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Abstract

Sampling from distributions with bounded sup-
ports is a fundamental challenge in constrained
statistical inference. Reflective Hamiltonian
Monte Carlo (ReHMC) provides a useful ap-
proach for this setting, but relies on convexity
assumptions and lacks non-asymptotic mixing-
time bounds. To bridge this gap, we propose a
convex-container-plus-thinning framework that
extends ReHMC beyond smooth convex supports
to a broad class of bounded supports. We establish
the first non-asymptotic total-variation mixing-
time bounds for ReHMC, achieving a polynomial
dimension dependence of O(d?) for L-smooth
targets, though with exponential dependence on
smoothness parameters. Under an additional m-
strong convexity assumption, we derive a sharper
bound that eliminates this exponential depen-
dence. We further apply this approach to sampling
on the Stiefel manifold via a well-conditioned po-
lar reparameterization and demonstrate improved
numerical stability and computational efficiency
in simulation studies.

1. Introduction

Markov chain Monte Carlo (MCMC) methods are a central
tool for sampling from probability distributions. Among
these methods, Hamiltonian Monte Carlo (HMC) leverages
approximate Hamiltonian dynamics to efficiently explore
high-probability regions of a target density. Classical HMC,
introduced by Neal et al. (2011), is naturally formulated for
unconstrained domains, where the dynamics evolve freely
in RY.
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In many applications, the target density is supported on a
bounded or otherwise constrained domain, including trun-
cated supports and manifolds. Extending HMC to such set-
tings requires modifying the underlying dynamics to enforce
the constraints, since unconstrained Hamiltonian trajectories
may exit the admissible region. For example, Mohasel Af-
shar & Domke (2015) have proposed reflective or refractive
versions of HMC, where trajectories bounce or bend when
they hit the boundary. While these methods often perform
well in practice, theoretical results on their convergence
rates in constrained settings are not well established.

An important theoretical problem for any MCMC algorithm
is its mixing-time, which quantifies how many iterations
are required for the chain to approach the target distribution
within a prescribed accuracy. For unconstrained targets, the
mixing behavior of MCMC algorithms has been extensively
studied. For example, when Metropolized HMC targets an
m-strongly log-concave and L-smooth density on R, the
mixing time scales as xdlog(1/e), where kK = L/m and
€ > 0 is the prescribed total variation accuracy (Lee et al.,
2020).

In contrast, for target densities supported on bounded do-
mains and sampled using reflective HMC (ReHMC), theoret-
ical mixing-time results are unavailable. While recent work
on ReHMC for truncated log-concave distributions (Chalkis
et al., 2023) shows promising empirical results, establishing
a rigorous mixing-time bound remains an open challenge.
Although an earlier preprint of Chalkis et al. (2023) at-
tempted to provide a polynomial mixing-time bound under
L-smoothness and m-strong convexity, the final published
version focuses on empirical performance, leaving the theo-
retical guarantee for this setting yet to be established.

In this paper, we fill this gap by proving mixing-time bounds
for ReHMC on bounded domains. We consider target densi-
ties supported on compact convex sets with smooth bound-
ary and analyze Metropolized ReHMC under two settings.
First, assuming only that the negative log-density is L-
smooth, we obtain a general mixing-time bound whose
dimension dependence is of order d? (up to logarithmic
factors), although the bound depends exponentially on cer-
tain smoothness parameters. Second, under an additional
m-strong convexity assumption, we derive a sharper result
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that removes this exponential dependence while preserv-
ing the same d? scaling in dimension. In terms of leading
dimension dependence, our bounds improve over existing
Langevin-type guarantees, which scale as d° (Srinivasan
et al., 2024), as well as Hit-and-Run—type bounds with even
higher polynomial dependence (Narayanan & Srivastava,
2022).

Moreover, Mohasel Afshar & Domke (2015) and Chalkis
et al. (2023) require the support set to be a polytope and
a convex body, respectively, so that reflections are well
defined. Beyond these favorable geometric settings, we de-
velop a convex-container-plus-thinning method that enables
ReHMC to be applied to general bounded supports. Specif-
ically, we embed the target support into a smooth convex
container, extend the potential smoothly outside the origi-
nal set, and run ReHMC on the container. Exact samples
from the original target density are then obtained by retain-
ing only those samples that fall within the target support,
since the extended potential coincides with the original one
on the support. This approach enables the application of
ReHMC and its mixing-time analysis to a much broader
class of bounded supports, including nonconvex domains
with a C? boundary and nonsmooth domains such as poly-
topes; we provide concrete implementation guidelines for
the construction in Section 3 and Appendix D.

As an application, we study sampling from distributions
on the Stiefel manifold, the set of d x r orthonormal
matrices, which arises frequently in statistical models
with orthogonal parameters, including factor analysis and
dimension reduction. Existing MCMC methods include
Bingham-based Gibbs samplers (Hoff, 2009), geodesic—flow
MCMC methods (Byrne & Girolami, 2013), and polar-
expansion-based Euclidean reparameterizations (Jauch
et al., 2020; Pourzanjani et al., 2020; Jauch et al., 2021).
While polar-expansion—-based methods are attractive for
their simplicity and compatibility with Euclidean sam-
plers, they can suffer from numerical instability near rank-
deficient matrices, leading to ill-conditioned potentials and
slow mixing. We propose a modified polar expansion with a
uniformly bounded condition number, and when combined
with our convex-container-plus-thinning method, obtain im-
proved stability and efficiency in experiments.

The remainder of the paper is organized as follows. In Sec-
tion 2, we review HMC with the leapfrog integrator on
unconstrained Euclidean spaces and introduce ReHMC for
sampling from densities supported on bounded sets. In Sec-
tion 3, we present a convex-container-plus-thinning method
that enables ReHMC to handle general bounded supports.
In Section 4, we establish non-asymptotic mixing-time guar-
antees for ReHMC under general smoothness and strong
convexity assumptions. In Section 5, we apply the proposed
framework to sampling on the Stiefel manifold via a well-

Algorithm 1 Generic Metropolized HMC update

1: Input: current position g, step size n > 0, mass matrix
M -0
Draw momentum p ~ A (0, M)
p < p—3VU(q)
(q,p’) + POSITIONUPDATE(q, p’,n, M)
p o~ 3VU(G)
Accept (g, p) with Metropolis—Hastings acceptance
probability;
otherwise set (¢,p) < (q,p)
(Optional) set p < —p
9: Qutput: next position g

SANRATE

[c BN

new

=q

conditioned polar reparameterization. Section 6 presents
numerical experiments that demonstrate the stability and
efficiency of our approach. Finally, Section 7 concludes with
a discussion of limitations and future directions.

2. Reflective Hamiltonian Monte Carlo

We briefly review ReHMC, originally proposed by Mo-
hasel Afshar & Domke (2015) and further developed by
Chalkis et al. (2023), for sampling from target densities
supported on bounded domains. To clarify the relationship
between unconstrained HMC and its reflective extension, we
first present a generic Metropolized HMC update, and then
specify how the position update is modified in the presence
of boundary constraints.

Generic Metropolized HMC update. Let 7n(q)
exp{—U(q)} be a target density on RY. HMC augments
the position variable g with a momentum p € R with mass
matrix M > 0, targeting the joint density

7(q,p) o exp{-U(q) — 3p' M 'p}.

We refer to Algorithm 1 as a generic Metropolized HMC
update. The momentum updates in lines 3 and 5 are common
to both unconstrained HMC and ReHMC. In contrast, the
position update in line 4, POSITIONUPDATE(q, p’, n, M),
is the only component that must be adapted to the geometry
of the support of the target density.

Unconstrained HMC. The position update on line 4 of
Algorithm 1 is given by

POSITIONUPDATE(q, p’,n, M) = (q+nM~'p', p'),

which recovers the standard Metropolized HMC algorithm.

Reflective HMC. We consider target densities supported
on a bounded set: 7(q) x e Y@ 1{q € K}, where
K C R? has a C2 boundary so that outward unit normals
are well defined. ReHMC modifies only the position update
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Algorithm 2 REFLECTIVEPOSITION(q, p’,n, M, K)

1: Input: ¢ € K, momentum p’, step size 7, mass M,
convex compact K

22d«nM1p,t+0

3: whilet < 1 do

4:  Find first hit time ¢; € (0,1 — ¢] of ¢ + sd with 0K
5:  ifnohiton (0, 1 —¢] then

6: g+—q+(1—-t)d;t+1

7.  else

8: q <+ q+tid

9: n, < outward unit normal at g
10: p «—p —2(p ,n.n,

11: denM 'pit—t+t

12:  endif

13: end while
14: Output: (q,p’)

on line 4 in Algorithm 1. Whenever a straight-line position
move would exit K, the trajectory is reflected specularly
at the boundary hit point. Formally, the position update is
defined as

POSITIONUPDATE(q, p’,n, M)
= REFLECTIVEPOSITION(q, p’,n, M, K),

where REFLECTIVEPOSITION performs straight-line mo-
tion with specular reflections at 0K and is given in Algo-
rithm 2. Further details of the reflection mechanism are
provided in Mohasel Afshar & Domke (2015) and Chalkis
et al. (2023).

3. A Convex-Container and Thinning
Construction for General Bounded
Supports

ReHMC in Section 2 requires the support set K to have a
C? boundary so that outward unit normals are well defined.
We extend the method to a general bounded set K C R4,
which may be nonconvex or nonsmooth, by embedding K
into a smooth convex container and extending the potential
outside K.

Convex container and smooth extension. We embed K
into a compact convex set K 2 K with a C? boundary
and perform reflective ﬁMC on K. On K, we construct
an extended potential U that coincides with the original
potential U on K and is smoothly extended outside /. The
resulting target density is defined as

7(q) o exp{~U(q)} 1{q € K.

By construction, the support of 7, namely K, satisfies the
geometric regularity conditions required to apply ReHMC.

Moreover, to ensure that ReHMC is well defined on K , the
extended potential U must admit computable gradients and
have bounded smoothness. These properties are essential
for the mixing—time guarantees established in Section 4.

General extension results, such as Whitney—type exten-
sion theorems (Whitney, 1934), guarantee the existence
of smooth extensions. Here we use an explicit penalty-based
construction that satisfies the required regularity conditions
while retaining a simple and interpretable form.

Specifically, we propose the extended potential on the com-
pact convex container K O K as

ﬁ(q):U(qu(%"(bq)). (1)

Here, ¢ is a C2 boundary-violation surrogate on~I~{ , satisfy-
ing p(q) = 0forq € K and p(q) > 0forq € K\ K. The
penalty term Ay)(¢(q)/b) then induces a repulsive force
that discourages trajectories from drifting deep into K \ K,
as illustrated in Figure 1. The penalty function ) is cho-
sen to satisfy the required regularity conditions, namely

P(s) =¢'(s) =" (s) =0forall s <O0.

Under these constructions, U coincides with U/ on gle target
support K, and Proposition 3.1 guarantees that U admits
uniformly bounded derivatives on K, thereby ensuring the
stability of Hamiltonian dynamics.

Proposition 3.1 (Global Hessian bound for the extended
potential). Under the smoothness and boundedness condi-
tions on the boundary surrogate @ and the penalty function
W specified above, the penalty-based extended potential U
admits a globally bounded Hessian on K: there exists a
finite constant C, > 0 such that

IV2U(q)|2 < C., Vg e K.

Equivalently, the gradient VU is globally Lipschitz on K.

The proof of Proposition 3.1 is provided in Appendix A.

In practical implementation, we use a smooth boundary-
violation surrogate of the softplus form

pale) = - log{1 +exp(as(z)

where ¢ is a differentiable signed-distance-like function
associated with the boundary 0K . Specifically, ¢ encodes
feasibility by its sign: ¢(x) < 0 forxz € K and ¢(z) > 0
for x ¢ K, with |¢(x)| increasing as 2 moves farther away
from 0K . Hence, ¢, is a differentiable approximation to the
boundary violation max{¢, 0}, balancing smoothness and
computational efficiency. Since the softplus surrogate does
not satisfy ¢, (z) = 0 exactly on K, the penalty term intro-
duces a small residual on the original support. For the quar-
tic penalty, this residual is uniformly bounded by O(a~—%)
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and can be made arbitrarily small by increasing a; see Ap-
pendix A.3 for details.

Sampling by thinning. While ReHMC is performed on
the extended space K with target distribution 7, exact in-
ference for the original target distribution 7 is recovered
by exploiting the fact that U coincides with U on K. In
particular, the conditional distribution of 7 given ¢ € K
equals 7.

Accordingly, expectations with respect to the target distribu-
tion 7 can be expressed in terms of expectations under the
extended distribution 7 as

_ Ex[f(q)1{q € K}]
Bl = —Ei{qery

for any integrable function f. In practice, samples
q1,...,qy are generated by running ReHMC targeting 7.
Substituting the expectations in (2) with their corresponding
Monte Carlo averages yields the self-normalized estimator

E — Zi\/:l f(a) 1{q: € K}
= Y {aq € K}

which corresponds to averaging f(q;) over the retained
samples {g; € K}. Under standard ergodicity assumptions
for the Markov chain targeting 7, this estimator is consistent
for E.[f].

(@)

It therefore suffices to analyze the convergence properties
of the Markov chain targeting the extended distribution 7.
In the next section, we focus on establishing mixing—time
guarantees for ReHMC under 7, from which consistency
and efficiency of inference under 7 follow directly via the
thinning construction.

4. Mixing Analysis

This section establishes non-asymptotic total-variation
mixing-time bounds for the ReHMC method. All proofs
are deferred to Appendix B. We first derive explicit bounds
for compact convex supports with smooth boundaries, and
then extend the analysis to the convex container plus thin-
ning construction introduced in Section 3.

Proof strategy and relation to prior work. The high-
level proof architecture is based on combining local TV
contraction with a blocking-conductance bound, follow-
ing the framework of Lee et al. (2020). Our main tech-
nical novelty lies in establishing local TV contraction for
the reflective proposal (Lemma B.5), which requires new
reflection-geometry estimates (Lemmas B.7-B.19) specific
to the boundary-reflection setting; these arguments have no
counterpart in unconstrained HMC. The warm-start con-
struction (Lemma 4.4) adapts the truncated-Gaussian ini-
tialization of Chalkis et al. (2023, Theorem 2); however,
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Figure 1. (Top) One-dimensional illustration of the original un-

normalized density exp{—U} and its extension exp{—U }, which
coincide inside K (pink). (Bottom) Geometric view of the smooth

container construction, where K is embedded into a convex set K
and a repulsive penalty acts only outside K.

that work does not establish a non-asymptotic mixing-time
bound for ReHMC, which is the central contribution of this

paper.

Mixing-time. Let 7 denote the one-step Markov transi-
tion kernel induced by Algorithm 1, with stationary distri-
bution 7. For each ¢ > 0, let 7 ¢ denote the 1-step transition
kernel. For k& > 1, we define the Cesaro average of the iter-
ated kernels by 75, == """ T Given e € (0,1), the
(Cesaro-averaged) mixing time k, is defined as the smallest
integer such that
HWO’E—WHTV < e for all k£ > k.,

where 7y denotes the initial distribution.

Assumptions. We consider target densities of the form

m(z) o« exp{-U(x)}1{z € K},

where K C R? is nonempty, compact, and convex. We
impose the following assumptions on the geometry of K
and the regularity of the potential U.
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(A1) (Tubular neighborhood and curvature control).

The boundary 0K is C2. Its principal curvatures are
uniformly bounded: there exists & € (0, co) such that

0 <ki(p) <k (VpedK,i=1,...,d—1).

Moreover, there exists p € (0,1/7) for which the
normal map

O : OK x(—p,p) = N, ®(p, s) = p+sn(p),

is a C* diffeomorphism onto the tubular neighbor-
hood V,, := {z € R?: dist(z,0K) < p}.

(A2) (Smooth potential). The gradient VU is L-Lipschitz
on K, equivalently, U is L-smooth on K. In addition,
the gradient scale is bounded:

G := sup |VU(2)]| < .
zeEK

Assumption (A1) encodes a smoothness condition on the
support set K, quantified through curvature bounds and the
existence of a tubular neighborhood around the boundary.
This assumption controls the reflection geometry near 9K
and is required by both Theorems 4.3 and 4.5, regardless
of whether U is convex. It is satisfied whenever 0K is a
compact C? hypersurface (Foote, 1984). We state it in ex-
plicit quantitative form because the geometric constants p
and k enter directly into the step-size conditions through
L,(p) = /(1 — kp). Assumption (A2) imposes a smooth-
ness condition on the target potential U, with the parameters
L and G quantifying this regularity.

Warmness of the initialization. Following standard prac-
tice in non-asymptotic mixing-time analysis, we quantify
the quality of the initial distribution via a warmness parame-
ter.

Definition 4.1 (Warmness). An initial distribution 7y is said
to be S-warm with respect to the target distribution 7 if

sup 7o (x)

» 7(7)

<p

The warmness parameter 3 measures the discrepancy be-
tween the initial distribution and the target distribution and
appears explicitly in the mixing-time bounds derived below.

General L-smooth case. We begin with the general set-
ting in which the potential U is L-smooth on K, without
assuming convexity of U. Theorem 4.3 provides a non-
asymptotic total-variation mixing-time bound for ReHMC
in this setting. The bound depends on geometric parameters
of the support set K, regularity parameters of U, the dimen-
sion d, the warmness parameter J of the initial distribution,
and the step size 7.

By combining Theorem 4.3 with the warm-start bound in
Lemma 4.4, and choosing the step size 1 to optimize the
resulting bound, we obtain the following mixing-time esti-
mate:

2
k 2 Rd® exp(CyRG + G L) log (1), ()

where C, Cy > 0 are constants independent of the dimen-
sion d.

Remark 4.2 (Dimension scaling). The O(d?) dependence,
compared to the O(d) bound for unconstrained HMC (Lee
et al., 2020), arises from a more restrictive step-size re-
quirement in the reflective setting. Even when two starting
points z,y are close, their leapfrog trajectories may un-
dergo reflections at different boundary points or at different
angles, causing post-reflection proposals to diverge. Ensur-
ing that the transition kernels 7, and 7, remain close in
total variation requires n < d~! (Lemma B.5), yielding
1/n* = O(d?). In contrast, the unconstrained case requires
only 7 < d—1/2, giving O(d). We also verify this scaling
empirically in Appendix E.

In terms of the dimension d, the leading-order dependence is
quadratic. However, the bound exhibits exponential depen-
dence on the regularity parameters G, L, and the diameter
scale R. Similar exponential factors in smoothness and ge-
ometry parameters also appear in nonconvex mixing-time
bounds for Langevin-type methods; see, for example, Ma
et al. (2019). When G, L, and R are small, the bound yields
a quantitative mixing-time guarantee even in high dimen-
sions, whereas it can become very loose as these parameters
increase. This motivates a sharper analysis under additional
structural assumptions, which we consider next.

Theorem 4.3 (General smooth case). For notational sim-
plicity, the proofs are carried out under M = I; the ex-
tension to general M 0 is discussed in Appendix B
(Remark B.1). Consider the target density w(x)
exp{—U(z)} 1{z € K} with assumptions (Al) and (A2).
Suppose that diam(K) < 2R for some R > 0. Let T denote
the transition kernel of the reflective Metropolized Hamilto-
nian Monte Carlo algorithm in Algorithm 1, with stationary
density 7. If the step size n satisfies

P 1 1
n < A A
Vd+G  GvVd  VLd
1 1 1
A A A ,
VLG — dLn(p)  G2Ly,(p)

= 4, then, for any ¢ € (0,1), || Tpmo —
1—kp

< ¢ is satisfied for all

where L, (p) :

7THTV

k> [7752 exp(8RG+(8L+2)R2)+1} 10g<1%€) 1og(g).
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Lemma 4.4 (Warm-start bound). Let K C R? be convex
and bounded, and let U : K — R be L-smooth on K. Sup-
pose that diam(K) < 2R. Then, for a truncated Gaussian
initialization centered at x, € K with covariance o*I, the
warmness parameter satisfies

5 < exp(4R||VU(x*)H 4 ALR? +2a—2R2).

Strongly log-concave case. We turn to the regime where
the U satisfies an additional strong convexity condition:

(A3) There exists m > 0 such that, for all z,y € K,

Uy) - Ule) - VU(@)T(y—2) = 5 lly 3.
Under this structural assumption, the exponential depen-
dence on smoothness-related parameters that appears in the
general L-smooth bound can be removed as shown in The-
orem 4.5. Theorem 4.5 provides a refined total-variation
mixing-time bound whose dependence on the problem pa-
rameters is polynomial, including the step size 7.

Theorem 4.5 (Strongly log-concave case). Consider the
target density w(x) < exp{-U(z)}1{z € K} with as-
sumptions (A1)—(A3). Let T denote the transition kernel of
Algorithm 1 with stationary density , and suppose that the
initial distribution g is B-warm with respect to . There
exists a universal constant co > 0 such that if the step size
n satisfies

n < co ((G\/a)—1 A (L2 A (LV2G)7
A (@Lu(p) ™" A (GLa(p) ™ A m™ 1), )

then for any € € (0,1/2), |

77<7r()—7r||Tv < eforall

1

k >
mn?

~

log(log(ﬂ/s) + 1) log(%). 5)

The mixing-time bound in Theorem 4.5 depends on the
warmness parameter (3, which we instantiate using the
warm-start construction of Chalkis et al. (2023). For a
truncated Gaussian initialization centered at the minimizer

r* = argmingex U(x) with covariance matrix L~11,,
their Theorem 2 in Chalkis et al. (2023) yields
8 = O((x)?),

where k = L/m and  denotes the sandwiching ratio of K
around z*, defined by

v := _inf {R/T : B(m*,r)gKgB(m*,R)}.

R>r>0

Substituting this warm-start bound into Theorem 4.5 and
choosing the step size 7 =< (L'/2d)~?!, which satisfies the

step-size conditions under the assumption L,,(p)? < L, we
obtain

k> kd? log(dlog(fw) +log(1/e)) log(%). (6)

In particular, the leading dependence on the dimension is of
order d? up to logarithmic factors. The remaining parameter
dependence is polynomial in the condition number « and the
geometric quantity ~y, while the exponential dependence on
smoothness parameters that appears in the general L-smooth
case is eliminated.

Mixing time for the convex-container-plus-thinning
method. We analyze the mixing-time of the convex-
container-plus-thinning construction. The original target
density is

m(z) x exp{-U(z)} 1{z € K},

where K C R? is an arbitrary bounded set. We do not
assume that K satisfies Assumption (Al); we only assume
that U satisfies the smoothness condition (A2) on K.

Let K D K bea compact convex set with C? boundary that
satisfies Assumption (A1), and let U be the smoothly ex-
tended potential constructed in Section 3, satisfying U = U
on K. By Proposition 3.1, the extended potential U satisfies
an analogue of Assumption (A2) on K, possibly with mod-
ified constants (L, G) that depend only on (L, G) and the
extension parameters. We define the extended target

7(x) o« exp{—U(z)}1{z € K}.
Since U = U on K, we have 7(- | K) = .

Let uy denote the law of the k-th iterate (or its Cesaro
average) of ReHMC targeting 7, and define the thinned law
pihin .= Law (X}, | Xy € K). Then the mixing-time of the
thinned chain is bounded by

Enin(e) < k%(%>, a:=7(K),

where kz(-) denotes the corresponding mixing-time bound
for ReHMC targeting 7; concretely, one may take kx(g) to
be the bound in (3) or (6), depending on which assumptions
hold.

This bound follows from the fact that to ensure ||pth® —
7|lrv <€, it suffices that ||, — 7Ty < %%, whichis a
direct consequence of a standard total-variation inequality
for conditional distributions.

Substituting the bounds of Theorems 4.3 and 4.5 yields,
respectively,

2
Ethin(e) < (?) exp(SRG + (8L+2)R* + 1)

X logﬁ log3
S8ae ac
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in the general smooth case, and
k < L
thin (5 ) ~ m77]2

in the strongly log-concave case.

Since o = 7(K) appears only inside logarithmic terms in
these bounds, the convex—container plus thinning method
preserves the same mixing order whenever 7 (K) is bounded
away from zero.

5. HMC for Densities Supported on the Stiefel
Manifold

We consider a target density 7(T") supported on the Stiefel
manifold

Viw = {TeR™**: T'T=1,},

r > u.

To facilitate sampling from 7(T'), we employ the polar ex-
pansion framework of Jauch et al. (2021). Specifically, (i)
we introduce an auxiliary parameter to obtain an extended
representation of I', (ii) we embed this representation into a
constrained Euclidean space, and (iii) we apply the ReHMC
algorithm to perform sampling in the constrained space.

(i) Auxiliary-variable representation. We introduce an
auxiliary positive—definite matrix § € SY, and consider
the joint target 7(I', S) = = (T')7s(S), where 7g is a
user—specified auxiliary density. While Jauch et al. (2021)
consider a (non—-truncated) Wishart distribution for g, we
instead adopt the following truncated Wishart—type density
in order to obtain mixing—time guarantees:

r—u—1

ms(S;e, M) x |S| =

1{ min(S) > c} 1{tr(S) < M},
@)
where ¢ > 0 and M < oo.

This truncation is imposed to ensure that the smoothness
parameters of the reparameterized target are uniformly
bounded, as established after the constrained Euclidean em-
bedding. By construction, I" and S are independent under
the joint target 7(T', S), and the marginal distribution of T'
is exactly 7(T"), regardless of the specific choice of the aux-
iliary density 7. Consequently, if we sample (T", S) from
(T, S) and discard S, the retained samples of T' follow
the original target density 7(T").

(ii) Constrained Euclidean embedding. We embed the
auxiliary-variable representation (I',.S) into a Euclidean
parameter B. For any B € R"*" with full column rank,
define

I'(B):=B(B'B)"'?, S§(B):=B'B.
These mappings establish a bijection between

{BeR"™ :rank(B) =u} and V., xSY,,

with inverse given by B = T'S'/2. The corresponding
Jacobian determinant factorizes the volume element as
dpy (T') dS,

r—u—1

dB = ¢, |S| 2

®)

for a constant ¢,.,, > 0, where duy denotes the Haar mea-
sure on the Stiefel manifold V. ,,.

Combining (7) and (8), the induced target density for B is
given by the compactly supported density

m(B) o 7(T(B)) 1{Amin(B" B) > ¢} 1{||B||} < M},

©))
since tr(S) = | B||%. Thus, sampling B from (9) and
mapping back via I'( B) yields valid draws from the original
target density 7(T").

(iii) Sampling from (9). We sample from
(9) wusing ReHMC combined with the con-
vex—container—plus—thinning method. The target density
m(B) is defined on R"** (equivalently, R"*) with support
K = {B € R \uin(BTB) > ¢, | B|% < M}.
The eigenvalue constraint Ai, (B ' B) > c renders K non-
convex. We therefore embed K into the convex container

K = {B eR™: ||B|% < M},

namely the Frobenius ball of radius v/'M, which satisfies
Assumption (A1). We run ReHMC on the convex container
K, together with the thinning step described in Section 3.
Algorithm 3 summarizes the resulting Polar Reflective HMC
(PR-HMC) sampler, which combines reflective dynamics
on K with thinning. The choices of algorithmic tuning pa-
rameters, including the step size 7, the integration length b,
and the penalty parameter ), are specified in the numerical
experiments.

For the mixing-time analysis of this algorithm, our goal is
to verify that the reparameterized target satisfies Assump-
tion (A2). It suffices to assume that the original target den-
sity w(T") is locally smooth on an open neighborhood of
the Stiefel manifold V;. ,,. Under this assumption, we show
that the reparameterized target admits uniformly bounded
smoothness parameters over its effective domain.

This conclusion follows from the compactness of the support
K of the induced density 7(B) and the smoothness of the
mapping B — I'(B). In particular, the support K is com-
pact by construction, and the mapping B — I'(B) admits
uniformly bounded derivatives on K, due to the eigenvalue
lower bound ¢ > 0 and the Frobenius norm upper bound
M < oo. As a result, local smoothness of 7(T") implies
global smoothness of the induced density 7(B) on K. By
Proposition 3.1, these smoothness bounds extend uniformly
to the convex container K. Consequently, Assumption (A2)
holds for the ReHMC dynamics on K.
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Algorithm 3 Polar Reflective HMC for Stiefel-Constrained
Targets

1: Input: current state B € K, step size 7, leapfrog steps
L ¢, mass matrix M, boundary width b, penalty strength
A, spectral threshold ¢, and Frobenius-norm bound M
Define: U(B) = U(B) + A¢(¢(B)/b) on K
Draw momentum P ~ N (0, M)
Set (B(), P()) < (B7 P)
for(=0,1,...,L; —1do

PZ—Q—% < Pg — gVU(Bg)

(Beg1, Pryy)

REFLECTIVEPOSITION( By, Pe+% ,n, M, f()

Pryy < Prypy = 3VU(Brya)

end for

Set (B/7P/) — (BL7PL)

: Accept B"" « B’ with prob. e"U(B)1{B’ € K})
otherwise set BV <— B

: if B*V € K then

Compute I' «— I'(B™°V)

. end if

: (Optional) flip momentum: P’ < —P’

— =
TR0 X RN AEWR

—_— e = e e

6. Experiments

We evaluate the computational efficiency and convergence
behavior of the proposed Polar Reflective HMC (PR-HMC)
by comparing it with the unconstrained polar-expansion
HMC method of Jauch et al. (2021), which serves as the
baseline algorithm throughout our experiments.

In all experiments, we fix b = 0.2, A = 2, and Ly = 50. For
each experimental setting, we perform a grid search over
¢ €{0.01,0.1} and M € {20,40}, and report results using
the best-performing configuration for that setting. The step
size and mass matrix are adaptively tuned during the warm-
up period following the procedure of (Hoffman et al., 2014).
‘We discard the first 2,000 iterations as burn-in and retain
2,000 iterations for sampling across four parallel chains. For
PR-HMC, ESS is computed only from the retained samples
after thinning; discarded samples incur additional cost but
are excluded from the ESS count, making the comparison
conservative. We report the resulting ESS further averaged
across chains. Detailed experimental settings and full re-
sults are provided in Appendix C. The code is available at
https://github.com/swpark0413/prhmc.

As evaluation criteria, we report the effective sample size
(ESS) and the Potential Scale Reduction Factor (PSREF, also
known as split-R) (Gelman & Rubin, 1992; Vehtari et al.,
2021). The PSRF diagnoses convergence by comparing the
between-chain and within-chain variabilities; values near 1
indicate that the chains have reached stationarity, while val-
ues exceeding 1.05 suggest incomplete mixing. We compute

Table 1. Computational efficiency comparison on the Stiefel mani-
fold with r» = 40. Larger ESS is better; for PSRF (split-R), values
closer to 1.0 indicate convergence, with values above 1.05 suggest-
ing insufficient mixing (Vehtari et al., 2021). The best result for
each (u,w) configuration is shown in bold. NA denotes configura-
tions where numerical instability made MCMC infeasible.

BASELINE PR-HMC

u w ESS PSRF ESS PSRF
20 10 626.68 1.006 640.42 1.006
100 1432.54 1.004 1343.78 1.003
200 1351.09 1.005 1379.87 1.005
500 1046.10 1.005 1054.42 1.006
30 10 1214.27 1.002 1292.33 1.003
100 994.89 1.003 1056.54 1.003
200 NA NA 1246.13 1.003

500 NA NA 1219.83 1.009
39 10 1352.64 1.002 1475.80 1.002
100  459.30 1.013 1162.82 1.002
200  579.38 1.011  1331.58 1.002

500 900.54 1.004 1522.68 1.002

the ESS of the entries of the projection matrices I'T' T, treat-
ing each upper-triangular element F;; as a scalar summary
of the sampled subspaces, and first average the ESS values
across all such elements.

6.1. Directional distributions on the Stiefel manifold

We illustrate the proposed method to the sampling of Matrix
von Mises—Fisher (vMF) distribution (Hoff, 2009; Pal et al.,
2020):

7(T) o exp(wtr(ATT)), T eV,

where A € R"*" is a fixed parameter matrix and w > 0
determines the concentration.

We consider r = {20,40}, u = {2r/4,3r/4,r — 1}, and
w € {10,100, 200,500}. For brevity, Table 1 reports the
results for » = 40, while the corresponding results for r =
20 are provided in Appendix C.

Table 1 presents that the proposed PR-HMC consistently
achieves comparable or superior ESS values across most
configurations, with the performance gap becoming more
pronounced as the subspace dimension u approaches the
ambient dimension r. Notably, at u = 39, PR-HMC demon-
strates substantial improvements with an average ESS gain
of 90.3% over the baseline. Furthermore, while the baseline
method fails to converge for u = 30 with w € {200,500},
PR-HMC maintains robust performance, demonstrating su-
perior numerical stability in challenging parameter settings
where the baseline method struggles.
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6.2. PCA with an orthogonal loading subspace

Next, we evaluate performance on a Bayesian PCA model,
where inference on the orthogonal loading structure is cen-
tral. We generate n = 30 observations from

Y = ZRI'' + E,

where Y € R™*" is the observed data matrix, I' € V,,,
is an orthogonal loading matrix, Z € R"™** consists of
latent scores drawn from a standard normal distribution, and
E € R™ " is isotropic Gaussian noise. The diagonal matrix
R = diag(ry, ..., r,) specifies the signal strength of each
latent factor, with distinct ordered entries to resolve the
rotational non-identifiability. We assign a Matrix Angular
Central Gaussian (Kent et al., 2013) prior to I', which is a
natural distribution on the Stiefel manifold.

We fix the subspace dimension at v = 2 and vary r €
{10, 20, 30,40}. The data generation utilizes the scaling
matrix R = diag(5,0.5) to induce distinct signal strengths,
while the MACG prior on I has density oc [I'T®~1T|~7/2
with ® = diag(1l,e); ® is a prior hyperparameter, and
smaller ¢ yields a more anisotropic posterior. To account for
data-generation variability, we repeat the analysis over 30
independently generated datasets.

Table 2 demonstrates that under moderate anisotropy (¢ €
{0.1,0.05}), both methods achieve comparable ESS val-
ues across all ambient dimensions 7. However, under high
anisotropy (¢ = 0.01), the baseline method fails to converge
for all configurations, whereas PR-HMC consistently main-
tains stable performance with ESS values exceeding 921.
These results highlight the robustness of PR-HMC in highly
anisotropic settings, where the baseline method encounters
numerical difficulties.

7. Conclusions

We established non-asymptotic total-variation mixing-time
bounds for reflective Hamiltonian Monte Carlo (ReHMC)
on bounded domains, with a leading d? dependence under
L-smoothness and sharper guarantees under strong convex-
ity. To handle general bounded supports, we introduced
a convex-container-plus-thinning framework and demon-
strated its effectiveness for sampling on the Stiefel manifold.
Beyond the Stiefel manifold, our framework may be applied
to sampling over SU(N) in lattice gauge theory (Duane
et al., 1987; Christ et al., 2025) and to high-dimensional
polytope sampling in systems biology (Haraldsdéttir et al.,
2017); see Appendix D for a polytope demonstration.

The main limitations are twofold. First, the general smooth
mixing bound in Theorem 4.3 has exponential dependence
on the problem-dependent constants G, L, and R, which
can make the bound conservative. Second, the thinning step
requires the retention probability o = 7(K) to be bounded

Table 2. Computational efficiency in Bayesian PCA with orthog-
onal loadings across ambient dimensions 7 and anisotropy levels
€ (smaller ¢ indicates higher anisotropy). Larger ESS is better;
for PSREF, values closer to 1.0 indicate convergence. Best per con-
figuration in bold. NA denotes configurations where numerical
instability made MCMC infeasible.

BASELINE PR-HMC
€ ESS PSRF ESS PSRF
10 0.1 1066.73 1.0014 1075.97 1.014
0.05 1248.59 1.003 1258.29 1.003
0.01 NA NA 1061.04 1.007
20 0.1 964.89 1.046 968.74 1.043
0.05 1109.68 1.011 1128.09 1.011
0.01 NA NA 989.37 1.012
30 0.1 995.71 1.031 1011.71 1.044
0.05 1073.04 1.026 1067.64  1.040
0.01 NA NA 977.32 1.042
40 0.1 1010.57 1.081 1027.61 1.073
0.05 993.4 1.092 1022.38 1.099
0.01 NA NA 921.12 1.089

away from zero; if « is small, most samples are discarded
and the effective sample size deteriorates.

An important direction for future work is to extend this
framework to target densities supported on a product of
bounded and unbounded parameter spaces, which com-
monly arise in Bayesian models with both orthogonal and
additional unconstrained parameters, such as factor models.
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Organization of the Appendix

Appendix A provides details of the smooth-extension construction for general bounded supports, including the penalty-based
extension and the softplus approximation used in implementation. Appendix B contains the proofs of the mixing-time
results. Appendix C reports additional experimental details and full numerical results. Appendix D illustrates the proposed
framework on polytope-constrained targets, and Appendix E provides an empirical verification of the predicted O(d?)
dimension scaling. Appendix F compares the bounded reflecting-container extension with an unbounded penalty-only
extension, thereby illustrating why the extension should retain a reflecting boundary rather than relying solely on the penalty
term.

A. Details of the Smooth Extension for General Bounded Supports

This appendix provides a concrete construction underlying Section 3. The purpose is to extend reflective HMC to a general
bounded support by embedding it into a smooth convex container and applying thinning. Throughout, we separate the
theoretical construction, which uses an exactly vanishing smooth boundary surrogate, from the softplus approximation used
in numerical implementations.

A.1. Container

Let K C Ribea compact, convex set with C2 boundary. The C? boundary regularity ensures a well-defined inward normal
at every boundary point and smooth dependence of reflections on the state. We assume throughout that

K C K.

The specific choice of K is not unique and may be adapted to the geometry of K. In practice, K is chosen to be a simple
geometric set that strictly contains K, such as a Euclidean ball or a hyperrectangle, with sufficient margin to accommodate a
smooth transition near 0 K.

Examples.

* Bounding ball. If K is bounded, one may take
K={geR": |q—ql <R},

where qq is a fixed center and R is chosen so that K C K. This choice yields a C'*° boundary and simplifies reflective
dynamics.

¢ Ellipsoidal container. When K exhibits anisotropic scaling, one may take
K={q:(¢—q) = "(¢—a) < R*},
for some positive definite matrix . This choice aligns the container with the principal axes of K and can improve
numerical stability.
A.2. Construction of the extended potential

We now construct a smooth extension of the potential that enforces the support constraint through a smooth penalty, without
introducing any explicit projection or retraction toward K. The basic idea is to preserve the original potential on K while
adding a smooth penalty outside K within the container K. Under the exact-vanishing surrogate condition introduced below,
the resulting extended potential is globally C? on K and agrees with the original potential on K up to second order.

A.2.1. BOUNDARY DESCRIPTION

Let K C R? be bounded. Assume that there exists an open neighborhood N of K and a boundary defining function
¢ : N — R such that

KNN={qeN:4(q) <0}, OK={qeN:¢(q)=0}, Vo(q) #0 (¢q€IK),

12
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with ¢ € C%(N). The sign of ¢ encodes feasibility near the boundary, so ¢ can be viewed as a signed-distance-like constraint
function.

For nonsmooth supports, such a regular defining function may not be available globally. The container construction avoids
direct reflection on 0K; reflection is instead performed on 0K . The original constraint K is handled through a smooth
penalty term, introduced below via a boundary-violation surrogate .

A.2.2. EXACT-VANISHING BOUNDARY SURROGATE

Assume that there exists a function
¢ : K —[0,00)

such that N N
¢ € C*(K), w(q) =0 forallq € K, v(q) >0 forqge K\ K.

We call ¢ an exact-vanishing boundary-violation surrogate. The role of ¢ is to measure the amount of violation outside K
while remaining exactly zero on the original support.

When a C? defining function ¢ is available, a typical construction is

where h : R — [0, c0) is a C? smooth hinge satisfying
h(t)=0 (t<0), h(t) >0 (t>0).

For example, one may take h(t) = 0 for t < 0, h(t) = t for t > ¢, and connect the two pieces on (0, ¢) by a C? smoothstep
interpolation.

A.2.3. PENALTY FUNCTION

Let ¢y : R — R be a penalty function satisfying
e C*R),  P(s)=0 fors<0,  (0)=1'(0)=12"(0)=0.
In applications, v is chosen to be nonnegative and increasing on [0, c0). A typical choice is the one-sided polynomial penalty
v(s) = (s1)%, k=2

where s, = max{s,0}. Since ¢(q) = 0 on K, these conditions imply that the added penalty term has zero value, zero
gradient, and zero Hessian on K.

A.2.4. PENALTY-BASED EXTENDED POTENTIAL

Let U : K — R denote a C2 extension of the original potential to the container K. Fix parameters A > 0 and b > 0, and
define

Ulq) :=Ul(q) + w(‘péq)) ., g€K. (10)

Here b controls the thickness of the boundary layer, and A controls the strength of the repulsive penalty outside K.

In this construction,

« for ¢ € K, the surrogate satisfies ©(gq) = 0, so the penalty term vanishes exactly;

e forg € K \ K, the penalty increases smoothly with the magnitude of the constraint violation.

Thus the extended potential agrees with the original potential on K and adds a smooth penalty outside K within the
container.
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Lemma A.1 (Regularity and interior matching). Suppose that U € C2(K) and that ¢ € C2(K) satisfies

v(q) =0, qe K.

Let ¢ € C*(R) satisfy
$(0) = ¢'(0) = ¥"(0) = 0.

Then the penalty-based extended potential

Proof. Define

Since ¢ € C2(K) and 1) € C2(R), the composition S = 1) o s belongs to C2(K). Therefore,
Ulg) = U(g) + AS(q)
belongs to C2(K).
Fix ¢ € K. By the exact-vanishing property of o, we have ¢(q) = 0 and hence s(q) = 0. Therefore,

U(q) = U(q) + X(0) = U(q).

Next, by the chain rule,

= A
VU(q) = VU(a) + A ¢/(s(a)) Vs(q) = VU (q) + 59 (s(9)) Vip(a)-
Since s(g) = 0 and ¥’ (0) = 0 for ¢ € K, the additional term vanishes. Thus

VU(q) =VU(g), gq€K.

Differentiating once more gives

V2U(q) = V2U(q) + M {¢" (s(q)) Vs(q)Vs(q) " + ' (s(q)) V2s(q) } -
Since ) )
Vs(a) = 7Vela),  Vis(a) = 7 V7¢(9),

we obtain
V20(q) = VU (q) + 30" (5(0)Vola) Vila) T+ 2 (5(0)) Ve(a)

For ¢ € K, s(q) = 0. The flat endpoint conditions ¢’ (0) = " (0) = 0 imply that both additional terms vanish. Therefore,

VU(q) =V?U(q), q€K.

Remark A.2 (Existence of the exact-vanishing surrogate). Lemma A.1 assumes the existence of a C? exact-vanishing
surrogate . This assumption should be viewed as a regularity condition on the support description used for the smooth
extension. When K admits a C? defining function ¢ in a neighborhood of its boundary, such a surrogate can be built
by composing ¢ with a C? one-sided smoothing h satisfying h(t) = 0 for ¢t < 0. For supports described by nonsmooth
constraints, one should first construct or choose a C surrogate ¢ that vanishes exactly on K and is positive outside K. The
subsequent results depend only on these properties of , not on the particular representation of the original constraints.
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A.3. Approximation error for the softplus surrogate

The exact interior matching in Lemma A.1 relies on the condition ¢(q) = 0 for all ¢ € K. A smooth alternative is the
softplus surrogate

po(a) =~ log{1 + exp(o9(a) )

Although ¢, is C°, it does not vanish exactly on {¢ < 0}. Thus, unlike the exact-vanishing surrogate used above, the
softplus surrogate does not give exact interior matching on K. In particular, the identities

U="U, VU = VU, V2U =V2U onK

need not hold exactly for the softplus-based extension. Nevertheless, the resulting discrepancy can be controlled uniformly
on K.

Assume the sign convention
K ={q:¢(q) <0}

and consider the quartic penalty 1/(s) = s*. The corresponding softplus-based extended potential is

Taa) = Ula) + A (@b(‘”)

For any ¢ € K, we have ¢(q) < 0. Since o > 0, this implies exp(c¢(q)) < 1, and therefore

1+ exp(op(q)) < 2.

Hence

1 log 2
0 < ¢o(q) = - log{1+ exp(09(q))} < .
It follows that, for all ¢ € K,
~ @)’ log2\*
0<Un(g) - Ul@) =228 ) < .
b ob

Consequently,
~ log 2 : _4

sup [Us(q) —U(g)l <A [ ——] =0(c7).

qgeEK ob
Therefore, the softplus construction does not give exact interior matching, but its error on K can be made uniformly small
by increasing o.
Remark A.3. The bound above is stated for the quartic penalty ¥(s) = s*. More generally, if 1(s) = s¥ for k > 2, then
the same argument gives

~ log 2 2k
sup |Ux(q) — U(q)| SA( > ) =O0(c7%).
qeK o

A.4. Additional smoothness and global boundedness

The results of the previous subsection establish that the penalty-based extension is well defined under C? regularity and,
under the exact-vanishing condition on the surrogate ¢ together with the flat-endpoint conditions on the penalty function 1,
satisfies exact interior matching on K. In this subsection, we impose additional global smoothness assumptions and derive
uniform boundedness properties for the extended potential.

These bounds are not required for the validity of the construction itself, but play a central role in quantitative mixing analyses
such as Theorem 4.3. In particular, global bounds on the Hessian of U provide step-size restrictions and stability terms in
mixing-time estimates.

Assumption A.4 (Global boundedness framework for the smooth penalty). Assume that K C R s compact and that
U € C?(K) with VU being L-Lipschitz on K. Assume further that ¢ € C?(K) is a fixed boundary-violation surrogate.
Let b > 0 and define the penalty coordinate

s(q) = @7 ge K.
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Assume ¢ € C?(R) satisfies the one-sided condition

Define the attainable range of s on the compact container by

Smin := inf s(q), Smax ‘= sup s(q),
qeK qGIN(

and define the penalty constants on this attainable range by

mj= sup [pYV(t)], j=0,1,2 (11)

tE[Smin,Smax

Remark A.5. The restriction in (11) to the attainable range is essential. For typical choices such as the one-sided polynomial
penalty

Y(t) = (ty)*,  tp = max{t,0},
the global suprema sup, g |4y0)(t)| may be infinite, whereas the attainable-range quantities in (11) are finite because
[Smin, Smax] 1s bounded whenever s is bounded on the compact set K.

Lemma A.6 (Finiteness of penalty constants). Under Assumption A.4, the constants used in the global curvature analysis
are finite. In particular,

Smin, Smax € R, By = sup [|Vs(q)|| < oo, By = sup V2s(q)]|2 < oo,
geEK geK

and the penalty constants defined on the attainable range satisfy

mj = sup |1/)(j)(t)| < 00, j=0,1,2.
te[smiuysmax]
Proof. Since K is compact and U € C2(I~( ), all derivatives of U up to order two are continuous on K and hence bounded.

Next, since ¢ € CQ(IN( ) and K is compact, ¢ and its first two derivatives are continuous and bounded on K. Hence

My :=sup [o(q)| < o0, My :=sup [[Ve(q)| <oo, My :=sup [VZp(q)llz < oc.
qEK geK qeK

By definition, s(¢) = b~'¢(q). Therefore s is continuous on K and hence attains its infimum and supremum on K. This
proves
Smin; Smax € R.

Moreover,
Vs(q) = %W)(QL Vs(q) = %V%(q)
Thus
By = sup [ V()] < 5L < oo,
q€K
and

M.
By = sup [ V?s(g)l|2 < 5% < oc.
q€I~(

Finally, since s(f( ) C [Smin, Smax) With finite endpoints and 1) € C*(R), each 1Y) is continuous and therefore bounded on

[Smin, Smax]- Hence
mj < 00, 7=0,1,2.
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Proof of Proposition 3.1. Differentiating (10) yields
VU(g) = VU(q) + A¢/(s(0)) Vs(a),

and differentiating once more gives
V2U(q) = V?U(g) + A(¢”(S(61)) Vs(@)Vs(a)" +v'(s(a)) V28(q))- (12)

Since VU is L-Lipschitz on K, we have ||V2U(q)|2 < L for all ¢ € K. Taking operator norms in (12) and using the
definitions of By, B2 and m1, mo yields, forall ¢ € K,

IV*T (@2 < [IV2U(9)]2 + A(W’(S((J))\ IVs(@]* + 10" (s(0)] IIVQS(Q)||2) < L+ A(m2Bf +m1By).
The right-hand side is finite under Assumption A.4 and Lemma A.6. Defining
C, := L+ N(mzB} +m1Bo)

completes the proof. O

Remark A.7. When X = 0, the curvature bound reduces to || V2U |5 < L, so the bound is inherited entirely from the base
potential U. Moreover, if U is L-smooth on K, then for any reference point =, € K,

G = sup [|[VU(q)|| < | VU (x,)|| + L diam(K).
qeK

This yields an alternative parameterization of constants in mixing bounds in terms of (L, ||[ VU (z,)||) and the container
diameter.

B. Proof of Theorems

In this section, we prove Theorems 4.3 and 4.5.

Remark B.1. (General mass matrix). The proofs below assume A = I for notational convenience. The extension to general
M = 0 follows by replacing the Euclidean inner product (-, -) with the M-inner product (z,y)s; = 2" M~y and the
Euclidean norm with || - ||a7. Provided that 0 < Apin (M) < Apax(M) < o0, this substitution introduces only constant
factors depending on the condition number Aoy (M) /Amin (M) into the bounds of Theorems 4.3 and 4.5, without altering
the proof structure.

For this purpose, we invoke Lemma 12 of Lee et al. (2020), restated as Lemma B.2. This reduces the proofs of Theorems
4.3 and 4.5 to identifying ki, such that (13) holds. We then establish conditions under which ReHMC satisfies (13) and
obtain an explicit kpip.

Lemma B.2 (Lemmg 12 of Lee et al. (2020)). Let T be a Markov kernel with stationary distribution 7. For k > 1, define
the Cesaro average Tj, := k=1 Zf:_ol T %. Suppose there exists an integer kuyin > 0 such that for every distribution T that is

B/e-warm with respect to T*,

1

v < 5 (13)

H7_7<7min7r - T(*
Then, if mo is B-warm with respect to ©*, for any k > kuyin log(e™1),

Fimo ~ 7y <

To identify k., satisfying (13), we employ the blocking—conductance inequality Kannan et al. (2006); Lee et al. (2020),
restated in Lemma B.3.

Lemma B.3 (Blocking—conductance mixing bound). Suppose the same setting of Lemma B.2. Let
QS) = / T, §°) dr* (x)
s

17



Reflective Hamiltonian Monte Carlo

denote the usual conductance profile of T. Suppose my is B-warm, and there exist ¢ > 0 and a decreasing function
¢ [c,1/4] — Ry such that

Z)(gl < ¢(t)  forall Swithm*(S) =t € [c,1/2)],
and ¢(t) < M fort € [1/4,1/2]. Then, for all k > 1,
- 9 1/4 M
||77C71'0 - 7T*||TV < Be + ?;:( (LE) dr + 4> (14)

We next characterize the blocking profile ¢(¢) needed to control the right-hand side of (14) under two regimes given in
Theorems 4.3 and 4.5.

B.1. Proof of Theorem 4.3

Lemma B.4. Suppose n*(x) < e~V defined on K C RY, and let p(7*) denote a log—Sobolev constant such that

But (1) < pln') [ I9F@IF dr (@),
Sfor any smooth function f, where
2
Ent-(f?) = f(z)?log <f($)> dr*(x).
®e fly)* dr*(y)
R4

Let Q C K satisfy n*(Q2) = 1 — s, and suppose that for some § > 0 and o € (0, 1],

Te — Tylltv < 1—a forallz,y € Qwith ||z —y|| <9, (15)

where T, (-) := T (x,-) is the transition kernel. Then, fort € [s,1/2] and any S with 7*(S) = t,

a | p(n*)o
Q) = ¢ [

1 (t—s)(l—t—s)—s].

In particular, if

* 1_
s < min{p<7;2)6t(l—t), %, Qt},

then

e . )p(m)o 1
Q(S) > ZCt(l—t), C—mln{ 3 ,2}.

Lemma B.5. Suppose the same setting of Lemma B.4 and (Al)-(A2) hold. Let K C R¢ be a bounded convex set with
diam(K) < 2R, and let U € C'(K) have an L-Lipschitz gradient on K. Define
() x e V@ 1x(2).

There exists a universal constant cry; > 0 such that, for every anchor =, € K,

p(1*) > Y exp( = SR|VU(2,)|| — (8L +2) R?) > ¥ exp( — SRG — (8L +2) R?).
2R 2R

Lemma B.6 (Local TV contraction). Suppose Assumptions (Al)-(A2) hold. If

P 1 1 1 1 1
< C A A A A N
"= 0<¢&+G Gva' VId' VIG " dL.() G2Ln<p>>
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for some constant Cy, then
o T Ty <10, a=

z,Y
lz—ylI<Cin

ool

Sfor some positive constant C1.

The proofs of Lemmas B.4-B.5 and Lemma B.6 are provided in Sections B.3 and B.4, respectively.

Proof of Theorem 4.3. Applying Lemma B.4 to the blocking—conductance bound (Lemma B.3), when ¢t < 1/2and Q@ = K
(s = 0), we can set

64 ) p(r)e 1 ¢ B 256 B
¢(t)—m7 C’—mln{ 32 72}1 C_Ma M—¢(1/4)—a27027 0= pun,

Note that the condition of 7 comes from Lemma B.6, which is needed to satisfy (15) in Lemma B.4. For any 3/e-warm
initial distribution 7, Lemma B.3 gives

_ . 1 32| 64
| Tem — 7*||Tv < P + - la202 (2 +log B — loge)].

Hence, when

1 256 B
2 g 1) ().

we obtain ||, — 7*||v < 5. By applying Lemmas B.2 and B.5 with § < 7, we obtain || Txmo — 7* ||, < &, when

1
kZ 52 exp(8RG + (8L + 2)R?) + 1} log<6> log() 7
n € €
< p A 1 A 1 A 1 A 1 A 1
T~Vivra " ava Vid ' VLG dL.(p) " GL.(p)

B.2. Proof of Theorem 4.5

Lemma B.7 (K-constrained version of Lemma 28 of Lee et al. (2020)). Let K C R? be convex and let T be an m-strongly
log-concave distribution supported on K, i.e.

Rie(@) o exp(~U(@)) L (2),
with m-strongly convex U (x). Suppose there exists Q@ C K with 73, (2) = 1 — s and that for all z,y € Q with ||z —y|| <,
1Te = Tyllry < 1—a,
and 0+/m < 1 is satisfied. Then, for all s <t < 1/2 and all measurable S C K with 73;(S) = t,
5 (S) < 16t
Qk(S)? ~ az(@(t — ) log"?[(1+1/t)] — 5)27

where Q  (S) is the conductance of S for the Markov kernel T with stationary distribution w3, which is defined in Lemma
B.3. In particular, if
s < min(%, 5\{?t\/10g3),

n(s) 2
Qk(9)2 — a2d2mtlog(1/t)

then
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Proof. First, we provide the inequality that is similar to Lemma 27 in Lee et al. (2020). While we consider the K -restricted
distribution, Lemma 27 in Lee et al. (2020) does not.

Let z* be the unique minimizer of U. Since U is m-strongly convex, we can write
m
_ * (|2
Ule) = go) + 2l — 2|
where g is convex. Because K is convex, the indicator 1 g is log-concave. Hence

q(x) := exp(—g()) 1k ()

is log-concave, and after normalization ¢(x) := §(z)/Z, is a log-concave density. Let v denote the density of the Gaussian
distribution N/ (2*, m~'1,). Then 7}, can be written, up to a constant, as

We now apply Lemma 16 in Chen et al. (2020) to the density 7} = ¢ - . Identifying 0% = 1/m, Lemma 16 yields the
logarithmic isoperimetric inequality for any partition (S7, S, S3) of K:

. Vm . . 1 1
mic(S5) = Y5 d(S1, S2) min{mic (S1), wic(S2)} log 2(1+min{w}}(Sl)ﬂr}((Sg)})]'

This is precisely the analogue of Lemma 27 in Lee et al. (2020) for the K -restricted distribution. Applying the above K-
restricted log-isoperimetric inequality to the partition (A;, Ao, A3) and following the same steps in the proof of Lemma 28
in Lee et al. (2020), we obtain the lower bound on Q  (S). This yields the stated bound on 7% (S)/Qx (5)?. O

Proof of Theorem 4.5. Step 1: Local TV contraction. Under Assumptions (A1), (A2), and (A3), Lemma B.6 shows that,
provided 7 satisfies

1 1 1 1 1
P A

< A A A\ A R
"~ ive N ova ! Vid D Vie " dn.p) " GLai)

there exist constants « € (0,1] and § > 0 such that

|72 — Tylltv < 1 —a wheneverz,y € K, ||z —y| <9,

with « universal (e.g. « = 1/8) and § < 7. The additional constraint §1/m < 1 appearing in Lemma B.7 then yields the
extra requirement 17 < m~1/2. Altogether this gives the step—size condition (4) (after rescaling the universal constant cg).

Step 2: Conductance profile under strong log—concavity. Since U is m~strongly convex on K, the truncated target 7* ()
e~V 1 () is m—strongly log—concave on the convex set K. Applying Lemma B.7 (with s = 0 and the same «, § as in
Step 1), we obtain a conductance lower bound of the form

T (5) Q) —
205 < ¢(t) whenever 7 (S) =t € (0,1/2],
with )
o) = a?252mtlog(1/t)’

This coincides, up to universal constants, with the conductance profile in Lee et al. (2020, Eq. (36)).

Step 3: Blocking—conductance bound. We plug this conductance profile into the blocking—conductance inequality stated in
Lemma B.3. Take ¢ = ¢/(4ef3) and the ¢ from Step 2. Then, we obtain

1
Emin = — [loglog(B/e) +1]. (16)
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Since § =< n by Lemma B.6, we obtain

kmin =

5 [loglog(B/e) + 1],

such that for every [3/e—warm initial distribution ,

175

IA
|

=T ey <

Finally, by Lemma B.2, we obtain

IA
)

||77€770 _W*HTV

for

pe m1772 log(log(ﬂ/a) + 1) 10g<é),

which is (5).

B.3. Proofs of Lemmas B.4-B.5

Proof of Lemma B.4. Fix S with 7*(S) =t € [s,1/2] and we have Q(S) := [ T.(S°) dn*(z) = [q4. Tz 7*(x) by
the stationarity of 7*, where S¢ = K \ S.

Define
Ay ={zeSNQ: T,(5°) <a/2}, Ay:={xeS°NQ: T.(S) <a/2}, Az:=(A1UA)".

We consider three cases: (1) 7*(A1) < 1 7*(SNQ), (2) 7*(42) < $7°(S°NQ), and 3) 7*(4;) > 1 7*(SNQ) &
T (Ag) > L 7% (S° N Q).

When the first case holds, 7*(A1) < & 7 (S N ), we have

/T SYdr*(

_/ T (S¢) dr*(x)
(SN)\ Ay

ST (SN2 N\ A)

Y

\%

> %W*(SQQ)
> 2t =),

where the last inequality is satisfied since 7*(S N Q) > 7*(S) — 7*(Q°) =t — s.
When the second case holds, 7*(As) < 1 7*(5¢ N Q), we have

by

A

I
O

To(S)dm™ (x)

IV
A\

T (S) dn*(x)

SenQ)\ Az
T ((S°NQ)\ Az)

%

%

(S°N Q)

\Y
NG RN YNl ) o)

(17t7’5)7
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where the last inequality is satisfied since 7*(S° N Q) > 7*(S°) — 7*(Q°) =1 -t — s.

Next, we consider the third case, i.e.,
(A1) > 3 (t—s), T (A2) = 3 (1—t—s).

By Lemma 10 in Ma et al. (2019), we have

7 (A5) 2 pud(As, A9) 7 (A1) (A2) 2 pud(r, 4g) - 0, an

where d(A1, Ap) = inf{||x —y|| : v € A,y € Az},

If € Ay and y € Ay, then || T, — Tyllvv > To(S) — Ty(S) = 1 — To(S¢) — T,(S) > 1 — c. By (15), we obtain
|z — y|| > ¢, which gives d(A;, A3) > 4.

Restricting to €2 yields

pu o

(A3 NQ) > 7% (A3) — 77 (Q°) > 1

—(t—-s)(1—t—s)—s. (18)

‘We have

as) = 3( [ Tsar @+ [ T i)

2 ( /5 ona, To(5°) dn™ () + /S . T2(5) dw*(x))
%{W*(SDA:’, NQ) +75(S°NA3NQ)}

v
|

v

«
T (4N Q).

Combine with (18) to obtain

Collecting all the cases, we obtain

]

Q(S) > %min{pz (t— )(l—t—s)—s,t—s,l—t—s}.
From the bound obtained above, we may simplify it under mild assumptions on s. If s < min{%, 1t} then (¢t — s)(1 —
t—s)> it(l — t). Moreover, if s < mm{pU5 t(1—1t),4L 5 —t} we obtain

pud pud pud
_ —t—8)—s > 2= —t)—s > == _

) —({t—s)(1—-t—s)—s 16 t(l—t)—s 39 t(1—1t).

Hence, in this regime, we obtain Q(S) > §C't(1 —t), where C' = min{%’ i O

Proof of Lemma B.5. Let v denote the density function of the truncated Gaussian distribution of N (Z, I)Ix withZ € K
and sup, ¢ || — Z|| < R. By Theorem 1.8 of Lee & Vempala (2018), the log-Sobolev constant of v satisfies

CLV LV
> > —
V) 2 Fm@® 2 2R

for a universal constant cpy > 0.

On K, we have

x eXp( —U(z)+ 3llz — 9?||2) =: Y@,
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By the Holley—Stroock theorem Holley & Stroock (1987),
* —osc z—z||?/2-U(z
p(n*) >e & (|lz—2||"/2-U(x)) p(v)

> e—oscK(||w—;E||2/2)—oscK(U(7;)) ,O(V),

where oscr (f(x)) := sup,cx f(x) — infcx f(x) for a function f. Since

osci (%l — z|?) == su}p{%Hm—fHQ— mf lz —z|* < R?/2.
TE

we obtain p(II) > %efoscK(U(x)),RQ/z.

Next, we provide the upper bound of osck (U(x)). By the assumption that VU is L-Lipschitz on K, we have
U(z) =Ul(xy) + (VU (24), 2 — x4) + 1(2), |r(z)| < é”x —z.?

for any anchor z, € K.

Taking sup and inf over € K and subtracting,
L . 9
oscx(U) < wg(VU(zy)) + 3 diam(K)?,

where wi (g) 1= sup,c g (9, ) — infrcx (9, 2) < ||g| diam(K'). Then, we obtain

L
osci (U) < ||VU(z,)|diam(K) + 5 diam (K)? (19)
Therefore,
plll) > T exp( = 2R|VU(w,)|| — (2L + ) R?).
This yields the claimed anchored lower bound. O
B.4. Proof of Lemma B.6

B.4.1. LEMMAS CONCERNING REFLECTION GEOMETRY

Lemma B.8. Assume (Al). Then:

(i) The nearest-point projection proj : N, — 0K is well-defined (single-valued) and of class C L

(ii) Let di () denote the signed distance between x and OK. We set the sign as positive (negative) when x € K€ (x € K).
The dk belongs to C*(N,) and

Vdg (z) = n(proj(z))  forallz € N,.
(iii) Writing x = ®(p, s) with p = proj(x) and s = dk (z), the Hessian is
D%d(z) = D(noproj)(z) = — Sy (I — () Sp(a)) ™" U7, = — I —s(z) Sp(a)) " Sp(ay U ()7

where Sy, is the shape operator atp € 0K, i.e. S, = —D
T,(OK). In particular,

n(p) |Tp (OK) and Ilt, is the orthogonal projection onto

K

D2d < r < ,
|D?dg (z)|| < @ S TR

Proof. Step 1 (Tubular coordinates and C*' regularity). By Assumption (A1), the normal map ® is a C'* diffeomorphism.
Hence every « € N, has a unique representation

z = &(p(x), s(x)) = p(z) + s(z)n(p(x)),  (p(x), s(x)) € IK x (=p, p),
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where n(p(z)) denotes the outward unit normal to K at p(z).

Step 2. We show that p(x) becomes the nearest point among JK, i.e., proj(z) := p(z). Fix x € N, and write z =
p(x) + s(x) n(p(x)). If there is no confusion, we let p denote p(z). For any y € 0K,
lz = ylI* = llp = ylI* + 5% + 25 (n(p), p — v).

Convexity implies (n(p), y — p) < 0 for all y € OK; in particular (n(p), p —y) > 0 fory € OK. Thus ||z — y||* > s,
with equality iff y = p. Therefore p is the unique nearest boundary point and dist(z, 0K) = |s|. Thus, proj(z) = p(x) and
dg (r) = s(x), and both proj and df are C*! because @1 is CL.

Step 3 (First derivatives: explicit formulas for Dp and ds). Differentiate the identity z = ®(p(z), s(x)) = p(z) +
s(z) n(p(x)) in the direction h € R<. Then, since Dn(p)[v] = —S,v for v € T,,(OK) (Weingarten equation (Weingarten,
1861)), we obtain

h=({I-sS,)v+7n(p),

where (v, 7) := (Dplh], ds[h]) € T,(0K) x R.

Taking the normal component gives (n(p), h) = 7,i.e. ds[h] = (n(p), h). Projecting tangentially yields II7,h = (I—55,) v,
hence
Dplh] = (I = s8p) " Tg,h,  ds[h] = (n(p), h).

Step 4 (Gradient identity and C? regularity). By definition of the gradient, (Vdg (z), h) = ds[h] = (n(p), h) for all h,
hence Vdg (x) = n(proj(z)). Because n is C* on 9K and proj € C' on N, the composition Vdx = n o proj is C*, so
dg € C2.

Step 5 (Hessian formula and bound). Differentiate Vdg () = n(proj(z)):
D*d(z)[h] = D(n o proj)(z)[h] = Dn(p)[Dp[h]] = =S, (I — 5 S,) "' Lrh.
Taking operator norms and using ||.S, || < &,

K

D? < I-— -1 < < .
D dx ()] < [[Spll (1 —8Sp) 77| < A S 1= 7p

O

Corollary B.9. Suppose the same setting of Lemma B.8. Define L, (p) :=

17, Then for any segment t — x + t
— Rp
contained in N, and any s, t,

[ n(proi(a + £8)) = n(proj(a + s6) || < La(e) 6111t - .
In particular, if the straight line segment [x,y] C N, then ||n(proj(z)) — n(proj(y))|| < Ln(p) ||z — y||.
Proof. Let F := n o proj. By Lemma B.8(iii), || DF(z)|| = ||[D*dk ()| < Ln(p) for all z € N,. Along any segment
tx+t5 C N,
t
Flz +t0) — F(z + 56) = / DF(z + 70)[8) dr,

hence || F(z + 16) — F(x + 58)|| < [[ |IDF|[I6] d7 < Lu(p) |3 |t — 5.
O

Lemma B.10. Suppose the same setting of Lemma B.S. Let R(n) := I — 2nn". Then, || R(n1) — R(n2)|| < 4||n1 — nal|
for any unit vectors ny, no. In particular, if the straight line segment [p, q| is contained in N,, then

[1R(n(p)) — R(n(g)|l < 4Ln(p) llp — |-

Proof. Expand
R(n1) — R(n2) = —2(711n1r — ngn;) = —Q[nl(nl - ng)T + (g — ng)n;—]

Taking operator norms and using ||n;|| = 1 yields ||R(n1) — R(n2)|| < 2(||n1]| + [|n2||)|ln1 — n2|| = 4]|n1 — nz||. The
second bound follows from Corollary B.9. O
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B.4.2. DECOMPOSITION OF TOTAL VARIATION DISTANCE
First, we give the detail of the transition kernel 7, of the reflective Hamiltonian Monte Carlo algorithm.

Let n > 0 be the step size and assume identity mass. Ignoring reflections for the moment, the leapfrog position proposal
distribution is defined as

Po = N(m(z), n*1a), m(x) :=x — g VU (z).
Equivalently, for V' ~ N(0, I;), we have

Next, we define the proposal distribution considering the reflection. Define Ref i (2, z) with € K and z € R? as below: we
follow the straight segment from x to z and applying specular reflections at each transversal hit with 0K (as in Algorithm 2).
Then, we let Ref k (z, z) denote the endpoint after reflections. Then, we define the random variable and its law:

Yo (V) = Ref(z, Ya(V)), P, := Law(Y,(V)) (pre~MH reflective proposal).

The one-step reflective Metropolized kernel 7 on positions is then

T:(A) = /a(w,z) 14(2) Pe(dz) + (1 —/a(m,z) Pw(dz))lA(m),

where a(x, z) € [0, 1] is the usual MH acceptance probability induced by the leapfrog discretization.

Events. Letz € K, H, := {N, > 1}, M, := {N, > 2}, S, := {N, = 1}, where N, is the number of hits. Let
r(z) := dist(z,0K). For # > 0 and first-hit point p, (when H, occurs),

NG, (0) := { [(0(2,V),n(pz))| > 0n }7
where §(z,V) = nV — LVU(2).

Using the above inequalities, we prove Lemma B.6.

Proof of Lemma B.6. We decompose

17 = Tollov < 1Pe = Polloy + 1P = Telloy + 175 = Pyl 1y

Through Sections B.4.3-B.4.6, we provide conditions to satisfy

Sup ||Pr *IPyH S Q’ (20)
{2y a—y[| <5} ™o
when
p 1 1 1 i
< ¢ A A A—— 1,  Ln(p) = ——o Q1)
e <\/&+G L) " GViaLaw " VI =
for a universal constant ¢y > 0, where L, (p) = lf/_ip'
In Section B.4.7, we provide conditions to satisfy
sup Pr—Ts < 4 (22)
{z,yeQ: Hw—ylléé}H HTV ®
< _1_ 1 1 1 1
whenn S 57 N via N vie N anm N @nor

Therefore, if we choose 7 so that it satisfies both sets of conditions above, that is,

p 1 1 1 1 1
< C A A A A N
"= 0<¢&+G Gva' VId' VIG " dL.() G2Ln<p>>
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for a sufficiently small universal constant Cyy > 0, then for all z,y € Q with ||z — y|| <4,

HPI_P?/HTV < 27 HPJU_TEHTV < é? HE_P?/HTV < %'

Plugging these bounds into the decomposition yields
||7;_7;JHTV < gtsts= % =1-3.
Taking the supremum over all z,y € Q with ||z — y|| < § gives

sup HTE_TyHTV < l-a a=g,
z,yeN
lz—yll<d

which proves Lemma B.6. O

B.4.3. UPPER BOUND OF ||Py — Py |1y

We provide Lemma B.11 to give the upper bound of HPQC —Py HTV, which is the same as H Law(Y;) — Law(Y}) HTV.

Lemma B.11. Let Y, = m(x) +nV, Y, = m(y) + 1V with a shared V ~ N (0, 1,), and let Y, Y, be the reflective
endpoints constructed from Y,,Y,. Define Ay := {N, =0}, A, := {N, =0} and Ay := A, N A,, where N (N,)) is the
number of reflections of Yy (Yy). Then,

| Law (Y,) — Law(Yy) ||y < || Law(Ye) — Law(Yy) ||y + P(AF)

= || Law (Y;) — Law(Yy) | 1y + : (23)

Proof. Fix aBorel B C K. Decompose
P(Y, € B) =P(Y, € B, Ay) + P(Y, € B, Aj).
On Ay there is no reflection for either path, hence Y, = f/x and
P(Y, € B, Ay) = P(Y, € B, Ay) =P(Y, € B) —P(Y, € B, A%)

Therefore, ~ -
P(Y, € B)=P(Y, € B) + A, A, =P, € B, A;) — P(Y, € B, Ap).

We now simplify A,. Using A§ = AS U (A N Ay),

P(Y, € B, Aj) = P(Y, € B, AS) + P(Y, € B, A5, A,)
P(Y, € B, A§) =P(Y, € B, AS) + P(Y, € B, A5, A,)

Since B C K and a reflection of the straight segment from m(z) to Y, implies the raw endpoint Y, ¢ K, we have
P(Y, € B, AS) = 0. Moreover on A, we have Y, = Y, hence
P(Y, € B, A5, Ay) — P(Y, € B, AS, Ay) = 0.

It follows that A, = P(Y, € B, AS). A symmetric argument yields P(Y, € B) = P(Y, € B) + A, with A, = P(Y,, €
B, A?).
4y

Thus
|P(Y, € B) —P(Y, € B)| < |P(Y, € B) —P(Y, € B)| + |A, — A,].

Since 0 < A, <P(AS) <P(A§)and 0 < A, < IP’(A;), we have
|Az — Ay| < max{P(AS),P(A5)} < P(AS U AS) = P(AS).
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Combining, we obtain
|P(Y, € B) —P(Y, € B)| < |P(Y, € B) — P(Y, € B)| + P(Aj),

for a Borel B C K. Taking the supremum over B C K then implies the total variation bound (the supremum over a
sub-class of sets is no larger than the supremum over all Borel sets).

Since
g, +1g, + |1y, —1g

|
1u,uH, = 5 .

Taking expectations yields

P(H,) +P(H,)+ P(H,AH,)

P(AS) = P(H, U H,) = 5 ,

where P(H,AH,) = E|1y, — 1p,|. O
We provide Lemma B.12 to give the upper bound of the first term in (23).
Lemma B.12. Let P(z,-) = N (m(x),n?1;), where m(z) = x — gVU(x), and suppose that VU is L-Lipschitz. Then

PG ) =Py < 5 Imia) = m@)l < 5 (1+ 75l =l

Proof. Pinsker’s inequality gives || — v||lrv < y/2KL(u||v). For Gaussians with common covariance & = %1y,
1 Ty-1 I —v?
KL (1, D) [N (1, %)) = 5(p—v) 27 —v) = TopE
Thus || - [lrv < ﬁllu —v|| and

mz) ~m@)| < lle il + 10 @) - VU < (14 ZE) e~y

The upper bounds of P(H,) + P(H,) and P(H,AH,) that appear in (23) are provided in Sections B.4.4 and B.4.5.

B.4.4. UPPER BOUND OF P(H,)

We give the upper bound P(H,,) in Lemma B.15, the proof of which requires the following lemmas.
Lemma B.13 (Momentum cutoff). IfV ~ N(0, I;) and Ry := v/d + /2u, then P(||V|| > Ry) < e~

Proof. We use the standard concentration for the Euclidean norm of a standard Gaussian: ||V|| is 1-Lipschitz in V" and
E||V|| < v/d. Gaussian concentration yields P(||V || — E||V|| > ¢) < e~**/2. Taking ¢t = v/2u and using E||V|| < V/d gives
the claim. O

Lemma B.14. Suppose (Al)-(A2) are satisfied and fix x € K. Let V.~ N(0,1;) and 6, := nV — 7772VU(:5). Let
E = {||V|| € Ra}, where Rq = v/d + \/2u, and let H,, denote the event that the first hit occurs. Suppose nRq + "—;G < p.
On H, N &, the segment x + td, stays in N, for all t € 0, 1], and for g(t) := di (x + td,) we have

o(t) < dicla) + ¢ (proi(@). &) + 5 Lalp) 5177 (0<t<1),
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Proof. (Tube containment on H,, N E). On H, the first hit occurs at some ¢, € (0, 1] with p,, = x + ¢,0,. For t € [0, 1], we
have
dist(x + td,, 0K) < ||[(t — t)dz|| = [te — t|0z]] < ||0]]-

On & we have ||0,] < n||V] + éG < nRq + ’72—2G < p by the condition of this lemma. Thus, the whole segment
{x +td, : 0 <t < 1} lies in the tube N,,.

By Corollary B.9, n(proj(+)) is well-defined, and by Lemma B.8,
g ) = <n(proj(x +t0z)), 6x>.
By Corollary B.9, we have

< Ln(p) 10 s.

’g/(s) _ g’(0)| = ‘<n(proj(x + 86;)) — n(proj(z)), 6I>
Integrating from O to ¢,

o(0) < 9(0)+190) + 5 La(p) 15112

which is the desired bound. O

Lemma B.15. [Upper bound P(H,)] Suppose the same settings of Lemma B.14. Draw V ~ N (0, 1) and set
0y :=nV — gVU(x), Ry :=Vd+V2u (u > 0), By = an+%2G.
Then,
(5 La(p) B} + 51°G)+
nv 2w

Proof. In this proof, we let n(x) denote n(proj(z)). Let £ := {||V|| < Rq}. On &, Lemma B.14 gives g(t) < g4 (t) :=
dic(z) + bt + sat® for t € [0,1], where b := (n(z),8,) and o := Ly, (p)||6, ||%. Since g is convex, max;e(o1) ¢+ (t) =
max{q+(0), ¢+ (1)}. Because ¢4 (0) = di(x) < 0, the event {g(¢) > 0 for some ¢} is contained in {¢; (1) > 0} = {b >
—dg (z) — 2a}. Since g(t) > 0 for some ¢ when H, occurs, we obtain

P(H,) < % + + ev

P(H,) < P(b> —dk(z) — 3a) + P(E°) < P(Z >a) + e *,

where Z ~ N (0, 1) and

—dg(2) — SLa(p)B3 — B (VU(x),n(x)) _ 4 La(p) B + sn*G

a = > —
n n
Then, we obtain
1 (=a)s
P(Z>a) <=+ .
(Z2a)< 2 \or

B.4.5. UPPER BOUND OF P(H,AH,)

Lemma B.16. Suppose the same settings of Lemma B.14. Fix 0 > 0 and u > 0, and write Rq := \/d +\/2u. For x € K set

2

b=V = LVU(@), Ve~ N(O L),

and let t,, and p,. be the first-hit time and point, respectively, when H, occurs. Let
E:={lVIl < Ra}.
Ifn <1, then
G2
2
IP’(HQE and |(04,n(pz), E)| < 97]) < \/%[9 + (2R; + 7)nLn(p) )

where L, (p) = R/(1 — kp).
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Proof. Onevent £ and H,, by Lemma B.14, the whole segment x +¢ d,, (¢ € [0, 1]) lies inside V,,. In particular, n(proj( - ))
is well-defined and L,, (p)-Lipschitz on this segment by Corollary B.9.

Write for brevity n(x) := n(proj(z)). Then
(02, n(pz)) = (0, 2(2)) + {0y n(pz) — ().
By Corollary B.9 and p, = x + t,,0,,

[n(pz) = (@) < Ln(p) [Pz — zll = La(p) ta 16211 < Ln(p) [|02]]-

Hence
|82, n(p2) = n(x))| < Ln(p) 102 (24)
Introduce
n? n’
€ = o (VU(z), n(z)), lex| < ?G.

Since 6, =nV — %2VU(x), we have
(0z,n(z)) =1 <V7n(x)> — Ce-

Combining with (24) shows thaton H, N &,

{16en@a)] < on } < { [nVin(@)) = caf < 00+ Lalp) 6] }

Cx L, (p) H(SIHQ
= Vin(z)) — —| <0+ ————— }. (25)
{lvin(a) - | )
Oné&,
n? n?
161l < nllV|| + gG <nRq+ 5G~
Using (a + b)? < 2(a® + b?), we get
4
1617 < 20?RE+ LG
Therefore, on &,
L, 5,112 L,.(p) G?
(p)n”” < 2Lo(p)n RS + %n"’ S (26)

Given z, the scalar W, := (V,n(z)) ~ N(0,1). The standard anti—concentration bound for a centered normal gives, for

any a > O and any b € R,
B(W, b <a) < \/2a.

Applying this with b = ¢, /n and a = 6 + ageom (by (25)) yields, on &,

P(He, |(60mm))] < 00| 2) < /2 (9+ Ggeom ).

Combine with (26), we obtain

B(Hs, [(Gon(p.))] <00, €) < 26 + 22 L RS + /2 220F,

O

Lemma B.17. Suppose the same settings of Lemma B.14. Fix x € K and let t, € [0,1] be the first-hit time when
H, :={N, > 1} occurs. Let

= {|IV| <Rs},  Rg:=Vd+V2u(u>0),
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and set

o :=nV —LVU(x), Bsi=nRi+%LG,  a:=L(p)|lo.]>
Let T € (0,1). Then,

2
P(tm € (177',1],5) < \/gLn;pc)BdT,
0

where co = 1— 1(Ly(p) Bd)2 € (0,1].

Proof. By Lemma B.14, x + td, € N, forall ¢t € [0, 1]. By Lemma B.8 and Corollary B.9,

g(t) =dx(z+1:),  g'(t) = (n(proj(w +102)),0z),  |g'(t) — g'(s)| S @ft — 5|, &= Ln(p)]ld]*.

On {t; € (1—7,1]} we have g(1 —7) < 0 < g(1), and there exists s € (0, 7] with g(1 — 7+ s) = 0. Taylor theorem yields
g1 =7)+59'(1=7) = 05* <0 < g(1=7)+5¢'(1-7) + 305,

hence,

g(1—-1) € [ — 79(1;7) — %as, 779(1;7) + %as]
implies t, € (1 — 7,1].
Therefore, it suffices to show that for any interval I, with |I.| < aT,
g'(1—=7)=(0s,h) € I,
where h := n(proj(x + (1 — 7)d,)).
Next, decompose V = En(z) + W with £ := (V,n(z)) ~ N(0,1) and W L n(z). Then, identically,

(Oash) = 1€ (n(@), h) + (n(W,h) = % (VU(2), 1)) = nag+b.
N——

a

b

Condition on (W, x); then a, b are non-random. By Corollary B.9, ||h — n(z)|| < Ln(p) [[(1 — 7)0x|| < L, (p) Bg. For unit
vectors u, v, {u, v) = 1 — |ju — v||?, hence

a = (n(x),h) > 1= Lh—n@)|® > 1= L(L.(p)Ba)” = co € (0,1].

For any interval J,

1 (y—b> /| /]
Pnaé+beJ| W,z :/— ( >d < < ,
(e ’ ) J \77a|¢ na Y nla| V2w nco V2

where ¢ is the standard normal density. With J = I, and |I| < at < L, (p)B3 T,

P((5,,h) € I) < \/EMT.

nco

We have on &, {t, € (1 —7,1]} C {(d4, h) € I;}. Hence,

P(t, € (1-7,1,8) < B((ds.h) € I,) < \/ELTL?(?P)BL.
Co
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Lemma B.18. Suppose the same settings of Lemma B.14. Fix u > 0, set Rg = \/d + v2u and £ := {||V|| < Ry}. Let
0 > 0 and define the non-grazing events

NG.(0) == {[(0:(V), n(p:=))| = 00}, z € {z,y},

where 6, (V) = nV — %2VU(z). For z € {x,y} let t, € [0,1] be the first-hit time when H, := {N, > 1} occurs. For
7 € (0, 1/2] define the right-buffer interior-hit event

S.(r):=({N.=0}) U ({N. >21}n{t. <1-7}).

Then, for all z,y € K and all T € (0,1/2],

14 1L
P(H,AH,) < 4 (. )
Onpmin{r, 1 — 7}

[z =yl + P(S2(7)%) + P(Sy(7)%) + P(E°) +P(NG,(0)) + P(NG,(6)°),

where r = By :=nRq + éG and Ly, (p) := k/(1 — Rp).

on
2L, (p) B3’
Proof. Let
F = ENNG,(0) NNG,(0).
‘We have

P(H,AH,) < P(F°) + P(H, N HS 0\ F) + P(HS N H, 0 F)
P C

<
< P(F€) + P(Sy(1)) + P(Sy(7)) + P(H, N Hy N S.(1) N F) + P(H; N H, NSy (1) NF).

Let g,(t) := dx(z + td,). If H, occurs and £ is assumed, then by Lemma B.8 and Corollary B.9,
g2 (t) = (n(proj(z +16.)),0.),  [g5(t) — g-(s)| < Ln(p)[[0- %[t — 5. (27)
Using the 1-Lipschitzness of dx and the L-Lipschitzness of VU,

1900 = 9] < llz =gl + el =0, < (1+5E)lz—ll = N, teo,1]. (28)

Next, we show
H,NH; NS (1)NG C {N > 16n min{r, 1—7}}.
Let
bn

rg = ———————— r:=min{rg, 1 —t,}.
2Ln(p)||62?

Suppose H, and S;(7) occurs with first-hit time ¢, <1 — 7. On NG,(6), we have |¢,(t5)| = [(n(ps), 0z)| > 6n. By (27)
and the definition of r and r(, we obtain

1
9o(t) 2 192 (t2)] = 192(t) = 9 (t2)| = 5 6n
forall ¢ € [t,,t, + r]. Hence for s € [0, ],
9oty +8) > % 0n s,
s0 g, changes sign on [0, ¢, + ] since g, (0) < 0. Using (28), we have
gy(te +7) > gu(ty +7)— N > %9777“— N.

Since g,(0) < 0,
N < i{6npr = H, occurs.

Hence
H,NH;NS(1)NG C {N > %9nmin{[,1—7‘}},
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which gives

. ON
P(HJ) N Hy N ST(T) N G) = E(IHmnHémSz(T)ﬂG) S E(IN > %077 min{g,lff}) S enmln{ﬁ, 1 — T} .

Likewise, we obtain
2N
P(H,NH:NS NG) < .
( Yy xT y(T) ) — Onmin{f, 1 —T}

Thus,

L4 2L
P(H,AH,) < 4 (1+%7)

< A Gt Ty 1o ol + B +B(S, (7)) + P(E9) +PNG:(6)) +B(NG, (6)).

O
B.4.6. PROOF OF INEQUALITY (20)
By Lemma B.11, for any z,y € K,
HIPJ?_IP?JHTV < HP("T")_P(@/")HTv + y2 =, (29

where P(z,-) = N (m(z),n*1,) is the unreflected Gaussian proposal and H, H,, are the corresponding hit events.

Gaussian proposal term. By Lemma B.12 and the L-Lipschitz continuity of VU,

[P =Py < 5 (1 55 ) e =il

Provided n < ¢/ V'L, the prefactor is uniformly bounded. Taking § = C, 7 and choosing C; > 0 sufficiently small ensures
that this term is at most 1/16.

Single—path reflection probability. Lemma B.15 yields

1 3La(p)Bi+ 37°G >
- 4 2 2 + e By :=nR4s+ LG,
where Ry = v/d 4+ v/2u. We choose u = d, so that e~ * is negligible and Ry < C rV/d for a universal constant Cg > 0.

P(H,) <

Expanding B2,
4
Bi = n*R5+n°R4G + %GQ,
and hence )
L.(p)B
(?d < Lu(p) (nd PGV + 773G2). (30)

Consequently, there exists a universal constant ¢; > 0 such that

n <c ( ! A ! )
= d Ly (p) G\/aLn(P)

implies P(H,) < 3 + 1=. The same bound holds for P(H,). Note that higher—order terms of order 7*G? are dominated
under this choice of 7.

In addition, Lemma B.14 requires that the reflected segment remain inside the tubular neighborhood \V,,, which is ensured by
7?2
nlg + EG < p.

Using Ry < C’R\/ﬁ and 1 < 1, a sufficient condition is

€1y

for a universal constant co > 0.
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Mismatch probability P(H,AH,). Lemma B.18 gives

14 2L
P(H,AH,) § 2
Onmin{r,1 —7}

|z —yl + Z (error probabilities),
where r = 0n/(2L,,(p)B2). Using (30) and Ry < V/d,
0
rz :
Ln(p) (nd + n?GVd + 1G?)
Under the same step—size conditions as above, the denominator is of order L,,(p)nd, and hence

1
nmin{r,1 -7} ~

Ln(p)d.
Taking ||z — y|| < 6 = C1n and choosing fixed 8, 7 € (0, 1), we obtain
P(H,AH,) < C1L,(p)dn + Z (error probabilities).

By Lemmas B.13, B.16, and B.17, all error probabilities can be made smaller than 1/64 under (31) and the above step—size
conditions, while C; can be chosen so that the deterministic term is also bounded by 1/64. Hence

P(H,AH,) < %

Conclusion. Combining the bounds in (29), we conclude that

5
1Pe~Pulley < 2.

forall z,y € Q with ||z — y|| < 4, provided

< N L A Lo(p) = —" 32
”—C°<¢a+a L) " aane ") YT TR Y

for a universal constant cg > 0. This proves (20).

B.4.7. PROOF OF INEQUALITY (22)

Lemma B.19. Suppose the same settings of Lemma B.14. Fix u > 0 and set Ry := v/d +/2u and £ := {||V|| < Ry}. Let

0, :=nV — Z—QVU (2), and, when H, occurs, let t1 € (0, 1) and py denote the first—hit time and point, respectively. Define
the angle (non—grazing) threshold

2

0. = 2Lu(p)n (Ra+§G)

so that on € we have Ly, (p) ||6.||> < 4 0,.1. Let M, denote the event that when the reflection occurs at least two times, i.e,

N, > 2. Then,
2

P(M.,E) < ﬁ[m (2R3+%)nLn(p)]

Proof. By Lemma B.14, the entire segment ¢ — z + td, is contained in NV,,.

Step 1. Define the grazing event Gr,(0) := {|(d,,n(p1))| < 6n} N H,. By Lemma B.16, for any 6 > 0
G2
< ./2 2 2
P(Gr.(0),€) < \/2[0+ B3+ )0 La(n)]

Step 2. Work on € N H, N =Gr(6,). Let &' := R(n(p1))d. denote the post-reflection velocity and define h(s) :=
dic(p1+s¢'), s €[0,1— t1]. Then h(0) = 0 and

K (s) = (n(proj(p1 +58")), 0"), W () = W' (0)] < Lu(p) [10:]* s.
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Since A/ (0) = (n(p1),d") = —(n(p1), d.), the event ~Gr (6, ) implies |h'(0)| > 6, n. Therefore, for all s € [0,1 — ¢4],
W) > [KO0)] — La(@)[6:1%s > 07— La(p)6.]2s.
On & we have L, (p)]|6. % < %0*7) by the choice of 6., hence for s <1 —t; <1,
W (s)] > 36 > 0.
Thus h is strictly monotone with a fixed sign on [0, 1 — 1] starting from ~(0) = 0, so it cannot return to 0. Equivalently,

M, C E° U Gr.(0,).

O

Lemma B.20. Suppose the same setting as in Lemma B.19 and assume Assumptions (Al)—(A2) hold. Then there exists a
universal constant ¢ > 0 such that, if

1 1 1 1 1
< c A AN A A ,
= (G\/& VILd \EG dLn(p) G2Ln(p)>
then

)

ool —

TV
forallz € K.

Proof. Let P, denote the (pre-MH) reflective proposal started at position x € K. We describe how a sample is generated
from P, as follows. First, draw v ~ N'(0, I;) and set

o
¥ = x—l—nv—?VU(x),

which represents the updated position without consideration of the reflection. Then, we apply the specular reflection to the
trajectory from z to 2/, i.e. whenever the straight segment hits 0K the segment line is reflected. Let & denote the position
after the reflections. By the randomness of v, Z is a random variable and P, is the law of z.
The Metropolis—Hastings acceptance probability is

a(z,v) = min{l, exp(—AH)}, AH := H(z,0) — H(z,v),

T
where H(z,v) = U(z) + 3||v[|?> and & = v — 2 (VU () + VU(&)). We let T, denote the transition kernel with proposal
‘P and Metropolis—Hastings correction.

LetY ~ P, and let YMH be the MH—corrected state so that YMH ~ 7. Let NV, be the number of specular reflections in
the proposal step from z, and define

Ap :={N, =0,&}, Ay ={N, =1,&}, Aso :={N, >2,&}, Age :=E°.
Using Q@ = Ag U Ay U A>9 U Age and the triangle inequality,

1P~ Tellev <sup > |P(Y € BnA;) —P(YMT € BN 4))]
1€{0,1,>2,E¢}
< Y E(-a(zv)1a,] + P(Ass) + PE°). (33)
i€{0,1}

By Lemma B.19,

s

P(As2) + P(E%) < /2[00 + QR+ )1 La(p)] + ¢

IN

1
L (34)
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where the last inequality holds provided

n < c ( ! N 1 )
= P\RL.(p) " G?Ln(p)/)

ude,

for a sufficiently small universal constant co > 0. Since R2 < d, this is implied by

"= (dijp) " G2L1n<p>)’

with u = V/d.
Next, we bound E[(1 — a(,v)) 1 4,] fori = 0,1. Since 1 — e < z and o = min(1,e~47),
l—a < (AH)q,
which gives
E[(1 - a(z,v)14,] < E[(AH):14,].

Hence it suffices to bound the energy error A H on the events Ag and A;.

Energy error on A, (no reflection). On Ay, we have & = 2’ and write g(z) := VU (). Recall that o = v —  (g(z) +
g(Z)). Then

1 Ui - n* N
SUBIZ = lol?) = =5 (9(x) + (), v) + g o) + 9@
By Taylor’s theorem (using L-smoothness), we have U (%) = U(x) 4+ (g(z),Z — x) + Ry and U(x) = U(Z) + (g(2),x —
) + Ry with
L ) ) "
(Bl VIRe| < SllAzll, Ari=d—a=au— Sg(a).

Averaging the two Taylor expansions yields

. 1 . L
U(E) ~Ul) < Glole) +9(@), Aa) + [ Aa?
Therefore, writing AH = U(z) — U(z) 4+ (||9]|* — ||v|?). the linear terms in (g(z) 4 g(&), v) cancel and we obtain

AH < o) + o(2), 9(@) — gla)) + oAz, 63)

We now bound the first term in (35). By Cauchy—Schwarz and L-Lipschitzness of g = VU,

(9(x) +9(2), 9(7) — g(x)) < llg(x) + 9@ 9(Z) = g(@)l| < [lg(x) + g(@)]| Ll|Ax]].

Moreover,

19(Z) — g(@)[| < L[| Azl|,  [lg(Z) + g(@)[| < 2[lg(x)|| + [l9(Z) — g(@)[| < 2[|g(=)[| + L[|Az].
Combining these,
(9(x) + 9(7), g(%) — g(x)) < L|Az||(2lg(x)[| + LI Az|) = 2L|g(a)|| [|Az]| + L?(|Ax|?.

Plugging into (35) gives
n? n? 2 L 2
AH < FLlg@)[|Az]l + - L7fA|” + S Az (36)

Next, bound ||Az|| and absorb mixed terms. We have
Uk Uk
1Azl < nllvll + Zllg@) < nllvll + 5 G.
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Using (a + b)? < 2a® + 2b? and ab < (a® + b*)/2, we obtain
1az|® < w*lloll* +9'G% (@)l |Az] < G(UHUH + UQG) S ol G+n*G? < lvll* +n*G2,
where in the last step we used n|v]| G < 3|v||? + 37°G>.
Assume additionally that < ¢/+/L, so that L?n? < L. Then (36) yields, on A,
AH S Lo* (o]l +n*G?) + L(n*|vl* +9*'G?) < Ln*|v|* + Ln*G>.

Hence,
E[(AH) 14,] < E[AH14,] S LiPEol? + Ly G2

Using E||v]|? < R2, we get
E[(AH)414,] S L0*R5 + Ln* G2

Therefore, there exists an absolute constant ¢y > 0 such that if

< 1 1
n < Co(\/sz A \EG)’

then both Ln?R? and Ln*G? are O(1) and in fact

1
E[(AH)114] < o 37)

Since R? < d, this condition is implied (up to absolute constants) by

1 1
NS = A
vVLd VLG
Energy error on A, (exactly one reflection). Leta := VU (x),b:= VU(Z),v™ :=v—2Za. Thenz+tv~ witht € (0,n)

represents the trajectory without consideration of the reflection. Suppose that the unique reflection occurs at time 7 € (0, 7))
with outward normal n, and reflection matrix R, := I — 2n,n, . During the position phase the path ¢ : [0, 7] — K is

I+t1}7, O§t<7—7
q(t) = _ -
r+Tv" + (t—T)RvT, T<t<m,

which is piecewise affine with

v, 0<t<,
q(t) = and  v° =R,
R, 7<t<n,

s0[l¢/(t)[| = [lv~ |l and [[v®]| = [Jv™ || when t # 7.

Exact identity for AH. By the fundamental theorem of calculus along g,

U@) - Ule) = [ (VUlate), 4 O)de =g, o).

where
1/ (7 !
5= 3 [ VU +uya [T RIVUG@)ar).
0 T

For the kinetic part,
- _ 2
LI02 = Nlol) = (3o 117 = 3lell®) = 3°,8) + % b))%,
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and since v = v~ + Ja and R] = R,,
- _ _ 2
sl = Nol?) = =F(v™, a) = (™, Rub) + - (II6]|* = [la]?).
Adding the potential contribution yields
2
AH =n{g = (a+ Rab), o™ )+ % (oIl — llall?)
2
= (5~ gimaa) + (giaa = 3 (a+ RuB)), v~ )+ L (1) = fla]?), (38)

where g%, := a VU(m) + (1 — a) RIVU(m), a := r/pand m := (z + #)/2 = z + “H-DE 5 the midpoint.

By L-smoothness and the identity z — m = w,

L T K
lo = atiall < 7 ( [+ = miars [Mho v+ ¢ - R0~ ml) < Lyl
0 T
We have
(gmia = 3(a+ Rub), v7) = (VU (m) — a,v™) + (1 = a)(R(VU(m) = ),v7) + (& — 3){a — R.b,v7).
Using ||m — z|| = ||m — Z|| < Z||jv~|| and L-smoothness of VU,

a(VU(m) —a,v") + (1 — a){R.(VU(m) — b),v™)
< al[VU(m) —all[lo” |+ (1 = ) [[VU (m) = b [lv~ |
< Lyl

For the reflection remainder,
{(a—Ryb,v7)=(a—0b, v7) + (b— Rib, v7),

with [(a — b,v™)| < Ly ||v||||lx — Z||2. Moreover,
(b—Rub, v7) = (b, 2n.n]v") =2(v", n.) (b, n),

SO
(b= Rub, v7) < 20| [IBll < 2G]v7]l.

Hence
[(a = $)(a—Rb, v7)| < Lpllo |||z = &2 + 2G| v |-

We also have |b]|2 — ||a]|?> = (b + a, b — a) with ||b — a|| < L||Z — x| and ||b + a|| < 2G, yielding

Ib* = llal* < 2GL|z — .

Combining the above inequalities with (38), we obtain (on A; and for G > 1, L > 1,7 < 1)
AH < Lo |l™ | + Lo ™[z =&l + nG ™| + #* GL ||z - .
Using ,
Il < ol + 56 S RatnG. =l < vl + LG < nRa+n°C,
we can bound (still on A7)
AH < Ln*R% + nG Ry + (higher—order terms in 7)),

where all remaining terms are of order Ln3 R, Ln*G?, LGn3 R4, LG?n*, etc., which are dominated when 7 is sufficiently
small.
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Taking expectations over v and using E|[v||? < R2 and E|jv|| < R4, we obtain
E[(AH)414,] £ Ln* R + 7GRy

Hence there exists an absolute constant ¢; > 0 such that, whenever

1 1
<al= A 55 ),
"= \VIR, " GRa
both terms on the right-hand side are at most 1/64, and therefore

1
E(AH)14] < o (39)
Since R? < d, this condition is implied (up to absolute constants) by

< L, 1

N ——.
T~ Vra " ava

Conclusion. Combining (34), (37), (39) with (33), and using Rfl = d, we see that there exists a universal constant ¢ > 0
such that, whenever

1 | | | 1
< A A A A ,
= C(Gﬁ Vid & VIG " dL.(p) G2Ln(p))

we have 1
P(A P& < — E|(AH)+1 < — E|(AH)+1 < —
( 22)+ ( ) = 16’ [( )-‘r Ao] = 39’ [( )+ Al] = 397
and consequently
1

P. - Tolly < 1
This proves the lemma. U
B.S. Proof of Lemma 4.4
Proof of Lemma 4.4. The target density can be written as

—U(z) 1
™ (x) = ¢ KW K(x), Zy = / e V@) dg.

Zk K

Forx € K,
7o() ZK U()
= o,z\T) € .
@) Bya(®) F @
Using ‘
Zr < vol(K)e mtx U, D, :(K) > vol(K) i}l{f(pa@,
we obtain () (@)
To(T Po,z\T .
< : —infU).
(@) = b pos exp (U () iny U)
Taking the supremum over x € K gives
B8 < % -exp(osc (U)), osci(U) := s;pU - i%f U. (40)

(i) Bounding the Gaussian factor). Since T € K and diam(K) < 2R, we have

0 < inf [[x—Z| < sup|z—2Z| < diam(K) < 2R.
TEK €K
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Hence
sup ||z — z||* < 4R?, inf ||z —z|* > 0,
zeK reK
S0
SupKSOUz: (i 7_2—.f 7_2)
IR0 — (g (sup o - 2? — inf e — 1)
1
< exp 552 432> = exp(2a 2R2)

(ii) Bounding osc (U). Fix z, € K.By L-smoothness, for any z € K,

L
Uz) < Ulws) +(VU(22), w = 2) + 5 [l — 2],
and likewise I
U(z) > U(zy) + (VU (24), x — 24) — 5 (B
Taking the supremum and infimum over x € K and using ||z — z,| < diam(K') < 2R, we obtain

supU < U(x,) + 2R||VU (x,)|| + 2LR?,
K

infU > U(z,) = 2R||VU (2.)] - 2LR%.
Therefore
oscx(U) = supU — i%fU < 4R||VU(z,)|| + ALR?.
K
In particular, this implies the simpler bound

oscx(U) < AR||VU(z,)| +4LR?,

up to slightly weakening the constant, which is sufficient for our purposes.

Combining the bounds from (i) and (ii) with (40) yields
B < exp(20?R?) exp(osck (U)) < eXp(4RHVU(x*)|| +4LR* + 20_2R2),

which completes the proof. O

C. Experimental Details

In this appendix, we provide comprehensive details regarding the experimental setups, hyperparameter configurations, and
evaluation metrics used in Section 6.

C.1. Evaluation Metrics

To assess the sampling efficiency and convergence of the MCMC algorithms, we employ the Effective Sample Size (ESS)
and the split- R diagnostic. Since the target parameters I' reside on the Stiefel manifold V. ,,, element-wise metrics on the
matrix entries may not fully capture the mixing behavior due to rotational symmetries. Therefore, we compute these metrics
based on rotation-invariant summary statistics.

Summary Statistic. Let {T';}Y ; denote the posterior samples. As a rotation-invariant scalar summary, we consider the
entries of the projection matrix
T
P, t = Ftrt 9

which remove the ambiguity associated with the choice of basis for the sampled subspace. In the main text, we report
the averaged ESS and the maximum R computed over all entries of P; to provide a conservative assessment of sampling
performance.
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Effective Sample Size (ESS). The ESS estimates the number of independent draws equivalent to the autocorrelated MCMC
samples:
M- N

142 ZkK:1 Pk 7
where M is the number of chains, IV is the number of draws per chain, and py, is the autocorrelation at lag k. The summation
is truncated at lag K following standard practice.

ESS (41)

Split-l?i Diagnostic. The Potential Scale Reduction Factor (PSRF), or split—ﬁ, assesses convergence by comparing within-
chain variance to between-chain variance. We adopt the rank-normalized split- R as recommended by Vehtari et al. (2021).
Values close to 1.0 (typically < 1.05) indicate satisfactory convergence. We use the implementation provided in ArviZ
(Kumar et al., 2019).

C.2. Hyperparameters and Implementation Details

For all experiments, we ran four parallel Markov chains, each consisting of 2,000 warm-up iterations followed by 2,000
sampling iterations.

HMC Configuration. We employ a standard HMC configuration with adaptive tuning during the warm-up phase, following
the strategy used in the No-U-Turn Sampler (NUTS) (Hoffman et al., 2014). Specifically,

* Step Size (1): The step size is initialized at 7 = 0.1 and adapted during the warm-up phase using the dual-averaging
algorithm, targeting an acceptance rate of 0.8. The final value of 7 is fixed after warm-up and used throughout the
sampling phase.

* Trajectory Length: We fix the maximum number of leapfrog steps to L = 50. This choice is made empirically based

on preliminary experiments, ensuring stable convergence as measured by R and effective sample size (ESS). Given the
tuned step size 7, the trajectory length is determined as T' = L* - np with L* = min{[T'/n], Ls}.

* Mass Matrix (M): The mass matrix is initialized as the identity matrix and adapted during the warm-up phase using
the empirical covariance of the momentum variables, in analogy with the mass-matrix adaptation employed in NUTS.
The adapted mass matrix is fixed after warm-up.

Proposed Method (PR-HMC) Configuration. The proposed PR-HMC sampler employs a penalty-based extended potential
U and reflective dynamics. Unless otherwise stated, the following hyperparameters are used throughout all experiments.

* Geometric Constraint Parameters. The eigenvalue lower bound is set to ¢ € {0.1, 0.01} across experiments. The
Frobenius-norm constraint is specified by M = 20, and the convex container radius is set to R = 20, enforcing
| B||% < R?. The container constraint is chosen sufficiently loose so that it is inactive for the majority of trajectories.
For the matrix von Mises—Fisher (nVMF) example, we use larger values M = R = 40 to accommodate the increased
scale of the latent factors.

L]

Constraint Aggregation We define the individual constraint functions so that each constraint is satisfied when the
corresponding function is nonpositive. Specifically, we use

Qeig(B) =Cc— )‘min{BTB}v gr(B) = ”B”% - MQ»

where geig(B) < 0 enforces Amin(BTB) > ¢, and gr(B) < 0 enforces | B||% < M?. The exact joint violation
would be

max{goig(B)a gF(B)}

We replace this nonsmooth maximum by the smooth log-sum-exp approximation
1
$(B) = % log [exp{Bgeig(B)} + exp{Ssgr (B)}] .

Thus ¢(B) serves as a smooth signed constraint-violation function: negative values indicate that both constraints are
safely satisfied, whereas positive values indicate violation of at least one constraint. The sharpness parameter is set to

By = 10.
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* Penalty-Based Extension Parameters. We use a boundary-layer width b = 0.2 and penalty strength A = 2. The
positive-part operator is implemented via a scaled Softplus function with scale parameter ¢ = 10, and the penalty
growth function is chosen as a polynomial ¢ (z) = zP with power p = 4.

C.3. Detailed Results for Section 6.1 (mVMF Distribution)

we report the complete experimental results for the matrix von Mises—Fisher (mVMF) distribution on the Stiefel manifold
Vi ={T e R"™*": I''T = I} (Hoff, 2009; Pal et al., 2020). The target distribution is given by

m(T) o explwtr(A'T)), eV,

where A € R™*" is a fixed parameter matrix and w > 0 controls the concentration of the distribution around A. Throughout
the experiments, the reference matrix is fixed as

A=[L; 0(T—u)><u]7

so that the target distribution concentrates around the canonical subspace spanned by the first u coordinate axes. As w
increases, the distribution becomes increasingly concentrated, leading to challenging posterior geometries with sharp
curvature near the mode.

Log-probability used for Hamiltonian dynamics. For the matrix von Mises—Fisher example, The log-probability
evaluated at q is given by

1
log7(q) = ktr(ATT(B)) — 5 | B||% + const.
The Gaussian reference term — 3 || B||%, induces the Matrix Angular Central Gaussian structure after polar projection.

Experimental design. We consider ambient dimensions r € {20, 40} and vary the subspace dimension as
u € {2r/4, 3r/4, r — 1},

covering moderate-, high-, and near-full-rank regimes. The concentration parameter is varied over
w € {10, 100, 200, 500},

ranging from weakly to highly concentrated targets. For each configuration (7, u,w), we run four independent Markov
chains initialized from random orthonormal matrices. All samplers are run with identical computational budgets.

Results. Table 3 reports the full results of mVMF sampling for ambient dimensions » = 20 and » = 40. Across a broad
range of subspace dimensions u and concentration parameters w, the proposed PR-HMC method consistently achieves ESS
values that are comparable to or higher than those of the baseline polar-expansion HMC, while maintaining PSRF values
close to one. The advantage of PR-HMC becomes more pronounced as the subspace dimension u approaches the ambient
dimension r, where the target distribution exhibits increasing geometric degeneracy and strong curvature. In particular, in
near-full-rank regimes (e.g., u = r — 1) with large concentration levels w € {200,500}, the baseline method often fails
to converge or exhibits unstable behavior, whereas PR-HMC remains numerically stable and continues to mix effectively.
These results highlight the robustness of PR-HMC in geometrically challenging settings where near-full-rank constraints
and strong curvature dominate the target distribution.

C.4. Detailed Results for Section 6.2 (Bayesian PCA)

This subsection reports the complete experimental results for the Bayesian PCA model introduced in Section 6.2, including
configurations omitted from the main text.

Model specification. We consider the Bayesian PCA model
Y =ZRT'' + E,
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Table 3. Full mVMF sampling results for ambient dimensions r» = 20 (left) and » = 40 (right). Effective Sample Size (ESS) and PSRF
are reported across subspace dimensions u and concentration parameters w. Entries marked as NA indicate configurations in which the
baseline method did not yield valid estimates due to numerical instability. Larger ESS is better; for PSRF, values closer to 1.0 indicate
convergence. Best per configuration in bold.

r=20 r =40
BASELINE PR-HMC BASELINE PR-HMC
u w ESS PSRF ESS PSRF u w ESS PSRF ESS PSRF
10 1134.85 1.003 1109.44 1.003 10 626.68 1.006 640.42 1.006
10 100 1098.47 1.003 1092.16 1.004 20 100 1432.54 1.004 1343.78 1.003
200 1183.51 1.003 1212.40 1.003 200 1351.09 1.005 1379.87 1.005
500 1188.72 1.004 1216.52 1.002 500 1046.10 1.005 1054.42 1.006
10 1034.71 1.003 1092.72 1.003 10 1214.27 1.002 1292.33 1.003
15 100 1174.36  1.003 1252.20 1.003 30 100 994.89 1.003 1056.54 1.003
200 1193.32 1.004 1187.52 1.002 200 NA NA 1246.13 1.003
500 906.93 1.003 1096.59 1.002 500 NA NA 1219.83 1.009
10 1293.52  1.001 1449.52 1.001 10 1352.64 1.002 1475.80 1.002
19 100 1179.94 1.003 1495.54 1.001 39 100  459.30 1.013 1162.82 1.002
200 912.72 1.025 1492.98 1.001 200 579.38 1.011 1331.58 1.002
500 866.503 1.006 1463.00 1.002 500 900.54 1.004 1522.68 1.002

where Y € R™*" denotes the observed data matrix, I' € V,.,, is an orthogonal loading matrix on the Stiefel manifold,
Z € R™ " represents latent scores drawn from a standard normal distribution, and E € R™*" is isotropic Gaussian noise.
The observed data are centered prior to inference.

The likelihood is invariant under right-orthogonal rotations of I". To resolve this rotational non-identifiability, we fix R to
be a diagonal scaling matrix with distinct ordered entries. A Matrix Angular Central Gaussian (MACG) prior (Kent et al.,
2013) is placed on I'', which is a natural prior distribution on the Stiefel manifold.

Log-probability used for posterior sampling. The log-probability defining the Hamiltonian dynamics is given by
1
log (q) = -5 t(B'® 'B) + g to(T'(B) ' (YY ")I'(B)) + const,
where @ € R“*" is a positive-definite prior precision matrix, and 8 > 0 controls the strength of the likelihood term.

Experimental design. We fix the subspace dimension at © = 2 and vary the ambient dimension r € {10, 20, 30, 40}.
The number of observations is set to n = 30, and the scaling matrix is fixed as R = diag(5, 0.5) to induce distinct signal
strengths. The prior precision matrix is chosen as ® = diag(1,¢), where ¢ € {0.1,0.05,0.01} controls the degree of
anisotropy. The observation noise variance is fixed to 02 = 1.0, and the likelihood scaling parameter is set to 3 = 1/100.
These values are kept fixed across all experiments. To account for data-generation variability, each configuration is replicated
over 30 independently generated datasets.

Results. Table 4 reports the full results for all configurations. Under moderate anisotropy (¢ € {0.1,0.05}), both the
baseline method and PR-HMC achieve comparable ESS values across all ambient dimensions 7 and for both subspace
dimensions uv = 2 and u = 4. In contrast, under high anisotropy (¢ = 0.01), the baseline method often fails to yield valid
estimates due to numerical instability, whereas PR-HMC remains stable and consistently attains high ESS values across all
reported settings. These results highlight the robustness of PR-HMC in highly anisotropic configurations, where standard
HMC-based approaches encounter severe numerical difficulties.

For the largest ambient dimension (r = 40), we observe that the PSRF values of both methods exceed the commonly used
convergence threshold of 1.05 across all anisotropy levels, suggesting that convergence diagnostics should be interpreted
with caution in this setting. Nevertheless, PR-HMC consistently achieves higher ESS than the baseline method relatively. We
note that these experiments are conducted in a setting where the sample size n is smaller than the ambient dimension r, and
we expect that increasing n would further improve the PSRF behavior while preserving the relative advantage of PR-HMC.
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Table 4. Full results for Bayesian PCA with orthogonal loadings. Effective Sample Size (ESS) and PSRF are reported for subspace
dimensions u = 2 (left) and u = 4 (right) across ambient dimensions r and anisotropy levels e, where smaller ¢ indicates stronger
anisotropy. Entries marked as NA indicate configurations in which the baseline method did not yield valid estimates due to numerical
instability. Larger ESS is better; for PSRF, values closer to 1.0 indicate convergence. Best per configuration in bold.

u= 2 u= 4
Baseline PR-HMC Baseline PR-HMC
r € ESS PSRF ESS PSRF ESS PSRF ESS PSRF

0.1 1066.73 1.0014 107597 1.014 1066.47 1.007 106551 1.006
10 0.05 124859 1.003 125829 1.003 1316.11 1.002 1326.73 1.002
0.01 NA NA 1061.04 1.007 NA NA 942.44  1.007

0.1 964.89 1.046  968.74 1.043 985.85 1.011 989.29 1.011
20 0.05 1109.68 1.011 1128.09 1.011 1069.84 1.009 1053.09 1.009
0.01 NA NA 989.37 1.012 NA NA 77615  1.018

0.1 995.71 1.031 1011.71 1.044  880.57 1.038  886.78  1.036
30 0.05 1073.04 1.026 1067.64 1.040 1029.08 1.030 1008.60 1.027
0.01 NA NA 977.32  1.042 NA NA 866.23  1.035

0.1 101057 1.081 1027.61 1.073 82936  1.057 85295  1.058
40 0.05 993.40 1.092  1022.38 1.099 957.89 1.057 932.71 1.068
0.01 NA NA 921.12  1.089 NA NA 830.42 1.056

D. Application to Non-Smooth Domains

The penalty-based construction in Appendix A assumes a C? boundary for O K. In this section we demonstrate that PR-HMC
can be applied to non-smooth domains—specifically, polytopes—by replacing the exact constraint indicator with a smooth
surrogate.

Smooth surrogate for polytope constraints A polytope K = {z € R? : a]x < bj, j =1,...,.J} has a piecewise-linear
boundary that is not C2 at edges and vertices. We use a two-step smooth approximation of the polytope violation. First, we
replace the nonsmooth maximum of the half-space violations by a log-sum-exp approximation:

J
olq) = ﬁi log<z exp(By(aj g - bj))>~
¢ j=1

Here 34 > 0 controls the sharpness of the approximation, and

T J— .
¢(q) » max (ajq—b;)  asfy = oo.

Thus ¢ serves as a smooth signed constraint surrogate for the polytope. Second, we apply a softplus positive-part
approximation to obtain the smooth boundary-violation surrogate

pala) =+ log{1 + exp(as(@))}.

This approximates the positive part

max{$(q), 0},

so that violations of the polytope constraint are penalized smoothly. Finally, we use the quartic penalty

(5 2 (28

as in Appendix A. The resulting extended potential U is C* on the convex container K, so reflective HMC is well defined.
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Experimental setup. We consider two standard polytopes in dimension d = 100:

 Hypercube: K = {z € R?: —1 < x; < 1}, with circumradius V.
* Simplex: K = {z € R : z; > 0, >, xi < 1}, with circumradius 1.

In both cases, the target is a truncated standard Gaussian 7(x) o< exp(—||z — x.||?/2) 1{z € K}, centered at the Chebyshev
center z. of K (the origin for the cube; (1/(d+1),...,1/(d+1)) for the simplex). The convex container is the circumscribing
Frobenius ball. We set the penalty parameters to A = 2, b = 0.2, the log-sum-exp sharpness to 34 = 10, and the softplus
scale to a = 10. The leapfrog integrator uses L = 50 steps with step size adaptively tuned during warm-up targeting an
acceptance rate of 0.65.

We compare PR-HMC with two random-walk baselines from the HOPS library (Jadebeck et al., 2021): Hit-and-Run (H&R)
and Coordinate Hit-and-Run (CH&R). All methods use 4 parallel chains of 2000 post-burn-in samples (2000 burn-in
iterations discarded). We report the effective sample size (ESS) averaged over coordinates and the maximum split-R across
coordinates.

Results. Table 5 reports the results for d = 100. PR-HMC is the only method that achieves convergence (PSRF < 1.05) at
this dimension, with ESS exceeding 2 500 on both polytopes. The random-walk baselines exhibit ESS values below 50 and
PSRF well above the 1.05 threshold, indicating severe mixing failure.These results demonstrate that the smooth-surrogate
strategy extends PR-HMC to nonsmooth constrained domains without sacrificing sampling efficiency. The large performance
gap over random-walk methods suggests that gradient-based exploration via reflective HMC can be substantially more
effective in high-dimensional constrained spaces, even when the original domain has non-smooth boundaries.

Table 5. Sampling performance on 100-dimensional polytopes. Larger ESS is better; PSRF closer to 1.0 indicates convergence. Best
results in bold.

100-Cube 100-Simplex

Method ESS PSRF ESS PSRF
PR-HMC (ours) 2568 1.007 2742 1.004
CH&R-HOPS 49 1.257 37 1.356
H&R-HOPS 14 2.190 12 2.756

E. Empirical Dimension Scaling of Mixing Time

Theorem 4.3 predicts that the mixing time of ReHMC scales as O(d?) in the leading dimension dependence. In this section
we verify this prediction empirically on a truncated Gaussian benchmark where the dimension can be varied over a wide
range.

Experimental setup. We consider the target density

m(x) o< exp(—%) 1{z € [-1,1]4},

with ¢ = (0.5,...,0.5) € R? and o = 1.5. The off-center mean ensures that the target is not symmetric with respect to the
domain, providing a nontrivial test case. We vary the dimension over d € {5, 10, 20, 40, 100, 200}.

For each d, we run four parallel chains of PR-HMC initialized near different corners of [—1, 1]¢ to ensure diverse starting
points. The step size is set to = 0.3/d, consistent with the step-size condition n < d~! in Theorem 4.3. The convex
container is the circumscribing ball of radius v/d, with penalty parameters A\ = 2 and b = 0.2.

Convergence criterion. The theoretical mixing time is defined as the iteration count at which the total variation distance
to the target falls below a threshold, but this quantity is not directly computable in practice. As a proxy, we define the
empirical mixing time k as the smallest iteration count at which the maximum coordinate-wise split-R (Vehtari et al., 2021)
falls below 1.05. Taking the maximum over coordinates provides a conservative (worst-case) assessment, as it is governed
by the slowest-mixing coordinate. To estimate the dimension exponent, we perform a least-squares fit of log k against log d.
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Results. Figure 2 displays the log-log plot of the empirical mixing time k versus dimension d. The fitted slope is
approximately 1.94, which is close to the theoretical exponent of 2. For reference, the d? and d' scaling lines are also shown;
the observed data points track the d? reference closely across nearly two orders of magnitude in dimension. This confirms
that the O(d?) dependence predicted by Theorem 4.3 is empirically tight in this setting.

Mixing time scaling of ReHMC

—@— Observed
-—- Fit: g1
d? reference
d* reference

105 4

A
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S

=

o
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L

102 4
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Figure 2. Log-log plot of the empirical mixing time k (iteration at which max split—R < 1.05) versus dimension d for the truncated
Gaussian target on [—1, 1]%. The fitted slope of 1.94 (red dashed) is consistent with the O(d?) theoretical bound (blue dotted). The green
dotted line shows d* scaling for comparison.

F. Effect of the Reflecting Boundary on Sampling Efficiency

In the convex-container-plus-thinning framework of Section 3, the reflecting boundary of K prevents trajectories from
drifting far outside the original support K. An alternative is to dispense with the bounded container and to rely solely on the
penalty term to concentrate mass near K, effectively taking ' = R?. This unbounded penalty-only construction is possible
in principle, but without a reflecting boundary the penalty alone must keep the chain near K. In this appendix, we compare
the bounded-container and unbounded penalty-only approaches on a synthetic nonconvex domain.

Experimental setup. We define a non-convex domain in R° via hyperspherical coordinates (7, 6y, ...,04_1) as
K = {zeR: |z <)},  bo) = b0<1 + & sin(Y42 1k, 9]-)),

where d = 10, by = V/d, e = 0.3/+/d, and k; = 3 for all j. The target density is 7(z) o exp(—||z||>/20%) 1{z € K} with
o € {10, 30}; larger o yields a flatter target that places more mass near the boundary of K.

We compare the following approaches, all using the penalty-based extended potential of Appendix A with softplus scale
a = 10, boundary width b = 0.2, and quartic penalty 9 (s) = s*:

« Bounded (\ = 2): PR-HMC on the circumscribing ball K = {x : ||| < by(1 + )} with reflection.

+ Unbounded (\ = 2): HMC on R? with the same mild penalty but no reflecting boundary.

+ Unbounded (\ € {10,100}): HMC on R with stronger penalties to compensate for the absence of a reflecting
boundary.

All methods use 4 parallel chains of 2 000 post-burn-in samples (2 000 burn-in), with leapfrog length L = 50 and step size
adaptively tuned to a target acceptance rate of 0.65.
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Results. Table 6 reports the ESS and retention rate for o € {10,30}. At the same penalty strength (A = 2), the bounded
method achieves both higher ESS and higher retention rate than the unbounded alternative: for o = 10, bounded attains ESS
= 392 with retention 0.756, compared to ESS = 344 and retention 0.632 for unbounded. The reflecting boundary accounts
for this improvement, as it prevents trajectories from drifting far outside K without requiring a strong penalty.

Increasing )\ in the unbounded setting does raise the retention rate, but at a significant cost to ESS: at A = 100, the retention
rate approaches 0.98 but ESS drops to 244, well below the bounded method’s 392. This is because a stronger penalty
worsens the condition number of the extended potential, forcing the adaptive step size to shrink and reducing sampling
efficiency. The results are consistent across o = 10 and ¢ = 30, confirming that the advantage of the bounded approach is
robust.

Table 6. Bounded vs. unbounded extensions on the wavy ball domain (d = 10). Larger ESS is better; retention rate closer to 1 is better.
Best ESS per ¢ in bold.

o Setting A ESS Ret. Rate
10 Bounded 2 392.19 0.756
Unbounded 2 343.75 0.632
Unbounded 10 299.95 0.806
Unbounded 100 244.09 0.983
30 Bounded 2 388.65 0.755
Unbounded 2 342.05 0.630
Unbounded 10 295.75 0.804
Unbounded 100 238.94 0.984

Intuition in one dimension. To provide further intuition, we consider a flat target 7(z) o< 1{z € K} on a disconnected
domain K = [-0.9, —0.3] U [0.3,0.9] (Figure 3). We compare two approaches under the same \: one that extends 7 to
K = [—0.9,0.9] with reflection, and one that extends to all of R without reflection. The top panel shows the extended
density p(x) o< e~V(®): without reflection, the mass spreads over R (red), whereas with reflection it is truncated at || = 0.9
(blue), concentrating more mass within /. The bottom panel confirms this via sample histograms: the bounded chain retains
67.8% of samples in K compared to 47.1% for the unbounded chain. This illustrates that when the target density does not
decay near the boundary of K, a mild penalty alone results in substantial mass leakage outside K, which the reflecting
boundary prevents.
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Figure 3. One-dimensional comparison of bounded (blue) and unbounded (red) extensions for a flat target on K = [—0.9, —0.3]U[0.3,0.9].
Top: extended densities. Bottom: sample histograms with retention rates.
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