mL) PZPz Fy(w)] = F*) v/ (L = L)p Y pa(F* —

= —u(1- mL)p(E[F(W“))] — F*) — w(1 - nL)pL.
Due to the p-convexity (Assumption 4.2), we can get:

—v(1 = L)up
ZolL = LMMP 400 * 2] — (1 — LT

Az 5

IA
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(83)

(84)
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We can easily prove that —2m;(1 — 2Ln,)(1 — n,L) < —2n, and —(1 — 2Ln;)(1 — n,L) < —(1 — 3Ln,), thus we can
obtain:

3N P " _
Ar < = ZEPE[lw® —w ] = 20(1 — 2Ln)(1 — . L)7T

<~ P g0

— w*[|*] = 2mpI" + 697 pLT. (87)
Thus we can bound As as:

72 t t t
Rl 32 (F(w) ~ B) = 25 57 (R(wl?) — Fi(w*))]

i€S(t) i€S(t)
3N pp ~
< — ZEPE(w') — w*|[2] + 20T — 7) + 1 (6pLT + 167°G2). (38)
Now, we can bound E[||w 1) — w*|]?] as
* 3p * 02 — ~
E[[|w D —w|?) < {1 —mep(1+ 8”)] E[|w® —w*[*] +97(327°G + — + 6pLT) + 200 (p —p). (89
By defining Ay = E[||w*D —w*[|?], B = (1 + 22), C = 3272G? + %2 + 6pLT, D = 2I'(p — p), we have that:
Avpr < (1= muB)A; +n;C +nD. (90)
By setting A; < t+v’ Nt = %, 5 > ;%B and v > 0, we have that by induction:
1 . -
0 —max {5 W — w|?, (B0 + Dt +) }. o)
puB —1

Then by the L-smoothness of F'(-) (Assumption 4.1), we can get that:

L L C)
E[F(w) - F* <A < - —— 92
PO~ P < GA <5 ©2)
For learning rate n = G=m] +,y) and v = ==, after T iterations, we have the convergence as:
1 4L(327°G? + o* 8L°T  Ly|lw® —w*|?] 8LI p
E[F(w™)] - F* < [ (82 i /m) | —+ WD =wiT|  BLE Py (o3
(T +7) 3u*p Iz 2 3u p
E. Proof of Theorem 4.2
For AFFL, according to the Equation 89 and Equation 90, we can bound E[||w(*1) — w*|| as
3p o? -
E[lw Y —w*||?] < [1 — (1 + 8’5] E[|w® —w||"] + 57 (32r°G® + — + 6pLL) + 200 (7~ ). (94)
Appr < (1= npuB)A + 17 C + e D. (95)
B_1+—C_32 2G2+—+6pLFD_2F(p 7). (96)

Because AFFL lacks local multi-step updates, so, we can get 7 = 0, and:

0_2
=7 +6pLT. 97)
m
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Since all clients participate in training, p = p = 1. p = p = 1, then we can get:

B="—,D=0. (98)
The convergence behavior of centralized training on the real dataset is given by:

11 2
Eflwi*+) - w ] < [1 - 22] Bljw® - w4 2(Z + oL 99)

By decomposing the stochastic gradient g(w(®), 5 O (E () is mini-batch uniformly sampled at random from ﬁt), we obtain:

g(w®,69) = VF(w) + (VE(w, DY) = VF(w®)) + (g(w,£V) - VF(w(®, DY), (100)
where V F(w(®) represent gradient generated by real data, (VF(w(®), D*) — VF(w(?))) denotes the gradient bias of the
synthetic data, (g(w®), 1)) — VF(w®, D)) denotes the bias introduced by training sampling.

In FL, the bias term is only from the sampling noise. However, under the AFFL setting, it is necessary to additionally
incorporate the bias caused by data distillation. To this end, we begin by introducing the following assumption:

Assumption E.1 (Bounded Synthetic Bias). The bias introduced by data distillation admits a minimal upper bound:

IVF(w®, DY) — VF(w®)|]> < ¢2. 101)

According to the Assumption E.1, we need to replace the client training sampling bias o2 in Equation 99 with the sum of
server sampling bias and synthesis bias 2 + (2. Since the server are relatively powerful, they are often able to use larger

batch sizes for training, so 5> < a2 , and we get a new upper bound for AFFL:

w" 11 . -
Bllw )~ w[*) < 1= S Bl ® w4 @ + G+ OLT), (102
11 P 1
Avrr < (L=mug)A + 07 (6% + (7 +6LL), e < i (103)
By setting Ay < %, N = %, E > % and v > 0, we have that by introduction:
6LI‘
6 = max(yw® — wit 2, E L D)y (104)
§ -1
Then by the L-smoothness of F () (Assumption 4.1), we can get that:
L L P
E[F(w®)] - F* < ZA, P 105
FwO)] =Pt < SAc< S (105)
For learning rate n = = +7) and v = —L, after 7T iterations, we have the convergence as:
1 32L 8L2P Ly||w©® — w2
EF(wD) - F* < —— : 106
F. Convergence Comparison Between FL. and AFFL
In summary, when learning rate n = =] +v) and vy = i, after T iterations, the convergence result of conventional FL is
given by:
1 4L(3272G? + o* LT Ly|w® —w*|? LT p
E[F(wT)] - F* < [ (327 szff /m)+8 L Yllw w| ] 8 ( _, (107)
(T+7) 3u?p 1 2 3p
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and the convergence result of conventional AFFL is given by:

1 32L 8L’T  Ly|w® — w*|?
E[F(w™)] - F* < —— 242 :

(108)
Compared with FL, AFFL eliminates the constant bias term that does not decay with 7', so it leads to stronger convergence.
In the following, we establish the necessary and sufficient conditions for AFFL to outperform traditional FL in terms of
convergence.

o o _ 11 07 22 -

04+ (p < =(—+32r°G"),p< L. (109)

8p - m

The error of synthetic data originates from both sampling bias % and synthesis bias (2. Both of these can be substantially
reduced in practice. Thanks to the strong computational capacity of server, we can employ a large batch size on the server
side to significantly reduce the sampling bias &2. Moreover, in Section 3.2, we have already established Theorem 3.1, which
demonstrates the unbiased of our synthetic data. Therefore, the overall error of FedUSD approaches zero. In contrast, the
error in FL is often uncontrollable. The limited computational capacity of clients typically leads to large sampling bias
%2. Moreover, due to the low communication efficiency, FL usually adopts a larger number of local update steps to reduce
communication frequency, which in turn introduces substantial multi-step drift 3272G?2.

Next, we compute the crossover round. We denote Equation 107 and Equation 108 respectively as:

AR | g ARRL = AAL g 8LL by, (110)

FL = ,
T+~ T+~ 3u °p

If AaprL > ApL, AFFL will still outperform after sufficient rounds, and the required number of rounds is:

AAFFL — AFL 32L 4L(327’2G2 + 02/m)
- 'Y]aAAFFL =353 o0
B 330 3u?p

T = (02 +(3), ApL = . (111)

If Aapr < ApL, AFFL is superior starting from the very first round.

G. Differential Privacy of FedUSD

Privacy preservation is an essential factor when evaluating methods in FL. Inspired by FedDM (Xiong et al., 2023),
we conduct a theoretical analysis of the privacy guarantees of FedUSD. Before analyzing FedUSD, we first present the
fundamental principles of differential privacy.

Definition G.1 (Differential Privacy (Dwork et al., 2006)). A randomized mechanism M: D — R with domain D and
range R satisfies (¢, 0)-differential privacy if for any two adjacent dataset Dy, D» and any measurable subset S C R,

Pr(M(D;) € §) < e“Pr(M(D,) € §) + 6. (112)

In this paper, we focus on instance-level differential privacy, where a randomized mechanism is applied to the query function
of a dataset f : D — X. Without loss of generality, we consider output spaces R, X C R™. The central concept in the
analysis of differential privacy is the query sensitivity, which measures the worst-case deviation in the query output resulting
from a one-instance variation in the dataset. For a query function f : D — R and /, norm the sensitivity is formally
defined as:

A, 2 max [1£(D1) = £(D2)]| (113)

We employ the Gaussian mechanism to achieve differential privacy,

M(D) £ f(D) + Z, where Z ~ N (0,09p AZT), (114)

where the differential privacy is satisfied for the function f of sensitivity A, if we choose opp > \/2M. Differ-
entially Private SGD (DP-SGD) applies the Gaussian mechanism throughout hundreds of optimization steps, and we can
get:
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Theorem G.1 (Differential Privacy of DP-SGD (Xiong et al., 2023).). There exist constants ¢ and cy so that given the
sampling probability q and the number of steps E, for any € < c¢1q*>E, DP-SGD is (e, §)-differential privacy for any § > 0 if

UZCQM. (115)

€

Then, we prove that by updating the synthetic dataset using DP-SGD, FedUSD can guarantee differential privacy. We begin
by analyzing each client separately in order to assess its differential privacy guarantees, we prove that the gradient of Ly sp
can be expressed as the average of the individual gradients of each real example.

Lusp = MLuoB + A2Lvar = MEMD (vig, Vi) + A EMD (01, 1y ). (116)

Let 7* serve as the optimal transport plan, for each column (the n-th “anchor”) of v, or Jfk, we have:
a ~
VzEMD(a,a)] 7rmn~—m, a € {vip, Yix}, a € {v4 L} (117)

We first rewrite the variance path Ly qr strictly as a per-real-sample average:

Pk = Z Var(241), Var(i k) = (zik — pan) (zig.6 — k) ' (118)

ij,k €&k

‘61k|
Where ;. is the real samples selected by sampling for class k on client ¢. According to the chain rule, we obtain that:

Vs, Lvar = J5, Vi)V 5 EMD (W, $ir)

M M by L iy
T (] * Vik.n [€ik] Z%‘j,kegm Va‘r(x”’k)m
o JDik (Q’Z)Zk) Z( Tmn -~ )en
n=1 m=1 Hwik,n - wik,m”Q +w
M M 0
* ik,n — VaI\Tij k)m
T, X ne (3w
- D; mn
‘glk‘ Tijket;y " n=1 m=1 ||¢ik,n - wik‘ﬂ”'b tw
1 ik — Var(Tij i
= gVar(Xij,k) gVar(ijk Tmn 1@ = ( > )m )ena (119)
ik
ik Tij k€€ n= 1 m=1 ||¢ik,n - ’(/}ik7m||2 +w@

where J5 Dix denotes the Jacobian operator, and it corresponds to the per-real-sample average: V 5~k£V“7’ =
TET Lo neey, IV ar (X)-

Next, we rewrite the HOB path Lop strictly as a per-real-sample average. For it, we first assume that the covariance of real
data is given by Cov = i, k‘ Z‘El’“‘ (zir — ptir)(Zir, — i) |, it can be decomposed into its eigenvalues and eigenvectors

as follows: Cov = Z;‘il /\JCOU ikvi ,: ) vfk € V.. By applying the first-order Fréchet derivative with respect to spectral
perturbation, when Cov — Cov + ACov, we have:

vl viT (ACov v;
Dy, [ACov] = “@/\;k( 5 Vi, (120)
j#1 Cov ~ "‘Cov

We define the contribution of a single real sample as: ACov(x;; ;) := Var(x;; ) — ¥ix, then we have: ¢gop(Xijk) =
Dy,,[ACov(x;; k)], and |§,k| in,- CEik droB(Xijk) ~ 0. Thus the first-order approximation of v;; with respect to Cov

is given by: v, &~ Vi + —‘ék‘ qu,j,kefjk droB(Xij).

Because the A}, is well separated from the others, and the approximation remains sufficiently stable, using ¢ o5 (Xij k)
allows the principal direction to be distributed across individual samples. Then for £z o5, we obtain by the chain rule:

vf)ik‘cHOB = Jﬁz‘k (Vi )V, EMD(Vik, Vik)- (121)
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We set ACov(x;; 1) := Var(x;; k) — ¥k, and Substitute v, ~ V5, + ﬁ > ¢roB(x;;) into Equation 121, we

obtain:

Xij,k €&k

S = 1
M M Vi, = Vir — TEirl me,kem PHOB(Xij k)

Vi, Luo=Jp (Vie) ) (Y m, = Yen + Aong
Dy D\ it mn ”V?j,k _V$7k||2 +w n n
M M ~ _
1 =~ Vi = Vi — ¢r0B(Xij k)
= |§ | Z Jﬁik(vik)z(zﬂ-jnn ZI|€|gn Z_Vm ” +; )en+A2nd
R g ki n=1 m=1 ik~ Vijkll2
1
= Eor] Z groB(Xijk) + Aond,
ik Tij k€&ik
M M on M
< Vie = Vik — 9noB(Xijk)
gaoB(Xijk) = Jp, (Vik Z Z?T* o =2 e (122)
(Xij,h) Dm( i )n:1(m:1 mn ||v%7k—vf;,k”2+w Jen

where, the term A,,4 denotes the second-order remainder arising from the first-order approximation of v}, Since the
principal energy is highly concentrated and the spectral gap is sufficiently large, A, q can be regarded as a small term,
which does not affect the Differential Privacy accounting.

Therefore, by combining the two paths, we obtain the per-real-sample average of the total USD gradient gy sp.

gusp(Xij k) = MguoB + A2gvar, (123)
1 1
Vi, Lusp=—— Y guspXije) + MAoa~ — > gusn(Xijn)- (124)
|§2k| Xij, k €&k |§2k| Xij, k €&k

It indicates that the synthetic data can be regarded as the equivalent of the network parameters in DP-SGD. Consequently,
we conclude that for each client 7, Theorem G.1 holds when optimizing D;;. Next, in order to extend the DP guarantee to a
system with N clients, we apply the parallel composition (McSherry, 2009):

Theorem G.2 (Parallel Composition (McSherry, 2009).). Suppose there are N mechanisms My, ..., M operating on

mutually disjoint subsets, each providing (€;,6;)-DP. Then any combined function of My, ..., My preserves differential
privacy with parameters (max; €;, max; ;).

We observe that each client maintains its own local dataset, satisfying the property of mutual disjoint-ness. Under this setting,
if every client ensures (¢, ¢)-differential privacy individually, then the Gaussian mechanism remains (e, §)-differential
privacy for the entire system by the parallel composition principle. Furthermore, to quantify the amount of noise required
for each client, we can employ the Tail bound (Abadi et al., 2016):

5= m/&n exp (apr(A) — Ae), (125)

where aj(A) < Eq?A%/0% ,, without loss of generality, set A = 0% p, it holds that § < exp (Eq?0%, — eo%p), and

opp 2 h;;g;%?. When Eq? < §, opp > \/@_

To ensure differential privacy when using the synthetic dataset for downstream tasks, we introduce the following post-
processing property (Dwork et al., 2014):

Theorem G.3 (Robustness to Post-Processing (Dwork et al., 2014).). Suppose M is a randomized mechanism that satisfies
(e, 0)-differential privacy. Then, for any (possibly randomized) function Fpp, the transformed output F', p(M) preserves the
same (€, 0)-differential privacy guarantee.

Training a network on the synthetic dataset ﬁik is a post-processing operation. According to Theorem G.3, as long as the
generation of Dy, satisfies (e, §)-differential privacy, any subsequent computation or post-processing performed on D,y also
remains differentially private. Finally, with Theorem G.1, G.2 and G.3, we complete the proof of Theorem G.4.

Theorem G.4 (Differential Privacy Guarantee of FedUSD.). Given that the synthetic dataset 5ik, FedUSD trained with
DP-SGD ensures (¢, 6)-differential privacy in FL with N clients. The privacy guarantee holds if the noise multiplier opp in
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/ 21
> ([ 2228170) 8(1/9) hen Eq? < e/2. (126)

For the total DP budget over R communication rounds, assume that in each round the Gaussian mechanism provides
(e, 0)-differetial privacy. According to the advanced composition theorem (Kairouz et al., 2015), performing such queries
results in an overall privacy guarantee of

(O(v/Rlog(1/8))e, RS + &) — Differential Privacy,Vd' € (0,1/2), (127)

each round satisfies:

which implies a moderate accumulation of the privacy budget across rounds.
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